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The Fischer method known as the technique of the Fischer-Clifford Matrices
makes use of Clifford Theory [11]. Given a group extension G = H.G such that every
irreducible character of H extends to its inertia group, then for each conjugacy class
[g] of G we construct a matrix M(g) called a Fischer-Clifford matrix. By using
these matrices together with the fusion maps and character tables of some subgroups
of G called inertia factor groups we can construct the complete character table
of G. The Fischer method has been used in many works both on split and non-split
extensions (see for example (1], (2], [5], [14], (18], [36], [47], [51], [65]). However in
this thesis we apply the Fischer method to construct the character tables of split
extensions, these are generalized symmetric groups and some associated groups of

order m™ nl.

The Fischer-Clifford matrices of a group satisfy several known properties which
can be used to construct these matrices. However we will use combinatorics to con-
struct the Fischer-Clifford matrices of the groups discussed here. In [5] Almestady
has presented a combinatorial method for constructing the Fischer-Clifford matrices
of generalized symmetric groups. As an example, Almestady has applied the combi-
natorial method to construct the Fischer-Clifford matrices of the group B(3,4). How-
ever the manual construction of these matrices for large values of m and n using this
method is not an easy task. The partial aim of this work was to use the combinatorial
method to develop a computer programme for computing the Fischer-Clifford matri-
ces of B(m,n). Here we give a series of computer programmes written for GAP, that
give various parameters for the Fischer-Clifford matrices of B(m,n). Many of these
programmes have been used in the development of the main Programme 5.2.4 that
combinatorially computes matrices which are row equivalent to the Fischer-Clifford
matrices of B(m,n). Thus the matrices computed by Programme 5.2.4 require to
have their rows collected together into blocks that correspond to particular inertia
factor groups. The Programme 5.2.2 has been developed to compute some combina-
torial objects called m-compositions of n which describe the inertia factor groups
to which the rows of the matrices computed by Programme 5.2.4 correspond. A par-
ticular m-composition of n distinguishes the rows of these matrices that correspond
to the same inertia factor group. Such rows of a matrix computed by Programme
5.2.4 are then manually collected together in a block corresponding to a particular
inertia factor group, to give a Fischer-Clifford matrix of B(m,n). As examples, an
application of the Programme 5.2.4 to construct the Fischer-Clifford matrices of the
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Abstract

With the classification of finite simple groups having been completed in 1981, re-
cent work in group theory has involved the study of the structures of simple groups.
The character tables of maximal subgroups of simple groups give substantive infor-
mation about these groups. Most of the maximal subgroups of simple groups are of
extension type. Some of the maximal subgroups of simple groups contain constituents
of the generalized symmetric groups. Here we shall be interested in discussing such

groups which we may call groups associated with the generalized symmetric groups.

There are several well developed methods for calculating the character tables of
group extensions. However Fischer [17] has given an effective method for calculating
the character tables of some group extensions including the generalized symmetric
group B(m,n). Actually work on the characters of wreath products with permutation
groups dates back to Specht’s work [61], through the works of Osima [49] and Kerber
[33]. And more recently other people have worked on characters of wreath products
with symmetric groups, these amongst others include Darafshesh and Iranmanesh
[14], List and Mahmoud [36], Puttaswamiah [52], Read [55, 56], Saeed-Ul-Islam [59]
and Stembridge [64].

It is well known that the character table of the generalized symmetric group
B(m,n), where m and n are positive integers, can be constructed in GAP [22] with
B(m,n) considered as the wreath product of the cyclic group Z,, of order m with the
symmetric group S,. For example Pfeiffer [50] has given programmes which compute
the character tables of wreath products with symmetric groups in GAP. However it
may be necessary to obtain the partial character table of a group in hand rather than
its complete character table. Further due to limited workspace in GAP, the wreath
product method can only be used to compute character tables of B(m,n) for small
values of m and n. It is for these reasons amongst others that Fischer’s method is

sometimes used to construct the character tables of such groups.
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groups B(2,6) and B(3,5) of orders 46080 and 29160 is done here. We have also used
Programme 5.2.4 to construct the Fischer-Clifford matrices of the groups B(2,12)
and B(4,5) of orders 222 x 3% x 52 x 7 x 11 and 2'3 x 3 x 5 respectively. Due to lack
of space here we have given the Fischer-Clifford matrices of B(2,12) and B(4,5) on
the compact disk submitted with this thesis. However note that these matrices are
the equivalent form of the Fischer-Clifford matrices of B(2,12) and B(4,5).

In [35] R.J. List has presented a method for constructing the Fischer-Clifford
matrices of group extensions of an irreducible constituent of the elementary abelian
group 2" by a symmetric group. The other aim of our work is to adapt the combina-
torial method in [5] to the construction of the Fischer-Clifford matrices of some group
extensions associated with B(m,n), using a similar method as the one used in [35].
Examples are given on the application of this adaptation to some groups associated
with the groups B(2,6), B(3,3) and B(3,5).

In this thesis we have constructed the character tables of the groups B(2,6) and
B(3,5) and some group extensions associated with these two groups and B(3,3). We
have also constructed the character tables of the groups B(2,12) and B(4,5) in our
work, these character tables are given on the compact disk submitted with this thesis.
The correctness of all the character tables constructed in this thesis has been tested
in GAP.

The main working programmes (Programme 2.2.3, Programme 3.1.9, Programme
3.1.10, Programme 5.2.1, Programme 5.2.4 and Programme 5.2.2) are given on the
compact disk submitted with this thesis. It is anticipated that with further improve-
ments, a number of the programmes given here will be incorporated into GAP. Indeed
with further research work the programmes given here should lead to an alternative

programme for computing the character table of B(m,n).
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Notation
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Throughout this thesis all groups discussed are finite. We will use the following
notation from the ATLAS [12] unless stated otherwise in the text.

N N Z

2D 0 B M4

A = [1>\12/\2...n/\n]
A= (A, A2, 0, An)
Qo= | A #0,5=1,2,...,n)
(k1, ko, - km)
G,H,M,N,N;,N2,5,Q
lg

HLG

NdG

o

G=N.G

N:G

N- -G

o(9)

natural numbers

integers

residues (mod m) or cyclic group of order m
a field

real numbers

complex numbers

a set containing n elements

a partition of n

n-tuple of powers in [A]

all the non zero entries of X

an m-composition of n

groups

identity element of G

H is a subgroup of G

N is a normal subgroup of G

the commutator subgroup of G

a group extension of N by GG

a split extension or semi-direct product
a non-split extension of N by G

order of an element g
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d? action of g on d

[g] a conjugacy class with representative g
d® an orbit of the action of G on d

Ce(9) centralizer of g in G

Hyg the right coset of H

Ng(H) normalizer of H in G

Irr(G) the set of irreducible characters of G
I identity character of G

xp or x| H the restriction of a character x to H
6% or 61+ G the induction of a character 0 to G

x(G/H) permutation character of G on H

Sn the symmetric group on {2

. the direct product of n copies of Z,

m” for prime m, an elementary abelian group of order m™

B(m,n) the generalized symmetric group (m™:S,)

Ba(m,n) a group associated with B(m,n), where 4 = S or Q

(ais) m-set of partition or cycle type of a conjugacy class of B(m,n)
GL(n,F) general linear group of non-singular n X n matrices over F

M, (X) set of all m X m matrices over X
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Chapter 1

Preliminaries

1.1 Introduction

Since the completion of the classification of finite simple groups in 1981, recent work
in group theory involves the study of the structures of simple groups. The struc-
tures and character tables of maximal subgroups of simple groups give substantive
information about these groups. Most of the maximal subgroups of simple groups
are of extension type (see [12]). However, here we are particularly interested in spe-
cial group extensions which are wreath products of cyclic groups with the symmetric
group S, specifically called generalized symmetric groups B(m,n), for positive inte-
gers m and n. Actually work on the characters of wreath products with permutation
groups dates back to Specht’s work [61], through the works of Osima [49] and Kerber
[33]. And more recently other people have worked on characters of wreath products
with symmetric groups, these amongst others include Almestady [5], Darafshesh and
Iranmanesh [14], List and Mahmoud [36], Puttaswamiah [52], Read [55, 56], Saeed-
Ul-Islam [59] and Stembridge [64].

There are several well developed methods for constructing the character tables of
group extensions. However Fischer [17] has given an effective method for constructing
the character tables of some group extensions including the generalized symmetric
group B(m,n). This method known as the technique of the Fischer-Clifford Matrices
makes use of Clifford Theory [11]. Given a group extension G = H.G such that every
irreducible character of H can be extended to its inertia group, for each conjugacy

class of G we construct a matrix called a Fischer-Clifford matrix of G. By using the
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Fischer-Clifford matrices of G together with the fusion maps and the character tables
of subgroups of G called inertia factor groups, we are able to construct the complete
character table of G. The technique of the Fischer-Clifford Matrices has been used in
many works both on split and non-split extensions (see for example (1], [2], [5], [14],
[18], [36], [47], [51], [65]). Here we use the technique of the Fischer-Clifford Matrices
to construct the character tables of examples of generalized symmetric groups and

some associated groups of order m™~!n!.

In [5) Almestady has presented a combinatorial method for constructing the
Fischer-Clifford matrices of generalized symmetric groups. As a few examples for
small values of m and n show the manual construction of these matrices using the
combinatorial method is not an easy task. The partial aim of our work was to use the
combinatorial method to develop a computer programme for computing the Fischer-
Clifford matrices of B(m,n). Here we give a series of computer programmes, written
for GAP, that give various parameters of Fischer-Clifford matrices of B(m,n). Many
of these programmes have been used in the development of the main Programme
5.2.4 that combinatorially computes matrices which are row equivalent to the Fischer-
Clifford matrices of B(m,n). Thus the matrices computed by Programme 5.2.4 re-
quire to have their rows collected together into blocks that correspond to particular
inertia factor groups. The Programme 5.2.2 has been developed to determine some
combinatorial objects called m-compositions of n which index the inertia factor groups
corresponding to the rows of the matrices computed by Programme 5.2.4. A particu-
lar m-composition of n distinguishes the rows of these matrices that correspond to the
same inertia factor group. Such rows of a matrix computed by Programme 5.2.4 are
then manually collected together in a block corresponding to a particular inertia fac-
tor group, to give a Fischer-Clifford matrix of B(m,n). As examples, an application
of Programme 5.2.4 to construct the Fischer-Clifford matrices of the groups B(2,6)
and B(3,5) of orders 46080 and 29160 is done here. We have also used Programme
5.2.4 to construct the Fischer-Clifford matrices of the groups B(2,12) and B(4,5) of
orders 222 x 3% x 52 x 7 x 11 and 2'3 x 3 x 5 respectively. Due to lack of space here
we have given the Fischer-Clifford matrices of B(2,12) and B(4,5) on the compact
disk submitted with this thesis. However note that these matrices are the equivalent
form of the Fischer-Clifford matrices of B(2,12) and B(4,5).

