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The Fischer method known as the technique of the Fischer-Clifford Matrices

makes use of Clifford Theory [l1J. Given a group extension G = H.G such that every

irreducible character of H extends to its inertia group, then for each conjugacy class

[g] of G we construct a matrix M(g) called a Fischer-Clifford matrix. By using

these matrices together with the fusion maps and character tables of some subgroups

of G called inertia factor groups we can construct the complete character table

of G. The Fischer method has been used in many works both on split and non-split

extensions (see for example [1], [2], [5], [14], [18], [36], [47J, [51], [65]). However in

this thesis we apply the Fischer method to construct the character tables of split

extensions, these are generalized symmetric groups and some associated groups of

order mn-1nL

The Fischer-Clifford matrices of a group satisfy several known properties which

can be used to construct these matrices. However we will use combinatorics to con­

struct the Fischer-Clifford matrices of the groups discussed here. In [5] Almestady

has presented a combinatorial method for constructing the Fischer-Clifford matrices

of generalized symmetric groups. As an example, Almestady has applied the combi­

natorial method to construct the Fischer-Clifford matrices of the group B(3, 4). How­

ever the manual construction of these matrices for large values of m and n using this

method is not an easy task. The partial aim of this work was to use the combinatorial

method to develop a computer programme for computing the Fischer-Clifford matri­

ces of B(m, n). Here we give a series of computer programmes written for GAP, that

give various parameters for the Fischer-Clifford matrices of B(m, n). Many of these

programmes have been used in the development of the main Programme 5.2.4 that

combinatorially computes matrices which are row equivalent to the Fischer-Clifford

matrices of B(m, n). Thus the matrices computed by Programme 5.2.4 require to

have their rows collected together into blocks that correspond to particular inertia

factor groups. The Programme 5.2.2 has been developed to compute some combina­

torial objects called m-compositions of n which describe the inertia factor groups

to which the rows of the matrices computed by Programme 5.2.4 correspond. A par­

ticular m-composition of n distinguishes the rows of these matrices that correspond

to the same inertia factor group. Such rows of a matrix computed by Programme

5.2.4 are then manually collected together in a block corresponding to a particular

inertia factor group, to give a Fischer-Clifford matrix of B(m, n). As examples, an

application of the Programme 5.2.4 to construct the Fischer-Clifford matrices of the
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Abstract

With the classification of finite simple groups having been completed in 1981, re­

cent work in group theory has involved the study of the structures of simple groups.

The character tables of maximal subgroups of simple groups give substantive infor­

mation about these groups. Most of the maximal subgroups of simple groups are of

extension type. Some of the maximal subgroups of simple groups contain constituents

of the generalized symmetric groups. Here we shall be interested in discussing such

groups which we may call groups associated with the generalized symmetric groups.

There are several well developed methods for calculating the character tables of

group extensions. However Fischer [17] has given an effective method for calculating

the character tables of some group extensions including the generalized symmetric

group B (m, n). Actually work on the characters of wreath products with permutation

groups dates back to Specht's work [61], through the works of Osima [49] and Kerber

[33]. And more recently other people have worked on characters of wreath products

with symmetric groups, these amongst others include Darafshesh and Iranmanesh

[14], List and Mahmoud [36], Puttaswamiah [52], Read [55, 56], Saeed-Ul-Islam [59]

and Stembridge [64].

It is well known that the character table of the generalized symmetric group

B(m, n), where m and n are positive integers, can be constructed in GAP [22] with

B(m, n) considered as the wreath product of the cyclic group Zm of order m with the

symmetric group Sn' For example Pfeiffer [50] has given programmes which compute

the character tables of wreath products with symmetric groups in GAP. However it

may be necessary to obtain the partial character table of a group in hand rather than

its complete character table. Further due to limited workspace in GAP, the wreath

product method can only be used to compute character tables of B(m, n) for small

values of m and n. It is for these reasons amongst others that Fischer's method is

sometimes used to construct the character tables of such groups.
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groups B(2, 6) and B(3, 5) of orders 46080 and 29160 is done here. We have also used

Programme 5.2.4 to construct the Fischer-Clifford matrices of the groups B(2, 12)

and B(4, 5) of orders 222 x 35 X 52 X 7 x 11 and 213 x 3 x 5 respectively. Due to lack

of space here we have given the Fischer-Clifford matrices of B(2, 12) and B(4,5) on

the compact disk submitted with this thesis. However note that these matrices are

the equivalent form of the Fischer-Clifford matrices of B(2, 12) and B(4,5).

In [35] R.J. List has presented a method for constructing the Fischer-Clifford

matrices of group extensions of an irreducible constituent of the elementary abelian

group 2n by a symmetric group. The other aim of our work is to adapt the combina­

torial method in [5] to the construction of the Fischer-Clifford matrices of some group

extensions associated with B(m, n), using a similar method as the one used in [35].

Examples are given on the application of this adaptation to some groups associated

with the groups B(2, 6), B(3,3) and B(3, 5).

In this thesis we have constructed the character tables of the groups B(2, 6) and

B(3,5) and some group extensions associated with these two groups and B(3, 3). We

have also constructed the character tables of the groups B(2, 12) and B(4, 5) in our

work, these character tables are given on the compact disk submitted with this thesis.

The correctness of all the character tables constructed in this thesis has been tested

in GAP.

The main working programmes (Programme 2.2.3, Programme 3.1.9, Programme

3.1.10, Programme 5.2.1, Programme 5.2.4 and Programme 5.2.2) are given on the

compact disk submitted with this thesis. It is anticipated that with further improve­

ments, a number of the programmes given here will be incorporated into GAP. Indeed

with further research work the programmes given here should lead to an alternative

programme for computing the character table of B(m, n).
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Notation
Throughout this thesis all groups discussed are finite. We will use the following

notation from the ATLAS [12] unless stated otherwise in the text.

N natural numbers

Z integers

Zm residues (mod m) or cyclic group of order m

F a field

~ real numbers

C complex numbers

n a set containing n elements

[A] = [1 A12A2 n An ] a partition of n

>: = (AI, A2, , An) n-tuple of powers in [A]

>:0 = (As I As -:f 0, S = 1,2, ... ,n) all the non zero entries of >:
(k l , k2 , ... , km) an m-composition of n

G,H,M,N,NI ,N2 ,S,Q groups

le identity element of G

H :'S G H is a subgroup of G

N ::::1 G N is a normal subgroup of G

c' the commutator subgroup of G

G=N.G a group extension of N by G

N:G a split extension or semi-direct product

N . G a non-split extension of N by G

0(9) order of an element 9



Gc(g)

Hg

Nc(H)

Irr(G)

lc

XH or X -l- H

()c or () t G

X(GjH)

zn
m

B(m,n)

BA(m,n)

(ais)

GL(n,F)

Mm(X)

IX

action of 9 on d

a conjugacy class with representative 9

an orbit of the action of G on d

centralizer of 9 in G

the right coset of H

normalizer of H in G

the set of irreducible characters of G

identity character of G

the restriction of a character X to H

the induction of a character () to G

permutation character of G on H

the symmetric group on n
the direct product of n copies of Zm

for prime m, an elementary abelian group of order m n

the generalized symmetric group (mn:Sn)

a group associated with B(m, n), where A = S or Q

m-set of partition or cycle type of a conjugacy class of B(m, n)

general linear group of non-singular n x n matrices over F

set of all m x m matrices over X
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Chapter 1

Preliminaries

1.1 Introduction

Since the completion of the classification of finite simple groups in 1981, recent work

in group theory involves the study of the structures of simple groups. The struc­

tures and character tables of maximal subgroups of simple groups give substantive

information about these groups. Most of the maximal subgroups of simple groups

are of extension type (see [12]). However, here we are particularly interested in spe­

cial group extensions which are wreath products of cyclic groups with the symmetric

group Sn, specifically called generalized symmetric groups B(m, n), for positive inte­

gers m and n. Actually work on the characters of wreath products with permutation

groups dates back to Specht's work [61], through the works of Osima [49] and Kerber

[33]. And more recently other people have worked on characters of wreath products

with symmetric groups, these amongst others include Almestady [5], Darafshesh and

Iranmanesh [14]' List and Mahmoud [36], Puttaswamiah [52], Read [55, 56], Saeed­

Ul-Islam [59] and Stembridge [64].

There are several well developed methods for constructing the character tables of

group extensions. However Fischer [17] has given an effective method for constructing

the character tables of some group extensions including the generalized symmetric

group B(m, n). This method known as the technique of the Fischer-Clifford Matrices

makes use of Clifford Theory [11]. Given a group extension G = H.G such that every

irreducible character of H can be extended to its inertia group, for each conjugacy

class of G we construct a matrix called a Fischer-Clifford matrix of G. By using the

1
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Fischer-Clifford matrices of G together with the fusion maps and the character tables

of subgroups of G called inertia factor groups, we are able to construct the complete

character table of G. The technique of the Fischer-Clifford Matrices has been used in

many works both on split and non-split extensions (see for example [1], [2], [5], [14],

[18], [36], [47], [51], [65]). Here we use the technique of the Fischer-Clifford Matrices

to construct the character tables of examples of generalized symmetric groups and

some associated groups of order m n - 1nL

In [5] Almestady has presented a combinatorial method for constructing the

Fischer-Clifford matrices of generalized symmetric groups. As a few examples for

small values of m and n show the manual construction of these matrices using the

combinatorial method is not an easy task. The partial aim of our work was to use the

combinatorial method to develop a computer programme for computing the Fischer­

Clifford matrices of B(m, n). Here we give a series of computer programmes, written

for GAP, that give various parameters of Fischer-Clifford matrices of B(m, n). Many

of these programmes have been used in the development of the main Programme

5.2.4 that combinatorially computes matrices which are row equivalent to the Fischer­

Clifford matrices of B(m, n). Thus the matrices computed by Programme 5.2.4 re­

quire to have their rows collected together into blocks that correspond to particular

inertia factor groups. The Programme 5.2.2 has been developed to determine some

combinatorial objects called m-compositions of n which index the inertia factor groups

corresponding to the rows of the matrices computed by Programme 5.2.4. A particu­

lar m-composition of n distinguishes the rows of these matrices that correspond to the

same inertia factor group. Such rows of a matrix computed by Programme 5.2.4 are

then manually collected together in a block corresponding to a particular inertia fac­

tor group, to give a Fischer-Clifford matrix of B(m, n). As examples, an application

of Programme 5.2.4 to construct the Fischer-Clifford matrices of the groups B(2,6)

and B(3,5) of orders 46080 and 29160 is done here. We have also used Programme

5.2.4 to construct the Fischer-Clifford matrices of the groups B(2, 12) and B(4, 5) of

orders 222 x 35 X 52 X 7 x 11 and 213 x 3 x 5 respectively. Due to lack of space here

we have given the Fischer-Clifford matrices of B(2, 12) and B(4,5) on the compact

disk submitted with this thesis. However note that these matrices are the equivalent

form of the Fischer-Clifford matrices of B(2, 12) and B(4, 5).

In [35] List has presented a method for constructing the Fischer-Clifford matri-
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ces of group extensions of a faithful irreducible constituent of the elementary abelian

group 2n by symmetric groups. This was done by choosing entries from appropriate

rows and columns of the Fischer-Clifford matrices of B(2, n). The other aim of our

work is to adapt the combinatorial method in [5] to construct the Fischer-Clifford ma­

trices of some group extensions associated with B(m, n) using a similar method as the

one used in [35]. The Fischer-Clifford matrices so constructed are used in construct­

ing the character tables of the respective groups B(m, n) and some group extensions

associated with them. In this thesis we have constructed the character tables of only

the groups B(2, 6), B(3,5) and some group extensions associated with these groups

and B(3, 3). We have also constructed the character tables of the groups B(2, 12) and

B(4,5). However due to lack of space here the character tables of the groups B(2, 12)

and B (4,5) are given on the compact disk submitted with this thesis.

The following is the arrangement of the chapters of this thesis. This preliminary

chapter presents general aspects on the work being discussed here. We discuss the

theory of group extensions in Section 1.2 followed by representations and characters of

finite groups in Section 1.3. We describe Clifford Theory and define Fischer-Clifford

matrices in Sections 1.4 and 1.5 respectively. In Chapter 2 we discuss some Combina­

torics required for the combinatorial method used for constructing the Fischer-Clifford

matrices of generalized symmetric groups (see [5], [46]). In Section 2.2, we define spe­

cial partitions of a positive integer n, called m-sets of partitions of n, which index the

conjugacy classes of B(m, n). In Section 2.3 we define some combinatorial objects

called magic matrices, these will be used in constructing the Fischer-Clifford matrices

of generalized symmetric groups later. We devote Chapter 3 to the description of

the groups studied in this thesis. We discuss the generalized symmetric group and

its conjugacy classes in Section 3.1. Here, we also give two programmes developed to

compute orders of centralizers and orders of elements of conjugacy classes respectively,

of B(m, n). This is equivalent to coset analysis (see Subsection 1.2.1) for calculating

the conjugacy classes of group extensions G = H.G, where H is abelian. We give the

orbits of the actions of the symmetric group Sn on the group N = Z~ and on the set

Irr(N) of irreducible characters of N in Section 3.2. We discuss the groups Bs(m, n)

and BQ(m, n) associated with the generalized symmetric group B(m, n) in Section

3.3. We also give the orbits of the actions of Sn on the subgroup S = Z~-l, on the

quotient Q = Z~ of N and on the irreducible characters of Sand Q in Subsections

3.3.1 and 3.3.2 respectively. This information is useful in describing the inertia factor
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groups required for constructing the character table of each respective group.

4

In Chapter 4, we apply Fischer-Clifford theory to the generalized symmetric group

B (m, n) and discuss the results involved in the combinatorial method for construct­

ing the Fischer-Clifford matrices of B(m, n). These results including Theorem 4.3.2

and Proposition 4.3.4 (due to Almestady [5]) and Theorem 4.3.5 (due to List and

Mahmoud [36]) have been used to develop Programme 5.2.4 for computing matrices

which are row equivalent to Fischer-Clifford matrices of B(m, n). We present Pro­

gramme 5.2.4 and its application to construct the Fischer-Clifford matrices of the

groups B(2,6) and B(3,5) in Chapter 5. We will use the Fischer-Clifford matrices

of the groups B(2, 6) and B(3, 5) to construct the character tables of these groups in

Chapter 6. The combinatorial methods adapted to construct the Fischer-Clifford ma­

trices of the groups Bs(p, n), where p is prime, and BQ(m, n) associated with B(m, n)

are described in Chapters 7 and 8 respectively. As examples we will construct the

character tables of the groups Bs(2,6), Bs(3,3), Bs(3,5), BQ(2,6) and BQ(3,5).

The correctness of all the character tables constructed in this thesis has been tested

in GAP, these tables are given in Appendices A, B, C, D, E, F and G. The results

given here are numbered c.s.n meaning a result number n in Section s of Chapter c.

For further information on the material given in this chapter, readers may consult

the references [1], [3], [4], [5], [6], [7], [8], [9], [12], [13], [17], [18], [23], [24], [25], [26],

[28],[29], [30], [31], [33], [47], [53], [57], [60], [62], [66] and any other relevant sources.

1.2 Group Extensions

Since all the groups studied here are group extensions we discuss some aspects of the

theory of group extensions in this section.

Definition 1.2.1 Let Nand G be groups. Then an extension of N by G is a group

G such that

(i) N <l G.

(ii) GIN ~ G.

Alternatively a group G is a group extension of N by G if in the following sequence

of groups and maps, we have ker(o") = Im(15), where 8 is a homomorphism from N
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to G and a is a homomorphism from G to G:

8 - u
{I} -+ N -+ G -+ G -+ {I}.

5

Let G = N.G denote an extension of N by G.

Definition 1.2.2 Let G = N.G and {l}-+N ~ G -4 G -+ {I} be the corresponding

sequence. Let 9 E G and 9 E G such that a(g) = g. Then 9 is called a lifting oJ 9

in G.

Proposition 1.2.3 ([51},[65}) Let G be an extension of N by G where N is abelian.

Then there is a homomorphism 0 : G --t Aut(N) such that Og(n) = gn(g)-l, nE N

and {} is independent of the choice of liftings {g I9 E G}.

Proof. Let a E G and ,a denote conjugation by a. Since N is a normal subgroup of

G, ,a -!-N E Aut(N) and the function j.L : G --t Aut(N) defined by j.L(a) = la -!-N is a

homomorphism. If a E N, then since N is abelian we have j.L(a) = IN. Thus there is

a homomorphism j.L* : GIN --t Aut(N) which is given by j.L*(Na) = j.L(a). However

G ;:;! GIN and for any lifting {g I 9 E G}, the function cjJ : G --t GIN defined by

cjJ(g) = Ng is an isomorphism. If {g1 I 9 E G} is another choice of liftings, then

9 g1-1 E N for every 9 E G and thus Ng = Ng1 . Therefore the isomorphism cjJ is

independent of the choice of liftings. Let {} : G --t Aut(N) be the composition j.L* 0 cjJ.

For 9 E G and 9 a lifting of g, then O(g) = j.L*(cjJ(g)) = j.L*(Ng) = j.L(g) E Aut(N) and

thus for n E N, we have (}g(n) = j.L(g)(n) = gn(g)-l. Hence the result. D

Definition 1.2.4 A group extension G of N by G is called a split extension if there

is a homomorphism cp of G into G such that acp = le, where a is the homomorphism

from G to G with N = Ker(a). Let G = N:G denote a split extension of N by G.

Definition 1.2.5 A group G is a semi-direct product of N by G if

(i) Nand G are subgroups of G

(ii) G = NG.

(ii) N <J G.

(iii) N n G = {I}.
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Theorem 1.2.6 Every split extension of N by G is equivalent to a semi-direct product

of N by G.

Proof. See Remark 2.2.5 in [47J or [60] 0

Let G be a split extension of N by G, then every 9 E G can be written uniquely

as 9 = ng, where n E Nand g E G. The composition of elements of G is given by

(nlgd.(n2g2) = nln~l glg2·

Corollary 1.2.7 If G is a semi-direct product of N by G then there is a homo­

morphism 7 : G --7 Aut(N) defined by 7(g) = 7g for each 9 E G, where 7g is an

automorphism of N given by 7g(n) = n g = gng- 1
.

Proof. See Proposition 1.2.3 or [27] 0

Theorem 1.2.8 Let Nand G be groups, 0 E Hom(G, Aut(N)),G = N x G as a set

with multiplication defined by (nl,gl)(n2,g2) = (nl0g\(n2),glg2). Let 8, a and.\ be

functions given by 8(n) = (n, 1e),a(n,g) = 9 and .\(g) = (IN,g). Then

(i) {I} -t N ~ G ~ G -t {I} is an extension of N by G

(ii) 8 is an isomorphism of N with a subgroup NI of G

(iii) .\ is an isomorphism of G with a subgroup G1 of G

(iv) G is a semidirect product of NI by G1 that realizes a homomorphism 'If; satisfying

['If;(.\(g))](o(n)) = 8(Og(n)), for all nE N,g E G

(v) a.\ = le.

Proof. See Theorem 9.2.1 in [60J. 0

Definition 1.2.9 A group N is called an elementary abelian-p group if it is

abelian and every non-trivial element has the same prime order p.

Let p be a prime number. Any elementary abelian p-group can be considered as a

vector space over the field of order p , and is therefore isomorphic to the direct sum of

n copies of the cyclic group of order p. Conversely, any such direct sum is obviously

an elementary abelian p-group. In many of our examples here we shall deal with

elementary abelian p-groups pn for some prime p and n E N.
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1.2.1 Conjugacy Classes of Group Extensions

7

The conjugacy classes of a finite group give a lot of important information about the

structure of the group. Since the number of irreducible ordinary characters of a finite

group is equal to the number of conjugacy classes of the group, having information

about conjugacy classes of a finite group is the best point to start constructing the

character table of the group. Several works have been done on the properties of

conjugacy classes as well as comparisons between results on conjugacy classes and

characters of finite groups. For example we have following result.

Proposition 1.2.10 Let G = N.G, 9 a lifting of g E G, C be the eentralizer of Ng

in G and C be the complete preimage in G of C. Then

(i) the union of the eosets NE which are conjugate in G to Ng, is the union of the

conjugacy classes L 1, L 2 ,···, Lr of G,

(ii) C acts on the coset Ng by conjugation,

(iii) C has r orbits in its action on Ng and the orbit representatives gl' g2, ... ,gr

are representatives of the conjugacy classes L 1 , L 2 ,··· ,Lr of G,

(iv) the centralizer CC(gi) for 1 ~ i ~ r is the stabilizer of gi in C in its action on

Ng.

Proof. See [8]. D

The use of computational methods to determine the conjugacy classes of a group is

another aspect to be cited. For example in [8] and [9], Butler gives various algorithms

which can be used for computing conjugacy classes in finite groups and in permutation

groups respectively. The technique of coset analysis, used for the determination of

the conjugacy classes of elements of both split and non-split extensions G = N.G

where N is an abelian normal subgroup of G, was developed by Moori in [37]. For

each conjugacy class [g] in G with representative g, we analyse the coset Ng, where

9 is a lifting of 9 in G. For each such a class, we define

C9 = {x E G I x(Ng) = (Ng)x},

the stabilizer of Ng in G under the action on Ng by conjugation of G. Since N is

normal in G, it is clear that N is a normal subgroup of Cg.
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Lemma 1.2.11 (65) Cy/N = CC/N(Ng).

Proof. Let k E G. Then

Nk E CC/N(Ng) ~ Nk(Ng)(Nk)-l = Ng

~ NkNgNk- 1 = Ng

~ NkNgk- 1 = Ng

~ NkNngk- 1 = Ng "In E N

~ Nkngk- 1 = Ng, "In E N

~ kngk- 1 E Ng , "In E N

~ k E Cy

~ Nk E Cy/N. D

8

Since N :sJ Cy and by Lemma 1.2.11, it follows that Cy = N,CC/N(Ng). For 9 a

lifting of 9 E Gin G, we can identify CCjN(Ng) with Cc(g) and write Cy = N.Cc(g).

For each conjugacy class [g] of G, the conjugacy classes of G where N is abelian will

be determined by the action by conjugation of Cy on the elements of Ng. To act Cy

on the elements of Ng, we first act N and then act {h I h E Cc(g)}, where h is a

lifting of h in G. We outline this action as follows:

STEP 1: The action of N on Ng: Let CN(g) be the stabilizer of 9 in N.

Then for any n E N we have

x E CN(ng) ~ x(ng)x- 1 = ng

~ xnx-1xgx-1 = ng

~ n(xgx-1) = ng , since N is abelian

~ xgx-1 = 9

~ x E CN(g).

Thus CN(g) fixes every element of Ng. Now let ICN(g)1 = k. Then under the action

of N, Ng splits into k orbits Ql, Q2, .. . , Qk, where

for i E {I, 2, ... , k}.
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STEP 2: The action of {h Ih E Ce(g)} on Ng: Since the elements of Ng are

now in the orbits Ql, Q2, .. · ,Qk from Step 1 above, we need only act {h I hE Ce(g)}

on these k orbits. Suppose that under this action fj of these orbits Ql, Q2,···, Qk

fuse together to form one orbit b.j , then we have

Thus for x = djg E b.j , we obtain that

l[x]GI = Ib.jl x I[g]el
1Nl IGI

!J x T x ICe(g)1

IGI
fj x kICe(g)1

and thus we obtain that

IC-(x)1 = IGI = IGI x kIGe(g)1 = kICe(g)1
e I[x]GI fjlGI fj

Thus to calculate the conjugacy classes of G = N.G, we find the values of k and the

fj's for each class representative 9 E G.

However for the special case of a split extension G = N:G, we identify Cy with

Cg = {x E G I x(Ng) = (Ng)x}, where the lifting of gin G is 9 itself since G ~ G.

Corollary 1.2.12 147} If G = N:G, then Cg = N:Ce(g).

Proof. We have that N is a normal subgroup of Gg . Now we show that Ce(g) ~ Gg

and that N n Cc(g) = {1}. Let x E Ce(g). Then we obtain (Ng)X = x(Ng)x-1 =

xNgx- 1 = Nxgx-1 = Ng. Thus x E Cg and hence Ce(g) :s Gg . Since N n Ge(g) :s
N n G = {le}, then we have that N n Ge(g) = {le}. Hence the result. D

Thus in the case of a split extension G = N:G, we analyse the coset N 9 instead

of Ng. Under the action of Non Ng, we always assume that 9 E Ql. Also instead

of acting {h I h E Ce(g)} on the k orbits Ql, Q2,· .. , Qk we just act Ge(g) on these

orbits.

The technique of coset analysis for computing conjugacy classes group extensions

G = N.G has since been used in several works (see [1], [2], [37], [41], [47], [65]). The
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orders of the elements of conjugacy classes of G = N.G may be determined in different

ways. However the following results are useful in the determination of the orders of

the elements of a group G = N:G.

Theorem 1.2.13 {47} Let G = N:G and dg E G where dEN and 9 E G such that

o(g) = m and o(dg) = k. Then m divides k.

Proof. We have that

Since G acts on Nand dEN, we have d, d9 , d92
, ... , d9k

-
1

EN. Hence dd9 d92
... d9k

-
1

E

N. Thus we must have that dd9 d92
... d9k

-
1 = IN and l = lG. Hence m divides

k. 0

Theorem 1.2.14 [47} Let G = N:G such that N is an elementary abelian p-group,

where p is prime. Let dg E G where dEN and 9 E G such that o(g) = m and

o(dg) = k. Then either k = m or k = pm.

Proof. See Theorem 2.3.10 in [47]. 0

Remark 1.2.15 [47} Let G = N:G where N is an elementary abelian p-group. Let

dg E G where dEN and 9 E G such that o(g) = m and o(dg) = k. Then we have

that

Since gm = lG, we obtain that (dg)m = w, where wEN. Now applying Theoreml.2.14

we have if w = IN then k = m and if w ::j:. IN then k = pm.

In [47] Mpono has developed computer programmes in CAYLEY which are used

for computing the conjugacy classes and the orders of the conjugacy class representa­

tives of the group extension G = N:G where N is an elementary abelian p-group for

prime p on which a linear group G acts. These programmes can similarly be applied

to the group extension G = N:G where G is a permutation group, by considering a

subgroup of a linear group which is isomorphic to G.
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1.3 Representations and Characters of Finite Groups

11

In this section we discuss some results on group representations and characters which

are useful for the technique of the Fischer-Clifford matrices to be described in Sec­

tion 1.5. We will not deal much with modular characters, therefore we devote our

discussion mostly to ordinary representations and characters, that is representations

and characters of a finite group G over the complex field C. In most of the following

material the proofs are omitted but reference is made to [28] for an extensive treat­

ment of character theory. For further reading on representations and characters of

finite groups, readers are encouraged to consult [3], [6], [7], [13], [21], [25], [28], [29],

[30], [31], [39], [47] and other relevant sources.

Definition 1.3.1 Let G be a group, F a field and GL(n,F) the general linear group

(or the multiplicative group of all nonsingular n x n matrices over F for some integer

n). Then a representation of G over F is a homomorphism P : G ~ GL(n, F)

from G to GL(n, F). The degree of the representation P is the integer n. Define a

function X : G ~ F by X(g) = trace(p(g)). Then X is called the character of G

afforded by the representation p. The degree of the character X is the degree of the

representation p.

Definition 1.3.2 Let PI and P2 be representations of G over F. We say PI and P2 are

equivalent if there exists P E GL(n, F) such that PI (g) = Pp2(g)p-1 for all 9 E G.

We say a representation P of G is reducible if it is equivalent to a representation p'

given by

for all 9 E G, where cPI' (h are representations of G and ,(g) zs any matrix. A

representation which is not reducible is said to be irreducible.

Theorem 1.3.3 (Schur's Lemma) Let PI : G ~ GL(n,F) and P2 : G ~

GL(m, F) be two irreducible representations of a group G over a field F. Let P

be a matrix such that P PI (g) = P2 (g) P for all 9 E G. Then either P is the zero

matrix or P is nonsingular so that PI and P2 are equivalent.

Proof. See Theorem 1.8 in [39]. 0
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It is clear that equivalent representations afford the same character, since similar

matrices have the same trace. The character afforded by an irreducible representation

is called an irreducible character. Let Irr(G) denote the set of irreducible characters

of a group G.

Corollary 1.3.4 [39j If p : G -7 GL(n, F) is an irreducible representation of a

group G over an algebraically closed field F, then the only matrices which commute

with all matrices p(g), 9 E G are scalar matrices aIn, where a E F and In is the n x n

identity matrix.

Proof. Let P be an n x n matrix such that Pp(g) = p(g)P for all 9 E G. Then for

any a E F we have that

(aIn - P).p(g) = p(g).(aIn - P), Vg E G. (1)

Let m(x) = det(xIn - P) be the characteristic polynomial of P. Since m(x) is a

polynomial over F and F is algebraically closed, then there exists al E F such that

m(ad = OF· Hence det(alIn - P) = OF and thus alIn - P is singular. Then from

relation (1) above and Schur's Lemma, we obtain that alIn - P = 0 and hence

alIn = P. 0

Definition 1.3.5 Let G be a group, F a field and <P : G -7 F be a function which

is constant on the conjugacy classes of G. Then <p is called a class function of G.

It is clear that characters are class functions. It is also known (see for example

[3]) that the set I rr(G) of irreducible characters of G forms a basis for the space of

class functions on G. From now on, we will consider ordinary representations and

characters. We note the following from character theory (see [39]).

(i) Two representations of G are equivalent if and only if they have the same char­

acter.

(ii) The number of irreducible characters of G is equal to the number of conjugacy

classes of G.

(iii) Any character of G can be written as a sum of irreducible characters.
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Lemma 1.3.6 Let G be a group, p be a representation of G which affords the char­

acter X. Let 9 E G be an element of G of order n. Then the following conditions

hold

(i) p(g) is similar to a diagonal matrix diag(Cl, c2, ... , cr)

(ii) ci = 1

(iii) X(g) = Li ci

(iv) Ix(g) I :::; X(lG) = degree of X

(v) X(g-l) = X(g), the complex conjugate of x(g).

Proof. See Lemma 2.15 in [28]. 0

Definition 1.3.7 Let G be a group and Irr(G) = {Xl,X2, ... ,Xr}. Let X be a class

function of G such that X = L~=l niXi· Then those characters Xi for which ni > 0
are called the irreducible constituents of x.

Definition 1.3.8 Let X and 'lj; be class functions of a group G. Then the inner

product of X and 'lj; is defined by

1", ­
(X, 'lj;) = IGT 0 X(g)'lj;(g)·

gEG

The following theorems are called the first (or row) and second (or column) orthogo­

nality relations respectively.

Theorem 1.3.9 (28](First Orthogonality Relation) Let G be a group and Irr(G) =

{Xl, X2,·· ., Xr}. Then

L Xi(g)Xj(g) = oijlGI·
gEG

Proof. See [28] 0

Theorem 1.3.10 (28](Second Orthogonality Relation) Let G be a group and

Irr(G) = {Xl,X2, ... ,Xr} and {gl,g2, ... ,gr} be a set of representatives of the con­

jugacy classes of G. Then

L X(gi)X(gj) = oijICG(gdl·
XElrr(G)
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Proof. See Theorem 3.19 in [47] or [28] o

14

4J*(g) =

We now discuss the relationships between the characters of a group G and those

of its subgroups.

1.3.1 Restriction of Characters

Definition 1.3.11 Let H be a subgroup of a finite group G. If P is a representation

of G, then the restriction of P to H is a representation of H, which is denoted by

PH or P -l. H . If X is a character of G afforded by P, then the restriction of X to H is

a character of H afforded by the representation PH, and is denoted by XH or X -l. H.

The characters XH and X take on the same values on the elements of H. If XH

is irreducible, then X is irreducible in G. The converse is not true in general. But

under certain conditions the irreducibility of X implies that XH is irreducible, as in

the following result.

Theorem 1.3.12 Suppose that H is a subgroup of G of index 2 and X E Irr(G). Let

>. be a linear character of G taking value 1 on Hand -1 otherwise. Then the following

conditions are equivalent

(i) XH is irreducible,

(ii) X(g) -=I 0 for some 9 E G - H,

(iii) X -=I X>.·

Proof. See Proposition 20.9 in [30]. 0

In-fact Karpilovsky in [31] has also proved a theorem of Gallagher (1966) that if

H ~ G and X E Irr(G) such that X(g) -=I 0 Vg E G - H, then XH is irreducible.

1.3.2 Induced Characters

Let H be a subgroup of a group G with transversal the set {Xl, X2, ... , xT } in G. Let

4J be a representation of H of degree n. Then we define 4J* on G as follows:

4J(XI9Xl l ), 4J(Xlgx:;I), ,4J(XI9X; I)

4J(X2gxll), 4J(X29x:;I), , 4J(X2gx;l)



CHAPTER 1. PRELIMINARIES 15

where 1J(Xigxj1) are n x n sub-matrices of 1J*(g) such that 1J(Xigxj1) = 0 V xi9xj1 (j.

H. Then 1J* is a representation of G of degree n[G : H].

Definition 1.3.13 Let G, H, 1J and 1J* be as above. Then the representation <j;*

is called the representation of G induced from the representation 1J of H. The

induced representation of 1J is denoted by 1J* = 1JG or 1J* = 1J t G.

Definition 1.3.14 Let G be a group and H ~ G. Let () be a class function of H.

Then we define ()G as follows:

()G(g) = I~I L ()O(xgx- 1) ,
xEG

where

()O(h) = {()(h) if hE H
o otherwise

Then ()G is a class function of G, called the induced class function of G, of degree

[G ; H]deg(()).

Let 1J be a representation of H that affords a character () of H. Then ()G is a

character of G afforded by the induced representation 1JG of G. The character ()G

is called the induced character of G. We note that the induction and restriction

processes do not necessarily preserve irreducibility of characters.

Theorem 1.3.15 (28J(Frobenius Reciprocity Theorem) Let G be a group, H ~

G and suppose that () is a class function of H and X is a class function of G. Then

Proof. We obtain that

G 1 '"' G - 1 1 '"' '"' ° -1 -(() ,X) = IGT L.,;() (g)X(g) = IGTIHI L.,; L.,;() (xgx )X(g)
gEG gEGxEG

Putting y = xgx-1 and since X is a class function, then we obtain that X(y) = X(g).

Hence we have

G 1 1 '"' '"' ° -1 - 1 1 '"' '"' ° -(() ,X) = IGIIHI L.,; L.,; () (xgx )X(g) = IGT IHI L.,; L.,; () (Y)X(y)
gEG xEG yEG xEG

1 '"' -fHi L.,; 8(y)X(Y) = ((), XH). 0
yEH
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Theorem 1.3.16 Let G be a group and H S G. Let () be a character of H, 9 E G

and {Xl, X2, ... , xm } be a set of representatives of the conjugacy classes of elements

of H which fuse into [g] in G. Then we obtain that

where we have that (}G (g) = 0 whenever H n [g] = 0.

Proof. We have that

(}G(g) = I~I L (}O(xgx- l
).

xEG

If Hn[g] = 0, then xgx- 1 tJ. H and thus (}O(xgx- 1) = 0 V X E G and hence (}G(g) = O.

Now if H n [g] I- 0, then let hE H n [g]. Then as X runs over G, then xgx-1 = h for

exactly ICG (g) I values of x. Hence we obtain that

G 1" -1 ICG(g)l" ~ (}(Xi)
() (g) = IHI L...J (}(xgx ) = jHI L...J (}(h) = ICG(g)! L...J ICH(Xi)I'

xEG hEHn[g] l=1

1.3.3 Lifted Characters

o

Let G be a group and X be a character of G afforded by a representation p. Then

ker(x) = {g E G I X(g) = x(1G)},

can be shown easily to be a normal subgroup of G (see [65]). Further every normal

subgroup of G is an intersection of some of the ker(xd, where Xi E Irr(G). If N

is a normal subgroup of G and p is representation of G such that N ~ ker(p), then

there exists a unique representation p of GIN defined by p(N g) = p(g). If p affords

a character X of G, then p affords a character Xof GIN.

Theorem 1.3.17 There is a one to one correspondence between the set of characters

of GIN and the set of characters of G which contain N in their Kernel. Furthermore

Irr(GIN) = {X E Irr(G) I N ~ ker(x)}·

Proof. See Theorem 17.3 in [30]. 0

Following from above we have the following definition.
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Definition 1.3.18 Let G be a group, N a normal subgroup of G and Xbe a character

of G/ N. Then the character X of G defined by

x(g) = x(Ng),V g E G

is called a lifting of X to G.

Thus by lifting the characters of G/ N we can obtain some of the characters of G. It

is clear from the definition that the degree of the lifted character X is equal to the

degree of the character X. Further X is irreducible if and only if X is irreducible.

1.3.4 Permutation Characters

Let n be a set. A group G is said to act on n if there is a homomorphism ejJ : G -t Sn,

where Sn is the symmetric group on n. If ejJ is a monomorphism, we say that G acts

faithfully on n. In this case G can be identified with a subgroup of Sn and G becomes

a permutation group on n.

Definition 1.3.19 A group G is said to be transitive on n if it has only one orbit

on n.

If G acts on n, we define a representation 7f : G -t GL(n, C), where n = 1nl.

Let n = {Xl, X2,· .. ,xn }. For each 9 E G we define 7fg = (aij) by

{
1 if x

g = x·a .. - t J
tJ - 0 otherwise.

Then 7fg is a permutation matrix of the action of g. The representation 7f defined

above is called the permutation representation of G obtained from the action

of G on n. The character afforded by the permutation representation 7f denoted by

x(Gln), is called the permutation character of G associated with the action of G

on n. Further for 9 E G we have

x(Gln)(g) = I{x E n I x g = x}1 = the number of points of n fixed by g.

Suppose that G acts transitively on nand Gx is the stabilizer of X E n. Then

the action of G on n is the same as the action of G on the cosets of H = Gx in G.

Hence Vg E G, x(Gln)(g) also gives the number of cosets of H = Gx in G which are

fixed by 9 E G and in this case we denote this number by X(GIH)(g). It follows that

X(GIH) = x(Gln).
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Theorem 1.3.20 Let G be a group acting transitively on a set D. Let QED, H = GQ

and X(GIH) be the permutation character of this action. Then

Proof. We have that

G 1 '""" -1 1 '"""(IH) (g) = THT LJ IH(xgx) = THT LJ 1
xEG,xgx-1EH xEG,xgx-1EH

Now if xgx- 1 EH, then xg E Hx. Thus Hxg = Hx and hence Hx is fixed by 9 E G.

However the summation is taken over all x E G such that xgx- 1 E H. Hence the

summation is taken over all x E G for which the coset H x is fixed by 9 E G. But

\j yE Hx, Hx = Hy and thus we obtain that

L 1 = IHII{Hx I Hxg = Hx}1
xEG,xgx-1EH

and hence we obtain that

1
(IH)G(g) = IHI1H11{Hx IHxg = Hx}1 = I{Hx IHxg = Hx}1 = X(GIH)(g). D

Let G be a group, H ~ G and X = X(GIH). The following are some properties of

permutation characters (see Theorem 2.5.6 in [65]).

(i) deg(x) divides IGI.

(ii) (X, 'ljJ) ~ deg('ljJ) for all 'ljJ E Irr(G).

(iii) (X, le) = 1.

(iv) X(g) E IN U {O} for all 9 E G.

(v) X(g) ~ X(gm) for all 9 E G and m E IN U {O}.

(vi) x(g) = 0 if o(g) does not divide IGI/deg(x)·

(vii) X(g) dl~t~) is an integer for all 9 E G.



CHAPTER 1. PRELIMINARIES

1.4 Clifford Theory
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In this section we discuss the technique of Fischer-Clifford matrices. Later we will

use this technique to construct the character tables of generalized symmetric groups

and some associated groups. For the theory on Fischer-Clifford matrices, we follow

the works of Ali [1], Almestady [5], Mpono [47J and Whitely [65J. However for the

actual construction of the Fischer-Clifford matrices of B (rn, n) and associated groups

we will follow the works of Almestady [5J and List [35J.

Definition 1.4.1 Let G be a group, H :::; G and () be a character of H. Then for

9 E G, we define ()9: gHg-1 -----+ C by ()9(t) = ()(gtg- 1) for all t E gHg-1. Then ()9

is said to be a G-conjugate of (). If H is a normal subgroup of G and ()9 = () for all

9 E G, then () is said to be G-invariant.

It is clear that ()9 is a character of gHg-l.

Theorem 1.4.2 (28}(Clifford's Theorem) Let G be a group, H a normal subgroup

ofG and X E Irr(G). Let () be an irreducible constituent ofxH and ()1,()2"",()n be

distinct conjugates of () in G such that ()l = (). Then

n

XH = e L()i, where e = (XH,()).
i=l

Proof. For h E H we have

()G(h) = I~I L ()O(xhx-
1

) = I~I L ()X(h)
xEG xEG

Thus we obtain that

(()G)H = _1 L ()X

IHI xEG

Let </J E I rr(H) such that </J rt. {Oi I 1 :s; i :s; n}. Then we obtain that

and hence ((()G)H, </J) = O. However by the Frobenius reciprocity theorem, we obtain

that (XH, 0) = (X, ()G). Hence X is an irreducible constituent of ()G. Since ((()G) H , </J) =
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0, then (XH, c/J) = O. Thus c/J is not an irreducible constituent of XH. Hence all the

irreducible constituents of XH are among the ()i and thus we obtain that

n n n n

XH = L. (XH, ()i)()i = L. (XH, ())()i = (XH, ()) L. ()i = e L. ()i ,

i=l i=l i=l i=l

where e = (XH,()). 0

Definition 1.4.3 Let c/J be a representation of G and a an automorphism of G. Then

c/JO: is a representation of G given by

for x, y E G. If the representation c/J affords a character X of G, then the representation

c/JO: affords a character xO: of G which is given by XO:(x) = x(xO:) for x E G. Then

the representation </>0: and the character xO: are called the algebraic conjugates of

c/J and X respectively induced by the automorphism a.

Let X = (Xi(Xj)) be the character table of G, where Xi E Irr(G), 1 :S i :S n

and Xj, 1 :S j :S n are representatives of the conjugacy classes of elements of G.

Then the automorphism a of G induces a permutation on the conjugacy classes of

G and therefore also on the columns of X. For each Xi E Irr(G), we deduce that

xi E Irr(G). Hence a induces a permutation on the irreducible characters Xi of G and

therefore also on the rows of X. Moreover since xi(Xj) = Xi(xj), then the matrices

obtained from X by these two operations are identical. We have the following result

known as Brauer's Theorem.

Theorem 1.4.4 (23j(Brauer's Theorem) Let G be a group and K be a group of

automorphisms of G. Then the number of orbits of K as a group of permutations on

the irreducible characters of G is the same as the number of orbits of K as a group

of permutations on the conjugacy classes of G.

Proof. Let X be the character table of G. Then as a matrix, X is square and

nonsingular. Let a be an automorphism of G such that a E K. Then a induces a

permutation on the conjugacy classes of G and thus induces a permutation on the

columns of X. Hence K acts on the conjugacy classes of G. Since a E K, then to

each character X of G, we obtain a character xO: of G such that xO: E Irr(G) whenever
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X E Irr(G). For yE G, we obtain that XQ(y) = X(yQ). Thus a induces a permutation

on the rows of X. Hence K acts on the irreducible characters of G. Let X Q denote

the image of X under a. Then we obtain that

P(a)X = X Q = XQ(a) ,

where P(a), Q(a) are appropriate permutation matrices which are uniquely deter­

mined by a E K. Suppose that a, f3 E K. Then we obtain that XQfJ = (XQ)fJ. Also

we have that

P(af3)X = XQfJ = (XQ)fJ = (P(a)X)fJ = P(f3)P(a)X

and hence P(af3) = P(f3)P(a). We also have that XQfJ = XQ(af3) and (XQ)fJ =

(XQ(a))fJ = XQ(a)Q(f3). Since XQfJ = (XQ)fJ, we obtain that XQ(af3) = XQ(a)Q(f3).

The non-singularity of X implies that Q(af3) = Q(a)Q(f3). Define mappings 7fl

and 7f2 on K by 7fl(a) = (P(a))t and 7f2(a) = Q(a), where t denotes the trans­

pose operation on matrices. Then 7fl and 7f2 are permutation representations of K.

Let fh and fh be the permutation characters afforded by 7fl and 7f2 respectively.

Since X-I P(a)X = Q(a), P(a) and Q(a) are similar and thus have the same trace.

Since trace(P(a))t = trace(P(a)), we have that trace(P(a))t = trace(Q(a)). Hence

(h = e2 and 7fl and 7f2 are equivalent. Let d1 , d2 be the number of orbits of K on the

irreducible characters and on the conjugacy classes of G respectively. Thus we observe

that d1 is the number of orbits of 7fl (K) in its action as a group of permutations. Also

d2 is the number of orbits of 7f2(K) in its action as a group of permutations. Since

e1 is the permutation character of K acting on the irreducible characters of G, we

obtain that (e1,!K) = d1. Also for e2, we obtain that (e2,!K) = d2. However e1 = e2
and thus (e1,!K) = (()2,!K) and hence d1 = d2. 0

Definition 1.4.5 Let () be a character of a subgroup H of a group G. Let

Ic(()) = {g E Nc(H) I ()9 = ()}.

Then we call Ic(()) the inertia group of () in G. If H is normal in G, then

Ic(e) = {g E G Ie9 = e}.

We observe that Nc(H) acts on the characters of H by 9 : () ~ ()9 for all

9 E Nc(H). Then the inertia group of e is the stabilizer of e in Nc(H). Hence

Ic(e) ~ Nc(H) ~ G and it is clear that H is a normal subgroup of Ic(e).
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Theorem 1.4.6 [28] Let G be a group, H a normal subgroup of G, 0 E Irr(H) and

T = IG(O). Let A = {7/J E Irr(T) I (7/JH,O) # O} and B = {X E Irr(G) I (XH,O) # O}.

Then

(a) If 7/J E A, then 7/JG E Irr(G).

(b) If 7/JG = X and 7/J E A, then (7/JH, 0) = (XH, 0).

(c) If 7/JG = X and 7/J E A, then 7/J is the unique irreducible constituent of XT which

sits in A.

(d) The map 7/J t---+ 7/JG is a bijection of A to B.

Proof.

(a) Let 7/J E A and X be an irreducible constituent of 7/JG. Then 7/J is an irreducible

constituent of XT. Since 0 is an irreducible constituent of 7/JH, 0 is an irreducible

constituent of XH and thus X E B. Now suppose that 0l, 02, ... , ()n are the

distinct conjugates of 0 in G, where ()l = (). Then we obtain that [G : T] = n

and from Clifford's theorem, we deduce that XH = e L~=l ()i for some e E IN,

where e = (XH, ()). Since () is invariant in T, 0 is self-conjugate in T. Hence

by Clifford's theorem (applied to T, Hand 7/J) we get that 7/JH = kO for some

k E IN where k = (7/JH,()). Since 7/J is an irreducible constituent ofXT, then we

obtain that k ~ e. Hence we have

and thus equality holds throughout. In particular, from this equality we obtain

that 7/JG(lG) = X(lG) and hence we obtain that 7/JG = X. Therefore 7/JG E

Irr(G).

(b) We have that (XH,O) = e and (7/JH,()) = k and from the equality in part(a), we

obtain that k = e and thus (XH, 0) = (7/JH, 0).

(c) Let <P E A, <P # 7/J and <P be an irreducible constituent of XT. Then we obtain

that

which is a contradiction by part(b). Hence the result.
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(d) The map 'lj; t-----+ 'lj;c is well-defined by part(a). Also we obtain that for any

'lj; E A, 'lj;c E B by part(b). By the uniqueness assertion given by part(c), the

map 'lj; t-----+ 'lj;c is one-to-one. Then suffices to show that the map is onto B.

Let X E B. Then 0 is an irreducible constituent of XH and hence there exists

an irreducible constituent 'lj; of Xr such that ('lj;H, 0) :I O. Thus 'lj; E A and we

have that X is an irreducible constituent of 'lj;c. Hence we obtain that X = 'lj;C

since 'lj;C E Irr(G) by part(a). 0

Definition 1.4.7 Let G be a group, H a normal subgroup of G, 0 E Irr(H) and

T = Ic(O). Since H is normal in T, we obtain the factor group T / H called the

inertia factor of T.

Let G = N:G. Then for all 0 E Irr(N), define

H = {x E G IOx = O} = I(J(O)

H = {y E G Ioy = O} = Ic(O).

Then it can be shown that H = N:H.

Definition 1.4.8 Let G be a group, H a subgroup of G, 0 E Irr(H) and X E Irr(G)

such that XH = O. Then 0 is said to be extendible to an irreducible character of G.

If 0 is extendible to an irreducible character of G, we will say that 0 is extendible to

G.

Definition 1.4.9 Let G be a group and F be a field. Then the map p G---+

GL(n, F) such that

(i) p(lc) = I, where I is the identity n x n matrix,

(ii) for all x, yE G, there exists a map a : G x G ---+ F* such that

p(x)p(y) = a(x, y)p(xy) where a(x, y) E F* .

Then p is called a projective representation of G over F of degree n. The map a

is called the factor set associated with p.
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Now if a(x, y) = IF for all x, yE G, we obtain that p(xy) = p(x)p(y), that is p is

an ordinary representation of G. Thus projective representations are generalizations

of ordinary representations.

Theorem 1.4.10 [32] Let N be a normal subgroup ofG, F = C, X E Irr(N), where

X is G- invariant and let r be a matrix representation of N which affords X. Then

(i) there exists a projective representation p of G such that r(n) = p(n) and

(p(g))O(9) = I, for all nE N,g E G where I is the identity matrix.

(ii) If G = N.H for some H ::; G and if PH is an ordinary representation of H,

then X can be extended to G.

Proof.

(i) Let 9 E G. Since X is G-invariant, then the representations rand r 9 of N are

equivalent. Hence there is an invertible matrix O(g) such that (O(g)) -1 r(n )O(g) =

r 9(n), where 9 E G, n E N. We may assume that O(n) = r(n) for all n E N.

We have that 0 : G ~ GL(k, F), where k = deg(r), and that ON = r. Now

let gl, g2 E G, then we obtain that

(O(glg2)) -1r(n )O(glg2) = r 9192 (n) = (r91 )92 (n) = (O(g2)) -1 f91 (n )O(g2)

= (O(g2)) -1 (O(gd) -1 f(n )O(gdO(g2)'

So that

Thus for all n E N, O(gl)O(g2)(O(glg2))-1 commutes with r(n) and thus by

the Corollary 1.3.4, we can define a function a : G x G ~ F* such that

O(gl)O(g2) = a(gl,g2)O(glg2). Since r is a representation of N, we obtain that

O(IN) = r(IN) = I. Hence 0 is a projective representation of G with associated

factor set a. Let o(g) = m and gEN. Then we obtain that (O(g))m = I.

However if 9 E G - N, then since O(gm) = O(lc) = I, there exists >.(g) E F*

such that (O(g))m = >.(g)I. Now let fL(9) E F* such that (fL(9))m = (>.(g))-l

and let fL(n) = IF for all n E N. Then the projective representation p of G

given by p(g) = fL(9)O(g) is such that p(n) = fL(n)O(n) = O(n) = r(n) for all

n EN. Also we have that
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Hence property (i) is established.
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(ii) Let T be a transversal for N n H in H containing IH. Then every 9 E G

has a unique expression of the form 9 = tn, where t E T, n E N. Now let

gl E G, gl =/: 9 be given by gl = tlnl, where tl E T, nl E N. Since t, tl E T,

then t, tl E H and hence ttl E H. Now let ttl = t2n2, where t2 E T and

n2 E N n H. Define 'ljJ on G by 'ljJ(g) = p(t)p(n). Since n2tllntlnl E N, we

obtain that

Also we have

'ljJ(g)'ljJ(gl) = p(t)p(n)p(tI)p(nl) = p(t)p(tl)(p(tI))-l p(n)p(tl)p(nI)

= p(t)p(tI)[(p(tI)) -1 p(n)p(tl )]p(nl).

However from the proof of part(i) above we have that (p(g))-1 r(n)p(g) = f9(n)

and p(n) = r(n) for all n E N, 9 E G. Since t11ntl E N, then we obtain that

Since by the assumption p is an ordinary representation on Hand tt1 E H we

have p(ttI) = p(t)p(tI). We deduce that

p(t)p(n )p(tl )p(nl)

p(t)p(tl) (p( tl)) -1 p(n )p(tl )p(nd

p(t)p(tl) [(p(tl)) -1 p(n )p(tl) ]p(nI)

p(t)p(tI)p(t1
1nt1)p(nl) = p(ttl)P(tllnt1 )p(nd

p(t2n2)p(tllntl)p(nl) = p(t2)p(n2tllntlnl).

Hence we obtain that 'ljJ(ggd = 'ljJ(g)'ljJ(gI). Therefore 'ljJ is an ordinary repre­

sentation of G. However VnE N, we obtain that 'ljJ(n) = p(n) = f(n) and thus

the character afforded by the representation 'ljJ of G, extends X to G. 0

Theorem 1.4.11 ([13j)(Mackey's Theorem) Let N be a normal subgroup of G

and () be a G -invariant irreducible character of N. If N is abelian and G splits over

N, then () can be extended to G.
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Proof. Let G = N:G. Since G is a semidirect product of N by G, then any x E G

can be expressed uniquely as x = ng, where n E N, 9 E G. Define X on G by

x(ng) = 8(n). Since N is abelian, 8 has degree 1 and thus is linear. The invariance

of8 in G implies that 8(n) = 8(xnx- l ) for all x E G. Now let Xl = nlgI,X2 = n2g2

be elements of G. Then we obtain that

X(XIX2) = x(nlgln2g2) = x(nln~lglg2) = 8(nln~1)

= 8(nl)8(n~1) = 8(nl)8(n2) = X(Xr)X(X2).

Therefore X is a linear character of G such that XN = e. 0

Theorem 1.4.12 {32} Let G = N.G where N is a normal subgroup of G, and G :s; G

such that N n G ~ N'. If 8 is an irreducible G-invariant character of N such that

(deg(8), IGI) = 1, then e can be extended to G.

Proof. See Corollary 7.1.2 in [32]. 0

Theorem 1.4.13 Suppose G is a splitting extension of a normal subgroup N, then

any linear character 8 E Irr(N) can be extended to its inertia group 10 (8).

Proof. Let G = N:G and 8 E Irr(N) be linear. Let H = Ic(8) , then we obtain

that H = N:H, where H = IG(e). Since H is a split extension, we obtain that

NnH = {1}:S; N'. Also we have that (deg('l/J),IHI) = (1,IHI) = 1 and clearly 8 is

H-invariant. Thus the conditions of Theorem 1.4.12 are satisfied and hence ecan be

extended to H. 0

Theorem 1.4.14 ([28},[65})(Gallagher's Theorem) Let N a normal subgroup of

G, 8 E Irr(N) and H = 10 (8). If 8 can be extended to 'l/J E Irr(H) then as f3 ranges

over all the irreducible characters of H which contain N in their kernels, f3'l/J ranges

over all the irreducible characters of H which contain () in their restriction to N.

Proof. Since H = Ic(()), then () is self-conjugate in H and thus by Clifford's theorem

we obtain that (eH)N = f8 for some positive integer f. Comparing degrees we have

(eH)N = [H : N]8 and so (()H, eH) = (e, (()H)N) = [H : N]. Now we claim that

eH = Lp f3(1c )f3'ljJ, where f3 ranges over all the irreducible characters of H that

contain N in their kernels. Both eH and Lp f3(10)!3'l/J are zero off N since for 9 rf­
N, xgx- 1 rf- N for all x E G and thus eH (g) = O. Also for 9 rf- N, by the orthogonality
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of the columns of the character table of H/N we have that L-/3{3(lc)({3'I/J)(g)

[L-/3{3(1c ),B(g)]'I/J(g) = O. We also have that (eH)N = [H : N]e = (L-/3{3(lC),B'I/J)N,

since for 9 E N, L-/3 ,B(1c),B(g)'I/J(g) = L-/3(,B(1C))2'I/J(g) = [H: N]'I/J(g) = [H : N]e(g).

Hence we obtain that eH = L-/3 ,B(1c),B'I/J. So we have

[H: N] = (eH, eH) = (L: {3(lc),B'I/J, L T(1c )T'I/J) = L ,B(1C)T(1c )(,B'I/J, T'I/J)
/3 7 /3,7

The diagonal terms contribute at least L-({3(1C))2 = [H : N], so the {3'I/J are irreducible

and distinct, and are all the irreducible constituents of eH and so are all the irreducible

characters of H that contain e in their restriction to N, since for 4> E Irr(H) such that

(<PN, e) #- 0, we obtain that (4)N,e) = (<p,eH) which implies that 4> is an irreducible

constituent of eH and hence is of the form ,B'I/J. 0

1.5 Fischer-Clifford Matrices

Let G = N.G such that every irreducible character of N is extendible to its inertia

group. We have that G permutes Irr(N) by x : X f---t Xx, where x E G and

X E Irr(N). Now let XI,X2, ... ,Xt be representatives of the orbits of G on Irr(N),

Hi = Ic(xd, 1 ~ i ~ t, 'l/Ji E Irr(Hi) be an extension of Xi to Hi and'I/J E Irr(Hi)
such that N ~ ker('l/J). Then by Theorem 1.4.14 and Theorem 1.4.6 all irreducible

characters of G will be of the form ('l/Ji'I/J)C, 1 ~ i ~ t. Thus

t

Irr(G) = U{('l/Ji'I/J)C I 'I/J E Irr(Hi ), N ~ ker('I/J)}
i==l

Therefore the irreducible characters of G fall into blocks, each block corresponding to

an inertia group Hi.

1.5.1 Defining Fischer-Clifford Matrices

Let G = N.G with the property that every irreducible character of N is extendible to

its inertia group. Let 9 E G be a lifting of 9 E G under the natural homomorphism

G --+ G and [gJ be a conjugacy class of G with representative g. Let X(g) =

{XI, X2,·· . ,Xc(g)} be a set of representatives of the conjugacy classes of G from the

coset Ng whose images under the natural homomorphism G --+ G are in [g] and we

take Xl = g. Let {Xl, X2, ... ,xd be a set of representatives of the orbits of G on
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Irr(N) such that for 1 ::; i ::; t, we have Hi = !cJ(Xi) with Hi = HdN ::; G and that

'l/Ji E Irr(Hi) is an extension of Xi to Hi. Then without loss of generality suppose

that Xl = IN is the identity character of N. Then HI = G and HI = G. Now

choose YI, Y2, ... ,Yr to be the representatives of the conjugacy classes of Hi which

fuse into [gJ in G. Since Yk E Hi for 1 ::; k ::; r, then we define Y'-k E Hi such that

Y'-k ranges over all the representatives of the conjugacy classes of Hi which map to Yk

under the homomorphism Hi -+ Hi whose kernel is N. Let 'l/J E Irr(Hd such that

N ~ ker('l/J). Then'l/J is a lifting of -J; E Irr(Hi) such that 'l/J(Y'-k) = -J;(Yk) for any

lifting Y'-k E Hi of Yk E Hi· We obtain that

=

where "£/ is the summation over all f for which Yfk "" Xj in G. Now we define a

matrix Mi(g) by Mi(g) = (auv ), where 1 ::; u ::; rand 1 ::; v ::; c(g), and

_ I ICc-(Xj) I
auv - I.: IC- ( )1 'l/Ji(Yfk)

f Hi Y'-k

Then we obtain that

('l/Ji'l/J)G(Xj) = I.: auv-J;(Yk)
l<k<r

By doing this for all 1 ::; i ::; t such that Hi contains an element in [gJ we obtain the
matrix M (g) given by

[

Ml(g) ]
M2(g)

M(g) = . ,

Mt(g)

where Mi(g) is the sub-matrix corresponding to the inertia group Hi and its inertia

factor Hi. If Hi n [gJ = 0, then Mi (g) will not exist and M (g) does not contain Mi(g).

The size of the matrix M(g) is p x c(g) where p is the number of conjugacy classes of

the inertia factors Hi'S for 1 ::; i ::; t which fuse into [gJ in G and c(g) is the number of
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conjugacy classes of G which correspond to the coset Ng. The matrix M(g) is called

the Fischer-Clifford matrix of G corresponding to the coset Ng. Let

We note that Yk runs over representatives of the conjugacy classes of Hi which fuse into

[g] in G. Following the notation used in [18], [47] and [65] we write M(g) = (ay'Yk\
where

with columns indexed by X (g) and rows indexed by R(g). Then the partial character
table of G on the classes {Xl, X2, ... ,Xc(g)} is given by

[

Cl(g)Ml(g)

C2(g)M2(g)

Ct(g)Mt(g)

where the Fischer-Clifford matrix M(g) is divided into blocks Mi(g) corresponding

to an inertia group Hi and Ci (g) is the partial character table of Hi consisting of

the columns corresponding to the classes that fuse into [g] in G. We also see that

the number of irreducible characters of G is the sum of the numbers of irreducible

characters of the inertia factors Hi'S.

There is yet another method for constructing the Fischer-Clifford matrices of an

extension of an elementary abelian p-group (see [18] and [35]). This method will be

used later to construct the Fischer-Clifford matrices of groups associated with B(p, n),

where p is prime, therefore we describe it below. Suppose that N is an elementary

abelian p-group, that is N = pn is a vector space over Zp. Let 9 E G and dEN.

Then the map cPg : N -t N such that cPg(d) = d(d-l)g defines an endomorphism

of N. it is clear that Im(cPg) and ker(cPg) are subspaces (subgroups) of N. Let

Cg = {x E G I x(Ng) = (Ng)x} = N.C(J(Ng) as defined earlier.

Lemma 1.5.1 The subspaces Im(cPg) and ker(cPg) are Cg- invariant.

Proof. We show that Im(</rg) <l Cg, that is for u E Cg and d(d-l)g = [d, gJ E Im(</rg)

we obtain that [d,g]U E Im(</rg). Thus
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[d, g]u u[d, g]u-1

~gu(d-l )u(g-l)u

~gu(~)-l(gu)-l

= [~,gU] E Im(c/rg),

that is Im(<jJg) is Cy invariant. Now since Nand N/Ker(c/rg) ( C;:,! Im(c/rg)) are

Cyinvariant, we conclude that Ker(c/rg) is Cy invariant. 0

We see that N acts on Ng by conjugation and K = Im(c/rg) acts on Ng by left

multiplication such that the resulting orbits of the two actions are the same. Hence

the action of Cg on the orbits of N acting on Ng is the same as the action of Og on

the module N / K. Thus the orbits of the action of K on Ng can be identified with

the elements of N / K. Let (}i E Irr(N), 'lfJi E Irr(Hd and 'lfJi be an extension of (}i to

Hi. Then 'lfJi is constant on the orbits of N acting on Ng. So we may define a class

function J.L on N / K by J.L(Kdjg) = 'lfJi(djg), where dj EN, djg E Qj is a representative

of the j-th orbit of N acting on Ng and d1 = IN. Then J.L(Kg) = 'lfJi(g). Let p, be an

extension of J.L to the inertia group of J.L in Cg. Then induction of p, to G evaluated

on the elements of Ng is equivalent to the induction of p, to Cg/ K evaluated on the

elements of N / K. However for G a non-split extension, it may happen that J.L is

not a character of N / K. In that case eJ.L will be a character of N / K, where eis an

appropriate p-th root of unity.

Proposition 1.5.2 Let N be an elementary abelian p-group. Let 9 E G and dEN.

Define an endomorphism c/rg of N by </Jg(d) = d(d- 1 )g, with image K = Im(</Jg).

(i) If G is a split extension, then the Fischer-ClifJord matrix at a non-identity coset

of N in G is the matrix of orbit sums of Og acting on the rows of the character

table of N / K with duplicate columns discarded.

(ii) If G is a non-split extension, then the Fischer-ClifJord matrix is the matrix of

orbit sums of Cg acting on the rows of the character table of N / K with duplicate

columns discarded and with each row multiplied by an appropriate p-th root of

unity.

Proof. See Lemma 5.3 in [18] or page 119 in [35]. 0
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1.5.2 Properties of Fischer-Clifford Matrices
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The properties of Fischer-Clifford matrices have been discussed in [1], [35], [36], [47],

[51], [65], we also discuss them in this subsection. Let K be a group and A :S Aut(K).

Then by Theorem 1.4.4 the group A acts on the conjugacy classes of elements of K

and on the irreducible characters of K resulting in the same number of orbits.

Lemma 1.5.3 Suppose we have the following matrix describing the above actions:

1 = II l2 lj It

SI 1 1 1 1

S2 a21 a22 a2j a2t

Si ail ai2 aij ait

St atl at2 atj att

where alj = 1 for j E {I, 2, ... , t}, lj's are lengths of orbits of A on the conjugacy

classes of K, Si'S are lengths of orbits of A on Irr(K) and aij is the sum of Si ir­

reducible characters of K on the element Xj, where Xj is an element of the orbit of

length lj. Then the following relation holds for i,i' E {I, 2, ... , t}:

t

L aijai1jlj = IKlsibii l •

j=l

Proof. See Lemma 4.2.2 in [65]. 0

Let Xj E X(g) and define mj = [Og : 0C(Xj)]. The Fischer-Clifford matrix M(g)

is partitioned row-wise into blocks, where each block corresponds to an inertia group.

The columns of M(g) are indexed by X(g) and to each Xj E X(g), corresponds

ICc(Xj) I of a conjugacy class of G. The rows of M(g) are indexed by R(g) and on

the left of each row we write jCHi(Yk)l, where Yk fuses into [g] in G. The following

result gives the orthogonality relation for M(g).

Proposition 1.5.4 [65](Column orthogonality) Let G = N.G, then

" IC ( )/ (i,ykl (i,Yk) - ~ 10 ( )1LJ Hi Yk aj aj' - Ujj' C Xj
(i,Yk)E R(g)
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Proof. See Proposition 4.2.3 in [65J. 0

Theorem 1.5.5 a)l,g) = 1 for all j = {I, 2, ... , c(g)}

Proposition 1.5.6 ([35), [65}, [47j) The matrix M(lc) is the matrix with rows equal

to the orbit sums of the action of G on Irr(N) with duplicate columns discarded. For

this matrix we have a)i,lG) = [G : Hi], and an orthogonality relation for rows:

Proof. The (i, lc),jth entry of M(lc) is given by

where we sum over representatives of conjugacy classes of Hi which fuse into [Xj] in G.

Therefore ay,lG) = 7J;r(Xj)' By Theorem 1.4.6 we have 7J;r E Irr(G) and we obtain

that ((7J;r)N,(}i) = ((7J;i)N,(}i) = 1. Therefore by Clifford's theorem (7J;r)N = La(}a,

where the summation is taken over all (}a E Irr(N) such that (}a is conjugate to (}i.

So for Xj EN we obtain that a)i,lG) = La (}a(Xj). The orthogonality relation follows

by Lemma 1.5.3. 0

Following from Lemma 1.5.3, Proposition 1.5.4 and the results proved by Fischer

in [18], the Fischer-Clifford matrix M (g) satisfies the following properties:

(a) IX(g)1 = /R(g)f

( ) " (i,Yk) (i,Yk)IC ( )1 - fJ 10 ( )1
C u(i,Yk)ER(g) aj aj' Hi Yk - jj' G Xj

(d) M(g) is square and nonsingular.



CHAPTER 1. PRELIMINARiES

For N is elementary abelian, M (g) also satisfies the following

(e) a(i,Yk) - IGc(g)1
1 - IGHi(Yk)!

(f) la~i'Yk)1 ~ la)i'Yk) I, 1 < j ~ c(g).

33

Now let G = N:G be a split extension and N be an elementary abelian 2-group.

By Proposition 1.5.2 the Fischer-Clifford matrix M (g) is given by

1 1 1 1 1

d21 d 22 d 23 d 2j

M{g) =
dil d i2 d i3 d ij

dtl dt2 d t3 dtj

where dij'S are the orbit sums of C9 acting on the rows of the character table of N j K.

Proposition 1.5.7 ([47]) di1 E IN for all i E {2, 3, ... , t}.

Proof. By Proposition 1.5.2, we obtain that

dil = :L X(lN/K)
XE.6.i

where b.i's are the orbits of Cg acting on Irr(NjK). Since X(1N/K) = deg(x), we

have di1 E IN ViE {2, 3, ... ,t}. 0

For j ~ 2, we obtain that

dij = L X(Xj)
XE.6.i

where Xj E N jK is a representative of the j-th orbit under the action of Cg on the

elements of NjK. Since X(Xj) E {-I, I}, we have d ij E lL.



Chapter 2

Combinatorics

As is well known, the ordinary irreducible representations of the symmetric group Sn

may be described combinatorially, that is in terms of partitions of a positive integer

n (see [13], [29J and [66]). Since the generalized symmetric group is an extension

of the symmetric group, we note that the ordinary irreducible representations of the

generalized symmetric group will somehow also be described in terms of partitions of

n. In this chapter we give the definition of a special partition of a positive integer

n called an m-set of partition [AJ of n (see [66]), elsewhere called an r-tuple of

partitions of n (see for example section 4 in [50]). We also define some combinato­

rial objects called magic matrices, which will be used in Chapter 4 to construct

the Fischer-Clifford matrices of the generalized symmetric groups. As indicated in

Chapter 1, the Fischer-Clifford matrices of the generalized symmetric group are used

to construct its character table. For details on combinatorics, the reader may consult

Stanley ([62J, [63]) and other relevant references.