In [35] List has presented a method for constructing the Fischer-Clifford matri-
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ces of group extensions of a faithful irreducible constituent of the elementary abelian
group 2" by symmetric groups. This was done by choosing entries from appropriate
rows and columns of the Fischer-Clifford matrices of B(2,n). The other aim of our
work is to adapt the combinatorial method in [5] to construct the Fischer-Clifford ma-
trices of some group extensions associated with B(m,n) using a similar method as the
one used in [35]. The Fischer-Clifford matrices so constructed are used in construct-
ing the character tables of the respective groups B(m,n) and some group extensions
associated with them. In this thesis we have constructed the character tables of only
the groups B(2,6), B(3,5) and some group extensions associated with these groups
and B(3, 3). We have also constructed the character tables of the groups B(2,12) and
B(4,5). However due to lack of space here the character tables of the groups B(2,12)
and B(4,5) are given on the compact disk submitted with this thesis.

The following is the arrangement of the chapters of this thesis. This preliminary
chapter presents general aspects on the work being discussed here. We discuss the
theory of group extensions in Section 1.2 followed by representations and characters of
finite groups in Section 1.3. We describe Clifford Theory and define Fischer-Clifford
matrices in Sections 1.4 and 1.5 respectively. In Chapter 2 we discuss some Combina-
torics required for the combinatorial method used for constructing the Fischer-Clifford
matrices of generalized symmetric groups (see [5], [46]). In Section 2.2, we define spe-
cial partitions of a positive integer n, called m-sets of partitions of n, which index the
conjugacy classes of B(m,n). In Section 2.3 we define some combinatorial objects
called magic matrices, these will be used in constructing the Fischer-Clifford matrices
of generalized symmetric groups later. We devote Chapter 3 to the description of
the groups studied in this thesis. We discuss the generalized symmetric group and
its conjugacy classes in Section 3.1. Here, we also give two programmes developed to
compute orders of centralizers and orders of elements of conjugacy classes respectively,
of B(m,n). This is equivalent to coset analysis (see Subsection 1.2.1) for calculating
the conjugacy classes of group extensions G = H.G, where H is abelian. We give the
orbits of the actions of the symmetric group S, on the group N = Z}, and on the set
Irr(N) of irreducible characters of N in Section 3.2. We discuss the groups Bg(m,n)
and Bg(m,n) associated with the generalized symmetric group B(m,n) in Section
3.3. We also give the orbits of the actions of S,, on the subgroup S = Z%1, on the
quotient QQ = -Z'E of N and on the irreducible characters of S and @ in Subsections

3.3.1 and 3.3.2 respectively. This information is useful in describing the inertia factor
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groups required for constructing the character table of each respective group.

In Chapter 4, we apply Fischer-Clifford theory to the generalized symmetric group
B(m,n) and discuss the results involved in the combinatorial method for construct-
ing the Fischer-Clifford matrices of B(m,n). These results including Theorem 4.3.2
and Proposition 4.3.4 (due to Almestady [5]) and Theorem 4.3.5 (due to List and
Mahmoud [36]) have been used to develop Programme 5.2.4 for computing matrices
which are row equivalent to Fischer-Clifford matrices of B(m,n). We present Pro-
gramme 5.2.4 and its application to construct the Fischer-Clifford matrices of the
groups B(2,6) and B(3,5) in Chapter 5. We will use the Fischer-Clifford matrices
of the groups B(2,6) and B(3,5) to construct the character tables of these groups in
Chapter 6. The combinatorial methods adapted to construct the Fischer-Clifford ma-
trices of the groups Bs(p,n), where p is prime, and Bg(m, n) associated with B(m,n)
are described in Chapters 7 and 8 respectively. As examples we will construct the
character tables of the groups Bgs(2,6), Bg(3,3), Bs(3,5), Bg(2,6) and Bg(3,5).
The correctness of all the character tables constructed in this thesis has been tested
in GAP, these tables are given in Appendices A, B, C, D, E, F and G. The results

given here are numbered c.s.n meaning a result number n in Section s of Chapter c.

For further information on the material given in this chapter, readers may consult
the references [1], 3], [4], [5], [6], [7], [8], [9], [12], [13], [17], [18], [23], [24], [25], [26],
[28],[29], [30], [31], [33], [47], [53], [57], [60], [62], [66] and any other relevant sources.

1.2 Group Extensions

Since all the groups studied here are group extensions we discuss some aspects of the

theory of group extensions in this section.

Definition 1.2.1 Let N and G be groups. Then an extension of N by G is a group
G such that

(i) N < G.
(ii) G/N = G.

Alternatively a group G is a group extension of N by G if in the following sequence

of groups and maps, we have ker(o) = Im(6), where ¢ is a homomorphism from N
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to G and o is a homomorphism from G to G:
11->NLG56-{).
Let G = N.G denote an extension of N by G.

Definition 1.2.2 Let G = N.G and {1} N 5G5G6 {1} be the corresponding
sequence. Let g € G and § € G such that 0(g) = g. Then § is called a lifting of g

Proposition 1.2.3 ([57],/65]) Let G be an extension of N by G where N is abelian.
Then there is a homomorphism 6 : G — Aut(N) such that 64(n) =gn(g)"',ne N
and 6 is independent of the choice of liftings {g | g € G}.

Proof. Let a € G and vy, denote conjugation by a. Since N is a normal subgroup of
G, Yo In € Aut(N) and the function u : G — Aut(N) defined by pu(a) = 7, {n is a
homomorphism. If @ € N, then since N is abelian we have p(a) = Iny. Thus there is
a homomorphism p* : G/N — Aut(N) which is given by u*(Na) = p(a). However
G = G/N and for any lifting {g | ¢ € G}, the function ¢ : G — G/N defined by
#(g) = Ng is an isomorphism. If {g; | g € G} is another choice of liftings, then
G79; ! € N for every g € G and thus Ng = Ng,. Therefore the isomorphism ¢ is
independent of the choice of liftings. Let 6 : G — Aut(N) be the composition p* o ¢.
For g € G and 7 a lifting of g, then 6(g) = u*(¢(g)) = p*(Ng) = u(g) € Aut(N) and
thus for n € N, we have 0,(n) = p(g)(n) = gn(g)~'. Hence the result. =

Definition 1.2.4 A group extension G of N by G is called a split extension if there
is a homomorphism o of G into G such that op = Ig, where o is the homomorphism
from G to G with N = Ker(c). Let G = N:G denote a split extension of N by G.

Definition 1.2.5 A group G is a semi-direct product of N by G if

(i) N and G are subgroups of G
(ii) G = NG.
(i) N < G.

(iii) NNG = {1}.
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Theorem 1.2.6 Every split extension of N by G is equivalent to a semi-direct product
of N by G.

Proof. See Remark 2.2.5 in [47] or [60] [

Let G be a split extension of N by G, then every § € G can be written uniquely
as § = ng, where n € N and g € G. The composition of elements of G is given by

(n1g1).(n2g2) = ming' g192.

Corollary 1.2.7 If G is a semi-direct product of N by G then there is a homo-

morphism 7 : G — Aut(N) defined by 1(g9) = 7, for each g € G, where 7, is an

automorphism of N given by 14(n) =nf = gng~L.

Proof. See Proposition 1.2.3 or [27] O

Theorem 1.2.8 Let N and G be groups, § € Hom(G, Aut(N)),G = N x G as a set
with multiplication defined by (n1,91)(n2, g2) = (n164,(n2),9192). Let &, o and X be
functions given by 6(n) = (n,1g),0(n,g9) =g and X(g) = (I1n,9). Then

(i) {1} » N 536G {1} is an extension of N by G
(i3) & is an isomorphism of N with a subgroup Ny of G
(ii) X is an isomorphism of G with a subgroup G1 of G

(i) G is a semidirect product of N1 by G that realizes a homomorphism 1 satisfying
[%(Mg)](8(n)) = 6(64(n)), for alln e N,ge G

(v) oA =Ig.
Proof. See Theorem 9.2.1 in [60]. O

Definition 1.2.9 A group N is called an elementary abelian-p group if it is

abelian and every non-trivial element has the same prime order p.

Let p be a prime number. Any elementary abelian p-group can be considered as a
vector space over the field of order p , and is therefore isomorphic to the direct sum of
n copies of the cyclic group of order p. Conversely, any such direct sum is obviously
an elementary abelian p-group. In many of our examples here we shall deal with

elementary abelian p-groups p™ for some prime p and n € N.
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1.2.1 Conjugacy Classes of Group Extensions

The conjugacy classes of a finite group give a lot of important information about the
structure of the group. Since the number of irreducible ordinary characters of a finite
group is equal to the number of conjugacy classes of the group, having information
about conjugacy classes of a finite group is the best point to start constructing the
character table of the group. Several works have been done on the properties of
conjugacy classes as well as comparisons between results on conjugacy classes and

characters of finite groups. For example we have following result.

Proposition 1.2.10 Let G = N.G, § a lifting of g € G, C be the centralizer of Ng
in G and C be the complete preimage in G of C. Then

(i) the union of the cosets NT which are conjugate in G to Ng, is the union of the

conjugacy classes L1, Ls, ..., L, of G,
(i) C acts on the coset Ng by conjugation,

(iii) C has T orbits in its action on Ng and the orbit representatives gy, Gs,-. ., 0,

are representatives of the conjugacy classes Ly, Lo, ..., Ly of G,

() the centralizer C5(g;) for 1 <1 < is the stabilizer of g; in C in its action on
Ng.

Proof. See (8]. O

The use of computational methods to determine the conjugacy classes of a group is
another aspect to be cited. For example in [8] and [9], Butler gives various algorithms
which can be used for computing conjugacy classes in finite groups and in permutation
groups respectively. The technique of coset analysis, used for the determination of
the conjugacy classes of elements of both split and non-split extensions G = N.G
where N is an abelian normal subgroup of G, was developed by Moori in [37]. For
each conjugacy class [g] in G with representative g, we analyse the coset Ng, where
g is a lifting of g in G. For each such a class, we define

C;={z € G | z(Ng) = (Ng)z},

the stabilizer of Ng in G under the action on Ng by conjugation of G. Since N is

normal in G, it is clear that N is a normal subgroup of Cj.
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Lemma 1.2.11 [65] C5/N = Cg/y(N7).
Proof. Let k € G. Then

NK(NG)(Nk)™! = Ng
NENgNk™! = Ng
NkNgk™! = Ng
NkNngk™ = Ng Vne N
Nkngk™* = Ng,Vne N
kngk™' € Ng,Vne N
ke Cy

NkeCy/N. O

Nk € Cz/y(N7)

OB R R R

Since N 9 Cj and by Lemma 1.2.11, it follows that Cg = N.Cg/y(Ng). For g a
lifting of g € G in G, we can identify C—@/N(Ng) with C¢(g) and write C5 = N.Cg(g).
For each conjugacy class [g] of G, the conjugacy classes of G where N is abelian will
be determined by the action by conjugation of Cy on the elements of Ng. To act Cy
on the elements of Ng, we first act N and then act {h | h € Cg(g)}, where % is a
lifting of h in G. We outline this action as follows:

STEP 1: The action of N on Ng: Let Cn(g) be the stabilizer of g in N.
Then for any n € N we have

z(ng)z~! =ng

:vnac_l.'):'g‘m_l =ng

z € Cn(ng)

54
&
& n(zgz™') =ng, since N is abelian
&
&

Thus Cn(g) fixes every element of Ng. Now let |Cn(g)| = k. Then under the action
of N, Ng splits into k orbits Q1,Qo,...,Qk, where

Qi =V on@l =21

forie{1,2,...,k}.
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STEP 2: The action of {h | h € Cg(g)} on Ng: Since the elements of Ng are
now in the orbits Qy,Qs, ..., Q from Step 1 above, we need only act {h | h € Cg(g)}
on these k orbits. Suppose that under this action f; of these orbits Q1,Q2,...,Qk

fuse together to form one orbit A;, then we have

|V
A4l = fix =
Thus for z = d;g € A, we obtain that
fzlal = 18] x |glal
|N| |G|
= fiX — X ——
i X T ool
G|
= S ———
Ji % Heeto)]
and thus we obtain that
G| — o klCas(g)l _ k|Cq(g)l
C—(:E = = Gl X — =
N = g =1 Th T g

Thus to calculate the conjugacy classes of G = N.G, we find the values of k£ and the

f;’s for each class representative g € G.