Let mEN, the set of positive integers. Let Zm = {O, 1, ... ,m - I} be the set of

residues modulo m, also considered as the cyclic group of order m.

2.1 Compositions

Usually, a composition of a positive integer n is defined as an ordered collection of

positive integers whose sum is n. However for our purposes we give the following

modified definition.

34
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Definition 2.1.1 Let m, n EN.
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(i) An m-composition ofn is an m-tuple (aI, a2,'" ,am) such that L:~l aj = n,

where aj EN U {O}.

(ii) Let (aI, a2,'" ,am) be an m-composition of n. The expression

is called a multi-nomial coefficient.

Let A(n, m) denote the set of m-compositions of n.

Proposition 2.1.2 ([62]) The number N(n, m) of m-compositions of n is given by

(
n+m-l)N(n,m) = .
m-I

Proof. We consider successive values of m for a fixed value of n as follows.

• m = 1: In this case we have only one I-composition of n namely (n).

• m = 2: In this case we produce n + 1 = (nil) distinct 2-compositions of n

namely (n,O), (n - 1,1), (n - 2,2), (n - 3,3), ... , (1, n - 1), (0, n).

• m = 3: Using the 2-compositions of n listed above, by breaking the first entry

of each 2-composition of n we have:

(n,O) produces n + 1 distinct 3-compositions of n namely (n, 0, 0), (n­

1,1,0), (n - 2,2,0), ... ,(1, n - 1,0), (0, n, 0).

(n-l,l) produces n distinct 3-compositions of n namely (n-l, 0,1), (n­

2,1,1), (n - 3,2,1), ... , (1, n - 2, 1), (0, n - 1,1).

- (n - 2,2) produces n -1 distinct 3-compositions of n namely (n - 2,0,2),

(n - 3,1,2), (n - 4,2,2), .. , ,(1, n - 3,2), (0, n - 2,2).

- (0, n) produces only one I-composition of n namely (0,0, n).
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Thus for m = 3 we obtain

(n + 1) + n + (n - 1) + (n - 2) + ... + 2 + 1

3-compositions of n.

1= 2(n+l)(n+2)

1= -en + 1)(n + 2)
2!

= (n;2)

36

• m = 4: We work as for m = 3 above, that is breaking the first entry of each

3-composition of n to get the 4-compositions of n. We obtain sets with the

following respective numbers of 4-compositions of n grouped in sets for each 3­

composition ofn: {n+I, n, n-I, ... , I}, {n, n-I, . .. , I}, {n-I, n-2, ... , I}, ...

and {I} giving a total of

l(n +1) + 2n + 3(n - 1) + ... + (n - 1)3 + (n)2 + (n + 1)1
1
2[(n + l)(n + 2) + n(n + 1) + (n - l)n + ... + 2(3) + 1(2)]

1 12 x 3"(n + l)(n + 2)(n + 3)

1
-en + l)(n + 2)(n + 3)
3!

( n;3 )

4-compositions of n.

• On generalizing for m = k there are

1 (n+k-l)--en + l)(n + 2)(n + 3) ... (n + k - 1) =
(k - I)! k - 1

k-compositions of n. D

We have developed the following programmes m GAP [22] for computing m­

compositions of nand multi-nomial coefficients respectively.
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Programme 2.1.3 (m-compositions of n)

mcompsn:= function (m, n)

local i, men;

for i in (l .. n) do

mcn:=Reversed{Filtered{Tuples((O.. i},m),j- >Sum{j)=i));

od;

return men;

end;

Programme 2.1.4 ( Multi-nomial coefficients)

mcompsn:=function{m, n)

local mcn;

return Reversed{Filtered{Tuples{(O.. n},m),j- >Sum{j)=n));

end;

multfact:=function{p)

local i, res;

res:=Factorial{O);

for i in p do

res:=Factorial{i) *res;

od;

return res;

end;

multinomialcoefs:=function{m, n)

local i, mnc, res;

mnc:=(j;;

for i in mcompsn{m,n) do

res:=Factorial{n)/multfact{i);

Add{mnc,res);

od;

return mnc;

end;

37
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Examples 2.1.5 We give examples of sets of m-compositions of n and corresponding

multi-nomial coefficients below.

(a) A(6,2) = {(6,0),(5,1),(4,2),(3,3),(2,4),(1,5),(0,6)},

where N(6, 2) = 7, with multi-nomial coefficients

[1,6,15,20,15,6,1].

(b) A(5,3) = {(5,0,0),(4,1,0),(4,0,1),(3,2,0),(3,1,1),(3,0,2),(2,3,0),

(2,2, 1), (2, 1,2), (2,0,3), (1,4,0), (1,3, 1), (1,2,2), (1, 1,3), (1,0,4),

(0,5,0),(0,4,1),(0,3,2),(0,2,3),(0,1,4),(0,0,5)},

where N(5, 3) = 21, with multi-nomial coefficients

[1,5,5,10,20,10,10,30,30,10,5,20,30,20,5, 1,5,10,10,5, IJ.

(c) A(3,4) = {(3,0,0,0),(2,1,0,0),(2,0,1,0),(2,0,0,1),(1,2,0,0),(1,1,1,0),

(1,1,0,1), (1,0,2,0), (1,0,1,1), (1,0,0,2), (0,3,0,0), (0,2,1,0), (0,2,0,1),

(0,1,2,0),(0,1,1,1),(0,1,0,2),(0,0,3,0),(0,0,2,1),(0,0,1,2),(0,0,0,3)} ,

where N(3,4) = 20, with multi-nomial coefficients

[1,3,3,3,3,6,6,3,6,3,1,3,3,3,6,3,1,3,3,1].

2.2 Partitions

There are several ways to define a partition of a positive integer n. For our purposes

we will take the following definition.

Definition 2.2.1 Let n E N. Then [AJ = [1>'12>'2 ... n>'n J is called a partition of n

if 2:~=1 SAs = n, where As E NU {O}.

Definition 2.2.2 Let [A] = [1>'12>'2 ... n>'n] as above and X= (AI, A2, ... , An) be the

n-tuple of powers in [AJ.

(J) We call fJ = ((all, aI2,··· aln), (a21, a22,···, a2n),···, (amI, am2,···, amn » such

that 2:~1 ais = As, an m-set of partition [A]. However for computation pur­

poses fJ is written in the form

fJ=

all aI2··· aln

a21 a22 ... a2n
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(2) We say (3 is an even m-set of partition [A] if :L~1 L;=I(i-1)sais =O(mod m)

(or :L~1 (i - l)ai =O(mod m), where ai = :L;=1 sais)'

(3) We say {3 is a type-zero m-set of partition [A] if :L~1 :L;=1 (i - l)ais

O(mod m).

(4) Let /l- = ((bu, ... ,bln),(b21, ... ,b2n), ... ,(bml, ... ,bmn)) be an m-set of parti­

tion [A]. Then {3 and /l- are said to be

(i) equivalent if /l- can be obtained by cyclically re-arranging the rows of {3.

It is clear that the number of m-sets of partition [A] equivalent to {3 is m.

(ii) odd equivalent if /l- can be obtained by cyclically re-arranging the entries

at all s where m f s in the rows of {3.

(5) {3 is said to be self equivalent (self odd equivalent) if cyclically re-arranging

the rows· (or entries at all s where m f s in the rows) of {3 does not yield any

m-set of partition [A] different from {3.

(6) The m-sets of partition [A], may be arranged in the following order: For each

fixed m-composition of As vary the m-compositions of As-I. Then vary the

entries in this collection for each fixed m-composition of As+l. The above is

repeated for each As, giving all the m-sets of partition [A]. For example we have

the following 3-sets of partition [2131] arranged in the above ordering.

( ~ ~ ~),(~ ~ ~),(~ ~ ~),(~ ~ ~),(~ ~ ~),
000 000 010 000 000

(: ::),(: ~ :),(: ::),(: ::)
(7) When As = 0 and the lengths s are clear we will write the m-sets of partition

[A] omitting the zero columns to which such s refers.

(8) Let 3:0 = (As I As =1= 0, s = 1,2, ... , n) be a tuple of all the non zero entries of

3:. Then 3:0 is a q-tuple of non zero powers in a partition [A] of n, q :::; n.

The combinatorial basis for the construction of the character table of the group

B(m, n) will be a mechanism to produce all the m-sets for all partitions of a positive
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integer no To my knowledge while there are functions in GAP to produce partitions

of n there is none to produce m-sets for all partitions of no We have developed the

following programme for constructing m-sets for all partitions of n in GAPo

Programme 2.2.3 (m-sets of partition [AJ)

mspntype:=junction(m,n)

local i,mcn,res,al,bl,mspnl,L,p,q;

mcn:=[};

jor i in [O,l.on} do

res:=Reversed(Filtered(Tuples([Oooi},m),j- >Sum(j)=i));

Add(mcn,res);

od;

L:=List([loonj, i- >n+l-i);;

p:=Partitions(n);; q:=List([l .. Number(p)j,i- >List(L,j- >Number(p[ij,k- >k=j)));;

al:=List(q, i- >Cartesian(List(i,j- >mcn(j+lj)));;

bl:=List(al, i- >List(i, j- > TransposedMat(j)));;

mspnl:=List(bl, i- >List(i, j- >List(j, k- >List([lo.Number(k)j, 1- >k[Number(k)+l­

ljJ)));;

return mspnl;

end;

2.3 Magic Matrices

In this section, we define some combinatorial objects called magic matrices which will

be used in constructing the Fischer-Clifford matrices of generalized symmetric groups

in Chapter 40

Definition 2.3.1 Let>: = (AI, A2, 0 0" An), {3 = (aI, a2, 0 0 0, am) and 8 = (k l , k2,. 0 0' km),

where ai = (ail, ai2, 0 • 0 ,ain), ai = :2:;=:1 sais, kj = (kjl , kj2, 00' ,kjn ), kj = :2:;=:1 skjs

such that (al s,a2S' 00 0 ,ams ), (k ls ,k2s,000,kms ) E A(As,m), i,j = 1,2,000,m, s =

1,2, o' • ,n. Let M({3, As) = {(rtj) E Mm (NU{O} ) Irt = (rtl' rt2" 00' rtm) E A(ais, m), i =

1,2,000,m} and M(8,As) = {(rtj ) E Mm(N U {O}) I rj = (rij,r~j,oo.,r:;'j) E

A(kjs ,m),j = 1,2, 00" m}o Define M({3, 8, As) = M({3, As) n M(8, As) = {(rtj ) E

Mm(NU{O}) Irt = (ril'" . ,rim) E A(ais, m), rj = (ri j , r~j' 0 00 ,r:;'j) E A(kjs , m), (i,j =
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1,2, ... ,m)}. Then the m x mn matrix

M/3,5,n = [M/3,5,>'1IM/3,5h I· . ·IM/3,5,>'n]'
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where M/3,5,>.s E M(j3, 8, As), is called a magic matrix. The matrices M/3,5,>.s may

be called partial magic matrices.

For computation purposes a magic matrix will be presented as

1 1 1 222 q q q
rllr12···rlm rllr12 .. ·rlm ................. rllr12· ..rlm

1 1 1 222 q q q
r21 r22.. ·r2m r21 r22 .. ·r2m ................ r21 r22 ·..r2m
................. ................. . ............... ................. (2.1)

................. .................. ................ . ................
1 1 1 2 2 2 q q q

rm1 rm2···rmm rmlrm2· ..rmm ................ rmlrm2 .. ·rmm

where kjs = 2:~1 rtj' 0 ~ rtj ~ [ais - (2:t::i rtt)]· The set of magic matrices will be

denoted by M(j3, 8, n). We may obtain the matrices M/3,5,>.s directly from M(j3, As)

(or M (8, As)) for each s using the following method.

Method 2.3.2 Let n, 13, 8, M(j3, As) and M(8, As) as defined above. The partial

magic matrices M/3,5,>"s are obtained by choosing from M (13, As) (M (8, As)} those ma­

trices whose column (row) entries add up to k1s , k2s , k3s ,' .. ,kms (al S ' a2s, a3s," . , ams ).

We remark that in using method 2.3.2, it is helpful to work with which ever

M(j3, As) or M(8, As) that involves relatively small values of the ais or kjs . However

for most of the results here we require only the partial magic matrices M/3,d,>"s' Us­

ing Definition 2.3.1 we have constructed the following programme which is used in

computing the partial magic matrices M/3,5,>"s for each As = 1, ... ,n.

Programme 2.3.3 (Magic matrices for As = 1, ... , n )

Mmat:=function(m,n}

local L,mcnl,mcn2,ma,mk,g,.

L:=List([l .. n}},.,.

mcnl:=List(L,i -7 Filtered(Tuples([O.. i},m},j -7 Sum(j)=i}},.,.

mcn2:=List(L,i -7 List([O.. Number(mcnl[ij}-l},j -t mcnl[i}[Number(mcnl[ij}-jj}},.,.

g:=List(mcn2, i -t List(i, i -7 List([l .. m},j -7 Filtered(Tuples([O.. ifj}},m},

k -t Sum(k}=ifjj}))},.,.
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ma:=List([l .. Number(g)}, i -t List([l ..Number(g[ij}}, j -t List(Cartesian(g[i}[j}))));;

mk:=List([l ..Number(g)}, i -t List([l .. Number(g[ij}}, j -t List(Cartesian(g[i}[jj),k -t

Transpos edMat(k))));;

return List([l ..Number(ma)},i -t List(ma[i},u -t List([l ..Number(mk)}, j -t List(mk[j},

v -t Intersection(u,v)))));

end;

Example 2.3.4 As an example, we enter the statement Read("Mmat");; followed by

Mmat(2,6); into GAP, to obtain for >'s = 1,2,3,4,5,6 respectively the result below:

Read ("Mmat")jj Mmat(2,6)j

[ [ [ [ [ [ [ 1, 0 ], [ 0, 0 ] ] ], [ [ [ 0, 1 ], [ 0, 0 ] ] ] ], [ [ ], [ ], [ ] ], [ [ ], [ ], [ ], [ ] ], [ [ ], [ ], [ ], [ ], [ J ], [ [ ], [ ],

[ ], [ ], [ ], [ ] ], [ [ ], [ ], [ J, [ J, [ J, [ J, [ ] ] J, [ [ [ [ [ 0, 0 J, [ 1, 0] ] J, [ [ [ 0, 0 J, [ 0, 1 ] ] ] ], [ [ J, [ J, [ ] ], [ [ J, [ J,
[ J, [ ] ], [ [ J, [ J, [ J, [ ], [ ] J, [ [ J, [ ],[ J, [ J, [ ], [ ] J, [ [ J, [ J, [ J, [ J, [ ], [ ], [ ] ] ] ], [ [ [ [ J, [ ] J,

[ [ [ [ 2, 0 J, [ 0, 0 ] ] J, [ [ [ 1, 1 J, [ 0, 0 ] ] J, [ [ [ 0, 2 J, [ 0, 0 ] ] ] ], [ [ J, [ ], [ ], [ ] ], [ [ J, [ J, [ J, [ J, [ ] J, [ [
J, [], [], [], [], []], [[], [J, [J, [J, [J, [], []]], [[ [J, []], [[ [[ 1, 0 J, [ 1, 0]] J, [[ [0,1 J, [ 1,0]], [[ 1, 0 J,
[ 0, 1 ] ] ], [ [ [ 0, 1 J, [ 0, 1 ] ] ] J, [ [ J, [ J, [ ], [ ] ], [ [ J, [ ], [ J, [ J, [ ] J, [ [ ], [ ], [ ], [ ], [ ], [ ] J, [ [ J, [ J, [ ], [ J, [ ],
[ ], [ ] ] ], [ [ [ ], [ ] ], [ [ [ [ 0, 0 ], [ 2, 0 ] ] ], [ [ [ 0, 0 ], [ 1, 1 ] ] ], [ [ [ 0, 0 ], [ 0, 2 ] ] ] J, [ [ ], [ J, [ ], [ ] J, [ [ J, [
J, [ J, [ J, [ ] J, [ [ J, [ J, [ J, [ ], [ ], [ J J, [ [ ], [ J, [ ], [ J, [ J, [ J, [ ] ] ] J, [ [ [ [ ], [ ] J, [ [ J, [ J, [ ] J,

[ [ [ [ 3, 0 J, [ 0, 0 ] ] J, [ [ [ 2, 1 J, [ 0, 0] ] ], [ [ [ 1, 2 ], [ 0, 0] ] J, [ [ [ 0, 3 ], [ 0, 0 ] ] ] ], [ [ ], [ J, [ ], [ J, [ ]
J, [[ J, [J, [J, [], [], []], [[], [], [J, [J, [J, [J, []] J, [[ [J, [] J, [[ J, [], [] J, [[ [[ 2,0 J, [ 1, 0] ] J, [[ [1,1],

[ 1,0 J J, [ [ 2, 0 J, [ 0, 1 ] ] J, [ [ [ 0, 2 ], [ 1, 0 J J, [ [ 1, 1 J, [ 0, 1 ] J ], [ [ [ 0, 2 J, [ 0, 1 ] ] ] J, [ [ J, [ J, [J, [ J, [ I J,
[ [J, [J, [J, [J, [J, [] J, [ [J, [J, [J, [J, [J, [J, [] ] J, [ [[ J, [] J, [ [J, [J, [] J, [ [ [ [ 1, 0 J, [2,0] J], [ [ [0,1], [
2,0] J, [ [ 1, 0 J, [ 1, 1 ] ] J, [ [ [0, 1 J, [ 1, 1 ] ], [ [ 1, 0 ], [ 0,2] ] J, [ [ [ 0, 1 J, [ 0, 2 ] ) ] J, [ [J, [J, [J, [], [ ] J, [
[ J, [ ], [ ], [ J, [ J, [ ) J, [ [ J, [ J, [ J, [ J, [ J, [ J, [ ] ] ], [ [ [ J, [ I ], [ [ J, [ ], [ ] J, [ [ [ [ 0, 0 J, [ 3, 0] ] J, [ [ [ 0, 0 J, [ 2,

1 ] ] J, [ [ [ 0, 0 ], [ 1, 2] ] J, [ [ [ 0, 0 ], [ 0, 3 ] ] ] J, [ [ ], [ J, [ J, [ ], [ ] J, [ [ ], [ J, [ J, [ J, [ J, [ ] J, [ [ J, [ ], [ ], [ J, [
], [ ], [ ] ] ] J, [ [ [ [ J, [ ] J, [ [ J, [ J, [ ] J, [ [ J, [ J, [ J, [ ] J,

[ [ [ [ 4,0 J, [ 0, 0 ] J ], [ [ [ 3, 1 J, [ 0, 0 ] ] ], [ [ [ 2, 2 J, [0,0 II J, [ [ [ 1,3 J, [ 0, 0 11 J, [ [ [ 0, 4 J, [ 0, 0 1J1
], [ [ ], [ ], [ ], [ J, [ J, [] J, [ [ J, [ ], [ J, [ ], [J, [ J, [] ] J, [ [ [ J, [ ] ], [ [ ], [ ], [ ] J, [ [], [ J, [ J, [ ] J, [ [ [ [ 3, 0 ], [ 1, 0

] ] J, [ [ [ 2, 1 ], [ 1, 0] J, [ [ 3,0 J, [ 0, 1 ] ] ], [ [ [ 1, 2 J, [ 1, 0] J, [ [ 2, 1]' [ 0, ill ], [ [ [ 0, 3 ], [ 1, 0] ], [ [ 1, 2
], [ 0, 1 lll, [ [ [ 0,3 J, [0, 1 1] ] ], [ [], [], [], [], [ ], [] J, [ [ J, [], [ ], [ ], [], [ ], [ ] ] J, [ [ [J, [] J, [ [ ], [ ], [] ],
[ [ ], [ J, [J, []J, [ [ [ [ 2, 0 ], [ 2, 0] ]J, [ [ [ 1, 1 ], [ 2, 0 ]J, [ [ 2,0 J, [ I,ll JJ, [ [ [ 0, 2 J, [ 2, 0 JJ, [ [ 1, 1 ], [

1, 1 ] ], [ [ 2,0 J, [0, 2ll ], [ [ [ 0,2 J, [ 1, 1 ] J, [ [ 1, 1 J, [ 0, 2 ] ] J, [ [ [ 0, 2 ], [ 0, 2lll J, [ [J, [], [], [J, [], []
J, [ [ ], [ J, [ ], [ ], [ J, [ J, [ ] ] ], [ [ [ J, [ ] J, [ [ J, [ ], [ ] ], [ [ J, [ J, [ ], [ ] ], [ [ [ [ 1, 0 ], [ 3, 0] ] J, [ [ [ 0, 1 J, [ 3, 0 ]
J, [ [ 1, 0], [ 2, 1 ] ] ], [ [ [ 0, 1 J, [ 2, 1 JJ, [ [ 1, 0 ], [ 1, 2] ] ], [ [ [ 0, 1 J, [ 1, 2]J, [ [ 1, 0], [ 0, 3 ] ]J, [ [ [ 0, 1

J, [ 0, 3 1] ] ], [ [ ], [ J, [ ], [ J, [ ], [ I ], [ [ ], [ ], [ ], [ J, [ ], [ ], [ ] ] J, [ [ [ ], [ ] ], [ [ ], [ J, [ ] ], [ [ ], [ ], [ J, [ ] ], [ [ [ [
0, 0 ], [ 4, 0 ] ] J, [ [ [ 0, 0 J, [ 3, 1 ] ] ], [ [ [ 0, 0 J, [ 2, 2 ] ] J, [ [ [ 0, 0 ], [ 1, 3 ] ] ], [ [ [ 0, 0 J, [ 0, 4] ] ] J, [ [ ], [
J, [ ], [ ], [ ], [ ] J, [ [ ], [ ], [ ], [ J, [ J, [ ], [ ] ] ] ], [ [ [ [ ], [ 1], [ [], [ ], [] ], [ [ ], [ J, [ J, [ J l, [ [], [ ], [ l, [J, [ J J,

[ [ [ [ 5, 0 J, [ 0, 0 J] J, [ [ [ 4, 1 J, [ 0, 0 ] ] ], [ [ [ 3, 2]' [ 0, 0 I ] ], [ [ [2, 3 J, [ 0, 0 ] ] J, [ [ [ 1, 4 ], [ 0, 0 11
], [ [ [ 0, 5 J, [ 0, 0 ] ] ] ], [ [ ], [ J, [ J, [ ], [ J, [ J, [ ] ] J, [ [ [ ], [ ] ], [ [ ], [ J, [ ] J, [ [ J, [ ], [ ], [ ] J, [ [ J, [ ], [ J, [ ], [ J
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], [ [ [ [ 4, 0 ], [ 1, 0 ] ] ], [ [ [ 3, 1], [ 1, 0] ], [ [ 4, 0 ], [ 0, 1 ] ] ], [ [ [ 2,2 ], [ 1, 0 ] ], [ [ 3, 1 ], [ 0, 1] ] ], [ [ [ 1,

3], [ 1,0] J, [[2, 2 ], [ 0, 1 ] ] ], [ [ [0,4]' [ 1, 0 ] ], [ [ 1, 3 ], [ 0, 1] ] ], [ [ [ 0, 4 ], [ 0, 1 ) ) ) ], [ [), [ ], [], [],

[], [j, [] ) ], [ [ [], [] ], [ [ ], [], [ ] ], [ [J, [], [], [] ], [ [ ], [], [ ], [], [] ], [ [ [ [3,0], [ 2,0] ] ], [ [ [ 2, 1 ], [ 2,

0] ], [ [ 3, 0 ], [ 1, 1 ] ] ], [ [ [ 1, 2 ], [ 2, 0] ], [ [ 2, 1 ], [ 1, 1 ] ], [ [ 3, 0 ], [ 0, 2] ] ], [ [ [ 0, 3 ], [ 2, 0 ] ], [ [ 1, 2

], [ 1, 1 1], [ [ 2,1], [ 0, 2 ] ] ], [ [ [ 0, 3 ], [ 1, 1 ] ], [ [ 1, 2], [ 0, 2 ] ] ], [ [ [ 0,3], [ 0, 2] ] ] ], [ [], [ ], [ ], [ ], [

], [], [] ] ], [ [ [], [] ], [ [], [], [ ] ], [ [], [], [], [] ], [ [], [], [], [], [] ], [ [ [ [ 2, 0 ], [ 3, 0 ] ] ], [ [ [ 1, 1 ], [ 3,0

] ], [ [ 2,0], [ 2, 1 ] ] ], [ [ [ 0, 2 ], [ 3, 0 ] ], [ [ 1, 1 ], [ 2, 1] ], [ [ 2, 0 ], [ 1, 2 ] ] ], [ [ [ 0, 2], [2, 1] ], [ [ 1, 1 ],

[ 1, 2 ] ], [ [ 2, 0 ], [ 0, 3] ] ], [ [ [ 0, 2 ], [ 1, 2] ], [ [ 1, 1 ], [ 0, 3] ] ], [ [ [ 0, 2 ], [ 0, 3 ] ] ] ], [ [], [ ], [ ], [ ], [ ], [

], [] ] ], [ [ [ ], [] ], [ [], [], [ ] ], [ [], [], [], [] ], [ [], [], [], [], [] ], [ [ [ [ 1, 0], [ 4,0] ] ], [ [ [ 0, 1], [ 4,0] ],

[ [ 1, 0 ], [ 3, 1 ] ] ], [ [ [ 0, 1], [ 3, 1] ], [ [ 1, 0 ], [ 2, 2 ] ] ], [ [ [ 0, 1], [ 2,2] ], [ [ 1, 0 ], [ 1, 3 ] ] ], [ [ [0, 1 ], [

1,3] ], [ [ 1, 0 ], [0,4] J ], [ [ [ 0, 1 ], [ 0,4] ] ] ], [ [], (], [], [], [], [], ( ] ] ], [ ( (], (] ], ( (], (], (] ], ( (], ( ],

[], [ ]], [ (], [], [], [], [] ], [ [ [ [ 0, 0 ], [ 5, 0] ] J, [ [ [0, 0 ], [ 4, 1 ] ] ], [ [ [ 0, 0 ], [ 3, 2]] ], [ [ [ 0, 0 ], [ 2,3 ]

]], [ [ [ 0, 0 ], [ 1, 4 ] ] ], [ [ [ 0, 0 ], [ 0, 5 ] ] ] ], [ [ ], [ ], [ ], [], [ ], [], [ ] 1] ], [ [ [ [ ], [] ], [ [], [ ], [] ], [ [], [ ], [
], [ ] ], [ [ ], [ ], [ ], [ ], [ ] ], [ [ ], [ ], [ ], [ ], [ j, [ ] ],

[ [ [ [ 6, 0 ], [ 0, 0 ] ] ], [ [ [ 5, 1 ], [ 0, 0 ] J ], [ [ [ 4, 2 ], [ 0, 0 J ) ], [ [ [ 3, 3 ], [ 0, 0 ] ] ], [ [ [ 2, 4 ], [ 0, 0 ] ]

], [ [ [ 1,5], [0,0 ]] ], [ [ [ 0,6], [ 0, 0 ]1] J ], [ [ [], [1 ], ( [], (], [] ], ( ( 1, [ ], [ ], [ ] ], [ [], [ j, [], [], [] ], [ [

], [], [ ], [], [], [ ] ], [ [ [ [ 5,0], [ 1, 0 J J ], [ [ [ 4, 1], [ 1, 0 ] ], [ [ 5, 0 ], [ 0, 1 j ] ], [ [ [ 3,2], [ 1, 0 ] ], [ [ 4, 1

], [ 0, 1 ] n [[[2, 3], [ 1, 0]], [ [ 3, 2], [ 0, 1 ]n [[[1, 4 ], [ 1, 0] ], [ [ 2, 3], [ 0, 1] ]], [ [ [ 0, 5 ], [ 1, 0 ]

], [ [ 1, 4 ], [ 0, 1 ]] ], [ [ [ 0,5], [ 0, 1 ] J J] ], [ [ [J, [J ], [ [ ], [], [ J ], [ [ ], (], [ ], [ J ], [ [], [], [], [], [] ], [ [],

[ ], [ ], [ ], [ ], [ ] ], [ [ [ [ 4, 0], [ 2, 0 J J ], [ [ [ 3, 1 ], [ 2, 0 J ], [ [ 4, 0 ], [ 1, 1 ] J ], [ [ [ 2, 2], [ 2, 0 J], [ [ 3, 1 ], [

1, 1] J, [ ( 4, 0 ], [ 0, 2]1 ], [ [ [ 1, 3 ], [ 2, 0 ] ], [ [ 2,2], [ 1, 1] 1, [ [ 3, 1 ], [ 0, 2 ] ] ], [ [ [ 0, 4 ], [ 2, 0 J ], [ [ 1,

3 J, [ 1, 1] ], [ [ 2,2 J, [ 0, 2] 1], [ [ [ 0, 4 ], [ 1, 1 ] ], [ [ 1, 3 ], [ 0,2] ] ], [ [ [ 0, 4 ], [ 0,2] ] ] ] ], [ [ [], [ J ], [ [

], [ ], [ ] ], [ [ ], [], [ ], [ ] ], [ [ ], [ ], [], [], [ ] ], [ [ ], [], [], [], [ ], [ ] ], [ [ [ [ 3,0], [ 3, 0 ] ] ], [ [ [ 2, 1 ], [ 3,0 ]

], [ [ 3, 0 ], [2, 1] ] ], [ [ [ 1, 2 ], [ 3, 0 ]], [ [ 2, 1 ], [ 2, 1 )], [ [ 3, 0 ], [ 1, 2] ] J, [ [ [ 0,3 J, [ 3, 0 ] ], [ [

1,2], [ 2, 1 JJ, [ [ 2, 1 J, [ 1, 2 ]], [ [ 3, 0 ], [0,3]]], [ [ [ 0,3 J, [2, 1] J, [ [ 1,2], [ 1, 2 JJ, [ [ 2, 1 J, [ 0, 3] J

], [ [ [ 0, 3 J, [ 1, 2]], [ [ 1, 2 J, [ 0,31] J, [ [ [ 0, 3 J, [ 0, 3 ] ] } ] J, [ [ [J, [} ], [ [], [J, [} J, [ [], [ J, [J, [] J, [ [ ],

[ ], [ J, [ J, [ ) ], [ [ ], [ ], [ ], [ ], [ J, [ ] J, [ [ [ [ 2, 0 J, [ 4, 0 ] ] J, [ [ [ 1, 1 ], [ 4, 0 } J, [ [ 2, 0 J, [ 3, 1 ] } ], [ [ [ 0, 2 J,

[ 4, 0] ], [ [ 1, 1 ], [ 3, 1 ]], [ [ 2, 0 ], [ 2, 2] } ], [ [ [ 0, 2 J, [ 3, 1 J J, [ [ 1, 1 J, [ 2, 2] ], [ [ 2, 0 ], [ 1, 3 ] ]], [ [ [

0, 2 ], [ 2, 2 JJ, [ [ 1, 1 J, [ 1, 3) J, [ [ 2, 0 J, [0, 4 J JJ, [ [ [ 0, 2 ], [ 1, 3 JJ, [ [ 1, 1 ], [ 0, 4 J JJ, [ [ [ 0, 2 J, [ 0, 4 J

III ], [ [ [ ], [ ] ], [ [ J, [ ], [ ] J, [ [ J, [ ], [ J, [ J ], [ [ ], [ J, [ J, [ }, [ ] J, [ [ J, [ ], [ ], [ ], [ ], [ ] ], [ [ [ [ 1, 0 ], [ 5, 0 ]]

J, [ [ [ 0, 1], [ 5,0 ]], [ [ 1, 0], [ 4, 1 ]] ], [ [ [ 0, 1 ], [ 4, 1 ] ], [ [ 1,0 ], [ 3, 2]] J, [ [ [ 0,1 ], [ 3, 2] ], [ [ 1, 0 ],

[ 2,3] ] ], [ [ [ 0, 1 ], [ 2, 3 J ], [ [ 1, 0 J, [ 1, 4] ] ], [ [ [ 0, 1 J, [ 1, 4] J, [ [ 1, 0 J, [ 0, 5] 1], [ [ [ 0, 1 J, [0,5] ] ]

] J, [ [ [], [] }, [ [J, [], [] ], [ [], [], [], [] ], [ [], [J, [], [J, [] J, [ [ ], [], [], [], [], [] ], [ [ [ [ 0,0], [ 6, 0 } ] ], [

[ [ 0, 0 J, [ 5, 1]] ], [ [ [ 0, 0 J, [ 4, 2]] J, [ [ [ 0, 0], [ 3, 3 ]] J, [ [ [ 0, 0], [ 2, 4 ]] ], [ [ [ 0, 0 ], [ 1, 5 ]] J, [ [ [ 0,

o J, [ 0, 6 ]] ] ] J ]]

We refer to the manual calculation in Example 4.4.1 (a) of the above highlighted

partial magic matrices, [ [ 1, 2], [ 3, 0] ], [ [ 2, 1 ], [ 2, 1 ] ], [ [ 3, 0], [ 1, 2 ] ].



Chapter 3

The Group B(m, n) and Some

Associated Groups

The generalized symmetric group B(m, n) occurs as a constituent of other important

groups such as simple groups, for example the group B(2,3) is isomorphic to the

group extension 23 :SP(2,2) (see Lemma 10.2.57 in [53]). In order to understand

the structure of such composite groups we may need the character table of B(m, n).

Since this thesis is devoted to the construction of the character tables of generalized

symmetric groups and associated groups, we give a resume of facts about these groups

in this chapter. We discuss the general theory of the generalized symmetric group

and its conjugacy classes in Section 3.1. Here we also give two programmes used to

compute the orders of centralizers and the orders of elements of conjugacy classes

respectively, of the generalized symmetric group. This is equivalent to coset analysis

(see Subsection 1.2.1) for calculating the conjugacy classes of group extensions N.G,

where N is abelian. We give the orbits of the actions of the symmetric group Sn on

the group N = Z~ and on the set Irr(N) of irreducible characters of N in Section

3.2. In Section 3.3 we discuss the groups Bs(m,n) and BQ(m,n) associated with the

group B(m, n). We also give the orbits of the actions of Sn on the subgroup S = Z~-l

and on the set Irr(S) of the irreducible characters of S, on the quotient Q = Z~ of

N and on the set Irr(Q) of the irreducible characters of Q in Subsections 3.3.1 and

3.3.2 respectively. The orbits of the action of Sn on the irreducible characters in each

case give information about the inertia factor groups required for the construction of

the character table of each respective group.

44
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3.1 The Generalized Symmetric Group B(m, n)

The representation theory of the symmetric group has been studied extensively. For

the necessary details, readers may consult James and Kerber [29], Robinson [54],

Sagan [58] and other relevant references.

Definition 3.1.1 Let Zm be the cyclic group of order m and N be the direct product

of n copies of Zm. Let Sn be the symmetric group of degree n. The wreath product

of Zm with Sn is a split extension of N by Sn called the generalized symmetric

group, B(m, n). When m = 2, the group B(m, n) is the Weyl group of type Bn ,

called the hyper-oetahedral group (see (5), (30), (33), (34), (36), !49), (59), (66)}.

The group B(m, n) has a presentation given by

B(m, n) =< si(i = 1,2, ... ,n - 1), Wj(j = 1,2, ... , n) I
sf = (SiSi+d3 = 1, (SiSj)2 = 1, /j - il ~ 2, wj = 1,

WiWj = wjwi(i -:J j), SiWi = Wi+1 Si, SiWj = WjSi,j -:J i, i + 1 >,

that is we identify Si with the transposition (i i + 1) and Wj with the mapping j ---t

~j, i ---t i, i -:J j. The elements of B(m, n) permute the symbols of n = {I, 2, ... ,n}

as well as multiplying any number of the symbols of n by some powers of a primitive

mth root ~ of unity. Let g E Sn' Then the elements of B(m, n) may be written 9 = d9,

where d is a product of wj's belonging to N. The operation composition on B(m, n)

is defined by (dg) . (d'g') = d(d')9gg', where (Wj)9 = w9(j) is the action of 9 on Wj .

An element g E Sn, that is

g= (1 2 n), bj E{I,2, ... ,n},
b1 b2 bn

can be written uniquely (up to reordering) as a product of disjoint ti-cycles as

9 = 91g2'" gt, where 9i = (bi1 bi2 ... bit;). It is clear that each ti-cycle gi can

be written as a product of a (ti - I)-cycle and a transposition as (bi1 bi2 ... bit;) =

(bi2 '" bit;}(bi1 bit;). Let 9 E B(m, n). Then
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where kj E {1, 2, ... , m} and the kj's are called associated powers of g. Further we

say that 9 can be expressed uniquely as a product of disjoint cycles gi' i = 1,2, ... , t,

where the gi'S are disjoint cycles of g. Thus 9 = gl g2'" gt such that

where i = 1,2, ... , t, bij E {1, 2, ... ,n}, kij E {1, 2, ... ,m}, the length ti of cycle gi is

the length of gi (see [59]), and the expression

is called the cycle-product of gi (see [33]), and the ki/s are powers associated with

gi' The map ( : B(m, n)~ Sn defined by

(_) (12 ... n)(g -
b1 b2 ... bn

is a natural homomorphism of B(m, n) with K er(() = N.

(3.1 )

Definition 3.1.2 ([59), [66j) Let 9 = glg2··· gt E B(m, n). Define P(g) by P(g) =
L~=l P(gi) where P(gi) = L~i=l kij . Let ars (g) be the number of cycles gi of 9 of

length s such that P(gi) == (r - 1)( mod m), 1 ::; r ::; m, 1 ::; s ::; n. The m x n

matrix (ars (g)) is called the type of g, which is denoted by Ty(g).

It is clear from above that Ty(g) is equal to a unique m-set of partition [A] for some

9 E B(m, n) (see Definition 2.2.2). We remark that alternatively Ty(g) is expressed

in terms of lengths of cycles of 9 (see [5]) as

Proposition 3.1.3 Two elements 9 and g' of B(m, n) are conjugate if and only if

Ty(g) = Ty(g').

Proof. See result 3.7 in [33] or result 3.2.4 in [66]. 0
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Since an m-set of partition [AJ is equal to Ty(g) for some conjugacy class of

B(m, n) containing g, we will say an m-set of partition [AJ indexes a conjugacy class

of B (m, n). It follows that the number of conjugacy classes of B (m, n) is equal to the

number of m-sets for all partitions of n. Therefore by using Programme 2.2.3, we can

easily determine the number of conjugacy classes of B(m, n). In the following we give

an alternative formula for calculating the number of conjugacy classes of B(m, n) in

terms of the conjugacy classes of Sn'

Theorem 3.1.4 The number of conjugacy classes of B(m, n) is given by

n

LIT N(As,m),
[g] s=1

where the summation is taken over the classes [g] of Sn of type (1 A12A2 ..• n An ).

Proof. To determine the number of conjugacy classes of B(m, n) we calculate the

total number of m-sets for all partitions of n. Let [g] be a conjugacy class of Sn of type

(1 A12A2 ... n An ). Now for each m-composition of As in [A], s fixed, there is a unique

m-set of partition [A]. However by Proposition 2.1.2, the number of m-compositions

of As is N(As, m). Thus the class [gJ of Sn, of type (1 A12A2 ... n An ) produces

n

m-sets of partition [A]. By an earlier remark, this is the number of conjugacy classes

of B(m, n) arising from a conjugacy class [g] of type (1A12A2 ... n An ). On summing

over all the conjugacy classes [g] of type (1 A12A2 ... n An ) of Sn we obtain that the total

number of conjugacy classes of B(m, n) is equal to L:[g] n;=1 N(As, m). 0

Note that similar results to Theorem 3.1.4 are given elsewhere, for example see result

3.8 in [33] and Lemma 4.2.9 in [29].

Lemma 3.1.5 Let gi be a cycle of an element 9 of B(m, n) of length s. Let rE Zm.

Then the number of arrangements of powers ~kij in gi such that L:t=1 kij = r(mod m)

is given by ms-I.
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Proof. The proof is by induction on the length s of 9i. Let s = 1. Then 9i =
( kbij ). Clearly there is only one arrangement of a power of~, namely ~kij such that
~ 'J bij

kij == r(mod m). In this case the result says the number of arrangements of a power

of ~ such that kij == r(mod m) is m l - l = m O = 1, which is true. Further let s = 2,

that is we consider a 2-cycle. Then

with kil + k i2 - r = mv for some v E Nand 0 S r S m - 1. Since kij < m for each

j = 1,2, we must have k il + k i2 - r = m. Now

kil + k i2 - r = m =:} k il + ki2 = m + r

=:} (kil , k i2 ) E A(m + r, 2),

where IA(m + r,2)1 = m + r + 1. But for the powers of ~, the pairs (kil , k i2 ) are

such that ([(m + r) - u], u) = ([r - uJ, u + m), where u = 0,1,2, ... , r, since m == O.

So we subtract (r + 1) from m + r + 1 for the repeated 2-compositions of m + r,

giving m arrangements of powers of ~ in a 2-cycle such that 2:;=1 kij == r(mod m).

Now the result says the number of arrangements of powers of ~ in a 2-cycle such that

2:;=1 kij == r(mod m) is m 2- 1 = m, which is true.

We also assume the result is true for s = I, that is the number of arrangements

of powers of ~ in an I-cycle such that 2:~=1 kij == r(mod m) is m l - l . We prove that

for s = l + 1, the number of arrangements of powers of ~ in an I + I-cycle such that

L~~i kij == r(mod m) is m l . But recall that an (l + I)-cycle can be written as a

product of an I-cycle and a 2-cycle. The result m l , follows from the product of m l - l

for the I-cycle and m for the 2-cycle. 0

Example 3.1.6 Let m=4, n=3, then for various sand r, the following table shows

collections of s-tuples each whose entries have a sum congruent to r(mod m).
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s r s-tuples m s - I

1 ° (0) 1

1 (1) 1

2 (2) 1

3 (3) 1

2 ° (0,0), (2,2), (3,1),(1,3) 4

1 (1,0), (0,1), (3,2),(2,3) 4

2 (1,1), (2,0), (0,2) ,(3,3) 4

3 (2,1), (1,2), (3,0),(0,3) 4

3 ° (0,0,0), (0,2,2), (2,0,2)' (2,2,0), 16

(1,1,2), (1,2,1), (2,1,1), (0,3,1),

(0,1,3), (1,0,3), (1,3,0), (3,0,1),

(3,1,0), (3,2,3), (3,3,2), (2,3,3),

1 (1,0,0), (0,1,0), (0,0,1), (2,2,1)' 16

(2,1,2), (1,2,2)' (3,1,1), (1,3,1),

(1,1,3), (3,2,0), (3,0,2), (2,3,0),

(2,0,3), (0,3,2), (0,2,3), (3,3,3)

Proposition 3.1.7 Let 9 = dg be a class representative of B (m, n) with Ty(g) =

((all, aI2, ... aIn), (a2I, a22, ... a2n), ... , (amI, am2, ... , amn ))· Then the

(i) order of the centralizer of 9 in B(m, n) is given by

n m

IT IT (sm)ai s (ais)!,
s=I i=I

(ii) order o(g) of g, is the least common multiple of the products s x r for all

positive ais, where l' is the order of the cycle-product c of a cycle of 9 of length

s.

Proof.

(i) We first determine the size of the conjugacy class of type Ty(g). We determine

the number of ways of arranging the symbols of n together with powers of

~ which produce elements, with repetitions, of B(m, n) of type Ty(g). We
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will also determine the number of arrangements of symbols of n together with

powers of ~ that yield the same element of type Ty(g), this number is used to

factor out repetitions. Now we consider an element 9 E B(m, n), with a fixed

arrangement of powers of e, of type Ty(g). This is equivalent to considering

9 E Sn such that 9 = ((g) where ( is the natural homomorphism of B(m, n),

defined in (3.1). We know from Sn that there are n! ways of arranging symbols

of n producing elements of type Ty(g) (or equivalently of type (1)'12>'2 ... n>'n),

where As = Z=~l ais)· Now for fixed s, we consider the cycles of 9 of count

ais such that Z=~l ais = As instead of the cycles of count As. Thus for all

s, the number of arrangements out of the n! arrangements above which yield

the same element of type Ty(g) is n;=l (n~l sais )(ais!). Hence the number of

arrangements out of the n! arrangements which yield elements of type Ty(g) is

n!
(3.2)

Also from Lemma 3.1.5, there are m s- 1 ways of arranging powers of ~ in each

ais cycle, that do not change type Ty(g). Now for all the ais cycles we have a

total of (mS-1)ai S ways of arranging powers of ~ that do not change type Ty(g).

Doing this over i and s we obtain a total of

n mIT IT m(s-l)ais

s=l i=l
(3.3)

ways of arranging the powers of ~ in 9 that do not change type Ty(g). However

there is only one way of arranging powers ofein 9 which yields the same element

of type Ty(g). Now to obtain the size of the conjugacy class of type Ty(g), we

multiply the two values in (3.2) and (3.3) above, that is

nn nm m(s-l)ai sn' mnn!
s=1 t=1 . _ =::----==---:----:-_-:----:-

n;=l (n~l sais )(ais!) - n;=l n~l (sm)ais(ais!)·

It follows that ICB(m,n) (g)1 = n;=l n~l(sm)aiS(ais!), as required.

(ii) See result 3.12 in [33], and for prime m, see Theorem 2.7 in [41]. D
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Remark 3.1.8 The formula for the orders of centralizers in B(m, n) may be ex­

pressed as n m

ICB(m,n)C9j) I = mL:~=l As IT (sAs IT ais!).

s:=:1 i=1

We give examples on the construction of the orders of centralizers and orders of

class representatives of B(2, 6) corresponding to the conjugacy class of 86 of type

(1421) using Proposition 3.1.7. Since for this class of 86 we have Xo = (4,1), there

are N(2,4) x N(2, 1) = 10 conjugacy classes of B(2, 6) of types (ais), given by the

following 2-sets of partition [14 21J.

However we can obtain all the 2-sets for all partitions [A] of 6by supplying to GAP the

value n = 6 and m = 2 and running the Programme 2.2.3. Let the cycle 9 = (1 2) be

the class representative of type (14 21) in 86 . Now by Definition 3.1.2 of Ty(g) we can

identify the conjugacy class representatives of B(2, 6) corresponding to g, respectively

as shown in Table 3.1.

Now, taking the ten g's in the order of the 2-sets of partition [14 21J given above

and using the formula in Remark 3.1.8, we obtain the orders of the centralizers of

B(2, 6). For example if g is of type (~ ~), then Al = 4, A2 = 1 for lengths s = 1 and

s = 2 respectively. Also we have all = 4, a12 = 1, a21 = 0, an = 0 for which we

obtain

ICB(2,6) (g) I = 2>'1 +>'2 [1 >'1 (all!)(a21 !)][2>'2 (aI2!)(a22 !)J

= 24+1 [1 4 (4!)(0!)][21 (1!)(O!)J

= 25 x 24 x 2 = 32 x 48 = 1536.

Similarly for g of type (i ~), we have Al = 4, A2 = 1 for lengths s = 1 and s = 2

respectively. Also we have all = 3, a12 = 1, a21 = 1, a22 = 0 for which we obtain

The rest of the orders of the centralizers in B(2, 6) corresponding to the conjugacy

class of 86 of type (14 21) are obtained in the same way and given in column 3 of
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Table 3.1: (1421)-Conjugacy classes of B(2, 6)

(1 4 21 )-Class representative 9 I Order of 9

e 2)_ Lcm[(1 xl), (2 xl)] =2 1536
2 1 - 9

L:3) G i) =e39 Lcm[(l xl), (1 x 2), (2 xl)] =2 384

L:3) (':4) (; i) =e3e49 Lcm[(1 xl), (1 x 2), (2 xl)] =2 256

L:3) L44) CS5)Gi) =e3e4e59 Lcm[(l Xl), (1 x 2), (2 xl)] =2 384

L:3) L44) CS5) (!6) GD= e3 e4e5e69 Lcm[(l x 2), (2 xl)] =2 1536

C\ 21) =e19 Lcm[(l Xl), (2 x 2)] =4 1536

L:3) C\ 21) =el e3g Lcm[(1 Xl), (1 x 2), (2 x 2)] =4 384

L:3)(':4)C\ 21) =el e3 e49 Lcm[(1 xl), (1 x 2). (2 x 2)] =4 256

L:3) L44) CS5) C2 2J =el e3e4e59 Lcm[(1 Xl), (1 x 2). (2 x 2)] =4 384

( 33)( 44)( 55)( 66)( \ 21) =el e3e4e5e69 Lcm[(1 x 2), (2 x 2)] =4 1536

Table 3.1. Further we have used Proposition 3.1.7 (ii) to calculate the orders of the

representatives of the conjugacy classes of B(2, 6) corresponding to the class of S6 of

type (14 21 ), these are also shown in column 2 of Table 3.1.

Using Proposition 3.1.7 and Programme 2.2.3, we have developed the following

programmes for computing the orders of centralizers and orders of class represen­

tatives of B(m, n) respectively. Both the orders of centralizers and orders of class

representatives are arranged in order of the arrangement of the m-sets of partitions

of n as given by Programme 2.2.3.

Programme 3.1.9 (Orders of Centralizers in B(m, n))

cordBmn:=junction(m,n)

local 11, men,L,p, q, a, b, mspnl, al, u, v, t, ql ,z,h, co;

l1:=List([O,l .. n});;

men:=List(l1,i- >Reversed(Filtered(Tuples([O.. i},m),j- >Sum(j)=i)));;

p:=Partitions(n);;

L:=List([1..n}, i- >n+l-i);;

q:=List([1..Number(p)},i- >List(L,j- >Number(p[i},k- >k=j)));;

a:=List(q, i- > Cartesian(List (i,j- >mcn[j+l})));;

b:=List(a, i- >List(i, j- > TransposedMat(j)));;

mspnl:=List(b, i- >List(i, j- >List(j, k- >List([1..Number(k)},

l- >k[Number(k)+l-l)))));;

al:=List(mspnl,i- >List(i,j- >TransposedMat(j)));;

u:=List(al, l- >List(l,i- >Product(List(i,j- >Produet(List(j,
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k- >Factorial(k)))))));;

v:=List(q,i- >Sum(i));; t:=List(v,i- > m i);;

ql:=List([l ..Number(p)},i- >List([l .. n},j- >Number(p[i},k- >k=j)));;

z:=List([l ..Number(p)},i- >Product(List([l ..n},j- > j(ql[i][j]))));;

h:=List([l .. Number(p)}, i- >z[i}*t[ij};;

return List([l ..Number(p)}, i- >u[i}*h[ij};;

end;

Programme 3.1.10 (Orders of class representatives in B(m, n))

ordl := function(m, a)

local i, res;

for i in [l ..m} do

if a[i}=O then a[i}:=l; else

afi}:=m/Gcd(i-l, m);

fi;

od;

return a;

end;

ord2:=function(m,n)

local mcn, u, res;

mcn:=List([l .. n}, i- >Reversed(Filtered(Tuples([O.. i},m),j- >Sum(j) =i)));;

for u in mcn do

res:=List(u, k- >ordl (m,k));

od;

return res;

end;

elodsBmn:=function(m,n)

local mcnc, i,L,p,q, r,ctn,ctnl,lths, mults,elods;

mcnc:= List([l ..n},i- >List(ord2(m,i),j- >Lcm(j)));;

L:=List([l .. n}, i- >n+l-i);;

p:=Partitions(n);;

q:=List([l .. Number(p)},i- >List(L,j- >Number(pfi},k- >k=j)));;
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r:=List(q, i- >Filtered(i, j- > j > O}};;
ctn:=List(r,i- >Cartesian(List(i,j- >mcnc[jJ}}};;

ctnl:=List(ctn,i- >List(i, j- >List([l .. Number(j}j,k- >j(Number(j}+l-kj}}};;

lths:=List(p,i- > Union(List(i,j- >[jJ}}};;

mults:=List([l..Number(ctnl)}, i- > (List([l ..Number(ctnl{i}}j,j- >

List([l ..Number(ctnl{i}[j}}},k- >ctnl{i}{j}[kj*lths{i}[k}}}}};;

return List(mults,i- >List(i,j- >Lcm(j)}};

end;

We obtain all the orders of centralizers in B(2, 6) by supplying n := 6 and m := 2

to GAP and running the Programme 3.1.9. Further we obtain all the orders of class

representatives of B(2, 6) including those corresponding to the conjugacy class of S6

of type (1421) as given in Table 3.1 by supplying n := 6 and m := 2 to GAP and

running the Programme 3.1.10. Consequently we obtain that B(2,6) has a total of

65 conjugacy classes as listed in Tables 6.1 and 6.2.

We remark that apart from giving the conjugacy classes of B(m, n), Programmes

3.1.9 and 3.1.10 also give parameters for the Fischer-Clifford matrices of B(m, n).

This is equivalent to coset analysis (see Subsection 1.2.1) for calculating the conjugacy

classes of group extensions N.G, where N is abelian. Further analogous programmes

for computing the orders of centralizers and orders of class representatives of B (m, n)

in GAP are given in [50]. However Programmes 3.1.9 and 3.1.10 compute these values

in order of the arrangements of the columns of the combinatorially computed matrices

which are row equivalent to the Fischer-Clifford matrices of B(m, n) to be discussed

later.

3.2 The Actions of Sn on Nand Irr(N)

In this section, we give results which describe the orbits of the action of Sn on the

group N and its irreducible characters. Let N =< el, e2,"" en >, regarded as a

Zm-module. Then every element d of N can be written additively as d = :L~=llses.

The group Sn acts on N by permuting the generators es of N, that is (es)9 = e
9

(s)

where s = 1,2, ... ,n. Explicitly if 4J : Sn --t Aut(N) is a homomorphism defining the
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action of Sn on N, then
n

1J(g)(d) = L lseg(s), ls E Zm·

s=l

Theorem 3.2.1 The symmetric group Sn acts on N producing (n~~~l) orbits of

lengths (kl kzn... kJ with orbit representatives respectively given by d = (h, l2' ... , In),

where ki is the number of entries ls equal to i - 1 in d, i = 1,2, ... ,m and

(k1 , k2 , ... , km) E A(n, m).

Proof. Let g E Sn and d = 2:;=llses E N, where ls E Zm. Then dg =

(2:;=llses)g = 2:;=llse9(s) = 2:;=ll(9-1(s))eS' effectively permuting the coefficients

is as the es's can be re-arranged. Now considering d = (i1, l2, . .. ,In), an orbit dSn of

the action of Sn on N containing d, will contain all elements of N which arise from

d by permutating the ls's in d. Let ki be the number of entries ls equal to i - 1 in d,

(i = 1,2, ... ,m). Then permuting ki equalls 's produces ki ! identical elements of N.

Thus the orbit containing d has length

n! (n)
k1 ! k2 ! .. , km! - k1 k2 ... km .

We claim that (k 1,k2 ,'" ,km) E A(n,m). But ki is clearly the number of positions

in d with i-I as an entry. Thus 2::'1 ki = n, the total number of positions in d as

claimed. We have seen that for each orbit dSn of the action of Sn on N, there is an

m-composition (k1 , k2 , ... ,km) of n such that dSn has length (k
1

kz n... kJ. Now by

Proposition 2.1.2, N(n, m) = (n~~~l), which is the required number of orbits. D

However for m = 2, we have the following special case of Theorem 3.2.1

Corollary 3.2.2 The group Sn acts on N = 2n giving n + 1 orbits of lengths

(n-~ k) , k = 0, 1, ... ,n, with respective orbit representatives given by d = (ll' l2' ... , In),

where n - k is the number of ls '8 equal to 0 and k is the number of ls 's equal to 1 in

d, and (n - k, k) E A(n, 2).

Proof. Follows from Theorem 3.2.1 D

We use Programmes 2.1.3 and 2.1.4 to compute the m-compositions of n and the

corresponding multi-nomial coefficients respectively. These are then used in writing

down the lengths of the orbits of the action of Sn on N = Z~ as given by Theorem

3.2.1.
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Example 3.2.3 The group S6 acts on 26 giving (6!':'~1) = 7 orbits of lengths

with the following respective orbit representatives: (0,0,0,0,0,0), (0, 0, 0, 0, 0,1), (0,0,0,0,1,1),

(0,0,0, 1, 1, 1), (0,0, 1, 1, 1, 1), (0, 1, 1, 1, 1, 1), (1, 1, 1, 1, 1, 1).

We note from Theorem 3.2.1 that an orbit of length (kl kz
n
... kJ contains elements

of N with k i entries equal to i-I, i = 1,2, ... , m. In view of this we obtain the

following definition.

Definition 3.2.4 An element dEN is said to define the m-composition

(k 1,k2, ... ,km ) ofn ifd contains ki entries equal to i-I, (i = I,2, ... ,m). Since

every d E dSn defines the same m-composition of n, we shall equivalently say that

the orbit dSn defines (k1 , k2, ... ,km)' Let A(n, m)dSn denote the m-composition of n

defined by dSn .

We remark that it is known (see [5]) that the inertia factor groups of B(m, n) are given

by the young subgroups I = SkI X Skz X ... X Skm , where (k1,k2, ... ,km) E A(n,m)

and Ski is a symmetric group of degree ki . In [47], Mpono has developed a computer

programme in CAYLEY [10] which computes the elements of the orbits of the action

of Sn on N, but this programme does not explicitly give the lengths of the orbits nor

any information about the inertia factor groups.

We now consider the action of Sn on the irreducible characters of N. Let ( be

a primitive m th root of unity and Zm =< e >. Then Irr(Zm) = {ei I ei(l.e) =

(l(i-l), i = 1,2, ... , m, l = 0,1,2, ... ,m - I} is the set of irreducible characters of

Zm. We choose not to distinguish between the ei taking the same value (l(i-l) on

elements of different copies of Zm. Therefore ((I::~Ils)(i-1) is the value of lfki =

ei x ei x ei x ... x ei ( ki times) on the element L;~11ses of ki copies of Zm.

Definition 3.2.5 Let ef9 ki as above. Then e = ecp kI e~ kz ... e~ km is an irre­

ducible character of N. For each (k1, k2,···, km) E A(n, m) we define 8(k1, k2,· .. , km)

to be the set of all irreducible characters obtained from e by permuting ef9 U
i and

efPui
, for i -=J. i' E {I,2, ... ,m}, Ui E {I,2,oo.,ki } and Ui' E {I,2, ... ,kd. Thus

an irreducible character of N may be written as e = TIi ef9 Ui, where some of the

ei's may be equal for different i's. We say that e is defined by (k 1,k2, ... ,km) if

e E 8(k1 , k2," ., km)'
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It is clear that ~2::~1(2=;~11.)(i-1) is the character value of 0 on an element d =

2:~=llses, of N. However since ki is the number of entries ls equal to i-I in d,

(i = 1,2, ... ,m), we also have

O(d) = ~2::~1 (L:;~l l.)(i-1) = ~L:~l 2::;', (i-1)(j-1)(ri j),

with 2::1 2:~~lls rewritten as 2:.1=1 kj(j - 1) where k j = 2::1 rij· We also observe

that

Irr(N) = U 6(k1, k2, .. ·, km).

(k, ,k2,... ,km)EA(n,m)

Examples 3.2.6 (a) Let m = 4 and n = 3. Then we have

Irr(Z~) = U 6(k1,k2,k3,k4),

(k, ,k2 ,k3,k4)EA(3,4)

where for instance

(3.4)

6(3,0,0,0) = {O~3},

and so on.

6(0 2 1 0) = {O®2 0®1 O®1 0®1 0®1 O®1 0®2}
", 2 3'232'32'

(b) To illustrate the use of the formula O(d) = ~L:~,Cl=;~,l.)(i-1) in calculating the

value of 0 = O~20~ 1 on elements 2e2 + 3e3 and e1 + 2e2 + e3 of N = :it we

have

(i) O~ 20~ 1 (Oe1 + 2e2 + 3e3) = ~(O+2)(2-1) x e(3-1) = ~(2+6) = ~8 = 1.

(ii) O~ 20~ 1(e1 + 2e2 + e3) = ~(l+2)(2-1) x e(3-1) = ~(3+2) = ~5 = f

Theorem 3.2.7 The symmetric group Sn acts on the irreducible characters of N

producing (n~~~l) orbits 6(k1,k2, ... ,km}, of lengths (kl k2 n... kJ with orbit repre­

sentatives respectively given by e= e~ k 1e~ k2 ... e~ km, where

(k1 , k 2, ... , km) E A(n, m).

Proof. Let 0 E 6(k1,k2, ... ,km ) such that O(d) = ~L:~1(L:;~,ls)(i-1), where d =

L~=llses EN. Let 9 E Sn' We show that 09 E 6(k1 , k2, ... , km), that is 09 is defined

by the same m-composition (k1, k2, ... , km) of n as O. We have
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The above value involves the same ki's in the same order as in e(d) since only

the ls's change to l(g-l(s)). Therefore eg E 8(k1,kz, ... ,km). We conclude that

8(k1 , kz, ... ,km), where (k1 , kz, ... ,km) E A(n, m), is an orbit of the action of Sn on

Irr(N) with representative e = lfkle~k2 ... efjRkm
• Thus the number N(n,m) of

m-compositions of n is equal to the number of orbits of the action of Sn on Irr(N).

By Proposition 2.1.2, N(n, m) = (n~rr:.~l), which is the number of orbits of the action

of Sn on Irr(N).

Now, since L:~l ki = n, each e contains a total of n characters ei with each (}i

repeated k i times. From Definition 3.2.5 an orbit of the action of Sn on Irr(N) is

obtained by permuting e~Ui's of e for different i's but permuting e~Ui 's with the

same i produces identical characters of N. Therefore the length 18(k1 , kz, ... , km)1 of

each orbit of the action of Sn on I rr (N) is equal to (kl k2 n... kJ· 0

However for m = 2, we have a special case of Theorem 3.2.7

Corollary 3.2.8 The group Sn acts on the irreducible characters of N = 2n giving

n +1 orbits of lengths (n-~ k)' with irreducible character representatives for each orbit

t · l . b e0 (n-k)e0k h k - 0 1 2
respec we y gzven y 1 Z' were - , , , ... , n.

Proof. The result follows from Theorem 3.2.7. 0

For an example, the action of S3 on Irr(Z~) produces N(3,4) = 20 orbits, namely

8(k1 ,kz,k3 ,k4 ) where (k1 ,kz,k3 ,k4 ) E A(3,4).

We remark that according to Theorem 1.4.4 (Brauer's Theorem) the actions of

Sn on Nand Irr(N) produce the same number of orbits (not necessarily of the same

lengths), which is the case here (compare Theorems 3.2.1 and 3.2.7 above).

Remark 3.2.9 Since IIrr(N)1 = m n, we have shown by construction that

3.3 The Groups Bs(m, n) and BQ(m, n)

In this section, we discuss two groups of order mn-1n!, that is a subgroup Bs(m, n)

of index m in B(m, n) and a quotient BQ(m, n) of B(m, n) by a normal subgroup.
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Definition 3.3.1 Let N = Z~ as above. We define the following sets.

(i) M = {I L:~=1 es II E Zm}.

(ii) S = {L:~=1Ises E N I L:~=1Is == 0 (mod m)}.

(iii) Q = N / M, the set of left cosets of N by M.

Proposition 3.3.2 Let S, M and Q as above. Then

(i) M =< L:~=1 es > is a normal Sn-invariant subgroup of N.

(ii) S =< e1 + (m - 1)es+1 I s = 1,2, ... , n - 1 > is a subgroup of N. We write

S = Z~-1.

(iii) Q =< es + M I s = 1,2, .. . ,n - 1 > is a factor group of N by M. We write

Q=Z~.

Further the groups Sand Q are Sn -invariant.

Proof.

(i) By definition of M, we have v = L:~=1 es generates the subspace M. Now

Iv + l'v = (I + l')v = l"v E M for I, l', I" E Zm implies that M is a sub-group

of N. Since N is abelian, its sub-groups are normal in N and so is M. Also

since v = L:~=1 es is a linear combination of all the generators of N, and Sn

permutes the generators of N it follows that Sn fixes v. Therefore Sn fixes all

scalar multiples of v. Hence M is Sn-invariant.

(ii) Let a = L:~=1Ises, b = L:~=1 l~es E S. Then L:~=1Is = mk and L:;=11~ = mk'

for some k, k' EN. We have

n n n

L(ls -l~) = LIs - LI~ = mk - mk' = m(k - k' ) == O(mod m).

s=1 s=1 s=1

This shows that a - bE S. Hence S is a subgroup of N. Now we show that the

set {e1 + (m - 1)es+1 I s = 1,2, ... ,n - I} generates S. Let dES. We aim to

find l~ E Zm such that

n-1

d = :L 1:[e1 + (m - 1)es+1].

s=1
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Now we assume the above is the case and find l~ in terms of ls. Thus

n n-1

d = L lses = L l~[e1 + (m - 1)es+1]

s=l s=l
n n-1 n-1

~ L lses = L l~e1 + L l~(m - 1)es+1

s=1 s=1 s=l
n-1

~ II = Ll~, ls = (m-1)l~_l' s = 2,3,ooo,n

s=1
~ l~_l = (m -l)ls, s = 2,3, 0 o. ,no

Hence S =< el + (m - 1)es+1 I s = 1,2, 0 0 • , n - 1 > as required. Further it is

clear that any element of the set {e1 + (m - l)es+l I s = 1,2, 0 0 • ,n - I} cannot

be written as a linear combination of the other elements. Thus this is one of

the smallest subsets of N, with n - 1 elements, which generates S.

(iii) Since M is normal in N, Q is the factor group of N by M. We have N =<

el, e2,· 0., en > implies that Q =< e1 + M, e2 + M, .. 0' en + M >. We show

that en + M = lCL~~i es) + M for some lE Zm. Now

(t,e,) +M = M .. ((~e,) +en) +M = M

.. (~e, + M) + (en + M) = M

n-l

{::> en + M = - L es + M.
s=l

Thus Q =< e1 + M, e2 + M, ... , en -1 + M >.

Let dES and 9 E Sn. Then d9 contains the same number say kj of ls's equal to j -1

as d. Therefore the sum of the is's in d9 is a multiple of m. Thus d9 E S and hence

S is Sn-invariant. Also for d + ME Q we have (d + M)Sn = dSn + M E Q since M

is Sn-invariant. Hence Q is Sn-invariant. 0
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(i) Let kj be the number of is's equal to j - 1 in d. Then

that is the group S is necessarily a collection of the orbits of the action of Sn

on N, of length (kl k2 n... kJ such that '2:;;:::1 (j - 1)kj == 0 (mod m).

(ii) We have another generating set for S given by

S =< es + (m - l)es+l I s = 1,2, ... , n - 1 > .

Let (7) be a binomial coefficient, 0 ~ i ~ n. Then by using elementary mathemat­

ical techniques we can easily prove that L:i:=O(mod 2) (7) = 2n -
1

, which also follows

from the following theorem.

Theorem 3.3.4 Let r E Zm and (k1 ,k2".·. ,km) E A(n,m). Then

Proof. By Lemma 3.1.5, the number of ways of arranging elements kij (with repe­

titions and in any order) in n positions such that L:~=1 kij == r(mod m) is mn -
1. Let

kj be the number of ki/s equal to j - 1, j = 1,2, ... ,m. Then L:j=l kj = n. Now

the number of ways of choosing kj positions, all j = 1,2, ... ,m, out of n is

and varying the k/s such that L:;1 kj = n gives the set A(n, m). However we require

those ki/S such that L:~=1 kij == r(mod m), that is L:j=l (j - l)kj == r(mod m). The

result follows on summing over A(n, m) such that L:;l (j - l)kj == r(mod m). 0

Theorem 3.3.5 Let S = Z~-l as defined above. Then S.Sn defines a split extension

of S by Sn'
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Proof. Since S is an Sn-invariant subgroup of N, S,Sn is a subgroup of B(m, n).

We also have S n Sn eN n Sn = IN and hence S.Sn is a semi-direct product. 0

Let Bs(m, n) denote the split extension of S by Sn given in Theorem 3.3.5. The

group Bs(m, n) has a presentation given by

Bs(m,n) =< si(i = 1,2, ... ,n-l),wlW;+-/(j = 1,2,oo.,n-l) I
s; = (SiSi+l)3 = 1, (SiSj)2 = 1, jj - il ~ 2, wj = 1,

WiWj = WjWi( i :f. j), SiWi = Wi+lSi, SiWj = WjSi, j :f. i, i + 1 >,

where the elements of S are written multiplicatively.

Theorem 3.3.6 Let Q = Z~ as defined above. Then Q,Sn defines a split extension

ofQ by Sn'

Proof. Since Q is Sn-invariant, we define a semi-direct product of Q by Sn that

realizes this action. That is the set of ordered pairs (q,9) with q E Q and 9 E Sn with

multiplication given by (Ql,9d(Q2,92) = (QlQ~1,9192)' 0

Let BQ(m, n) denote the split extension of Q by Sn given in Theorem 3.3.6. The

group BQ (m, n) has a presentation given by

BQ(m, n) =< si(i = 1,2, ... , n - 1), Wj + M (j = 1,2, ... , n - 1) I
s; = (SiSi+l)3 = 1, (SiSj)2 = 1, /j - il 2:: 2, wj = 1,

WiWj = wjwi(i:f. j),SiWi = Wi+lSi,SiWj = WjSi,j:f. i,i + 1 >,

where the elements of Q are written multiplicatively.

Let a = (12 ... m) E Sm and (k1 , k2, ... , km) E A(n, m). Define an action of a on

(k1,k2,oo.,km) by (k1,k2,oo.,km )O: = (kO:(1),ko:(2),oo.,ko:(m»)' Let [(k1,k2, ,km)]a

denote the set of all the m-compositions of n obtained by acting a l on (k1, k2, ,km)

for all I E Zm. If A(n, m)dSn = (k1 , k2, ... , km) then we will write [A(n, m)dSn] in

place of [(k1 , k2, ... , km)]a. We note that l[(k1 , k2, 00" km)]al = o(a) = m. Let

(k1,k2, ... ,km) be the representative of the set [(k1,k2, ... ,km)]o:. In the following

two sections we discuss the actions of Sn on S, Q, Irr(S) and Irr(Q) respectively.
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3.3.1 The Actions of Sn on Sand Irr(S)

Since Sn acts on Sand Irr(S) as it acts on Nand Irr(N) respectively, the corre­

sponding orbits of the actions of Sn on Sand Irr(S) can easily be determined. We

discuss the orbits of these actions below.

Theorem 3.3.7 The group Sn acts on S giving r~(n~~~I)1orbits of lengths

(kl k2
n... kJ, where (k1 ,k2,.·.,km ) E A(n,m) such that2:,";I(j-l)kj == 0 (mod m).

Proof. Let d = 2:,~=llses E S. Let dSn be the orbit of the action of Sn on N

containing d. Since g acts on d by permuting the entries ls, every element of dSn

contains the same number k j of ls's equal to j - 1 as d, where j = 1,2, ... , m. Thus

dSn c S. And by Remark 3.3.3 the group S is a collection of the orbits of the action

of Sn on N containing (kl k2 n... kJ elements such that 2:,";1 (j -1)kj == 0 (mod m).

Clearly these orbits are retained in the action of Sn on S. Since 2:,7=} (j -1)kj may be

congruent mod m to m possible values, we divide the number of orbits of the action

of Sn on N by m but taking the upper part r~ (n~~~I)1as required. 0

Example 3.3.8 The group S6 acts on S = 25 giving four orbits of lengths 1, 15, 15,

1.

We define an action of a on an irreducible character 0 = ITi of9 Ui of N by OQ =
ITi O~i)i. Let [O]Q = {OQ

I
, lE Zm}. It is clear that a acts on (k1 , k2, ... , km), hence

a also acts on the orbits 8(k1 , k2, ... , km) of the irreducible characters of N as

giving the orbit

with representative orbit 8(k1 , k2, . .. , km). We have

Irr(N) = u
where the union is taken over representatives (k 1 , k2 , ... , km), of the orbits

[(kt, k2,· .. , km)]Q.
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I
Lemma 3.3.9 Let 0 E 8(k1, k2, ... ,km). Then oa ,l ¥- 0 does not belong to

8(k1, k2,···, km)·

Proof. Since 0 E 8(k1, k2, ... , km) implies that 0 contains ki copies of Oi while oa
l

contains ki copies of °a1(i) , and Oal(i) ¥- Oi for 1¥- 0, it follows that oa
l

does not belong

to 8(k1 , k2,··., km). 0

I I
Lemma 3.3.10 Let oa as above. Then O.j.. S = oa .j.. S, lE Zm.

Proof. We show that for dES we have O(d) = oa
l
(d), that is

~L(2=:~1Is)(i-1) = ~L:i(L::~lls)(al(i)-l)

..~~ I,(i - 1) = [~~ I,("'(i) -1)] (mod m)

..~~ I,(i -1) - [~~ I,(<>'(i) - 1)] '" O(mod m)

Ui

~ L L ls[(i - 1) - (ci(i) - 1)] == O(mod m)
i s=l

Ui

~ L L ls{i - (i + l)) == O(mod m)
i s=l

Ui

i s=l
Ui

~ (-l) LLls == O(mod m)
i s=l
n

~ (-1) LIs == O(mod m).
s=l

This is so for elements d of S. Hence O.j.. S = oa
l

.j.. S, 1 E Zm· 0

We remark that Lemma 3.3.10 shows that the irreducible characters in the orbit

[O]a are equal on S.
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Example 3.3.11 We consider the group N = 33 with d = 2el + ez E S = 3z.

With the 3-cycle a = (1 2 3), we obtain that e~le~)1e~)1(d) = e~le~le~l(d) =

e~le~le~l(d) =~.

Proposition 3.3.12 (Irreducibles of S)

Irr(S) = U 8(kl , kz,· .. , km),
(kl ,k2,... ,km)=/:(k",1 (l),k",I(2) ,... ,k",1 (m»)

where the union is taken over representatives (k1 , kz,.·., km), of the orbits

[(kl, kz,···, km)]n.

Proof. This follows from Lemmas 3.3.9 and 3.3.10. 0

We now describe the action of Sn on Irr(S) in the following.

Theorem 3.3.13 Let (kl,kz, ... ,km) be a representative of[(kl,kz, ... ,km)]n. The

symmetric group Sn acts on Irr(S) producing

(i) ~ { (n~~~ l) - I} orbits of lengths (kl k2 n... kJ, with ki =J kj for some i =J j

and one orbit of length ~ (k kn ...k) if m Inand k = ~,

(ii) ~ (n~~~ l) orbits of lengths (k l k2n... kJ, with ki =J kj for some i =J j, if m f n,

Further an orbit representative of the action of Sn on Irr(S) is given by

e~kle~k2 ... erd km for each representative (kl , kz, ... , km) of [(kl, kz , ... , km)]n.

Proof.

(i) Let m I n where k = ~, for some positive integer k. This implies that there is

one m-composition of n given by (k, k, , k). Thus we obtain (n~~ll) -1 m-

compositions of n different from (k, k, , k). By Lemmas 3.3.9 and 3.3.10 and

Proposition 3.3.12, some of the orbits of the action of Sn on Irr(N) contain char­

acters which are equal on S. This happens in cases where the lengths of the or­

bits of the action of Sn on Irr(N) employs (k1 , kz, ... , km) E [(kl, kz,··., km)]n.

In such cases the length of the orbit of the action of Sn on Irr(S) is given by

(kl k2n
... kJ. Since o(a) = m the above happens m times and so we obtain

~ {(n~~~l) _ I} orbits of length (kl k2n... kJ. However since there is only one
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orbit corresponding to (k, k, ... , k), the length of the orbit of the action of Sn

on Irr(N) must be divided by m to give the length of the orbit ofthe action of

Sn on Irr(S) as ~ (k k~ .. k)'

(ii) Clearly if m f n, all the m-compositions of n are different from (k, k, ... , k)

where k = !ii. Applying part (i) above with the case where the m-compositions

of n are different from (k, k, .. . , k), the result follows.

Further the orbit representative of the action of Sn on I rr( S) above follows from the

fact that the orbits of the action of Sn on Irr(S) are also orbits of the action of Sn

on Irr(N). [J

Remark 3.3.14 Following from the action of Sn on Irr(S) as described in Theorem

3.3.13, the required inertia factor groups of Bs(m, n) are chosen from those young sub­

groups SkI x Skz X ... Skm of B(m, n) corresponding to representative m-compositions

of n for each orbit [(k l , k2, ... , km)]a . However in the case where m I n or the m­

composition of n given by (k, k, ... ,k) exists, the corresponding Inertia factor group

is given by the wreath product S1l.WrCm, namely the split extension (S1l.)m:cm.
m m

Corollary 3.3.15 The group Sn acts on Irr(2n- l ), giving rnr1 orbits of lengths

(i) {(~), (7), G), ... , ~ (~)}, for even n. In this case the inertia factor groups of
z

Bs(2, n) are given by young subgroups Sn-k X Sk, k = 0,1,2, ... , ln;1 J and the

split extension (SnY:C2 ),z

(ii) {(~), (~), G), ... , (n~I)}, for odd n. In this case the inertia factor groups of
z

Bs{2, n) are given by young subgroups Sn-k X Sk, k = 0,1,2, ... , ln;1 J.

Proof. The proof follows from Theorem 3.3.13 for m = 2. The inertia factor groups

follow from the lengths given by the binomial coefficients G) = (n-: k) of the orbits

giving the corresponding inertia factor groups Sn-k X Sk. [J

Examples 3.3.16 Using Theorem 3.3.13, Remark 3.3.14 and Corollary 3.3.15 above

we have that

(i) for n = 5 and m = 2, S = 24, the action of Ss on Irr(24) yields three orbits of

lengths 1, 5, and 10, and the inertia factor groups of Bs(2, 5) are: Ss, S4 X SI,

and S3 x S2 of indices 1, 5 and 10 in Ss respectively,
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(ii) for n = 6 and m = 2, S = 2s, the action of S6 on Irr(2S ) yields four orbits

of lengths 1, 6, 15 and 10, and the inertia factor groups of Bs(2, 6) are: S6,

Ss x SI, S4 X S2 and (S3)2 :C2 of indices 1, 6, 15 and 10 in S6 respectively,

(iii) for n = 7 and m = 2, S = 26 , the action of S7 on Irr(26) yields four orbits

of lengths 1, 7, 21 and 35, and the inertia factor groups of Bs(2, 7) are: S7,

S6 x SI, Ss X S2 and S4 x S3 of indices 1, 7, 21 and 35 in S7 respectively,

(iv) for n = 8 and m = 2, S = 27
, the action of Ss on Irr(27) yields five orbits of

lengths 1, 8, 28, 56 and 35, and the inertia factor groups of Bs(2, 8) are: Ss,

S7 x SI, S6 X S2, Ss X S3 and (S4)2 :C2 of indices 1, 8, 28, 56, and 35 in Ss

respectively,

(v) for n = 12 and m = 2, S = 211 , the action of S12 on Irr(2 11 ) yields seven orbits

of lengths 1, 12, 66, 220, 495, 792, and 462, and the inertia factor groups of

Bs(2, 12) are: S12, S11 X SI, SlO X S2, S9 X S3 , Ss X S4 , S7 X Ss and (S6f :C2

of indices 1, 12, 66, 220, 495, 792, and 462 in S12 respectively,

(vi) for n = 3 and m = 3, S = 32
, the action of S3 on Irr(32) yields four orbits of

lengths 1, 3, 3 and 2, and the inertia factor groups of Bs(3, 3) are: S3, S2 X SI,

S2 X SI and (SI)2 :C3 of indices 1, 3, 3, and 2 in S3 respectively,

(vii) for n = 5 and m = 3, S = 34 , the action of Ss on Irr(34) yields seven orbits

of lengths 1, 5, 5, 10, 20, 10 and 30, and the inertia factor groups of Bs(3, 5)

are: Ss, S4 x SI, S4 X SI, S3 X S2 , S3 X SI x SI , S3 X S2 and S2 x S2 X SI of

indices 1, 5, 5, 10, 20, 10 and 30 in Ss respectively.

3.3.2 The Actions of Sn on Q and Irr(Q)

Since Sn acts on Q by acting on the transversal elements it follows that Sn acts on Q

and Irr(Q) as it acts on Nand Irr(N) respectively, and the corresponding orbits of

the actions of Sn on Q and Irr(Q) can easily be determined. We begin by discussing

the action of Sn on Q in the following.

Lemma 3.3.17 Let d, d' E N. Let A(n, m)dSn = (k l , k2,"" km)' Then d + M =

d' + M if and only if d' = d + l(l, 1, ... ,1), where l(l, 1, ... ,1) E M for some l E Zm.

Further we have that A(n, m)(d')Sn E [A(n, m)dSn]'
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Proof. Since d+M = d'+M {:} d - d' EM, equivalently we have that d' = d+d", for

some d" = 1L:~=l es = 1(1,1, . .. ,1), 1 E Zm· We note that the addition of 1L:~=l es

to d as found above, moves the kj in A(n, m)dSn cyclically such that d' will have kj

entries equal to j while d has kj entries equal to j - 1. Thus as d" is added to d to

give d', A(n, m)dSn correspondingly goes through the following m-compositions of n:

(kl , k2 ,.·., km), (km, kl , ... , km-d, (km-I, km, kl ,···, km- 2 ), .• -, (k2 , k3 ,···, km, kd,

all of which belong to [A(n, m)dSn]' Thus A(n, m)(dl)Sn E [A(n, m)dSn] as required.

o

Theorem 3.3.18 The symmetric group Sn acts on Q producing

(i) ~ { (n~~~ I) - I} orbits of lengths (k
1

k2n... kJ with ki # kj for some i # j and

one orbit of length ~ (k kn ...k) ' if m In,

(ii) ~ (n~~~l) orbits of lengths (kl k2 n... kJ with ki # kj for some i # j, if m f n,

where (k l ,k2, ... ,km ) E [A(n,m)dSnJ, dEN. Further the orbit representatives are

given by d + M such that d = (It, 12, . .. ,In), where kj is the number of entries Is

equal to j - 1 in d.

Proof. Let d' E dSn and g E Sn such that d' = dg . First, we note that since

d' + M = dg + M = (d + M)g E (d + M)Sn,

each orbit dSn of the action of Sn on N gives an orbit (d + M)Sn of the action of Sn

on Q, and all the orbits of the action of Sn on Q are produced this way. Next we

determine the precise number of orbits of the action of Sn on Q.

(i) Let m I n where k = ~ for some positive integer k. Then there is one m­

composition of n defined by dfn such that A(n, m)dk = (k, k, ... , k). Hence

there are (n~~~l) -1 m-compositions of n such that A(n, m)d # (k, k, .. . , k).

Now consider the case where dfn defines (k, k, .. . ,k). Suppose that there is

another orbit d~n such that d~n # dfn with (d + M)Sn = (d' + M)Sn for some

d E dfn and d' E d~n. Then

d = (d')g + 1(1, 1, ... ,1)

for some 9 E Sn and some 1 E Zm. Now by Lemma 3.3.17, d and (d')g respec­

tively define A(n, m)dSn and A(n, m)(dl)Sn both belonging to [A(n, m)dSn]' But
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[A(n,m)dSn] = {(k,k, ... ,k)}, that is A(n,m)dSn = A(n,m)(df)Sn which contra­

dicts the assumption dfn i= d~n. Therefore we must have (d + M)Sn i= (d' +

M)Sn. We conclude that the only orbit producing the orbit (dk + M)Sn is d~n.

Now let (dk+M)91, (dk +M)92 E (dk+M)Sn such that (dk+M)91 = (dk+M)92,

for some 91, 92 E Sn. Then

when [ E Zm. Thus for each chosen element d~2 of dfn, there are m elements in

(dk + M)Sn such that d~l + M = d~2 + M for some 91 E Sn. Hence the length

of (dk + M)Sn is given by ~ (k t"k)' where (k t ..k) = Jdfnl·

Now consider the rest of the A(n, m)dSn i= (k, k, ... ,k). Suppose that dfn i= d~n

with (d + M)Sn = (d
f+ M)Sn for some dE dfn and d' E d~n. Then

d = (d')9 + [(1, 1, ... , 1)

for some 9 E Sn' Again by Lemma 3.3.17, d and (d')9 respectively define

A(n, m)dSn and A(n, m)(df)Sn both belonging to [A(n, m)dSn]' However

[A(n, m)dSn] has m elements. Thus for each element dE dfn there are m orbits

d~n defining the elements of [A(n, m)dSn] such that (d + M)Sn = (d' + M)Sn for

some d' E d~n. Now since there are (n~~~l) - 1, m compositions of n different

from (k, k, . .. , k), the number of orbits defining A(n, m)dSn i= (k, k, ... , k) and

producing the orbits (d + M)Sn is equal to

Now consider the orbit (d1 + M)Sn under the action of Sn on Q, defining the

elements of [A (n, m) dSn], that is
1

(d1 + M)Sn = {(d1 + M)9 : 9 E Sn} = {di + M: 9 E Sn}.

Clearly l(d1 + M)Snl = I{di + M : 9 E Sn}1 ::; Idfnl. Therefore to show that

I(d1 + M) Sn I is equal to Idfn I, we only need to show that di1 i= di2 for some

91,92 E Sn implies dil + M i= d~2 + M. Now assume that di1 + M = d~2 + M

for some 91, 92 E Sn' Then
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d91 = d92 +1(1, 1, ... , 1).

Since di1 and d~2 are in dfn , they define the same m-compositions of n and hence

I = O. Thus di 1 = di2, which contradicts the assumption di 1 :I di2. Hence the

length of (d1 + M)Sn is equal to Idfnl = (k
1

k2
n... kJ, where (k1 , k2 ,···, km) E

[A(n, m)dSn]' This proves case (i).

(ii) Now suppose that m t n. Then A(n, m)dSn cannot be of type (k, k, ... ,k),

k = ~ for all dEN. Thus the proof of this case is similar to the proof of the

second part of case (i) above. The m-compositions of n are collected together

as [A(n, m)dSn] according to Lemma 3.3.17. Since IA(n, m)1 = (n~~11) and

I[A(n, m)dsn]1 = m, the number of orbits (d + M)Sn is ~ (n~~11). The lengths

of the orbits (d + M)Sn are also found as in the second part of case (i) above to

be (kl k2~" kJ, where (k1 ,k2, ... ,km) E [A(n,m)dSn ]'

It is clear that the element d + M, where d = (11,1 2 , ... , In) defines an m­

composition (k1 , k2, ... , km) of n, in [A(n, m)dSn] such that kj is the number of entries

Is equal to j - 1 in d, is a representative for an orbit of the action of Sn on Q.

o

Remark 3.3.19 The number of orbits of the action of Sn on Q is given by rrk(n~~11)l
since ~ { (n~~11) - 1} + 1= r~ (n~~11)1and the upper part does not affect the

number rk (n~~11) for both cases m I n and m t n respectively.

Corollary 3.3.20 The group Sn acts on Q = 2n- 1 , producing rn t 11orbits of lengths

(i) {(~), (~), (~), ... , (~)), for odd n,
2

(ii) {(~), G), G),· .. ,H~)}, for even n.
2

Proof. The proof follows from Theorem 3.3.18 with m =2. 0
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Examples 3.3.21 In the following we apply Theorem 3.3.18.

(a) Let N = 26 . Now 86 acts on Q = 25 . Since 2 I 6, we have (3,3) E A(6,2).

Therefore we have an orbit of the action of 8 6 on Q of length H36
3) = 10. The

action of S6 on Q = 25 yields 4 orbits of lengths

with respective orbit representatives given by M, (0,0,0,0,0,1) + M, (0,0,0,0,1,1) + M,

(0,0,0,1,1,1) + M.

(b) Let N = 35 . Now S5 acts on Q = 34
. Since 3 f 5, we do not have a 3-composition

of 5 of type (k, k, k). Thus all the orbits of the action of 8s on Q = 34 have

lengths (k
1

k
S
2 k3) such that (k1,k2 ,k3 ) E [A(n,m)dSn] for some dEN. Further

the element (1,0,0,0,0) is in an orbit of length (4 f 0)' the element (2,1,1,1,1)

is in an orbit of length (0 ~ 1) and the element (0,2,2,2,2) is in an orbit of

length (1 ~ 4) of the action of Ss on N = 3s . However the orbits containing

the elements in {(I, 0, 0, 0, 0), (2, 1, 1, 1, 1), (0, 2, 2, 2, 2)} become one orbit of the

action of 85 on Q = 34 of length (kl ;2 k3)' where (k1 ,k2 ,k3 ) is any element

of {(4,I,O),(0,4,1),(1,0,4)}. The set {(1,0,0,0,0),(2,1,1,1,1),(0,2,2,2,2)}

is obtained by adding (1,1,1,1,1) consecutively to d = (1,0,0,0,0) as described

in the proof of Theorem 3.3.18. The action of Ss on Q = 34 yields 7 orbits of

lengths

with respective orbit representatives given by M, (0,0,0,0,1) + M, (0,0,0,0,2) + M,

(0,0,0,1,1) + M, (0,0,0,1,2) + M, (0, 0, 0,2, 2) + M, (0, 0, 1, 1,2) + M.

We now discuss the action of 8n on the set Irr(Q) of irreducible characters of

Q. It is clear that Irr(N) = ~M U~, where ~M = {O E Irr(N) Iker(O) :J M} and

~ = {O' E Irr(N) 10'(2:7=1 es ) # I}.
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Lemma 3.3.22 The sets I:::.M and I:::. are invariant under Sn.

Proof. Let g E Sn, () E b.M and ()' E b.. Then, since Sn permutes the elements of

N we have
n

n

= e(L eg(s)) = 1,
s=1

which implies eg E b.M. Similarly we have
n

n

= e'(L eg(s)) =J 1, 0
s=1

which implies e'g E 1:::..

Proposition 3.3.23 Let e = lfkle~k2 ... e~km E 1rr(N). Then Ker((}) ::> M if

and only if 2::}:1 (j - l)kj == 0 (mod m).

Proof.
n

Ker(e)::> M {::} (}(Les) = 1
s=1

{::} ~L:j=1(j-1)ki = 1
m

{::} LU - l)kj == 0 (mod m). 0
j=1

Proposition 3.3.24 The set of irreducible characters of Q is given by

m

Irr(Q) = U {0(k1 ,k2 , .•. ,km ) I L(j-l)kj == o (mod m)}.
(k J ,k2,... ,km) j=1

Proof. Since 1rr(Q) = b.M, this follows from Proposition 3.3.23. 0

Theorem 3.3.25 The symmetric group Sn acts on the irreducible characters of Q

producing r~ (n~~~1)1orbits of lengths (k
J

k2 n... kJ, with orbit representatives re­

spectively given by e = (}~kle~k2 ... e~km, where (k1, k2 , ... , km) E A(n, m) such

that 2::}:1 (j - l)kj == 0 mod(m).
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Proof. We know that Irr(N) = DoM UDo and that Irr(Q) = DoM. Now by

Lemma 3.3.22 (}Y f:. ()' for () E DoM, ()' E Do, and 9 E Sn' Thus the orbits of

the action of Sn on Irr(Q) are equal to those of the action of Sn on DoM in the

action of Sn on Irr(N), and are of the same lengths. But by Proposition 3.3.24,

Irr(Q) = U(kI,k2, ... ,km ){8(kt, k2,.·., km) I2:::j=1 (j -l)kj == O(mod m)}. Considering

the action of Sn within DoM, and from Lemma 3.3.22, we choose those orbits oflengths

(kI k2n... kJ of the action of Sn on Irr(N) such that 2:::j=1 (j - l)kj == 0 (mod m).

The required number of orbits follows from Theorem 1.4.4 (Brauers Theorem) and

Theorem 3.3.18. 0

Remark 3.3.26 Since Irr(Q) contains irreducible characters N with M in their

kernel, for the Inertia factor groups of BQ (m, n) we choose those Inertia factor

groups SkI x Sk2 X ... Skm of B(m, n) corresponding to m-compositions of n such

that 2:::j=1 (j - l)kj == 0 (mod m).

Corollary 3.3.27 Let Q = 2n- 1 . The group Sn acts on Irr(Q) giving rn t 11 orbits

of lengths

(i) {(~), G), G), ... , (~)}, where n is even, with inertia factor groups of BQ (2, n)

given by the young subgroups Sn-k X Sk, k = 0,2,4, ... ,n,

(ii) {(~), (~), (~), ... , (n~ I)}' where n is odd, with inertia factor groups of BQ (2, n)

given by the young subgroups Sn-k X Sk, k = 0,2,4, ... ,n - 1.

Proof. Follows from Theorem 3.3.25 with with k2 = k and k1 = n - k where k is

even. Thus the orbit lengths are given by (n-1 k) where k is even. It follows that

the required inertia factor groups of BQ(2, n) are those young subgroups Sn-k X Sk,

where k is even, corresponding to the orbits of length (n-1 k) in the action of Sn on

Irr(N). 0

Examples 3.3.28 We apply Theorem 3.3.25 in the following.

(a) The action of S6 on I rr(Q), Q = 25 , yields 4 orbits of lengths
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where k2 == 0 mod(2). The respective orbit representatives are given by

(b) The action of 55 on Irr(Q) , Q = 34, yields 7 orbits of lengths

( 5) (5) (5) (5) (5) (5) (5)- 1 - 20 - 10 - 10 - 30 - 5 - 5500 -, 311 - '230 - '203 - '122 - '041 -, 014 -.

where k2 + 2k3 == 0 (mod 3). The respective orbit representatives are given by

Remark 3.3.29 Using Theorem 3.3.25, Remark 3.3.26 and Corollary 3.3.27 we have

found that

(i) for n = 5 and m = 2, Q = 24 , the action of 55 on Irr(Q) yields three orbits of

lengths 1, 10 and 5, and the inertia factor groups of BQ(2, 5) are: 55, 53 x 52,

51 X 54 of indices 1, 10, and 5 in 55 respectively,

(ii) for n = 7 and m = 2, Q = 26 , the action of 57 on Irr(Q) yields four orbits

of lengths 1, 21,35 and 7, and the inertia factor groups of BQ(2, 6) are: 87 ,

55 x 52, 53 X 54, and 8 1 x 56 of indices 1, 21, 35 and 7 in 57 respectively,

(iii) for n = 8 and m = 2, Q = 27 , the action of 8s on Irr(Q) yields five orbits

of lengths 1, 28, 70, 28 and 1, and the inertia factor groups of BQ(2, 8) are:

8s, 56 x 82, 84 X 54, 82 X 86 and 5s of indices 1, 28, 70, 28 and 1 in 5 s
respectively,

(iv) for n = 10 and m = 2, Q = 29 , the action of 5 10 on Irr(Q) yields six orbits

of lengths 1, 45, 210, 210, 45 and 1, and the inertia factor groups of BQ(2, 10)

are: 5 10 , 8s X 52, 56 X 84, 84 X 86, 52 X 5 s and 5 10 of indices 1, 45, 210,

210, 45 and 1 in 810 respectively,

(v) for n = 3 and m = 3, Q = 32
, the action of 53 on Irr(32 ) yields four orbits

of lengths 1, 6, 1 and 1, and the inertia factor groups of BQ{3, 3) are: 53,

51 x 51 X 51, 53 and 53 of indices 1, 6, 1, and 1 in 53 respectively.



Chapter 4

Fischer-Clifford Matrices of

B(m, n)

In this chapter, we discuss the combinatorial method given in [5} for constructing

the Fischer-Clifford matrices of the generalized symmetric group B(m, n). We apply

Fischer-Clifford theory to the group B(m, n) in Sections 4.1 and 4.2. We discuss the

combinatorial method for constructing the Fischer-Clifford matrices of B(m, n) in

Section 4.3. In particular we give the following results which are very useful for this

work: Theorem 4.3.2, Proposition 4.3.4 and Theorem 4.3.5. In Section 4.4 we give

examples on the application of the combinatorial method to construct the Fischer­

Clifford matrices of the groups B(2, 6) and B(3, 5).

4.1 Fischer-Clifford Theory Applied to B(m, n)

In this section, we apply Fischer-Clifford theory to the generalized symmetric group

B(m, n). This describes the construction of the irreducible characters of B(m, n) from

those of its subgroups.

Let Irr(7l..m) = {Ol, O2 , ... , Om} be the set of irreducible characters of 7l..m. The

action of Sn on Irr(7l..~J was discussed in Chapter 3. Let {Xl, X2,···, Xt} be the set of

representatives of the orbits of Sn acting on Irr(N), where Xl = O~klO~k2 ... Ofjpkm
•

Following Definition 3.2.5 and Theorem 3.2.7 we have that for each m-composition

(k l , k2 , ,km) of n, there is an orbit of the action of Sn on Irr(N) of length

(kl k2
n kJ· It is clear that for each l = 1,2, ... , t, I XI = B(m, kd x ... x B(m, km)

75
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is the inertia group of a character Xl, where (k1 , k2 , ... , km) E A(n, m) and B(m, kj)

is a generalized symmetric group on kj symbols. It is also clear that the inertia factor

group of Xl is the young subgroup, I XI = Skl X ... X Skm of Sn. Now by Theorem

1.4.11 (Mackey's Theorem (1958)) and since B(m, n) is a split extension of an abelian

group N with Sn, every irreducible character of N = Z:; extends to an irreducible

character of its inertia group in B(m, n). And by Theorem 1.4.6 (Gallagher's theo­

rem) all irreducible characters of B(m, n) are ofform CXI'l/J) t B(m, n), where Xl is an

extension of an irreducible character Xl of N to its inertia group Ixl , 'l/J is a character

of I X1 such that N ~ Ker('l/J) and Xl'l/J is a tensor product of characters. Thus the

irreducible characters of B(m, n) are given by

t

Irr(B(m,n)) = U{(Xl'l/J) t B(m,n) I 'l/J E Irr{Ixl),N ~ Ker('l/J)}.
1=1

4.2 Defining Fischer-Clifford Matrices of B(m, n)

Let [gJ be a conjugacy class of Sn of type (1 AI 2A2 .•. n An) and X (g) = {b1 , b2, ... , bc(g)}

be a set of representatives of the conjugacy classes of B(m, n) which map to [g] under

the natural homomorphism ( : B(m, n) --t Sn' Let L 1 , L 2 , .. . , Lr be the conjugacy

classes of the inertia factor group I XI which fuse to [gJ and gj E L j . Let bk E B(m,n).

Then by Theorem 1.3.16, we have

where for each j, gj E L j , the elements blj run over a set of representatives of the

conjugacy classes of IXI which map to Lj under the map I XI -T I xl ' Now for each
.. I ( ) -" ICB(m,n)(bk)I (~(b )) Th . ( ()) lmertIa group Xl we set Xlj 9 - L...Jl ICI (bl. )1 Xl lj' e matrIx Xlj 9 ,1 ~ ~

XI J

t, 1 ~ j ~ r, that is
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is the Fischer-Clifford matrix of B(m, n) at [g], which we denote by F(m, 1A12A2 ... nAn ).

Following Almestady in [5], we denote an entry of the Fischer-Clifford matrix

F(m, 1A12A2 ... n An ) by

where Ao is a q-tuple of non-zero powers in [A], ai = (ail, ai2, ... ,ain) and kj

(ki1' ki2 , ... , kin)' This entry lies in a column indexed by (a1, a2, ... ,am) or (1a12a2 ... n an )

where ai = 2:;=1 sais, corresponding to a conjugacy class of B(m, n) of type

(4.1)

which under the natural homomorphism ( : B(m, n) -t Sn, maps to a conjugacy class

of Sn of type (1 Al 2A2 ... nAn). This entry also lies in a row indexed by (k1, k2 , ... , km)
or (1k12k2 .•. m km ), where kj = 2:;=1 skjs corresponding to the inertia group IXI of

the character Xl of N. The conjugacy classes of the inertia factor groups, which fuse

to a conjugacy class of Sn of type (1 A12A2 ... n An ), are of type

(4.2)

where 2:j=1 kjs = As. The conjugacy classes of the elements of IxI' which map to a

conjugacy class [YkJ of the inertia factor group I Xl under the natural homomorphism

( : B(m, n) -t Sn and fuse to a conjugacy class [bkJ of B(m, n), are of type

The character table of B(m, n) is constructed by multiplying the partial character

tables of the inertia factor groups I Xl of B (m, n) by the corresponding rows of the

Fischer-Clifford matrices of B(m, n), according to the fusions of the conjugacy classes

of I XI into [gJ as indicated above.
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4.3 Fischer-Clifford Matrices of B (rn, n) - a Combinato­

rial Approach

As indicated in the introduction to Chapter 1, we will construct the Fischer-Clifford

matrices of B (m, n) using a combinatorial method rather than the properties of

Fischer-Clifford matrices given in Section 1.5.2. For most of the following results

we follow closely the works of Almestady [5] and List and Mahmoud [36].

Theorem 4.3.1 ([5}) An entry of the Fischer-Clifford matrix F(m, In) which is in

the column indexed by (1al2a2 ... m am ) and row indexed by (1kl2k2 ... m km ) is given

by

ixo[(al' a2, .. . ,am), (kl ,k2,' .. ,km)] = L (ft (~~.)) ~2::~1 2::;"=1 (i-l)(j-l)(Tij
),

M({3,6) 1=1 '

where ~ is a primitive m th root of unity, M((3, 8) is a set of magic matrices with

i th row Rai = (rilri2 ... rim)'

Proof. (See result 4.2.1 in [5]) Let g E Sn of type (In). Let XI = O~klO~k2 ... O:;Rkm E

Irr{N) where 'L-T=l kj = n, be a representative of an orbit of the action of Sn on

Irr(N). Then I XI = SkI X Sk2 X ... X Skm is the corresponding inertia factor group of

XI in B{m,n). Let [bkl be a class of B{m,n) which maps to a class [g] of Sn under the

homomorphism ( : B{m, n) -+ Sn from B{m, n) to Sn' Then as indicated in section

4.2, bk has type (IaI, 1a2 , ••• , 1am), L:~l ai = n. If Lj is a class of I Xl fusing to [g] in

Sn, then L j corresponds to the partition (1 k l , 1k2, ... ,1km), 'L-~l k i = n. And so the

classes of the inertia group I XI = B(m, kd x B{m, k2 ) x ... x B{m, km) which map

to the class L j and fuse to the class [bk ] of B{m, n) are the classes [blJ of type

((1Tll IT21 ITml). . (IT1m IT2m ITmm)), , ... , , ... , , , ... , ,

where 'L-~l rij = k j , 'L-T=l rij = ai, i,j = 1,2, ... , m.
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m n (ad!(a2)! ... (am)!

m n (ru)!(r2d!' .. (rmm )!
2:;1 rij = ai

2:~1 rij = kj

... ( am ) (IT IT (8i((j - I)X))(Ti j ))
rm1 rm2 ... rmm i=1j=1

L (IT (~i)) ~L:;:l L:j=1(i-1)(j-1)(Tij). D
M«(3,8) i=1 a,
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The following is an important result used in this thesis for the development of a

computer programme for computing matrices which are row equivalent to the Fischer­

Clifford matrices of B(m, n).

Theorem 4.3.2 ([5}) The entries of the Fischer-Clifford matrix F(m, In), which

are in a column indexed by (1a12a2 ... m am ) and rows indexed by (1k12k2 ... m km )

where (k1, k2, ... , km) E A(n, m), are given by the coefficients of X~lX~2 ... x~m in the

expanszon
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Proof.
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We confirm that, as it is also stated in [5], the evaluation of the expression

TI~l (2::j=l ~(i-1)(j-1)Xj) ai for large values of m and n is not an easy task. However

we have developed a computer programme (see Programme 5.2.4) to do this. With

the necessary changes, the proof of the following theorem is similar to that of Theorem

4.3.1.
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Theorem 4.3.3 ([5j) An entry of the Fischer-Clifford matrix

F(m,I AI 2A2 . ··nAn ) which is in the column indexed by (l aI 2a2 .. . m am ) and row

indexed by (1k12k2 ... m km ) is given by

where ~ is a primitive m th root of unity, Rai,As = (ril ri2 ... rim) is an i th row of a

partial matrix at As, of a magic matrix in M({3, 8, n) .

Proof. See result 4.3.1 in [5]. 0

Proposition 4.3.4 [36] Let g be an element of Sn, of type (1 A12A2 ... n An ). Then

F(m, SAs) is a Fischer-Clifford matrix of a subgroup B(m, SAs) of B(m, n) and

for each S = 1,2, ... ,n, where F(m,10) is defined to be the identity matrix (1).

Proof. Since SAs is a partition of SAs it follows that F(m, sAs) is a Fischer­

Clifford matrix of the group B (m, SAs). Further we note that the formula in Theorem

4.3.1 for calculating the entries of F(m, l As ) depends on ~ and ai. But for any Fischer­

Clifford matrix of B(m, k), k .::; n, m is fixed and therefore so is~. But ai is an entry

of an m-composition of As, and since for each s the As are equal in F(m, SAs) and

F (m, 1As), we use the same ai's i = 1, 2, ... , m in calculating the entries of these

matrices. The result is clear (see also result 4.3.5 in [5] or result (3.1) in [36]). 0

Theorem 4.3.5 Let [g] be a conjugacy class of Sn of type (1)'12>'2 ... n>'n). Then the

matrix given by

where ® is the tensor product over s, is row equivalent to the Fischer- Clifford matrix

F(m,l AI 2>'2 ... n>'n) of B(m,n) at [g].
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Proof. In result (3.3) of [36], it is proved that the Fischer-Clifford matrix of B(m, n)

at [9] is given by

F(m, 1A1 ) 0 F(m, 1A2 ) 0 ... 0 F(m, 1An ).

However the above tensor product is row equivalent to F(m, 1A12A2 ... n An ) as seen

from the following. Since (1A12A2 ... n An ) and (n An (n _1)An-l •.. 2A2 1AI) are the same

partition of n, the Fischer-Clifford matrices F(m, 1A12A2 ... n An ) and F(m, n An (n ­

1)An-l ... 2A2 1A1 ) should be equal. However as we know, the two tensor products

F(m, 1A1 ) 0 F(m, 2A2 ) 0 ... 0 F(m, n An ) and F(m, n An ) 0 F(m, (n - l)An-l) ® ... 0

F(m, 2A2 )®F(m, 1AI) are not equal. We can obtain one from the other by re-arranging

the rows and columns. It follows that both tensor products must be equivalent to

the Fischer-Clifford matrix F(m, 1A12A2 ... n An ). However since the columns of a

Fischer-Clifford matrix can be arranged in any order, we do not need to re-arrange

the columns of either tensor product. 0

Following from Theorem 4.3.5 we may denote a Fischer-Clifford matrix of B(m, n)
by either F(m, 1A12A2 ... n An ) or F(m, n An (n - l)An-l ... 2A2 1AI). In this thesis, we

prefer to use the notation F(m, 1A12A2 ... n An ) which is not as cumbersome as the

other notation. However we prefer the tensor product F(m, n An )0F(m, (n-1)An-l) 0

... 0 F (m, 2A2 ) 0 F (m, 1AI) where fewer rows need re-arrangement than in the tensor

product F(m, 1AI) 0 F(m, 2A2 ) 0 ... 0 F(m, n An ). An example (see Example 4.4.1

(e)) on re-arranging the rows of F'(m,l AI 2A2 ···nAn ) to obtain F(m,l AI 2A2 ···nAn )

is given in subsection 4.4.1.

Corollary 4.3.6 Let (1 A12A2 ... n An ) and (l P1 2p2 ... n Pn ) be two partitions of n such

that :\0 = Po, where :\0 denotes a q-tuple of non zero powers in [A]. Then

F(m, 1A12A2 .,. n An ) = F(m, 1p1 2p2 ... n Pn ).

Proof. This result follows clearly from Theorem 4.3.5 and Proposition 4.3.4. 0

4.4 Examples

We now apply the results in Section 4.3 to construct the Fischer-Clifford matrices

of the groups B(2,6) and B(3,5). The work of this chapter forms the background

for constructing the Fischer-clifford matrices of some groups associated with B(m, n),

which we will do later. In the next section we show how to construct the Fischer­

Clifford matrices of an example of the generalized symmetric groups B(2, n).
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4.4.1 Constructing the Fischer-Clifford Matrices of B(2, 6)
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Using the results in Section 4.3, for each conjugacy class of 56 of type (1Al2A2 ... 6A6 ),

we construct the Fischer-Clifford matrix F(2, 1Al 2A2 ... 6A6 ) of B(2, 6).

(a) We use Theorem 4.3.1 to calculate the entries of the Fischer-Clifford matrix

F(2,1 6 ). From Al = 6 we obtain the following set of 2-sets of partition [16J.

The number seven of 2-sets of partition [16J found above indicates that the

Fischer-Clifford matrix F(2,16 ) has order 7. However since the use of Theo­

rem 4.3.1 involves constructing a number of magic matrices for each entry of

a Fischer-Clifford matrix we show how to calculate only the entry of F(2, 16 )

given by 1(6)[(3,3), (4, 2)J. Using Definition 2.3.1 with f3 = (3,3) and 6 = (4,2),

we obtain that

(: ~),(~ ~),(~ ~),(~ ~),(~ ~),(~ ~),

M(~, 6) = (~~) , (~ ~), (~ ~), (~ ~), (~ ~), (~ ~),

and

(~ ~),(~ ~),(~ ~),(~ ~),(~ ~),(~ ~),

M(8, 6) = (~~) , (~ ~), (~ ~), (~ ~), (~ ~), (~ ~),

(~ ~),(~ ~),(~ ~)
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Intersecting the sets M({3, 6) and M(b,6) above, we obtain that
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We remark that the set M({3, b, 6) above is easily computed by supplying m = 2

and n = 6 to GAP and reading the Programme 2.3.3. We obtain the above

magic matrices by considering the programme result for As = 6, to be the set

of matrices at column 4 (the position of (3 in the set of 2-sets of partitions of

[1 6]) and row 3 (the position of 8 in the set of 2-sets of partitions of [1 6]) (see

the highlighted text in Example 2.3.4 for Programme 2.3.3). Now by Theorem

4.3.1 together with the above magic matrices we have

1(61[(3,3), (4, 2)] C3 0) (1 3 2)E(I-I)(I-113+(I-I)(2-1 10+(2-1)(1-11!+(2-1)(2-1 12

+(2 3

1
) (2 3 1)E(I-I)(I-112+(I-I)(2-111+(2-1)(1-112+(2-1)(2-111

+C 3
2

) (3 30)E(J-l)(I-111+(I-I)(2-1 12+(2-1)(1-113+(2-1)(2-1 10

3 - 9 + 3 = -3.

The rest of the entries of F(2, 16 ) are obtained in the same way. The Fischer­

Clifford matrix F(2, 16 ) is given in Table 5.1.

(b) For another example we consider the construction of the Fischer-Clifford matrix

F(2,1 42). Here Al = 4 and A2 = 1 give the following set of 2-sets of partition

[14 2].

We see that the Fischer-Clifford matrix F(2,1 42) has order 10. We calculate

only the entry given by 1(4,1)[((3, 0), (1,1)), ((1, 1), (3, O))J. Using Definition 2.3.1
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with (3 = ((3,0), (1, 1)), 6 = ((1,1), (3,0)) where all = 3, a12 = 0; kll = 1, k12 =
1 and a21 = 1, a22 = 1; k21 = 3, k22 = 0, we obtain that

(~ ~),(~ ~),

(~ ~),(~ ~),
M({3,),I) =

(~ ~),(~ ~),

(~ ~),(~ ~)

(~ ~),(~ ~),

(~ ~),(~ ~),
M(a, AI) =

(~ ~),(~ ~),

(~ ~),(~ ~)

Now intersecting the above sets for each As, S = 1,2 we obtain

M({3,a,Al)=M({3,Al)n M (a,Al)={( ~ ~ ),( ~ ~ )};

M({3,a,),2) = M({3,),2)n M (a,),2) = { (~ ~)}.

By Definition 2.3.1 we obtain that

M({3, a, 6) = { (~ ~ I~ ~), (~ ~ I~ ~)}.
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Now by Theorem 4.3.3 together with the above magic matrices we obtain
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f( 4,1) [«3, 0), (1, 1)); «1, 1), «3, 0)))

(3)(-1) + 1(1) = -2,

where

A = {(I - 1)(1 - 1)}{(I + O)} + {(I - 1)(2 - 1)}{(2 + O)} + {(2 - 1)(1 - I)}{(O + I)}

+{(2 - 1)(2 - I)}{(1 + O)},

B = {(I - 1)(1 -I)}{(O + In + {(I - 1)(2 - I)}{(I + on + {(2 - 1)(1 - I)}{(l + on

+{(2 - 1)(2 - I)}{(O + In.

The rest of the entries of F(2, 14 21 ) are obtained in the same way. The Fischer­

Clifford matrix F(2, 14 2) is given in Table 5.1.

However, we can efficiently calculate the entries of the Fischer-Clifford matrices

of B(2, 6) using Theorems 4.3.2 and 4.3.5. We apply these theorems to calculate

the entries of the Fischer-Clifford matrices F(2,1 6 ) and F(2, 14 21 ) of B(2, 6) in the

following.

(c) For the Fischer-Clifford matrix F(2, 16 ), we have .AI = 6. The 2-sets of partition

[1 6J indexing the columns of F(2,1 6 ) are: (6,0),(5,1),(4,2),(3,3),(2,4),(1,5),

(0,6). Now by Theorem 4.3.2 we expand (Xl + X2)a l (Xl - X2)a z . For example,

for al = 6, a2 = 0, we obtain the expansion

with coefficients 1, 6, 15, 20, 15, 6, 1. Also for aI = 3, a2 = 3 we obtain the

expansion
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with coefficients 1, 0, -3, 0, 3, 0, -1. We do the same for the rest of the 2-sets of

partition [16] to obtain other sets of coefficients. The sets of coefficients found

above give the respective columns of the Fischer-Clifford matrix F(2, 16 ) as

1 1 1 1 1 1 1

6 4 2 0 -2 -4 -6
15 5 -1 -3 -1 5 15

F(2, 16
) = 20 0 -4 0 4 0 -20

15 -5 -1 3 -1 -5 15

6 -4 2 0 -2 4 -6
1 -1 1 -1 1 -1 1

(d) For the Fischer-Clifford matrix F(2, 14 21) we have >'1 = 4 and >'2 = 1. We first

consider the Fischer-Clifford matrices F(2, SAs) of B(2, s>'s) for s = 1,2. We

obtain

(i) for >'1 = 4, the following set of 2-sets of partition [1 4J

(ii) for >'1 = 1, the following set of 2-sets of partition [21]

Using the above 2-sets of partitions [1 4] and [21 J and Theorem 4.3.2 we construct

the respective matrices :

1 1 1 1 1

4 2 0 -2 -4

F(2,2') ~ ( : -: )F(2, 14
) = 6 0 -2 0 6

4 -2 0 2 -4

1 -1 1 -1 1

Now by Theorem 4.3.5 the tensor product F(2, 21) ® F(2, 14) gives the matrix

F'(2,1 421 ) (or F'(2,2 114 )) as
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1 1 1 1 1 1 1 1 1 1

4 2 0 -2 -4 4 2 0 -2 -4

6 0 -2 0 6 6 0 -2 0 6

4 -2 0 2 -4 4 -2 0 2 -4

F'(2, 14 21) =
1 -1 1 -1 1 1 -1 1 -1 1

1 1 1 1 1 -1 -1 -1 -1 -1

4 2 0 -2 -4 -4 -2 0 2 4

6 0 -2 0 6 -6 0 2 0 -6

4 -2 0 2 -4 -4 2 0 -2 4

1 -1 1 -1 1 -1 1 -1 1 -1

(e) Further, from the result of the tensor product F(2, 21 ) ® F(2, 14 ), we see that

the rows (indexed by the 2-sets of partition [14]) of F(2, 14 ) are fixed while the

rows (indexed by the 2-sets of partition [2 1]) of F(2, 21) vary. This results in the

rows of F' (2,1 421 ), indexed by the 2-sets of partition [1 4 21] arranged as follows.

(~~ ),( ~~ ),( ~~ ),( ~~ ),( ~~ ).( ~~),

(~~ ),( ~~ ),( ~~ ),( ~~).

Now from the remarks in Section 4.2, about the fusion of the conjugacy classes

of the inertia factor groups into Sn, for each row of F' (2,14 21 ) we calculate the

2-compositions (k1 , k2 ) of 6 corresponding to the inertia factor groups SkI x Sk2

as: (6,0), (5, 1), (4,2), (3,3), (2,4), (4,2), (3,3), (2,4), (1,5), (0,6).

The repeated 2-compositions of 6 appearing in non-adjacent positions of the

above set indicates that we require to have the pairs of rows 3 and 6, 4 and 7, 5

and 8 of F'(2, 14 21) collected into blocks corresponding to inertia factor groups

as shown below. Thus



CHAPTER 4. FISCHER-CLIFFORD MATRICES OF B(M, N) 89

1 1 1 1 1 1 1 1 1 1 S6
4 2 ° -2 -4 4 2 ° -2 -4 85

6 ° -2 ° 6 6 ° -2 ° 6 842

1 1 1 1 1 -1 -1 -1 -1 -1

F(2, 14 2) =
4 -2 ° 2 -4 4 -2 ° 2 -4 833 (4.3)
4 2 ° -2 -4 -4 -2 ° 2 4

1 -1 1 -1 1 1 -1 1 -1 1 824

6 ° -2 ° 6 -6 ° 2 ° -6

4 -2 ° 2 -4 -4 2 ° -2 4 85

1 -1 1 -1 1 -1 1 -1 1 -1 86

The Fischer-Clifford matrices of B(2, 6) are given in Table 5.1.

4.4.2 Constructing the Fischer-Clifford Matrices of B(3, 5)

We determine the Fischer-Clifford matrices of B(3, 5) using the results in section 4.3.

For each conjugacy class of 85 of type (1A12A2 ... 5A5 ) we construct the Fischer-Clifford

matrix F(3, l A1 2A2 ... 5A5 ) of B(3, 5).

(a) For the Fischer-Clifford matrix F(3, 15 ), we have Al = 5 and m = 3. We obtain

following set of twenty one 3-sets of partition [15].

(:).(:).(:).(:).(: ),(:).(:),
(: ),(:).(: ),(:).(: ),( ~).(;)

(:).(:).(:).(~).(:).(:).(:)

Thus the Fischer-Clifford matrix F(3,15) has order 21. As we have done for

B(2,6), we calculate only one entry of F(3, 15 ) given by 1(5)[(3,1,1), (4,0, 1)].

Using Definition 2.3.1, with f3 = (3,1,1) and 0 = (4,0,1), we obtain that M(o, 5)

contains 45 (= 15 x 1 x 3) magic matrices. Thus
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(:0 :),u 0 :),u 0 :)'U 0 :)'U 0 :),0 0 0 0 0

0 0 0 0 0

U0 :),(: 0 :).(: 0 :),(: 0 :),(: 0 :),0 0 0 0 0

0 0 0 0 0

(: 0 :),(: 0

:)'U
0

D'U
0 0

)'U
0 :),0 0 0 0 1 0

0 0 0 0 0 0

(: 0 iH: 0 0 ), (: 0 :),(: 0 1 ),(: 0 n,0 0 1 0 0 0 0

0 0 0 0 0 0 0

(: 0 :),( 1 0 1 ), (: 0 0 Hi 0 :),u 0 D,M(<l,5) = 0 2 0 0 0 1 0 0

0 1 0 0 0 0 0 0

u
0 n,u 0 :),(: 0 1 ), (: 0 0 ),(: 0 :),0 0 0 0 0 1 0

0 0 0 0 0 0 0

(: 0

D'(:
0 n,(: 0 0

H~
0 1

H~
0 n,0 0 0 0 0 0 0

0 0 0 1 0 0 0

(: 0 :),( 1 0 1 ), (: 0 n,(: 0 0 ),(: 0 D,0 0 0 0 0 0 0 0

0 3 0 0 0 0 1 0

(" 00) (" 0 0 ),u0 1 ),u0 0

)'U
0 0 ),1 0 1 , 1 0 0 0 0 0 1 0 0

3 0 0 3 0 1 0 0 0 0 0 1

90

There are 90 (= 10 x 3 x 3) magic matrices in M({3, 5) but these need not be

determined to get M({3, 0, 5). Instead we obtain

201
1 0 0

100
)}
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easily (see Method 2.3.2), by choosing from M(8,5) only those matrices with

respective row entries adding up to a1 = 3, a2 = 1, a3 = 1. Now by Theorem

4.3.1 together with the above magic matrices we obtain

1(5)[(3,1,1), (4,0, 1)]

where

(3 ~ 0)(1 ~ 0)(0 ~ Je + C~ 0)(0 ~ 1)(1 ~ 0)(8

+(2 ~ 1)(1 ~ 0)(1 ~ O)(C

= 3 + ~ + ~2 = 2,

A = {(1 - 1)(1 - 1)}3 + {(I - 1)(2 - 1)}0 + {(I - 1)(3 - 1)}0

+ {(2 - 1)(1 - 1)}1 + {(2 - 1)(2 - 1)}0 + {(2 - 1)(3 - 1)}0

+ {(3 -1)(1 -1)}0 + {(3 -1)(2 -1)}0 + {(3 - 1)(3 -1)}1,

B = {(I - 1)(1 - 1)}3 + {(I - 1)(2 - 1)}0 + {(1 - 1)(3 - 1)}0

+ {(2 - 1)(1 - 1)}0 + {(2 - 1)(2 - 1)}0 + {(2 - 1)(3 - 1)}1

+ {(3 - 1)(1 - 1)}1 + {(3 - 1)(2 - 1)}0 + {(3 - 1)(3 - 1)}0,

C = {(1- 1)(1 -1)}2 + {(1-1)(2 -1)}0 + {(I -1)(3 -1)}1

+ {(2 - 1)(1 - 1)}1 + {(2 - 1)(2 - 1)}0 + {(2 - 1)(3 - 1)}0

+ {(3 - 1)(1 - 1)}1 + {(3 -1)(2 - 1)}0 + {(3 - 1)(3 -1)}0.

The rest of the entries of F(3, 15) are obtained in the same way. The Fischer­

Clifford matrix F(3, 15 ) is given in Table 5.2.

(b) For the Fischer-Clifford matrix F(3, 1321), we have Al = 3, A2 = 1 and m = 3.

We obtain the following set of thirty 3-sets of partition [13 2].
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(::).(::).(::).(~:).(::).(~:).(::).(::)
(::).(::).(::).(::).(::).(~:).(::).(~: )
(::).(::).(::).(::).(::).(::).(::).(:: )

(::).(~:).(::).(::).(::).(:: )
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Thus the Fischer-Clifford matrix F(3, 132) has size 30. We calculate only one

entry of F(3, 132) given by 1(3,1) [( (2,1), (1,0), (0,0)), ((1,1), (1,0), (1,0) )]. Using

Definition 2.3.1, with (3 = ((2,1)(1,0), (0,0)) and 8 = ((1,1), (1,0), (1,0)) where

all = 2, a12 = 1, kll = 1, k 12 = 1; a21 = 1, a22 = 0, k 21 = l,k22 = 0 and

a31 = 0, a32 = 0, k 31 = 1, k32 = 0, we obtain that

(: 0 :),(: 0 :),(: 0 n-c 1

:).u
1 n,0 1 0 0 1

0 0 0 0 0

U1 n,(: 2 :),U 2 :),U 2 n-c 0 n0 0 1 0 0

0 0 0 0 0

M({3,>'I) =

(: 0 J(: 0 JU 1 n,u 1 n,u 1 i)1 0 0 1 0

0 0 0 0 0

u0 :),U 0 n,u 0 n0 1 0

0 0 0

and



CHAPTER 4. FISCHER-CLIFFORD MATRICES OF B(M, N)

{(
I 00)(010)(00 I)}M({3, A2) = 0 0 0 , 0 0 0 , 0 0 0 .
000 000 000

93

Now we obtain M((3, 0, >'d and M((3, 0, >'2) directly by choosing matrices from

M((3, >'s) with respective column entries adding up to k l1 = 1, k21 = 1, k31 = 1

and k 12 = 1, k22 = 0, k32 =°for each >'s respectively. We obtain that

{ (
110) (101) (Oil)}M({3, 0, AI) = 0 0 1 , 0 1 0 , 1 0 0 ,
000 000 000

and

Therefore we have

M(P.5,5) ={ (:
1 0 1 0

o 1 0 0

o 0 0 0

o 1 1 0

1 0 0 0
o 0 0 0

1 1 1 0
o 0 0 0
o 0 0 0

Now by Theorem 4.3.3 together with the above magic matrices and for (3 =

((2,1),(1,0),(0,0)), 0= ((1,1),(1,0),(1,0)) we obtain

f(3,1)[{3,0] = C~ 0)(0 ~ 1)(0 ~ 0)(1 ~ 0)(0 ~ 0)(0 ~ o)e

+(1 ~ 1)(0 ~ 0)(0 ~ 0)(1 ~ 0)(0 ~ 0)(0 ~ O)(B

+(0 ~ 1)(1 ~ 0)(0 ~ 0)(1 ~ 0)(0 ~ 0)(0 ~ O)(c
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where

A HI - 1)(1 - 1)}{(1 + I)} + {(1 - 1)(2 - 1)}{(1 + O)} + HI - 1)(3 - 1)}{(O + O)}

+H2 - 1)(1 - 1)}{(O + O)} + H2 -1)(2 - 1)}{(O + O)} + H2 - 1)(3 - 1)}{(1 + O)}

+{(3 - 1)(1 - 1)}{(O + O)} + {(3 - 1)(2 -1)}{(O + O)} + H3 - 1)(3 - 1)}{(O + on,

13 {(1- 1)(1 - 1)}{(1 + I)} + HI - 1)(2 - 1)}{(O + O)} + HI - 1)(3 - 1)}{(1 + O)}

+H2 - 1)(1 - 1)}{(O + O)} + H2 -1)(2 - 1)}{(1 + O)} + H2 - 1)(3 -1)}{(O + O)}

+H3 - 1)(1 - 1)}{(O + O)} + {(3 - 1)(2 - 1)}{(O + O)} + H3 - 1)(3 - 1)}{(O + O)},

C HI - 1)(1 - 1)}{(O + I)} + HI - 1)(2 - 1)}{(1 + O)} + {(1- 1)(3 - 1)}{(1 + O)}

+H2 - 1)(1 - 1)}{(1 + O)} + H2 - 1)(2 - 1)}{(O + on + {(2 - 1}(3 - 1)}{(O + O)}

+{(3 - 1)(1 - 1)}{(O + O)} + {(3 - 1)(2 - 1)}{(O + O)} + H3 - 1)(3 - 1)}{(O + O)}.
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The rest of the entries of F(3, 13 21) are obtained in the same way. The Fischer­

Clifford matrix F(3, 1321) is given in Tables 5.3 to 5.5.

We now alternatively apply Theorems 4.3.2 and 4.3.5 to construct Fischer-Clifford ma­

trices F(3, 15) and F(3, 1321) in the following.

(c) For the Fischer-Clifford matrix F(3,1 5 ), we have Al = 5 and m = 3. The

3-sets of partition [15J indexing the columns and rows of F(3, 15 ) are as given

in Example 4.4.2(a) above. Let PI = Xl + X2 + X3, P2 = Xl + ~X2 + ~X3 and

P3 = Xl +eX2 + ~4X2' Then with for example al = 5, a2 = 0, a3 = 0, we obtain

giving the coefficients

1,5,5,10,20,10,10,30,30,10,5,20,30,20,5,1,5,10,10,5,1
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for column 1 of F(3, 15). Similarly for al = 4, a2 = 1, a3 = 0 we obtain

giving the coefficients

for column 2 of F(3, 15 ). And for al = 3,a2 = l,a3 = 1 we obtain

giving the coefficients

1,2,2,1, -1,1,1, -6, -6, 1,2, -1, -6, -1,2,1,2,1,1,2,1,

95

including the entry 2 found in Example 4.4.2(a) above, for column 5 of F(3, 15 )

and so on. The sets of coefficients found as above give the columns of the

Fischer-Clifford matrix F(3, 15 ), given in Table 5.2.
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(d) For the Fischer-Clifford matrix F(3,1 3 21
), n = 5, Al = 3, A2 = 1 and rn =

3. We obtain the respective Fischer-Clifford matrices F(3, 13) and F(3, 11) as

has been done for F(3, 15 ) above. Now by Theorem 4.3.5, the tensor product

F(3, 21 ) 0F(3,1 3 ) gives the matrix F'(3,1 321 ). Lastly we note that rows of the

matrix F' (3, 13 21) require to be re-arranged to give the Fischer-Clifford matrix

F(3, 1321)(see Example 5.3.2 (b) in Chapter 5).

The Fischer-Clifford matrices of B(3, 5) are given in Tables 5.2 to 5.5.

Before we end this chapter, we restate Propositions 1.5.2 and 1.5.6 for an alter­

native method for constructing the Fischer-Clifford matrices of B(rn, n), where rn is

prime.

Proposition 4.4.1 The Fischer- Clifford matrix F( rn, 1n) is the matrix with rows

equal to the orbit sums of the action of B(rn, n) on the rows of the character table of

N with duplicate columns discarded.

Proof. See Proposition 1.5.6. 0

Proposition 4.4.2 Let 9 = dg E B(rn, n), where rn is prime. Let K be the image of

the endomorphism ch ofN defined by ch(d) = d-d9. Then the Fischer- Clifford matrix

F( rn, 1Al 2A2 3').3 .•• n An ) at a non-identity element of Sn of type (1 A12A2 ... n An ) is the

matrix with rows equal to the orbit sums of the action of the stabilizer N:CSn (g) on

the rows of the character table of the quotient N / K, with duplicate columns discarded.

Proof. See Proposition 1.5.2. 0

However in Proposition 4.4.2, we take ch as <Pg since N is invariant under Nand G

is a split-extension with 9 = dg.



Chapter 5

Computing Fischer-Clifford

Matrices of B(m, n)

5.1 Introduction

In Chapter 4, we discussed a combinatorial method for constructing the Fischer­

Clifford matrices of generalized symmetric groups. However since the combinatorial

method involves protracted calculations for each entry of a Fischer-Clifford matrix, it

is not such an efficient method. Indeed as a few examples for small values of m and

n show, the manual construction of the Fischer-Clifford matrices of B(m, n) using

the combinatorial method is not an easy task. However we can use computers, which

have become very much an integral part of research in Group Theory (see [8], [9],

[22], [42], [48], [50], [51], [58}), to simplify the task of combinatorially constructing

the Fischer-Clifford matrices of B(m, n).

The partial aim of our work was to use the combinatorial method to develop a

computer programme for computing the Fischer-Clifford matrices of the generalized

symmetric groups B(m, n). In Chapters 2 and 3 we have given a series of computer

programmes, written in GAP, that give various parameters for Fischer-Clifford ma­

trices of B(m, n). Many of these programmes have been used in the development

of the main Programme 5.2.4 that combinatorially computes matrices which are row

equivalent to the Fischer-Clifford matrices of B(m, n). Thus the matrices computed

by Programme 5.2.4 require to have their rows collected together into blocks that

correspond to particular inertia factor groups. We use Programme 5.2.2 to deter-

97
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mine the m-compositions of n corresponding to the rows of the matrices computed

by Programme 5.2.4. A particular m-composition of n distinguishes the rows of

these matrices that correspond to the same inertia factor group. All the rows cor­

responding to a particular m-composition (k1, kz, ... ,km) of n and therefore to the

inertia factor group Ski x Sk2 X ... X Skm form a block of a Fischer-Clifford matrix

of B(m, n). Such rows of a matrix computed by Programme 5.2.4 are then manually

collected together in a block corresponding to a particular inertia factor group, to

give a Fischer-Clifford matrix of B(m, n). We give the Programmes 5.2.2 and 5.2.4

in Section 5.2. However we also give a special programme (Programme 5.2.1) for

computing matrices which are row equivalent to the Fischer-Clifford matrices of the

groups B(2, n) here.

As examples, we apply the Programmes 5.2.2 and 5.2.4 to construct the Fischer­

Clifford matrices of the groups B(2, 6) and B(3, 5) of orders 46080 and 29160 in Section

5.3. We have also used Programme 5.2.4 to construct the Fischer-Clifford matrices

of the groups B(2, 12) and B(4, 5) of orders respectively 222 x 35 X 52 X 7 x 11 and

213 x 3 x 5. Due to lack of space here we have not given the Fischer-Clifford matrices of

B(2, 12) and B(4, 5). However we have given the matrices which are row equivalent to

the Fischer-Clifford matrices of B(2, 12) and B(4, 5) on the compact disk submitted

with this thesis. Further a summary on the Fischer-Clifford matrices of the groups

B(2,12) and B(4, 5) is given in Subsection 5.3.3.

5.2 Programmes Written for GAP

We discuss the programmes for m = 2 and a general m separately in the following

subsections. It was relatively easy to develop the programme for m = 2 than for a

general m.

5.2.1 Programme for B(2, n)

During the earlier stages of the development of Programme 5.2.4, we had developed

a special programme for computing the matrices F ' (2, 1>'12>'2 ... n>'n) which are row

equivalent to the Fischer-Clifford matrices F(2, 1>'12>'2 ... n>'n) of the generalized sym­

metric groups B(2, n). We note that the main Programme 5.2.4 generally requires

more workspace to compute the matrices pI (2,1 >'12>'2 ... n>'n). Thus it is more effi-
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cient and therefore advisable to use this special programme when constructing the

Fischer-Clifford matrices of B(2, n). Using the fore-going Programmes 2.1.3 and 2.2.3,

Theorem 4.3.5 and Corollary 4.3.6, we developed Programme 5.2.1 for computing the

matrices F' (2,1 A12A2 ... n An ). To use the Programme 5.2.1, we first initialize the value

of c in the programme by entering "c:=O;;" once. There-after we supply each value

of n to GAP and run the Programme 5.2.1. The programme result is displayed as

[X "F'(2 i) .=" F'(2 1A12A2 ... nAn )]0, ,." ,

where the index Xo appears first and the matrix F' (2,1 A12A2 ... n An ) appears after

"F' (2, i) :=", which essentially indicates that this is a matrix row equivalent to a

Fischer-Clifford matrix of B(2, n). Since the Fischer-Clifford matrices are indexed by

Xo, the matrices F' (2, 1A1 2A2 ... n An ) which correspond to equal Xo appear once.

Now as indicated in the introduction to this chapter, the matrices produced by

Programme 5.2.1 require to have their rows collected together into blocks that corre­

spond to particular inertia factor groups to form Fischer-Clifford matrices of B(2, n).

The Programme 5.2.2 is used to determine m-compositions of n (in this case m=2)

which correspond to the rows of the matrices F' (2, 1Al 2A2 ... n An ). All the rows corre­

sponding to a particular 2-composition (k1 , k2 ) of n and therefore to the inertia factor

group SkI x Sk2 form a block of the Fischer-Clifford matrix of B(2, n).

Programme 5.2.1 (Matrices F'(2, 1A12A2 ... nAn ) of B(2, n))

n:=n;; m:=2;;

c:=c+l;;

p:=Partitions(n);;

l:=List([l ..nj);;

L:=List({l .. Number(p)j,i - > List(l,j - > Number(p(ij,k - > k=j)));;

r:=List(L, i - > Filtered(i, j - > j .3 0));;

s:=Set(r);;

t:=List({l .. n+5},i - > Filtered(s,j - > Number(j)=i));

x:=X(Rationals, "x");;

f:=l+x;; g:=l-x;;

S:=List(l, i - > List({O.. i}, j - > j(i-j) *gj ));;

Q:=List(S, i - > List(i, j - > PolynomialCoejJicientsOjPolynomial(j,c)));;

a:=List(Q, i - > TransposedMat(i));;
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fl:=List(t[l}, i - > [i"a[i[l}}j);;

f2: =List(t[2}, i - > [i"KroneckerProduct(a[i[2}}, a[i[l}j)});;

f3:=List(t[3},i - > [i"KroneckerProduct(a[i[3}},KroneckerProduct(a[i[2}},

a[i[l}}))});;

f4:=List(t!4}, i - > [i"KroneckerProduct(a[i!4}},KroneckerProduct(a[i[3}},

K roneckerProduct(a[i[2}}, a[i[l}})))});;

fS:=List(t[S}, i - > [i"KroneckerProduct(a[i[S}},KroneckerProduct(a[i!4}},

K roneckerProduct(a[i[3}}, K roneckerProduct(a[i[2}}, a[i[l}J))))J);;

(may be extended at a[i[S)} depending on the size of n ; taken from

a[i[S++}} to a[i[l}} for correct evaluation. )

Display(["partition powers ", tJ);

Dis:= "Fischer-Clifford matrices grouped by powers [i} of partitions zn t,

Match with t";;

FM:= Difference( List([fl,j2,j3,f4,jSj),[j);;

Display("[Type FM to print all Fischer-Clifford Matrices, otherwise Type fl,

f2, f3, f4, fS, etc to print sets of F'(2,n) with the same number of

partition powers, otherwise Type fq[j} to print required particular F' (2, n )j");

Programme 5.2.2 (Identifying rows of F'(m, 1>'12>'2 ... n>'n))

IdIFGBmn:=function(m, n)

local I,L,p,q, men, r,a, b, mspnl,lths,IFGnos;

1:=List([l .. n});;

L:=List(l, i- >n+l-i);;

p:=Partitions(n);;

q:=List([l ..Number(p)},i- >List(L,j- >Number(p[i},k- >k=j)));;

mcn:=List(I,i- >Reversed(Filtered(Tuples([O.. ij,m),j- >Sum(j)=i)));;

r:=List(q, i- >Filtered(i, j- > j > 0));;

d:=List(r,i- >Reversed(i));

a:=List(r, j- >Cartesian(List([l ..Number(j)j, k- >mcn[j[k}})));;

b:=List(a, j- >List(j, k- >List([l ..Number(k)j, u- >k[Number(k)+l-u})));;

mspnl:=List(b, j- >List(j, k- >TransposedMat(k)));;
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lths:=List(p,i- > Union(List(i,j- >[j])));;

IFGnos:=List([l ..Number{mspnl)},i- >[">'0='" Reversed{r[ij)

"""'" "corresponding mcn",List([l ..Number(mspnl[i])},

j- >List([l ..Number{mspnl[ij[jj)j,k- >Sum(List([l ..Number(mspnl[ij[jj[kj)j,

u- >lths[ij[uj*mspnl[i}[jj[k}[uj))))});;

return IFGnos;

end;

However the aim of our work was to develop a programme for computing Fischer­

Clifford matrices of B(m, n), for positive integers m and n.

5.2.2 Programme for B(m, n)

To develop a programme for computing Fischer-Clifford matrices of B(m, n)(or ma­

trices row equivalent to these), we needed to modify Programme 5.2.1. This resulted

in the following problems.