However for the special case of a split extension G = N:G, we identify Cy with
Cy={z € G | z(Ng) = (Ng)z}, where the lifting of g in G is g itself since G < G.

Corollary 1.2.12 [{7] If G = N:G, then Cy = N:C¢(g).

Proof. We have that N is a normal subgroup of C,. Now we show that Cg(g) < Cy
and that N N Cg(g) = {1}. Let £ € Cg(g). Then we obtain (Ng)* = z(Ng)z~! =
zNgz~! = Nzgz~! = Ng. Thus z € C,y and hence Cg(g) < C,. Since NN Cg(g) <
N NG = {1g}, then we have that N N Cg(g9) = {1¢}. Hence the result. OJ

Thus in the case of a split extension G = N:G, we analyse the coset Ng instead
of Ng. Under the action of N on Ng, we always assume that ¢ € @J;. Also instead
of acting {h | h € Cg(g)} on the k orbits Q1,Qa,-..,Qx we just act Cg(g) on these
orbits. '

The technique of coset analysis for computing conjugacy classes group extensions
G = N.G has since been used in several works (see [1], [2], [37], [41], [47], [65]). The
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orders of the elements of conjugacy classes of G = N.G may be determined in different
ways. However the following results are useful in the determination of the orders of

the elements of a group G = N:G.

Theorem 1.2.13 [{7] Let G = N:G and dg € G where d € N and g € G such that
o(9) = m and o(dg) = k. Then m divides k.

Proof. We have that

k-1 k

Iz = (dg)* = dd?d’ a? ...d*" g

k—

' € N. Hence dd9d?" .. 49" ' ¢
' =1y and ¢* = 1g. Hence m divides

Since G actson NV and d € IV, we have d, dg,dgz, e, d?
N. Thus we must have that dd9d?’ ...ds"
k. O

Theorem 1.2.14 [47] Let G = N:G such that N is an elementary abelian p-group,
where p is prime. Let dg € G where d € N and g € G such that o(g) = m and
o(dg) = k. Then either k =m or k = pm.

Proof. See Theorem 2.3.10 in [47]. O

Remark 1.2.15 [47] Let G = N:G where N is an elementary abelian p-group. Let
dg € G where d € N and g € G such that o(g) = m and o(dg) = k. Then we have
that

(dg)™ = dd?d?’ds" ... do" ' g™ .
Since g™ = 1g, we obtain that (dg)™ = w, where w € N. Now applying Theorem1.2.1/
we have if w =1y then k =m and if w # 1y then k = pm.

In [47] Mpono has developed computer programmes in CAYLEY which are used
for computing the conjugacy classes and the orders of the conjugacy class representa-
tives of the group extension G = N:G where N is an elementary abelian p-group for
prime p on which a linear group G acts. These programmes can similarly be applied
to the group extension G = N:G where G is a permutation group, by considering a
subgroup of a linear group which is isomorphic to G.
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1.3 Representations and Characters of Finite Groups

In this section we discuss some results on group representations and characters which
are useful for the technique of the Fischer-Clifford matrices to be described in Sec-
tion 1.5. We will not deal much with modular characters, therefore we devote our
discussion mostly to ordinary representations and characters, that is representations
and characters of a finite group G over the complex field C. In most of the following
material the proofs are omitted but reference is made to [28] for an extensive treat-
ment of character theory. For further reading on representations and characters of
finite groups, readers are encouraged to consult [3], [6], [7], [13], [21], [25], [28], [29],
[30], [31], [39], [47] and other relevant sources.

Definition 1.3.1 Let G be a group, F a field and GL(n, F) the general linear group
(or the multiplicative group of all nonsingular n X n matrices over F for some integer
n). Then a representation of G over F is a homomorphism p : G — GL(n, F)
from G to GL(n,F) . The degree of the representation p is the integer n. Define a
function x : G — F by x(g) = trace(p(g)). Then x is called the character of G
afforded by the representation p. The degree of the character x is the degree of the

representation p.

Definition 1.3.2 Let p; and po be representations of G over F. We say p1 and p, are
equivalent if there ezists P € GL(n, F) such that p1(g) = Ppa(g)P~! for allg € G.
We say o representation p of G is reductble if it is equivalent to a representation p'

given by
v(g)  ¢2(9)

for all g € G, where ¢1,¢y are representations of G and ¥(g) is any matriz. A

representation which is not reducible is said to be irreducible.

Theorem 1.3.3 (Schur’s Lemma) Let p; : G — GL(n,F) and p3 : G —
GL(m,F) be two irreducible representations of a group G over a field F. Let P
be a matriz such that Ppi1(g) = p2(g9)P for all g € G. Then either P is the zero

matriz or P is nonsingular so that p1 and p2 are equivalent.

Proof. See Theorem 1.8 in [39]. 0
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It is clear that equivalent representations afford the same character, since similar
matrices have the same trace. The character afforded by an irreducible representation
is called an irreducible character. Let Irr(G) denote the set of irreducible characters

of a group G.

Corollary 1.3.4 [39] If p : G — GL(n,F) is an irreducible representation of a
group G over an algebraically closed field I, then the only matrices which commute
with all matrices p(g), g € G are scalar matrices al,, where a € F and I, is then xn

identity matriz.

Proof. Let P be an n x n matrix such that Pp(g) = p(g)P for all g € G. Then for
any a € F' we have that

(al, — P).p(g) = p(g)-(al, — P), Vg€ G . (1)

Let m(z) = det(zI, — P) be the characteristic polynomial of P. Since m(z) is a
polynomial over F' and F is algebraically closed, then there exists a; € F such that
m(a;) = Op. Hence det(a1l, — P) = Op and thus a,I, — P is singular. Then from
relation (1) above and Schur’s Lemma, we obtain that a3/, — P = 0 and hence
a1 I, = P. [

Definition 1.3.5 Let G be a group, F a field and ¢ : G — F be a function which

is constant on the conjugacy classes of G. Then ¢ is called a class function of G.

It is clear that characters are class functions. It is also known (see for example
[3]) that the set Itr(G) of irreducible characters of G forms a basis for the space of
class functions on G. From now on, we will consider ordinary representations and

characters. We note the following from character theory (see [39]).

(i) Two representations of G are equivalent if and only if they have the same char-

acter.

(i1) The number of irreducible characters of G is equal to the number of conjugacy

classes of G.

(i) Any character of G can be written as a sum of irreducible characters.



CHAPTER 1. PRELIMINARIES 13

Lemma 1.3.6 Let G be a group, p be a representation of G which affords the char-
acter x. Let g € G be an element of G of order n. Then the following conditions
hold

(1) p(g) is similar to a diagonal matriz diag(eq,¢eg,. .., &)
(ii) e =1
(1i1) x(9) = > ;&

(iv) Ix(9)] < x(1g) = degree of x

(v) x(g7Y) = x(g), the complez conjugate of x(g).
Proof. See Lemma 2.15 in [28]. O

Definition 1.3.7 Let G be a group and Irr(G) = {x1,Xx2,---,Xr}- Let x be a class
function of G such that x = Y ._nixi. Then those characters x; for which n; > 0

are called the irreducible constituents of x.

Definition 1.3.8 Let x and v be class functions of a group G. Then the inner
product of x and 1 is defined by

o) = = 3 x(@)90).
G] 22

The following theorems are called the first (or row) and second (or column) orthogo-

nality relations respectively.

Theorem 1.3.9 [28/(First Orthogonality Relation) Let G be a group and Irr(G) =

{x1,x2,---,xr}. Then o
ZX:’(!))X}'(Q) = 6;5|G|.

9€G

Proof. See [28] [

Theorem 1.3.10 [28/(Second Orthogonality Relation) Let G be a group and
Irr(G) = {x1,x2,---»Xr} and {g1,92,...,9-} be a set of representatives of the con-
jugacy classes of G. Then

Y xlg)xlg;) = 651Ca(g:)].
x€lrr(G)
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Proof. See Theorem 3.19 in [47] or [28] [

We now discuss the relationships between the characters of a group G and those

of its subgroups.

1.3.1 Restriction of Characters

Definition 1.3.11 Let H be a subgroup of a finite group G. If p is a representation
of G, then the restriction of p to H is a representation of H, which is denoted by
pr or pl H . If x is a character of G afforded by p, then the restriction of x to H is
a character of H afforded by the representation py, and is denoted by xpg or x } H.

The characters xg and x take on the same values on the elements of H. If x g
is irreducible, then x is irreducible in G. The converse is not true in general. But
under certain conditions the irreducibility of x implies that x g is irreducible, as in

the following result.

Theorem 1.3.12 Suppose that H is a subgroup of G of index 2 and x € Itr(G). Let
A be a linear character of G taking value 1 on H and -1 otherwise. Then the following

conditions are equivalent
(1) xm is irreducible,
(7) x(g) # 0 for some g€ G — H,
(1) x # XA
Proof. See Proposition 20.9 in [30]. [J

In-fact Karpilovsky in [31] has also proved a theorem of Gallagher (1966) that if
H < G and x € Irr(G) such that x(g9) # 0V g € G — H, then xy is irreducible.

1.3.2 Induced Characters

Let H be a subgroup of a group G with transversal the set {z1,z2,...,2,} in G. Let
¢ be a representation of H of degree n. Then we define ¢* on G as follows:

p(z1977 "), p(z1927Y), ..., plz1977Y)

5(0) = ¢(5E29$1—1),¢($29$.51)7---,¢($29~’Cr—1)

d(zr927 "), plzrgz3 ), - .., d(zrgzi )
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where ¢(a:iga:j‘1) are n X n sub-matrices of ¢*(g) such that d)(zig:zj"l) =0V ziga:j”l ¢
H. Then ¢* is a representation of G of degree n[G : H].

Definition 1.3.13 Let G, H, ¢ and ¢* be as above. Then the representation ¢*
is called the representation of G induced from the representation ¢ of H. The
induced representation of ¢ is denoted by ¢* = ¢C or ¢* =1 G.

Definition 1.3.14 Let G be a group and H < G. Let 8 be a class function of H.
Then we define 6C as follows:
6°(zgz 1)
z€G

where .

{
Then 6C is a class function of G, called the induced class function of G, of degree
[G : H]deg(0).

Let ¢ be a representation of H that affords a character § of H. Then 6° is a
character of G afforded by the induced representation ¢¢ of G. The character §C
is called the induced character of G. We note that the induction and restriction

processes do not necessarily preserve irreducibility of characters.

Theorem 1.3.15 [28/(Frobenius Reciprocity Theorem) Let G be a group, H <
G and suppose that 6 is a class function of H and x is a class function of G. Then

(0, XH) = (9G7X)

Proof. We obtain that
<9G,X> |G| Z G( | Z ZHO rgx 1 )
geG geG z€G

1

Putting y = zgz~" and since x is a class function, then we obtain that x(y) = x(g).