(i) We needed to define a function to generate a sum of m variables as given in

Theorem 4.3.1, that is to replace statements I and 9 of Programme 5.2.1. Sim­

ilarly it is required that the powers i - j and j of the expression at statement

S of Programme 5.2.1 are replaced by the parts kj of the m-compositions of n.

(ii) The GAP function PolynomiaICoefficientsOfPolynomial(j,c) of

Programme 5.2.1 does not apply to multi-variable polynomials, and so there

was a problem of extracting the coefficients of the multi-variable polynomials

produced as indicated in (i) above. The function required to do this, is not

available in GAP.

(iii) The function KroneckerProduct does not apply to a set of more than two

matrices. This was the reason why we used the statements li of Programme

5.2.1. However this means that where some collections of numbers in statement

t have more than five numbers, the programme cannot apply. The Programme

5.2.1 would have to be extended manually by adding new lines 16, 17, ....

(iv) The rows of the matrices computed by Programme 5.2.1 are not given in blocks,

corresponding to each particular inertia factor group.
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All of the above problems except (iv) have been completely solved (see Programme

5.2.4) as follows.

(i) We wrote the functionpfm of Programme 5.2.4 to construct the partial Fischer­

Clifford matrices F(m,l>'·) given by Theorem 4.3.1. The statements vO, ind

and resl of pfm are used to construct the expressions to be expanded by the

programme according to Theorem 4.3.2. The function mcompsn is used to con­

struct m-compositions of n which replace the powers i - j and j in Programme

5.2.1.

(ii) The GAP function ExtRepPolynomialRatFun collects the coefficients (with­

out zeros) of a multi-variable polynomial but mixed with other information. In

order to introduce the zero coefficients, we had to add the expression (l/(zimba)*

i[l]) + j)) to the polynomials on which the function "ExtRepPolynomiaIRat­

Fun" applies, this appears in statement res3. The function ExtRepPolyno­

mialRatFun is used in statement res4. The removal of the extra information

in the result of the function ExtRepPolynomialRatFun and the coefficients

of the expression (l/(zimba) * i[l]) + j)) is done in statements nat and res6 of

pfm respectively.

(iii) Problem (iii) has been solved by writing the Programme 5.2.3 given below.

Programme 5.2.3 (Multiple-Kronecker product)

setkroneckpdt:=function(pm)

local i, res;

res:={{lj};

for i in pm do

res:=KroneckerProduct{i ,res);

od;

return res;

end;

(iv) The problem (iv) is not solved yet. However the Programme 5.2.2 was developed

to determine the m-compositions of n which correspond to the rows of the
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matrices F' (m, 1.A12.A2 ... n.An ). All the rows corresponding to a particular m­

composition (k l , k2 , ••• , km) of n and therefore to the inertia factor group SkI x

Sk2 X ... X Skm form a block of a Fischer-Clifford matrix of B(m, n).

Using the fore-going Programmes 2.1.3, 2.2.3 and 5.2.1, Theorems 4.3.2 and

4.3.5 and Corollary 4.3.6, we have developed Programme 5.2.4 for computing the

matrices F'(m,1.A12.A2 · .. n.An ) which are row equivalent to the Fischer-Clifford ma­

trices F(m,1.A 1 2.A2 ••• n .An ) of B(m,n). To use the Programme 5.2.4, we run it in

GAP. Then we supply m and n to GAP by entering the statement Fcm(m, n); with

the required values of m and n. Just as for the Programme 5.2.1, the matrices

F' (m, 1A12.A2 ... n.An ) which correspond to equal >:0 appear once. Also the Programme

5.2.2 is used to determine m-compositions of n which correspond to the rows of the ma­

trices F'(m, 1A1 2.A2 ... n.An ). All the rows corresponding to a particular m-composition

(kl , k2 , •.. ,km) of n and therefore to the inertia factor group SkI X Sk2 X ... X Skm

form a block of a Fischer-Clifford matrix of B(m, n).

Programme 5.2.4 (Matrices F'(m,lAI 2.A2 ···nAn ) of B(m,n))

mcompsn:=function(m, n)

local res, i, men;

res:=[];

for i in [l .. n] do

mcn:= Reversed(Filtered(Tuples([O.. i],m),j- >Sum(j)=i));

Add(res,mcn);

od;

return res;

end;

partpowers:=function(m,n)

local p;

p:=Partitions(n);

return Set(List([I ..Number(p)],u- >List([l .. n],

i- >Number(p[u},j- >j=i))),k- >Filtered(k, l- > l > 0));

end;

pfm:=funetion(m, n)
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local zimba,jl ,j2,j3,j4,j5,j6, resl, res2, res3, res4, res5, res6,

vO, vl, ind,po,kap, no, qo,so, 00, tam, nat,zim;

zimba:=n *m * 100;
vO:=List([l .. m],i- >E(m)i);

vl:= VectorSpace{Rationals, vO);

ind:= List([1..m], i- >Indeterminate (Rationals ,i));;

po:=[];

for jl in [l ..m] do

resl:=Sum{List([l ..m], j- >E(m)(j-l)*(jl-l) * ind[j]));

Add{po,resl);

od;

kap:=[];

for j2 in mcompsn{m,n) do

res2:=List{j2,j- >Product{List([l .. m], k- > po[k]i[kJ)));

Add{kap,res2);

od;

no:=[];

for j3 in kap do

res3:=List{j3,j- >(1j(zimba) * j3[1]) +j);

Add{no,res3);

od;

qo:=[j;

for j4 in no do

res4:=List{j4, ext- > ExtRepPolynomialRatFun (ext));

Add{qo,res4);

od;

so:=[};

for j5 in qo do

res5:=List(j5, j- >Filtered{j, x- >x in vi));

Add(so, res5);

od;

oo:=List(kap, i- >i[l});;

tam:=List{oo, ext- > ExtRepPolynomialRatFun (ext));;

nat:=List{tam, j- >Filtered(j, x- >x in vi));;
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zim:=[};

for j6 in [l .. Number(so}} do

res6:=List(so[j6},j- >(-l/(zimba) * nat[j6]) +j};

Add(zim,res6};

od;

return List(zim, i- > TransposedMat(i}};

end;

skroneckp1:=function(m, n,pi}

local i, res;

res:=[[l}};

for i in pi do

res:=KroneckerProduct(pfm(m, n}[i}, res};

od;

return res;

end;

Fcm:=function(m,n}

return List(partpowers(m,n},i- >[ i"",,, skroneckp1(m, n, i}}};

end;

To illustrate how the Programme 5.2.4 works, we consider the construction of

the Fischer-Clifford matrices of B(2, 6). We run the Programme 5.2.4 and supply

m = 2 and n = 6 to GAP by reading the statement "Fcm(2,6);" to obtain the

matrices F' (2, 1A12A2 ... 6A6 ). It can be seen that Programme 5.2.4 is composed of

five functions (each function terminating with an end statement). These functions do

the following, with respect to m = 2 and n = 6.

(i) The function mcompsn of Programme 5.2.4 constructs the m-compositions of

n for all possible As, in this example m = 2, n = 6 and As = 1,2,3,4,5,6.

(ii) The function partpowers constructs 3:0 for each conjugacy class of Sn' It also

lists distinct 3:0 for all the conjugacy classes of Sn' The result of the function

partpowers in this example is:

[ [ 1 ], [ 1, 1 ], [ 1, 1, 1 ], [ 2 ], [ 2, 1 ], [ 2, 2 ], [ 3 ], [ 3, 1 ], [ 4, 1 ], [ 6 ] ].
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(iii) The function pfrn constructs the Fischer-Clifford matrices F (m, 1As) for all As.

(iv) The function skroneckpl defines the kronecker product of a number of matrices

at once.

(v) The function Fern does the kronecker products as given in Theorem 4.3.2 and

according to the >:o's constructed by the function partpowers in (ii) above.

For example the Fischer-Clifford matrix F(2,1 4 21 ) corresponds to >:0 = (4,1).

Thus the programme computes F'(2,1 421) (or F'(2,2 114 )) by evaluating the

kronecker product F(2, 21) ® (2,14 ).

(vi) All the matrices F'(m,lA1 2A2 ... n An ) are printed by entering Fcm(m,n) with

values m=2 and n=6 as Fcm(2,6). For example the matrix P'(2, 1421 ) appears

in position 9 (the position of >:0 = [4, 1] in the result of the function partpowers)

of the programme result as

[ [ 4,1 ]""" [ [ 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 ], [ 4,2,0,-2, -4, 4, 2, 0, -2, -4 ], [ 6, 0, -2, 0, 6, 6, 0, -2,0,6 j, [

4, -2, 0, 2, -4, 4, -2, 0, 2, -4 ], [ 1, -I, 1, -1, 1, 1, -1, 1, -1, 1 ], [ 1, 1, 1, 1, 1, -1, -1, -1, -1, -1], [ 4,2,0,

-2, -4, -4, -2, 0, 2, 4 ], [ 6, 0, -2, 0, 6, -6, 0, 2,0, -6 ], [ 4, -2, 0, 2, -4, -4, 2, 0, -2, 4 ], [ 1, -1, 1, -1, 1, -1,

1, -1, 1, -1 ] ] ],

showing the index >:0 = [4,1] first and followed by the matrix F'(2, 1421).

5.3 Examples

We use Programmes 5.2.1, 5.2.4 and 5.2.2 to construct the Fischer-Clifford matrices

of B(2, 6) and B(3, 5) in the following subsection.

5.3.1 Computing the Fischer-Clifford Matrices of B(2, 6)

(a) We supply to GAP the values c = 0, n = 6 and run Programme 5.2.1, which we

have named F(2,n) in GAP. Then we enter FM; for which we obtain the output

as given below.
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c:=0;;n:=6;; Read("F(2,n)");; FM;

[ [ [ 1 ], F'(2, i) :=, [ [ 1, 1 ], [ 1, -1 ] J ],

[ [ 2 ],F'(2, i) :=, [ [ 1, 1, 1 ], [ 2, 0, -2 ], [ 1, -1, 1 ] ] ],

[ [3], F'(2,i) :=, [[ 1,1,1,1 ], [3,1, -1, -3]' [3, -1, -1, 3], [ 1, -1,1, -1] J],

[ [ 6 ],F'(2, i) :=, [ [ 1, 1, 1, 1, 1, 1, 1 J, [6,4,2,0, -2, -4, -6 ], [ 15, 5, -1, -3, -1, 5, 15], [ 20, 0, -4, 0, 4,

0, -20 J, [ 15, -5, -1,3, -1, -5, 15 ], [ 6, -4, 2, 0, -2, 4, -6 J, [ 1, -1, 1, -1, 1, -1, 1 ] ] ] ],

[ [ [ 1, 1 ], F' (2, i) :=, [ [ 1, 1, 1, 1 ], [ 1, -1, 1, -1 ], [ 1, 1, -1, -1 ], [ 1, -1, -1, 1 ] ] ],

[[ 2,1 ],F'(2,i) :=, [[ 1,1,1,1,1,1], [2,0, -2, 2, 0, -2], [1, -1,1,1, -1,1], [1,1,1, -1, -1, -1], [2,

0, -2, -2, 0, 2 ], [ 1, -1, 1, -1, 1, -1 ] ] ],

[[ 2, 2 ],F'(2,i) :=, [[ 1,1,1,1,1,1,1,1,1], [2,0, -2, 2, 0, -2, 2, 0, -2], [1, -1,1,1, -1, 1, 1, -1,1],

[ 2, 2, 2,0,0,0, -2, -2, -2 ], [ 4,0, -4, 0, 0,0, -4, 0, 4 J, [ 2, -2, 2, 0, 0, 0, -2, 2, -2 ], [ 1, 1, 1, -1, -1, -1,

1, 1, 1 ], [ 2,0, -2, -2, 0, 2, 2, 0, -2 ], [ 1, -1, 1, -1, 1, -1, 1, -1, 1 J ] ] ],

[ [ 3, 1 ],F'(2, i) :=, [ [ 1, 1, 1, 1, 1, 1, 1, 1 ], [ 3, 1, -1, -3, 3, 1, -1, -3 ], [ 3, -1, -1, 3, 3, -1, -1, 3], [ 1,

-1,1, -1,1, -1,1, -1], [1,1,1,1, -1, -1, -1, -1], [3,1, -1, -3, -3, -1,1,3], [3, -1, -1, 3, -3,1,1, -3]' [

1, -1, 1, -1, -1, 1, -1, 1 ] ] ],

[ [ 4, 1 ],F'(2, i) :=, [ [ 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 ], [ 4, 2, 0, -2, -4, 4, 2, 0, -2, -4 ], [ 6, 0, -2, 0, 6, 6, 0,

-2,0, 6 ], [ 4, -2, 0, 2, -4, 4, -2, 0, 2, -4 ], [ 1, -1, 1, -1, 1, 1, -1, 1, -1, 1 ], [ 1, 1, 1, 1, 1, -1, -1, -1, -1, -1

], [ 4, 2, 0, -2, -4, -4, -2, 0, 2, 4 ], [ 6, 0, -2, 0, 6, -6, 0, 2, 0, -6 ], [ 4, -2, 0, 2, -4, -4, 2, 0, -2, 4 ], [ 1, -1,

1, -1, 1, -1, 1, -1, 1, -1] ] ],

[[ [ 1, 1, 1 ],F'(2,i) :=, [[ 1, 1, 1, 1, 1, 1, 1, 1 ], [ 1, -1,1, -1,1, -1, I, -1], [ 1,1, -1, -1,1,1, -1, -1], [

1, -1, -1, 1, 1, -1, -1, 1 ], [ 1, 1, 1, 1, -1, -1, -1, -1 ], [ 1, -1, 1, -1, -1, 1, -1, 1], [ 1, 1, -1, -1, -1, -1, 1, 1 ],

[ 1, -1, -1, 1, -1, 1, 1, -1 ] ] ] ] ]

where I o appears first and the matrices F'(2, e'12A2 ... 6A6 ) appear after

F'(2, i) :=.

(b) We read the Programme 5.2.4 into GAP and supply m=2 and n=6 to GAP by

reading the statement "Fcm(2,6);" to obtain the matrices F'(2, 1A12A2 ... 6A6 ).

We obtain the same matrices F' (2, 1A12A2 ... 6A6 ) as for the Programme 5.2.1

but with" F'(2, i) :=" replaced by the commas" ""," and in the order of the

Io's given by the function" partpowers" .
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(c) Also on using Programme 5.2.2 which we have named IdIFGBmn in GAP, we

obtain the following collections of 2-compositions of 6 (here printed with square

brackets) corresponding to the matrices F' (2,1).12).2 ... 6).6) for B(2, 6) and men

stands for m-compositions of n.

Read("IdIFGBmn");; IdIFGBmn(2,6);

[ [3:0=, [ 6 ]""""", corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 4, 2 ], [ 3, 3 ], [ 2, 4

], [ 1, 5 ], [ 0, 6 ] ] ],

[3:0=, [ 4, 1 ],,,,,,,,,,, corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 4, 2 ], [ 3, 3 ], [ 2, 4

], [ 4, 2 ], [ 3, 3 ], [ 2, 4 ], [ 1, 5 ], [ 0, 6 ] ] ],

[ 3:0=, [ 2, 2 )""""", corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 4, 2 ], [ 4, 2 ], [ 3, 3

], [ 2, 4 ], [ 2, 4 ], [ 1, 5 ], [ 0, 6 ] ] ],

[ 3:0=, [ 3 ]"",,,,,,, corresponding men, [ [ 6, 0], [ 4, 2], [ 2, 4], [ 0, 6 ] ] ] ,

[ 3:0=, [ 3, 1 ]""""", corresponding men, [ [ 6, 0], [ 5, 1 ], [ 4, 2], [ 3, 3], [ 3, 3

], [ 2, 4 ], [ 1, 5 ], [ 0, 6 ] ] ],

[ 3:0=, [ 1, 1, 1 ],,,,,,,,,,, corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 4, 2 ], [ 3, 3 ], [

3, 3 ], [ 2, 4 ], [ 1, 5 ], [ 0, 6 ] ] ],

[ 3:0=, [ 2 ]"""",,, corresponding men, [ [ 6, 0 ], [ 3, 3 ], [ 0, 6 ] ] ],

[ 3:0=, [ 2, 1 ]""""", corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 4, 2 ], [ 2, 4 ], [ 1, 5

], [ 0, 6 ] ] ],

[3:0=, [ 1, 1 ]""",,,,, corresponding men, [ [ 6, 0], [ 4, 2], [ 2, 4], [ 0, 6] ] ],

[3:0=, [ 1, 1 ]"",,,,,,, corresponding men, [ [ 6, 0 ], [ 5, 1 ], [ 1, 5], [ 0, 6] ] ],

[ 3:0=, [ 1 ]"""",,, corresponding men, [ [ 6, 0], [ 0, 6 ] ] ] ]
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If a 2-composition of 6 appears more than once in non adjacent positions of

a collection, then the rows of the matrix F' (2, 1'\12'\2 ... 6,\6) corresponding to

such a 2-composition of 6 are collected together to give a Fischer-Clifford matrix

F(2, 1'\12'\2 ... 6,\6) of B(2, 6). For this example only the collection

[(6,0], [5, 1], [4, 2], [3, 3J, [2,4], [4,2], [3, 3], [2,4]' [1,5], [0,6]],

has 2-compositions of 6 appearing more than once in non adjacent positions

and these are [4,2]' [3,3] and [2,4J each appearing twice. Therefore for the

matrix F'(2, 14 2) corresponding to the above collection of 2-compositions of 6,

we collect rows 3 and 6, 4 and 7, 5 and 8 corresponding to [4,2]' [3,3] , [2,4]

each respectively into a block as given in Example 4.4.1(e)(see (4.3)). The

Fischer-Clifford matrices of B(2, 6) are given in Table 5.1.
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Table 5.1: Fischer-Clifford matrices of B(2, 6)

1 1 1 1 1 1 1

6 4 2 0 -2 -4 -6

F(2,2') = U )15 5 -1 -3 -1 5 15
1 1 1

F(2, 16) = 0 -4 -20
1 -1 -3

20 0 4 0
-1 -1 3

15 -5 -1 3 -1 -5 15

6 -4 2 -2 4 -6
-1 1 -1

0

1 -1 1 -1 1 -1 1

1 1 1 1 1 1 1 1 1 1

4 2 0 -2 -4 4 2 0 -2 -4
6 0 -2 0 6 6 0 -2 0 6

1 1 1 1 1 -1 -1 -1 -1 -1

F(2,3') = ( : -: )-2 0 4 0 2 -4
1

F(2, 14 2) = 4 2 -4 -2

4 2 o· -2 -4 -2 0 2 4
0

-4
1 -1

-1
1 -1 -1 1 1 -1 1 1

6 0 -2 0 6 -6 0 2 0 -6

4 -2 0 2 -4 -4 2 0 -2 4
1 -1 1 -1 1 -1 1 -1 1 -1

1 1 1 1 1 1 1 1 1

2 0 -2 2 0 -2 2 0 -2
1 1 1 1 1 1

1 -1 1 1 -1 1 1 -1 1
2 0 -2 2 0 -2

2 2 2 0 0 0 -2 -2 -2

F(2, 1222 ) = 0 -4 0 0 0 F(2, 12 4) = 1 -1 1 1 -1 1
4 0 -4 4

1 1 1 -1 -1 -1
2 -2 2 0 0 0 -2 2 -2

2 0 -2 -2 0 2
1 1 1 -1 -1 -1 1 1 1

2 0 -2 -2 2 0 -2
1 -1 1 -1 1 -1

0 2

1 -1 1 -1 1 -1 1 -1 1

1 1 1 1 1 1 1 1

1 -1 1 -1 1 -1 1 -1

1 1 -1 -1 1 1 -1 -1

F(2,24) = F(2,15) = (

1 1 1

)F(123) =
1 -1 -1 1 1 -1 -1 1 -1 1 -1
1 1 1 1 -1 -1 -1 -1 1 -1 -1
1 -1 1 -1 -1 1 -1 1 -1 -1 1
1 1 -1 -1 -1 -1 1 1

1 -1 -1 1 -1 1 1 -1

1 1 1 1 1 1 1 1
3 1 -1 -3 3 1 -1 -3
3 -1 -1 3 3 -1 -1 3

F(2, 13 3) = 1 -1 1 -1 1 -1 1 -1
F(2,6) = ( 1 )1 1 1 1 -1 -1 -1 -1 -1

3 1 -1 -3 -3 -1 1 3
3 -1 -1 3 -3 1 1 -3
1 -1 1 -1 -1 1 -1 1
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5.3.2 Computing the Fischer-Clifford Matrices of B(3, 5)

(a) For another example on the application of Programme 5.2.4, we describe the

construction of the Fischer-Clifford matrices of the group B(3, 5). We run Pro­

gramme 5.2.4 into GAP and enter the statement "Fcm(3,5)j" to obtain the

matrices pt(3, 1Al2A2 .,. 5AS ) of B(3, 5). We give only the Fischer-Clifford ma­

trices F'(3, 5) and F'(3, 23) of B(3, 5) here due to limited space. These matrices

respectively appear in the programme result as

[[I), , , , , [(1,1,1), [1, E(3), E(3)2), [1, E(3)2, E(3)J)] ,

and

[ [ 1, 1)"", [[1,1,1,1,1,1,1,1,1], [1, E(3), E(3V, 1, E(3), E(3)2, 1, E(3), E(3)2],

[1, E(3)2, E(3), 1, E(3)2, E(3), 1, E(3)2, E(3»), [1, 1, 1, E(3), E(3), E(3), E(3)2, E(3)2, E(3)2],

[1, E(3), E(3)2, E(3), E(3)2, 1, E(3)2, 1, E(3)], [1, E(3)2, E(3), E(3), 1, E(3)2, E(3)2, E(3), 1]'

[1,1,1, E(3)2, E(3)2, E(3)2, E(3), E(3), E(3)), [1, E(3), E(3)2, E(3)2, 1, E(3), E(3), E(3)2, I)'

[1, E(3)2, E(3), E(3)2, E(3), 1, E(3), 1, E(3)2J)].

(b) From the result of Programme 5.2.2 for n = 5 and m = 3, we see that only the

collection of 3-compositions of 5, given by

["3:0=", [ 3, 1 ]""", "corresponding men", [ [ 5, 0, °], [4, 1, °], [4, 0, 1 ], [ 3,

2, °], [3, 1, 1 ], [ 3,0,2], [ 2, 3, °], [2, 2, 1 ], [ 2, 1, 2], [ 2, 0, 3 ], [ 3, 2, °], [
2, 3, °], [2, 2, 1 ], [ 1, 4, °], [1, 3, 1 ], [ 1, 2, 2 ), [ 0, 5, °), [0, 4, 1 ), [ 0, 3, 2

], [ 0, 2, 3 ], [ 3, 0, 2 ], [ 2, 1, 2 ], [ 2, 0, 3 ], [ 1, 2, 2 ], [ 1, 1, 3 ), [ 1, 0, 4 ], [ 0,

3, 2 ), [ 0, 2, 3 ], [ 0, 1, 4 ], [ 0, 0, 5 ] ] ],

has 3-compositions of 5 appearing more than once. Thus only the matrix

F' (3,13 21) requires to have its rows re-arranged into blocks corresponding to

inertia factor groups.

The Fischer-Clifford matrices of B(3, 5) are given in Tables 5.2 to 5.5. The large

Fischer-Clifford matrices of B(3, 5) have been split by I to fit on an A4 page.
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5.3.3 A Note on the Fischer-Clifford Matrices of B(2, 12) and B(4,5)

We give a summary on the groups B(2,12) and B(4,5), for which we have used

Programme 5.2.4 to construct their Fischer-Clifford matrices.

(a) The group B(2, 12) has order 222 x35 x52 x7x 11 and has 1165 conjugacy classes.

We have used the Programme 5.2.4 to construct the Fischer-Clifford matrices

of B(2, 12). The largest Fischer-Clifford matrix is F(2, 152231) of order 36.

(b) The group B(4, 5) has order 213 x 3 x 5 and has 252 conjugacy classes. We have

used the Programme 5.2.4 to construct the Fischer-Clifford matrices of B(4, 5).

The largest Fischer-Clifford matrix of B(4, 5) is F(4, 1321) of order 80.

Due to lack of space here we have given the Fischer-Clifford matrices of B(2, 12)

and B(4,5) on the compact disk submitted with this thesis. However note that

these matrices are the equivalent form of the Fischer-Clifford matrices of B(2, 12)

and B(4, 5).
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Table 5.2: Fischer-Clifford matrices of B(3, 5)
F(3,15) =

1 1 1 1 1 1 1 1 1 1 1

S -3~ - 4e -4~ - 3~2 _~ _ 3~2 2 -3~ - e ~-2e _~2 -~ -2~ +e 3~ - e

s -4~ - 3e -3~ - 4e -3~ _ ~2 2 -~-3e -2~ + ~2 -~ _~2 ~-2e -~+3e

10 -2~ - 6e -6~ - 2~2 3~ - 2e 1 -2~ + 3~2 s~ + 2~2 ~ e 2~ + se 4~ + 6~2

20 B B 2 -1 2 2 -4 -4 2 B
10 -6~ - 2e -2~ - 6~2 -2~ + 3~2 1 3~ - 2e 2~ + S~2 e ~ s~ + 2e 6~ + 4~2

10 2~ - 4e -4~ + 2e s~ + 2e 1 2~ + se 2~ + S~2 1 1 s~ + 2~2 -4~ + 2e

30 -6e -6~ 3~ -6 3e 3 3~2 3~ 3 _6~2

30 -6~ _6~2 3~2 -6 3~ 3 3~ 3e 3 -6~

10 -4~ + 2~2 2~ - 4~2 2~ + se 1 s~ +2e s~ + 2~2 1 1 2~ + S~2 2~ - 4e

s 3~ - e -~+3e 2~ + 3~2 2 3~ + 2~2 -2~ +e _~2 -~ ~-2e -3~ - 4e

20 B~ B~2 2e -1 2~ 2 -4~ _4~2 2 B~

30 -6 -6 3 -6 3 3 3 3 3 -6

20 Be B~ 2~ -1 2~2 2 -4e -4~ 2 Be
s _~ + 3~2 3~ _ ~2 3~ + 2~2 2 2~ + 3~2 ~-2e -~ -e -2~ +e -4~ _ 3~2

1 ~ ~2 e 1 ~ 1 ~ ~2 1 ~

S 4~ +e ~ + 4~2 -2~ +e 2 ~ - 2e ~-2e -1 -1 -2~ + ~2 ~ + 4~2

10 6~ + 4e 4~ + 6~2 -s~ - 3e 1 -3~ - S~2 s~ + 2e e ~ 2~ +se -6~ - 2~2

10 4~ +6e 6~ + 4~2 -3~ - S~2 1 -s~ - 3e 2~ + se ~ ~2 s~ + 2e -2~ - 6e

s ~ + 4~2 4~ + ~2 ~ _ 2~2 2 -2~+e -2~ + ~2 -1 -1 ~-2e 4~ + ~2

1 e ~ ~ 1 e 1 e ~ 1 e

F(3, 15)(contd.) =
1 1 1 1 1 1 1 1 1 1

2~ -1 2~2 _~ + 3~2 S~ 4~ +e 3~ + 2~2 2~ +3e ~ + 4~2 S~2

2e -1 2~ 3~ - e S~2 ~ + 4~2 2~ + 3~2 3~ + 2e 4~+e S~

e 1 ~ 6~ +4e 1O~2 -4~ + 2e -S~ - 3e -3~ - se 2~ - 4~2 10~

-1 -4 -1 B 20 8 2 2 B 20

~ 1 e 4~ + 6~2 10~ 2~ - 4e -3~ - S~2 -s~ - 3e -4~ + 2~2 10~2

1 1 1 2~ - 4e 10 2~ - 4e s~ +2e 2~ + 5~2 -4~ + 2e 10

-6~ 3 _6~2 -6~ 30~ -6 3~2 3~ -6 30~2

-6e 3 -6~ -6e 30~2 -6 3~ 3e -6 30~

1 1 1 -4~ + 2~2 10 -4~ + 2e 2~ +5e 5~ + 2e 2~ - 4~2 10

2~ -1 2e -4~ - 3~2 5~ ~+4e -3~ - e _~ _ 3~2 4~ +e 5~2

_~2 -4 -~ B~2 20e B 2~ 2e B 20~

-6 3 -6 -6 30 -6 3 3 -6 30

-~ -4 -e B~ 20~ B 2e 2~ B 20~2

2e -1 2~ -3~ - 4e S~2 4~ +e _~ _ 3~2 -3~ _ ~2 ~ + 4~2 5~

e 1 ~ e e 1 ~ e 1 ~

2 -1 2 4~ +e 5 4~ +e -2~+e ~ _ 2~2 ~ +4e 5

~ 1 e -2~ - 6~2 10~ -4~ + 2e 3~ - 2~2 -2~ + 3~2 2~ _ 4~2 10~2

e 1 ~ -6~ - 2~2 10~2 2~ - 4~2 -2~ +3e 3~ - 2e -4~ + 2~2 1O~

2 -1 2 ~+4e 5 ~+4e ~-2e -2~ +e 4~+e 5

~ 1 e ~ ~ 1 ~2 ~ 1 e
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Table 5.3: Fischer-Clifford matrices of B(3, 5) (continued)
1 1 1 1 1 1 1 1 1
1 { e 1 { e 1 { e
1 e { 1 {2 { 1 {2 {
1 1 1 { { { {2 e e

F(3. 23) = F(3. 14) = 1 { e { e 1 {2 1 {
1 e { { 1 e e { 1

1 1 1 e e {2 { { {
1 { e {2 1 { { e 1

1 e { e { 1 { 1 {2

F(3.5) = (
1 1 ){ e

e {

1 1 1 1 1 1 1 1 1 1

3 _{ _ 2{2 -2{ - e {-e 0 -{+e 3{ 2{+e {+2e 3e
3 -2{ _ {2 -{ - 2e -{+e 0 {-e 3e {+2e 2{+e 3{
3 {- e _{ + {2 2{ +e 0 {+2e 3e -2{ _ {' -{-2e 3{

1 1 I I 1 1 1 I 1 1

6 0 0 0 -3 0 6 0 0 6
3 -{+e { _ {2 {+2e 0 2{ + {2 3{ _{ _ 2{2 -2{ - e 3e
1 1 1 1 1 1 1 1 1 1
1 { {2 e 1 { 1 { e 1
3 _{ _ 2{2 -2{ - e {- e 0 -{+e 3{ 2{ + {2 {+ 2{2 3e
3 2{ + {2 { +2e -2{ -e 0 -{ - 2e 3{ -{+e {_ {2 3e
3 -2{ - e _{ _ 2{2 -{+e 0 {-e 3e {+2e 2{+e 3{

3 {+ 2{2 2{ + {2 _{ _ 2{2 0 -2{ - e 3e { _ {2 _{ + {2 3{

3 -{-2e -2{ _ {2 {_ {2 0 _{ + {2 3{ 2{ + {2 {+ 2{2 3e

F(3.132) = 1 {2 { { 1 {2 1 {2 { 1

3 -2{ - e -{ - 2e -{+e 0 {-e 3{2 {+2e 2{+e 3{

3 {-e _{ + {2 2{ + {2 0 {+ 2{2 3{2 -2{ _ {2 _{ _ 2{2 3{
6 0 0 0 -3 0 6 0 0 6

3 _{ + {2 {- {' {+2e 0 2{ +e 3{ _{ _ 2{2 -2{ -e 3e
3 { -e -{+e 2{+e 0 {+2e 3{2 -2{ -e -{-2e 3{
1 { {2 e 1 { 1 { e 1
3 2{+e {+ 2{2 -2{ _ {2 0 -{-2e 3{ _{ + {2 {-e 3e
3 {+2e 2{ +e -{-2e 0 -2{ - e 3{2 { -e -{+e 3{

3 -{+e {- e {+2e 0 2{ +e 3{ -{ - 2e -2{ -e 3e
1 e { { 1 e 1 {2 { 1

1 { {' e I { 1 { e 1

6 0 0 0 -3 0 6 0 0 6
3 2{ + {2 {+ 2{2 -2{ _ {2 0 -{ - 2e 3{ -{+e {_ {2 3{2

3 {+ 2{2 2{ + {2 _{ _ 2{2 0 -2{ _ {2 3e {_ {2 _{ + {2 3{
1 {2 { { 1 {2 1 e { 1
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Table 5.4: Fischer-Clifford matrices of B(3, 5) (continued)
1 1 1 1 1 1 1 1 1 1

3 -~-2e -2~ - e ~-e 0 -~+e 3~ 2~ + {2 ~+2e 3e
3 -2{ _ {2 -~-2e -~+e 0 ~-e 3e ~ +2e 2~ +e 3~

3 ~-e -~+e 2~ + ~2 0 ~+2e 3e -2~ _ ~2 _~ _ 2~2
3~

{ { ~ ~ ~ ~ { { ~ ~

6 0 0 0 -3 0 6 0 0 6

3 -~+e ~ _ ~2 ~ +2e 0 2{+e 3{ -~ - 2e -2{ - e 3e
e {2 e e e e e ~2 e {2

1 { e ~2 1 ~ 1 { e 1

3{ 2{ +e {- e {+2e 0 -{ - 2e 3e -{+e -2{ - e 3
3 2~ +e {+ 2{2 -2{ - e 0 -{-2e 3{ -{+e {-e 3e

3{ {-e 2{ + {2 _~ _ 2{2 0 {+2e 3 -2{ - e _{ +{2 3e
3 {+2e 2{+e _{ _ 2{2 0 -2{ _ {2 3{2 {_ {2 _{ +{2 3{

3e _{ + {2 {+2e -2{ - e 0 2{ +e 3 -{-2e {-e 3{

F(3, 132)(contd.) =
1 e { { 1 e 1 e { 1

3e {+ 2{2 -{+e 2{ + {2 0 -2{ - e 3{ { _ {2 _{ _ 2{2 3
3{ {+2e _{ _ 2{2 _{ + {2 0 -2{ - e 3 {-e 2{ + {2 3{2

6{ 0 0 0 -3{ 0 6{ 0 0 6{

3{ _{ _ 2{2 {+ 2{2 -2{ _ {2 0 -{+e 3e 2{ + {2 {-e 3
3{2 -2{ - e 2{ + {2 _{ _ 2{2 0 {_ {2 3{ {+2e _{ +{2 3

{ e 1 1 { {2 { e 1 {

3{ _{ + {2 -2{ _ {2 {-e 0 2{ +e 3e _{ _ 2{2 {+2e 3

3{ -2{ _ {2 -{+e 2{ +e 0 {- e 3 {+2e _{ _ 2{2 3{2

3{2 2{+e -2{ - e {- e 0 -{-2e 3 -{+e {+ 2{2 3{
{ 1 e {2 { 1 { 1 {2 {

{2 1 { { e 1 {2 1 { e
6{2 0 0 0 -3e 0 6e 0 0 6e
3{2 -{-2e {_ {2 {+2e 0 -{+e 3 2{ + e -2{ - e 3{
3{2 {_ {2 -{-2e -{+e 0 {+2e 3{ -2{ - e 2{+e 3
{2 { 1 1 {2 { e { 1 eF(3, 122 ) =

1 1 1 1 1 1 1 1 1 1 1

1 { e 1 { {2 { e 1 { {2 1 { e 1 { e
1 e { 1 {2 { e { 1 e { 1 e { 1 {2 {

2 2 2 _{2 _{2 -e -{ -{ -{ 2{ 2{ 2{ -1 -1 -1 2e 2e 2{2

2 2{ 2{2 -e -1 -{ -{ -e -1 2{ 2{2 2 -1 -{ -e 2{2 2 2{
2 2e 2{ -e -{ -1 -{ -1 -e 2{ 2 2e -1 -e -{ 2e 2{ 2

2 2 2 -{ -{ -{ -e _{2 -e 2{2 2e 2e -1 -1 -1 2{ 2{ 2{

2 2{ 2e -{ -e -1 _{2 -1 -~ 2e 2 2{ -1 -{ -e 2{ 2{2 2

2 2e 2{ -{ -1 _{2 -e -{ -1 2e 2{ 2 -1 _{2 -{ 2{ 2 2e
1 1 1 { { { e {2 e {2 {2 {2 1 1 1 { { {
1 { e { e 1 e 1 { e 1 { 1 { e { e 1

1 e { { 1 e e { 1 e { 1 1 e { { 1 e
2 2 2 -1 -1 -1 -1 -1 -1 2 2 2 -1 -1 -1 2 2 2

2 2{ 2e -1 -{ _{2 -1 -{ -e 2 2{ 2e -1 -{ -e 2 2{ 2e
2 2{2 2{ -1 -e -{ -1 _{2 -{ 2 2e 2{ -1 _{2 -{ 2 2e 2{
1 1 1 e {2 e { { { { { { 1 1 1 e {2 {2

1 { e e 1 { { e 1 { e 1 1 { {2 {2 1 {

1 e { {2 { 1 { 1 e { 1 e 1 e { {2 { 1
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Table 5.5: Fischer-Clifford matrices of B(3, 5) (continued)
1 1 1 1 1 1 1 1 1 1

3 -{-2e -2{ -e {-e 0 -{+e 3{ 2{ +e {+ 2{2 3e

3 -2{ - e -{-2e -{+e 0 { _ {2 3e {+ 2{2 2{ +e 3{

3 {-e -{+e 2{+e 0 {+ 2{2 3{2 -2{ - e _{ _ 2{2 3{

e {2 e e e e e e e e

6 0 0 0 -3 0 6 0 0 6

3 -{+e {_ {2 {+2e 0 2{ +e 3{ _{ _ 2{2 -2{ - e 3{2

{ { { { { { { { { {

1 { e e 1 { 1 { e 1

3e -{+e {+2e -2{ - e 0 2{ + {2 3 _{ _ 2{2 {-e 3{

3 2{+e {+ 2{2 -2{ - e 0 _{ _ 2{2 3{ -{+e {-e 3{2

3e {+2e -{+e 2{+e 0 -2{ - e 3{ { -e _{ _ 2{2 3

3 {+2e 2{ +e -{-2e 0 -2{ - e 3e {-e -{+e 3{

3{ 2{ +e {-e {+2e 0 _{ _ 2{2 3e -{+e -2{ - e 3

F(3,132)(contd.) =
1 e { { 1 e 1 e { 1

3{ {-e 2{ +e _{ _ 2{2 0 {+ 2{2 3 -2{ - e -{+e 3e
3{2 -2{ - e 2{ +e _{ _ 2{2 0 { _ {2 3{ {+2e -{+e 3

6{2 0 0 0 -3e 0 6e 0 0 6{2

3{2 2{ + {2 -2{ - e {_ {2 0 _{ _ 2{2 3 -{+e {+2e 3{

3{ {+ 2{2 -{ - 2e -{+e 0 -2{ - e 3 {-e 2{+e 3{2

e 1 { { {2 1 e 1 { e
3{2 -{-2e { -e {+ 2{2 0 _{ + {2 3 2{ +e -2{ - e 3{

3{2 {- e _{ _ 2{2 -{+e 0 {+2e 3{ -2{ - e 2{ +e 3

3{ -{-2e {+ 2{2 -2{ - e 0 _{ + {2 3e 2{+e {- e 3

{2 { 1 1 e { e { 1 e
{ e 1 1 { e { e 1 {

6{ 0 0 0 -3{ 0 6{ 0 0 6{

3{ -{+e -2{ - e {-e 0 2{ +e 3e -{ - 2e {+2e 3

3{ -2{ - e -{+e 2{ +e 0 { -e 3 {+2e -{ - 2e 3e
{ 1 e e { 1 { 1 e {

F(3, 123) =
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 -e -{ 2{ -1 2{2 2 -e -{ 2{ -1 2{2 2 -e -{ 2{ -1 2e

2 -{ -e 2e -1 2{ 2 -{ -e 2{2 -1 2{ 2 -{ -e 2{2 -1 2{

1 { {2 e 1 { 1 { e e 1 { 1 { e e 1 {

2 -1 -1 2 -1 2 2 -1 -1 2 -1 2 2 -1 -1 2 -1 2

1 €2 € € 1 e 1 e € € 1 e 1 e € { 1 e
1 1 1 1 1 1 { { { { { { e {2 e e e {2

2 _{2 -{ 2{ -1 2€2 2{ -1 _{2 2e -{ 2 2{2 -{ -1 2 -e 2{

2 -{ -e 2e -1 2{ 2{ _{2 -1 2 -{ 2{2 2{2 -1 -{ 2{ _{2 2

1 { {2 e 1 { { {2 1 1 { e {2 1 { { e 1

2 -1 -1 2 -1 2 2{ -{ -{ 2{ -{ 2{ 2e -e _{2 2e -e 2e
1 {2 { { 1 e { 1 e e { 1 e { 1 1 e {

1 1 1 1 1 1 {2 e e {2 e e ~ { { { { {

2 -e -{ 2{ -1 2{2 2e -{ -1 2 -e 2{ 2{ -1 -e 2{2 -{ 2

2 -{ _~2 2e -1 2~ 2e -1 -{ 2~ -e 2 2~ -e -1 2 -{ 2e
1 { e e 1 { e 1 { { {2 1 ~ e 1 1 { e

2 -1 -1 2 -1 2 2e _{2 _{2 2e _{2 2e 2{ -{ -{ 2{ -{ 2{

1 e { { 1 e e { 1 1 e { { 1 {2 e { 1



Chapter 6

The Character Table of B(m, n)

It is well known that the character table of the generalized symmetric group B(m, n)

can be computed in GAP, with B(m, n) considered as the wreath product of the

cyclic group Zm of order m with the symmetric group Sn. For example we can use

the following code in GAP to compute the character table of B(m, n).

cm:= CharacterTable( "Cyclic", m);;

wr:= CharacterTableWreathSymmetric( cm, n );;

Display( wr );

Indeed in [50], Pfeiffer has given programmes in GAP which compute the character

tables of wreath products with symmetric groups. However it may not be necessary

to obtain the full character table of a group in hand, rather we may wish to obtain

a partial character table of the group. Further due to limited workspace in GAP,

we can only compute character tables of B(m, n) for small values of m and n. It is

for these reasons amongst others that the technique of Fischer-Clifford matrices is

sometimes used to construct the character tables of generalized symmetric groups. In
this chapter we use the Fischer-Clifford matrices constructed in Chapters 4 and 5 to

construct the character tables of the groups B(2, 6) and B(3, 5). In Section 5.3.3, we

give a summary on the character tables of the groups B(2, 12) and B(4, 5).

As indicated in Section 4.2, the character table of B(m, n) is constructed by

multiplying the partial character tables of the inertia factor groups SkI x Sk2x· .. X Skm

by the corresponding rows of the Fischer-Clifford matrices according to the fusions

of the conjugacy classes of SkI x Sk2 X ... X Skm to a class of Sn. However before

117
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the multiplication using GAP is done, the rows within the blocks of the Fischer­

ClifIord matrices should be re-arranged appropriately. Now in order to arrange the

rows within the blocks of the Fischer-ClifIord matrices appropriately, we determined

how the columns of the character tables of the inertia factor groups computed in GAP

are arranged. It was found that in cases where there is more than one conjugacy class

of the inertia factor group fusing to a class of Sn, the corresponding rows of a block

in the matrix F'(rn, 1>'12>'2 ... n>'n) should be arranged starting with the one at the

bottom to the one at the top (see Subsections 6.1.3 and 8.3.3 for examples). In

Sections 6.1 and 6.2, we use the Fischer-ClifIord matrices given in Table 5.1 and

Tables 5.2 to 5.5 to construct the character tables of the groups B(2, 6) and B(3, 5),

respectively.

6.1 The Group B(2, 6)

We construct the character table of B(2, 6) using the Fischer-ClifIord matrices given

in Table 5.1. We first give the conjugacy classes of B(2, 6) in Subsection 6.1.1, describe

the inertia factor groups of B(2, 6) in Subsection 6.1.2 and construct the character

table of B(2, 6) in Subsection 6.1.3.

6.1.1 The Conjugacy Classes of B(2, 6)

It was indicated in Section 3.1 that Programmes 3.1.9 and 3.1.10 give parameters

for Fischer-ClifIord matrices of B(rn, n). This is equivalent to coset analysis for cal­

culating the conjugacy classes of group extensions where N is abelian (see [37] and

[41D. Examples on the calculation of the orders of centralizers and orders of class

representatives of B(2, 6) corresponding to the conjugacy class of 86 of type (1421)

using Proposition 3.1.7 were given in Section 3.1. It was also mentioned in Section

3.1 that using Programmes 3.1.9 and 3.1.10 we obtain a total of 65 conjugacy classes

of B(2,6). We give the conjugacy classes of B(2, 6) in Tables 6.1 and 6.2. Both

the second and third columns of these tables show alternative types of the conjugacy

classes of B(2, 6). The fourth column shows the orders of the class representatives

of B(2, 6). The fifth and last columns show the orders of centralizers and sizes of

conjugacy class of B(2, 6) respectively.
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Table 6.1: Conjugacy classes of B (2,6)

119

6

(16) = la (6,0) (16,1°) lA 46080 1
(5,1) (15,1 1) 2A 7680 6
(4,2) (14,12) 2B 3072 15
(3,3) (13 ,1 3 ) 2C 2304 20

(2,4) (12,1 4) 2D 3072 15
(1,5) (1 1,15) 2E 7680 6
(0,6) (1°,1 6 ) 2F 46080 1

(1 4 2)=2a «4,1), (0,0)) (1 421,1°2°) 2G 1536 30
«3,1), (1,0)) (13 21,1 12°) 2H 384 120
«2,1), (2,0)) (1 221,1 22°) 21 256 180
«1,1), (3, 0)) (1121,13 2°) 2J 384 120
«0,1), (4, 0)) (1 °21, 142°) 2K 1536 30
« 4,0), (0, 1)) (1 42°,1°21) 4A 1536 30
«3,0), (1, 1)) (1 3 2°,1121) 4B 384 120

«2,0), (2, 1)) (1 22°,1221) 4C 256 180

«1,0), (3, 1)) (1 12°,1 3 21 ) 4D 384 120

«0,0), (4, 1)) (1°2°,1421) 4E 1536 30
(122 2)=2b «2,2), (0, 0)) (1 222,1°2°) 2L 256 180

«1,2), (1, 0)) (1122,112°) 2M 128 360

«0,2), (2,0)) (1°22,122°) 2N 256 180

«2,1), (0, 1)) (1221,1°21) 4F 128 360
«1,1), (1, 1)) (1 121 ,1 121) 4G 64 720

«0,1), (2, 1)) (1°21,1221) 4H 128 360

«2,0), (0, 2)) (1 22°,1°22) 41 256 180

«1,0), (1, 2)) (1 12°,1122) 4J 128 360
«0,0), (2, 2)) (1°2°,1222) 4K 256 180

(23 ) =2c (3,0) (23 ,2°) 20 384 120
(2,1) (22,21) 4L 128 360
(1,2) W,22) 4M 128 360
(0,3) (2°,23 ) 4N 384 120

(1 3 3) =3a «3,1), (0,0)) (1 3 31,1°3°) 3A 288 160
«2,1), (1,0)) (1231,1 13°) 6A 96 480
«1,1), (2,0)) (1 131,1 23°) 6B 96 480
«0,1))(3,0)) (1°31,1 3 3°) 6C 288 160
«3,0), (0, 1)) (1 3 3°,1°31) 6D 288 160
«2,0), (1, 1)) (1 23°,1 131) 6E 96 480
«1,0), (2, 1)) (1 13°,1231) 6F 96 480
«0,0), (3, 1)) (1°3°,1 331) 6G 288 160
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Table 6.2: Conjugacy classes of B (2,6) (continued)

120

6

(123) = 6a «1,1,1),(0,0,0» (112131,1°2°3°) 6H 48 960
«0,1,1), (1,0,0» (1°2131,112°3°) 61 48 960
«1,0,1), (0, 1,0» (1 12°31,1°213°) 12A 48 960
«0,0,1), (1,1,0» (1°2°31,11213°) 12B 48 960
«1,1,0), (0,0,1» (1 1213°,1°2°31) 6J 48 960
«0,1,0), (1,0,1» (1°213°,1 12°31) 6K 48 960
«1,0,0), (0, 1, 1» (1 12°3°,1°2131) 12C 48 960
«0,0,0), (1, 1, 1» (1°2°3°,1 12131) 12D 48 960

(32) = 3b (2,0) (32,3°) 3B 72 640
(1,1) (31,31) 6L 36 1280
(0,2) (3°,32) 6M 72 640

(124) = 4a «2,1), (0,0» (1 241,1°4°) 40 64 720
«1,1), (1, 0» (1 141 ,114°) 4P 32 1440

«0,1), (2, 0» (1°41,124°) 4Q 64 720

«2,0), (0, 1» (1 24°,1°41) 8A 64 720
«1,0), (1, 1)) (1 14°,1 141) 8B 32 1440

«0,0), (2, 1») (1°4°,1 241) 8C 64 720

(24) = 4b «1,1), (0,0» (2141,2°4°) 4R 32 1440
«0,1), (1,0» (2°41,214°) 45 32 1440
«1,0), (0, 1» (2 14°,2°4 1 ) 8D 32 1440

«0,0), (1, 1» (2°4°,2141) 8E 32 1440

(15) = 5a «1,1), (0,0» (1 151;1°5°) 5A 20 2304
«0,1), (1,0» (1°51,115°) lOA 20 2304
«1,0), (0, 1» (1 15°,1°51) lOB 20 2304
«0,0), (1, 1») (1°5°,1 151 ) 1OC 20 2304

(6) = 6b (1,0) (6 1 ,6°) 6N 12 3840
(0,1) (6°,61) 12E 12 3840
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Table 6.3: Character table of 84 x 82

121

Class la 2a 2b 2c 3a 6a 2d 2e 4a 4b

Type (14,1 2 ) (14, 2) (1 2 2,12 ) (1 2 2,2) (13,1 2 ) (13,2) (22 ,1 2 ) (22 ,2) (4,1 2 ) (4,2)

tPl 1 1 1 1 1 1 1 1 1 1

tP2 1 1 -1 -1 1 1 1 1 -1 -1

tP3 1 -1 1 -1 1 -1 1 -1 1 -1

tP4 1 -1 -1 1 1 -1 1 -1 -1 1

tPs 2 2 0 0 -1 -1 2 2 0 0

tP6 2 -2 0 0 -1 1 2 -2 0 0

tP7 3 -3 -1 1 0 0 -1 1 1 -1

tPs 3 -3 1 -1 0 0 -1 1 -1 1

tP9 3 3 -1 -1 0 0 -1 -1 1 1

tPlO 3 3 1 1 0 0 -1 -1 -1 -1

Table 6.4: Fusion of inertia factor groups into 86

S6~
(1 6 ) (1 5 ) (14,1 2 ) (13 ,1 3 ) (1 2 ,14)

(1 42) (1 3 2) (1 2 2,1 2 ),(14,2) (12,1 3 ),(1 3 ,12) (1 2 ,1 22),(2,14)
(1 2 22 ) (122 ) (1 2 2,2), (22 ,1 2 ) (12,12) (2,1 22), (1 2 ,22 )

(23 ) - (22 ,2) - (2,22 )

(1 3 3) (1 2 3) (13,1 2 ) (3,1 3 ),(13 ,3) (1 2 ,13)
(123) (23) (13,2) (3,12), (12,3) (2,13)

(32 ) - - (3,3) -

(1 2 4) (14) (4,1 2 ) - (1 2 ,4)

(24) - (4,2) - (2,4)

(15) (5) - - -

(6) - - - -

6.1.2 The Inertia Factor Groups of B(2, 6)

From the 2-compositions of 6, we obtain that the inertia factor groups of B(2, 6) are

86,85 x 81, 84 X 82, 83 X 83, 82 X 84, 85 and 86 . The character tables of these

inertia factor groups are easily computed. Following from the remarks in Section

4.2 we have that the conjugacy classes of the inertia factor groups which fuse to a

class of 86 of type (1)'12>'2 ... 6>'6) are of type (1k1l2k12 .•. 6k16 , 1k212k22 ... 6k26 ), where

"EJ::=1 kjs = As- The fusion of the conjugacy classes of the inertia factor groups into

86 is given in Table 6.4.
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6.1.3 The Character Table of B(2, 6)
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The character table of B(2, 6) is constructed by multiplying the partial character

tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford

matrices in Table 5.1 according to the fusions given in Table 6.4. For example, from

Table 6.4 we see that the conjugacy classes (14,2) and (122,12) of 84 x 82 fuse to the

class (1 42) of 86 . So we multiply the partial character table of 8 4 x 8 2 at the elements

(1 4 ,2) and (122,12 ) with rows 3 and 4 of the Fischer-Clifford matrix F(2,1 42) as

follows:

1 1

1 -1

-1 1

-1 -1

2 0
-2 0

-3 -1
-3 1

3 -1
3 1

1 1

o 6

7 1 -1 1 7 5 -1 -3 -1 5

-5 1 3 1 -5 -7 -1 1 -1 -7

5 -1 -3 -1 5 7 1 -1 1 7

-7 -1 1 -1 -7 -5 1 3 1-5

2 2 2 2 2 -2 -2 -2 -2 -2
-2 -2 -2 -2 -2 2 2 2 2 2

-9 -3 -1 -3 -9 -3 3 5 3-3
3 -3 -5 -3 3 9 3 1 3 9

-3 3 5 3 -3 -9 -3 -1 -3 -9
9 3 1 3 9 3 -3 -5 -3 3

which appears in block 3 of Table A.1 in the Appendix A under class 2a of 8 6 . This is

done for each Fischer-Clifford matrix to give the full character table of B(2, 6) given

in Tables A.1 to A.4 in the Appendix A. The orders of centralizers of B(2, 6) are

listed in Tables 6.1 and 6.2 and are not included in the character table of B(2, 6).

The correctness of the character table of B(2, 6) has been tested in GAP.
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6.2 The Group B(3,5)
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In this section we construct the character table of another example of the generalized

symmetric group B(m, n), but for prime m f: 2 and in particular we consider the

group B(3,5), which has a higher order than B(3,4) done in [5]. We construct the

character table of B(3, 5) using the Fischer-Clifford matrices given in Tables 5.2 to

5.5. We first give the conjugacy classes of B(3, 5) in Subsection 6.2.1, describe the

inertia factor groups of B(3, 5) in Subsection 6.2.2 and construct the character table

of B(3, 5) in Subsection 6.2.3.

6.2.1 The Conjugacy Classes of B(3, 5)

Using Programmes 2.2.3, 3.1.9 and 3.1.10 we calculated the orders of centralizers and

orders of class representatives of the group B(3, 5). We obtain that the group B(3, 5)

has a total of 108 conjugacy classes. The conjugacy classes of B(3, 5) including the

respective orders of centralizers are given in Tables 6.5, 6.6 and 6.7.
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Table 6.5: Conjugacy classes of B(3, 5)
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5

(15)= la (5,0,0) (15,1°,1°) lA 29160 1
(4,1,0) (14, 11, 1°) 3A 5832 5
(4,0,1) (14,1°,11) 3B 5832 5
(3,2,0) (13,1 2,1°) 3C 2916 10

(3,1,1) (13,11,11) 3D 1458 20
(3,0,2) (1 3,1°,12) 3E 2916 10
(2,3,0) (12,13,1°) 3F 2916 10
(2,2,1) (12,1 2,11) 3G 972 30
(2,1,2) (1 2 ,11,1 2) 3H 972 30
(2,0,3) (12,1°,13) 31 2916 10
(1,4,0) (11,14,1°) 3J 5832 5
(1,3,1) (11,13,1 1) 3K 1458 20
(1,2,2) (1 1,12,12) 3L 972 30
(1,1,3) (1 1,11, 13) 3M 1458 20
(1,0,4) (1 1,1°,14) 3N 5832 5
(0,5,0) (1°,15,1°) 30 29160 1
(0,4,1) (1°,1 4,1 1) 3P 5832 5
(0,3,2) (1°,13,1 2) 3Q 2916 10
(0,2,3) (1°,1 2 ,13) 3R 2916 10
(0,1,4) (1°,1 1,14) 38 5832 5
(0,0,5) (1°,1°,15) 3T 29160 1

(1 32) = 2a «3,1), (0, 0), (0, 0» (1321,1°2°,1°2°) 2A 972 30
((2,1), (1, 0), (0, 0» (1 221,1 12°,1°2°) 6A 324 90
((2,1), (0, 0), (1,0» (1 221,1°2°,112°) 6B 324 90
((1,1),(2,0),(0,0» (1 121,1 22°,1°2°) 6C 324 90
«(1,1), (1,0), (1,0» (1 121,1 12°,1 12°) 6D 162 180
((1,1), (0, 0), (2, 0» (1 121,1°2°,122°) 6E 324 90
(0,1), (3, 0), (0,0» (1°21,132°,1°2°) 6F 972 30
«(0,1),(2,0),(1,0» (1°21,1 22°,112°) 6G 324 90
«(0,1), (1, 0), (2,0» (1°21,1 12°,1 22°) 6H 324 90
(0,1),(0,0),(3,0» (1°21,1°2°,132°) 61 972 30
((3,0),(0,1),(0,0» (132°,1°21,1°2°) 6J 972 30
«2,0),(1,1),(0,0» (1 22°,1 121,1°2°) 6K 324 90
(2,0), (0, 1), (1,0» (1 22°,1°21,112°) 6L 324 90
((1,0), (2, 1), (0, 0» (1 12°,1321,1°2°) 6M 324 90
((1,0), (1, 1), (1,0» (1 12°,1 121,112°) 6N 162 180
«(1,0), (0, 1), (2, 0» (1 12°,1°21,1 22°) 60 324 90
«0,0), (3, 1), (0, 0» (1°2°,1321,1°2°) 6P 972 30
(0,0), (2, 1), (1,0» (1°2°,1 221,1 12°) 6Q 324 90
«0,0), (1, 1), (2,0» (1°2°,1 121,1 22°) 6R 324 90
«0,0),(0,1),(3,0» (1°2°,1°21,132°) 68 972 30
«(3,0), (0,0), (0, 1» (132°,1°2°,1°21) 6T 972 30
«(2,0), (1,0), (0, 1» (1 22°,112°,1°21) 6U 324 90
«2,0), (0, 0), (1, 1» (1 2 2°,1°2°,1 121) 6V 324 90
((1,0),(2,0),(0,1» (1 12°,1 22°,1°21) 6W 324 90
«1,0), (1, 0), (1, 1» (1 12°,1°2°,1121) 6X 162 180
(1,0),(0,0),(2,1» (1 12°,1°2°,1 221) 6Y 324 90
«(0,0), (3, 0), (0, 1» (1°2°,132°,1°21) 62 972 30
«(0,0), (2,0), (1, 1» (1°2°,1 22°,1 121) 6AB 324 90
((0,0), (1,0), (2, I» (1°2°,1 12°,1221) 6AC 324 90
«0,0),(0,0),(3,1» (1°2°,1°2°,1321) 6AD 972 30
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Table 6.6: Conjugacy classes of B(3, 5) (continued)
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5

(112 2)=2b «1,2), (0,0), (0,0» (1122,1°2°,1°2°) 2B 216 135
«0,2),(1,0),(0,0» (1°22,112°,1°2°) 6AE 216 135
«0,2), (0, 0), (1,0» (1°22,1°2°,112°) 6AF 216 135
«1,1), (0, 1), (0, 0» (1121,1°21,1°2°) 6AG 108 270
«0,1»(1,1), (0,0» (1°21,1121,1°2°) 6AH 108 270
«0,1), (0, 1), (1,0» (1°21,1°21,112°) 6AI 108 270
«1,1), (0,0), (0, 1» (1121,1°2°,1°21) 6AJ 108 270
«0,1), (1, 0), (0, 1» (1°21,112°,1°21) 6AK 108 270
«0,1),(0,0),(1,1» (1°21,1°2°,1 121) 6AL 108 270
«1,0),(0,2),(0,0» (1 12°,1°22,1°2°) MM 216 135
«0,0»(1,2), (0, 0» (1°2°,1122 ,1°2°) 6AN 216 135
«0,0),(0,2),(1,0» (1°2°,1°22,1 12°) 6AO 216 135
«1,0), (0, 1), (0, 1» (112°,1°21,1°21) 6AP 108 270
«0,0»(1,1), (0, 1» (1°2°,1121,1°21) 6AQ 108 270
«0,0), (0, 1), (1, 1» (1°2°,1°21,1121) 6AR 108 270
«1,0),(0,0),(0,2» (112°,1°2°,1°22) 6AS 216 135
«0,0),(1,0),(0,2» (1°2°,112°,1°22 ) 6AT 216 135
«0,0),(0,0),(1,2» (1°2°,1°2°,1122) 6AU 216 135

(123)=3a «2,1), (0, 0), (0, 0» (1 231,1°3°,1°3°) 3U 162 180
«1,1), (1, 0), (0,0» (1131,113°,1°3°) 3V 81 360
«1,1), (0, 0), (1,0» (1131,1°3°,113°) 3W 81 360
«0,1), (2, 0), (0, 0» (1°31,123°,1°3°) 3X 162 180
«0,1), (1, 0), (1, 0» (1°31,113°,113°) 3Y 81 360
«0,1),(0,0),(2,0» (1°31,1°3°,123°) 3Z 162 180
«2,0), (0,1), (0,0» (123°,1°31,1°3°) 9A 162 180
«1,0), (1, 1), (0,0» (113°,1131,1°3°) 9B 81 360
«1,0), (0,1), (1,0» (113°,1°31,113°) 9C 81 360
«0,0), (2, 1), (0,0» (1°3°,1231,1°3°) 9D 162 180
«0,0), (1, 1), (1,0» (1°3°,1 131,113°) 9E 81 360
«0,0),(0,1),(2,0» (1°3°,1°31,123°) 9F 162 180
«2,0), (0, 0), (0, 1» (1 23°,1°3°,1°31) 9G 162 180
«1,0), (1,0), (0, 1» (113°,113°,1°31) 9H 81 360
«1,0), (0, 0), (1, 1» (113°,1°3°,1131) 91 81 360
«0,0),(2,0),(0,1» (1°3°,123°,1°31) 9J 162 180
«0,0), (1, 0), (1, 1» (1°3°,113°,1131) 9K 81 360
«0,0), (0, 0), (2, 1» (1°3°,1°3°,1231) 9L 162 180
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Table 6.7: Conjugacy classes of B(3, 5) (continued)
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5

(23) = 6a «1,1), (0,0), (0,0» (2131,2°3°,2°3°) 6AV 54 540
«0,1),(1,0),(0,0» (2°31,213°,2°3°) 18A 54 540
«0,1), (0, 0), (1,0» (2°31,2°3°,213°) 18B 54 540
«0, I), (0, 1), (0,0» (2°31,2°31,2°3°) 18C 54 540
«0,0),(1,1),(0,0» (2°3°,2131,2°3°) 18D 54 540
«0,0),(0,1),(1,0» (2°3°,2°31,213°) 18E 54 540
«1,0), (0,0), (0, 1» (213°,2°3°,2°31) 18F 54 540
«0,0), (I, 0), (0, 1» (2°3°,213°,2°31) 18G 54 540
«0,0),(0,0),(1,1» (2°3°,2°3°,2131 ) 18H 54 540

(14) = 4a «1,1),(0,0),(0,0» (1 141,1°4°,1°4°) 4A 36 810
«0,1), (I, 0), (0, 0» (1°41,114°,1°4°) 12A 36 810
«0,1), (0,0), (I, 0» (1°41,1°4°,1 14°) 12B 36 810
«0,1),(0,1),(0,0» (1°41,1°41,1°4°) 12C 36 810
«0,0), (1, 1), (0, 0» (1°4°,1 141,1°4°) 12D 36 810
«0,0), (0, 1), (1,0» (1°4°,1°41,114°) 12E 36 810
«1,0),(0,0),(0,1» (114°,1°4°,1°41) 12F 36 810
«0,0),(1,0),(0,1» (1°4°,114°,1°41) 12G 36 810
«0,0),(0,0),(1,1» (1°4°,1°4°,1141) 12H 36 810

(5) = 5a (1,0,0) (51,5°,5°) 5A 15 1944
(0,1,0) (5°,51,5°) 15A 15 1944
(0,0,1) (5°,5°,51) 15B 15 1944

Table 6.8: Character table of S3XS2

Class la 2a 2b 2c 3a 6a

Type (13,12) (13,2) (12,1 2) (12,2) (3,12) (3,2)

1/;1 1 1 1 1 1 1
1/;2 1 1 -1 -1 1 1

1/;3 1 -1 1 -1 1 -1
1/;4 1 -1 -1 1 1 -1
1/;5 2 -2 0 0 -1 1

1/;6 2 2 0 0 -1 -1

Table 6.9: Fusion of inertia factor groups into S5

(15) (14) (1 3) (1 3,1 2) (1 2,13) (1 2,12)
(1 32) (1 22) (12) (12,12),(13,2) (1 2 ,12),(2Y) (1 2,2),(2,12)
(122) (22) - (12,2) (2,12) (2,2)
(123) (13) (3) (3,12) (12,3) -

(23) - - (3,2) (2,3) -

(14) (4) - - - -

(5) - - - - -
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6.2.2 The Inertia Factor Groups of B(3, 5)

127

From the 3-compositions of 5 we obtain that the distinct inertia factor groups of

B(3,5) are 55,54,53 X 52,53,52 X 53 and 52 x 52. The character tables of these

inertia factor groups are easily computed. Following from the remarks in Section 4.2

we have that the conjugacy classes of the inertia factor groups which fuse to a class

of Ss of type (1)'12>'2 ... 5>'S) are of type

where 2:J=l kjs = As· The fusion of the conjugacy classes of the inertia factor groups

into Ss is given in Table 6.9.

6.2.3 The Character Table of B(3, 5)

The character table of B(3, 5) is constructed by multiplying the partial character

tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford

matrices in Tables 5.2 to 5.5 according to the fusions given in Table 6.9. For example,

from Table 6.9 we see that the conjugacy class (3,12) of 53 x 52 fuses to the class

(1 23) of Ss. So we multiply the partial character table of 53 x 52 at the element

(3,1 2 ) with row 4 of the Fischer-Clifford matrix F(3, 123) as follows:

1

1

1
[ 1 ~2 e e e e e ~ ] =~ 1 ~ 1 ~ 1 ~ 1 ~ 1

1

-1

-1

1 ~ e ~2 1 ~ 1 ( e e 1 ~ 1 ~ e e 1 (

1 ~ e e 1 ( 1 ( e (2 1 ~ 1 ~ e e 1 (

1 ( (2 e 1 ( 1 ( e ~2 1 ~ 1 ( e e 1 I;
1 ( e e 1 ( 1 ( e e 1 ~ 1 ( (2 (2 1 (

-1 -( _(2 -e -1 -( -1 -( -e -e -1 -( -1 -( _1;2 _1;2 -1 -(

-1 -~ _~2 _~2 -1 -( -1 -~ -e -e -1 -~ -1 -( _(2 _(2 -1 -(

which appears in block 4 of Table B.11 in the Appendix B under the class 3a of Ss.

This is done for each Fischer-Clifford matrix to give the full character table of B(3, 5)

given in Tables B.1 to B.20 in the Appendix B. The orders of centralizers of B(3, 5)

are listed in Tables 6.5 to 6.7 and are not included in the character table of B(3,5).

The correctness of the character table of B(3, 5) has been tested in GAP.
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6.3 A Note on the Character tables of B(2, 12) and B(4,5)

The group B(2, 12) has 1165 conjugacy classes. We have used the Programme 5.2.4 to

construct the Fischer-Clifford matrices of B(2, 12). We have constructed the character

table of B(2, 12) and tested its correctness in GAP. The character table of B(2, 12)

is given on the compact disk submitted with this thesis.

The group B(4, 5) has 252 conjugacy classes. We have used the Programme 5.2.4

to construct the Fischer-Clifford matrices of B(4, 5). We have constructed the charac­

ter table of B(4,5) and tested its correctness in GAP. The character table of B(4,5)

is given on the compact disk submitted with this thesis.



Chapter 7

The Group BS(p, n)

We recall from Section 3.3 that the group Bs(p, n) is a split extension of S = Z;-l by

the symmetric group Sn' Such group extensions may occur as constituents of finite

simple groups and therefore we need to know their structures. For example the group

Bs(2,6) is an affine subgroup of the symplectic group SP(6,2). To construct the

character table of the group 26 :SP(6, 2), which is a maximal subgroup of the Fischer

group Fin' using the method of Fischer-Clifford matrices we require the character

table of Bs(2, 6) (see [12], [47}). In [47], Mpono has used the properties of Fischer­

Clifford matrices given in Section 1.5.2 to construct the Fischer-Clifford matrices

and therefore the character table of Bs(2, 6). In this chapter we will not use the

properties of Fischer-Clifford matrices to construct these matrices but rather we use a

unified combinatorial method to construct the Fischer-Clifford matrices of the groups

Bs (2,6). We also use the Fischer-Clifford matrices of the groups B 5 (2,6) to construct

its character table.

In [35] List has presented a method for constructing the Fischer-Clifford matrices

of a group extension of a faithful irreducible-Sn constituent of N = 2n , which we may

refer to as a group associated with B(2, n). This was done by constructing the Fischer­

Clifford matrices of the associated group from the Fischer-Clifford matrices of B(2, n).

In this chapter we use a similar technique as in [35} to adapt the combinatorial method,

for constructing the Fischer-Clifford matrices of B(p, n), to construct the Fischer­

Clifford matrices of Bs(p, n), where p is prime. In Section 7.1, we present some

results which describe this adaptation to constructing the Fischer-Clifford matrices of

Bs(p, n). In Sections 7.2, 7.3 and 7.4, we will construct the Fischer-Clifford matrices

129
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and the character tables of the groups Bs(2, 6), Bs(3, 3) and Bs(3, 5) respectively.

7.1 Fischer-Clifford Matrices of Bs(p, n)

Here we use the method presented by Proposition 1.5.2 to construct the Fischer­

Clifford matrices of G = Bs(P, n). Thus for each conjugacy class [g] of Sn, we consider

the action of Gc(g) on the group SIKs, where Ks = cPg(S) and cPg : N -+ N is the

map defined by cPg(d) = d + (p - l)dg (see Proposition 1.5.2), but here restricted to

S. It is clear from Lemma 1.5.1, that Ks is also Gc(g) - invariant. And from the

remarks in [18] and [35], we infer that the actions of Gc(g) on SIKs and Irr(SjKs)

will be isomorphic if S is an elementary abelian p-group. It is for this reason that in

this chapter we take m to be prime so that S is an elementary abelian p-group. The

following result generalizes List's result (see [35] page 120).

Proposition 7.1.1 Let 9 be an element of Sn of type (1)'12>'23>'3 ... n>'n) containing

a cycle gi = (aI, a2,·· ., as) of length s. Let K = cPg(N) and Ks = cPg(S), where

cPg : N -+ N is defined by cPg(d) = d + (p - l)dg. Then for kEN U {O} we have the

following.

(i) If.As -10 for some s -I pk, then Ks = K.

(ii) If.As = 0 for all s = pk + k', k' = 1,2, ... ,p - 1, then for each cycle gi of length

s = pk we have {l[eol + (p - l)eOIH'] I I, k' = 1,2, ... ,p - I} ~ K \ K s .

Proof. Since gi = (aI, a2,·· . ,as) is an s-cycle of g, we have

Thus we have

and Gc(g) acts on the.As s-cycles as S>'s' We obtain that

where gi = (aI, a2,"" as) runs over the cycles of g. Clearly K ~ S < N. Now let d

be an element of < eO)' e 02 "'" eos >. If s = 1, then cPg(d) = O. Let 1 :::; r < s. Then
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for i E {1,2, ... ,p-l} we have
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r s

<pg(d) = i[eal + (p - l)ea I+r] <=> d = i L eaj or d = (p - l)i L eaj . (7.1)
j=l j=r+1

Now since K ~ S =< e1 + (p - l)el+j, j = 1,2, ... , n - 1 > (see Proposition 3.3.2),

it follows that every element of K is generated by the elements ea! + (p - 1)eal+r ,

where 1 ::; r < sand gi = (aI, a2,' .. ,as) runs over the cycles of g.

Now we consider the following.

(i) Let As i= 0 for some s i= pk. Then either 9 contains only cycles of length

s = pk + k' or 9 contain both cycles of length s = pk + k' and cycles of length

s =pk, k' E {1,2, ... ,p-l}.

(a) Now let 9 contain only cycles of length s = pk + k', k' E {I, 2, ... ,p - I}.

Then by statement (7.1), for i E {I, 2, ... ,p - I} we have

k' pk+k'

<pg(d) = i[eal + (p -1)eal+k'] <=> d = iLeaj or d = (p -1)i L eaj ·
j=l j=k'+l

k+k'Since pk(p - l)i == O(mod p) we have that (p - l)i L:~=k'+l eaj E S. Thus

y = i[eal + (p - l)eal+k,l E Ks. Now since y = i[eal + (p - l)ea1+
k
,] is

a scalar multiple of an arbitrary generator eal + (p - l)ea k' of K and1+ .
Ks is a group it follows that Ks contains K, that is K ~ K s . However

S ~ N implies that Ks ~ K. Hence K = Ks which completes the proof

of part(i) for case (a).

(b) Now let 9 contain both cycles of length s = pk + k' and cycles of length

s = pk. Let gi = (aI, 02, , apk+k') be one of the cycles of length s =

pk + k' and g~ = (a~ , a;, , a~k) be one of the cycles of length s =

( k' k)pk. It is clear that the elements (p - l)l L:j=l eaj + L:f=k'+l ea~ and
pk+k' . . k'

(p - l)l L:j=k'+l eaj both he III S and that <pg[(P - l)l L:j=l eaj 1+ <pg[(P-
k+k'l)i L:~=k'+leaJ = O. Now since pk - k' = p(k - 1) + (p - k'), we have as

for case (a) above, the element given by
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lies in K s, for u :S p - k' :S p - 1 and each l E {I, 2, ... ,p - I}. Now

since the element l[ea' + (p - l)eo' ] is a scalar multiple of a generator
1 l+u

eo; + (p - l)eo;+u of K we have K ~ Ks as in (a) above. However since

5 ~ N it is the case that Ks ~ K. Hence K = Ks which completes the

proof of part(i) for case (b).

(ii) Now for the proof of part (ii), we show that if 9 contains only cycles of length

s = pk and g~ = (a~, a~, ... , a~k) is one of them, then 5 does not contain an

element d such that

rPg(d) = [[ea' + (p - l)eo' ], r:S p - 1.
1 l+r

Since l L:f~l eo; E 5 we have [L:~=l eo: and (p - l)l L:f~r+l eo; are not in 5 for

r :S p-1. But by statement (7.1), for lE {I, 2, ... ,p-l} the elements [L:~=l eo;

and (p-l)l L::-r+l eo' are the only ones such that rPg(d) = l[eo' + (p-l)eo' ],
- , 1 l+r

r :S p - 1. Therefore 5 does not contain d such that rPg (d) = l[eo; + (p -

l)eo;+r],r:S p -1, lE {I, 2, ... ,p - I}. Hence

{ l[eol + (p - l)eo' ] I l, r = 1,2, ... ,p - I} ~ K \ Ks,
1 l+r

for each cycle g~ of g. 0

Examples 7.1.2 In the following for each group Bs(p, n) and for a given g E 5n ,

we give the groups K and Ks.

(aJ For the group Bs(2, 4) and for g = (12)(34) E 54, we obtain that
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while
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does not contain any of the elements el + e2 and e3 + e4· However for 9 =

(123) E 84 we obtain that

(b) For the group Bs{2, 6) and for g = (12)(34)(56) E 86 , we obtain that

while

does not contain any of the elements in the set {el + e2, e3 + e4, es + e6}.

(c) For the group Bs{3, 3) and for 9 = (123) E 83, we obtain that

while

does not contain any of the elements in the set {l(el +2e2),l'(el +2e3) I 1, l' =

1,2}.

(d) For the group Bs(3, 6) and for 9 = (123)(456) E 86 , we obtain that

while Ks does not contain any of the elements in the set

Similarly for 9 = (123456) E 86 , we obtain

while Ks does not contain any of the elements in the set
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The following result gives an explicit relationship between the groups S, K and

Ks·

Proposition 7.1.3 The group S/Ks is an extension of K/Ks by S/K, where

IN/SI
IK/Ksl = [CN(g) : Cs(g)] = p or l.

Proof. Define the map h: S/Ks ---t S/K by

( )
{

a + K if a E S \ K
h a+Ks =

K if a E K

It is clear that h is an epimorphism with Ker(h) = K/Ks. Hence

(S/Ks)/(K/Ks) ~ S/K,

which implies that S/Ks is an extension of K/Ks by S/K. Further we have Ker(<pg ) =

{d E N I d - dg = O} = CN(g) and N/CN(g) ~ K. Similarly by considering <Pg re­

stricted to S, we have S/Cs(g) ~ Ks. Since IN/SI = p, we have

IN/SI
IK/Ksl = [CN(g) : Os(g)] = p or 1.

o

Remark 7.1.4 Following from Proposition 7.1.1, we have that

(i) if As i- 0 for some s i- pk, kEN U {O}, then S/Ks = S/K < N/K. Since an

orbit of the action of Sn on S is an orbit of the action of Sn on N, it follows

that an orbit of the action of Cc (g) on S/Ks = S/K is an orbit of the action

ofCc(g) on N/K.

(ii) if As = 0 for all s i- pk, kEN U {O}, then Ks C K and by Proposition 7.1.3

we have

K/Ks ~ Zp.

Thus K/Ks =< a + Ks >, where a E K \ Ks. Further for any a,b E K \ Ks,

where b i-ia, we have ia+Ks = i'b+Ks for some i, i' E 'Zp. We claim that each

coset in K/Ks is Cc(g)-invariant, that is for u = ia+Ks, i = 1,2, ... ,p-l and

hE Cc(g) we have uh = u. Since a E K ~ Sand 1Jg (a) E Ks, we choose h = g.
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Then we have (h(a) = a-ah E Ks· Thus ah+Ks = a+Ks for some hE CG(g).

Now let u = la + Ks. Then uh = (la)h + Ks = l(a)h + Ks = la + Ks = u, as

claimed.

Let a E S\K. We consider what happens when the coset a+K is lifted to SIKs

in the following.

Proposition 7.1.5 Let a E S \ K sueh that a + K lifts to a number of eosets in

SIKs. If al + Ks and a2 + Ks are any two sueh eosets, then a~ + Ks = a2 + Ks

for some h E CG(g).

Proof. If 9 is a cycle of length n, then S = K and a + K = K which is dealt with

in Remark 7.1.4 part(ii) above. Now let 9 contain the cycles go: = (al a2··· as) and

g/3 = (/31 /32··· /3s')· We show that a~ - a2 E Ks for some h E CG(g). Let us take

aI, a2 E S \ K such that al - a2 E K \ Ks. In this case we have

s s'

al = LLlij[eO:i + (p-I)e/3j],
i=l j=l

where lij, mij E Zp, giving

s s'

a2 = L L mij[eO:i + (p - I)e/3j],
i=l j=l

al - a2 = [t(hj - m1j)] eo:! + [t(lUj - mUj)] eo:u

J=l J=l

+ t [t(lij - m ij )] eO: i + t [t[mij + (p - I)lijJ] e/3r
i(;iu)=2 j=l j=l i=l

But by Proposition 7.1.1 and Remark 7.1.4, if al - a2 E K \ Ks, then

al - a2 = 1[eo:! + (p - I)eo:uJ , (7.2)

for some u E {2, 3 ... ,p - I} and some 1 E {I, 2, ... ,p - I}. Now from relation (7.2)

and the above full expansion of al - a2, the coefficients of eo:! and eo:u are respectively
5' ",""s'2:j=l(11j -mlj) = land L.Jj=l(luj -muj) = l(P-I), while the coefficients of the rest

of the terms are essentially zero, that is, 2:j~l (lij - mij) = vp, v E Z for eo:i , i =I 1, u

and
s

L(p - I)(lij - mij) = V'p, Vi E Z,
i=l

(7.3)
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for e{3j' the later which yields 2::=1 lij = 2::=1 mij, mod p.
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Now we choose h E Cc(g) such that h moves e{3j's but not eo; 's, for example we

take h containing the cycle g{3 = (/31 f32 ... /3s') but not the cycle go· With such an h

and for u = 2,3 ... ,p -1, we have

a~ - a2 = [tU1j - m1j)] eOI + [t UUj - mUj)] eau
J=1 J=1

+ t [t(lij - mij )] eo; +t [t[mij e{3j + (p - l)lij ]e{3hU)]

i(:;eu)=2 J=1 J=1 1=1

[tU1j - m1j)] eOI + [t(lUj - mUj)] eau
J=1 J=1

+ t [t(lij - mij )] eo; +t [t mije{3j + (p - 1) t lije{3i+I]
i(:;eu)=2 J=1 J=1 1=1 z=1

s'

l [eOI + (p - l)eo ,.] + L lj [e{3j + (p - l)e{3i+I] ,
j=1

where lj = 2::=1 mij = 2::=llij as above and e{3s'+l = e{31· Now the elements

l [e01 + (p - l)eou ], u = 2,3 ... ,p - 1, l = 1,2, ... ,p - 1, belong to K. Also since

e{3j + (p-l)e{3i+1 is a generator of K, the elements 2:j~llj [e{3j + (p - l)e{3i+J belong

to K. Therefore a~ - a2 belongs to K. However the only elements of K which are

notinKsarel[eol+(p-l)eouJ, u=2,3 ... ,p-l, l=1,2, ... ,p-1. We conclude

that a~ - a2 E Ks· 0

We now give a result that describes the p-sets of partition [A] which index the

columns of the Fischer-Clifford matrices of Bs(p, n) but which also index the columns

of the Fischer-Clifford matrices of B (p, n). For 9 E Sn of type (1 Al 2A2 3A3 ... n An ), let

Fs(P, 1A12A2 ... n An ) denote a Fischer-Clifford matrix of Bs(P, n).

Theorem 7.1.6 Let 9 be an element of Sn of type (lA12A23A3 .. . n An ). Let /3 be a

type-zero p-set of partition [A]. Then /3 indexes a column of the Fischer- ClifJord matrix

Fs(p,lA1 2A2 ... n An ) of Bs(p,n). Furthermore
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(i) if As f: 0 for some s f: pk, k E Nu {O}, then the columns of Fs(p, e·l 2A2 ..• n An )

are indexed by type-zero p-sets of partition [A] and are in 1-1 correspondence

with the columns of F(p, 1Al2A2 ... n An ) that are indexed by type-zero p-sets of

partition [A],

(ii) if As = 0 for all s f: pk, kEN U {O}, then apart from those columns described

in (i) above, Fs(P, 1Al 2 A2 ... nAn ) has an additional p - 1 columns arising from

the first column of F(p, 1Al 2 A2 .•• n An ).

Proof.

(i) Let (3 be a type-zero p-set of partition [A]. Then with Ef=1 E~=I(i -1)ais =
O(mod p), we have

p n p n p n

L L k'hais + L L(i - 1)ais = L L(Pk' + (i - 1))ais =O(mod p)
i=1 s=1 i=1 s=1 i=1 s=1

for some k' E N U {O}. However

p n

L L(Pk' + (i - 1))ais
i=l s=l

is the sum of the powers associated with an element g = dg of B (p' n). Now with

elements of N = Z; written additively, the above implies that the element dg

of B(p, n) of type (3 with d = (1 1 ,12"", In) satisfies E~=lls =O(mod p). This

implies dES, and such are the elements of N that form the group Bs(P' n)

with Sn' It follows that (3 indexes a column of the Fischer-Clifford matrix

Fs(P' 1Al 2A2 ... n An ) of Bs(p, n).

(ii) If As = 0 for all s f: pk, kEN U {O}, then by Proposition 7.1.1, we have

{l(eal + (p - 1)eal+J I I, r = 1,2, ... ,p - 1} ~ K \ Ks for each cycle gO' of

g, that is the identity coset K in SIK lifts to p cosets given by l(eal + (p ­

1)ea2 ) + Ks, 1 E Zp, in SIKs. Now by Proposition 7.1.3, each coset in KIKs

is CG(g)-invariant, so that we obtain p orbits instead of one from the action

of CG(g) on KIKs. Furthermore by Proposition 7.1.5 all the cosets to which

the coset a + K, a E S \ K, lifts in SIK s form one orbit under the action of

CG (g). Thus we obtain that the action of CG (g) on SIK s has p - 1 more orbits
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than the action of GG(g) on S/K. Hence from part (i) of this result, we obtain

that Fs (p, 1>'12>'2 ... n >'n) has an additional p - 1 columns arising from the first

column of F(p, 1>'12>'2 ... n>'n). 0

We will see later that parts of the p columns of Fs(P, 1>'12>'2 . " n>'n) arising from

the first column of F(p, 1>'12>'2 ... n>'n) are identical. Therefore we refer to these p

columns as identical columns of Fs(p, 1>'12>'2 ... n>'n).

Corollary 7.1.7 Letg be an element ofSn of type (1)'12>'23>'3,..n>'n). Let{3 =

((an, a12,···, a1n), (a21' a22,··· , a2n)) such that 2::;=1 a2s is even. Then {3 indexes a
column of the Fischer-Clifford matrix Fs(2, 1>'12>'2 ... n>'n) of Bs(2, n). Furthermore

(i) if As i: 0 for some odd s, then each column of the Fischer-Clifford matrix

Fs(2, 1>'12>'2 ... n>'n) is indexed by a 2-set of partition [A] such that 2::;=1 a2s is

even,

(ii) if As = 0 for all odd s, then apart from those columns described in (i) above,

Fs(2, 1>'12>'2 n>'n) has one additional column arising from the first column of

F(2, 1>'12>'2 n>'n).

Proof. The proof follows from Theorem 7.1.6, taking p=2. 0

Following from Theorem 7.1.6, we will say that a type-zero p-set of partition [A]

indexes a conjugacy class of Bs(p, n). Furthermore if 9 is of type (1)'12>'2 ... n>'n)

where As = 0 for all s i: pk, kEN U {O}, then Bs(p, n) has an additional p - 1

conjugacy classes, each indexed by the type-zero p-set of partition [A] that indexes

the first column of F(p, 1>'12>'2 ... n>'n) but with subscripts 1,2, ... ,p-1. However the

conjugacy class of Bs(p, n) corresponding to the orbit containing Ks in the action of

GG(g) on K/Ks will be indexed by the same type-zero p-set of partition [A] but with

subscript O. By type Typ(g) of 9 = dg in Bs(P, n) we will mean the type of 9 = dg

in B(p, n).

Proposition 7.1.8 Let 9 E Sn of type (1)'12>'2 ... n>'n). Let 9 = dg be an element of

Bs(P, n) of type (ais), a type-zero p set of partition [A].

(i) If As i: 0 for some s i: pk, then two elements 9 and gf of Bs(p, n) are conjugate

if and only if Typ(g) = Typ(g').
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(ii) Let As =°for all s =1= pk.
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(a) If ais =1= °for some i =1= 1, then two elements 9 and 9' of Bs(p,n) are

conjugate if and only if Typ(g) = Typ(9').

(b) If ais = °for all i =1= 1, then two elements 9 = dg and g' = d'g of Bs(P, n)

of the same type are conjugate if and only if d and d' are sums of p x l

es's, l E Zp. In this case for each l E Zp there is a conjugacy class with

representative dg = (la)g where a E K \ K s .

Proof.

(i) The proof follows from Proposition 3.1.3 and Theorem 7.1.6.

(ii) Further if 9 E Sn is of type (1AI2A2 ... n An ) where As = °for all s =1= pk, we know

that the elements of a class of B(p, n) of type (ais) where ais = °for all i =1= 1

breaks into p conjugacy classes of the same type (ais) where ais = °for all i =1= 1

in the group B s (p, n). Since these classes are of the same type (ais) where ais =

°for all i =1= 1 it follows that for each element dg in these classes, the sum of the

es's in d is congruent to pl, where l = 0,1,2, ... ,p - 1. Thus the representative

elements of these classes are given by dg = (la)g = l(enl + (p - l)en Jg, where

lE Zp. D.

Example 7.1.9 We consider the cases m = 2 and m = 3 respectively.

(i) We take the class of 86 of type (23 ) with representative 9 = (1 2)(3 4)(5 6). It

is clear that the type-zero 2-sets of partition [23J are (3,0) and (1,2). We see

from Tables 6.1 and 7.1 that the type (1,2) indexes one class of Bs(2, 6) of size

360 as in B(2, 6). However the (23 )-class of B(2, 6) of type (3,0) and size 120

splits into p = 2 classes of Bs(2, 6) of types (3,0)0, (3, Oh and size 60 each,

with representatives 9 and (e1 + e2)g, respectively.

(ii) We take the class of 83 of type (31) with representative 9 = (1 2 3). Here

(1,0,0) is the only type-zero 3-set of partition [31]. We see from Table 7.7 that

the (3 1)-class of B(3, 3) of type (1,0,0) and size 18 in B(3, 3) splits into p = 3

classes of Bs(3,3) of types (1,0,0)0, (l,O,Oh, (l,O,Oh and size 6 each, with

representatives g, (e1 + 2e2)g and 2(e1 + 2e2)g = (2e1 + e2)g, respectively.
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Proposition 7.1.10 Let 9 be an element of Bs(p, n) of type

or (ais), a type-zero p set of partition [>.J. Then

(i) the order of the centralizer of 9 in Bs(p, n) is given by

(a)

1 (P n )- IT IT ais!(pS)ai s
,

p i=l s=1

if ais =I 0 for some i =I 1,

(b)
n

IT >'s! (ps )As
,

s=1
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if ais = 0 for all i =I 1, that is the order of each centralizer in Bs(P, n) of the

elements corresponding to the p identical columns of Fs(p, 1A12A2 ... n An ) is

equal to the order of the centralizer at the first column of F(p, 1A12A2 ... n An ).

(ii) The order of an element 9 of Bs(p, n), is the least common multiple of the

products s x r for all positive ais in a type-zero p-set of partition [>.J, where

r is the order of the cycle-product c of a cycle of 9 of length s. Further the

orders of the elements gin Bs(p, n) corresponding to the p identical columns of

Fs (p, 1A12A2 ... n An ) are equal to the order of the elements corresponding to the

first column of F(p, 1A12A2 ... n An ).

Proof.

(i) (a) Since we have IBs(p, n)1 = ~IB(p, n)1 = pn-1 n ! and the sizes of the con­

jugacy classes of Bs(p, n) remain as in B(p, n) by construction, the orders

of the centralizers of Bs(p, n) must be divided by p. The formula

1 (P n )- IT IT ais!(pS)ai S
,

p i=l s=1

follows from Proposition 3.1.7. The condition ais =I 0 for some i =I 1 refers

to all types (ais) in this case the type-zero p-sets of partition [>.J that are

different from the one indexing the first column of F(p, 1A12A2 ... n An ).
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(b) The proof follows from Theorem 7.1.6 part(ii) since we are considering

centralizers of elements coming from the same conjugacy class of B(p, n)

of type (ais), where ais = 0 for all i i= 1, that is the type-zero p-set of

partition [.x] indexing the first column of F(p, 1A12-\2 ... n An ).

(ii) The prooffollows from Theorem 7.1.6 since the elements of Bs(P, n) are elements

of B(p, n) of the same orders. Further the elements corresponding to the p

identical columns of Fs(p, 1A12A2 ... n An ) come from the same conjugacy class

of B(p, n) of type (ais) where ais = 0 for all i i= 1 and corresponding to the first

column of F(p, l AI 2 A2 ... n An ), hence the order of each of these elements must

be the same. 0

Now we discuss the rows of the Fischer-Clifford matrices of Bs(p, n), whose indices

as we know must correspond to the inertia factor groups of Bs(p, n). From Remark

3.3.14, the inertia factor groups of Bs(P, n) are mostly young subgroups of Sn except

possibly one. Indeed if pin, then one of the inertia factor groups of B s (p, n) is the

wreath product Sri WrGp (or (Sri)P : Gp). This follows from Theorem 3.3.13 and the
p p

presence in A(n,p) of (k, k, k ... , k), k = ~. While the character tables of the young

subgroups are easily obtainable from GAP, we can construct the character table of

(Sri)P : Gp using the following code,
p

Display(GharacterTable(WreathProduct(SymmetricGroup (~) , Gp)));

where Gp is the cyclic group of order p. We also note that the character table of

(Sri)P:Gp can be constructed using example exl6.c of a computer algebra system
p

called SYMMETRICA [19]. Since (Sri)P:Cp is a split extension, its character table
p

can also be constructed using the technique of Fischer-Clifford matrices. For another

method for constructing the character table of the groups (Sri)2 : G2 , see [4]. We
2

also have in particular the following result.

Proposition 7.1.11 The number of conjugacy classes of (Sri)2 : C2 is given by
2

c(c + 3)
2

where c is the number of conjugacy classes of Sri.
2
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Proof. See [4]. 0
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It is clear that each representative of a set of equivalent p-sets of partition [A] corre­

sponds to a young subgroup which is an inertia factor group. Therefore each represen­

tative of a set of equivalent p-sets of partition [A] indexes a row of Fs(p, 1A12A2 ... n An ).

However corresponding to the inertia factor group (S!!.)P : Gp of B s (p, n), we see in
p

Proposition 7.1.12 below that the rows of Fs(p, 1A12A2 ... n An ) are indexed by either

a self equivalent p-set of partition [A] or powers ~l, 1 ::; l ::; p - 1 of a primitive pth

root ~ of unity.

Proposition 7.1.12 For each conjugacy class of Sn of type (1A12A2 ... n An ), we choose

the entries in the rows of F(1 A12A2 ... n An ) indexed by each representative of the set of

equivalent p-sets of partition [A] and columns indexed by type-zero p-sets of partition

[A], to form some of the rows of Fs (p, 1A12A2 ... n An ). Further if pin, we divide by

p all the entries of a row of F(p, 1A12A2 ... n An ) indexed by a self equivalent p-set of

partition [A] and columns indexed by type-zero p-sets of partition [A], to form a row

of Fs(p,1 A1 2A2 ···nAn ). Furthermore

(i) if As f. 0 for some sf. pk, kEN U {O}, then the rows described above form the

Fischer- ClifJord matrix Fs (p, 1A12A2 ... n An ),

(ii) if As = 0 for all s f. pk, kEN U {O}, in addition to the rows and columns

described above, we introduce p - 1 columns equal to column one above and

introduce p - 1 rows equal to the non-identity irreducible characters of the cyclic

group Gp multiplied by pdim(S/K) respectively in the p identical columns and

zeros elsewhere. The additional rows correspond to the inertia factor group

(S!!.)P : Cp.
p

Proof. Since Bs(p, n) is a subgroup of the B(p, n), to construct Fs(P, 1A12A2 ... n An )

we only need to choose the entries in the necessary rows and columns of the Fischer­

Clifford matrix F(p, 1A12A2 ... n An ). The proof of the introductory part of the result

follows from Theorem 7.1.6 and the choice of the inertia factor groups in Remark

3.3.14.

Now let pin. Then there is one p-composition of n given by (k, k, k, ... , k) where

k = ~. However we generally require p equivalent p-sets of partition [A] for a row of
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Fs{p, 1>'12>'2 ... n>'n), but in this case there is only one self equivalent p-set of partition

[A]. Therefore dividing by p, all the entries of a row of F(p, 1>'12>'2 ... n>'n) indexed

by a self equivalent p-set of partition [A] is necessary. It is now clear that a self

equivalent p-set of partition [A] indexes a row of Fs(P, 1>'12>'2 ... n>'n) corresponding

to the inertia factor group (S!!.)P : Cp,
p

(i) The proof follows from part{i) of Theorem 7.1.6.

(ii) The proof follows from part (ii) of Theorem 7.1.6 and part (ii) of Proposition

7.1.8. Now applying part (i) of Proposition 1.5.2 we have that the Fischer­

Clifford matrix at 9 E Sn is the matrix of orbit sums of Cg acting on the

rows of the character table of SIKs, which includes the character table of the

cyclic group K IK s ~ Zp. Since p is prime, the groups S = pn-l and SIK

are finite dimensional vector spaces over 'Lp, for which dimension of SIK is

valid. Applying the orthogonality relations to the identical columns we obtain

Fs (p, 1>'12>'2 ... n>'n) as required. We also note that in this case pin. Therefore

as seen above we have that the additional p - 1 rows of Fs(P, 1>'12>'2 ... n>'n)

correspond to the group (S!!.)P : Cp, D
p

We have now developed enough material to construct the Fischer-Clifford matrices

of Bs(p, n). We give an example in the following.

Examples 1.1.13 We give an application of Proposition 7.1.12 as well as the use of

orthogonality relations to construct a Fischer-Clifford matrix of Bs(2, 6).

(aJ We construct the Fischer-Clifford matrix Fs(2, 23 ) from the Fischer-Clifford ma­

trix

given in Table 5.1. Using Corollary 7.1.7 the 2-sets of partition [23] where

a21 + a22 is even, are @ and G). These type-zero 2-sets of partition [23] index

columns 1 and 3 of F(2, 23), and choosing these columns results in the resultant

matrix
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(~ -~).
3 -1
1 1
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We also have that the representatives of the sets of equivalent 2-sets of partition

[23] are a) and (D· These representatives of the sets of equivalent 2-sets of

partition [23] index rows 1 and 2 of F(2, 23 ), and choosing the corresponding

rows from the resultant matrix given above gives the following partial matrix of

Fs(2,23 ):

Since for type (23 ) we have As = 0 for sI- 2k, k E NU{O}, we apply Proposition

7.1.12, to complete the columns and rows of Fs{2, 23). Thus we repeat column 1

of the above partial Fischer-Clifford matrix and also introduce a third row with

the entries (1) X 2dim(SjK), (-I) X 2dim(SjK) respectively in the identical columns

and zeros elsewhere, where 1 and -1 are entries of the non-identity irreducible

character of C2. Now from S = 25 we have dim(S) = 5. By Example 7.1.2

(b) K = Im(cPg) =< el + e2, e3 + e4, e5 + e6 >, so that dim(K) = 3. Thus

dim(SjK) = 5 - 3 = 2. We obtain the third row of Fs(2,23 ) as (22 ,-22 ,0).

Hence

(1 1 1)
Fs(2, 23

) == 3 3 -1 .

4 -4 0

(b) We note that we can calculate the entries 4, -4,0 of the third row of Fs{2, 23 )

using the usual properties of Fischer-Clifford matrices as follows. Suppose firstly

we use Corollary 7.1.7 (or Theorem 7.1.6) to obtain some entries of Fs{2, 23 ).

Then as in (a) above we obtain the following partial Fischer-Clifford matrix of

Fs(2,23 ).
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48

16

12

384 384 64

U: -n
where 384, 384, 64 are the orders of centralizers of the (23 )-conjugacy classes

of Bs(2, 6) and 48, 16, 12 are the orders of centralizers in the respective inertia

factor groups involved. Then using the second orthogonality relation for column

1 of the partial Fischer-Clifford matrix of Fs(2, 23 ), we obtain the equation

48(1) + 16(9) + 12(x2 ) = 384. This equation has the solutions x = ±4, which

are the two non-zero entries of the third row of the Fischer-Clifford matrix

Fs(2,23 ).

Remark 7.1.14 Let g be an element of Sn of type (1)'12>'2 ... n>'n) where As =
o for all s i- mk, kEN. We may use Theorem 7.1.6 to construct a partial

Fischer-Clifford matrix of Fs(m, 1>'12>'2 ... n>'n). To determine dim(SjK) referred

to in Proposition 7.1.12 part(ii), we use the second orthogonality relations for the

columns of the partial Fischer-Clifford matrix of Fs(P, 1)'12>'2 ... n>'n). This gives

equations whose solutions are of form ~kpr, where r = dim( S j K) and 0 ~ k ~ p - 1.

Definition 7.1.15 In the rest of this chapter

(i) a column of F(p, 1>'12>'2 ... n>'n) indexed by a type-zero p-set of partition [A], will

be a called type-zero column,

(ii) a permissible row index for F(p, 1>'12>'2 ... n>'n) will mean either a represen­

tative of the set of equivalent p-sets of partition [A], a self-equivalent p-set of par­

tition [A] or with slight abuse of terminology primitive pth roots ~k, 1 ~ k ~ p-l,

of unity. Further a row of a Fischer-Clifford matrix of B(p, n) corresponding to

a permissible row index will be called a permissible row.
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Proposition 7.1.16 Let g be an element of Sn of type (1)'12>'2 ... n>'n). We obtain a

Fischer-Clifford matrix Fs(P, 1>'12>'2 .. ·n>'n) of Bs(p,n) by

(i) selecting the type-zero columns of F(p, 1>'12>'2 ... n>.n),

(ii) selecting the rows corresponding to permissible rows of F(p, 1>'12>'2 ... n>'n), m

the resulting matrix in (i) above,

(iii) dividing by p all the entries of a row, corresponding to a row indexed by a self

equivalent p-set of partition [,X] in F(p, 1>'12>'2 ... n>'n), in the resulting matrix

in (ii) above,

(iv) for each conjugacy class of Sn of type (1>'12A2 ... n>'n), where 'xs = 0 for all

s i= pk, kEN, we repeat p - 1 times the first column of the resulting matrix

in (ii) above and introduce p - 1 rows equal to the non-identity characters of

Cp multiplied by pdim(S/K) respectively in the p identical columns and zeros

elsewhere.

Proof. On applying Theorem 7.1.6, Proposition 7.1.12 and Definition 7.1.15 the

result follows. 0

For reference purposes, the identical columns mentioned in Proposition 7.1.16 will

each be indexed by the p-set of partition [,X] indexing the first column of the partial

Fischer-Clifford matrix but with subscripts. However the additional rows described

in Proposition 7.1.16 will be indexed by primitive pth roots e, 1 :s; k :s; p - 1, of

unity. We are now in a position to state a theorem for the combinatorial method for

constructing the Fischer-Clifford matrices of the groups Bs(p, n).

Theorem 7.1.17 Let 9 be an element of Sn of type (1)'12>'2 ... n An ).

(i) Let{3= ((au,a12, ... ,aln ),(a21,a22, ... ,a2n), ... ,(apl,ap2, ... ,apn)) be a type­

zero p-set of partition ['x].

{1} Let 0 = ((ku , kI2,···, kIn), (k21 , k22 ,··., k2n ),· .. , (kpl , kp2 , ... , kpn )) be a

representative of the set of equivalent p-sets of partition [,X]. An entry of the

Fischer- Clifford matrix Fs (p, 1A12>'2 ... n>'n) which is in a column indexed

by {3 and in a row indexed by 0 is given by
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(a) ~ is a p - th root of unity,

(b) M((3, 6, n) is a set of magic matrices,

(c) R ai ,>'. is the i th row of a partial matrix at position s of a magic matrix,

(d) ( ri, ~:: rl. ) is a multi-nomial coefficient.

(2) Let 6 = ((kn ,kI2 ,·.·, kIn), (k21 , k22 ,···, k2n ), ... , (kpl , kp2 , ,kpn )) be a

self equivalent p-set of partition [A]. An entry ofFs(P, 1>'12'\2 n,\n) which

.. l . d d b (3 d· . d d b 6· . b fro [.8 ,0]2S m a co umn m exe y an m a row m exe y, 2S gzven y p ,

where h o[(3, 6] is as defined in (1) above.

(ii) For each conjugacy class of Sn of type (1)'12'\2 ... n>'n), where As = 0 for all

s =1= mk, kEN, we repeat p - 1 times the first column of the resulting matrix

in (i) above and introduce p - 1 rows equal to the non-identity characters of

Cp multiplied by pdim(S/K) respectively in the p identical columns and zeros

elsewhere.

Proof. The formulae in Theorems 4.3.1 and 4.3.3, for constructing the Fischer­

Clifford matrices of B(p, n) are adapted to Bs(P, n) by considering only the type-zero

p-sets of partitions of n and the permissible row indices. The proof is complete by

Theorem 7.1.6, Proposition 7.1.12, Definition 7.1.15 and Proposition 7.1.16. 0

We will now construct the Fischer-Clifford matrices and character tables of the

groups Bs(2, 6), Bs(3,3) and Bs(3, 5) in the following sections.

7.2 The Group Bs(2, 6)

In this section we construct the Fischer-Clifford matrices of Bs(2, 6) and use these

to construct its character table. The group Bs(2,6) is an affine subgroup of the

symplectic group SP(6,2) (see [47], [12]). In [47], Mpono has used the properties

of Fischer-Clifford matrices given in Section 1.5.2 to construct the Fischer-Clifford

matrices of the group Bs(2, 6). However here we use Theorem 7.1.17 to construct the

Fischer-Clifford matrices of Bs(2, 6). We note that most of the entries of the Fischer­

Clifford matrices of Bs(2, 6) have been calculated while constructing the Fischer­

Clifford matrices of B(2, 6) in Chapters 4 and 5. Thus we only need to use Proposition
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7.1.16 and the Fischer-Clifford matrices of B(2, 6) given in Table 5.1 to construct the

Fischer-Clifford matrices of Bs(2, 6), this is done in Subsection 7.2.1. The Fischer­

Clifford matrices of Bs(2, 6) will be used to construct the character table of Bs(2, 6)

in Subsections 7.2.2 and 7.2.3.

7.2.1 The Fischer-Clifford Matrices of Bs (2, 6)

We now use Proposition 7.1.16 and the Fischer-Clifford matrices of B(2,6) given

in Table 5.1 to construct the Fischer-Clifford matrices of Bs(2, 6). For each con­

jugacy class of 8 6 of type (1.\12.\2 ... 6.\6), we construct the Fischer-Clifford matrix

Fs(2, 1.\12.\2 ... 6.\6). However as examples we will construct the Fischer-Clifford ma­

trices of Bs(2, 6) given by Fs(2, 16) and Fs(2, 142) only.

Examples 7.2.1

(a) Using Proposition 7.1.16 we determine the Fischer-Clifford matrix Fs(2, 16 )

from the Fischer-Clifford matrix F(2, 16 ) of the group B(2, 6).

1 1 1 1 1 1 1
6 4 2 0 -2 -4 -6

15 5 -1 -3 -1 5 15
F(2, 16) = 20 0 -4 0 4 0 -20

15 -5 -1 3 -1 -5 15
6 -4 2 0 -2 4 -6
1 -1 1 -1 1 -1 1

given in Table 5.1. From..\1 = 6 and p = 2, we have the following 2-sets of

partition [16]:

from which we choose the following type-zero 2-sets of partition [16] which index

the columns of Fs(2, 16 ):
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The columns 1, 3, 5 and 7 of F(2, 16 ), indexed by the above type-zero 2-sets

of partition [1 6], are respectively selected. We produce the following resultant

matrix:

1 1 1 1

6 2 -2 -6
15 -1 -1 15

20 -4 4 -20
15 -1 -1 15

6 2 -2 -6
1 1 1 1

Now since 2 I 6 the action of 56 on Irr(25
) produces r~l = 4 orbits. Three of

these orbits are of lengths (6-k~ kJ, where k1E {a, 1, 2}, and the other one is of

length ~ (363)' Thus we choose the following representatives of sets of equivalent

2-sets of partition [16], which index the rows of Fs(2,1 6 ):

Using the resultant matrix above, the rows corresponding to the above permis­

sible row indices are selected (compare Tables 5.1 and 7.3). Further since (D
is a self-equivalent 2-set of partition [16], we divide by p = 2 the entries of the

row indexed by (D to provide a fourth row. Thus we obtain that

Fs(2,1")~ (

1 1 1 1 )
6 2 -2 -6

15 -1 -1 15 .

10 -2 2-10

(b) We construct the Fischer-Clifford matrix Fs (2, 14 21 ) from the Fischer-Clifford ma­

trix F(2, 14 2) of the group B(2, 6).
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1 1 1 1 1 1 1 1 1 1

4 2 0 -2 -4 4 2 0 -2 -4
6 0 -2 0 6 6 0 -2 0 6

1 1 1 1 1 -1 -1 -1 -1 -1

F(2, 14 2) = 4 -2 0 2 -4 4 -2 0 2 -4
4 2 0 -2 -4 -4 -2 0 2 4
1 -1 1 -1 1 1 -1 1 -1 1

6 0 -2 0 6 -6 0 2 0 -6
4 -2 0 2 -4 -4 2 0 -2 4
1 -1 1 -1 1 -1 1 -1 1 -1

150

given in Table 5.1. Using Proposition 7.1.16 we determine the Fischer-Clifford

matrix Fs(2,1 42), from the Fischer-Clifford matrix F(2,1 42). From Al =

4, A2 = 1 and p = 2, we have the following 2-sets of partition [1 4 2]:

(~~ ),( ~~ ),( ~~ ),( ~~ ),( ~~),

(~~ ),( ~~ ),( ~~ ),( ~~ ),( ~~),
from which we choose the following type-zero 2-sets of partition [1 4 2] which

index the columns of Fs(2, 142):

The columns 1, 3, 5, 7 and 9 of F(2, 14 2), indexed by the above type-zero 2-sets

of partition [1 42], are respectively selected. We produce the following resultant

matrix

1 1 1 1 1

4 0 -4 2 -2
6 -2 6 0 0

1 1 1 -1 -1

4 0 -4 -2 2
4 0 -4 -2 2
1 1 1 -1 -1

6 -2 6 0 0

4 0 -4 2 -2
1 1 1 1 1
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We also select the following representatives of sets of equivalent 2-sets of parti­

tion [1 4 2J which index the rows of Fs(2, 142):

Using the resultant matrix, the rows corresponding to the above permissible

row indices are selected (compare Tables 5.1 and 7.3). Thus we obtain that

FS(2,I'2) = (i ~ -~ ~ -~)
-2 6 0 0 .

o -4 -2 2

1 1 -1 -1

This is an example of a case where there is no self equivalent 2-set of partition

[1 4 2]. So there is no row where division by p = 2 is done.

(c) Earlier in Examples 7.1.13, we constructed the Fischer-Clifford matrix Fs(2, 23 )

of Bs (2, 6) as an example of a case of a class of 8 6 whose cycle type contains

no cycle of odd length. We showed that

The above was done for each conjugacy class of 8 6 to give the Fischer-Clifford

matrices of Bs(2, 6) given in Table 7.3. These are the same Fischer-Clifford matrices

of Bs(2, 6) as those found in [41], [47J. The 37 conjugacy classes of Bs(2, 6), including

the respective orders of centralizers in Bs(2, 6), are given in Table 7.1. We construct

the character table of Bs(2, 6) in sections 7.2.3 and 7.2.2.
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Table 7.1: Conjugacy classes of Bs(2, 6)
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6

(16 ) = la (6,0) (16,1°) lA 23040 1

(4,2) (1 4 ,12) 2A 1536 15

(2,4) (1 2,14 ) 2B 1536 15

(0,6) (1°,16) 2C 23040 1

(1 42)=2a ({4, 1), (0, 0)) (1 4 21,1°2°) 20 768 30

«(2,1), (2,0» (1 221,122°) 2E 128 180

«(0,1), (4,0» (1°21,1 4 2°) 2F 768 30

({3, 0), (1, 1» (1 32°,1 121) 4A 192 120

({I, 0), (3, 1» (1 12°,1321 ) 4B 192 120

(1222) = 2b «(2,2), (0, 0» (1222,1°2°) 2G 128 180

((0,2), (2, 0» (1 °22,122°) 2H 128 180

((1,1), (1, 1» (1 121 ,1 1 21 ) 4C 32 720

((2,0), (0, 2» (1 22°,1°22) 40 128 180

«(0,0), (2, 2» (1°2°,1 222) 4E 128 180

(23) = 2c (3,0)0 (23,2°)0 21 384 60

(3,0}t (23,2°}t 2J 384 60

(1,2) (2 1 ,22) 4F 64 360

(133)=3a ((3,1), (0,0» (133 1 ,1°3°) 3A 144 160

((1,1), (2, 0» (1 131 ,1 23°) 6A 48 480

({2, 0))(1,1)) (123°,1 131) 6B 48 480

«0,0»(3,1» (1°3°,13 31) 6C 144 160

(123) = 6a «(1,1,1), (0,0,0» (1 12131,1°2°3°) 60 24 960

«(0,0,1), (1, 1,0» (1 °2°31,11213°) 12A 24 960

«(0,1,0), (1,0,1» (1°213°,112°31) 6E 24 960

«(1,0,0), (0, 1,1» (112°3°,1°2131) 12B 24 960

(32) = 3b (2,0) (32,3°) 3B 36 640

(0,2) (3°,32) 6F 36 640

(124) = 4a «(2,1), (0, 0» (1241,1°4°) 4G 32 720

«(0,1), (2,0» (1°41,124°) 4H 32 720

({I, 0), (1, 1» (1 14°,1 141 ) 8A 16 1440

(24) = 4b «(1,1), (0,0»0 (2 141 ,2°4°)0 41 32 720

«(1,1), (0, O)}t (2 141,204°}t 4J 32 720

(0,0), (1,1» (2°4°,2141 ) 8B 16 1440

(15) = 5a (1,1), (0, 0» (1151,1°5°) 5A 10 2304
(0,0), (1, 1» (1°5°,1 151) lOA 10 2304

(6) = 6b (1,0)0 (61,6°)0 6G 12 1920

(1,0}t (61,6°}t 6H 12 1920
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Table 7.2: Permissible row indices for Bs(2, 6)

(gJs I permissible row indices I type (row)
6

(16 ) = la (6,0) (16 ,1°)
(5,1) (1 5 ,11)

(4,2) (14, 12)
(3,3) (1 3 ,1 3 )

(1 4 2) = 2a ((4,1), (0, 0» (14 21,1°2°)

((3,1), (1, 0» (13 21,112°)

((2,1), (2,0» (1 22\ 122°)

((1,1), (3,0» (112 1,13 2°)

((4,0), (0, 1» (1 4 2°,1°21)

(1 2 22 )=2b ((2,2), (0, 0» (1222,1°2°)
((1,2), (1, 0» (1 121 ,1 12°)
((0,2), (2, 0» (1°22,122°)

((2,1), (0,1» (1 221,1°21)

((1,1), (1, 1» (1121,1 121)

(23 ) = 2c (3,0) (23 ,2°)
(2,1) (22,21)

~= -1 -
(133)=3a ((3,1), (0,0» (1 3 31,1°3°)

((2,1), (1,0» (1 2 31,113°)

((1,1), (2, 0» (1131,123°)

((3,0), (0, 1»

(123) = 6a ((1,1,1), (0, 0, 0» (112131,1°2°3°)

((0,1,1), (1,0,0» (1°2131,112°3°)

((1,0,1), (0, 1,0» (112°31,1°213°)

((0,0,1), (1, 1,0» (1°2°31,11213°)

(32) = 3b (2,0) (32,3°)
(1,1) (3 1,31)

(1 2 4) = 4a ((2,1), (0,0» (1 2 41,1°4°)
((1,1), (1, 0» (1 141,114°)
((0,1), (2, 0» (1 °41,1 24°)

(24) = 4b ((1,1), (0, 0» (2141,2°4°)
((0,1), (1,0» (2°4 1,214°)

~ =-1 -

(15) = 5a ((1,1), (0, 0» (1151,1°5°)

((0,1), (1,0» (1°51,1°51)

(6) = 6b (1,0) (61,6°)

~ =-1 -



CHAPTER 7. THE GROUP Bs{P,N)

Table 7.3: Fischer-Clifford matrices of Bs{2, 6)

Fs (2, 1') ~ ( 1:

1 1

1 ) Fs(2, 2') ~ ( : -:)1
2 -2 -6

3
-1 -1 15

-4
10 -2 2 -10

Fs(2, ]'2) ~ ( ~
1 1 1

-! J
0 -4 2

Fs{2, 6) = ( ~ -~ )-2 6 0

0 -4 -2
1 1 -1 -1

Fs(2, 1'2') ~ ( ~
1 1 1

-: J
-2 0 2

Fs (2, 1'4) ~ ( :

1

-n1 -1 1 -2
2 0 -2 -2 1

-2 0 -2 2

Fs(2, 1'3) = ( ! 1 1

-i )-1 1
Fs(2, 15) = (

1 )-1 -1 -1

1 -1 -1

Fs(2,123) = ( 1
1 1

-: ) Ps(2,24) = ( ; -i)1
-1 -1

1
-1 1

-2
1 -1 -1

Fs{2, 32
) =

154
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Table 7.4: Character table of (83 )2 : C2

Class la 2a 3a 2b 6a 3b 2c 4a 6b

Type (I3,1 3) (1 3,12) (1 3,3) (12,12) (12,3) (3,3) (2,22) (2,4) (6)

1/11 1 1 1 1 1 1 1 1 1

1/12 1 -1 1 1 -1 1 1 -1 1

1/13 1 1 1 1 1 1 -1 -1 -1

1/14 1 -1 1 1 -I 1 -1 1 -1

1/15 2 0 2 -2 0 2 0 0 0

1/16 4 0 -2 0 0 1 2 0 -1

1/17 4 0 -2 0 0 1 -2 0 1

1/18 4 -2 1 0 1 -2 0 0 0

1/19 4 2 1 0 -1 -2 0 0 0

Table 7.5: Fusion of inertia factor groups into 86

S6~
(1 6) (I5) (14,1 2) (1 3,13)

(1 42) (1 32) (1 22,1 2),(1 4,2) (13 ,12)

(1 222) (I22) (1 22,2), (22,1 2) (2,12)

(23) - (22,2) (12,22)

(1 33) (1 23) (13,1 2) (1 3,3)

(123) (23) (13,2) (12,3)

(32) - - (3,3)

(1 24) (14) (4,1 2) -
(24) - (4,2) (2,4)
(15) (5) - -
(6) - - (6)

7.2.2 The Inertia Factor Groups of Bs {2, 6)

We know from Theorem 3.2.7 that 86 acts on Irr(26 ) producing 7 orbits with the

inertia factor groups 86, 85 x 81, 84 X 82 , 83 X 83 , 82 X 84, 85 and 86 , By Remark

3.3.14 the sub-groups of 86 of indices 1, 6, 15, 10 are the required inertia factor groups

of Bs(2,6). Hence the inertia factor groups of Bs(2,6) are 86,85 x SI, 84 X 82 and

(8n : C2 . The character tables of these inertia factor groups are easily computed.

The conjugacy classes of the inertia factor groups which fuse to a class of 8 6 of type

(I AI 2A2 "'6A6) are of type (l k11 2 k12 . ··6k16 lk212kn .. '6k26 ) where ,,2 k· - A, , L..-J=1 JS - s·

The fusion of the conjugacy classes of the inertia factor groups of Es(2, 6) into 86 is

given in Table 7.5 (also see [41], [47]). We use the inertia factor groups of Es(2, 6) to

construct the character table of Es(2, 6) in the following section.
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7.2.3 The Character Table of Bs(2, 6)
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The character table of Bs(2, 6) is constructed by multiplying the partial character

tables of the inertia factor groups of Bs(2, 6) by the corresponding rows ofthe Fischer­

Clifford matrices in Table 7.3 according to the fusions given in Table 7.5. For example,

from Table 7.5 we see that the conjugacy class (13 ,12) of (53)2 : C2 fuses to the class

(142) of 56. So we multiply the partial character table of (53)2 : C2 at the element

(13, 12) with row 4 of the Fischer-Clifford matrix Fs(2, 14 2) as follows:

1 4 0 -4 -2 2
-1 -4 0 4 2 -2

1 4 0 -4 -2 2
-1 -4 0 4 2 -2

0 [ 4 0 -4 -2 2 ] = 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
-2 -8 0 8 4 -4

2 8 0 -8 -4 4

which appears in block 4 of Table C.1 in the Appendix C under the class 2a of 56.

This is done for each Fischer-Clifford matrix of Bs(2, 6) to give the full character table

of Bs(2, 6) given in Tables C.1 to C.3 in the Appendix C. The orders of centralizers of

Bs(2,6) are listed in Table 7.1 and are not included in the character table of Bs(2, 6).

The correctness of the character table of Bs(2, 6) has been tested in GAP.

7.3 The Group Bs(3,3)

In this section we construct the Fischer-Clifford matrices of Bs(3, 3) and use these to

construct its character table. Let N = 33
. Then 5 = 32 =< e1 + 2e2, e1 + 2e3 > is a

subgroup of N. Further 5 may be regarded as a vector space of dimension 2 over Z3.

Explicitly 5 is a collection of all elements d = 2:;=llSes of N such that 2:;=lls ==
o (mod 3) or equivalently the union of the orbits of the action of 53 on N = 32 of

lengths (kl ;2 k3)' where (k1 , k2 , k3 ) E A(3, 3), such that 2:]=1 (j - l)ki == 0 (mod 3).

The group Bs(3, 3) is a split extension of 5 = 32 by 53, it exists by Theorem 3.3.5.

In Subsection 7.3.1, we use Proposition 7.1.16 and the Fischer-Clifford matrices of

B(3,3) which can be constructed as shown in Chapters 4 and 5 to construct the
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Table 7.6: Fischer-Clifford matrices of B(3, 3)

1 1 1 1 1 1 1 1 1 1

3 _~ _ 2~2 -2~-e ~-e 0 -~+e 3~ 2~ + ~2 ~+2e 3e
3 -2~ _ ~2 -~-2e _~+ ~2 0 ~-e 3e ~+2e 2~+e 3~

3 ~-e -~+e 2~+e 0 ~ +2~2 3e -2~-e -~-2e 3~

F(3, 13 ) =
6 0 0 0 -3 0 6 0 0 6

3 _~+~2 ~-e ~+2e 0 2~+e 3~ -f;-2e -2~-e 3e
1 ~ e e 1 ~ 1 ~ e 1

3 2~+e ~+2e -2~-e 0 -~-2e 3~ -~+e ~-e 3e
3 ~+2e 2~+e -~-2e 0 -2~ _ ~2 3e f;-e -~+e 3~

1 e ~ ~ 1 e 1 e ~ 1

1 1 1 1 1 1 1

1 ~ e 1 ~ e 1 ~ e
1 e ~ 1 e ~ 1 e ~

1 1 1 ~ ~ ~ e ~2 e
F(3,12) = 1 ~ e ~ e 1 ~2 1 ~

1 e ~ ~ 1 e e ~ 1

1 1 1 ~2 e ~2 ~ ~ ~

1 ~ ~2 e 1 ~ ~ e 1

1 e ~ e ~ 1 ~ 1 e

F(3,3) = ( :

1

': )~

e

Fischer-Clifford matrices of Bs(3, 3). The Fischer-Clifford matrices of Bs(3, 3) will

be used to construct the character table of Bs(3, 3) in Subsections 7.3.2 and 7.3.3.

7.3.1 The Fischer-Clifford Matrices of Bs (3, 3)

In this subsection we use Proposition 7.1.16 and the Fischer-Clifford matrices of

B(3,3) given in Table 7.6 to construct the Fischer-clifford matrices of the group

Bs(3,3). For each class of S3 of type (1A12>'23>'3) we construct a Fischer-Clifford ma­

trix Fs(3, 1>'12>'23>'3). However as examples we construct the Fischer-Clifford matrices

of Bs(3,3) given by Fs(3,1 3 ) and Fs(3,3) only.
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Examples 7.3.1
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(a) We construct the Fischer-Clifford matrix Fs(3, 13) from the Fischer-Clifford ma­

trix F(3,1 3 ) given in Table 7.6. For the Fischer-Clifford matrix Fs(3, 13 ) we

have ).1 = 3 and p =3. From the ten 3-sets of partition [13] we select the follow­

ing four type-zero 3-sets of partition [13] which index the columns of Fs(3, 13 ):

Thus the matrix Fs(3, 13) is of order 4. Since 3 I 3 the action of 83 on Irr(32 )

produces r13°1 = 4 orbits. Three of these orbits are of lengths (kl ;2 k3)' where

(k1 ,k2 ,k3 ) E {(3,O,O),(2,1,O),(2,O,1)} and one of length HI ~ J We also

select the following four representatives of sets of equivalent 3-sets of partition

[13] which index the rows of Fs(3, 13 ):

Now we select the entries in the columns and rows of F (3, 13 ) indexed by the

type-zero 3-sets of partition [1 3] and permissible row indices respectively as

found above. We produce the following resultant matrix:

1 1 1 1

3 0 3~ 3e

3 0 3e 3~

6 -3 6 6

Further since (1, 1, 1) is a self equivalent 3-set of partition [13], we divide the

entries of the row corresponding to (1,1,1) in the resultant matrix above by

p = 3 to get a fourth row of Fs(3, 13 ). This gives the Fischer-Clifford matrix
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1 1 1 1

Fs(3, 13
) =

3 0 3e 3e

3 0 3e 3e

2 -1 2 2

given in Table 7.9.
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(b) We construct the Fischer-Clifford matrix Fs(3, 3) from the Fischer-Clifford ma­

trix F(3,3) of the group B(3, 3)

(

1 1 1)
F(3,3) = 1 ~ e

1 e e

given in Table 7.6. For the Fischer-Clifford matrix Fs(3,3) we have Al = 1

and p = 3. From the three 3-sets of partition [3] we have only one candidate

for a type-zero 3-se! of partition [3), namely (:) which indexes a column

of Fs(3, 3). We also select (:) as a representative of the set of equivalent

3-sets of partition [3] which indexes a row of Fs(3, 3).

Now selecting the entry in the column and row of F(3, 3) indexed by the type-zero

3-set of partition [3] and permissible row index respectively as found above we obtain

the partial matrix (1) of Fs(3, 3). But since p = 3 divides the length of the 3-cycle

(123), by Theorem 7.1.6 we repeat twice the column with this entry and introduce

two extra rows given by the non-zero rows of the character table of C3 multiplied by

3dim(S/K). It can easily be seen from example 7.1.2(c) that for 9 = (123) we have

S = K so that 3dim(S/K) = 1. Thus the matrix Fs(3,3) is of order 3 and is given by

. ( 1
Fs(3,3) = ~
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Table 7.7: Conjugacy classes of Bs(3, 3)

3

(1 3 )=la (3,0,0) (13 ,1°,1°) lA 54 1
(1,1,1) (1 1,11,11) 3A 9 6
(0,3,0) (1°,13 ,1°) 3B 54 1
(0,0,3) (1°,1°,13 ) 3C 54 1

(12) =2a «1,1),(0,0),(0,0» (1 121,1°2°,1°2°) 2A 6 9
«0,0),(0,1),(1,0» (1°2°,1°21,1 12°) 6A 6 9
«0,0),(1,0),(0,1» (1°2°,1 12°,1°21) 6B 6 9

(3) =3a (1,0,0)0 (313030h 3F 9 6
(I,O,Oh (313030h 3G 9 6
(1,O,Oh (313030h 3H 9 6

Table 7.8: Permissible row indices for Bs(3, 3)

[g]s I permissible row indices I type (row)
3

(1 3 )=la (3,0,0) (13 ,1°,1°)
(2,1,0) (12,1 1 ,1°)
(2,0,1) (1 2,1°,1 1)
(1,1,1) (1 1,11,1 1)

(12) = 2a «1,1), (0, 0), (0, 0» (1 121,1°2°,1°2°)

«0,1), (1, 0), (0,0» (1°21,112°,1°2°)

«0,1), (0, 0), (1,0» (1°21 ,1°2°,1 1 2°)

(3) = 3a (1,0,0) (313°3°)

~ -
e -

This was also done for the conjugacy class of 8 3 of type (12) to give the Fischer­

Clifford matrices of B s (3, 3) given in Table 7.9. We have also used the conjugacy

classes of Bs(3, 3) and the properties of Fischer-Clifford matrices to construct the

Fischer-Clifford matrices of Bs(3, 3). It was found that the above Fischer-Clifford ma­

trices are indeed the Fischer-Clifford matrices of Bs(3, 3). The 10 conjugacy classes

of Bs(3, 3), including the respective orders of centralizers of Bs(3, 3), are given in

Table 7.7.
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Table 7.9: Fischer-Clifford matrices of Bs{3, 3)
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FS(3, 1') =(!

111
Fs(3,3) = 1 ~ e

1 e ~

Table 7.10: Fusion of inertia factor groups into 8 3

~ Sr:C3

(13 ) (1 2) (1)
(12) (12)
(3) (3), (3)'

7.3.2 The Inertia Factor Groups of Bs (3, 3)

We can choose the inertia factor groups of Bs{3, 3) from the inertia factor groups

of B(3, 3). However by Remark 3.3.14 we obtain that the inertia factor groups of

Bs(3,3) are 53, 8 2 and (51f : C3 . The character tables of these inertia factor groups

are easily computed in GAP. And the conjugacy classes of the inertia factor groups

which fuse to a class of 8 3 of type (1,\12,\23,\3) are of type

where I:]=1 kjs = As· The fusion of the conjugacy classes of the inertia factor groups

into 8 3 is given in Table 7.10. We use the inertia factor groups of Bs(3, 3) to construct

the character table of Bs{3, 3) in the following section.
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7.3.3 The Character Table of Bs (3, 3)
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The character table of Bs{3, 3) is constructed by multiplying the partial character

tables of the inertia factor groups of Bs(3, 3) by the corresponding rows of the Fischer­

Clifford matrices in Table 7.9) according to the fusions given in Table 7.10. For

example, from Table 7.10, we see that the conjugacy class (3) of (8r)2 : C3 fuses to

the class (123) of 83 . But since there are two classes of elements of (8r)2 : C3 ~ C3

fusing to the class 3a of 83, we multiply the partial character table of (81)2 : C3 at

the classes (3) and (3)' with row 2 and 3 of the Fischer-Clifford matrix Fs{3,3) as

follows:

-1 ]
2 ,

€+e

which appears in block 3 of Table D.1 in the Appendix D under the class 3a of 8 3 .

This is done for each Fischer-Clifford matrix of Bs(3, 3) to give the full character

table of Bs(3, 3) given in Table D.1 in the Appendix D. The orders of centralizers of

Bs(3,3) are listed in Table 7.7 and are not included in the character table of Bs(3, 3).

The correctness of the character table of Bs(3, 3) has been tested in GAP.

7.4 The Group Bs(3, 5)

In this section we construct the Fischer-Clifford matrices of Bs(3, 3) and use these to

construct its character table. Let N = 35 . Then 8 = 34 =< e1 +2eS+1 Is = 1,2,3,4 >
is a subgroup of N. Further 8 may be regarded as a vector space of dimension 4

over £:3. Explicitly 8 is a collection of all elements d = 2::;=llses of N such that

2::;=1 Is == 0 (mod 3) or the union of the orbits of the action of 85 on N = 35 oflengths

(kl;2 k3)' where (k1,k2,k3) E A(5,3), such that 2::]=1(j -l)ki == 0 (mod 3). The

group Bs(3, 5) is a split extension of 8 = 34 by 8 5 , it exists by Theorem 3.3.5. Here

we use Proposition 7.1.16 and the Fischer-Clifford matrices of B(3, 5) constructed in

Chapters 4 and 5 to construct the Fischer-Clifford matrices of Bs{3, 5). The Fischer­

Clifford matrices of Bs(3, 5) will be used to construct the character table of Bs(3, 5)

in Subsections 7.4.2 and 7.4.3.
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7.4.1 The Fischer-Clifford Matrices of Bs(3, 5)

163

In this subsection we use Proposition 7.1.16 and the Fischer-Clifford matrices of

B(3,5) constructed in Chapters 4 and 5 to construct the Fischer-clifford matrices

of the group Bs(3, 5). For each class of Ss of type (1 AI2A2 ... 5AS ) we construct the

Fischer-Clifford matrix Fs (3, 1AI2A2 ... 5AS ). However as examples we construct the

Fischer-Clifford matrices of Bs(3, 5) given by Fs(3, IS) and Fs(3, 132) only.

Examples 7.4.1

(a) We construct the Fischer-Clifford matrix Fs(3, 15) from the Fischer-Clifford ma­

trix F(3, 15 ) given in Table 5.2. For the Fischer-Clifford matrix Fs(3, IS) we

have >'1 = 5 and p =3. From the 3-sets of partition [IS] given in Chapter 4

we select the following seven type-zero 3-sets of partition [IS] which index the

columns of Fs(3, 15 ):

Thus the matrix Fs(3, 15) is of order 7. Since 3 f 5 the action of Ss on Irr(34 )

produces r2
} 1= 7 orbits all of lengths (kl ;2 k)· We also select the following

seven representatives of sets of equivalent 3-sets of partition [IS] which index

the rows of Fs(3, IS):

Now selecting the entries in the columns and rows of F(3, IS) indexed by the

type-zero 3-sets of partition [IS] and permissible row indices respectively as

found above we obtain the Fischer-Clifford matrix Fs(3, IS) given in Table 7.13.

(b) We construct the Fischer-Clifford matrix Fs(3, 132) from the Fischer-Clifford ma­

trix F(3, 13 2) given in Tables 5.3 to 5.5. For the Fischer-Clifford matrix Fs(3, 132)
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we have Al = 3, A2 = 1 and p = 3. From the 3-sets of partition [132] given in

Chapter 4 we choose the following ten type-zero 3-sets of partition [13 2] which

index the columns of Fs(3, 13 2):

(H).{::).{::).{::).{E),
(~:).{:: H::H::H::)

Thus the matrix Fs(3,1 32) is of order 10. We also select the following ten

representatives of sets of equivalent 3-sets of partition [13 2] which index the

rows of Fs(3, 13 2):

U:)'{::H::H~:)'{::)'

(::H::).{::)t:HH)
Now selecting the entries in the columns and rows of F(3, 132) indexed by the type­

zero 3-sets of partition [132] and permissible row indices respectively as found above

we obtain the Fischer-Clifford matrix Fs(3, 13 2) given in Table 7.13.

This was done for each conjugacy classes of Ss to give the Fischer-Clifford matrices

of Bs(3, 5) given in Table 7.13. The 36 conjugacy classes of Bs(3, 5), including the

respective orders of centralizers of Bs(3, 5), are given in Table 7.11.
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Table 7.11: Conjugacy classes of Bs(3, 5)
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5

(15) = la (5,0,0) (15,1°,1°) lA 9720 1
(3,1,1) (13 ,1 1,11) 3B 486 20
(2,3,0) (1 2,1 3 ,1°) 3C 972 10

(2,0,3) (12,1°,13 ) 30 972 10
(1,2,2) (1 1,1 2 ,12) 3E 324 30
(0,4,1) (1°,1 4 ,11) 3F 1944 5
(0,1,4) (1°,11,14

) 3G 1944 5

(13 2) = 2a «3,1), (0, 0), (0, 0» (13 21,1°2°,1°2°) 2A 324 30
«1,1), (1, 0), (1, 0» (1 121,112°,1 12°) 6A 54 180
«0,1),(3,0),(0,0» (1°21,1 32°,1°2°) 6B 324 30
«0,1),(0,0),(3,0» (1°21,1°2°,1 3 2°) 6C 324 30
«2,0),(0,1),(1,0» (1 22°,1°21,112°) 60 108 90
«1,0), (2, 1), (0, 0» (112°,1 221,1°2°) 6E 108 90
«0,0), (1, 1), (2,0» (1°2°,1 121,122°) 6F 108 90
«2,0), (1, 0), (0, 1» (12 2°,112°,1°21) 6G 108 90
«1,0),(0,0),(2,1» (1 12°,1°2°,1 221) 6H 108 90
«0,0), (2,0), (1, 1» (1°2°,1 22°,1121) 61 108 90

(1 122) = 2b «1,2),(0,0),(0,0» (1 122,1°2°,1°2°) 2B 72 135
«0,1), (0, 1), (1, 0» (1°21,1°21,1 12°) 6J 36 270
«0,1), (1, 0), (0,1» (1°21,1 12°,1°21) 6K 36 270
«0,0»(1,2),(0,0» (1°2°,1122,1°2°) 6L 72 135
«1,0), (0, 1), (0,1» (1 12°,1°21,1°21) 6M 36 270
«0,0), (0, 0), (1, 2» (1°2°,1°2°,1122 ) 6N 72 135

(1 23)=3a «2,1),(0,0),(0,0» (1 2 31,1°3°,1°3°) 3A 54 180
«0,1), (1, 0), (1,0» (1°31,113°,113°) 9A 27 360
«1,0), (0, 1), (1, 0» (1 13°,1°31,113°) 9B 27 360
«0,0),(2,1),(0,0» (1°3°,1 231 ,1°3°) 9C 54 180
«1,0), (1, 0), (0, 1» (1 13°,113°,1°31) 90 27 360
«0,0), (0, 0), (2, 1» (1°3°,1°3°,1 231) 9E 54 180

(23) = 6a «1,1),(0,0),(0,0» (21 31,2°3°,2°3°) 60 18 540
«0,0), (0, 1), (1, 0» (2°3°,2°31 ,213°) 18A 18 540
«0,0), (1, 0), (0,1» (2°3°,21 3°,2°31 ) 18B 18 540

(14) = 4a «1,1), (0, 0), (0, 0» (1 141,1°4°,1°4°) 4A 12 810
«0,0), (0, 1), (1,0» (1°4°,1°41,114°) 12A 12 810
«0,0), (1, 0), (0, 1» (1°4°,1 14°,1°41) 12B 12 810

(5) = 5a (1,0,0) (51 ,5°,5°) 5A 5 1944
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Table 7.12: Permissible row indices for Bs(3, 5)

[gls I permissible row indices I type (row)
5

(15) = la (5,0,0) (15,1°,1°)
(4,1,0) (1 4 ,11,1°)
(4,0,1) (1 4 ,1°,11)
(3,2,0) (13,12,1°)
(3,1,1) (13,11,11)
(3,0,2) (1 3,1°,1 2)
(2,2,1) (12,1 2,11)

(1 3 2)=2a ((3,1), (0, 0), (0, 0» (1321,1°2°,1°2°)
((2,1),(1,0),(0,0» (1 221,112°,1°2°)
((2,1), (0, 0), (1, 0» (1 221,1°2°,112°)
((1,1),(2,0),(0,0» (1 121,1 22°,1°2°)
((1,1), (1,0), (1,0» (1121,112°,112°)

((1,1),(0,0),(2,0» (1 121,1°2°,122°)
((0,1),(3,0),(0,0» (1°21,132°,1°2°)
((0,1), (2, 0), (1, 0» (1°21,1 22°,112°)
((0,1),(1,0),(2,0» (1°21,112°,122°)
((0,1),(0,0),(3,0» (1°21,1°2°,132°)

(1 122) = 2b ((1,2), (0, 0), (0,0» (1 122,1°2°,1°2°)
((0,2),(1,0),(0,0» (1°22,112°,1°2°)
((0,2),(0,0),(1,0» (1°22,1°2°,112°)
((1,1),(0,1),(0,0» (1 121,1°21,1°2°)
((0,1»(1,1), (0, 0» (1°21,1121,1°2°)
((0,1), (0, 1), (1, 0» (1°21,1°21,112°)

(1 2 3)=3a ((2,1),(0,0),(0,0» (1 231,1°3°,1°3°)
((1,1), (1,0), (0,0» (1131,113°,1°3°)
((1,1), (0,0), (1, 0» (1131,1°3°,113°)
((0,1), (2, 1), (0, 0» (1°31,1231,1°3°)
((0,1),(1,0),(1,0» (1°31,113°,1 13°)
((0,1), (0, 0), (2,0» (1°31,1°3°,123°)

(23) = 6a ((1,1),(0,0),(0,0» (2131,213°,2°3°)
((0,1), (1,0), (0,0» (213°,2131 ,2°3°)
((0,1),(0,0),(1,0» (213°,213°,213°)

(14) = 4a ((1,1),(0,0),(0,0» (1 141 ,1°4°,1°4°)
((0,1), (1,0), (0, 0» (1°4 1 ,1 14°,1°4°)
((0,1),(0,0),(1,0» (1°4 1 ,1°4°,1 14°)

(S) = Sa (1,0,0) (S1,SO,50)
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Table 7.13: Fischer-Clifford matrices of Bs(3, 5)

1 1 1 1 1 1 1

5 2 {-2e -2{+e -1 4{+e {+4e
5 2 -2{ + {2 {-2e -1 { +4{2 4{+e

Fs(3,1 5
) = 10 1 5{+2e 2{+5e 1 -4{ + Z{2 Z{-4e

20 -1 2 2 -4 8 8
10 1 2{+5e 5{+2e 1 2{ -4e -4{+2e
30 -6 3 3 3 -6 -6

1 1 1 1 1 1 1 1 1 1

3 0 3{ 3e -2{-e {-e {+2e -{-2e -{+e 2{ + {2

3 0 3e 3{ -~-2e -~+e 2~+e -2{-e ~-e ~+2e
3 0 3{2 3{ -{+e 2{+e -{-2e {_ {2 (+2e -2{-e

Fs(3, 13 2) =
6 -3 6 6 0 0 0 0 0 0

3 0 3{ 3e {-e {+2e -2{-e -{+e 2{ + {2 -{-Ze
1 1 1 1 e e e { { {

3 0 3{ 3e {+2e -2{-e {-e 2{ + ~2 -{-Ze -{+e
3 0 3{2 3{ 2~+e _{ _ 2{2 -~+e {+2e -2{-e {-e
1 1 1 1 { ~ { e e e

1 1 1 1 1 1

2 -1 -~ 2{ -e ze

Fs(3, 123) = 2 -1 -e 2e -{ Z{
1 1 e e { {

2 -1 -1 2 -1 2

1 1 { { e {2

1 1 1 1 1 1

1 e { { 1 (2

Fs(3, 122) = 1 { e e 1 {

2 -e -{ 2{ -1 2{2

2 -( -e 2e -1 2{

2 -1 -1 2 -1 2

F,(3, 23) ~ F,{3, 14) ~ ( :

1 ne
(

Fs(3,5) = ( 1 )
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7.4.2 The Inertia Factor Groups of Bs(3, 5)
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We can choose the inertia factor groups of Bs(3, 5) from the inertia factor groups of

B(3,5). However by Remark 3.3.14 we obtain that the distinct inertia factor groups

of Bs(3, 5) are Ss, S4, S3 X S2, S2 X S3, S2 X S2 and S3' The character tables of these

inertia factor groups are easily computed. And the conjugacy classes of the inertia

factor groups which fuse to a class of Ss of type (1 A12A2 ... 5AS ) are of type

where 2:J=1 kjs = As· The fusion of the conjugacy classes of the inertia factor groups

into Ss is given in Table 6.9. We use the inertia factor groups of Bs(3, 5) to construct

the character table of Bs(3, 5) in the following section.