Hence we have

W = |G|| 722 2 e O = gy 2 2

gEG z€qG yeG z€G

= |HJ Z;I ={(0,xg). O
ye
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Theorem 1.3.16 Let G be a group and H < G. Let 6 be a character of H, g € G
and {z1,%2,...,Zm} be a set of representatives of the conjugacy classes of elements
of H which fuse into [g] in G. Then we obtain that

—~_0(z:)
8%(g) = |Ccs(g E Ry
(g) | G( )|i=1 ,CH(-'L'z),
where we have that 69(g) = 0 whenever H N[g] =

Proof. We have that
o 1
IHI E 0°(zgz™").

z€G
If HN[g] = @, then zgz~! ¢ H and thus §°(zgz~!) =0 V z € G and hence §%(g) = 0.
Now if H N [g] # @, then let h € H N[g]. Then as z runs over G, then zgz~! = h for
exactly |Cg(g)| values of z. Hence we obtain that

1 |CG - 0(z:)
7 O Oeoe Z 0k = 0o . 15, o O

zEG heHN[g

1.3.3 Lifted Characters
Let G be a group and x be a character of G afforded by a representation p. Then

ker(x) = {9 € G| x(g9) = x(1e)},

can be shown easily to be a normal subgroup of G (see [65]). Further every normal
subgroup of G is an intersection of some of the ker(y;), where x; € Irr(G). If N
is a normal subgroup of G and p is representation of G such that N C ker(p), then
there exists a unique representation p of G/N defined by 6(Ng) = p(g). If p affords
a character x of G, then p affords a character ¥ of G/N.

Theorem 1.3.17 There is a one to one correspondence between the set of characters
of G/N and the set of characters of G which contain N in their Kernel. Furthermore

Irr(G/N) = {x € Irr(G) | N C ker(x)}.
Proof. See Theorem 17.3 in [30]. O

Following from above we have the following definition.
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Definition 1.3.18 Let G be a group, N a normal subgroup of G and X be a character
of G/N. Then the character x of G defined by

x(9) =x(Ng),V g€ G
is called a lifting of x to G.

Thus by lifting the characters of G/N we can obtain some of the characters of G. It
is clear from the definition that the degree of the lifted character x is equal to the
degree of the character ¥. Further yx is irreducible if and only if X is irreducible.

1.3.4 Permutation Characters

Let 2 be a set. A group G is said to act on 2 if there is a homomorphism ¢ : G — S,
where Sq is the symmetric group on Q. If ¢ is a monomorphism, we say that G acts
faithfully on 2. In this case G' can be identified with a subgroup of S and G becomes

a permutation group on (.

Definition 1.3.19 A group G is satd to be transitive on Q if it has only one orbit
on 2.

If G acts on €, we define a representation 7 : G — GL(n,C), where n = [Q].
Let @ = {z1,22,...,2n}. For each g € G we define 7y = (a;;) by

1 if zig =z
Qi =
“ 0 otherwise.

Then 7,4 is a permutation matrix of the action of g. The representation 7 defined
above is called the permutation representation of G obtained from the action
of G on Q. The character afforded by the permutation representation m denoted by
x(G|9), is called the permutation character of G associated with the action of G
on ). Further for ¢ € G we have

xX(GI(g) ={z € Q|2 =z}| = the number of points of 2 fixed by g.

Suppose that G acts transitively on  and G, is the stabilizer of z € Q. Then
the action of G on ) is the same as the action of G on the cosets of H = G, in G.
Hence V g € G, x(G|Q)(g) also gives the number of cosets of H = G, in G which are
fixed by g € G and in this case we denote this number by x(G|H)(g). It follows that

x(G|H) = x(G|).
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Theorem 1.3.20 Let G be a group acting transitively on a set ). Leta € Q, H = G,
and x(G|H) be the permutation character of this action. Then

x(G|H) = (Ig)°.
Proof. We have that

1 _ 1
(Im)%(9) = TH Y Iy(agzTh) = ] oo

z€G,xzgx—1eH re€Gzgr—leH

Now if zgz~! € H, then zg € Hz. Thus Hxg = Hz and hence Hz is fixed by g € G.
However the summation is taken over all z € G such that zgz~! € H. Hence the
summation is taken over all z € G for which the coset Hz is fixed by ¢ € G. But
Vy & Hz, Hr = Hy and thus we obtain that

Y. 1=|H|{Hz| Hzg = Hz}|
z€G,xgz € H

and hence we obtain that

1

= WIHII{HI | Hzg = Hz}| = |{Hz | Hzg = Hz}| = x(G|H)(g). [J

(Im)°(9)

Let G be a group, H < G and x = x(G|H). The following are some properties of

permutation characters (see Theorem 2.5.6 in [65]).
(i) deg(x) divides |G|.
(i) {x,¢) < deg(v) for all ¢ € Irr(G).
(iii) (x,1g) =1.
(iv) x(9) € NU{0} for all g € G.
(v) x(9) < x(¢g™) for all g € G and m € N U {0}.
(vi) x(g) =0 if o(g) does not divide |G|/deg(x)-

(vii) x(g)degg(x is an integer for all g € G.
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1.4 Clifford Theory

In this section we discuss the technique of Fischer-Clifford matrices. Later we will
use this technique to construct the character tables of generalized symmetric groups
and some associated groups. For the theory on Fischer-Clifford matrices, we follow
the works of Ali [1], Almestady [5], Mpono [47] and Whitely [65]. However for the
actual construction of the Fischer-Clifford matrices of B(m,n) and associated groups
we will follow the works of Almestady [5] and List [35].

Definition 1.4.1 Let G be a group, H < G and 0 be a character of H. Then for
g € G, we define 89 : gHg™' — C by 09(t) = O(gtg™') for allt € gHg™'. Then 69
is said to be a G-conjugate of 8. If H is a normal subgroup of G and 69 = 8 for all
g € G, then 8 is said to be G-invariant.

It is clear that 69 is a character of gHg™!.

Theorem 1.4.2 [28/(Clifford’s Theorem) Let G be a group, H a normal subgroup
of G and x € Irr(G). Let 6 be an irreducible constituent of xpy and 01,04, ...,6, be
distinct conjugates of 8 in G such that 6, = 6. Then

n
XHZBZ@', where e = (xy,0).
i=1

Proof. For h € H we have
0°(zhz™1) 6% (h
Z D IEZ;

Thus we obtain that

PN

z€G
Let ¢ € Irr(H) such that ¢ € {6; | 1 <i < n}. Then we obtain that

(> 6%¢)=0

z€G

and hence ((6%), ¢) = 0. However by the Frobenius reciprocity theorem, we obtain
that {xg,8) = (x,0%). Hence x is an irreducible constituent of 8. Since ((8%)y, ) =
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0, then {xm,$) = 0. Thus ¢ is not an irreducible constituent of xy. Hence all the
irreducible constituents of xy are among the §; and thus we obtain that

n n

XH = (xu,0:0: = > (xu,000; = (xu,0) Y bi=e» 6 ,
i=1 =1

i=1 i=1 =

where e = (xx,6). O

Definition 1.4.3 Let ¢ be a representation of G and o an automorphism of G. Then

@* is a representation of G given by

¢%(z) = ¢(2%) and  ¢%(zy) = ¢°(2)4"(v)

forz,y € G. If the representation ¢ affords a character x of G, then the representation
¢* affords a character x* of G which is given by x*(z) = x(z®) for z € G. Then
the representation ¢ and the character x* are called the algebraic conjugates of

¢ and x respectively induced by the automorphism c.

Let X = (xi(z;)) be the character table of G, where x; € Irr(G), 1 <i < n
and z;,1 < j < n are representatives of the conjugacy classes of elements of G.
Then the automorphism « of G induces a permutation on the conjugacy classes of
G and therefore also on the columns of X. For each x; € Irr(G), we deduce that
x$ € Irr(G). Hence o induces a permutation on the irreducible characters x; of G and
therefore also on the rows of X. Moreover since x{(z;) = Xi(a:]o-‘), then the matrices
obtained from X by these two operations are identical. We have the following result

known as Brauer’s Theorem.

Theorem 1.4.4 [23/(Brauer’s Theorem) Let G be a group and K be a group of
automorphisms of G. Then the number of orbits of K as a group of permutations on
the irreducible characters of G is the same as the number of orbits of K as a group

of permutations on the conjugacy classes of G.

Proof. Let X be the character table of G. Then as a matrix, X is square and
nonsingular. Let o be an automorphism of G such that « € K. Then « induces a
permutation on the conjugacy classes of G and thus induces a permutation on the
columns of X. Hence K acts on the conjugacy classes of G. Since e € K, then to
each character y of G, we obtain a character x® of G such that x* € Irr(G) whenever
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x € Irr(G). For y € G, we obtain that x*(y) = x(y*). Thus @ induces a permutation
on the rows of X. Hence K acts on the irreducible characters of G. Let X¢ denote

the image of X under . Then we obtain that
P(@)X = X* = XQ(a) ,

where P(a),Q(a) are appropriate permutation matrices which are uniquely deter-
mined by o € K. Suppose that o, 3 € K. Then we obtain that X*# = (X®)8. Also

we have that
P(aB)X = X* = (X°)? = (P(e)X)F = P(B)P(a)X

and hence P(af) = P(B)P(a). We also have that X*¥ = XQ(af) and (X*)? =
(XQ(a))? = XQ(a)Q(B). Since X8 = (X )8, we obtain that X Q(af) = XQ(a)Q(B).
The non-singularity of X implies that Q(af) = Q(a)Q(F). Define mappings =
and 7 on K by m(a) = (P(a))! and ma(a) = Q(«), where t denotes the trans-
pose operation on matrices. Then m and 7y are permutation representations of K.
Let 8y and 0 be the permutation characters afforded by 7; and my respectively.
Since X !P(a)X = Q(a), P(a) and Q(a) are similar and thus have the same trace.
Since trace(P(a))t = trace(P(a)), we have that trace(P(c))! = trace(Q(«a)). Hence
0, = 65 and m and 7y are equivalent. Let di,d2 be the number of orbits of K on the
irreducible characters and on the conjugacy classes of GG respectively. Thus we observe
that d; is the number of orbits of 71 (K) in its action as a group of permutations. Also
ds is the number of orbits of mo(K) in its action as a group of permutations. Since
#y is the permutation character of K acting on the irreducible characters of G, we
obtain that (01, Ix) = dy. Also for 8, we obtain that (6, [x) = da. However 6, = 6,
and thus (61, Ix) = (0, Ix) and hence d; = dy. O

Definition 1.4.5 Let 8 be a character of a subgroup H of a group G. Let
16(6) = {g € No(H) | 6% = 6}.
Then we call Ig(0) the inertia group of 6 in G. If H is normal in G, then
Ic(0) ={g € G| 6% =0}

We observe that Ng(H) acts on the characters of H by g : § — 89 for all
g € Ng(H). Then the inertia group of 6 is the stabilizer of 6 in Ng(H). Hence
I(0) < Ng(H) < G and it is clear that H is a normal subgroup of I¢(6).
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Theorem 1.4.6 [28] Let G be a group, H a normal subgroup of G, 8 € Irr(H) and
T =1I5(0). Let A= {y € Irr(T) | (¥n,8) # 0} and B = {x € Irr(G) | (xu,9) # 0}.