7.4.3 The Character Table of Bs (3, 5)

The character table of Bs(3, 5) is constructed by multiplying the partial character

tables of the inertia factor groups of Bs (3,5) by the corresponding rows of the Fischer­

Clifford matrices in Table 7.13 according to the fusions given in Table 6.9). For

example, from Table 6.9, we see that the conjugacy class (3,12 ) of S3 x S2 fuses to

the class (1 23) of Ss. So we multiply the partial character table of S3 x S2 at the

element (3,1 2 ) with row 4 of the Fischer-Clifford matrix Fs(3,1 2 3) as follows:

1 1 1 e e ~ ~

1 1 1 e ~2 ~ ~

1
[ 1 e e ~ ] =

1 1 e e ~ ~1 ~1 1 1 e e ~ ~

-1 -1 -1 _~2 -e -~ -~

-1 -1 -1 _~2 -e -~ -~

which appears in block 4 of Table E.3 in the Appendix E under the class 3a of Ss.

This is done for each Fischer-Clifford matrix of Bs(3, 5) to give the full character

table of Bs(3, 5) given in Tables E.1 and E.3 in the Appendix E. The orders of

centralizers of Bs(3, 5) are listed in table 7.11 and are not included in the character

table of Bs(3, 5). The correctness of the character table of Bs(3, 5) has been tested

in GAP.



Chapter 8

The Group BQ(rn, n)

As described in Section 3.3, the group BQ(m, n) is a split extension of Q = Z~

by the symmetric group Sn (see Theorem 3.3.6). In Section 8.1, we describe the

group BQ(m, n) explicitly and give some results about its conjugacy classes. The

group BQ(m, n) may occur as a constituent of other important groups, such as simple

groups, therefore we need to construct its character table. In this chapter we develop

a method for constructing the Fischer-Clifford matrices of the group BQ(m, n).

In [35J List has presented a method for constructing the Fischer-Clifford matrices

of group extensions of a faithful irreducible constituent of the elementary abelian

group 2n by symmetric groups. This is done by choosing entries from appropriate

rows and columns of the Fischer-Clifford matrices of B(2, n). In Section 8.2 we adapt

the combinatorial method for constructing the Fischer-Clifford matrices of B(m, n) to

construct the Fischer-Clifford matrices of the groups BQ(m, n). In Sections 8.3 and

8.4, we apply the results obtained in Sections 8.1 and 8.2 to construct the Fischer­

Clifford matrices and character tables ofthe groups BQ(2, 6) and BQ(3, 5) respectively.

We note that with the exception of Corollary 8.2.11, Remark 8.2.12 and Proposition

8.2.13, which are valid only when p is prime, most of the results in this chapter are

true for a general m.

8.1 Some Preliminary Results

In this section we discuss some results which we use in Section 8.2 for the construction

of the Fischer-Clifford matrices of BQ(m, n). The group BQ(m, n) may be considered

169



CHAPTER 8. THE GROUP BQ(M, N) 170

as the quotient group B(m, n)jM. Let N = Z~ and M =< I:~=l es > as in Chapter

3. Then we have the following result.

Theorem 8.1.1 Let Q = Z::h and M as above.

(i) M <J B(m, n).

(ii) BQ(m, n) = B(m, n)jM.

Proof. We take M and N as subgroups of B(m, n) with the operation multiplication.

(i) Let x E M and dg E B(m, n), where dEN and 9 E Sn. Then dgx(dg)-l =

dx9d- 1 = x9 E M, since N is abelian and M is Sn-invariant. So M <J B(m, n).

(ii) We show that the groups BQ(m, n) and B(m, n)jM are equal and that the

operations on the two groups are also equal. Let x E BQ(m, n). Then x =

(dM)g and (dM)g = d(gM) E B(m,n)jM, since M is normal in B(m,n).

Similarly if x = (dg)M E B(m, n)jM we have x = d(gM) = d(Mg) = (dM)g E

BQ(m, n). Hence BQ(m, n) = B(m, n)jM.

(d1M)gl (d2 M )g2 = (dlM)(d2M)91glg2

= (dlM)(d~lM)glg2

= (dld~l M)glg2

= dld~l M(glg2)

dld~l (glg2)M

= (d1gd (d2g2)M

= (d1g1)M(d2g2)M. 0

Thus if necessary we may refer to the group B(m, n)jM in place of the group

BQ(m, n). For example the element (d + M)g of BQ(m, n) when N is written addi­

tively, may be taken as the element dgM of B(m,n)jM.
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Proposition 8.1.2 Let d1g1, d2g2 E B(m, n), where d1, d2 E Nand gl,g2 E Sn' If

gl and g2 are not conjugate in Sn, then

(ii) (d1+ M)gl and (d2+ M)gz are not conjugate in BQ (m, n).

Proof.

(i) Suppose that (d1+ M)gl = (d2+ M)g2' that is d1g1M = d2g2M. Then

d1g1M = d2gzM =} (d1g1)(d2g2)-1 EM

=} ddglg2"1 )d2"1 E M

=} ddd2"I)(919z1 \glg2"l) EM,

=} gl g2"1 E N n Sn

-1 1=} g1g2 = N

=} gl = g2,

that is gl is conjugate to g2, which is a contradiction. It follows that

(d1+ M)gl ~ (d2 + M)g2.

(ii) Suppose that (d1+ M)gl and (dz + M)g2 are conjugate, that is (d1g1M)d9M =

d2g2M for some dgM E B(m, n)jM, where dEN and 9 E Sn' We have

(dlg1)d9(d2g2)-1 E M which implies that dt9g~9g2"ld2"1E M, so that

dt9(dg)(gd(g- l d- 1)(g2"l d2"1) EM. Now

dt9(dg)(gd(g-ld- 1)(g2" ld2"l) EM=} (dt9d)(g91g-1)(d- 1)(g2" ld2"1) EM

=} (dt9d)(d-l)(9919-1)(g919-1)(g2"ld2"l) E M

=} [(dt9d)(d-l)9i](gi)(g2"ld21) EM

=} [(dt9d)(d- 1)9i](gig2"1)(d2"1) EM

=} [(dt9d)(d-1)9i][(d2"1)(9i92"1)](gig21) EM

=} gig2 1 E N n Sn

9 -1 1=} g1g2 = N,

=} gf = g2,
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that is g1 is conjugate to g2 in Sn, which is a contradiction. It follows that

(d1 + M)g1 is not conjugate to (d2 + M)g2. D

Proposition 8.1.3 Let H be a normal subgroup of a group G. Let a, b, g E G.

(i) If a and b are conjugate in G, then aH and bH are conjugate in G/ H.

(ii) Further, ab- 1 EH if and only if agH = bgH.

Proof. The proof is trivial. 0

Corollary 8.1.4 Let dg, d'g E B(m,n)' where d,d' EN and 9 E Sn'

(i) If dg and d'g are conjugate in B(m,n), then (d + M)g and (d' + M)g are

conjugate in BQ (m, n).

(ii) Further, d - d' E M if and only if (d + M)g = (d' + M)g.

Proof.

(i) Since M is normal in B(m, n), by part (i) of Proposition 8.1.3, if dg is conjugate

to d'g in B(m,n) then dgM is conjugate to d'gM in B(m,n)/M. Now with the

correspondence between dgM E B(m,n)/M and (d+M)g E BQ(m,n) given by

Theorem 8.1.1, it follows that (d + M)g is conjugate to (d' + M)g in BQ(m, n).

(ii) Since M is normal in B(m, n) by part (ii) of Proposition 8.1.3, we have dd,-1 E

M if and only if dgM = d'gM in B(m, n)/M. Now by Theorem 8.1.1 we have

d - d' E M if and only if (d + M)g = (d' + M)g in BQ(m, n) as required. D

8.2 Fischer-Clifford Matrices of EQ (rn, n)

In this section, we adapt the combinatorial method for constructing the Fischer­

Clifford matrices of B(m, n) described in Chapter 4 to construct the Fischer-Clifford

matrices of the group BQ(m, n), where Q = Z~ is a quotient of N = Z~. In sequel,

we present some results which describe the construction of the Fischer-Clifford ma­

trices of BQ(m,n), from those of B(m,n). For g E Sn of type (1 AI 2A2 •. • n An ), let

FQ(m, 1Al 2A2 ..• n An) denote the Fischer-Clifford matrix of BQ (m, n).
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Proposition 8.2.1 Let d, d' E N such that d - v = d' where v = L:~=lles E M,

for some l E Zm. Let dg and d'g be class representatives of two distinct conjugacy

classes of B{m, n) respectively indexed by {3 and fl, where (3 and fl are m-sets of

partition [A] indexing columns of a Fischer-Clifford matrix F{m, 1..\12..\2 .. . nnm ), cor­

responding to a conjugacy class of B{m, n). Then (3 and fl index the same column

in FQ{m, 1..\12..\2 ... nnm ), corresponding to a conjugacy class of BQ{m, n) with class

representative {d + M)g = {d' + M)g.

Proof. We have d - v = d' implies (d - v) +M = d' +M, and hence d +M = d' +M

since v E M. Now since d+M = d' +M we have {d+M)g = {d' +M)g. Thus (d+M)g

= (d' + M)g is a representative of a conjugacy class in BQ{m, n) indexed by both {3

and fl. It follows that (3 and fl index the same column in FQ(m, 1..\12..\2 .. . nnm ). 0

Remark 8.2.2 We note that the statement d - v = d' in Proposition 8.2.1 may be

replaced by d + v = d' since the elements (d - v) + M and (d + v) + M are equal

in BQ(m, n). Further taking quotients of B{m, n) by M is equivalent to calculating

for each dEN, the elements d + v for all v E M, and then multiplying these by

representatives of conjugacy classes of Sn'

Let {d' +M)g = {d+M)g, where 9 E Sn, d,d' EN. Then it is clear from Remark

8.2.2 that the type of d'g may be determined by considering the type of (d + v)g.

Thus we have the following definition.

Definition 8.2.3 Let 9 be an element of Sn of type (1..\12..\23..\3 ... n..\n). Let fl = (bis)

and f3 = (ais), i = 1,2, ... , m, S = 1,2, ... , n, be m-sets of partition [A]. Then (3

and fl are said to be g-equivalent if Typ(dg) = (3 and Typ((d + v)g) = fl for some

dEN and v E M. However if Typ(dg) = Typ((d + v)g) = {3, then (3 is said to be

self g-equivalent. For m = 2, we note that g-equivalence of 2-sets of partition [A]
is the same as odd equivalence of 2-sets of partition [A].

It follows from Proposition 8.1.4 that some conjugacy classes of B(m, n) produce

one conjugacy class of B (m, n) / M, and by Theorem 8.1.1 this also happens to these

conjugacy classes of B (m, n) in BQ (m, n). For this reason we will take the type

Typ((d + M)g) of (d + M)g E BQ(m, n) to be the type Typ(dg) of dg, where dg is a

representative of one of the conjugacy classes of B(m, n) producing the one conjugacy
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class of BQ{m, n) with representative (d + M)g. The following result describes the

m-sets of partition [A] which index the columns of the Fischer-Clifford matrices of

BQ{m, n) and therefore the types for the conjugacy classes of BQ{m, n).

Theorem 8.2.4 Let 9 be an element of Sn of type (1>'12>'23>'3 .. . n>'n). Let /3 be a

representative of the set of g-equivalent m-sets of partition [A]. Then /3 (or equiva­

lently the set of g-equivalent m-sets of partition [A]) indexes a column of the Fischer­

Clifford matrix FQ{m, 1>'12>'2 .. . n>'n) of BQ{m,n). Furthermore

(i) if As # ofor some s # mk, k E NU{O}, then the columns of FQ{m, 1>'12>'2 .. . n>'n)

are indexed by representatives of sets of g-equivalent m-sets of partition [A] and

are in correspondence with the columns of F{m, 1>'12>'2 ... n>'n) that are indexed

by g-equivalent m-sets of partition [A],

(ii) if As = 0 for all s # mk, k E Nu {O}, then the columns of FQ{m, 1>'12>'2 ... n>'n)

are indexed by m-sets of partition [A] and are in 1-1 correspondence with the

columns of F(m, 1>'12>'2 ... n>'n).

Proof.

(i) Let f..l = (bis ) be g-equivalent to /3 = (ais), i = 1,2, ... ,m, s = 1,2, ... , n. Fix i.

Then by definition of g- equivalence of m-sets of partition [A], we have bi,s = ais

for s # mk, where i' = (i + j)(mod m), j E NU {O} and bis = ais for s = mk.

But by Proposition 8.2.1, j is the residue mod m of the sum of the powers of an

m th root of unity due to adding v = 2:~=llez such that d + v = d', and dg and

d'9 are representatives of the conjugacy classes of B(m, n) indexed by /3 and f..l

respectively. We just need to show that the addition of v to d does not change

the residue mod m in d' for cycles of dg of length s = mk but changes for cycles

of length s # mk. Without loss of generalization, let 9 = dg contain a cycle

gl = d1g1 of length s # mk and another cycle g2 = d2g2 of length s = mk, each

cycle such that for its associated powers kij we have 2:;=1 kij == (i -1)(mod m).

We see that for each cycle d1g1 such that for its associated powers kij we have

2:;=1 kij is equal to say t, the addition of v = 2:;=llez to d1 yields a cycle of the

same length s # mk such that for its associated powers kij we have 2:;=1 kij is

equal to t + sl = t + {mk + k')l for some positive integer k' < m. This is so since

the power 1 is added s = mk + k' times to t for the length s = mk + k'. Now



CHAPTER 8. THE GROUP BQ(M,N) 175

t + (mk +k')l is congruent, mod m, to some k" =1= (i - 1) E Zm. This re-arranges

cyclically the ais at s =1= mk of {3 such that ais becomes ai' s with i' = i + sl

to give f-t. Thus bi,s = ais' But for the cycle d2g2 such that for its associated

powers kij we have 2:;=1 kij is equal to say u and congruent to (i -l)(mod m) ,

the addition of v = 2:~=1 lez to d2 yields a cycle of the same length s = mk such

that for its associated powers kij we have 2:;=1 kij is equal to u + mkl, which

still is congruent to (i - l)(mod m). Further since in the type of dg E B(m, n)

we talk about cycles of dg, the m-set of partition [.x] indexing a class of B(m, n)

containing dg must be expressed in terms of cycles of g, the m-sets of partition

[.x] indexing classes of BQ(m, n) are said to be g-equivalent(see Example 8.2.7

below).

(ii) If .xs = 0 for all s =1= mk in [.x], then there are no sets of g-equivalent m-sets

of partition [.x]. Now with only the cycles of length s = mk, by the last part

of the proof of part(i) of this theorem, for each cycle d2g2 of length s = mk,

the addition of v = 2:~=1 lez to d2 yields a cycle of the same length s = mk

such that for its associated powers kij we have 2:;=1 kij is equal to u + mkl

which is congruent to (i - l)(mod m), that is d - d' (j. M or equivalently

d + v =1= d'. Thus for any two columns of F(m, 1A12A2 ... n An ) corresponding to

class representatives dg and d'g, we have (d + M)9 =1= (d' + M)g. It follows that

for 9 of type (1 A12>'2 ... n An ) where .xs = 0 for all s =1= mk in [.x], each m-set

of partition (.x] indexing a column of F(m, 1A1 2A2 ... n An ) indexes a column of

FQ(m,lA12A2 ... nAn). 0

Remark 8.2.5 We note that a set of g-equivalent m-sets of partition [.x] may contain

only a self g-equivalent m-set of partition [.x] considered as its own representative. In

such a case the self g-equivalent m-set of partition [.x] indexes a unique column of

FQ(m, 1AI 2A2 ... n An ). Further in the case where .xs = 0 for all s =1= mk in [.x], each

m-set of partition [.x] indexes a unique column of FQ(m, 1A12A2 '" n An ).

Examples 8.2.6 We give the m-sets of partition [.x] indexing the columns of the

Fischer-Clifford matrices FQ(2, 142) and FQ(2,2141 ) of BQ(2,6).

(a) We note that {3 = ((0,0), (4, 1)) is a type for a conjugacy class of B(2, 6) coming

from the class (142) of 86 . Now the elements of the class of B(2, 6) indexed by

f3 contain all = 0 cycles of length 1 each with no negative sign, a12 = 0 cycles
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of length 2 each with no negative sign, a21 = 4 cycles of length 1 each with

1 negative sign and a22 = 1 cycle of length 2 each with 1 negative sign. Let

9 = (5 6) E 86 , it follows that dg with cycle notation

is an element of the class of B(2, 6) indexed by {3. Now we construct /-L from (3,

satisfying the hypothesis of Theorem 8.2.4. We require that in

/-L = ((bn,b12),(b21,b22)), the condition bn = a21 and b21 = an at s = 1,

b12 = a12 and b22 = a22 at s = 2 must be satisfied. Thus bn = 4 and b21 = 0

at s = 1 while b12 = 0 and b22 = 1 at s = 2 with /-L = ((4,0), (0, 1)). Now we

produce a class representative d'g of the class of B(2, 6) indexed by /-L which is

In this case we see that d + d' = (L:~=1 es ) + es = L:;=1 es rJ. M. This is not

what we wish to obtain, however due to the non-unique choice of the number

of negative signs mod 2 in the definition of the type /-L (see Definition 3.1.2) we

must have considered a conjugate esg of the necessary element d"g = e6g, where

(~ _ ~)M = e6gM.

Now d" is such that d +d" = L:~=1 es . Alternatively it can be shown easily that

that is (L:~=1 es)gM = e6gM in which subtraction of L:~=1 es from d of dgM

yields d" of d"gM in BQ(2,6). Thus the two classes of B(2,6) with class repre­

sentatives (L:~=1 es)g and e6g produce one class with representative

(2:;=1 es)gM = e6gM in BQ(2,6). Further we note that the cycle (5 6) of

length 2 retains the negative sign after subtracting L:~=1 es from d of dgM.

(b) We consider the class of 86 of type (2141 ). Here none of the 2-sets of partition

[2141] are g-equivalent. By part (ii) of Theorem 8.2.4, all the 2-sets of partition

(2141], that is

(~ ~), (~ ~), G~), (~~),
index the columns of FQ(2, 2141).



CHAPTER 8. THE GROUP BQ(M,N)

Example 8.2.7
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We note that in Examples 8.2.6, we may have used the definition of odd-equivalent

2-sets of partitions [14 2] and [2 141] to identify the indices for the columns of the

Fischer-Clifford matrices FQ(2, 142) and FQ(2, 2141) respectively. However we show

that in the case of the Fischer-Clifford matrix FQ(3, 1122 ) where m = 3 (# 2), we

instead need to use the definition of g-equivalent 3-sets of partition [1 122]. We take

say 9 = (2 3)(4 5) to be the representative of the class of S5 of type (1 122 ) and

consider the class of BQ(3, 5) of type ((1, 2), (0,0), (0,0)) also with representative g. To

determine the 3-sets of partition [1 122] indexing the classes of B(3, 5) which produce

a class of BQ(3,5) of type ((1,2), (0,0), (0,0)), we obtain the elements d + v, where

v EM =< l L~=1 ez Il E 2:3 > and d = IN of g. Doing this we obtain the elements g,

L~=1 ezg, 2 L~=1 ezg, which are the representatives of the classes of B(3, 5) of types

((1,2), (0,0), (0, 0)), ((0,0), (1,0), (0, 2)) and ((0,0), (0,2), (1,0)) respectively. These

types are are g-equivalent (not really odd equivalent). The conjugacy class of B(3, 5)

of types equal to these three (2 3) (4 5)-equivalent 3-sets of partition [1 122] produce a

class of BQ(3, 5) of type ((1,2), (0,0), (0,0)) and representative gM = L~=1 ezgM =

2 L~=1 ezgM. This is also true from the fact that the only classes of BQ(3, 5) arising

from the class of S5 of type (1 122 ) and containing elements of order 2 are those classes

with representatives gM, L~=1 ezgM and 2 L~=1 ezgM.

Let 9 be an element of Sn of type (1 Al 2A2 3A3 ••. n An). Following from Theorem

8.2.4 and Remark 8.2.5, we will say that

(i) when As # 0 for some s # mk, a representative (or equivalently the set) of

g-equivalent m-sets of partition [A] indexes a conjugacy class of BQ(m, n).

(ii) when As = 0 for all s # mk, each m-set of partition [A] indexes a conjugacy

class of BQ(m, n).

Proposition 8.2.8 Two elements q and q' are conjugate in BQ(m, n) if and only if

Typ(q) = Typ(q').

Proof. The proof follows from Proposition 3.1.3, Theorem 8.2.4 and Remark 8.2.5.

D.
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Proposition 8.2.9 Let 9 be an element of Sn of type (1 A12A2 3A3 ••• n An ). Let "if. =

(d + M)g be an element of BQ(m, n) of type f3 = (ais) or

(i) If.As -=F 0 for some s -=F mk, then the order of the centralizer of "if. = (d + M)g in

BQ(m, n) is given by
m n

m 1
-

r IT IT (ms)a i s (ais!) ,
i=1 s=1

where either r = 1 when f3 is a self g-equivalent m-set of partition [.A] or r = 2

when f3 a representative of m g-equivalent m-sets of partition [.A].

(ii) If.As = 0 for all s -=F mk, then the order of the centralizer of "if. = (d + M)g in

BQ(m, n) is given by
m n

IT IT (ms)ai s (ais!)
i=1 s=1

Proof.

(i) It is clear that in a set of g-equivalent m-sets of partition [.Al there is either one

element or m elements. It follows from Theorem 8.2.4 that one or m conjugacy

classes of B(m, n) of the same size produce a conjugacy class of BQ(m, n) of the

same size. Thus to obtain the orders of the centralizers in BQ(m, n) we must

divide the orders of the centralizers in B(m, n) by one or m accordingly. In the

formula for the orders of centralizers in BQ(m, n), this division by one or m is

taken care of by taking r = 1 or r = 2 respectively.

(ii) This clearly follows from Theorem 8.2.4 as in this case each m-set of partition

[.Al indexes a conjugacy class of BQ(m, n) as in B(m, n). 0

The order of "if. = (d + M)g in BQ(m, n) will be calculated in different ways on a

case by case basis. Thus we have several results that may be used to calculate the

order of (d + M)g in BQ(m, n).
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Proposition 8.2.10 Let q = (d +M)g = dgM E BQ(m, n), g = dg E B(m, n) where

9 E Sn' Let o(g) = u, o(dg) = land o((d + M)g) = k. Then

(i) k It.

(ii) u I k.

Proof.

(i) Since (dgM)1 = (dg)IM = M, o(dgM) divides l, that is k Il.

(ii) We have

[(dg)MJk (dg)kM

dd9 d92 d93 ... d9k-1 gkM

M,

which implies that dd9d92 d93 ... d9k-
1
gk E M. Now for some d' EM,

d' = dd9d92 d93 ... d9k-
1l EM=> gk = (dd9d92 d93 ... d9k -

1)-ld' E N

=> l EN

=> lE NnSn

=> l = IN

=> o(g} I k,

that is u I k. 0

In the following results we take m = p to be prime. Note that in this situation N,

M and Q will be elementary abelian p-groups.

Corollary 8.2.11 Let g = dg E B(p, n) where dEN and 9 E Sn' Let o(g) = u.

Then either o(dg) = u or o(dg) = pu.

Proof. Since p is prime, we have that B(p, n) is an extension of elementary abelian

p-group N. Now by Theorem 1.2.14, the result follows. 0
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Remark 8.2.12 Similarly applying Theorem 1.2.14 to BQ(m, n), we have that

o((d + M)g) = u or o((d + M)g) = pu, where 9 E Sn and u = o(g). However

o((d + M)g) I o(dg) by Proposition 8.2.10 part (i). In the case of o(dg) = u, then

o((d + M)g) I u and since u = o(g) we have u I o((d + M)g) by Proposition 8.2.10

part (iii). Therefore o((d + M)g) = u.

If o{dg) = pu, then o{{d + M)g) E {u,pu} as was mentioned at the beginning of

the Remark.

Proposition 8.2.13 Let 9 E Sn and o{g) = u. Let (d + M)g E BQ(p, n).

(i) If dd9 dg2 d93 '" dgU
-

1
gU E M, then o{d + M)g = o{g) = u.

(ii) If ddg dg2 d93 ... dgU
-

1
gU 1- M, then o{d + M)g = pu.

Proof.

[(d + M)g]U = (dgM)U

= (dg)U M

= ddg dg2 d93 ... dgu
-

1gU M.

(i) In this case by (8.1) we have ({d + M)g)U = M, which implies that

o((d+M)g) Iu. Since by part (iii) of Proposition 8.2.10 we have u Io((d+M)g),

we deduce that o{(d + M)g) = u = o{g).

(ii) Since ddg dg2 d93
•.• d9k

-
1l1- M, we have ddg dg2 d93

..• d9k
-

1
gk M f:- M, that is

[(d + M)g]U f:- M, and hence o((d + M)g) = u. Thus o((d + M)g) = pu. 0

It is clear from the fore-going results that the determination of the orders of the

elements of BQ (m, n) is not so conclusive, it requires the analysis of both the struc­

tures of d + ME Q and 9 E Sn. We note that in [47] Mpono has used coset analysis

to develop computer programmes in CAYLEY which are used for the computation of

conjugacy classes and the orders of the class representatives of the group extension

G = N:G where N is an elementary abelian p-group for a prime p on which a linear

group G acts. These programmes can similarly be applied to the extension BQ(m, n)

by considering a subgroup of a linear group which is isomorphic to Sn.

We now discuss the indices of the rows of FQ(m, 1A12A2 ... n>'n) in terms of the

indices of the rows of F(m, 1>'12>'2 ... n An ).
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Proposition 8.2.14 The rows of FQ(m, l AI 2 A2 .. ·nAn ) are indexed by even m-sets

of partition [A].

Proof. From the action of Sn on Irr(Q) in Theorem 3.3.25 and Remark 3.3.26

the inertia factor groups of BQ(m,n) are the group SkI x Sk2'" X Skm , where

(k1,k2 , ... , km) E A(n, m), such that L:~l(j - l)kj == O(mod m). Thus for each

class of Sn of type (1 Al2A2 ... n An ) these inertia factor groups correspond to those

where L:j=l kjs = As,L:;=l skjs = kj , and such that L:j=l L:;=l (j - l)skjs

O(modm). By Definition 2.2.2 such {) are called even m-sets of partition [A]. 0

Remark 8.2.15 We note from Proposition 8.2.14 that ifg is of type (IAI 2 A2 ... n An )

where As = 0 for all s # mk, every m-set of partition [A] satisfies the formula

L:~l L;=l (j - l)skjs == O(mod m) with s = mk and is therefore even. This is

as expected for in this case as we have seen above, all the m-sets of partition [A] in­

dex the columns of FQ(m,I AI 2A2 ... n An ). It is now clear that in this case we have

FQ(m,IA12A2 ... n An ) = F(m,lAI2A2 ... n An ).

Definition 8.2.16 In the rest of this chapter, a permissible column index will

mean a representative of a set of g-equivalent m-sets of partition [A]. A column of

F(m, 1Al2A2 ... n An ) indexed by a permissible column index will be called a permis­

sible column. Similarly a row of F(m, l Al 2 A2 ... n An ) indexed by an even m-set of

partition [A] will be called an even row, and the corresponding inertia factor group

will be called an even inertia factor group.

Proposition 8.2.17 Let g be an element of Sn of type (I AI 2 A2 .. . n An ).

(i) If As # 0 for some s # mk, then we obtain the Fischer-Clifford matrix

FQ(m,I AI 2A2 ... n An ) of BQ(m,n) by

(a) selecting permissible columns of F(m, 1A12A2 ... n An ) and

(b) selecting even rows of the resultant matrix in (i) above.
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Proof. Since the characters of B(m, n) are characters of BQ(m, n) with M in their

kernel, to obtain FQ(m, 1>'12>'2 ... n>'n) we only need to select the entries of

F(m, 1>'12>'2 ... n>'n) corresponding to the necessary m-sets of partitions [A] as de­

scribed by Theorem 8.2.4 and Proposition 8.2.14. On using Definition 8.2.16, the

result follows. 0

We are now in a position to state a combinatorial method for constructing the

Fischer-Clifford matrices of BQ (m, n).

Theorem 8.2.18 Let 9 be an element of Sn of type (1)'12>'2 ... n>'n).

(i) Let As :I 0 for some s :I mk and {3 = (ais) be a permissible column index and

8 = (kis) be an even m-set of partition [A]. An entry of the Fischer-Clifford

matrix FQ(m, 1>'12>'2 ... n>'n) which is in a column indexed by {3 and in a row

indexed by 8 is given by

(a) eis an m th root of unity,

(b) M({3, 5, n) is a set of magic matrices,

(c) Ra;,>.. is the ith row of a partial matrix at position s of a magic matrix in

M({3, 8, n),

(d) ( s .~i~ s ) is a multi-nomial coefficient.
r i1 rim

Proof. The formulae in Theorems 4.3.1 and 4.3.3 for constructing the Fischer­

Clifford matrices of B(m, n) are adapted to BQ(m, n) by considering permissible

column indices and even m-sets of partition [A] respectively. The proof follows from

Theorem 8.2.4, Definition 8.2.16 and Propositions 8.2.14 and 8.2.17. 0

We will now apply the results above to construct the Fischer-Clifford matrices of

the groups BQ(2, 6) and BQ(3, 5) as examples in the following sections.
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8.3 The Group BQ(2, 6)
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In this section we construct the Fischer-Clifford matrices of BQ (2, 6) and use these

to construct its character table. Let N = 26
, M =< L~=1 es > and Q = 25 =<

es + M I s = 1,2,3,4,5 >, the quotient of N by M. Then Q may be regarded as

a vector space of dimension 5 over 22. The group BQ(2,6) is a split extension of

Q by 86 (see Theorem 3.3.6). Explicitly BQ(2,6) is a Quotient of B(2, 6) by M.

In Subsection 8.3.1, we use Proposition 8.2.17 and the Fischer-Clifford matrices of

B(2,6} given in Table 5.1 to construct the Fischer-Clifford matrices of BQ(2, 6). In

Subsections 8.3.2 and 8.3.3, the Fischer-Clifford matrices of BQ(2, 6) will be used to

construct the character table of BQ(2, 6).

8.3.1 The Fischer-Clifford Matrices of Bd2, 6)

We now construct the Fischer-Clifford matrices of BQ(2, 6) from those of B(2, 6). For

each conjugacy class of 86 of type (lAI 2A2 ... 6A6 ), we construct the Fischer-Clifford

matrix FQ(2, 1A1 2A2 ... 6A6 ).

Examples 8.3.1

We note from the results in Section 8.2 that the Fischer-Clifford matrices of

B Q (2,6) will depend on the type (1 A12A2 ... 6A6 ) of the conjugacy class of 8n , that is

being considered. Therefore by Proposition 8.2.17 part(ii), for the conjugacy classes

of 8n of type such that As = 0 for all s i= mk, we have FQ(m, 1>'12A2 ... n An )

F(m, 1A12A2 ... n An ) and these are listed in Table 8.1

However for those conjugacy classes of 8n of type such that As i= 0 for some s i=
mk, we use part (i) of Proposition 8.2.17. We construct the Fischer-Clifford matrices

FQ(2, 16 ) and FQ(2, 142) below.

(a) By Proposition 8.2.17 and Definition 8.2.16, we determine the Fischer-Clifford

matrix FQ(2, 16), from the Fischer-Clifford matrix F(2, 16 ). From Al = 6 and

m = 2, we obtain the following 2-sets of partition [16]:
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Table 8.1: B(2,6) Fischer-Clifford matrices of BQ(2, 6)
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FQ(2,2') = F(2, 2') = ( ! ~ -~ -~)
-1 -1 3-1 1-1

FQ(2,6) =F(2,6) = (11 1)
-1

(

1 1

1 1
FQ(2,24) = F(2,24) =

1 -1

1 -1

1 1)-1 -1

1 -1

-1 1

from which we choose the following four permissible column indices:

Hence the Fischer-Clifford matrix FQ(2, 16 ) is of order 4. From the seven 2-sets

of partition [16) we also select the following four even 2-sets of partition [16):

Now the entries in the columns and rows of F(2, 16 ) respectively corresponding

to the above four permissible column indices and four even 2-sets of partition

[16] are selected (compare Tables 5.1 and 8.4) to give

(

1

6 15
FQ (2,1 )=

15

1
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(b) By Proposition 8.2.17 and Definition 8.2.16, we determine the Fischer-Clifford

matrix FQ(2, 14 2) from the Fischer-Clifford matrix F(2, 14 2). From)\1 = 4, >'2 =
1 and m = 2, we obtain the following ten 2-sets of partition [142]:

from which we choose the following six permissible column indices:

Hence the matrix FQ (2, 14 2) is of order 6. From the ten 2-sets of partition [14 2],

we also select the following six even 2-sets of partition [14 2]:

Now the entries in the columns and rows of F(2, 142) respectively corresponding

to the above six permissible column indices and six even 2-sets of partition [1 42}

are selected (compare Tables 5.1 and 8.4) to give

1 1 1 1 1 1

6 0 -2 6 0 -2

FQ(2, 14 2) =
1 -1 1 1 -1 1

1 1 1 -1 -1 -1

6 0 -2 -6 0 2

1 -1 1 -1 1 -1

The above was done for each conjugacy classes of 56 to give the Fischer-Clifford ma­

trices of BQ(2, 6). The Fischer-Clifford matrices of BQ(2, 6) are given in Table 8.4.
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The forty two conjugacy classes of BQ(2, 6), including the respective orders of cen­

tralizers in BQ(2,6) are given in Table 8.2. In the following sections we use the

Fischer-Clifford matrices in Table 804 to construct the character table of BQ(2, 6),

which is given in Tables F.1 to FA of Appendix F.



CHAPTER 8. THE GROUP BQ{M, N)

Table 8.2: Conjugacy classes of BQ{2, 6)
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6

(16)= la (6,0) (16,1°) lA 23040 1

(5,1) (15,1 1) 2A 3840 6
(4,2) (14, 12 ) 2B 1536 15

(3,3) (13,13) 2C 2304 10

(1 4 2)=2a «4,1), (0,0)) (14 21,1°2°) 2D 768 30

«(3,1), (1,0)) (1321,112°) 2E 192 120

«(2,1), (2, 0)) (1 2 21,1 22°) 2F 256 90

((4,0), (0, 1)) (1 4 2°,1°21) 4A 768 30
((3,0), (1, 1)) (1 32°,1121) 4B 192 120

((2,0), (2, 1)) (1 2 2°,1 221) 4C 256 90

(1 2 22 ) = 2b (2,2), (0,0)) (1 2 22 ,1°2°) 2G 128 180

((1,2), (1, 0)) (1 122 ,1 12°) 2H 128 180

«(2,1), (0, 1)) (1 2 21,1°21) 4D 64 360

«(1,1), (1, 1)) (1 121,1121) 4E 64 360

«2,0), (0, 2)) (1 2 2°,1°22 ) 4F 128 180
((1,0), (1, 2)) (112°, 1122 ) 4G 128 180

(23) = 2c (3,0) (23,2°) 21 384 60

(2,1) (22 ,21) 4H 128 180
(1,2) (21,22 ) 41 128 180
(0,3) (2°,23) 2J 384 60

(133) = 3a (3,1), (0,0)) (1 331,1°3°) 3A 144 160

«2,1), (1,0)) (1 2 31,113°) 6A 48 480

«(1,1), (2, 0)) (1 131,1 23°) 6B 48 480
((0,1))(3,0)) (1°31,133°) 6C 144 160

(123) = 6a «1,1,1),(0,0,0)) (112131,1°2°3°) 6D 24 960

«0,1,1), (1, 0, 0)) (1 °2131,112°3°) 6E 24 960

((1,0,1), (0, 1,0)) (1 12°31,1°213°) 12A 24 960

«(0,0,1), (1,1,0)) (1°2°31,11213°) 12B 24 960

(32 ) = 3b (2,0) (32 ,30 ) 3B 36 640

(1,1) (31,31) 6F 36 640

(1 2 4) = 4a (2,1), (0,0)) (1 2 41,1°4°) 4J 32 720

«(1,1), (1, 0)) (1 141,1 14°) 4K 32 720

«2,0), (0, 1)) (1 2 4°,1°41) 8A 32 720
«1,0), (1, 1)) (1 14°,1 141) 8B 32 720

(24) = 4b «1,1), (0,0)) (2141,2°4°) 4L 32 720
((0,1), (1,0)) (2°41,214°) 4M 32 720

«(1,0), (0, 1)) (214°,2°41) 8C 32 720
((0,0), (1, 1)) (2°4°,2141) 8D 32 720

(15) = 5a ((1,1), (0,0)) (1151,1°5°) 5A 10 2304

«(0,1), (1,0)) (1°51,115°) lOA 10 2304

(6) = 6b (1,0) (61,6°) 6G 12 1920

(0,1) (6°,61) 6H 12 1920
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Table 8.3: Even 2-sets of partition [>.]

[g]s I even 2-sets of partition [>.] I type (row)
6

(16)=la (6,0) (1 6 ,1°)
(4,2) (1 4,12)
(2,4) (12,14)

(0,6) (1°,1 6 )

(142) = 2a ((4,1),(0,0» (1 421,1°2°)

((2,1),(2,0» (1221,122°)

(0,1), (4,0» (1°21,142°)

« 4,0), (0, 1» (142°,1°21)

«2, O), (2, 1» (1 22°,1221)

((0,0), (4, 1» (1°2°,1 421)

(1 222) = 2b «2,2), (0, 0» (1 222, 1°2°)

((0, 2), (2,0» (1°22,122°)

«(2,1), (0, 1» (1221,1°21)

«(0,1), (2, 1» (1°21,1221)
((2,0), (0, 2» (122°,1°22)

((0,0), (2, 2» (1°2°,1 222)

(23 ) = 2c (3,0) (23 ,2°)
(2, I) (22,21)
(1,2) (21,22)

(0,3) (2°,23 )

(1 3 3)=3a (3,1), (0, 0» (1 3 31,1°3°)

((1,1), (2, 0» (1 131,123°)
((2,0), (1, 1» (1 23°,1131)
((0,0»(3,1» (1°3°,13 31)

(123) = 6a ((1,1,1), (0,0,0» (112131,1°2°3°)

((1,0,1), (0, 1, O)} (112°31,1°213°)

((0,1,0), (1, 0,1» (1°213°,112°31)

«0,0,0), (1,1,1» (1°2°3°,112131)

(32) = 3b (2,0) (32,3°)
(0,2) (3°,32)

(124) = 4a ((2, I), (0,0» (1 241,1°4°)
«(0,1), (2, O}) (1°41,124°)
«2,0), (0, 1» (124°,1°41)
«0, O), (2, I)} (1°4°,1 241)

(24) = 4b (1,1), (0, 0» (2141,2°4°)
(0,1), (1,0» (2°41,214°)

«1,0), (0, 1» (214°,2°41)
«(0,0), (1, 1» (2°4°,2141)

(IS) = Sa «(1,1), (0, 0» (1 1S1,10S0)

(0,0), (1, 1» (10S0, 11S1)

(6) = 6b (1,0) (61,6°)
(0,1) (6°,61)
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Table 8.4: Fischer-Clifford matrices of BQ(2, 6)

( 1

1 1

-:J
Fo(2,2') ~ F(2,2') ~ ( ;

1 1

-: )15 5 -1 1 -1
FQ(2, 1

6
) = 1~ -5 -1 -1 -1

-1 1 -1 -1 1 -1

1 1 1 1 1 1

6 0 -2 6 0 -2

FQ(2, 14 2) =
1 -1 1 1 -1 1

FQ(2,6) = F(2, 6) = ( ~ -~ )1 1 1 -1 -1 -1
6 0 -2 -6 0 2
1 -1 1 -1 1 -1

1 1 1 1 1 1

1 -1 1 -1 1 -1

FQ(2,1 2 22 ) =
2 2 0 0 -2 -2

FQ(2,3 2
) = (

1 )2 -2 0 0 -2 2 -1
1 1 -1 -1 1 1

1 -1 -1 1 1 -1

Fo(2,1") ~ ( ! 1 1

-: ) FO(2, 1'4) ~ C1 1 -: )-1 -1 -1 1
1 -1 1 -1 -1

-1 1 -1 -1 -1 1

'Q(2, 123) ~ C1 1 -: ) Fo (2,24) ~ (

1 1 -: )1 -1 1 -1
-1 1 -1 -1 1 -1

-1 -1 1 -1 -1 1

FQ(2, 15) =
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8.3.2 The Inertia Factor Groups of BQ(2, 6)
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We know that 8 6 acts on Irr(26
) producing seven orbits with the inertia factor groups

8 6 , 8 5 x 8 1 , 8 4 X 82, 83 X 8 3 , 8 2 X 8 4 , 8 5 and 86. Now from Corollary 3.3.27, the

inertia factor groups of BQ{2, 6) are given by 8 k1 x 8 k2 , where k2 is even. Hence the

even inertia factor groups of BQ{2, 6) are 8 6 , 8 4 x 8 2, 8 2 X 84 and 8 6 . The character

tables of these inertia factor groups are easily computed. The conjugacy classes of

the inertia factor groups 8k1 x 8 k2 which fuse to a class of 8 6 of type (I>'12>'2 ... 6>'6)

are of type (I k11 2k12 •.. 6k16 , 1k21 2k22 ... 6k26 ), where 2:J= 1 kj s = As. The fusion of the

conjugacy classes of the inertia factor groups into 8 6 is given in Table 6.4. We use

the inertia factor groups of BQ{2, 6) to construct the character table of BQ{2, 6) in

the following section.

8.3.3 The Character Table of BQ (2, 6)

The character table of BQ{2, 6) is constructed by multiplying the partial character

tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford

matrices in Table 8.4 according to the fusions given in Table 6.4. For example, from

Table 6.4 we see that the conjugacy classes (122, 12) and (14 , 2) of 8 4 x 82 fuse to the

class (1 42) of 8 6 . So we multiply the partial character table of 8 4 x 8 2 at the elements

(1 2 2,1 2 ) and (14 ,2) with the rows 2 and 3 of the Fischer-Clifford matrix FQ{2,1 42)

as follows:

1 1 7 1 -1 5 -1 -3

1 -1 5 -1 -3 7 1 -1
-1 1 -5 1 3 -7 -1 1
-1 -1 -7 -1 1 -5 1 3

2 0 [~
1 1 -1 -1 -1 ] = 2 2 2 -2 -2 -2

-2 0 0 -2 6 0 -2 -2 -2 -2 2 2 2

-3 -1 -9 -3 -1 -3 3 5
-3 1 3 -3 -5 9 3 1

3 -1 -3 3 5 -9 -3 -1

3 1 9 3 1 3 -3 -5

which appears in block 2 of Table F.1 in the Appendix F under the class 2a of 8 6 . This

is done for each Fischer-Clifford matrix to give the full character table of BQ{2, 6)

given in Tables F.1 to F.4 in the Appendix F. The orders of centralizers of BQ{2, 6)
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are listed in table 8.2 and are not included in the character table of BQ(2, 6). The

correctness of the character table of BQ(2, 6) has been tested in GAP.

8.4 The Group BQ (3, 5)

In this section we construct the Fischer-Clifford matrices of BQ(3, 5) and use these

to construct its character table. Let N = 35, M =< E~=1 es > and Q = 34 =<
es + M I s = 1,2,3,4 >, the quotient of N by M. Then Q may be regarded as a

vector space of dimension 4 over Z3. The group BQ(3, 5) is a split extension of Q by S5

(see Theorem 3.3.6). Explicitly BQ(3, 5) is a Quotient of B(3, 5) by M. In Subsection

8.4.1, we use Proposition 8.2.17 and the Fischer-Clifford matrices of B(3, 5) given in

Tables 5.2 to 5.4 to construct the Fischer-Clifford matrices of BQ(3, 5). The Fischer­

Clifford matrices of BQ(3, 5) will be used to construct the character table of BQ(3, 5)

in Subsections 8.4.2 and 8.4.3.

8.4.1 The Fischer-Clifford Matrices of Group Bq(3, 5)

In this subsection we construct the Fischer-Clifford matrices of the group BQ(3, 5),

the split extension of Q = 34 by Ss, as a second example on the groups BQ(m, n).

We determine the Fischer-Clifford matrices of BQ(3, 5) from those of B(3, 5). The

Fischer-Clifford matrices of B(3, 5) are given in Chapter 6. For each class of Ss of

type (1)'12>'2 ... 5>'5) we construct the Fischer-Clifford matrix FQ(3, 1>'12>'2 ... 5>'5).

Examples 8.4.1

Since 3 t 5, all the conjugacy classes of S5 are of type such that ),S i- 0 for some

s i- 3k. Thus we use part (i) of Proposition 8.2.17, to construct only the Fischer­

Clifford matrices FQ(3, 15) and FQ(3, 13 2) of BQ(3, 5).

(a) For the Fischer-Clifford matrix FQ(3, 15 ) we have ),1 = 5 and m = 3. From

the twenty one 3-sets of partition [15] we choose the following seven permissible

column indices:
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Thus the matrix FQ{3, 15 ) is of order 7. From the twenty one 3-sets of partition

[1 5], we also choose the following seven even 3-sets of partition [15J, which index

the rows of FQ(3, 15 ):

The entries in the columns and rows of F{3, 15 ) respectively corresponding to

the above seven permissible column indices and seven even 3-sets of partition

[15J are selected (compare Tables 8.7 and 5.2). We obtain that

1 1 1 1 1 1 1

20 8 8 2 -1 2 -4
10 2~-4e -4~+ 2e 5~+2e 1 2~+5e 1

FQ(3, 15
) = 10 -4~ +2e 2~-4e 2~ + 5~2 1 5~+2e 1

30 -6 -6 3 -6 3 3

5 4~+e ~+4e -2~+e 2 ~-2e -1

5 ~+4e 4~+e ~-2e 2 -2~+e -1

which is given in Table 8.7.

(b) For the Fischer-Clifford matrix Fs (3,1 32) we have Al = 3, A2 = 1 and m = 3.

From the thirty 3-sets of partition [132J we choose the following ten permissible

column indices:

(H ),W ),0:),(::) ,(::)
(:: ),(::).(::).(:: ),(::)

Thus the Fischer-Clifford matrix FQ {3, 132) is of order 10. Similarly from the

thirty 3-sets of partition [132J we choose the following ten even 3-sets of partition

[13 2], which index the rows of FQ{3, 132):
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(::).( :: ).(::).(~:).(::),
(::).(::).(::).(::).(::) .
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The entries in the columns and rows of F{3, 132) respectively corresponding to

the above ten permissible column indices and ten even 3-sets of partition [132]

are selected (compare Tables 8.7 and 5.5). We obtain that

1 1 1 1 1 1 1 1 1 1

6 0 0 0 -3 0 6 0 0 6

1 ~ e e 1 ~ 1 ~ e 1

1 e ~ ~ 1 e 1 e ~ 1

FQ(3, 132) =
3 -~-2e -2~ _ ~2 ~-e 0 -~+e 3~ 2~+e ~ + 2~2 3e
3 -~+e ~-e ~+2e 0 2~ + ~2 3~ _~ _ 2~2 -2~-e 3e
3 2~+e ~+2e -2~ _ ~2 0 -~-2e 3~ -~+e ~-e 3e
3 -2~-e -~-2e -~+e 0 ~-e 3e ~+2e 2~+e 3~

3 ~-e -~+e 2~+e 0 ~+2e 3e -2~-e -~-2e 3~

3 ~ + 2~2 2~+e -~-2e 0 -2~-e 3e ~-e -~+e 3~

which is given in Table 8.7.

The above was done for all the rest of the conjugacy classes of S5 to give the

Fischer-Clifford matrices of BQ{3, 5). The Fischer-Clifford matrices of BQ{3, 5) are

given in Table 8.7. The thirty six conjugacy classes of BQ{3, 5), including the respec­

tive orders of centralizers of BQ(3, 5) are given in Table 8.5. In the following sections

we use the Fischer-Clifford matrices given in Table 8.7 to construct the character

table of BQ{3, 5) given in the Appendix G.
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Table 8.5: Conjugacy classes of BQ(3, 5)
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5

(15)= la (5,0,0) (15,1°,1°) lA 9720 1
(4,1,0) (14,11,1°) 3A 1944 5
(4,0,1) (14,1°,11) 3B 1944 5
(3,2,0) (13,12 ,1°) 3C 972 10
(3,1,1) (13,11,11) 3D 486 20
(3,0,2) (13,1°,1 2 ) 3E 972 10
(2,2,1) (1 2 ,1 2 ,1 1) 3F 324 30

(132) = 2a ((3,1), (0, 0), (0, 0» (1321,1°2°,1°2°) 2A 324 30
«2,1), (1, 0), (0,0» (1 221,112°,1°2°) 6A 108 90
((2,1), (0,0), (1, 0» (1 221,1°2°,1 12°) 6B 108 90
((1,1), (2, 0), (0,0» (1 121,1 22°,1°2°) 6C 108 90
«1,1), (1, 0), (1,0» (1 121,112°,112°) 6D 54 180
((1,1), (0, 0), (2, 0» (1121,1°2°,1 22°) 6E 108 90
«(0,1), (3,0), (0, D}) (1°21,132°,1°2°) 6F 324 30
((0,1), (2,0), (1,0» (1°21,122°,112°) 6G 108 90
«0,1), (1, 0), (2, 0» (1°21,112°,1 22°) 6H 108 90
((0,1), (0, 0), (3,0» (1°21,1°2°,132°) 61 324 30

(1 122 ) = 2b «(1,2),(0,0),(0,0» (1122 ,1°2°,1°2°) 2B 72 135
((0,2), (1, 0), (0, O}) (1°22 ,112°,1°2°) 6J 72 135
«(0,2), (0, 0), (1,0» (1°22 ,1°2°,112°) 6K 72 135
((1,1), (0, 1), (0,0» (1 121,1°21,1°2°) 6L 36 270
(0,1»(1,1), (0, 0» (1°21,1 121,1°2°) 6M 36 270
((0,1), (0, 1), (1, 0» (1°21,1°2 1,1 12°) 6N 36 270

(1 2 3)=3a ((2,1),(0,0),(0,0» (1 2 31 ,1°3°,1°3°) 3G 54 180
((1, I), (1, 0), (0,0» (1131,113°,1°3°) 3H 27 360
«(2,0),(0,1),(0,0» (1 23°,1°31,1°3°) 9A 54 180
(1,0), (1, 1), (0,0» (1 13°,1131,1°3°) 9B 27 360
((2,0),(0,0),(0,1» (1 23°,1°3°,1°31) 9C 54 180
«1,0), (1, 0), (0, 1» (1130, 1130, 1°31) 9D 27 360

(23) = 6a ((1,1), (0,0), (0, 0» (2131,2°3°,2°3°) 60 18 540
«(1,0), (0, 1), (0, OJ) (213°,2°3 1,2°3°) 18A 18 54D

«(1,0),(0,0),(0,1» (213°,2°3°,2°31) 18B 18 540

(14) = 4a «1,1), (0, 0), (0,0» (1141,1°4°,1°4°) 4A 12 810
((0,1), (1,0), (0,0» (1°4 1,114°,1°4°) 12A 12 810
«0,1), (0, 0), (1,0» (1°41,1°4°,114°) 12B 12 810

(5) = 5a (1,0,0) (51,5°,5°) 5A 5 1944
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Table 8.6: Even 3-sets of partition [A]

[g]s< I even 3-sets of partition [A] I type (row)

(15)= la (5,0,0) (15,1°,1°)
(3,1,1) (13,11,11)
(2,3,0) (1 2 ,13,1°)
(2,0,3) (1 2 ,1°,13)
(1,2,2) (11,12,12)
(0,4,1) (1°,1 4 ,1 1)
(0,1,4) (1°,1 1,14 )

(1 32)=2a «3,1), (0,0), (0,0» (1321,1°2°,1°2°)
«1,1),(1,0),(1,0» (1 121,1 12°,112°)
«0,1), (3, 0), (0, 0» (1°21,132°,1°2°)
«0,1), (0,0), (3,0» (1°21,1°2°,132°)

«2,0), (1, 1), (0, 0» (122°,1121,1°2°)

«1,0), (0, 1), (2,0» (1 12°,1°21,122°)
«0,0),(2,1),(1,0» (1°2°,1 221,1 12°)
«2,0), (0,0), (1, 1» (1 22°,1°2°,1 121)
«1,0~(2,0),(0,1» (1 12°,1 22°,1°21)
«0,0), (1,0), (2, 0» (1°2°,112°,122°)

(1 122) = 2b «1,2),(0,0),(0,0» (1 122,1°2°,1°2°)
«1,0), (0,1), (0, 1» (112°,1°21,1°21 )

«0,1), (1, 1), (0,0» (1°21,1 121,1°2°)
«0,0),(1,0),(0,2» (1°2°,112°,1°22)

«0,1»(0,0), (1, 1» (1°21,1°2°,1 121)
«0,0),(0,2),(1,0» (1°2°,1°22,112°)

(1 23)=3a «2,1),(0,0),(0,0» (1231,1°3°,1°3°)
«0,1), (1, 0), (1, 0» (1°31,113°,113°)

«2,0), (0,1), (0, 0» (123°,1°31,1°3°)

«0,0), (1, 1), (1,0» (1°3°,1 131,1 13°)
«2,0), (0,0), (0, 1» (1 23°,1°3°,1°31)
«0,0), (1, 0), (1, 1» (1°3°,1 13°,1 131)

(23) = 6a «1,1),(0,0),(0,0» (2131,2°3°,2°3°)
«1,0), (0, 1), (0, 0» (213°,2°31,2°3°)

«1,0), (0, 0), (0, 1» (213°,2°3°,2°31)

(14) = 4a «1,1),(0,0),(0,0» (1 141,1°4°,1°4°)
«0,0), (0, 1), (1, 0» (1°4°,1°41,114°)
«0,0), (1,0), (0, 1» (1°4°,114°,1°41)

(5) = Sa (1,0,0) (Sl,SO,50)
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Table 8.7: Fischer-Clifford matrices of BQ(3, 5)

1 1 1 1 1 1 1

20 8 8 2 -1 2 -4

10 2{- 4e -4{+2e 5{+2e 1 2{+5e 1

FQ(3,1 5 ) = 10 -4{ + 2e 2~ -4e 2~+5e 1 5~+2e 1

30 -6 -6 3 -6 3 3
5 4~+e {+4e -2~+e 2 ~-2e -1

5 {+4e 4{+e ~-2e 2 -2~+e -1

1 1 1 1 1 1 1 1 1 1

6 0 0 0 -3 0 6 0 0 6
1 ~ ~2 e 1 ~ 1 ~ e 1

1 e ~ ~ 1 e 1 e ~ 1

FQ(3,1 3 2} = 3 -~-2e -2~ _ ~2 ~-e 0 -~+e 3~ 2~+e ~+2e 3e
3 _~+ ~2 ~ _ ~2 ~+2e 0 2~ + ~2 3~ -~-2e -2~-e 3e
3 2~+e ~+2e -2{-e 0 -~-2e 3~ -~+e ~-e 3e
3 -2~-e -~-2e -~+e 0 ~-e 3e ~+2e 2~+e 3~

3 ~-e -~+e 2~+e 0 ~+2e 3e -2~-e _~ _ 2~2 3~

3 ~+2e 2~+e -~-2e 0 -2~-e 3e ~-e -~+e 3~

1 1 1 1 1 1

2 -1 2 -1 2 -1

FQ(3,1 2 3) = 1 1 ~ { e e
2 -1 2~ -~ 2e -e
1 1 e e ~ ~

2 -1 2e -e 2~ -~

1 1 1 1 1

2 2~ 2e -e -1 -~

FQ(3, 122 ) =
2 2e 2~ -~ -1 -e
1 ~2 ~ ~ 1 e
2 2 2 -1 -1 -1

1 ~ e ~2 1 ~

FQ(3,23) = ( :
1 ne
~

FQ(3, 14) = ( :
1 (n~

e

FQ(3,5) = ( 1 )
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8.4.2 The Inertia Factor Groups of BQ {3, 5)

197

We know that Ss acts on 1rr{3S ) producing twenty one orbits with the distinct inertia

factor groups Ss, S4, S3 X S2, S2 X 83, S2 X 82 and S3. Now from Theorem 3.3.25 and

Remark 3.3.26, the distinct even inertia factor groups of BQ{3, 5) are 8s, 83 , 82 X S3,

82 X S2 and S4. The character tables of these inertia factor groups are easily computed.

The conjugacy classes of the inertia factor groups Ski x Sk2 which fuse to a class of Ss
of type (1)..12).2 ... 5).5) are of type (1 k 11 2 kl2 ... 5k15 , 1k212k22 ... 5k25 , 1k312k32 ... 5k35 ),

where L:}=1 kjs = As· The fusion of the conjugacy classes of the inertia factor groups

into Ss is given in Table 6.9. We use the inertia factor groups of BQ{3, 5) to construct

the character table of BQ{3, 5) in the following section.

8.4.3 The Character Table of BQ {3, 5)

The character table of BQ{3, 5) is constructed by multiplying the partial character

tables of the inertia factor groups for example 83 , by the corresponding rows of the

Fischer-Clifford matrices in Table 8.7 according to the fusions given in Table 6.9).

For example, from Table 6.9 we see that the conjugacy class (12) of 83 fuses to the

class (1 3 2) of Ss. So we multiply the partial character table of 83 at the element (12)

with row 2 of the Fischer-Clifford matrix FQ{3, 13 2) as follows:

[ -: ] [6 0 0 0 -3 0 6 0 0 6] ~ [ -;

000
000
000

-3 0
3 0
o 0

600
-6 0 0
000

which appears in block 2 of Table G.2 in the Appendix G under the class 2a of 8s. This

is done for each Fischer-Clifford matrix of BQ(3, 5) to give the full character table of

B Q {3,5) given in Tables G.1 to G.3 in the Appendix G. The orders of centralizers of

BQ{3, 5) are listed in Table 8.5 and are not included in the character table of BQ(3, 5).

The correctness of the character table of BQ(3, 5) has been tested in GAP.