Then

(¢)

If € A, then ¥C € Irr(G).

(b) If ¢ = x and ¢ € A, then (y,0) = (xu,0).

(c) If C = x and b € A, then v is the unique irreducible constituent of xT which

sits in A.

(d) The map ¢ —— ¢ is a bijection of A to B.

Proof.

(a)

Let 9 € A and x be an irreducible constituent of »¢. Then % is an irreducible
constituent of yp. Since 8 is an irreducible constituent of g, @ is an irreducible
constituent of xyy and thus ¥ € B. Now suppose that 61,60s,...,60, are the
distinct conjugates of 8 in G, where §; = 6. Then we obtain that [G : T] =n
and from Clifford’s theorem, we deduce that xy = e> =, 0; for some e € N,
where ¢ = (xy,#0). Since 0 is invariant in T, 6 is self-conjugate in T. Hence
by Clifford’s theorem (applied to T', H and 1) we get that ¥y = k@ for some
k € N where k = (5, 6). Since 9 is an irreducible constituent of x7, then we

obtain that k¥ < e. Hence we have
enf(1y) = x(lg) < 1/)G(IG) =n(lr) = knf(ly) < enb(ly)

and thus equality holds throughout. In particular, from this equality we obtain
that 9°(1g) = x(1¢) and hence we obtain that ¥¢ = x. Therefore ¢ €
Irr(G).

We have that (xg,0) = e and {(¢g,8) = k and from the equality in part(a), we
obtain that k = e and thus (xg,0) = (¥x,9).

Let ¢ € A, ¢ # 1 and ¢ be an irreducible constituent of y7. Then we obtain
that
(XH79> > ((¢+"/))H30> = <¢Ha0> + <¢H79) > (1/)H,0>

which is a contradiction by part(b). Hence the result.
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(d) The map ¢ — %C is well-defined by part(a). Also we obtain that for any
¥ € A, C € B by part(b). By the uniqueness assertion given by part(c), the
map ¢ — 9C is one-to-one. Then suffices to show that the map is onto B.
Let x € B. Then @ is an irreducible constituent of xy and hence there exists
an irreducible constituent 1 of xr such that (y,8) # 0. Thus ¢ € A and we
have that x is an irreducible constituent of 1/¢. Hence we obtain that y = €
since ¥¢ € Irr(G) by part(a). O

Definition 1.4.7 Let G be a group, H a normal subgroup of G, 6 € Irr(H) and
T = Ig(0). Since H is normal in T, we obtain the factor group T/H called the

inertia factor of T.
Let G = N:G. Then for all § € Irr(N), define
F:{x€§(0”=0}:fg(0)

H={yeG|e=0)=I50).

Then it can be shown that H = N:H.

Definition 1.4.8 Let G be a group, H a subgroup of G, 6 € Irr(H) and x € Irr(G)
such that xy = 6. Then 6 s said to be extendible to an irreducible character of G.

If 60 is extendible to an irreducible character of G, we will say that 6 is extendible to

G.

Definition 1.4.9 Let G be a group and F be a field Then the map p : G —
GL(n, F) such that

(i) p(lg) = I, where I is the identity n x n matriz,

(i) for all z,y € G, there exists a map o : G x G —> F* such that
p(z)p(y) = alz,y)p(zy) where ofz,y) € F”

Then p is called a projective representation of G over F of degree n. The map o
is called the factor set associated with p.
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Now if a(z,y) = 1 for all z,y € G, we obtain that p(zy) = p(z)p(y), that is p is
an ordinary representation of G. Thus projective representations are generalizations

of ordinary representations.

Theorem 1.4.10 [32] Let N be a normal subgroup of G, F = C, x € Irr(N), where

x 15 G- invariant and let " be a matriz representation of N which affords x. Then

(i) there exists a projective representation p of G such that I'(n) = p(n) and
(p(9))°9) =1, for all n € N,g € G where I is the identity matriz.

(i1) If G = N.H for some H < G and if pg is an ordinary representation of H,
then x can be extended to G.

Proof.

(i) Let g € G. Since x is G-invariant, then the representations I and I'Y of N are
equivalent. Hence there is an invertible matrix 6(g) such that (6(g))~!T'(n)8(g) =
I'9(n), where g € G,n € N. We may assume that §(n) = I'(n) for all n € N.
We have that 8 : G — GL(k, F), where k = deg(l'), and that 8y = I'. Now
let g1, 92 € G, then we obtain that

(0(9192)) ' T(n)8(g192) = T9(n) = (I)**(n) = (8(g2)) ' T (n)6(g2)
= (6(92))7"(8(91)) " T (n)6(91)8(g2)-

So that

0(91)8(g2)(8(9192)) ™' T(n) = T'(n)0(91)6(92) (8 (g192)) "

Thus for all n € N, 0(g1)0(g2)(8(9192)) "' commutes with I'(n) and thus by
the Corollary 1.3.4, we can define a function @ : G x G — F* such that
0(g1)60(92) = alg1,92)60(g192). Since I is a representation of N, we obtain that
6(1y) =T(1y) = I. Hence 8 is a projective representation of G with associated
factor set . Let o(g) = m and g € N. Then we obtain that (6(g))™ = I.
However if g € G — N, then since 6(¢g™) = 0(1l¢g) = I, there exists A(g) € F*
such that (6(g))™ = A(g)I. Now let u(g) € F* such that (u(g))™ = (A(g))~?
and let u(n) = 1p for all n € N. Then the projective representation p of G
given by p(g) = p(g)f(g) is such that p(n) = p(n)d(n) = 8(n) = I'(n) for all
n € N. Also we have that

(p(g)™ = (u(9)8(9)™ = ((g))™(B(g)™ = (Mg)) " Mg)I =1
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Hence property (i) is established.

(ii) Let T be a transversal for N N H in H containing 1y. Then every g € G
has a unique expression of the form g = tn, where t € T,n € N. Now let
g1 € G,g1 # g be given by g; = tyn;, where ¢{; € T,n; € N. Since t,t; € T,
then ¢,t; € H and hence tt; € H. Now let tt; = tong, where ¢t € T and
ny € NN H. Define ¢ on G by 1(g) = p(t)p(n). Since nat]'ntin; € N, we
obtain that

P(ggr) = P(tntina) = P(ttt] 'nting) = P(tanaty 'nting) = p(t2)p(naty 'nting)

Also we have

P(@v(g1) = pt)p(n)p(t1)p(n) = p(t)p(t1)(p(t1)) " p(n)p(t1)p(n1)
= p()p(t1)[(p(t1)) " p(n)p(t1)]p(n1).

However from the proof of part(i) above we have that (p(g)) "1T'(n)p(g) = I'(n)
and p(n) = ['(n) for all n € N, g € G. Since t]'nt; € N, then we obtain that

p(ty'nt1) = T(t7'nt) =T (n) = (p(t1))"'T(n)p(t1) = (p(t1)) " p(n)p(ty) -

Since by the assumption p is an ordinary representation on H and it; € H we
have p(tt1) = p(t)p(t1). We deduce that

Plghhlgr) = pt)p(n)p(tr)p(n1)
= p(t)p(t1)(p(t1)) " p(n)p(t1)p(m1)
= p(t)p(t)[(p(t1)) "  p(n)p(t1)]p(1)
= p(t)p(tr)p(ty 'ntr)p(m) = p(tt1)p(t; 'nt1)p(n1)
= pltana)p(ty ' nt1)p(ny) = p(t2)p(naty 'ntiny).
Hence we obtain that 1(gg1) = ¥(g)1(g1). Therefore ¢ is an ordinary repre-

sentation of G. However V n € N, we obtain that ¢¥/(n) = p(n) = ['(n) and thus
the character afforded by the representation ¢ of G, extends x to G. |

Theorem 1.4.11 ([13/)(Mackey’s Theorem) Let N be a normal subgroup of G
and 0 be a G-invariant irreducible character of N. If N is abelian and G splits over
N, then 0 can be extended to G.
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Proof. Let G = N:G. Since G is a semidirect product of N by G, then any z € G
can be expressed uniquely as z = ng, where n € N,g € G. Define x on G by
x(ng) = 6(n). Since N is abelian, 6 has degree 1 and thus is linear. The invariance
of @ in G implies that §(n) = f(znz~!) for all z € G. Now let z; = n1g;, 22 = nags
be elements of G. Then we obtain that

x(z1we) = x(niginage) = x(ning' g192) = 0(ning')
= 0(n1)8(n3') = 0(n1)8(n2) = x(z1)x(z2).

Therefore x is a linear character of G such that yy =68. [

Theorem 1.4.12 [32] Let G = N.G where N is a normal subgroup of G, and G < G
such that NN G C N'. If 0 is an irreducible G-invariant character of N such that
(deg(),|G]) = 1, then 6 can be extended to G.

Proof. See Corollary 7.1.2 in [32]. [

Theorem 1.4.13 Suppose G is a splitting extension of a normal subgroup N, then

any linear character 8 € Irr(N) can be extended to its inertia group I(6).

Proof. Let G = N:G and 6 € Irr(N) be linear. Let H = I5(6), then we obtain
that H = N:H, where H = Ig(6). Since H is a split extension, we obtain that
NNH = {1} < N’. Also we have that (deg(y),|H|) = (1,|H|) = 1 and clearly € is
H-invariant. Thus the conditions of Theorem 1.4.12 are satisfied and hence 6 can be
extended to H. [

Theorem 1.4.14 ([28],[65])(Gallagher’s Theorem) Let N a normal subgroup of
G, 0 € Irr(N) and H = I5(0). If 0 can be extended to y € Irr(H) then as B ranges
over all the irreducible characters of H which contain N in their kernels, S ranges

over all the irreducible characters of H which contain 0 in their restriction to N.

Proof. Since H = I=(8), then 6 is self-conjugate in H and thus by Clifford’s theorem
we obtain that (Oﬁ) N = f0 for some positive integer f. Comparing degrees we have
(67)y = [H : N]6 and so (#7,6%) = (6, (67)n) = [H : N]. Now we claim that
oH = Zg B(1g)B, where ranges over all the irreducible characters of H that
contain N in their kernels. Both 8 and >3 B(17)By are zero off N since for g ¢
N,zgz~! ¢ N for all z € G and thus 87 (g) = 0. Also for g € N, by the orthogonality
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of the columns of the character table of F/N_we have that 35 8(17)(8¥)(9) =
(35 B(15)8(g)l¥(g) = 0. We alSO have that (9H)N = [—f'7 : NJO = (325 B(15)8¢)n,

since for g € N, Zﬁﬁ(k- = Zﬂ ) (g) = [H : NJy(g) = [H : N]0(g).
Hence we obtain that 67 = Zﬂ Z)By. So we have
[H : N] = (67,67) = (3 B(15)8, D rg)) = 3 Allg) (i) By, )
B B,

The diagonal terms contribute at least Y (6 (15))2 = [H : NJ, so the B are irreducible
and distinct, and are all the irreducible constituents of 0" and so are all the irreducible
characters of H that contain @ in their restriction to N, since for ¢ € Irr(H) such that
(¢n,0) # 0, we obtain that (pn,8) = (¢, Hﬁ) which implies that ¢ is an irreducible
constituent of 8 and hence is of the form gy, [

1.5 Fischer-Clifford Matrices

Let G = N.G such that every irreducible character of N is extendible to its inertia
group. We have that G permutes Irr(N) by z : x — X%, where z € G and
x € Irr(N). Now let x1,x2,...,Xt be representatives of the orbits of G on Irr(N),
H, = Is(x:),1 <i <t € Irr(H;) be an extension of x; to H; and ¥ € Irr(H;)
such that N C ker(y). Then by Theorem 1.4.14 and Theorem 1.4.6 all irreducible
characters of G will be of the form (1/)“/))6, 1 <4<t Thus

t
Irr(G) = | J{(¢i)® | ¥ € Irr(H:), N C ker(s)}
1=1
Therefore the irreducible characters of G fall into blocks, each block corresponding to

an inertia group H;.