Remark 8.4.2 We note that by Theorem 8.1.1 we can determine the character table

of BQ{m, n) from that of B{m, n).
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Character Table of B(2, 6)
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Table A.l: Character table of B(2, 6)

199

[g] la 2a
[9] lA 2A 2B 2C 2D 2E 2F 2G 4A 2" 4B 21 4C 2J 4D 2K 4E

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

)(2 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

)(3 5 5 5 5 5 5 5 1 1 1 1 1 1 1 1 1 1

)(4 5 5 5 5 5 5 5 -1 -1 -1 -1 -1 -1 -1 -I -1 -1

)(5 5 5 5 5 5 5 5 -3 -3 -3 -3 -3 -3 -3 -3 -3 -3

)(6 5 5 5 5 5 5 5 3 3 3 3 3 3 3 3 3 3

X7 9 9 9 9 9 9 9 -3 -3 -3 -3 -3 -3 -3 -3 -3 -3

X8 9 9 9 9 9 9 9 3 3 3 3 3 3 3 3 3 3

X9 10 10 10 10 10 10 10 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

XI0 10 10 10 10 10 10 10 2 2 2 2 2 2 2 2 2 2

Xli 16 16 16 16 16 16 16 0 0 0 0 0 0 0 0 0 0

Xl2 6 4 2 0 -2 -4 -6 4 2 0 -2 -4 4 2 0 -2 -4

X13 6 4 2 0 -2 -4 -6 -4 -2 0 2 4 -4 -2 0 2 4

X14 24 16 8 0 -8 -16 -24 -8 -4 0 4 8 -8 -4 0 4 8

X15 24 16 8 0 -8 -16 -24 8 4 0 -4 -8 8 4 0 -4 -8

)(16 30 20 10 0 -10 -20 -30 4 2 0 -2 -4 4 2 0 -2 -4

X17 30 20 10 0 -10 -20 -30 -4 -2 0 2 4 -4 -2 0 2 4

X18 36 24 12 0 -12 -24 -36 0 0 0 0 0 0 0 0 0 0

X19 15 5 -1 -3 -I 5 15 7 1 -1 1 7 5 -1 -3 -1 5

X20 15 5 -1 -3 -1 5 15 -5 1 3 1 -5 -7 -1 1 -1 -7

X21 15 5 -1 -3 -1 5 15 5 -1 -3 -1 5 7 1 -1 1 7

X22 15 5 -1 -3 -1 5 15 -7 -1 1 -1 -7 -5 1 3 1 -5

X23 30 10 -2 -6 -2 10 30 2 2 2 2 2 -2 -2 -2 -2 -2

X24 30 10 -2 -6 -2 10 30 -2 -2 -2 -2 -2 2 2 2 2 2

X25 45 15 -3 -9 -3 15 45 -9 -3 -1 -3 -9 -3 3 5 3 -3

)(26 45 15 -3 -9 -3 15 45 3 -3 -5 -3 3 9 3 1 3 9

X27 45 15 -3 -9 -3 15 45 -3 3 5 3 -3 -9 -3 -1 -3 -9

X28 45 15 -3 -9 -3 15 45 9 3 1 3 9 3 -3 -5 -3 3

)(29 20 0 -4 0 4 0 -20 8 0 0 0 -8 0 -4 0 4 0

X30 20 0 -4 0 4 0 -20 0 4 0 -4 0 -8 0 0 0 8

X31 20 0 -4 0 4 0 -20 0 -4 0 4 0 8 0 0 0 -8

X32 20 0 -4 0 4 0 -20 -8 0 0 0 8 0 4 0 -4 0

X33 40 0 -8 0 8 0 -40 8 -4 0 4 -8 8 -4 0 4 -8

)(34 40 0 -8 0 8 0 -40 -8 4 0 -4 8 -8 4 0 -4 8

X35 40 0 -8 0 8 0 -40 -8 -4 0 4 8 8 4 0 -4 -8

)(36 40 0 -8 0 8 0 -40 8 4 0 -4 -8 -8 -4 0 4 8

X37 80 0 -16 0 16 0 -80 0 0 0 0 0 0 0 0 0 0

X38 15 -5 -1 3 -1 -5 15 7 -1 -1 -1 7 -5 -1 3 -1 -5

X39 15 -5 -1 3 -I -5 15 5 1 -3 1 5 -7 1 1 1 -7

X40 15 -5 -1 3 -1 -5 15 -7 1 1 1 -7 5 1 -3 1 5

X41 15 -5 -1 3 -1 -5 15 -5 -1 3 -1 -5 7 -1 -I -1 7

X42 30 -10 -2 6 -2 -10 30 2 -2 2 -2 2 2 -2 2 -2 2

X43 30 -10 -2 6 -2 -10 30 -2 2 -2 2 -2 -2 2 -2 2 -2

X44 45 -15 -3 9 -3 -15 45 -9 3 -1 3 -9 3 3 -5 3 3

X45 45 -15 -3 9 -3 -15 45 -3 -3 5 -3 -3 9 -3 1 -3 9
)(46 45 -15 -3 9 -3 -15 45 3 3 -5 3 3 -9 3 -1 3 -9
)(47 45 -15 -3 9 -3 -15 45 9 -3 1 -3 9 -3 -3 5 -3 -3

)(48 6 -4 2 0 -2 4 -6 4 -2 0 2 -4 -4 2 0 -2 4

X49 6 -4 2 0 -2 4 -6 -4 2 0 -2 4 4 -2 0 2 -4

X50 24 -16 8 0 -8 16 -24 -8 4 0 -4 8 8 -4 0 4 -8

X51 24 -16 8 0 -8 16 -24 8 -4 0 4 -8 -8 4 0 -4 8

X52 30 -20 10 0 -10 20 -30 4 -2 0 2 -4 -4 2 0 -2 4

X53 30 -20 10 0 -10 20 -30 -4 2 0 -2 4 4 -2 0 2 -4

X54 36 -24 12 0 -12 24 -36 0 0 0 0 0 0 0 0 0 0

X55 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 -1 1 -I 1 -1

X56 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1

X57 5 -5 5 -5 5 -5 5 1 -1 1 -1 1 -1 1 -I 1 -1

X58 5 -5 5 -5 5 -5 5 -I 1 -1 1 -1 1 -1 1 -1 1

X59 5 -5 5 -5 5 -5 5 -3 3 -3 3 -3 3 -3 3 -3 3

X60 5 -5 5 -5 5 -5 5 3 -3 3 -3 3 -3 3 -3 3 -3

X61 9 -9 9 -9 9 -9 9 -3 3 -3 3 -3 3 -3 3 -3 3

X62 9 -9 9 -9 9 -9 9 3 -3 3 -3 3 -3 3 -3 3 -3

X63 10 -10 10 -10 10 -10 10 -2 2 -2 2 -2 2 -2 2 -2 2

X64 10 -10 10 -10 10 -10 10 2 -2 2 -2 2 -2 2 -2 2 -2

X65 16 -16 16 -16 16 -16 16 0 0 0 0 0 0 0 0 0 0
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Table A.2: Character table of B(2, 6) (continued)

[g] 2b 2c
[9] 2L 4F 4G 2M 4H 2N 41 4J 4k 20 4L 4M 4N

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1

X3 1 1 1 1 1 1 1 1 1 -3 -3 -3 -3

X4 1 1 1 1 1 1 1 1 1 3 3 3 3

X5 1 1 1 1 1 1 1 1 1 1 1 1 1

X6 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1

X7 1 1 1 1 1 1 1 1 1 -3 -3 -3 -3

X8 1 1 1 1 1 1 1 1 1 3 3 3 3

X9 -2 -2 -2 -2 -2 -2 -2 -2 -2 2 2 2 2

X10 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X11 0 0 0 0 0 0 0 0 0 0 0 0 0

X12 2 0 -2 2 0 -2 2 0 -2 0 0 0 0

X13 2 0 -2 2 0 -2 2 0 -2 0 0 0 0

XI4 0 0 0 0 0 0 0 0 0 0 0 0 0

XIS 0 0 0 0 0 0 0 0 0 0 0 0 0

XI6 2 0 -2 2 0 -2 2 0 -2 0 0 0 0

X17 2 0 -2 2 0 -2 2 0 -2 0 0 0 0

XI8 -4 0 4 -4 0 4 -4 0 4 0 0 0 0

XI9 3 1 3 1 -1 1 -1 -3 -1 3 1 -1 -3

X20 -1 -3 -1 1 -1 1 3 1 3 3 1 -1 -3

X21 -1 -3 -1 1 -1 1 3 1 3 -3 -1 1 3

X22 3 1 3 1 -1 1 -1 -3 -1 -3 -1 1 3

X23 2 -2 2 2 -2 2 2 -2 2 6 2 -2 -6

X24 2 -2 2 2 -2 2 2 -2 2 -6 -2 2 6

X25 1 3 1 -1 1 -1 -3 -1 -3 3 1 -1 -3

X26 -3 -1 -3 -1 1 -I 1 3 1 3 1 -1 -3

X27 -3 -1 -3 -1 1 -1 1 3 1 -3 -1 1 3

X28 1 3 1 -1 1 -1 -3 -1 -3 -3 -1 1 3

X29 4 0 -4 0 0 0 -4 0 4 0 0 0 0

X30 -4 0 4 0 0 0 4 0 -4 0 0 0 0

X31 -4 0 4 0 0 0 4 0 -4 0 0 0 0

X32 4 0 -4 0 0 0 -4 0 4 0 0 0 0

X33 0 0 0 0 0 0 0 0 0 0 0 0 0

X34 0 0 0 0 0 0 0 0 0 0 0 0 0

X35 0 0 0 0 0 0 0 0 0 0 0 0 0

X36 0 0 0 0 0 0 0 0 0 0 0 0 0

X37 0 0 0 0 0 0 0 0 0 0 0 0 0

X38 3 -1 3 -1 -1 -1 -1 3 -1 3 -1 -1 3

X39 -1 3 -1 -1 -1 -1 3 -1 3 -3 1 1 -3

X40 3 -1 3 -1 -1 -1 -1 3 -1 -3 1 1 -3

X41 -1 3 -1 -1 -1 -1 3 -1 3 3 -1 -1 3

X42 2 2 2 -2 -2 -2 2 2 2 6 -2 -2 6

X43 2 2 2 -2 -2 -2 2 2 2 -6 2 2 -6

X44 1 -3 1 1 1 1 -3 1 -3 3 -1 -1 3

X45 -3 1 -3 1 1 1 1 -3 1 -3 1 1 -3

X46 -3 1 -3 1 1 1 1 -3 1 3 -1 -1 3
X47 1 -3 1 1 1 1 -3 1 -3 -3 1 1 -3

)(48 2 0 -2 -2 0 2 2 0 -2 0 0 0 0

)(49 2 0 -2 -2 0 2 2 0 -2 0 0 0 0

X50 0 0 0 0 0 0 0 0 0 0 0 0 0

X51 0 0 0 0 0 0 0 0 0 0 0 0 0

X52 2 0 -2 -2 0 2 2 0 -2 0 0 0 0

X53 2 0 -2 -2 0 2 2 0 -2 0 0 0 0

X54 -4 0 4 4 0 -4 -4 0 4 0 0 0 0

X55 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1

)(56 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1

X57 1 -1 1 -1 1 -1 1 -1 1 -3 3 -3 3

X58 1 -1 1 -1 1 -1 1 -1 1 3 -3 3 -3

X59 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1

X60 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1

X61 1 -1 1 -1 1 -1 1 -1 1 -3 3 -3 3

X62 1 -1 1 -1 1 -1 1 -1 1 3 -3 3 -3

X63 -2 2 -2 2 -2 2 -2 2 -2 2 -2 2 -2

X64 -2 2 -2 2 -2 2 -2 2 -2 -2 2 -2 2

X65 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table A.3: Character table of B(2, 6) (continued)
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[9] 3a 6a

[9] 3A 6A 6B 6C 3B 60 3C 6E 6F 6G 12A 12B 6H 61 12C 120

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1

X3 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 1 1

X4 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X5 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0

X6 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0

X7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X9 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X10 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1

XlI -2 -2 -2 -2 -2 -2 -2 -2 0 0 0 0 0 0 0 0

X12 3 1 -1 -3 3 1 -1 -3 1 -1 1 -1 1 -1 1 -1

X13 3 1 -1 -3 3 1 -1 -3 -1 1 -1 1 -1 1 -1 1

X14 3 1 -1 -3 3 1 -1 -3 1 -1 1 -1 1 -1 1 -1

X15 3 1 -1 -3 3 1 -1 -3 -1 1 -1 1 -1 1 -1 1

X16 -3 -1 1 3 -3 -1 1 3 1 -1 1 -1 1 -1 1 -1

Xl7 -3 -1 1 3 -3 -1 1 3 -1 1 -1 1 -1 1 -1 1

X18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X19 3 -1 -1 3 3 -1 -1 3 1 1 -1 -1 1 1 -1 -1

X20 3 -1 -1 3 3 -1 -1 3 1 1 -1 -1 1 1 -1 -1

X2l 3 -1 -1 3 3 -1 -1 3 -1 -1 1 1 -I -1 1 1

X22 3 -1 -1 3 3 -1 -1 3 -1 -1 1 1 -I -1 1 1

X23 -3 1 1 -3 -3 1 1 -3 -1 -1 1 1 -1 -1 1 1

X24 -3 1 1 -3 -3 1 1 -3 1 1 -1 -1 1 1 -1 -1

X25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X27 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X29 2 0 2 0 0 -2 0 -2 2 0 0 2 0 -2 -2 0

X30 2 0 2 0 0 -2 0 -2 0 -2 -2 0 2 0 0 2

X3l 2 0 2 0 0 -2 0 -2 0 2 2 0 -2 0 0 -2

X32 2 0 2 0 0 -2 0 -2 -2 0 0 -2 0 2 2 0

X33 1 -3 1 -3 3 -1 3 -1 -1 -1 -1 -1 1 1 1 1

X34 1 -3 1 -3 3 -1 3 -1 1 1 1 1 -1 -1 -1 -1

X35 1 3 1 3 -3 -1 -3 -1 1 -1 -1 1 1 -1 -1 1

X36 1 3 1 3 -3 -1 -3 -1 -1 1 1 -1 -1 1 1 -1

X37 -4 0 -4 0 0 4 0 4 0 0 0 0 0 0 0 0

X38 3 1 -1 -3 -3 -1 1 3 1 -1 1 -1 -1 1 -1 1

X39 3 1 -1 -3 -3 -1 1 3 -1 1 -1 1 1 -1 1 -1

X40 3 1 -1 -3 -3 -1 1 3 -1 1 -1 1 1 -1 1 -1

X41 3 1 -1 -3 -3 -1 1 3 1 -) 1 -1 -1 1 -) 1

X42 -3 -1 1 3 3 1 -1 -3 -1 1 -1 1 1 -1 1 -1

X43 -3 -) 1 3 3 1 -1 -3 1 -1 1 -) -I 1 -) 1

X44 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X45 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X46 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X47 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X48 3 -1 -1 3 -3 1 1 -3 1 ) -1 -1 -1 -1 1 1

X49 3 -) -) 3 -3 1 1 -3 -1 -1 1 ) 1 1 -1 -1

X50 3 -1 -1 3 -3 1 1 -3 1 1 -1 -1 -1 -1 1 1

X51 3 -1 -1 3 -3 1 1 -3 -1 -) 1 1 1 ) -1 -1

)(52 -3 ) ) -3 3 -1 -1 3 ) 1 -1 -1 -1 -1 ) 1

)(53 -3 1 1 -3 3 -1 -1 3 -1 -1 1 1 1 1 -1 -1

)(54 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

)(55 ) -) 1 -1 -1 ) -1 1 1 -1 -1 1 -1 1 1 -1

X56 ) -1 1 -1 -1 ) -) ) -1 1 1 -1 ) -1 -1 )

)(57 -1 ) -1 1 1 -1 1 -1 1 -) -1 1 -1 ) ) -1

)(58 -1 1 -1 1 1 -1 1 -1 -1 1 1 -1 ) -1 -1 1

)(59 2 -2 2 -2 -2 2 -2 2 0 0 0 0 0 0 0 0

)(60 2 -2 2 -2 -2 2 -2 2 0 0 0 0 0 0 0 0

X6l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

)(62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

)(63 1 -1 1 -1 -) 1 -1 1 1 -) -1 ) -1 1 ) -1

)(64 1 -1 1 -1 -1 ) -) 1 -I 1 ) -1 ) -) -) 1

)(65 -2 2 -2 2 2 -2 2 -2 0 0 0 0 0 0 0 0
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Table A.4: Character table of B(2, 6) (continued)
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[g) 3b 4a 4b 5a 6b

!9l 3D 6J 6K 40 8A 4P 8B 4Q 8C 4R 80 8E 48 5a lOA lOB 5B 6L l2E

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 -1 -1 -1 -1 -I -1 1 1 1 1 1 1 1 1 -1 -1

X3 2 2 2 -I -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 0 0 0 0

X4 2 2 2 1 1 1 1 1 1 -1 -1 -1 -1 0 0 0 0 0 0

X5 -1 -1 -1 -1 -1 -1 -1 -I -1 -1 -1 -1 -1 0 0 0 0 1 1

X6 -1 -1 -1 1 1 1 1 1 1 -1 -1 -1 -1 0 0 0 0 -1 -1

X7 0 0 0 1 1 1 1 1 1 1 1 1 1 -1 -I -1 -1 0 0

X8 0 0 0 -1 -1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 0 0

X9 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1

XIO 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

Xll -2 -2 -2 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0

XI2 0 0 0 2 0 -2 2 0 -2 0 0 0 0 1 -1 1 -1 0 0

XI3 0 0 0 -2 0 2 -2 0 2 0 0 0 0 1 -I 1 -1 0 0

XI4 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 1 -1 1 0 0

XI5 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 1 -1 1 0 0

XI6 0 0 0 -2 0 2 -2 0 2 0 0 0 0 0 0 0 0 0 0

X17 0 0 0 2 0 -2 2 0 -2 0 0 0 0 0 0 0 0 0 0

XI8 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -1 1 -1 0 0

XI9 0 0 0 1 -1 1 1 -I 1 1 -1 1 -1 0 0 0 0 0 0

X20 0 0 0 -1 1 -1 -1 1 -1 -1 1 -1 1 0 0 0 0 0 0

X21 0 0 0 1 -1 1 1 -I 1 -1 1 -1 1 0 0 0 0 0 0

X22 0 0 0 -1 1 -1 -1 1 -1 1 -1 1 -1 0 0 0 0 0 0

X23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X25 0 0 0 1 -1 1 1 -I 1 -1 1 -1 1 0 0 0 0 0 0

X26 0 0 0 -1 1 -1 -1 1 -1 1 -1 1 -1 0 0 0 0 0 0

X27 0 0 0 1 -1 1 1 -I 1 1 -1 1 -1 0 0 0 0 0 0

X28 0 0 0 -1 1 -1 -1 1 -1 -1 1 -1 1 0 0 0 0 0 0

X29 2 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X30 2 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X31 2 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X32 2 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X33 -2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X34 -2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X35 -2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X36 -2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X37 2 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X38 0 0 0 1 1 1 -1 -1 -1 1 1 -1 -1 0 0 0 0 0 0

X39 0 0 0 1 1 1 -1 -1 -1 -1 -1 1 1 0 0 0 0 0 0

X40 0 0 0 -1 -1 -1 1 1 1 1 1 -1 -1 0 0 0 0 0 0

X41 0 0 0 -1 -1 -1 1 1 1 -1 -1 1 1 0 0 0 0 0 0

X42 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X43 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X44 0 0 0 1 1 1 -1 -1 -1 -1 -1 1 1 0 0 0 0 0 0

X45 0 0 0 1 1 1 -1 -I -1 1 1 -1 -1 0 0 0 0 0 0

X46 0 0 0 -1 -1 -1 1 1 1 1 1 -1 -1 0 0 0 0 0 0

X47 0 0 0 -1 -1 -1 1 1 1 -1 -1 1 1 0 0 0 0 0 0

X48 0 0 0 2 0 -2 -2 0 2 0 0 0 0 1 1 -1 -1 0 0

X49 0 0 0 -2 0 2 2 0 -2 0 0 0 0 1 1 -1 -1 0 0

X50 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -I 1 1 0 0

X51 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 1 1 0 0

X52 0 0 0 -2 0 2 2 0 -2 0 0 0 0 0 0 0 0 0 0

X53 0 0 0 2 0 -2 -2 0 2 0 0 0 0 0 0 0 0 0 0

X54 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 -I -1 0 0

X55 1 -1 1 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 -I 1 1 -1

X56 1 -1 1 -1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -I 1 -1 1

X57 2 -2 2 -1 1 -1 1 -I 1 -1 1 1 -1 0 0 0 0 0 0

X58 2 -2 2 1 -1 1 -1 1 -1 -1 1 1 -1 0 0 0 0 0 0

X59 -1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1 0 0 0 0 1 -1

X60 -1 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 0 0 0 0 -1 1

X61 0 0 0 1 -1 1 -1 1 -1 1 -1 -1 1 -1 1 1 -1 0 0

X62 0 0 0 -1 1 -1 1 -1 1 1 -1 -1 1 -1 1 1 '1 0 0

X63 1 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 1

X64 1 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -1

X65 -2 2 -2 0 0 0 0 0 0 0 0 0 0 1 -1 -1 1 0 0
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[9] la

[91 lA 3A 3B 3e 3D 3E 3F 3G 3H 31 3J 3K 3L

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 1 1 1 1

X3 4 4 4 4 4 4 4 4 4 4 4 4 4

X4 4 4 4 4 4 4 4 4 4 4 4 4 4

Xs 5 5 5 5 5 5 5 5 5 5 5 5 5

X6 5 5 5 5 5 5 5 5 5 5 5 5 5

X7 6 6 6 6 6 6 6 6 6 6 6 6 6

X8 5 -3~-4w -4~-3w -~-3w 2 -3~-w -~ w -~ -2~+w 3~-w 2~ -1

X9 5 -3~-4w -4~-3w -~-3w 2 -3~-w -~ w -~ -2~+w 3~-w 2~ -1

XIO 10 -6~-8w -8~-6w -2~-6w 4 -6~-2w -2~ 2w -2~ -4~+2w 6~-2w 4~ -2

Xll 15 -9~-12w -12~-9w -3~-9w 6 -9~-3w -3~ 3w -3~ -6~+3w 9~-3w 6~ -3

Xl2 15 -9~-12w -12~-9w -3~-9w 6 -9~-3w -3~ 3w -3~ -6~+3w 9~-3w 6~ -3

Xl3 5 -4~-3w -3~-4w -3~-w 2 -~-3w -2~+w -~ -w ~-2w -~+3w 2w -1

Xl4 5 -4~-3w -3~-4w -3~-w 2 -~-3w -2~+w -~ -w ~-2w -~+3w 2w -1

XIS 10 -8~-6w -6~-8w -6~-2w 4 -2~-6w -4~+2w -2~ -2w 2~-4w -2~+6w 4w -2

Xl6 15 -12~-9w -9~-12w -9~-3w 6 -3~-9w -6~+3w -3~ -3w 3~-6w -3~+9w 6w -3

Xl7 15 -12~-9w -9~-12w -9~-3w 6 -3~-9w -6~+3w -3~ -3w 3~-6w -3~+9w 6w -3

Xl8 10 -2~-6w -6~-2w 3~-2w 1 -2~+3w 5~+2w ~ w 2~+5w 4~+6w w 1

Xl9 10 -2~-6w -6~-2w 3~-2w 1 -2~+3w 5~+2w ~ w 2~+5w 4~+6w w 1

X20 10 -2~-6w -6~-2w 3~-2w 1 -2~+3w 5~+2w ~ w 2~+5w 4~+6w w 1

X21 10 -2~-6w -6~-2w 3~-2w 1 -2~+3w 5~+2w ~ w 2~+5w 4~+6w w 1

X22 20 -4~-12w -12~-4w 6~-4w 2 -4~+6w 10~+4w 2~ 2w 4~+lOw 8~+12w 2w 2

X23 20 .4{-12w -12~-4w 6~-4w 2 -4~+6w 10~+4w 2~ 2w 4~+lOw 8~+12w 2w 2

X24 20 8 8 2 -1 2 2 -4 -4 2 8 -1 -4

X2S 20 8 8 2 -1 2 2 -4 -4 2 8 -1 -4

X26 40 16 16 4 -2 4 4 -8 -8 4 16 -2 -8

X27 10 -6~-2w -2~-6w -2~+3w 1 3~-2w 2~+5w w ~ 5~+2w 6~+4w ~ 1

X28 10 -6~-2w -2~-6w -2~+3w 1 3~-2w 2~+5w w ~ 5~+2w 6~+4w ~ 1

X29 10 -6~-2w -2~-6w -2~+3w 1 3~-2w 2~+5w w ~ 5~+2w 6~+4w ~ 1

X30 10 -6~-2w -2~-6w -2~+3w 1 3~-2w 2~+5w w ~ 5~+2w 6~+4w ~ 1

X31 20 -12~-4w -4~-12w -4~+6w 2 6~-4w 4~+10w 2w 2~ 10~+4w 12~+8w 2~ 2

X32 20 -12~-4w -4~-12w -4~+6w 2 6~-4w 4~+10w 2w 2~ 1O~+4w 12~+8w 2~ 2

X33 10 2~-4w -4~+2w 5~+2w 1 2~+5w 2~+5w 1 1 5~+2w -4~+2w 1 1

X34 10 2~-4w -4~+2w 5~+2w 1 2~+5w 2~+5w 1 1 5~+2w -4~+2w 1 1

X35 10 2~-4w -4~+2w 5~+2w 1 2~+5w 2~+5w 1 1 5~+2w -4~+2w 1 1

X36 10 2~-4w -4~+2w 5~+2w 1 2~+5w 2~+5w 1 1 5~+2w -4~+2w 1 1

X37 20 4~-8w -8~+4w 10~+4w 2 4~+10w 4~+lOw 2 2 10~+4w -8~+4w 2 2

X38 20 4~-8w -8~+4w 10~+4w 2 4~+lOw 4~+lOw 2 2 10~+4w -8~+4w 2 2

X39 30 -6w -6~ 3~ -6 3w 3 3w 3~ 3 -6w -6~ 3

X.o 30 -6w -6~ 3~ -6 3w 3 3w 3~ 3 -6w -6~ 3

X41 30 -6w -6~ 3~ -6 3w 3 3w 3~ 3 -6w -6~ 3

X42 30 -6w -6~ 3~ -6 3w 3 3w 3~ 3 -6w -6~ 3

X43 30 -6~ -6w 3w -6 3~ 3 3~ 3w 3 -6~ -6w 3

X44 30 -6~ -6w 3w -6 3~ 3 3~ 3w 3 -6~ -6w 3

X4S 30 -6~ -6w 3w -6 3~ 3 3~ 3w 3 -6~ -6w 3

X46 30 -6~ -6w 3w -6 3~ 3 3~ 3w 3 -6~ -6w 3

X47 10 -4~+2w 2~-4w 2~+5w 1 5~+2w 5~+2w 1 1 2~+5w 2~-4w 1 1

X48 10 -4~+2w 2~-4w 2~+5w 1 5~+2w 5~+2w 1 1 2~+5w 2~-4w 1 1

X49 10 -4~+2w 2~-4w 2~+5w 1 5~+2w 5~+2w 1 1 2~+5w 2~-4w 1 1

XSO 10 -4~+2w 2~-4w 2~+5w 1 5~+2w 5~+2w 1 1 2~+5w 2~-4w 1 1

X51 20 -8~+4w 4~-8w 4~+lOw 2 10~+4w 10~+4w 2 2 4~+10w 4~-8w 2 2

X52 20 -8~+4w 4~-8w 4~+10w 2 10~+4w 10~+4w 2 2 4~+lOw 4~-8w 2 2

XS3 5 3~-w -~+3w 2~+3w 2 3~+2w -2~+w -w -~ ~-2w -3~-4w 2~ -1

XS4 5 3~-w -~+3w 2~+3w 2 3~+2w -2~+w -w -~ ~-2w -3~-4w 2~ -1

X5S 10 6~-2w -2~+6w 4~+6w 4 6~+4w -4~+2w -2w -2~ 2~-4w -6~-8w 4~ -2

XS6 15 9~-3w -3~+9w 6~+9w 6 9~+6w -6~+3w -3w -3~ 3~-6w -9~-12w 6~ -3

XS7 15 9~-3w -3~+9w 6~+9w 6 9~+6w -6~+3w -3w -3~ 3~-6w -9~-12w 6~ -3

~3 = 1, W = e
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Table B.2: Character table of B(3, 5) (continued)

Xl 1 1 1 1 I 1 1 1

X2 1 1 I 1 1 I I I

X3 4 4 4 4 4 4 4 4

X4 4 4 4 4 4 4 4 4

X5 S S S S S S S S

X6 S S S S S S S S

X7 6 6 6 6 6 6 6 6

X8 2w -{+3w S~ 4{+w 3~+2w 2{+3w {+4w Sw

X9 2w -{+3w S{ 4{+w 3{+2w 2{+3w ~+4w Sw

XIO 4w -2{+6w 10{ 8{+2w 6{+4w 4{+6w 2{+8w lOw

XII 6w -3{+9w IS{ 12{+3w 9{+6w 6{+9w 3~+12w ISw

XI2 6w -3{+9w IS{ 12{+3w 9~+6w 6{+9w 3{+I2w ISw

X13 2{ 3{-w Sw {+4w 2{+3w 3{+2w 4{+w S{

X14 2{ 3{-w Sw ~+4w 2{+3w 3~+2w 4~+w S~

XI5 4~ 6{-2w lOw 2{+8w 4{+6w 6{+4w 8{+2w 10{

X16 6~ 9~-3w ISw 3{+I2w 6~+9w 9{+6w 12~+3w IS{

X17 6{ 9{-3w ISw 3{+12w 6{+9w 9{+6w 12{+3w IS{

XI8 { 6{+4w IOw -4{+2w -S{-3w -3{-Sw 2~-4w 1O{

XI9 { 6{+4w IOw -4~+2w -S{-3w -3~-Sw 2{-4w IO{

X20 { 6{+4w IOw -4{+2w -S{-3w -3{-Sw 2{-4w 1O{

X21 { 6{+4w lOw -4{+2w -S{-3w -3{-Sw 2{-4w IO{

X22 2~ 12{+8w 20w -8{+4w -10{-6w -6{-IOw 4{-8w 20{

X23 2{ 12~+8w 20w -8{+4w -10~-6w -6{-IOw 4{-8w 20~

X24 -1 8 20 8 2 2 8 20

)(25 -I 8 20 8 2 2 8 20

X26 -2 16 40 16 4 4 16 40

)(27 w 4{+6w 10{ {-4w -3{-Sw S -4{+2w lOw

)(28 w 4{+6w 1O{ {-4w -3{-Sw S -4{+2w lOw

X29 w 4{+6w 10{ ~-4w -3{-Sw S -4{+2w lOw

X30 w 4~+6w IO{ ~-4w -3{-5w 5 -4{+2w lOw

X31 2w 8{+I2w 20{ 2{-8w -6{-IOw 10 -8{+4w 20w

X32 2w 8{+I2w 20{ 2{-8w -6{-IOw 10 -8{+4w 20w

X33 1 2{-4w 10 2{-4w 5{+2w 2{+5w -4{+2w 10

X34 1 2{-4w 10 2{-4w S{+2w 2{+Sw -4{+2w 10

)(35 1 2{-4w 10 2{-4w S{+2w 2{+5w -4{+2w 10

)(36 1 2{-4w 10 2{-4w 5{+2w 2{+5w -4{+2w 10

)(37 2 4{-8w 20 4{-8w IO~+4w 4{+10w -8{+4w 20

X38 2 4{-8w 20 4{-8w IO{+4w 4~+IOw -8{+4w 20

X39 -6w -6{ 30{ -6 3w 3{ -6 30w

X40 -6w -6{ 30{ -6 3w 3{ -6 30w

X41 -6w -6{ 30{ -6 3w 3{ -6 30w

X42 -6w -6{ 30{ -6 3w 3{ -6 30w

)(43 -6{ -6w 30w -6 3{ 3w -6 30{

X44 -6{ -6w 30w -6 3{ 3w -6 30~

X45 -6{ -6w 30w -6 3{ 3w -6 30~

X46 -6{ -6w 30w -6 3{ 3w -6 30{

)(47 1 -4{+2w 10 -4{+2w 2{+Sw S{+2w 2{-4w 10

X48 I -4{+2w 10 -4{+2w 2{+5w 5~+2w 2{-4w 10

X49 1 -4{+2w 10 -4{+2w 2{+Sw S{+2w 2{-4w 10

X50 1 -4{+2w 10 -4{+2w 2{+5w 5{+2w 2{-4w 10

)(51 2 -8{+4w 20 -8{+4w 4{+IOw IO{+4w 4{-8w 20

X52 2 -8{+4w 20 -8{+4w 4{+IOw IO{+4w 4{-8w 20

)(53 2w -4{-3w S{ {+4w -3{-w -{-3w 4{+w Sw

X54 2w -4{-3w 5{ {+4w -3{-w -{-3w 4{+w 5w

)(55 4w -8{-6w IO~ 2{+8w -6~-2w -2{-6w 8{+2w lOw

X56 6w -12{-9w 15{ 3{+12w -9{-3w -3{-9w 12{+3w ISw

X57 6w -12{-9w 15{ 3{+12w -9{-3w -3{-9w 12~+3w 15w

=w:Jf-~1a:----__=_-::-::--__= __-==-__--::-::::--__-=_--==-
=rEI] 3M 3N 30 3P 3Q 3R 35 3T

e 1, W = e
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Table B.3: Character table of B(3, 5) (continued)
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[g] 1 ..

19J lA 3A 3B 3C 3D 3E 3F 3G 3H 31 3J 3K 3L

;>(58 20 8{ 8w 2w -1 2{ 2 -4{ -4w 2 8{ -w -4

;>(59 20 8{ 8w 2w -1 2{ 2 -4{ -4w 2 8{ -w -4

;>(60 40 16{ 1Gw 4w -2 4{ 4 -8{ -8w 4 16{ -2w -8

;>(61 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3

;>(62 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3

;>(63 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3

;>(6. 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3

;>(65 20 8w 8{ 2{ -1 2w 2 -4w -4{ 2 8w -{ -4

;>(66 20 8w 8{ 2{ -1 2w 2 -4w -4{ 2 8w -{ -4

;>(67 40 16w 16{ 4{ -2 4w 4 -8w -8{ 4 16w -2{ -8

;>(68 5 -{+3w 3{-w 3{+2w 2 2{+3w {-2w -{ w -2{+w 4{-3w 2w -1

;>(69 5 -{+3w 3{-w 3{+2w 2 2{+3w {-2w -{ w -2{+w 4{-3w 2w -1

;>(70 10 -2~+6w 6~-2w 6{+4w 4 4~+6w 2{-4w -2{ 2w -4~+2w 8{-6w 4w -2

;>(71 15 -3~+9w 9{-3w 9{+6w 6 6{+9w 3{-6w -3{ 3w -6{+3w 12{-9w 6w -3

;>(72 15 -3~+9w 9~-3w 9{+6w 6 6~+9w 3~-6w -3~ 3w -6{+3w 12~-9w 6w -3

;>(73 1 { w w 1 { 1 ~ w 1 { w 1

;>(74 1 ~ w w 1 { 1 { w 1 { w 1

;>(75 4 4{ 4w 4w 4 4{ • 4~ 4w 4 4{ 4w 4

;>(76 4 4{ 4w 4w 4 4~ 4 4{ 4w 4 4{ 4w 4

;>(77 5 5~ 5w 5w 5 5{ 5 5{ 5w 5 5~ 5w 5

;>(78 5 5{ 5w 5w 5 5{ 5 5{ 5w 5 5{ 5w 5

;>(79 6 6{ 6w 6w 6 6{ 6 6~ 6w 6 6~ 6w 6

;>(80 5 4~+w ~+4w -2~+w 2 -2w ~-2w -1 -1 -2{+w ~+4w 2 -1

;>(81 5 4~+w {+4w -2~+w 2 -2w ~-2w -1 -1 -2{+w {+4w 2 -1

;>(82 10 8{+2w 2{+8w -4{+2w 4 -4w 2{-4w -2 -2 -4{+2w 2~+8w 4 -2

;>(83 15 12{+3w 3{+12w -6{+3w 6 -6w 3{-6w -3 -3 -6~+3w 3{+12w 6 -3

;>(8. 15 12{+3w 3~+12w -6~+3w 6 -6w 3{-6w -3 -3 -6~+3w 3~+12w 6 -3

;>(85 10 6{+4w 4{+6w -5{-3w 1 -3{-5w 5{+2w w { 2~+5w -6{-2w { 1

;>(86 10 6~+4w 4~+6w -5{-3w 1 -3{-5w 5~+2w w { 2~+5w -6{-2w ~ 1

;>(87 10 6~+4w 4~+6w -5~-3w 1 -3~-5w 5~+2w w ~ 2~+5w -6{-2w { 1

;>(88 10 6{+4w 4{+6w -5~-3w 1 -3{-5w 5{+2w w { 2{+5w -6~-2w ~ 1

;>(89 20 12{+8w 8~+12w -1O~-6w 2 -6{-10w 10{+4w 2w 2{ 4~+lOw -12~-4w 2{ 2

;>(90 20 12~+8w 8{+12w -10~-6w 2 -6~-10w 1O{+4w 2w 2{ 4{+10w -12{-4w 2~ 2

;>(91 10 4~+6w 6~+4w -3{-5w 1 -5~-3w 2{+5w { w 5~+2w -2~-6w w 1

;>(92 10 4{+6w 6{+4w -3{-5w 1 -5{ -3w 2{+5w { w 5{+2w -2{-6w w 1

;>(93 10 4~+6w 6~+4w -3~-5w 1 -5{ -3w 2{+5w { w 5{+2w -2~-6w w 1

;>(9' 10 4~+6w 6~+4w -3~-5w 1 -5{ -3w 2{+5w ~ w 5{+2w -2~-6w w 1

;>(95 20 8~+12w 12~+8w -6~-10w 2 -10~-6w 4~+10w 2{ 2w 10{+4w -4~-12w 2w 2

;>(96 20 8~+12w 12{+8w -6~-10w 2 -10~-6w 4~+lOw 2{ 2w 10{+4w -4{-12w 2w 2

;>(97 5 ~+4w 4{+w {-2w 2 -2~+w -2{+w -1 -1 {-2w 4~+w 2 -1

;>(98 5 ~+4w 4{+w {-2w 2 -2{+w -2{+w -1 -1 {-2w 4{+w 2 -1

X99 10 2{+8w 8{+2w 2~-4w 4 -4~+2w -4{+2w -2 -2 2~-4w 8~+2w 4 -2

)(100 15 3{+12w 12~+3w 3{-6w 6 -6~+3w -6~+3w -3 -3 3{-6w 12{+3w 6 -3

XI0l 15 3~+12w 12~+3w 3~-6w 6 -6{+3w -6~+3w -3 -3 3~-6w 12{+3w 6 -3

X102 1 w { { 1 w 1 w ~ 1 w { 1

X103 1 w { { 1 w 1 w { 1 w ~ 1

XI0. 4 4w 4{ 4{ 4 4w 4 4w 4{ 4 4w 4{ 4

XI05 4 4w 4{ 4{ 4 4w 4 4w 4{ 4 4w 4{ 4

X106 5 5w 5{ 5~ 5 5w 5 5w 5~ 5 5w 5{ 5

XI07 5 5w 5{ 5{ 5 5w 5 5w 5{ 5 5w 5{ 5

XI08 6 Gw 6~ 6{ 6 6w 6 6w 6{ 6 6w 6~ 6

e=1, w =e
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Table BA: Character table of B(3, 5) (continued)

X58 -{ 8w 20w 8 2{ 2w 8 20{

X59 -{ 8w 20w 8 2{ 2w 8 20{

X60 -2{ 16w 40w 16 4{ 4w 16 40{

X61 -6 -6 30 -6 3 3 -6 30

X62 -6 -6 30 -6 3 3 -6 30

X63 -6 -6 30 -6 3 3 -6 30

X64 -6 -6 30 -6 3 3 -6 30

X65 -w 8{ 20{ 8 2w 2{ 8 20w

X66 -w 8{ 20{ 8 2w 2{ 8 20w

X67 -2w 16{ 40{ 16 4w 4{ 16 40w

X68 2~ -3{-4w 5w 4{+w -{-3w -3{-w {+4w 5{

X69 2{ -3{-4w 5w 4{+w -{-3w -3{-w {+4w 5{

X70 4{ -6{-8w lOw 8~+2w -2{-6w -6{-2w 2{+8w 10~

X71 6{ -9{-12w 15w 12{+3w -3{-9w -9{-3w 3~+12w 15{

X72 6{ -9{-12w 15w 12{+3w -3{-9w -9{-3w 3{+12w 15{

X73 { w w I { w I {

X74 { w w I { w I {

X75 4{ 4w 4w 4 4{ 4w 4 4{

X76 4{ 4w 4w 4 4{ 4w 4 4{

X77 5{ 5w 5w 5 5{ 5w 5 5{

X78 5{ 5w 5w 5 5{ 5w 5 5{

X79 6{ 6w 6w 6 6{ 6w 6 6{

X80 2 4{+w 5 4{+w -2{+w {-2w {+4w 5

X81 2 4{+w 5 4{+w -2{+w {-2w {+4w 5

X82 4 8{+2w 10 8{+2w -4{+2w 2{-4w 2{+8w 10

X83 6 12{+3w 15 12{+3w -6{+3w 3{-6w 3{+12w 15

X84 6 12{+3w 15 12{+3w -6{+3w 3{-6w 3{+12w 15

X85 w -2{-6w 10{ -4{+2w 3{-2w -2{+3w 2~-4w lOw

X86 w -2{-6w 10{ -4{+2w 3{-2w .2{+3w 2{-4w lOw

X87 w -2{-6w 10{ -4{+2w 3{.2w .2{+3w 2{-4w IOw

X88 w -2{-6w 10{ -4{+2w 3{-2w -2~+3w 2~-4w lOw

X89 2w -4~-12w 20~ -8{+4w 6{-4w -4{+6w 4{-8w 20w

X90 2w -4~-12w 20~ -8~+4w 6{-4w -4~+6w 4{-8w 20w

X91 ~ -6{-2w IOw 2{-4w -2{+3w 3{-2w -4{+2w 10{

X92 { -6{-2w IOw 2{-4w -2{+3w 3{-2w -4{+2w 10~

X93 ~ -6{-2w lOw 2{-4w -2~+3w 3{-2w -4{+2w 10{

X94 { -6{-2w IOw 2{-4w -2{+3w 3{-2w -4{+2w 10{

X95 2{ -12~-4w 20w 4{-8w -4{+6w 6{-4w -8{+4w 20{

X96 2~ -12{-4w 20w 4{-8w -4~+6w 6{-4w -8{+4w 20{

X97 2 ~+4w 5 {+4w {-2w -2{+w 4~+w 5

X98 2 {+4w 5 {+4w ~-2w -2~+w 4{+w 5

X99 4 2~+8w 10 2{+8w 2~-4w -4{+2w 8~+2w 10

XIOQ 6 3{+12w 15 3{+12w 3~-6w -6~+3w 12~+3w 15

XIOl 6 3~+12w 15 3{+12w 3~-6w -6~+3w 12~+3w 15

XI02 w { { I w { I w

XI03 w ~ ~ I w ~ I w

XI04 4w 4{ 4~ 4 4w 4~ 4 4w

XI05 4w 4~ 4~ 4 4w 4~ 4 4w

XI06 5w 5{ 5{ 5 5w 5{ 5 5w

XI07 5w 5{ 5{ 5 5w 5{ 5 5w

XI08 6w 6{ 6~ 6 6w 6{ 6 6w

=w::J_l_a -."._--: ~------~---_=_---
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Table B.5: Character table of B(3, 5) (continued)

X, 1 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X4 2 2 2 2 2 2 2 2 2 2

X5 1 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0 0

X8 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2~+w ~+2w 301

X9 -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -301

X'O 0 0 0 0 0 0 0 0 0 0

XlI -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -301

X'2 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2~+w ~+2w 301

X'3 3 -2~-w -~-2w -~+w 0 ~-w 301 ~+2w 2~+w 3~

X'4 -3 2~+w ~+2w ~-w 0 -~+w -301 -~-2w -2~-w -3~

X'5 0 0 0 0 0 0 0 0 0 0

X'6 -3 2~+w ~+2w ~-w 0 -~+w -301 -~-2w -2~-w -3~

X'7 3 -2~-w -~-2w -~+w 0 ~-w 301 ~+2w 2~+w 3~

X'8 4 -201 -2~ ~ 1 01 -~+2w -3~-2w -2~-3w 2~-w

X'9 2 2~ 201 3~+2w -1 2~+3w ~+4w -~ -01 4~+w

X20 -2 -2~ -201 -3~-2w 1 -2~-3w -~-4w ~ 01 -4~-w

X2' -4 201 2~ -~ -1 -01 ~-2w 3~+2w 2~+3w -2~+w

X22 -6 -2~+2w 2~-2w -4~-2w 0 -2~-4w -601 4~+2w 2~+4w -6~

X23 6 2~-2w -2~+2w 4~+2w 0 2~+4w 601 -4~-2w -2~-4w 6~

X24 6 0 0 0 -3 0 6 0 0 6

X25 -6 0 0 0 3 0 -6 0 0 -6

X26 0 0 0 0 0 0 0 0 0 0

X27 4 -2~ -201 01 1 ~ 2~-w -2~-3w -3~-2w -~+2w

X28 2 201 2~ 2~+3w -1 3~+2w 4~+w -01 -~ ~+4w

X29 -2 -201 -2~ -2~-3w 1 -3~-2w -4~-w 01 ~ -~-4w

X30 -4 2~ 201 -01 -1 -~ -2~+w 2~+3w 3~+2w ~-2w

X3' -6 2~-2w -2~+2w -2~-4w 0 -4~-2w -6~ 2~+4w 4~+2w -601

X32 6 -2~+2w 2~-2w 2~+4w 0 4~+2w 6~ -2~-4w -4~-2w 6w

X33 4 -201 -2~ ~ 1 01 2~-w 3~+w ~+3w -~+2w

X34 -2 -2 -2 -~+2w 1 2~-w -4~-w 1 1 -~-4w

X35 2 2 2 ~-2w -I -2~+w 4~+w -1 -1 ~+4w

X36 -4 201 2~ -~ -1 -01 -2~+w -3~-w -~-3w ~-2w

X37 -6 2~+4w 4~+2w -2~+2w 0 2~-2w -6~ -4~-2w -2~-4w -601

X38 6 -2~-4w -4~-2w 2~-2w 0 -2~+2w 6~ 4~+2w 2~+4w 601

X39 6 0 0 -3~ 0 -3w -3 301 3~ -3

X40 0 4~+2w 2~+4w -~-2w 0 -2~-w 3~-3w -2~-w -~-2w -3~+3w

X4' 0 -4~-2w -2~-4w ~+2w 0 2~+w -3~+3w 2~+w ~+2w 3~-3w

X42 -6 0 0 3~ 0 301 3 -3w -3~ 3

X43 6 0 0 -301 0 -3~ -3 3~ 301 -3

X44 0 2~+4w 4~+2w -2~-w 0 -~-2w -3~+3w -~-2w -2~-w 3~-3w

X45 0 -2~-4w -4~-2w 2~+w 0 ~+2w 3~-3w ~+2w 2~+w -3~+3w

X46 -6 0 0 301 0 3~ 3 -3~ -301 3

X47 4 -2~ -2w w 1 ~ -~+2w ~+3w 3~+w 2~-w

X48 -2 -2 -2 2~-w 1 -~+2w -~-4w 1 1 -4~-w

X49 2 2 2 -2~+w ·1 ~-2w ~+4w -1 -1 4~+w

X50 -4 2~ 201 -01 -1 -~ ~-2w -~-3w -3~-w -2~+w

X5' -6 4~+2w 2~+4w 2~-2w 0 -2~+2w -601 -2~-4w -4~-2w -6~

X52 6 -4~-2w -2~-4w -2~+2w 0 2~-2w 601 2~+4w 4~+2w 6~

X53 3 ~-w -~+w 2~+w 0 ~+2w 3w -2~-w -~-2w 3~

X54 -3 -~+w ~-w -2~-w 0 -~-2w -301 2~+w ~+2w -3~

X55 0 0 0 0 0 0 0 0 0 0

X56 -3 -~+w ~-w -2~-w 0 -~-2w -301 2~+w ~+2w -3~

X57 3 ~-w -~+w 2~+w 0 ~+2w 3w -2~-w -~-2w 3~

~ 2a
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Table B.6: Character table of B(3, 5) (continued)

Xl 1 1 1 1 1 1 1 1 1 1

X2 -I -1 -1 -I -I -1 -1 -1 -1 -1

X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X4 2 2 2 2 2 2 2 2 2 2

X5 1 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0 0

X8 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2~+w ~+2w 3w

X9 -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -3w

XIO 0 0 0 0 0 0 0 0 0 0

XII -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -3w

X12 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2~+w ~+2w 3w

XI3 3 -2~-w -~-2w -~+w 0 ~-w 3w ~+2w 2~+w 3~

XI4 -3 2~+w ~+2w ~-w 0 -~+w -3w -~-2w -2~-w -3~

XI5 0 0 0 0 0 0 0 0 0 0

X16 -3 2~+w ~+2w ~-w 0 -~+w -3w -~-2w -2~-w -3~

X17 3 -2~-w -~-2w -~+w 0 ~-w 3w ~+2w 2~+w 3~

X18 -2~-3w 2~-w w 3~+w ~ -2 ~+3w 1 -2w 4~

X19 -4~-3w -w -2~+w -1 -~ 2w -~+3w -3~-w 2 2~

X20 4~+3w w 2~-w I ~ -2w ~-3w 3~+w -2 -2~

X21 2~+3w -2~+w -w -3~-w -~ 2 -~-3w -1 2w -4~

X22 -6 -2~+2w 2~-2w -4~-2w 0 -2~-4w -6w 4~+2w 2~+4w -6~

X23 6 2~-2w -2~+2w 4~+2w 0 2~+4w 6w -4~-2w -2~-4w 6~

X24 6 0 0 0 -3 0 6 0 0 6

X25 -6 0 0 0 3 0 -6 0 0 -6

X26 0 0 0 0 0 0 0 0 0 0

X27 -3~-2w -~+2w ~ ~+3w w -2 3~+w I -2~ 4w

X28 -3~-4w -~ ~-2w ·1 -w 2~ 3~-w -~-3w 2 2w

X29 3~+4w ~ -~+2w 1 w -2~ -3~+w ~+3w -2 -2w

X30 3~+2w ~.2w -~ -~-3w -w 2 -3~-w -I 2~ -4w

X31 -6 2~-2w -2~+2w -2~-4w 0 -4~-2w -6~ 2~+4w 4~+2w -6w

X32 6 -2~+2w 2~-2w 2~+4w 0 4~+2w 6~ -2~-4w -4~-2w 6w

X33 2~-w 3~+w ~ ~+3w 1 -2w -~+2w w -2~ 4

X34 -4~-w 1 -~+2w 1 1 -2 -~-4w 2~-w -2 -2

X35 4~+w -1 ~-2w -I -1 2 ~+4w -2~+w 2 2

X36 -2~+w -3~-w -~ -~-3w -1 2w ~-2w -w 2~ -4

X37 -6~ -4~-2w -2~+2w -2~-4w 0 2~+4w -6w 2~-2w 4~+2w -6

X38 6~ 4~+2w 2~-2w 2~+4w 0 -2~-4w 6w -2~+2w -4~-2w 6

X39 -3w 3~ -3 3 0 0 -3w -3~ 0 6w

X40 -6~-3w ~+2w -~+w -~+w 0 -2~-4w 6~+3w {+2w 2~-2w 0

X41 6~+3w -~-2w ~-w ~-w 0 2~+4w -6~-3w -~-2w -2~+2w 0

X42 3w -3~ 3 -3 0 0 3w 3~ 0 -6w

X43 -3~ 3w -3 3 0 0 -3~ -3w 0 6~

X44 -3~-6w 2{+w {-w {-w 0 -4~-2w 3~+6w 2~+w -2~+2w 0

X45 3~+6w -2~-w -~+w -~+w 0 4~+2w -3~-6w -2~-w 2~-2w 0

X46 3~ -3w 3 -3 0 0 3~ 3"1 0 -6~

X47 -~+2w ~+3w w 3~+w 1 -2{ 2~-w ~ -2w 4

X4S -~-4w 1 2~-w 1 1 -2 -4~-w -~+2w -2 -2

X49 {+4w -1 -2~+w -1 -1 2 4~+w ~·2w 2 2

X50 ~-2w -~-3w -w -3~-w -I 2~ -2~+w -~ 2w -4

X51 -6w -2~-4w 2~-2w -4~-2w 0 4~+2w -6~ -2~+2w 2~+4w -6

X52 6w 2~+4w -2~+2w 4{+2w 0 -4{-2w 6~ 2{-2w -2{-4w 6

X53 3~ ~+2w -~-2w -~+w 0 -2~-w 3 ~-w 2{+w 3w

X54 -3~ -{-2w ~+2w ~-w 0 2~+w -3 -~+w -2~-w -3w

X55 0 0 0 0 0 0 0 0 0 0

X56 -3~ -~-2w ~+2w ~-w 0 2{+w -3 -~+w -2~-w -3w

X57 3~ ~+2w -~-2w -~+w 0 -2{-w 3 ~-w 2~+w 3w

=w:J_-:::2:.::a__-:-:c:--__=-_----::":"7_-:-:-:__"'7:::--_-:-::--_--:~--__==-_",=_=mJ 6J 6K 6L 6M 6N 60 6P 6Q 6R 6S

e = 1, w=e



APPENDIX B. CHARACTER TABLE OF B(3, 5) 210

Table B.7: Character table of B(3, 5) (continued)

Xl 1 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -I -I -1 -1 -1 -1 -1

X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X4 2 2 2 2 2 2 2 2 2 2

X5 1 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0 0

X8 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2~+w ~+2w 3w

X9 -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -3w

XIO 0 0 0 0 0 0 0 0 0 0

Xl! -3 ~+2w 2~+w -~+w 0 ~-w -3~ -2~-w -~-2w -3w

Xl2 3 -~-2w -2~-w ~-w 0 -~+w 3~ 2(+w (+2w 3w

Xl3 3 -2(-w -~-2w -(+w 0 ~-w 3w ~+2w 2(+w 3~

Xl4 -3 2~+w ~+2w ~-w 0 -~+w -3w -~-2w -2~-w -3(

XIS 0 0 0 0 0 0 0 0 0 0

Xl6 -3 2~+w ~+2w (-w 0 -~+w -3w -~-2w -2~-w -3~

Xl7 3 -2~-w -~-2w -~+w 0 ~-w 3w ~+2w 2~+w 3(

Xl8 -3(-2w ~ -~+2w -2 w ~+3w 4w -2~ I 3~+w

Xl9 -3~-4w (-2w -~ 2( -w -1 2w 2 -~-3w 3~-w

X20 3~+4w -(+2w ( -2( w 1 -2w -2 (+3w -3(+w

X21 3(+2w -~ ~-2w 2 -w -(-3w -4w 2~ -1 -3~-w

X22 -6 -2~+2w 2(-2w -4~-2w 0 -2~-4w -6w 4~+2w 2~+4w -6(

X23 6 2(-2w -2~+2w 4~+2w 0 2~+4w 6w -4~-2w -2~-4w 6~

X24 6 0 0 0 -3 0 6 0 0 6

X2S -6 0 0 0 3 0 -6 0 0 -6

X26 0 0 0 0 0 0 0 0 0 0

X27 -2~-3w w 2(-w -2 ~ 3~+w 4( -2w 1 ~+3w

X28 -4~-3w -2~+w -w 2w -~ -1 2~ 2 -3~-w -~+3w

X29 4(+3w 2~-w w -2w ~ I -2~ -2 3(+w (-3w

X30 2~+3w -w -2~+w 2 -~ -3~-w -4~ 2w -1 -~-3w

X31 -6 2(-2w -2~+2w -2(-4w 0 -4~-2w -6~ 2~+4w 4~+2w -6w

X32 6 -2(+2w 2~-2w 2~+4w 0 4(+2w 6~ -2~-4w -4(-2w 6w

X33 -(+2w w ~+3w -2~ 1 3~+w 4 -2w ~ 2~-w

X34 -(-4w 2~-w 1 -2 I I -2 -2 -(+2w -4(-w

X3S ~+4w -2~+w -1 2 -1 -1 2 2 ~-2w 4(+w

X36 ~-2w -w -~-3w 2~ -1 -3~-w -4 2w -~ -2~+w

X37 -6w 2~-2w -2~-4w 4~+2w 0 -4~-2w -6 2(+4w -2(+2w -6~

X38 6w -2~+2w 2(+4w -4(-2w 0 4(+2w 6 -2(-4w 2~-2w 6~

X39 -3~ -3 3w 0 0 3 6~ 0 -3w -3~

X40 -3~-6w ~-w 2~+w -4(-2w 0 ~-w 0 -2(+2w 2(+w 3(+6w

X41 3~+6w -~+w -2(-w 4(+2w 0 -(+w 0 2~-2w -2~-w -3(-6w

X42 3~ 3 -3w 0 0 -3 -6( 0 3w 3~

X43 -3w -3 3( 0 0 3 6w 0 -3( -3w

X44 -6~-3w -~+w ~+2w -2~-4w 0 -~+w 0 2~-2w (+2w 6(+3w

X4S 6~+3w ~-w -~-2w 2~+4w 0 ~-w 0 -2~+2w -(-2w -6~-3w

X46 3w 3 -3( 0 0 -3 -6w 0 3( 3w

X47 2(-w ( 3~+w -2w 1 (+3w 4 -2( w -(+2w

X48 -4~-w -~+2w 1 -2 1 1 -2 -2 2(-w -~-4w

X49 4(+w ~-2w -1 2 -1 -1 2 2 -2(+w (+4w

XSO -2(+w -~ -3(-w 2w -1 -(-3w -4 2( -w e-2w

XSI -6( -2(+2w -4e-2w 2~+4w 0 -2~-4w -6 4e+2w 2(-2w -6w

XS2 6~ 2~-2w 4(+2w -2e-4w 0 2(+4w 6 -4(-2w -2(+2w 6w

XS3 3w -2~-w 2~+w -(-2w 0 ~-w 3e e+2w -e+w 3

X54 -3w 2~+w -2e-w e+2w 0 -e+w -3e -e-2w ~-w -3

XSS 0 0 0 0 0 0 0 0 0 0

XS6 -3w 2~+w -2(-w (+2w 0 -(+w -3( -e-2w ~-w -3

XS7 3w -2~-w 2e+w -(-2w 0 ~-w 3~ e+ 2w -~+w 3
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Table B.8: Character table of B(3, 5) (continued)

X58 6 0 0 0 -3 0 6 0 0 6

)(59 -6 0 0 0 3 0 -6 0 0 -6

)(60 0 0 0 0 0 0 0 0 0 0

X61 6 0 0 -3 0 -3 -3 3 3 -3

X62 0 -2{+2w 2{-2w -{+w 0 {-w 3{-3w {-w -{+w -3{+3w

)(63 0 2{-2w -2{+2w {-w 0 -{+w -3{+3w -{+w {-w 3{-3w

X64 -6 0 0 3 0 3 3 -3 -3 3

)(65 6 0 0 0 -3 0 6 0 0 6

X66 -6 0 0 0 3 0 -6 0 0 -6

X67 0 0 0 0 0 0 0 0 0 0

X68 3 -{+w {-w {+2w 0 2{+w 3{ -{-2w -2{-w 301

)(69 -3 {-w -{+w -{-2w 0 -2{-w -3{ {+2w 2{+w -301

X70 0 0 0 0 0 0 0 0 0 0

)(71 -3 {-w -{+w -{-2w 0 -2{-w -3{ {+2w 2{+w -301

X72 3 -{+w {-w {+2w 0 2{+w 3{ -{-2w -2{-w 301

X73 1 { 01 01 1 { 1 { 01 1

X74 -1 -{ -01 -w -1 -{ -1 -{ -w -1

)(75 -2 -2{ -201 -201 -2 -2{ -2 -2{ -201 -2

)(76 2 2{ 201 201 2 2{ 2 2{ 201 2

X77 1 { w 01 1 { 1 { 01 1

X78 -1 -{ -01 -01 -1 -{ -1 -{ -w -1

X79 0 0 0 0 0 0 0 0 0 0

)(80 3 2{+w {+2w -2{-w 0 -{-2w 3{ -{+w {-w 301

)(81 -3 -2{-w -{-2w 2{+w 0 {+2w -3{ {-w -{+w -301

)(82 0 0 0 0 0 0 0 0 0 0

X83 -3 -2{-w -{-2w 2{+w 0 {+2w -3{ {-w -{+w -301

X84 3 2{+w {+2w -2{-w 0 -{-2w 3{ -{+w {-w 301

)(85 4 -2 -2 1 1 1 -{+2w 2{-w -{+2w 2{-w

)(86 2 201 2{ -{-3w -1 -3{-w {+4w -01 -{ 4{+w

)(87 -2 -201 -2{ {+3w 1 3{+w -{-4w w { -4{-w

)(88 -4 2 2 -1 -1 -1 {-2w -2{+w {-2w -2{+w

)(89 -6 -2{-4w -4{-2w 2{+4w 0 4{+2w -601 -2{+2w 2{-2w -6{

)(90 6 2{+4w 4{+2w -2{-4w 0 -4{-2w 601 2{-2w -2{+2w 6{

)(91 4 -2 -2 1 1 1 2{-w -{+2w 2{-w -{+2w

)(92 -2 -2{ -2w 3{+w 1 {+3w -4{-w { w -{-4w

)(93 2 2{ 201 -3{-w -1 -{-3w 4{+w -{ -w {+4w

)(94 -4 2 2 -1 -1 -1 -2{+w {-2w -2{+w {-2w

)(95 -6 -4{-2w -2{-4w 4{+2w 0 2{+4w -6{ 2{-2w -2{+2w -601

X96 6 4{+2w 2{+4w -4{-2w 0 -2{-4w 6{ -2{+2w 2{-2w 601

)(97 3 {+2w 2{+w -{-2w 0 -2{-w 301 {-w -{+w 3{

X98 -3 -{-2w -2{-w {+2w 0 2{+w -301 -{+w {-w -3{

)(99 0 0 0 0 0 0 0 0 0 0

X100 -3 -{-2w -2{-w {+2w 0 2{+w -301 -{+w {-w -3{

)(101 3 {+2w 2{+w -{-2w 0 -2{-w 301 {-w -{+w 3{

X102 1 01 { { 1 01 1 01 { 1

X103 -1 -01 -{ -{ -1 -w -1 -w -{ -1

XI04 -2 -201 -2{ -2{ -2 -201 -2 -201 -2{ -2

XI05 2 201 2{ 2{ 2 201 2 2w 2{ 2

)(106 1 01 { { 1 01 1 w { 1

X107 -1 -01 -{ -{ -1 -01 -1 -01 -{ -1

X108 0 0 0 0 0 0 0 0 0 0
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Table B.9: Character table of B(3, 5) (continued)

=wJ1-_.::.2a=-_~:-:-__-=-__:':"'7_""':":":---_--"':::-__-:-=-__7:::__----:C::--_=-=:ffilJ 6J 6K 6L 6M 6N 60 6P 6Q 6R 6S

X58 6~ 0 0 0 -3~ 0 6~ 0 0 6~

X59 -6~ 0 0 0 3~ 0 -6~ 0 0 -6~

X60 0 0 0 0 0 0 0 0 0 0

X61 -3 3 -3 3 0 0 -3 -3 0 6

X62 3~-3w ~-w -~+w -~+w 0 -2~+2w -3~+3w ~-w 2~-2w 0

X63 -3~+3w -~+w ~-w ~-w 0 2~-2w 3~-3w -~+w -2~+2w 0

X64 3 -3 3 -3 0 0 3 3 0 -6

X65 6w 0 0 0 -3w 0 6w 0 0 6w

X66 -601 0 0 0 3w 0 -6w 0 0 -601

X67 0 0 0 0 0 0 0 0 0 0

X68 301 2~+w -2~-w ~-w 0 -~-2w 3 -~+w ~+2w 3~

X69 -3w -2~-w 2~+w -~+w 0 ~+2w -3 ~-w -~-2w -3~

X70 0 0 0 0 0 0 0 0 0 0

X71 -3w -2~-w 2~+w -~+w 0 ~+2w -3 ~-w -~-2w -3~

X72 301 2~+w -2~-w ~-w 0 -~-2w 3 -~+w ~+2w 3~

X73 ~ w 1 1 ~ 01 ~ 01 1 ~

X74 -~ -w -1 ·1 -~ -w -~ -w -I -~

X75 -2~ -2w -2 -2 -2~ -201 -2~ -2w -2 -2~

X76 2~ 201 2 2 2~ 2w 2~ 201 2 2~

X77 ~ w 1 1 ~ w ~ w 1 ~

X78 -~ -01 -1 -I -~ -01 -~ -01 -1 -~

X79 0 0 0 0 0 0 0 0 0 0

X80 3~ -~+w -2~-w ~-w 0 2~+w 301 -~-2w ~+2w 3

X81 -3~ ~-w 2~+w -~+w 0 -2~-w -301 ~+2w -~-2w -3

X82 0 0 0 0 0 0 0 0 0 0

X83 -3~ ~-w 2~+w -~+w 0 -2~-w -3w ~+2w -~-2w -3

X84 3~ -~+w -2~-w ~-w 0 2~+w 301 -~-2w ~+2w 3

X85 3~+w -3~-2w 01 3~+w 01 -201 -3~-2w 01 -2w 401

X86 3~-w -~ -2~+w -I -w 2~ -3~-4w 2~+3w 2 201

X87 -3~+w ~ 2~-w 1 w -2~ 3~+4w -2~-3w -2 -201

X88 -3~-w 3~+2w -w -3~-w -01 2w 3~+2w -w 201 -401

X89 -6~ 4~+2w 2~-2w -4~-2w 0 -2~+2w -6 -2~-4w 2~+4w -6w

X90 6~ -4~-2w -2~+2w 4~+2w 0 2~-2w 6 2~+4w -2~-4w 601

X91 ~+3w -2~-3w ~ ~+3w ~ -2~ -2~-3w ~ -2~ 4~

X92 ~-3w w -~+2w 1 ~ -201 4~+3w -3~-2w -2 -2~

X93 -~+3w -01 ~-2w -I -~ 201 -4~-3w 3~+2w 2 2~

X94 -~-3w 2~+3w -~ -~-3w -~ 2~ 2~+3w -~ 2~ -4~

X95 -6w 2~+4w -2~+2w -2~-4w 0 2~-2w -6 -4~-2w 4~+2w -6~

X96 601 -2~-4w 2~-2w 2~+4w 0 -2~+2w 6 4~+2w -4~-2w 6~

X97 301 ~-w -~-2w -~+w 0 ~+2w 3~ -2~-w 2~+w 3

X98 -3w -~+w ~+2w ~-w 0 -~-2w -3~ 2~+w -2~-w -3

X99 0 0 0 0 0 0 0 0 0 0

XIOO -301 -~+w ~+2w ~-w 0 -~-2w -3~ 2~+w -2~-w -3

XIOl 301 ~-w -~-2w -~+w 0 ~+2w 3~ -2~-w 2~+w 3

XI02 w ~ 1 1 01 ~ 01 ~ 1 01

XI03 -w -~ -1 -I -01 -~ -w -~ -1 -w

XI04 -2w -2~ -2 -2 -201 -2~ -2w -2~ -2 -201

XI05 201 2~ 2 2 2w 2~ 201 2~ 2 201

XI06 w ~ 1 1 w ~ w ~ 1 01

XI07 -w -~ -I -1 -01 -~ -w -~ -1 -01

XI08 0 0 0 0 0 0 0 0 0 0

e=l,w=e
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Table B.IO: Character table of B(3, 5) (continued)

X58 6w 0 0 0 -3w 0 6w 0 0 6w

X59 -6w 0 0 0 3w 0 -6w 0 0 -6w

X60 0 0 0 0 0 0 0 0 0 0

X61 -3 -3 3 0 0 3 6 0 -3 -3

X62 -3{+3w {-w -{+w 2{-2w 0 {-w 0 -2{+2w -{+w 3{-3w

X63 3{-3w -{+w {-w -2{+2w 0 -{+w 0 2{-2w {-w -3{+3w

X64 3 3 -3 0 0 -3 -6 0 3 3

X65 6{ 0 0 0 -3{ 0 6{ 0 0 6{

X66 -6{ 0 0 0 3{ 0 -6{ 0 0 -6{

X67 0 0 0 0 0 0 0 0 0 0

X68 3{ -{-2w {+2w -2{-w 0 -{+w 3w 2{+w {-w 3

X69 -3{ {+2w -{-2w 2{+w 0 {-w -3w -2{-w -{+w -3

X70 0 0 0 0 0 0 0 0 0 0

X71 -3{ {+2w -{-2w 2{+w 0 {-w -3w -2{-w -{+w -3

X72 3{ -{-2w {+2w -2{-w 0 -{+w 3w 2{+w {-w 3

X73 w 1 { { w 1 w 1 { w

X74 -w -1 -{ -{ -w -1 -w -1 -{ -w

X75 -2w -2 -2{ -2{ -2w -2 -2w -2 -2{ -2w

X76 2w 2 2{ 2{ 2w 2 2w 2 2{ 2w

X77 w 1 { { w 1 w 1 { w

X78 -w -1 -{ -{ -w -1 -w -1 -{ -w

X79 0 0 0 0 0 0 0 0 0 0

X80 3w -{-2w {-w {+2w 0 -{+w 3 2{+w -2{-w 3{

X81 -3w {+2w -{+w -{-2w 0 {-w -3 -2{-w 2{+w -3~

X82 0 0 0 0 0 0 0 0 0 0

X83 -3w {+2w -{+w -{-2w 0 {-w -3 -2{-w 2{+w -3{

X84 3w -{-2w {-w {+2w 0 -{+w 3 2~+w -2{-w 3{

X85 {+3w { -2{-3w -2{ { {+3w 4{ -2{ { -2{-3w

X86 -~+3w {-2w -w 2w -{ -1 2{ 2 3{+2w -4{-3w

X87 {-3w -{+2w w -2w { 1 -2{ -2 -3{-2w 4{+3w

X88 -{-3w -{ 2{+3w 2{ -{ -{-3w -4{ 2{ -{ 2{+3w

X89 -6w -2{+2w 2{+4w 2{-2w 0 -2{-4w -6{ 4{+2w -4{-2w -6

X90 6w 2~-2w -2{-4w -2{+2w 0 2{+4w 6{ -4{-2w 4{+2w 6

X91 3{+w w -3{-2w -2w w 3{+w 4w -2w w -3{-2w

X92 -3{+w 2{-w { -2{ w 1 -2w -2 -2{-3w 3{+4w

X93 3{-w -2{+w -{ 2{ -w -1 2w 2 2{+3w -3{-4w

X94 -3{-w -w 3~+2w 2w -w -3{-w -4w 2w -w 3~+2w

X95 -6~ 2~-2w 4{+2w -2{+2w 0 -4{-2w -6w 2{+4w -2{-4w -6

X96 6{ -2{+2w -4{-2w 2{-2w 0 4{+2w 6w -2{-4w 2{+4w 6

X97 3~ -2{-w -{+w 2{+w 0 {-w 3 ~+2w -{-2w 3w

X98 -3{ 2{+w {-w -2{-w 0 -{+w -3 -{-2w {+2w -3w

X99 0 0 0 0 0 0 0 0 0 0

X100 -3{ 2{+w {-w -2{-w 0 -{+w -3 -{-2w {+2w -3w

X101 3{ -2{-w -{+w 2{+w 0 {-w 3 ~+2w -{-2w 3w

X102 ~ 1 w w ~ 1 ~ 1 w {

X103 -{ -1 -w -w -{ -1 -~ -1 -w -~

X104 -2{ -2 -2w -2w -2~ -2 -2~ -2 -2w -2~

X105 2{ 2 2w 2w 2{ 2 2~ 2 2w 2{

X106 ~ 1 w w ~ 1 ~ 1 w {

X107 -{ -1 -w -w -{ -1 -~ -1 -w -~

X108 0 0 0 0 0 0 0 0 0 0

=w:J1-_...;:2...;:& _

~ 6T 6U 6V 6W 6X 6Y 6Z 6AB 6AC 6AD
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Table B.ll: Character table of B(3,5) (continued)
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[9J 3a

[9] 3U 3V 3W 3X 3Y az 9A 9B 9C 9D 9E 9F 9G 9H 91 9J 9K 9L

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X5 -I -I -I -I -I -I -I -I -I -I -I -I -I -I -I -I -I -I

X6 -I -I -I -I -I -I -I -I -I -I -I -I -I -1 -I -I -I -1

X7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X8 2 -w -~ 2~ -I 2w 2 -w -~ 2~ -I 2w 2 -w -~ 2~ -I 2w

X9 2 -w -~ 2~ -I 2w 2 -w -~ 2~ -I 2w 2 -w -~ 2~ -I 2w

XI0 -2 w ~ -2~ 1 -2w -2 w ~ -2~ 1 -2w -2 w ~ -2~ 1 -2w

XlI 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X13 2 -~ -w 2w -I 2~ 2 -~ -w 2w -I 2~ 2 -~ -w 2w -I 2~

X14 2 -~ -w 2w -I 2~ 2 -~ -w 2w -I 2~ 2 -~ -w 2w -I 2~

X15 -2 ~ w -2w 1 -2~ -2 ~ w -2w 1 -2~ -2 ~ w -2w 1 -2~

X16 0 0 0 0 0 0 0 a 0 0 0 0 0 0 0 0 0 0

X17 0 0 a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X18 1 ~ w w 1 ~ 1 ~ w w 1 ~ 1 ~ w w 1 ~

X19 1 ~ w w 1 ~ 1 ~ w w 1 ~ 1 ~ w w 1 ~

X20 1 ~ w w 1 ~ 1 ~ w w 1 ~ 1 ~ w w 1 ~

X21 1 ~ w w 1 ~ 1 ~ w w 1 ~ 1 ~ w w 1 ~

X22 -I -~ -w -w -I -~ -I -~ -w -w -I -~ -I -~ -w -w -I -~

X23 -I -~ -w -w -I -~ -I -~ -w -w -I -~ -I -~ -w -w -I -~

X24 2 -I -I 2 -I 2 2 -I -I 2 -I 2 2 -I -I 2 -I 2

X25 2 -I -I 2 -I 2 2 -I -I 2 -I 2 2 -I -I 2 -I 2

X26 -2 1 1 -2 1 -2 -2 1 1 -2 1 -2 -2 1 1 -2 1 -2

X27 1 w ~ ~ 1 w 1 w ~ ~ 1 w 1 w ~ ~ 1 w

X28 1 w ~ ~ 1 w 1 w ~ ~ 1 w 1 w ~ ~ 1 w

X29 1 w ~ ~ 1 w 1 w ~ ~ 1 w 1 w ~ ~ 1 w

X30 1 w ~ ~ 1 w 1 w ~ ~ 1 w 1 w ~ ~ 1 w

X31 -I -w -~ -~ -I -w -I -w -~ -~ -I -w -I -w -~ -~ -I -w

X32 -I -w -~ -~ -I -w -I -w -~ -~ -I -w -I -w -~ -~ -I -w

X33 1 1 1 1 1 1 ~ ~ ~ ~ ~ ~ w w w w w w

X34 1 1 1 1 1 1 ~ ~ ~ ~ ~ ~ w w w w w w

X35 1 1 1 1 1 1 ~ ~ ~ ~ ~ ~ w w w w w w

X36 1 1 1 1 1 1 ~ ~ ~ ~ ~ ~ w w w w w w

);:37 -I -I -I -I -I -I -~ -~ -~ -~ -~ -~ -w -w -w -w -w -w

X38 -I -I -I -I -I -I -~ -~ -~ -~ -~ -~ -w -w -w -w -w -w

X39 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X40 0 a 0 a a 0 a 0 0 a 0 0 a 0 0 0 0 0

X41 0 a a 0 0 0 a 0 0 0 0 0 0 0 0 0 0 0

X42 0 0 0 0 0 0 0 0 a a 0 0 0 0 0 0 0 0

X43 a 0 0 a a 0 0 a a 0 0 0 0 0 0 0 0 0

X44 a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X45 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X46 0 0 0 0 0 0 0 a 0 0 0 0 a 0 0 0 0 a
X47 1 1 1 1 1 1 w w w w w w ~ ~ ~ ~ ~ ~