1.5.1 Defining Fischer-Clifford Matrices

Let G = N.G with the property that every irreducible character of N is extendible to
its inertia group. Let § € G be a lifting of g € G under the natural homomorphism
G — G and [g] be a conjugacy class of G with representative g. Let X(g) =
{z1,29,... ,zc(g)} be a set of representatives of the conjugacy classes of G from the
coset Ng whose images under the natural homomorphism G — G are in [g] and we
take z; = §. Let {x1,x2,.-.,Xx:} be a set of representatives of the orbits of G on
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Irr(N) such that for 1 <i <t, we have H; = Iz(x;) with H; = H;/N < G and that
¥; € Irr(H;) is an extension of x; to H;. Then without loss of generality suppose
that x; = Iy is the identity character of N. Then Hy = G and H; = G. Now
choose y1,y2,-..,yr to be the representatives of the conjugacy classes of H; which
fuse into [g] in G. Since yx € H; for 1 < k < r, then we define y,, € H; such that
ye, ranges over all the representatives of the conjugacy classes of H; which map to yy
under the homomorphism H; — H; whose kernel is N. Let v € Irr(H;) such that
N C ker(¢). Then ¢ is a lifting of ¢ € Irr(H;) such that Y(ye,) = P(yx) for any
lifting y,, € H; of y, € H;. We obtain that

W) = ¥ S EC 9y,

1<k<r € Cr,(ve.) |
(

B 1Ca(z;)|
= Y Z C_G yzknilh Yo, )V (ye,)

1<k<r ¢ H;

= 2 ZlCCM) Vi(ye,)) b (v)

1<k<r 7. (el

where Y, is the summation over all ¢ for which y,, ~ z; in G. Now we define a
matrix M;(g) by Mi(g) = (ayw), where 1 <u <rand 1 <wv < ¢(g), and

Z 'ICG xa)l (ve,)

Then we obtain that
(i) (z5) = D auvth(ve)
1<k<r

By doing this for all 1 <4 < ¢ such that H; contains an element in [g] we obtain the
matrix M(g) given by
Mi(9)

M>(g)
M(g) = : ,

M:(g)
where M;(g) is the sub-matrix corresponding to the inertia group H; and its inertia
factor H;. If H;N[g] = @, then M;(g) will not exist and M (g) does not contain M;(g).

The size of the matrix M (g) is p X c(g) where p is the number of conjugacy classes of
the inertia factors H;’s for 1 < ¢ < ¢ which fuse into [g] in G and ¢(g) is the number of
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conjugacy classes of G which correspond to the coset Ng. The matrix M (g) is called
the Fischer-Clifford matrix of G corresponding to the coset Ng. Let

R(g) ={(u) |1 <i<t, Hin[g] #0, 1<k <7}

We note that y; runs over representatives of the conjugacy classes of H; which fuse into
[9] in G. Following the notation used in [18], [47] and [65] we write M(g) = (a; ’y")),

where 1O
,yk) YG\T ) x]
Ye ) 3
Z l H; ( ek k

with columns indexed by X (g) and rows indexed by R(g). Then the partial character
table of G on the classes {z1,%3,...,%q)} is given by

Ci(g)M1(g)
C2(g9) M2(g)

Ci(g)M:(g)

where the Fischer-Clifford matrix M (g) is divided into blocks M;(g) corresponding
to an inertia group H; and C;(g) is the partial character table of H; consisting of
the columns corresponding to the classes that fuse into [g] in G. We also see that
the number of irreducible characters of G is the sum of the numbers of irreducible

characters of the inertia factors H;’s.

There is yet another method for constructing the Fischer-Clifford matrices of an
extension of an elementary abelian p-group (see [18] and [35]). This method will be
used later to construct the Fischer-Clifford matrices of groups associated with B(p,n),
where p is prime, therefore we describe it below. Suppose that N is an elementary
abelian p-group, that is N = p” is a vector space over Z,. Let g € G and d € N.
Then the map ¢7 : N — N such that ¢5(d) = d(d~')? defines an endomorphism
of N. it is clear that I'm(¢3) and ker(¢y) are subspaces (subgroups) of N. Let
Cs={z € G | z(Ng) = (Ng)z} = N.C5(Ng) as defined earlier.

Lemma 1.5.1 The subspaces Im(¢g) and ker(¢g) are Cg- invariant.

Proof. We show that I'm(¢5) < Cy, that is for u € Cy and d(d~!)9 = [d,g] € Im(¢)
we obtain that [d,g]* € Im(¢g). Thus
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[d,3" = uld,glu’
= d"gd G
= d'g*(d) (")
= [d*,3"] € Im(¢dg),

that is Im(¢y) is Cyz invariant. Now since N and N/Ker(¢g) ( = Im(¢g)) are

Cg-invariant, we conclude that Ker(¢y) is Cy- invariant. [

We see that N acts on Ng by conjugation and K = Im(¢g) acts on Ng by left
multiplication such that the resulting orbits of the two actions are the same. Hence
the action of Cj on the orbits of N acting on Ng is the same as the action of Cj on
the module N/K. Thus the orbits of the action of K on NG can be identified with
the elements of N/K. Let 6; € Irr(N),; € Irr(H;) and v; be an extension of 6; to
H;. Then ; is constant on the orbits of N acting on Ng. So we may define a class
function p on N/K by u(Kd;g) = ¥;(d;g), where d; € N,d;g € Q; is a representative
of the j-th orbit of N acting on Ng and d; = 1n. Then p(Kg) = 9;(g). Let i be an
extension of u to the inertia group of p in Cj. Then induction of fi to G evaluated
on the elements of N7 is equivalent to the induction of i to Cy/K evaluated on the
elements of N/K. However for G a non-split extension, it may happen that u is
not a character of N/K. In that case £u will be a character of N/K, where £ is an

appropriate p-th root of unity.

Proposition 1.5.2 Let N be an elementary abelian p-group. Let g€ G and d € N.
Define an endomorphism ¢5 of N by ¢5(d) = d(d™1)7, with image K = Im(¢y5).

(i) If G is a split extension, then the Fischer-Clifford matriz at o non-identity coset
of N in G is the matriz of orbit sums of Cy acting on the rows of the character
table of N/K with duplicate columns discarded.

(i) If G is a non-split extension, then the Fischer-Clifford matriz is the matriz of
orbit sums of Cy acting on the rows of the character table of N/K with duplicate
columns discarded and with each row multiplied by an appropriate p-th root of

unity.

Proof. See Lemma 5.3 in [18] or page 119 in [35]. O
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1.5.2 Properties of Fischer-Clifford Matrices

The properties of Fischer-Clifford matrices have been discussed in [1], [35], [36], [47],
[51], [65], we also discuss them in this subsection. Let K be a group and A < Aut(K).
Then by Theorem 1.4.4 the group A4 acts on the conjugacy classes of elements of K

and on the irreducible characters of K resulting in the same number of orbits.

Lemma 1.5.3 Suppose we have the following matriz describing the above actions:

1=h g - b - L

s1 1 1 1 1

S2 a1 Q22 -+ Q25 - A2t
Si ail Qiz - Qi - Qg
St atl (¢ N 1 R * 23]

where a1; = 1 for j € {1,2,...,t}, l;’s are lengths of orbits of A on the conjugacy
classes of K, s;’s are lengths of orbits of A on Irr(K) and a;; is the sum of s; ir-
reducible characters of K on the element x;, where x; is an element of the orbit of
length l;. Then the following relation holds for 4,i' € {1,2,...,t}:

4
E aija_ﬁlj = IKISi(Sii’-
j=1

Proof. See Lemma 4.2.2 in [65]. OJ

Let z; € X(g) and define m; = [Cy : Cz(z;)]. The Fischer-Clifford matrix M (g)
is partitioned row-wise into blocks, where each block corresponds to an inertia group.
The columns of M(g) are indexed by X(g) and to each z; € X(g), corresponds
|C=(z;)| of a conjugacy class of G. The rows of M(g) are indexed by R(g) and on
the left of each row we write |Ch,(yx)|, where y, fuses into [g] in G. The following
result gives the orthogonality relation for M(g).

Proposition 1.5.4 [65]/(Column orthogonality) Let G = N.G, then

S CHw)la el = 6,5\ Cx(a;)]
(%,yx )ER(g)
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Proof. See Proposition 4.2.3 in [65]. [J
Theorem 1.5.5 agl’g) =1 for all j = {1,2,...,c(g)}

Proof. For yp, ~ z; in G, we have |Cg(z;)| = |C, (ye,)]- Thus we obtain that

b ,C !
SRRV KCSRPILELEE
1 ?

Proposition 1.5.6 ([35], [65], [47]) The matriz M(1g) is the matriz with rows equal
to the orbit sums of the action of G on Itr(N) with duplicate columns discarded. For

this matriz we have a( le) o

5 =[G : H;], and an orthogonality relation for rows:

1 (i1e) (1) 1 1
vaarpmvi B diir = 70
2 ICz(z)l 7 7 |Cw(16)| |Hil

Proof. The (3,1¢),7 jth entry of M(1¢) is given by
‘L IG
Z |

where we sum over representatives of conjugacy classes of H; which fuse into [z;] in G.
Therefore a( ble) 1/)?(:1:]) By Theorem 1.4.6 we have 1/);5 € Irr(G) and we obtain
that ((1/)G)N, i) = ((i)n,0;) = 1. Therefore by Clifford’s theorem (1/;;G—)N =3, ba,
where the summation is taken over all 84 € Irr(N) such that 6, is conjugate to 0;.

|Ca( ac]

f) y
CH yk *

So for z; € N we obtain that a; (ble) - = Y o 0a(zj). The orthogonality relation follows
by Lemma 1.5.3. |

Following from Lemma 1.5.3, Proposition 1.5.4 and the results proved by Fischer
in [18], the Fischer-Clifford matrix M (g) satisfies the following properties:

(a) [X(g)| = R(g)l
), (5% Cs(9)
(b) Z;(g% m;a; kg a; V= 6(2,?!1:),("'%)ICHf(gkl)llNl

(©) Spneria) 5 el |Cr (wi)| = 61| Ci(y)]

(d) M(g) is square and nonsingular.



CHAPTER 1. PRELIMINARIES 33

For N is elementary abelian, M(g) also satisfies the following

(e) a(i,yk) _ 1Ccl9)

1 AT

() [af¥)] > Jai¥)],1 < j < c(g).

Now let G = N:G be a split extension and N be an elementary abelian 2-group.