X48 1 1 1 1 1 1 w w w w w w ~ ~ ~ ~ ~ ~

X49 1 1 1 1 1 1 w w w w w w ~ ~ ~ ~ ~ ~

X50 1 1 1 1 1 1 w w w w w w ~ ~ ~ ~ ~ ~

X51 -I -I -I -1 -I -I -w -w -w -w -w -w -~ -~ -~ -~ -~ -~

X52 -I -I -I -I -I -I -w -w -w -w -w -w -~ -~ -~ -~ -~ -~

X53 2 -w -~ 2~ -I 2w 2~ -I -w 2w -~ 2 2w -~ -I 2 -w 2~

X54 2 -w -~ 2~ -1 2w 2~ -I -w 2w -~ 2 2w -~ -1 2 -w 2~

X55 -2 w ~ -2~ 1 -2w -2~ 1 w . -2w ~ -2 -2w ~ 1 -2 w -2~

X56 a a 0 0 0 a 0 0 a a a 0 a a a 0 0 0

X57 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

e 1,w=e
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Table B.12: Character table of B(3, 5) (continued)

215

[9] 3a

[9] 3U 3V SW SX 3Y 3Z 9A 98 9C 9D 9E 9F 9G 9H 91 9J 9K 9L

X58 2 -~ -w 2w -1 2~ 2~ -w -1 2 -~ 2w 2w -1 -~ 2~ -w 2

X59 2 -~ -w 2w -1 2~ 2~ -w -1 2 -~ 2w 2w -1 -~ 2~ -w 2

X60 -2 ~ w -2w 1 -2~ -2~ w 1 -2 ~ -2w -2w 1 ~ -2~ w -2

X61 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X63 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X64 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X65 2 -w -~ 2~ -1 2w 2w -~ -1 2 -w 2~ 2~ -1 -w 2w -~ 2

X66 2 -w -~ 2~ -1 2w 2w -~ -1 2 -w 2~ 2~ -1 -w 2w -~ 2

X67 -2 w ~ -2~ 1 -2w -2w ~ 1 -2 w -2~ -2~ 1 w -2w ~ -2

X68 2 -~ -w 2w -1 2~ 2w -1 -~ 2~ -w 2 2~ -w -1 2 -~ 2w

X69 2 -~ -w 2w -1 2~ 2w -1 -~ 2~ -w 2 2~ -w -1 2 -~ 2w

X70 -2 ~ w -2w 1 -2~ -2w 1 ~ -2~ w -2 -2~ w 1 -2 ~ -2w

X71 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X72 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X73 1 ~ w w 1 ~ ~ w 1 1 ~ w w 1 ~ ~ w 1

X74 1 ~ w w 1 ~ ~ w 1 1 ~ w w 1 ~ ~ w 1

X75 1 ~ w w 1 ~ ~ w 1 1 ~ w w 1 ~ ~ w 1

X76 1 ~ w w 1 ~ ~ w 1 1 ~ w w 1 ~ ~ w 1

X77 -1 -~ -w -w -1 -~ -~ -w -1 -1 -~ -w -w -1 -~ -~ -w -1

X78 -1 -~ -w -w -1 -~ -~ -w -1 -1 -~ -w -w -1 -~ -~ -w -1

X79 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

XBO 2 -1 -1 2 -1 2 2~ -~ -~ 2~ -~ 2~ 2w -w -w 2w -w 2w

X81 2 -1 -1 2 -1 2 2~ -~ -~ 2~ -~ 2~ 2w -w -w 2w -w 2w

X82 -2 1 1 -2 1 -2 -2~ ~ ~ -2~ ~ -2~ -2w w w -2w w -2w

X83 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X84 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

)(85 1 w ~ ~ 1 w ~ 1 w w ~ 1 w ~ 1 1 w ~

X86 1 w ~ ~ J w ~ 1 w w ~ 1 w ~ 1 1 w ~

X87 1 w ~ ~ 1 w ~ 1 w w ~ 1 w ~ 1 1 w ~

X88 1 w ~ ~ 1 w ~ 1 w w ~ 1 w ~ 1 1 w ~

X89 -1 -w -~ -~ -1 -w -~ -1 -w -w -~ -1 -w -~ -1 -1 -w -~

X90 -1 -w -~ -~ -1 -w -~ -1 -w -w -~ -1 -w -~ -1 -1 -w -~

X91 1 ~ w w 1 ~ w 1 ~ ~ w 1 ~ w 1 1 ~ w

X92 1 ~ w w 1 ~ w 1 ~ ~ w 1 ~ w 1 1 ~ w

X93 1 ~ w w I ~ w 1 ~ ~ w 1 ~ w 1 1 ~ w

X94 1 ~ w w 1 { w 1 { ~ w 1 { w 1 1 { w

X95 -1 -~ -w -w -1 -{ -w -1 -{ -{ -w -1 -{ -w -1 -1 -{ -w

X96 -1 -~ -w -w -1 -{ -w -1 -{ -{ -w -1 -{ -w -1 -1 -~ -w

X97 2 -1 -1 2 -I 2 2w -w -w 2w -w 2w 2{ -{ -{ 2~ -{ 2{

X98 2 -1 -1 2 -1 2 2w -w -w 2w -w 2w 2{ -{ -~ 2{ -{ 2~

X99 -2 1 1 -2 1 -2 -2w w w -2w w -2w -2{ { { -2{ ~ -2~

XIOO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

XIOl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

XI02 1 w { { 1 w w ~ 1 1 w { { 1 w w ~ 1

XI03 1 w { { 1 w w { 1 1 w ~ { 1 w w { 1

XI04 1 w { { 1 w w { I 1 w { { 1 w w { I

XI05 1 w { { 1 w w { 1 1 w ~ { 1 w w { 1

XI06 -1 -w -{ -{ -1 -w -w -{ -1 -1 -w -{ -{ -1 -w -w -{ -1

XI07 -1 -w -~ -{ -1 -w -w -{ -1 -1 -w -{ -{ -1 -w -w -~ -1

XI08 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table B.13: Character table of B(3, 5) (continued)
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[9) 2b

[9] 2B 6ae 6af 6ag 6ah 6ai 6aj 6 ale 6al 6am 6an 6ao 6ap 6aq 6ar 6as 6at 6au

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X7 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X8 1 { w 1 { w 1 { w 1 { w 1 { w 1 { w

X9 1 { w 1 { w 1 { w 1 { w 1 { w 1 { w

X10 2 2{ 2w 2 2{ 2w 2 2{ 2w 2 2{ 2w 2 2{ 2w 2 2{ 2w

XlI -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w

X12 -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w -1 -{ -w

X13 1 w { 1 w { 1 w { 1 w { 1 w { 1 w {

X14 1 w { 1 w { 1 w { 1 w { 1 w { 1 w {

X15 2 2w 2{ 2 2w 2{ 2 2w 2{ 2 2w 2{ 2 2w 2{ 2 2w 2{

X16 -1 -w -{ -1 -w -{ -1 -w -{ -1 -w -{ -1 -w -{ -1 -w -{

X17 -1 -w -{ -I -w -{ -1 -w -{ -1 -w -{ -1 -w -{ -1 -w -{

X18 2 2 2 -w -w -w -{ -{ -{ 2{ 2{ 2{ -I -1 -1 2w 2w 2w

X19 -2 -2 -2 w w w { { { -2{ -2{ -2{ 1 1 1 -2w -2w -2w

X20 -2 -2 -2 w w w { { { -2{ -2{ -2{ 1 1 1 -2w -2w -2w

X21 2 2 2 -w -w -w -{ -{ -{ 2{ 2{ 2{ -1 -1 -1 2w 2w 2w

X22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X27 2 2 2 -{ -{ -{ -w -w -w 2w 2w 2w -1 -1 -1 2{ 2{ 2{

X28 -2 -2 -2 { { { w w w -2w -2w -2w 1 1 1 -2{ -2{ -2{

X29 -2 -2 -2 { { { w w w -2w -2w -2w 1 1 1 -2{ -2{ -2{

X30 2 2 2 -{ -{ -{ -w -w -w 2w 2w 2w -1 -1 -1 2{ 2{ 2{

X31 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X33 2 2{ 2w -w -1 -{ -{ -w -1 2{ 2w 2 -1 -{ -w 2w 2 2{

X34 -2 -2{ -2w w 1 { { w 1 -2{ -2w -2 1 { w -2w -2 -2{

X35 -2 -2{ -2w w 1 { { w 1 -2{ -2w -2 1 { w -2w -2 -2{

X36 2 2{ 2w -w -1 -{ -{ -w -1 2{ 2w 2 -1 -{ -w 2w 2 2{

X37 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X38 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X39 2 2w 2{ -w -{ -I -{ -1 -w 2{ 2 2w -1 -w -{ 2w 2{ 2

X40 -2 -2w -2{ w { 1 { 1 w -2{ -2 -2w 1 w { -2w -2{ -2

X41 -2 -2w -2{ w { 1 { 1 w -2{ -2 -2w 1 w { -2w -2{ -2

X42 2 2w 2{ -w -{ -1 -{ -1 -w 2{ 2 2w -1 -w -{ 2w 2{ 2

X43 2 2{ 2w -{ -w -1 -w -1 -{ 2w 2 2{ -1 -{ -w 2{ 2w 2

X44 -2 -2{ -2w { w 1 w 1 { -2w -2 -2{ 1 { w -2{ -2w -2

X45 -2 -2~ -2w ~ w 1 w 1 { -2w -2 -2{ 1 { w -2{ -2w -2

X46 2 2~ 2w -{ -w -1 -w -1 -{ 2w 2 2{ -1 -{ -w 2{ 2w 2

X47 2 2w 2~ -~ -1 -w -w -~ -1 2w 2{ 2 -I -w -{ 2{ 2 2w

X48 -2 -2w -2~ { 1 w w { 1 -2w -2{ -2 1 w { -2{ -2 -2w

X49 -2 -2w -2{ { 1 w w { 1 -2w -2{ -2 1 w ~ -2~ -2 -2w

X50 2 2w 2~ -{ -1 -w -w -{ -1 2w 2{ 2 -I -w -~ 2~ 2 2w

X51 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X52 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X53 1 1 1 { ~ { w w w w w w 1 1 1 { { {

X54 1 1 1 { { { w w w w w w 1 1 1 { { {

X55 2 2 2 2{ 2{ 2{ 2w 2w 2w 2w 2w 2w 2 2 2 2{ 2{ 2~

X56 -1 -1 -1 -{ -{ -{ -w -w -w -w -w -w -1 -1 -I -{ -~ -{

X57 -1 -1 -1 -{ -{ -{ -w -w -w -w -w -w -1 -1 -1 -{ -{ -{
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Table B.14: Character table of B(3, 5) (continued)
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[9] 2b

[9] 2B 6ae 6ar 6ag 6ah 6ai 6aj 6ak 6al 6am 6an 6ao 6ap 6aq 6ar 6a. 6at 6au

X58 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X59 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X60 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X61 2 2 2 -1 -1 -1 -1 -1 -1 2 2 2 -1 -1 -1 2 2 2

X62 -2 -2 -2 1 1 1 1 1 1 -2 -2 -2 1 1 1 -2 -2 -2

X63 -2 -2 -2 1 1 1 1 1 1 -2 -2 -2 1 1 1 -2 -2 -2

X64 2 2 2 -1 -1 -1 -1 -1 -1 2 2 2 -1 -1 -1 2 2 2

X65 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X66 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X67 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X68 1 1 1 w w w { { { { { { 1 1 1 w w w

X69 1 1 1 w w w { { { { { { 1 1 1 w w w

X70 2 2 2 2w 2w 2w 2{ 2{ 2{ 2{ 2{ 2{ 2 2 2 2w 2w 2w

X71 -1 -1 -1 -w -w -w -{ -{ -{ -{ -{ -{ -1 -1 -1 -w -w -w

X72 -1 -1 -1 -w -w -w -{ -{ -{ -{ -{ -{ -1 -1 -1 -w -w -w

X73 1 { w { w 1 w 1 { w 1 { 1 { w { w 1

X74 1 { w { w 1 w 1 { w 1 { 1 { w { w 1

X75 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X76 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X77 1 { w { w 1 w 1 { w 1 { 1 { w { w 1

X78 1 { w { w 1 w 1 { w 1 { 1 { w { w 1

Xi9 -2 -2{ -2w -2{ -2w -2 -2w -2 -2{ -2w -2 -2{ -2 -2{ -2w -2{ -2w -2

X80 1 w { { 1 01 01 { 1 01 { 1 1 w { { 1 w

X81 1 01 { { 1 01 W ~ 1 w ~ 1 1 01 ~ ~ 1 01

X82 2 201 2{ 2{ 2 201 2w 2{ 2 2w 2~ 2 2 2w 2{ 2~ 2 2w

X83 -1 -01 -{ -{ -1 -w -01 -{ -1 -01 -{ -1 -1 -w -~ -{ -1 -w

X84 -1 -w -{ -{ -1 -w -w -{ -1 -w -~ -1 -1 -w -{ -~ -1 -w

X85 2 2~ 2w -1 -~ -01 -1 -{ -w 2 2~ 201 -1 -{ -w 2 2{ 201

X86 -2 -2~ -2w 1 { w 1 { 01 -2 -2~ -2w 1 { w -2 -2{ -201

X87 -2 -2{ -2w 1 ~ w 1 ~ w -2 -2{ -2w 1 { 01 -2 -2{ -2w

X88 2 2{ 2w -1 -{ -01 -1 -{ -w 2 2~ 2w -1 -{ -01 2 2{ 201

X89 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X90 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X91 2 2w 2{ -1 -w -~ -1 -01 -~ 2 2w 2{ -1 -w -{ 2 2w 2~

X92 -2 -2w -2{ 1 01 { 1 01 { -2 -2w -2{ 1 w { -2 -201 -2{

X93 -2 -2w -2{ 1 w { 1 w { -2 -2w -2{ 1 w ~ -2 -2w -2{

X94 2 2w 2{ -1 -01 -~ -1 -w -{ 2 2w 2{ -1 -w -{ 2 201 2{

X95 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X96 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X97 1 { w w 1 { { 01 1 { w 1 1 ~ 01 W 1 ~

X98 1 { w w 1 { { w 1 { w 1 1 { w w 1 {

X99 2 2{ 2w 201 2 2{ 2{ 2w 2 2{ 2w 2 2 2{ 2w 201 2 2{

X100 -1 -~ -01 -w -1 -~ -{ -w -1 -{ -w -1 -1 -{ -w -01 -1 -{

XIOI -I -{ -w -w -1 -~ -~ -w -I -~ -w -1 -I -{ -w -w -1 -{

XI02 1 w { w { 1 { 1 w ~ 1 w 1 w { w { 1

XI03 1 w { w { 1 { 1 w { 1 w 1 w { w ~ 1

XI04 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

XI05 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

XI06 1 w { w { 1 { 1 w { 1 w 1 w { w { 1

XI07 1 w { w { 1 { 1 w { 1 w 1 w { w ~ 1

XI08 -2 -2w -2{ -2w -2~ -2 -2{ -2 -2w -2{ -2 -2w -2 -2w -2~ -2w -2{ -2
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Table B.15: Character table of B(3, 5) (continued)

[9] 4a

[9] 4A 12A 12B 12C 12D 12E 12F 12G 12H

Xl 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -1 -1 -I -1 -I -1

X3 0 0 0 0 0 0 0 0 0

X4 0 0 0 0 0 0 0 0 0

X5 -1 -I -1 -I -1 -1 -1 -1 -1

X6 1 1 1 1 1 1 1 1 1

X7 0 0 0 0 0 0 0 0 0

X8 1 ~ w 1 ~ w 1 ~ w

X9 1 ~ w 1 ~ w 1 ~ w

X10 -1 -~ -w -I -~ -w -1 -~ -w

XlI 0 0 0 0 0 0 0 0 0

X12 0 0 0 0 0 0 0 0 0

X13 1 w ~ 1 w ~ 1 w ~

X14 1 w ~ 1 w ~ 1 w ~

X15 -1 -w -~ -1 -w -~ -1 -w -~

X16 0 0 0 0 0 0 0 0 0

X17 0 0 0 0 0 0 0 0 0

X18 0 0 0 0 0 0 0 0 0

X19 0 0 0 0 0 0 0 0 0

X20 0 0 0 0 0 0 0 0 0

X21 0 0 0 0 0 0 0 0 0

X22 0 0 0 0 0 0 0 0 0

X23 0 0 0 0 0 0 0 0 0

X24 0 0 0 0 0 0 0 0 0

X25 0 0 0 0 0 0 0 0 0

X26 0 0 0 0 0 0 0 0 0

X27 0 0 0 0 0 0 0 0 0

X28 0 0 0 0 0 0 0 0 0

X29 0 0 0 0 0 0 0 0 0

X30 0 0 0 0 0 0 0 0 0

X31 0 0 0 0 0 0 0 0 0

X32 0 0 0 0 0 0 0 0 0

X33 0 0 0 0 0 0 0 0 0

X34 0 0 0 0 0 0 0 0 0

X35 0 0 0 0 0 0 0 0 0

X36 0 0 0 0 0 0 0 0 0

X37 0 0 0 0 0 0 0 0 0

X38 0 0 0 0 0 0 0 0 0

X39 0 0 0 0 0 0 0 0 0

X40 0 0 0 0 0 0 0 0 0

X41 0 0 0 0 0 0 0 0 0

X42 0 0 0 0 0 0 0 0 0

X43 0 0 0 0 0 0 0 0 0

X44 0 0 0 0 0 0 0 0 0

X45 0 0 0 0 0 0 0 0 0

X46 0 0 0 0 0 0 0 0 0

X47 0 0 0 0 0 0 0 0 0

X48 0 0 0 0 0 0 0 0 0

X49 0 0 0 0 0 0 0 0 0

X50 0 0 0 0 0 0 0 0 0

X51 0 0 0 0 0 0 0 0 0

X52 0 0 0 0 0 0 0 0 0

X53 1 1 1 ~ ~ ~ w w w

X54 1 1 1 ~ ~ ~ w w w

X55 -1 -1 -1 -~ -~ -~ -w -w -w

X56 0 0 0 0 0 0 0 0 0

X57 0 0 0 0 0 0 0 0 0

e=l,w=e
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Table B.16: Character table of B(3, 5) (continued)

[9] 4a

[9] 4A 12A 12B 12C 120 12E 12F 12G 12H

X58 0 0 0 0 0 0 0 0 0

X59 0 0 0 0 0 0 0 0 0

X60 0 0 0 0 0 0 0 0 0

X61 0 0 0 0 0 0 0 0 0

X62 0 0 0 0 0 0 0 0 0

X63 0 0 0 0 0 0 0 0 0

X64 0 0 0 0 0 0 0 0 0

X65 0 0 0 0 0 0 0 0 0

X66 0 0 0 0 0 0 0 0 0

X67 0 0 0 0 0 0 0 0 0

X68 1 1 1 w w w ~ ~ ~

X69 1 1 1 w w w ~ ~ ~

X70 -1 -1 -1 -w -w -w -~ -~ -~

X71 0 0 0 0 0 0 0 0 0

X72 0 0 0 0 0 0 0 0 0

X73 1 ~ w ~ w 1 w 1 ~

X74 -1 -~ -w -~ -w -1 -w -1 -~

X75 0 0 0 0 0 0 0 0 0

X76 0 0 0 0 0 0 0 0 0

X77 -1 -~ -w -~ -w -1 -w -1 -~

X78 1 ~ w ~ w 1 w 1 ~

X79 0 0 0 0 0 0 0 0 0

X80 1 w ~ ~ 1 w w ~ 1

X81 1 w ~ ~ 1 w w ~ 1

X82 -1 -w -~ -~ -1 -w -w -~ -1

X83 0 0 0 0 0 0 0 0 0

X84 0 0 0 0 0 0 0 0 0

X85 0 0 0 0 0 0 0 0 0

X86 0 0 0 0 0 0 0 0 0

X8i 0 0 0 0 0 0 0 0 0

X88 0 0 0 0 0 0 0 0 0

X89 0 0 0 0 0 0 0 0 0

X90 0 0 0 0 0 0 0 0 0

X91 0 0 0 0 0 0 0 0 0

X92 0 0 0 0 0 0 0 0 0

X93 0 0 0 0 0 0 0 0 0

X94 0 0 0 0 0 0 0 0 0

X95 0 0 0 0 0 0 0 0 0

X96 0 0 0 0 0 0 0 0 0

X97 1 ~ w w 1 ~ ~ w 1

X98 1 ~ w w 1 ~ ~ w 1

X99 -1 -~ -w -w -1 -~ -~ -w -1

X100 0 0 0 0 0 0 0 0 0

X101 0 0 0 0 0 0 0 0 0

XI02 1 w ~ w ~ 1 ~ 1 w

XI03 -1 -w -~ -w -~ -1 -~ -1 -w

XI04 0 0 0 0 0 0 0 0 0

XI05 0 0 0 0 0 0 0 0 0

XI06 -1 -w -~ -w -~ -1 -~ -1 -w

X107 1 w ~ w ~ 1 ~ 1 w

X108 0 0 0 0 0 0 0 0 0

e=l,w=e
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Table B.I7: Character table of B(3,5) (continued)

[g] 6a

(9J 6AV 6AW 6AX 18A 188 18C 18D 18E 18F

Xl 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -1 -1 -1 -1 -1 -1

X3 1 1 1 1 1 1 1 1 1

X4 -1 -1 -1 -1 -1 -1 -1 -1 -1

X5 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0

X8 0 0 0 0 0 0 0 0 0

X9 0 0 0 0 0 0 0 0 0

XIO 0 0 0 0 0 0 0 0 0

Xll 0 0 0 0 0 0 0 0 0

Xl2 0 0 0 0 0 0 0 0 0

Xl3 0 0 0 0 0 0 0 0 0

Xl4 0 0 0 0 0 0 0 0 0

XIS 0 0 0 0 0 0 0 0 0

Xl6 0 0 0 0 0 0 0 0 0

Xl7 0 0 0 0 0 0 0 0 0

Xl8 1 { w 1 { w 1 { w

Xl9 1 { w 1 { w 1 { w

X20 -1 -{ -w -1 -~ -w -1 -{ -w

X21 -1 -{ -w -1 -{ -w -1 -{ -w

X22 1 { w 1 { w 1 { w

X23 -1 -~ -w -1 -{ -w -1 -{ -w

X294 0 0 0 0 0 0 0 0 0

X25 0 0 0 0 0 0 0 0 0

X26 0 0 0 0 0 0 0 0 0

X27 1 w { 1 w { 1 w {

X28 1 w { 1 w { 1 w {

X29 -1 -w -{ -1 -w -{ -1 -w -{

X30 -I -w -~ -I -w -{ -1 -w -{

X31 1 w { 1 w { 1 w {

X32 -1 -w -{ -1 -w -{ -1 -w -{

X33 1 1 1 { { { w w w

X34 -I -I -1 -{ -{ -{ -w -w -w

X35 1 1 1 { { ~ w w w

X36 -1 -1 -1 -{ -{ -{ -w -w -w

X37 1 1 1 { { { w w w

X38 -I -I -1 -{ -{ -~ -w -w -w

X39 0 0 0 0 0 0 0 0 0

X40 0 0 0 0 0 0 0 0 0

X41 0 0 0 0 0 0 0 0 0

X42 0 0 0 0 0 0 0 0 0

X43 0 0 0 0 0 0 0 0 0

X44 0 0 0 0 0 0 0 0 0

X45 0 0 0 0 0 0 0 0 0

X46 0 0 0 0 0 0 0 0 0

X47 1 1 1 w w w { { {

X48 -I -1 -1 -w -w -w -{ -{ -{

X49 1 1 1 w w w { { {

X50 -I -I -1 -w -w -w -{ -{ -{

X51 1 1 1 w w w { { {

X52 -1 -1 -1 -w -w -w -{ -{ -{

X53 0 0 0 0 0 0 0 0 0

X54 0 0 0 0 0 0 0 0 0

X55 0 0 0 0 0 0 0 0 0

X56 0 0 0 0 0 0 0 0 0

X57 0 0 0 0 0 0 0 0 0

e=I,w=e
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Table R18: Character table of B(3, 5) (continued)

[9J 6a

[91 6AV 6AW 6AX 18A 18B 18C 180 18E 18F

)(58 0 0 0 0 0 0 0 0 0

)(59 0 0 0 0 0 0 0 0 0

)(60 0 0 0 0 0 0 0 0 0

)(61 0 0 0 0 0 0 0 0 0

)(62 0 0 0 0 0 0 0 0 0

)(63 0 0 0 0 0 0 0 0 0

)(6. 0 0 0 0 0 0 0 0 0

)(65 0 0 0 0 0 0 0 0 0

)(66 0 0 0 0 0 0 0 0 0

)(67 0 0 0 0 0 0 0 0 0

)(68 0 0 0 0 0 0 0 0 0

)(69 0 0 0 0 0 0 0 0 0

)(70 0 0 0 0 0 0 0 0 0

)(71 0 0 0 0 0 0 0 0 0

)(72 0 0 0 0 0 0 0 0 0

)(73 1 { w { w 1 w 1 {

)(7' -1 -{ -w -{ -w -1 -w -1 -{

)(75 1 { w { w 1 w 1 {

)(76 -1 -{ -w -{ -w -1 -w -1 -~

)(77 1 { w { w 1 w 1 {

)(78 -1 -{ -w -{ -w -1 -w -1 -{

)(79 0 0 0 0 0 0 0 0 0

)(80 0 0 0 0 0 0 0 0 0

)(81 0 0 0 0 0 0 0 0 0

)(82 0 0 0 0 0 0 0 0 0

)(83 0 0 0 0 0 0 0 0 0

)(8. 0 0 0 0 0 0 0 0 0

)(85 1 w { { 1 w w { 1

)(86 1 w { { 1 w w { 1

)(87 -1 -w -{ -{ -1 -w -w -{ -1

)(88 -1 -w -{ -{ -1 -w -w -{ -1

)(89 1 w { { 1 w w { 1

)(90 -1 -w -{ -{ -1 -w -w -{ -1

)(91 1 { w w 1 { { w 1

)(92 -1 -{ -w -w -1 -{ -{ -w -1

)(93 1 { w w 1 { { w 1

)(94 -1 -{ -w -w -1 -{ -{ -w -1

)(95 1 { w w 1 { { w 1

)(96 -1 -{ -w -w -1 -{ -{ -w -1

)(97 0 0 0 0 0 0 0 0 0

)(98 0 0 0 0 0 0 0 0 0

)(99 0 0 0 0 0 0 0 0 0

)(100 0 0 0 0 0 0 0 0 0

)(101 0 0 0 0 0 0 0 0 0

)(102 1 w { w { 1 { 1 w

)(103 -1 -w -{ -w -{ -1 -~ -1 -w

)(104 1 w { w { 1 { 1 w

)(105 -1 -w -{ -w -{ -1 -{ -1 -w

)(106 1 w { w { 1 { 1 w

);:10; -1 -w -{ -w -{ -1 -{ -1 -w

)(108 0 0 0 0 0 0 0 0 0

e l,w=e
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Table B.19: Character table of B(3, 5) (continued)

=:wJ~5:.:a=--- -=_
=m::J 5A 15A 158

Xl 1 1 1

X2 1 1 1

X3 -1 -1 -1

X4 -1 -1 -1

X5 a a a
X6 a a a
X7 1 1 1

X8 a a a
X9 a a a

XlO a a a
XlI a a a
XI2 a a a
XI3 a a a
XI4 a a a
XI5 a a a
XI6 a a a
XI7 a a a
XI8 a a a
XI9 a a a
X20 a a a
X21 a a a
X22 a a a
X23 a a a
X24 a a a
X25 a a a
X26 a a a
X27 a a a
X28 a a a
X29 a a a
X30 1 ~ w

X31 1 ~ w

X32 -1 -~ -w

X33 -1 -~ -w

X34 a a a
X35 a a a
X36 1 ~ w

X37 a a a
X38 a a a
X39 a a a
X40 a a a
X41 a a a
X.2 a a a
X.3 a a a
X44 a a a
X45 a a a
X.6 a a a
X.7 a a a
X.8 a a a
X.9 a a a
X50 a a a
X51 a a a
X52 a a a
X53 a a a
X54 a a a
X55 a a a
X56 a a a
X57 a a a
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Table B.20: Character table of B(3, 5) (continued)

X58 0 0 0

X59 0 0 0

X60 0 0 0

X61 0 0 0

X62 0 0 0

X63 0 0 0

X64 0 0 0

X65 0 0 0

X66 0 0 0

X67 0 0 0

X68 0 0 0

X69 0 0 0

X70 0 0 0

X71 0 0 0

X72 0 0 0

X73 0 0 0

X74 0 0 0

X75 0 0 0

X76 0 0 0

X77 0 0 0

X78 0 0 0

X79 0 0 0

X80 0 0 0

X81 0 0 0

X82 0 0 0

X83 0 0 0

X84 0 0 0

X85 0 0 0

X86 0 0 0

X87 0 0 0

X88 0 0 0

X89 0 0 0

X90 0 0 0

X91 0 0 0

X92 0 0 0

X93 0 0 0

X94 0 0 0

X95 0 0 0

X96 0 0 0

X97 0 0 0

X98 0 0 0

X99 0 0 0

XIOO 0 0 0

XIOl 0 0 0

XI02 1 w €
XI03 1 w €
);:104 -1 -w -€
XI05 -1 -w -€
XI06 0 0 0

XI07 0 0 0

XI08 1 w €

~ Sa
:=ffiJ--::S'-:A---:-l'::"SA-=--l'"'S::B=-
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APPENDIX C. CHARACTER TABLE OF Bs(2, 6)

Table C.l: Character table of Bs(2, 6)

[g] la 2a 2b

[9] lA 2A 28 2C 2D 2E 2F 4A 48 2G 2H 4C 4D 4E

XI 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 -1 -1 -1 -1 -1 1 1 1 1 1

X3 5 5 5 5 1 1 1 1 1 1 1 1 1 1

X4 5 5 5 5 -1 -1 -1 -1 -1 1 1 1 1 1

X5 5 5 5 5 -3 -3 -3 -3 -3 1 I I 1 1

X6 5 5 5 5 3 3 3 3 3 1 1 1 1 1

X7 9 9 9 9 -3 -3 -3 -3 -3 1 1 1 1 1

X8 9 9 9 9 3 3 3 3 3 1 1 1 1 1

X9 la la la la -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

XIO 10 10 10 10 2 2 2 2 2 -2 -2 -2 -2 -2

XII 16 16 16 16 0 0 0 0 0 0 0 0 0 0

XI2 6 2 -2 -6 4 0 -4 2 -2 2 -2 0 2 -2

XI3 6 2 -2 -6 -4 0 4 -2 2 2 -2 0 2 -2

XI4 24 8 -8 -24 -8 0 8 -4 4 0 0 0 0 0

XI5 24 8 -8 -24 8 0 -8 4 -4 0 0 0 0 0

XI6 30 10 -10 -30 4 0 -4 2 -2 2 -2 0 2 -2

X17 30 10 -10 -30 -4 0 4 -2 2 2 -2 0 2 -2

XIS 36 12 -12 -36 0 0 0 0 0 -4 4 0 -4 4

Xl9 15 -1 -1 15 7 -I 7 -1 -1 3 3 -1 -I -1

X20 15 -1 -1 15 -5 3 -5 -1 -1 -1 -1 -1 3 3

X21 15 -1 -1 15 5 -3 5 1 1 -I -1 -1 3 3

X22 15 -1 -1 15 -7 1 -7 1 1 3 3 -1 -1 -1

X23 30 -2 -2 30 2 2 2 -2 -2 2 2 -2 2 2

X24 30 -2 -2 30 -2 -2 -2 2 2 2 2 -2 2 2

X25 45 -3 -3 45 -9 -1 -9 3 3 1 1 1 -3 -3

X26 45 -3 -3 45 3 -5 3 3 3 -3 -3 1 1 1

X27 45 -3 -3 45 -3 5 -3 -3 -3 -3 -3 1 1 1

X28 45 -3 -3 45 9 1 9 -3 -3 1 1 1 -3 -3

X29 10 -2 2 -10 4 0 -4 -2 2 2 -2 0 -2 2

X30 10 -2 2 -10 -4 0 4 2 -2 2 -2 0 -2 2

X31 10 -2 2 -la 4 a -4 -2 2 2 -2 a -2 2

X32 10 -2 2 -la -4 0 4 2 -2 2 -2 0 -2 2

X33 2a -4 4 -20 a a a 0 a -4 4 a 4 -4

X34 40 -8 8 -40 0 a 0 0 a 0 a 0 a a

X35 40 -8 8 -40 0 a a a a 0 0 0 a a

X36 40 -8 8 -40 -8 a 8 4 -4 0 a 0 0 a

X37 40 -8 8 -4a 8 a -8 -4 4 0 0 a a 0
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Table C.2: Character table of Bs(2, 6) (continued)

[9] 2c 3a 6a

[91 21 2J 4F 3A 6A 6B 6C 60 12A 6E 12B

Xl 1 1 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 1 1 1 1 -1 -1 -1 -1

X3 -3 -3 -3 -1 -1 -1 -1 1 1 1 1

X4 3 3 3 -1 -1 -1 -1 -1 -1 -1 -1

XS 1 1 1 2 2 2 2 0 0 0 0

X6 -1 -1 -1 2 2 2 2 0 0 0 0

X7 -3 -3 -3 0 0 0 0 0 0 0 0

X8 3 3 3 0 0 0 0 0 0 0 0

X9 2 2 2 1 1 1 1 1 1 1 1

XIO -2 -2 -2 1 1 1 1 -1 -1 -1 -1

Xll 0 0 0 -2 -2 -2 -2 0 0 0 0

XI2 0 0 0 3 -1 1 -3 1 -1 -1 1

Xl3 0 0 0 3 -1 1 -3 -1 1 1 -1

XI4 0 0 0 3 -1 1 -3 1 -1 -1 1

XIS 0 0 0 3 -1 1 -3 -1 1 1 -1

Xl6 0 0 0 -3 1 -1 3 1 -1 -1 1

XI7 0 0 0 -3 1 -1 3 -1 1 1 -1

XI8 0 0 0 0 0 0 0 0 0 0 0

XI9 3 3 -1 3 -1 -1 3 1 -1 1 -1

X20 3 3 -1 3 -1 -1 3 1 -I 1 -1

X21 -3 -3 1 3 -1 -1 3 -1 1 -1 1

X22 -3 -3 1 3 -1 -1 3 -1 1 -1 1

X23 6 6 -2 -3 1 1 -3 -1 1 -1 1

X24 -6 -6 2 -3 1 1 -3 1 -1 1 -1

X2S 3 3 -1 0 0 0 0 0 0 0 0

X26 3 3 -1 0 0 0 0 0 0 0 0

X27 -3 -3 1 0 0 0 0 0 0 0 0

X28 -3 -3 1 0 0 0 0 0 0 0 0

X29 -4 4 0 1 1 -1 -1 1 1 -1 -1

X30 -4 4 0 1 1 -1 -1 -1 -1 1 1

X31 4 -4 0 1 1 -1 -1 1 1 -1 -1

X32 4 -4 0 1 1 -1 -1 -1 -I 1 1

X33 0 0 0 2 2 -2 -2 0 0 0 0

X34 -8 8 0 -2 -2 2 2 0 0 0 0

X3S 8 -8 0 -2 -2 2 2 0 0 0 0

X36 0 0 0 1 1 -1 -1 1 1 -1 -1

X37 0 0 0 1 1 -1 -1 -1 -1 1 1
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Table 0.3: Character table of Bs(2, 6) (continued)

227

[gJ I 3b I 4a I 4b I 5a I 6b

[91 3B 6F 4F 4G 8A 4H 41 8B 5A lOA 6F 6G

Xl 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 -1 -1 -1 1 1 1 1 1 -1 -1

X3 2 2 -I -1 -1 -1 -1 -1 0 0 0 0

X4 2 2 1 1 1 -1 -1 -1 0 0 0 0

X5 -I -I -1 -1 -1 -1 -1 -1 0 0 1 1

X6 -1 -1 1 1 1 -1 -1 -1 0 0 -1 -1

X7 0 0 1 1 1 1 1 1 -1 -1 0 0

X8 0 0 -I -1 -1 1 1 1 -1 -1 0 0

X9 1 1 0 0 0 0 0 0 0 0 -1 -1

XI0 1 1 0 0 0 0 0 0 0 0 1 1

Xli -2 -2 0 0 0 0 0 0 1 1 0 0

X12 0 0 2 -2 0 0 0 0 1 -1 0 0

X13 0 0 -2 2 0 0 0 0 1 -1 0 0

X14 0 0 0 0 0 0 0 0 -1 1 0 0

XIS 0 0 0 0 0 0 0 0 -1 I 0 0

X16 0 0 -2 2 0 0 0 0 0 0 0 0

X17 0 0 2 -2 0 0 0 0 0 0 0 0

X18 0 0 0 0 0 0 0 0 1 -1 0 0

X19 0 0 I 1 -1 1 1 -1 0 0 0 0

X20 0 0 -1 -1 1 -1 -1 1 0 0 0 0

X21 0 0 1 1 -1 -1 -1 1 0 0 0 0

X22 0 0 -1 -1 1 1 1 -1 0 0 0 0

X23 0 0 0 0 0 0 0 0 0 0 0 0

X24 0 0 0 0 0 0 0 0 0 0 0 0

X25 0 0 1 1 -1 -1 -1 1 0 0 0 0

X26 0 0 -1 -1 1 1 1 -1 0 0 0 0

X27 0 0 1 1 -1 1 1 -1 0 0 0 0

X28 0 0 -1 -1 1 -1 -1 1 0 0 0 0

X29 1 -1 0 0 0 -2 2 0 0 0 -1 1

X30 1 -1 0 0 0 2 -2 0 0 0 -1 1

X31 1 -1 0 0 0 2 -2 0 0 0 1 -1

X32 1 -I 0 0 0 -2 2 0 0 0 1 -1

X33 2 -2 0 0 0 0 0 0 0 0 0 0

X34 1 -1 0 0 0 0 0 0 0 0 1 -1

X35 1 -1 0 0 0 0 0 0 0 0 -1 1

X36 -2 2 0 0 0 0 0 0 0 0 0 0

X37 -2 2 0 0 0 0 0 0 0 0 0 0
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Table 0.1: Character table of Bs(3, 3)

229

[9] la e = 1 I 2a I 3a

[9) lA 3A 3B 3C 2A 6A 6B 3A 3B 3C
XI 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 -1 -1 -1 1 1 1

X3 2 2 2 2 0 0 0 - 1 -1 -1

X4 3 0 3{ 3e 1 { e 0 0 0

X5 3 0 3{ 3{2 -1 -{ -e 0 0 0

X6 3 0 3e 3{ 1 e { 0 0 0

X7 3 0 3e 3{ -1 _{2 -{ 0 0 0

X8 2 -1 2 2 0 0 0 2 -1 -1

X9 2 -1 2 2 0 0 0 -1 {+e 2

XIO 2 -1 2 2 0 0 0 -1 2 {+e
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Table E.1: Character table of Bs(3, 5)

Xl 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1

X3 4 4 4 4 4 4 4

X4 4 4 4 4 4 4 4

X5 5 5 5 5 5 5 5

X6 5 5 5 5 5 5 5

X7 6 6 6 6 6 6 6

X8 5 2 ~-2w -2~+w -1 4~+w ~+4w

X9 5 2 ~-2w -2~+w -1 4~+w ~+4w

XIO 10 4 2~-4w -4~+2w -2 8~+2w 2~+8w

Xli 15 6 3~-6w -6~+3w -3 12~+3w 3~+12w

Xl2 15 6 3~-6w -6~+3w -3 12~+3w 3~+I2w

X13 5 2 -2~+w ~-2w -1 ~+4w 4~+w

Xl4 5 2 -2~+w ~-2w -1 ~+4w 4~+w

Xl5 10 4 -4~+2w 2~-4w -2 2~+8w 8~+2w

Xl6 15 6 -6~+3w 3~-6w -3 3~+12w 12~+3w

Xl7 15 6 -6~+3w 3~-6w -3 3~+I2w 12~+3w

Xl8 10 1 5~+2w 2~+5w 1 -4~+2w 2~-4w

Xl9 10 1 5~+2w 2~+5w 1 -4~+2w 2~-4w

X20 10 1 5~+2w 2~+5w 1 -4~+2w 2~-4w

X21 10 1 5~+2w 2~+5w 1 -4~+2w 2~-4w

X22 20 2 10~+4w 4~+10w 2 -8~+4w 4~-8w

X23 20 2 IO~+4w 4~+IOw 2 -8~+4w 4~-8w

X24 20 -1 2 2 -4 8 8

X25 20 -1 2 2 -4 8 8

X26 40 -2 4 4 -8 16 16

X27 10 1 2~+5w 5~+2w 1 2~-4w -4~+2w

X28 10 1 2~+5w 5~+2w 1 2~-4w -4~+2w

X29 10 1 2~+5w 5~+2w 1 2~-4w -4~+2w

X30 10 1 2~+5w 5~+2w 1 2~-4w -4~+2w

X31 20 2 4~+IOw IO~+4w 2 4~-8w -8~+4w

X32 20 2 4~+IOw IO~+4w 2 4~-8w -8~+4w

X33 30 -6 3 3 3 -6 -6

X34 30 -6 3 3 3 -6 -6

X35 30 -6 3 3 3 -6 -6

X36 30 -6 3 3 3 -6 -6

=:J&Jf---=I:.:a~
--:- _

=rnJ lA 3A 38 3e 3D 3E 3F
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Table E.2: Character table of Bs(3, 5) (continued)

Xl 1 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X4 2 2 2 2 2 2 2 2 2 2

X5 1 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0 0

X8 3 0 3~ 3w -2~-w ~-w ~+2w -~-2w -~+w 2~+w

X9 -3 0 -3~ -3w 2~+w -~+w -~-2w ~+2w ~-w -2~-w

XlO 0 0 0 0 0 0 0 0 0 0

Xll -3 0 -3~ -3w 2~+w -~+w -~-2w ~+2w ~-w -2~-w

XI2 3 0 3~ 3w -2~-w ~-w ~+2w -~-2w -~+w 2~+w

XI3 3 0 3w 3~ -~-2w -~+w 2~+w -2~-w ~-w ~+2w

Xl4 -3 0 -3w -3~ ~+2w ~-w -2~-w 2~+w -~+w -~-2w

XI5 0 0 0 0 0 0 0 0 0 0

XI6 -3 0 -3w -3~ ~+2w ~-w -2~-w 2~+w -~+w -~-2w

X17 3 0 3w 3~ -~-2w -~+w 2~+w -2~-w ~-w ~+2w

XI8 4 1 -~+2w 2~-w w 3~+w -2w ~ ~+3w -2~

Xl9 -2 1 -~-4w -4~-w 2~-w 1 -2 -~+2w 1 -2

X20 2 -1 ~+4w 4~+w -2~+w -1 2 ~-2w -1 2

X21 -4 -1 ~-2w -2~+w -w -3~-w 2w -~ -~-3w 2~

X22 -2 -2 -2 -2 -2~ -2~ -2~ -2w -2w -2w

X23 2 2 2 2 2~ 2~ 2~ 2w 2w 2w

X24 6 -3 6 6 0 0 0 0 0 0

X25 -6 3 -6 -6 0 0 0 0 0 0

X26 0 0 0 0 0 0 0 0 0 0

X27 4 1 2~-w -~+2w ~ ~+3w -2~ w 3~+w -2w

X28 -2 1 -4~-w -~-4w -~+2w 1 -2 2~-w 1 -2

X29 2 -1 4~+w ~+4w ~-2w -1 2 -2~+w -1 2

X30 -4 -1 -2~+w ~-2w -{ -~-3w 2~ -w -3~-w 2w

X31 -2 -2 -2 -2 -2w -2w -2w -2{ -2{ -2~

X32 2 2 2 2 2w 2w 2w 2~ 2~ 2~

X33 6 0 -3 -3 -3 3 0 -3 3 0

X34 0 0 -3~+3w 3~-3w ~-w ~-w -2~+2w -~+w -~+w 2~-2w

X35 0 0 3~-3w -3~+3w -~+w -{+w 2{-2w ~-w ~-w -2{+2w

X36 -6 0 3 3 3 -3 0 3 -3 0

=w::J----i-2c:=a_-::-:"__~=---_...,==--==-__:=_--_=,...._-_=,...._-~--___:_=_=rnJ 2A 6A 6B 6C 60 6E 6F 6G 6H 61
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Table E.3: Character table of Bs(3, 5) (continued)
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[g} 2b 3a 6a 4a 5a

[91 2B 6J 6K 6L 6M 6N 3G 9A 9B 9C 90 9E 60 18A 18B 4A 12A 12B 5A

Xl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 1 1 1 -1 ·1 ·1 -1 -1 -1 1

X3 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 0 0 -1

X4 0 0 0 0 0 0 1 1 1 1 1 1 -1 -1 -1 0 0 0 -1

X5 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1 -1 -1 -1 0

X6 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 0

X7 -2 -2 -2 -2 -2 .-2 0 0 0 0 0 0 0 0 0 0 0 0 1

X8 1 w ~ ~ 1 w 2 -1 -~ 2~ -w 2w 0 0 0 1 w ~ 0

X9 1 w ~ ~ 1 w 2 -1 -~ 2~ -w 2w 0 0 0 -1 -w -~ 0

XlO 2 2w 2~ 2~ 2 2w -2 1 ~ -2~ w -2w 0 0 0 0 0 0 0

XII -1 -w -~ -~ -1 -w 0 0 0 0 0 0 0 0 0 1 w ~ 0

Xl2 -1 -w -~ -~ -1 -w 0 0 0 0 0 0 0 0 0 -1 -w -~ 0

Xl3 1 ~ w w 1 ~ 2 -1 -w 2w -~ 2~ 0 0 0 1 ~ w 0

Xl4 1 ~ w w 1 ~ 2 -1 -w 2w -~ 2~ 0 0 0 -1 -~ -w 0

X15 2 2~ 2w 2w 2 2~ -2 1 w -2w ~ -2~ 0 0 0 0 0 0 0

X16 -1 -~ -w -w -1 -~ 0 0 0 0 0 0 0 0 0 1 ~ w 0

Xl7 -1 -~ -w -w -1 -~ 0 0 0 0 0 0 0 0 0 -1 -~ -w 0

X18 2 -w -~ 2~ -1 2w 1 1 w w ~ ~ 1 w ~ 0 0 0 0

X19 -2 w ~ -2~ 1 -2w 1 1 w w ~ ~ 1 w ~ 0 0 0 0

X20 -2 w ~ -2~ 1 -2w 1 1 w w ~ ~ -1 -w -~ 0 0 0 0

X21 2 -w -~ 2~ ·1 2w 1 1 w w ~ ~ -1 -w -~ 0 0 0 0

X22 0 0 0 0 0 0 -1 -1 -w -w -~ -~ 1 w ~ 0 0 0 0

X23 0 0 0 0 0 0 -1 -1 -w -w -~ -~ -1 -w -~ 0 0 0 0

X24 0 0 0 0 0 0 2 -1 -1 2 -1 2 0 0 0 0 0 0 0

X25 0 0 0 0 0 0 2 -1 -1 2 -1 2 0 0 0 0 0 0 0

X26 0 0 0 0 0 0 -2 1 1 -2 1 -2 0 0 0 0 0 0 0

X27 2 -~ -w 2w -I 2~ 1 1 ~ ~ w w 1 ~ w 0 0 0 0

X28 -2 ~ w -2w 1 -2~ 1 1 ~ ~ w w 1 ~ w 0 0 0 0

X29 -2 ~ w -2w 1 -2~ 1 1 ~ ~ w w -1 -~ -w 0 0 0 0

X30 2 -~ -w 2w -1 2~ 1 1 { { w w -1 -{ -w 0 0 0 0

X31 0 0 0 0 0 0 -1 -I -{ -{ -w -w 1 { w 0 0 0 0

X32 0 0 0 0 0 0 -1 ·1 -~ -{ -w -w -1 -{ -w 0 0 0 0

X33 2 -I -1 2 -1 2 0 0 0 0 0 0 0 0 0 0 0 0 0

X34 -2 1 1 -2 1 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

X35 -2 1 1 -2 1 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

X36 2 -I -1 2 -1 2 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table F.l: Character table of BQ(2, 6)

XI 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 -1 -1 -1 -1 -1 -1

X3 5 5 5 5 1 1 1 1 1 1

X4 5 5 5 5 -1 -1 ·1 -1 -1 -1

XS 5 5 5 5 -3 -3 -3 -3 -3 -3

X6 5 5 5 5 3 3 3 3 3 3

X7 9 9 9 9 -3 -3 -3 -3 -3 -3

X8 9 9 9 9 3 3 3 3 3 3

X9 10 10 10 10 -2 -2 -2 -2 -2 -2

XIO 10 10 10 10 2 2 2 2 2 2

XII 16 16 16 16 0 0 0 0 0 0

XI2 15 5 -1 -3 7 1 -1 5 -1 -3

XI3 15 5 -1 -3 -5 1 3 -7 -1 1

XI4 15 5 -1 -3 5 -1 -3 7 1 -1

XIS 15 5 -1 -3 -7 -1 1 -5 1 3

X16 30 10 -2 -6 2 2 2 -2 -2 -2

X17 30 10 -2 -6 -2 -2 -2 2 2 2

X18 45 15 -3 -9 -9 -3 -1 -3 3 5

X19 45 15 -3 -9 3 -3 -5 9 3 1

X20 45 15 -3 -9 -3 3 5 -9 -3 -1

X21 45 15 -3 -9 9 3 1 3 -3 -5

X22 15 -5 -1 3 7 -I -1 -5 -1 3

X23 15 -5 -I 3 5 I -3 -7 1 I

X24 15 -5 -1 3 -7 I 1 5 I -3

X2S 15 -5 -1 3 -5 -I 3 7 -I -I

X26 30 -10 -2 6 2 -2 2 2 -2 2

X27 30 -10 -2 6 -2 2 -2 -2 2 -2

X28 45 -15 -3 9 -9 3 -1 3 3 -5

X29 45 -15 -3 9 -3 -3 5 9 -3 1

X30 45 -15 -3 9 3 3 -5 -9 3 -I

X31 45 -15 -3 9 9 -3 I -3 -3 5

X32 1 -1 I -1 1 -1 I -I 1 -I

X33 I -I 1 -I -I I -I I -I I

X34 5 -5 5 -5 1 -I 1 -1 I -1

X3S 5 -5 5 -5 -I 1 -1 1 -1 I

X36 5 -5 5 -5 -3 3 -3 3 -3 3

X37 5 -5 5 -5 3 -3 3 -3 3 ·3

X3S 9 -9 9 -9 -3 3 -3 3 -3 3

X39 9 -9 9 -9 3 -3 3 -3 3 -3

X40 10 -10 10 -10 ·2 2 -2 2 -2 2

X41 10 -10 10 -10 2 -2 2 -2 2 -2

X42 16 -16 16 -16 0 0 0 0 0 0

=tillf-=1:.=a:.-.-__--=-----+1--=2::.a--=---------
=mIJ lA 2A 2B 2C 2D 2E 2F 4A 4B 4C
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Table F.2: Character table of BQ{2, 6) (continued)

XI 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 -1 -1 -1 -1

X3 1 1 1 1 1 1 -3 -3 -3 -3

X4 1 1 1 1 1 1 3 3 3 3

XS 1 1 1 1 1 1 1 1 1 1

X6 1 1 1 1 1 1 -1 -1 -I -1

X7 1 1 1 1 1 1 -3 -3 -3 -3

X8 1 1 1 1 1 1 3 3 3 3

X9 -2 -2 -2 -2 -2 -2 2 2 2 2

XIO -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

Xli 0 0 0 0 0 0 0 0 0 0

XI2 3 1 1 -1 -1 -3 3 1 -1 -3

XI3 -1 -3 1 -1 3 1 3 1 -1 -3

XI4 -1 -3 1 -1 3 1 -3 -1 1 3

XIS 3 1 1 -1 -1 -3 -3 -1 1 3

X16 2 -2 2 -2 2 -2 6 2 -2 -6

X17 2 -2 2 -2 2 -2 -6 -2 2 6

XI8 1 3 -1 I -3 -1 3 1 -1 -3

XI9 -3 -1 -1 1 1 3 3 1 -1 -3

X20 -3 -1 -1 1 1 3 -3 -1 1 3

X21 1 3 -1 1 -3 -I -3 -1 1 3

X22 3 -1 -1 -1 -1 3 3 -1 -1 3

X23 -1 3 -1 -1 3 -I -3 1 1 -3

X24 3 -1 -1 -1 -1 3 -3 1 1 -3

X2S -1 3 -1 -1 3 -1 3 -1 -I 3

X26 2 2 -2 -2 2 2 6 -2 -2 6

X27 2 2 -2 -2 2 2 -6 2 2 -6

X28 1 -3 1 1 -3 1 3 -1 -1 3

X29 -3 1 1 1 1 -3 -3 1 1 -3

X30 -3 1 1 1 1 -3 3 -1 -1 3

X31 1 -3 1 1 -3 1 -3 1 1 -3

X32 1 -1 -1 1 1 -I 1 -1 1 -1

X33 1 -1 -1 1 1 -1 -1 1 -1 1

X34 1 -1 -1 1 1 -1 -3 3 -3 3

X3S 1 -1 -1 1 1 -1 3 -3 3 -3

X36 1 -1 -1 1 1 -1 1 -1 1 -1

X37 I -1 -1 1 1 -1 -1 1 -1 1

X38 1 -1 -1 1 1 -1 -3 3 -3 3

X39 1 -1 -1 1 1 -1 3 -3 3 -3

X40 -2 2 2 -2 -2 2 2 -2 2 -2

X41 -2 2 2 -2 -2 2 -2 2 -2 2

X42 0 0 0 0 0 0 0 0 0 0

:=Jill1----::=2:::b~~-::-_~_=_-_=_-__,:::_+t-=2:.::C------­::::Jill 2G 2H 4D 4E 4F 4G 21 4H 41 2J
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Table F.3: Character table of BQ{2, 6) (continued)

:=:Iill1--3:..,a~ =-_-=_1_6=-a_-=__-.,..__=-::.=m:J 3A 6A 6B 6C 6D 6E 12A 12B

XI 1 1 1 1 1 1 1 1

X2 1 1 1 1 -1 -I -1 -1

X3 -I -1 -1 -I 1 1 1 1

X4 -I -1 -1 -1 -I -I -1 -1

X5 2 2 2 2 0 0 0 0

X6 2 2 2 2 0 0 0 0

X7 0 0 0 0 0 0 0 0

X8 0 0 0 0 0 0 0 0

X9 1 1 1 1 1 1 1 1

XIO 1 1 1 1 -1 -I -1 -1

XI! -2 -2 -2 -2 0 0 0 0

XI2 3 -1 -I 3 1 1 -1 -1

XI3 3 -1 -1 3 1 1 -1 -1

XI4 3 -1 -1 3 -1 -I 1 1

XI5 3 -1 -1 3 -1 -1 1 1

XI6 -3 1 1 -3 -I -I 1 I

XI7 -3 1 1 -3 1 1 -1 -1

XI8 0 0 0 0 0 0 0 0

XI9 0 0 0 0 0 0 0 0

X20 0 0 0 0 0 0 0 0

X21 0 0 0 0 0 0 0 0

X22 3 1 -I -3 1 -1 1 -1

X23 3 1 -I -3 -I 1 -1 1

X24 3 1 -I -3 -1 1 -I 1

X25 3 1 -1 -3 1 -1 1 -I

X26 -3 -1 1 3 -I 1 -I 1

X27 -3 -1 1 3 1 -I 1 -1

X28 0 0 0 0 0 0 0 0

X29 0 0 0 0 0 0 0 0

X30 0 0 0 0 0 0 0 0

X31 0 0 0 0 0 0 0 0

X32 1 -I 1 -I 1 -I -1 1

X33 1 -1 1 -1 -1 I 1 -1

X34 -1 1 -1 1 1 -1 -1 1

X35 -1 1 -I 1 -1 1 1 -1

X36 2 -2 2 -2 0 0 0 0

X37 2 -2 2 -2 0 0 0 0

X38 0 0 0 0 0 0 0 0

X39 0 0 0 0 0 0 0 0

X40 1 -1 1 -1 1 -I -I 1

X41 1 -1 1 -1 -1 1 1 -1

X42 -2 2 -2 2 0 0 0 0
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Table FA: Character table of BQ(2, 6) (continued)

[9] 3b 4a 4b 5a 6b

[9) 3B 6F 4J 4K 8A 8B 4L 4M 8C 80 5A lOA 6G 6H

Xl I 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 -1 -1 -1 -1 1 1 1 1 1 1 -1 -1

X3 2 2 -1 -1 -1 -1 -1 -1 -1 -1 0 0 0 0

X4 2 2 1 1 1 1 -I -1 -1 -1 0 0 0 0

X5 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1

X6 -1 -1 1 1 1 1 -1 -1 -1 -1 0 0 -1 -1

X7 0 0 1 1 1 1 1 1 1 1 -1 -1 0 0

X8 0 0 -1 -1 -1 -1 1 1 1 1 -1 -1 0 0

X9 1 1 0 0 0 0 0 0 0 0 0 0 -1 -1

X1D 1 1 0 0 0 0 0 0 0 0 0 0 1 1

Xll -2 -2 0 0 0 0 0 0 0 0 1 1 0 0

X12 0 0 1 -1 1 -1 1 1 -1 -1 0 0 0 0

X13 0 0 -1 1 -1 1 -1 -1 1 1 0 0 0 0

X14 0 0 1 -1 1 -1 -1 -1 1 1 0 0 0 0

X1S 0 0 -1 1 -1 1 1 1 -1 -1 0 0 0 0

X16 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X17 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X18 0 0 1 -1 1 -1 -1 -1 1 1 0 0 0 0

X19 0 0 -1 1 -1 1 1 1 -1 -1 0 0 0 0

X20 0 0 1 -1 1 -1 1 1 -1 -1 0 0 0 0

X21 0 0 -1 1 -1 1 -1 -1 1 1 0 0 0 0

X22 0 0 1 1 -1 -1 1 -1 1 -1 0 0 0 0

X23 0 0 1 1 -1 -1 1 -1 1 -1 0 0 0 0

X24 0 0 -1 -1 1 1 -1 1 -1 1 0 0 0 0

X25 0 0 -1 -1 1 1 -1 1 -1 1 0 0 0 0

X26 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X27 0 0 0 0 0 0 0 0 0 0 0 0 0 0

X28 0 0 1 1 -1 -1 -1 1 -1 1 0 0 0 0

X29 0 0 1 1 -1 -1 1 -1 1 -1 0 0 0 0

X30 0 0 -1 -1 1 1 1 -1 1 -1 0 0 0 0

X31 0 0 -1 -1 1 1 -1 1 -1 1 0 0 0 0

X32 1 -1 1 -1 -1 1 1 -1 -1 1 1 -1 1 -I

X33 1 -1 -1 1 1 -1 1 -1 -1 1 1 -1 -1 1

X34 2 -2 -1 1 1 -1 -1 1 1 -1 0 0 0 0

X35 2 -2 1 -1 -1 1 -1 1 1 -1 0 0 0 0

X36 -1 1 -1 1 1 -1 -1 1 1 -1 0 0 1 -1

X37 -1 1 1 -1 -1 1 -1 1 1 -1 0 0 -1 1

X38 0 0 1 -1 -1 1 1 -1 -1 1 -1 1 0 0

X39 0 0 -1 1 1 -1 1 -1 -1 1 -1 1 0 0

X40 1 -1 0 0 0 0 0 0 0 0 0 0 -1 1

X41 1 -1 0 0 0 0 0 0 0 0 0 0 1 -1

X42 -2 2 0 0 0 0 0 0 0 0 1 -1 0 0
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Table G.!: Character table of B Q (3, 5)

XI 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1

X3 4 4 4 4 4 4 4

X4 4 4 4 4 4 4 4

X5 5 5 5 5 5 5 5

X6 5 5 5 5 5 5 5

X7 6 6 6 6 6 6 6

xs 20 8 8 2 -I 2 -4

X9 20 8 8 2 -I 2 -4

XIO 40 16 16 4 -2 4 -8

Xli 10 2{-4w -4{+2w 5{+2w I 2{+5w 1

XI2 10 2{-4w -4{+2w 5{+2w 1 2{+5w 1

XI3 10 2{-4w -4{+2w 5{+2w 1 2{+5w I

XI4 10 2{-4w -4{+2w 5{+2w 1 2{+5w 1

XI5 20 4{-8w -8{+4w 1O{+4w 2 4{+10w 2

XI6 20 4{-8w -8{+4w 10{+4w 2 4{+IOw 2

X17 10 -4{+2w 2{-4w 2{+5w 1 5{+2w 1

XIS 10 -4{+2w 2{-4w 2{+5w 1 5{+2w 1

XI9 10 -4{+2w 2{-4w 2{+5w 1 5{+2w 1

X20 10 .4{+2w 2{-4w 2{+5w I 5{+2w 1

X21 20 -8{+4w 4{-8w 4{+lOw 2 10{+4w 2

X22 20 .8{+4w 4{-8w 4{+10w 2 10{+4w 2

X23 30 -6 -6 3 -6 3 3

X24 30 -6 -6 3 -6 3 3

X25 30 -6 -6 3 -6 3 3

X26 30 -6 -6 3 -6 3 3

X27 5 4{+w {+4w -2{+w 2 {-2w -I

X28 5 4{+w {+4w -2{+w 2 {-2w -I

X29 10 8{+2w 2{+8w -4{+2w 4 2{-4w -2

X30 15 12{+3w 3{+12w -6{+3w 6 3{-6w -3

X31 15 12{+3w 3{+12w -6{+3w 6 3{-6w -3

X32 5 {+4w 4{+w {-2w 2 -2{+w -I

X33 5 {+4w 4{+w {-2w 2 -2{+w -1

X34 10 2{+8w 8{+2w 2{-4w 4 -4{+2w -2

X35 15 3{+12w 12{+3w 3{-6w 6 -6{+3w -3

X36 15 3{+12w 12{+3w 3{-6w 6 .6{+3w -3

=:Iill1-.,:.l:..::a'---_--:-:-__--::':~--_:_::-"7.::__--_=-__=-
=mJ lA 3A 3B 3e 3D 3E 3F



APPENDIX G. CHARACTER TABLE OF BQ(3, 5) 241

Table G.2: Character table of BQ(3, 5) (continued)

Xl 1 1 1 1 1 1 1 1 1 1

X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

X4 2 2 2 2 2 2 2 2 2 2

X5 1 1 1 1 1 1 1 1 1 1

X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

X7 0 0 0 0 0 0 0 0 0 0

X8 6 0 0 0 -3 0 6 0 0 6

X9 -6 0 0 0 3 0 -6 0 0 -6

XIO 0 0 0 0 0 0 0 0 0 0

Xl1 4 -2w -2{ { 1 w 2{-w 3{+w {+3w -{+2w

XI2 2 2 2 {-2w -1 -2{+w 4{+w -1 -1 {+4w

XI3 -2 -2 -2 -{+2w 1 2{-w -4{-w 1 1 -{-4w

XI4 -4 2w 2~ -~ -1 -w -2{+w -3~-w -{-3w {-2w

XI5 -2 -2~ -2w -2w -2 -2{ -2 -2~ -2w -2

XI6 2 2{ 2w 2w 2 2{ 2 2~ 2w 2

XI7 4 -2{ -2w w 1 { -{+2w {+3w 3{+w 2~-w

XI8 2 2 2 -2{+w -1 ~-2w ~+4w -1 -1 4{+w

XI9 -2 -2 -2 2{-w 1 -{+2w -{-4w 1 1 -4~-w

X20 -4 2{ 2w -w -1 -{ {-2w -{-3w -3{-w -2{+w

X21 -2 -2w -2~ -2~ -2 -2w -2 -2w -2{ -2

X22 2 2w 2~ 2{ 2 2w 2 2w 2{ 2

X23 6 0 0 -3 0 -3 -3 3 3 -3

X24 0 2{-2w -2{+2w {-w 0 -{+w -3{+3w -{+w {-w 3{-3w

X25 0 -2~+2w 2{-2w -{+w 0 {-w 3{-3w {-w -{+w -3{+3w

X26 -6 0 0 3 0 3 3 -3 -3 3

X27 3 2{+w {+2w -2{-w 0 -{-2w 3~ -{+w {-w 3w

X28 -3 -2~-w -{-2w 2{+w 0 {+2w -3{ {-w -{+w -3w

X29 0 0 0 0 0 0 0 0 0 0

:1:30 -3 -2{-w -{-2w 2{+w 0 {+2w -3{ {-w -{+w -3w

X31 3 2{+w {+2w -2{-w 0 -{-2w 3{ -{+w {-w 3w

:1:32 3 {+2w 2{+w -{-2w 0 -2{-w 3w {-w -{+w 3{

X33 -3 -~-2w -2{-w ~+2w 0 2~+w -3w -{+w {-w -3{

X34 0 0 0 0 0 0 0 0 0 0

:1:35 -3 -{-2w -2{-w {+2w 0 2{+w -3w -{+w {-w -3{

X36 3 {+2w 2{+w -~-2w 0 -2{-w 3w {-w -{+w 3{

=:1IJ 2a
=mJ,...-:'2:.:A:......--76A~---6::cB:::---6::cC::::-----:6::-;D:::---76E=----6::cF:::---=6:::G:----:6::-;Hc:----=671-
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Table G.3: Character table of BQ{3, 5) (continued)

242

[gJ 2b 3a 6a 4a 5a

[gJ 2B 6J 6K 6L 6M 6N 3G 3H 9A 9B ge 9D 60 18A 18B 4A 12A 12B 5A

XI 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

X2 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 1

X3 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 0 0 -1

X4 0 0 0 0 0 0 1 1 1 1 1 1 -1 -1 -1 0 0 0 -1

X5 1 1 1 1 1 1 -1 -1 -1 -I -I -1 1 1 1 -1 -1 -I 0

X6 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -I 1 1 1 0

X7 -2 -2 -2 -2 -2 -2 0 0 0 0 0 0 0 0 0 0 0 0 1

X8 0 0 0 0 0 0 2 -1 2 -I 2 -1 0 0 0 0 0 0 0

X9 0 0 0 0 0 0 2 -1 2 -1 2 -1 0 0 0 0 0 0 0

XIO 0 0 0 0 0 0 -2 1 -2 1 -2 1 0 0 0 0 0 0 0

Xll 2 2~ 2w -w -1 -~ 1 1 ~ ~ w w 1 ~ w 0 0 0 0

XI2 -2 -2~ -2w w 1 ~ 1 1 ~ ~ w w -1 -~ -w 0 0 0 0

Xl3 -2 .2~ -2w w 1 ~ 1 1 ~ ~ w w 1 ~ w 0 0 0 0

X14 2 2~ 2w -w -I -~ 1 1 ~ ~ w w -1 -~ -w 0 0 0 0

Xl5 0 0 0 0 0 0 -1 -1 -~ -~ -w -w 1 ~ w 0 0 0 0

Xl6 0 0 0 0 0 0 -1 -1 -~ -~ -w -w -1 -~ -w 0 0 0 0

Xl7 2 2w 2~ -~ -1 -w 1 1 w w ~ ~ 1 w ~ 0 0 0 0

XI8 -2 -2w -2~ ~ 1 w 1 1 w w ~ ~ -1 -w -~ 0 0 0 0

XI9 -2 -2w -2~ € 1 w 1 1 w w € € 1 w € 0 0 0 0

X20 2 2w 2~ -~ -1 -w 1 1 w w ~ € -1 -w -~ 0 0 0 0

X21 0 0 0 0 0 0 -1 -1 -w -w -~ -~ 1 w ~ 0 0 0 0

X22 0 0 0 0 0 0 -1 -1 -w -w -€ -€ -1 -w -€ 0 0 0 0

X23 2 2 2 -1 -I -1 0 0 0 0 0 0 0 0 0 0 0 0 0

X24 -2 -2 -2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0

X25 -2 -2 -2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0

X26 2 2 2 -1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0

X27 1 w ~ ~ 1 w 2 -1 2~ -~ 2w -w 0 0 0 1 w ~ 0

X28 1 w € € 1 w 2 -1 2€ -€ 2w -w 0 0 0 -1 -w -€ 0

X29 2 2w 2€ 2~ 2 2w -2 1 -2€ € -2w w 0 0 0 0 0 0 0

X30 -1 -w -€ -€ -1 -w 0 0 0 0 0 0 0 0 0 1 w ~ 0

X31 -I -w -€ -€ -I -w 0 0 0 0 0 0 0 0 0 -1 -w -€ 0

X32 1 € w w 1 € 2 -1 2w -w 2€ -~ 0 0 0 1 € w 0

X33 1 € w w 1 ~ 2 -1 2w -w 2€ -~ 0 0 0 -1 -~ -w 0

X34 2 2~ 2w 2w 2 2{ -2 1 -2w w -2€ € 0 0 0 0 0 0 0

X35 -1 -€ -w -w -1 -€ 0 0 0 0 0 0 0 0 0 1 { w 0

X36 -1 -€ -w -w -1 -€ 0 0 0 0 0 0 0 0 0 -1 -€ -w 0
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orders of centralizers 52,
orders of class representatives, 53

Identifying rows of F ' (m, 1),12),2 ••• n),n ),

100

representation

algebraic conjugate, 20
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irreducible, 11

lifted, 17
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