By Proposition 1.5.2 the Fischer-Clifford matrix M (g) is given by

1 1 1 - 1 -1
do1 dop daz -+ dyj
Mia) = : : : Do
(9) diy dig diz - dyj
diy dig diz - dy

where d;;’s are the orbit sums of Cy acting on the rows of the character table of N/K.
Proposition 1.5.7 ([{7]) dii € N for alli € {2,3,...,t}.
Proof. By Proposition 1.5.2, we obtain that
da = Y x(In/k)
XE€A;

where A;’s are the orbits of Cy acting on Irr(N/K). Since x(1n/x) = deg(x), we
have djy € NVie {2,3,...,t}. O

For j > 2, we obtain that
dij = Z x(T;)
XEAL;
where Z; € N/K is a representative of the j-th orbit under the action of Cy on the
elements of N/K. Since x(T;) € {—1,1}, we have d;; € Z.



Chapter 2
Combinatorics

As is well known, the ordinary irreducible representations of the symmetric group S,
may be described combinatorially, that is in terms of partitions of a positive integer
n (see [13], [29] and [66]). Since the generalized symmetric group is an extension
of the symmetric group, we note that the ordinary irreducible representations of the
generalized symmetric group will somehow also be described in terms of partitions of
n. In this chapter we give the definition of a special partition of a positive integer
n called an m-set of partition [A\] of n (see [66]), elsewhere called an r-tuple of
partitions of n (see for example section 4 in [50]). We also define some combinato-
rial objects called magic matrices, which will be used in Chapter 4 to construct
the Fischer-Clifford matrices of the generalized symmetric groups. As indicated in
Chapter 1, the Fischer-Clifford matrices of the generalized symmetric group are used
to construct its character table. For details on combinatorics, the reader may consult
Stanley ([62], [63]) and other relevant references.

Let m € N, the set of positive integers. Let Z,, = {0,1,...,m — 1} be the set of
residues modulo m, also considered as the cyclic group of order m.
2.1 Compositions

Usually, a composition of a positive integer n is defined as an ordered collection of
positive integers whose sum is n. However for our purposes we give the following
modified definition.

34
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Definition 2.1.1 Letm, n € N.
(i) An m-composition of n is an m-tuple (a1,a2,...,an) such that Z;’_’__l aj=n,

where a; € NU{0}.

(i1) Let (a1,az,...,an) be an m-composition of n. The ezpression

n n!
ajy Gy ... G alas! - am!

is called a multi-nomial coefficient.

Let A(n,m) denote the set of m-compositions of n.

Proposition 2.1.2 ([62]) The number N(n,m) of m-compositions of n is given by

N(n,m) = ( n+m—l).

m—1
Proof. We consider successive values of m for a fixed value of n as follows.

e m = 1: In this case we have only one 1-composition of n namely (n).

e m = 2: In this case we produce n+1 = ("Tl) distinct 2-compositions of n

namely (n,0), (n —1,1),(n —2,2),(n —3,3),...,(L,n —1),(0,n).

e m = 3: Using the 2-compositions of n listed above, by breaking the first entry

of each 2-composition of n we have:
— (n,0) produces n + 1 distinct 3-compositions of n namely (n,0,0), (n —
1,1,0), (n - 2,2,0),...,(1,n — 1,0),(0,n,0).

— (n—1,1) produces n distinct 3-compositions of n namely (n—1,0,1),(n—
2a171)7 (n_'37271)a---v(1an—2a1)a(0’n“ 171)

— (n—2,2) produces n—1 distinct 3-compositions of n namely (n—2,0,2),
(n - 3;1,2),(77‘ - 4a272)7' --7(1,n - 3,2),(0,” _272)'

— (0,n) produces only one 1-composition of n namely (0,0, n}.
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Thus for m = 3 we obtain

%(n+ 1)(n +2)

i

m+)+n+n—1)+n-2)+...+2+1

= Sm+)m+2)
n+2
2

e m = 4: We work as for m = 3 above, thatis breaking the first entry of each

3-compositions of n.

3-composition of n to get the 4-compositions of n. We obtain sets with the
following respective numbers of 4-compositions of n grouped in sets for each 3-
compositionof n: {n+1,n,n—1,...,1},{n,n-1,...,1},{n—-1,n-2,...,1},...
and {1} giving a total of

In+1)+2n+3n-1) + ...+(m-134+"n)2+(n+1)
[(m+D(n+2)+nn+1)+(n—Dn+...+2(3)+ 1(2)]

N =

X %(n + 1)(n + 2)(n + 3)

I,..k\)l»—l

= (n+4 1) (n+2)(n+3)

n+3
3

@

1l
TN

4-compositions of n.
e On generalizing for m =k there are

1

(k= 1)!

n+D)n+2)n+3)...(n+k—1)= ( n:le )

k-compositions of n. [

We have developed the following programmes in GAP [22] for computing m-

compositions of n and multi-nomial coefficients respectively.
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Programme 2.1.3 (m-compositions of n)

meompsn: =function(m,n)

local i, men;

for iin [1..n] do
men:=Reversed(Filtered(Tuples([0..i],m),j— >Sum(j)=1));
od;

return mcn;

end;

Programme 2.1.4 ( Multi-nomial coefficients)
mcompsn:=function{m,n)

local mcen;

return Reversed(Filtered(Tuples([0..n],;m),j— >Sum(j)=n));
end;

multfact:=function(p)

local 1,res;
res:=Factorial(0);
for i in p do
res:=Factorial(i)*res;
od;

return res;

end;

multinomialcoefs: =function(m,n)
local i,mnc,res;

mne:=[];;

for i in mcompsn(m,n) do
res:=Factorial(n)/mulifact(i);
Add(mnc,res);

od;

return mnc;

end;

37
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Examples 2.1.5 We give examples of sets of m-compositions of n and corresponding

multi-nomial coefficients below.

(a) A(6,2) = {(6,0),(5,1),(4,2),(3,3),(2,4),(1,5),(0,6)},
where N(6,2) = 7, with multi-nomial coefficients
[1,6,15,20,15,6,1].

(b) A(5,3) = {(5,0,0),(4,1,0), (4,0,1),(3,2,0), (3,1, 1), (3,0,2), (2,3,0),
(2,2,1),(2,1,2), (2,0,3),(1,4,0), (1,3,1), (1,2,2), (1, 1,3), (1,0, 4),
(0,5,0),(0,4,1),(0,3,2),(0,2,3),(0,1,4), (0,0,5)},
where N(5,3) = 21, with multi-nomial coefficients
[1,5,5,10,20,10,10, 30, 30, 10, 5, 20, 30, 20, 5, 1, 5,10, 10, 5,1].

(c) A(3,4) ={(3,0,0,0),(2,1,0,0),(2,0,1,0),(2,0,0,1),(1,2,0,0), (1,1,1,0),
(1,1,0,1),(1,0,2,0),(1,0,1,1),(1,0,0,2),(0,3,0,0), (0,2,1,0),(0,2,0,1),
(0,1,2,0),(0,1,1,1),(0,1,0,2),(0,0,3,0), (0,0,2,1),(0,0,1,2),(0,0,0,3) } ,
where N(3,4) = 20, with multi-nomial coefficients
1,3,3,3,3,6,6,3,6,3,1,3,3,3,6,3,1,3,3,1].

2.2 Partitions

There are several ways to define a partition of a positive integer n. For our purposes

we will take the following definition.

Definition 2.2.1 Let n € N. Then [A] = [1M2%2...n*] 45 called a partition of n
if Soh_i 8As =n, where \; € NU {0}.

Definition 2.2.2 Let [\] = [1%12%2...n*] as above and X = (A1, Ag,..., \n) be the

n-tuple of powers in [A].

(1) We call 8 = ((a11,012,---a1n), (a21,622,.- -, 82n), -+, (@m1,Gm2, - - - ,Gmn)) Such
that 3 v 1 ais = As, an m-set of partition [A]. However for computation pur-

poses [ is written in the form

ail] a12...01n

asy] a9 ...49
g = " = (as)

aml Am?2 -..0mn
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(2) We say 3 is an even m-set of partition [\] if > w1 >°" ,(i—1)sa;s = 0(rnod m)

s=1

(or S (i ~ 1)a; = 0(mod m), where a; = Y| sa;s).

(3) We say B is a type-zero m-set of partition [A] if > v > e (i — ais =
0(mod m).

(4) Let p = ((b11,.--,b1n),(b21s-- -, b2n), -+, (bm1,- .-, bmn)) be an m-set of parti-
tion [A]. Then B and p are said to be

(i) equivalent if p can be obtained by cyclically re-arranging the rows of .
It is clear that the number of m-sets of partition [A] equivalent to B is m.

(ii) odd equivalent if i can be obtained by cyclically re-arranging the entries

at all s where m{ s in the rows of (5.

(5) B is said to be self equivalent (self odd equivalent) if cyclically re-arranging
the rows (or entries at all s where m { s in the rows) of § does not yield any
m-set of partition [A| different from (.

(6) The m-sets of partition [A], may be arranged in the following order: For each
fized m-composition of As vary the m-compositions of As—1. Then vary the
entries in this collection for each fized m-composition of Asy1. The above is
repeated for each As, giving all the m-sets of partition [A]. For ezxample we have

the following 3-sets of partition [2'3'] arranged in the above ordering.

0 1 1 0 0 1 0 0 1 0 1 0 0 0 0
oo o0o¢{f,}o 1+ 0], 0 0 O0TY,]O0OO0T1T],]0 1 1],
0 0 0 0 0 O 0 1 0 0 0 0 0 0 O

0 0 0 0 0 0 0 0 0 0 0

oo 1{{,f0 0 O{,] 01 0],y 0 0 0}.

0 1 0 0 0 1 0 0 1 0 1 1

(7) When As = 0 and the lengths s are clear we will write the m-sets of partition

[A] omitting the zero columns to which such s refers.

(8) Let g = (As | As # 0,5 = 1,2,...,n) be a tuple of all the non zero entries of
X. Then g is a g-tuple of non zero powers in a partition [\ of n, ¢ < n.

The combinatorial basis for the construction of the character table of the group

B(m,n) will be a mechanism to produce all the m-sets for all partitions of a positive
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integer n. To my knowledge while there are functions in GAP to produce partitions
of n there is none to produce m-sets for all partitions of n. We have developed the

following programme for constructing m-sets for all partitions of n in GAP.

Programme 2.2.3 (m-sets of partition [A])

mspntype: =function(m,n)

local i,men,res,al,bl,mspnl,L,p,q;

men:=[];

for i in [0,1..n] do

res:=Reversed(Filtered( Tuples([0..i],m),j— >Sum(j)=1));

Add(men,res);

od;

L:=List([1..n], i— >n+1-1);;

p:=Partitions(n);; q:=List([1.. Number(p)],i— > List(L,j— > Number(p[i],k— >k=j)));;
al:=List(q, i— >Cartesian(List(i,j— >menfj+1])));;

b1:=List(al, i— > List(i, j— > TransposedMat(j)));;

mspnl:=List(bl, i~ >List(i, j— >List(j, k— > List([1.. Number(k)], I— >k[Number(k)+1-
D))

return mspnli;

end;

2.3 Magic Matrices

In this section, we define some combinatorial objects called magic matrices which will
be used in constructing the Fischer-Clifford matrices of generalized symmetric groups
in Chapter 4.

Definition 2.3.1 Let A = (A1, A2,..., An), B = (@1,82,...,8m) andd = (k1,ka,...,km),
where @ = (ai1, @iz, - - -, Gin), G = D vy Sais, kj = (kj1,kj2,- -, kjn), kj = Sy skjs
such that (a1s,a2s,---,0ms), (kis,k2sy---,kms) € A(Xs,m), 1,7 = 1,2,...,m , s =
1,2,...,n. Let M(B,Xs) = {(r;) € Mm(NU{0}) | 7} = (r{}, 7o, - - s i) € Alais,m),i =
L,2,...,m} and M(6,Xs) = {(rf;) € Mup(NU{0}) | rj = (r];,73,,.-.,75;) €
Alkjs,m),7 = 1,2,...,m}. Define M(B,6, ;) = M(B,\s) N M(6,);) = {(rf]) €
My (NU{0}) | 7§ = (rf1s - s mim) € Alais,m), ri = (ri,755, -y 1p;) € Alkys,m), (4,5 =
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1,2,...,m)}. Then the m x mn matriz
Mpsn = [Mpsx | Mpgsasl-- - 1Mpsa.l,

where Mg sy, € M(B,0,X;), is called a magic matriz. The matrices Mgs ), may

be called partial magic matrices.

For computation purposes a magic matrix will be presented as

SIS T
T11712:-T1m
1,1 1
T51T292---Tom

................

where kjs = > 7,0 < rf; < ais — (Zf;ll r3)]- The set of magic matrices will be
denoted by M(3,6,n). We may obtain the matrices Mg ; ), directly from M (0, As)
(or M (4, As)) for each s using the following method.

Method 2.3.2 Let n, B, 6, M(B,As) and M(6,)s) as defined above. The partial
magic matrices Mg, are obtained by choosing from M (B, ;) (M(6, Xs)) those ma-

trices whose column (row) entries add up to ks, kos, k3s, - - ., kms (@15, 25,35, -« Qs ).

We remark that in using method 2.3.2, it is helpful to work with which ever
M(B,As) or M (8, As) that involves relatively small values of the a;s or kjs. However
for most of the results here we require only the partial magic matrices Mp;»,. Us-
ing Definition 2.3.1 we have constructed the following programme which is used in
computing the partial magic matrices Mg ), for each Ay = 1,...,n.

Programme 2.3.3 (Magic matrices for \; =1,...,n )

Mmat:=function(m,n)

local L,mcnl,men2,ma,mk,g;

L:=List([1..n]);;

menl:=List(L,1 — Filtered(Tuples([0..i],m),j — Sum(j)=i));;

men2:=List(L,i — List([0..Number(menlfi])-1],5 — menl[i][Number(menlfi])-j]));;
g:=List(men2, i — List(i, i — List([1..m],j — Filtered(Tuples([0..1[j]],m),

k — Sum(k)=1[j]))));;
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ma:=List([1..Number(g)], i — List([1..Number(g[i])], j = List(Cartesian(g[i][j])))):;
mk:=List([1..Number(g)], i — List([1..Number(g[i])], j = List(Cartesian(g[i[j]),k —
TransposedMat(k))));;

return List([1..Number(ma)],i — List(mafi/,u — List({1..Number(mk)], j — List(mk[j],
v — Intersection(u,v))}));

end;

Example 2.3.4 As an ezample, we enter the statement Read(”Mmat”);; followed by
Mmat(2,6); into GAP, to obtain for A\s = 1,2,3,4,5,6 respectively the result below :

Read (”Mmat”);; Mmat(2,6);

Llto, ]

Al
11

(LLitis05,{0,07]]
(05 0L 00 L0 O 00 1
(L OL UL TL L L)

1 O LUEL UL O L LI 0D L
]]] [[[[[0,0] (LO]T) [[{0,0][0,1]
l, LB L OLELTL UL O (T

( (LIOLEL DL OEL L)
(11 LU LIRS
(11 ({1171

(rrrzo0% (0,03 L ({1 (0,01 1L([(0,2]00,0]]1] [[] (][],

LILOLOLIL O OO O O OB OB O CHT L DL (T L Ol (s, 08 (1, 01T 1],
(o, )L (000, 1L [0, LJ L LS L 0L DL DI I UL L LT L T0 00 [0 D0 U0 1)
CLOTL OO, 0L ttre, 08 (2,031 (110, 0) [ L, 171}, [[(0,0],[0,2]1T) [[) [
B l ]

[ 0111 (
(LI OB OB L OV L CUL OB OB UL UL O DY L COELL O B LU UL 1T
I,

OLCOLOL L LD I
(fo,1]},[L0]]([[1,0]

LOLUL LT
; l, LILOLILL

B
[
[
(

(ters, 05, 00,03]1}(([21],[0,0]
AL BB T UL UL UL OB U
Lol}[[20){01}]}[[[0,2][1,0
(LWL OB L DL TOL O 0 00 1) £,
o1L {0 [ ][0, 1), [1,1 ;
ALILIL OB UL UL L O UL 0L DL TELD
([0,0],[1,2]]}[[[0,0],(0,3]}]1}[[]
LI O L is L e 013, 13

([((40],[0,0]]] ([ ,
LULILOLOL LI L IO O LI (D
L2, 1) (L0 ((3, 0][071]]],[[
LIOLIILL010,3), (0, 1]11] [{] [ L),

J
11
1,

(
11

[01]]J[[ ,

L UIL []] [[[[ 0], [2 0]]] [l
[0, 21]] [Tfo 1) [o, 2]]]] (e b
L LG TR 000,00, (3,011 [ L[
(L UL OLOTL OO O OB 0L D LT CE

——

[[1
I 00][2
LILILI

2,21,{0,0]]L[([13], [0 or1L{llo,
[l][] LULITL OOL OB O 00 [
11,10, 1]]] (100,31 (1,

[ []]] H[] []

3,1,[0,0 I
I8 3,0 ][1,0
0

-
o
—_——

I,
(WL LB L0200, 02,001 [ :[1,1]]

J
1L [[2 0,10, 2]]] [[[0 2] (L

[(3,25,[0,0]1],[[[23],[0,0]]},1

0,0]]} (114, 1] [0,0]]) ([
111 (LU O LU T L TOL T UL U

1, 4] [0,0]
HLOLILIL L L It [
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LU0 05,0 L0031, (1,01 (40 [0, ]TL(((22] (L, 0]L ({3, 1],[0,1]]
Ll 00) 02,25 (0, 111 0000, 4 [1,0]]([1,8) 00, 1)), [[[0,4],(0,1]]]], [}
(LILIDL UL O L O 0L O L CEL UL 0L OV L OO O OB UL LT 0008, 0 (2,07 ] [ (21
0150030 (L, )L (00 2), 02,000 ((2,1],[1,1]1],(13,0),[0,2]]],[([0,8),[2,0]],
|[11]][[21][ 0,211 (10,3 (1, 1]],[[1,2],(0,2]]L([[0,3],[0,2]]}][[]. [,
LILIDLLOOL OB OO OIL COL O 0L 08 OO0 0 T [ (rre
Ihi020% (2,015 0000, 2], (3, 0] ({1, 1], (2,1 ]) [[20) (%, 2]]1], [[[0,2 )
[1,2]],002,0][0,3]]][[[0,2],[1, 2]}, [[1, 1], [0,3}]),[[[0,2],[0,3]]]) ([}, []I ]l][][
LOOLUCLLOL U 0, 0L COL UL I O L LB L T OB T (LI 00, (4,010, [{ [0, 1), 14,0]],
LU e L1001 [3, 1)L [ 0],[2,2]1L10[0,1),02,2])[[1,0],[1,3]]],]
LULILIL 0L (L DL OO OB OO D 1
[0,0),[4,1]})[[[0,0][3,2]]][[[0,
LOLOLOLOLOI L COCCL 010 000 [0 1]

1L
(1,
I (2
({1
(1.1,
113,
[1,

]
I,

2
) [
00T, 0

]
IL(0[20],[3,0]]] 1
(2,17], ({1, 1]
[

[

]

Ing ]
({2 ],
[
[

[[0,1]]
LUL L,

0},12,3]
LIL ()

1,
3 L0, 1],[0,4]]
LU0, 0], (5 0]
([0,0],[0,5]]]}
(LILILIL O

([1,0],(0,4]]
AL LN
0,0}, [1,4]]] ([
LB OL LT

[

[

0 2,
], [
] [l

[ I

’

Js

I,
[l J
L, ]
(], ]
1, [
], ]

J
]
[
(11

],
( )
[ [
] ]
((ree 00,011 (1[5 1],[0,0]] L [[{42](0,0]]),[[[33),(0,0]}]],{[[24][0,0]]
LUssL (0,01 L ({106 (0,0 L ULLL L U0 EL O L UL CL UL OV L UL 0L UL L 1) L
LILILILIL OILEirs 0L [, 0] )L 0041 (L, 0] [[8 0], [0, 1]]L[[[32],[1,0]],[[41
Lo, 1)Ll 8L [,0])003,2) (0,111} [1(1,4], [, 0])[(23],00,1]]],[[[0,5],[1,0]
LIMGLAL{o, )] (0008 (0, LT C00L O L COL L O L TOL UL UL 0L 00 O 0L 00 DV L DD
(LI LT O4 00 (2,000 L 003 1L (201 {{4 0L (L, 1] (([22h(20] L ([31),]
L)L ([40) (0 2]]L[{n3L02,0]] [[22]), [L 1]} 008 1],(0.2]])[[[0,4],[20]]([1,
3LIL YL (02,2 (0, 2] 1L (100 4L (L L {{,3) (0,27 ), [(f0, 4], (0, 2] 7311 (011 {10, L1
LOLOLULILILOL UL L L IO LI UL L O DL T LEE3, 00, 03,011, ([ {211, [3,0])
Li(goL{21t]]L ({2, (800 ((22),[21]L((30L[,2]]L(({0,3](3,0])((
L2h (2] L0021 [L2] (03,0 (0,3]] ) [[(03)[2 1] ({12],(1,2]],{(21],[0,3]]
Litlosh(n2]L(10,2), 00,311 L0000, 3L (0,31 I L LLLLOVL COL UL OO OO 00 0 TV T [T
(LOLOL DL OO OL L 0L 0L 0L f0if2 0 (4,011 L ({1, 1], (4,00 [[2,0],[3,1]]] [ (0, 2],
(401 ({1 (311 ({20 (2 2]]L ({02, (3 1L ([ 1L [22)L([20L{L3] ] I(]
0,212, 2] L (L1 IL3]L (20 (0, 4]) L ([0 2], [, 3] [[1,1],[0,4]]],[[[0,2],[0,4]
L 0L L OB L L L O L O UL T O L OO L, O T L LT L L0 1,00, (5,0 ]
Litfo, 1} (s0]L {604 ] (1[0 1], (411, 0(1,00(3,2]]],(((0,1],(3,2]),[[1,0],
(23]1L 0000 1L (23] L({6L0L{ L4 L ({10, 2], (2,4 [[1,0),[0,5]]L[[[0,1],[0,5]]]
PLOCOLOL UL 0L OB 0L OB O DN OO O D UL DV OO U0 [ UL [ 03] (010, 0,6, 0111, [
((0,00, {5 111} [[[0,0],{4,2]]](({0,0],[33]}L[[(0,0],[24]]][[[0,0),[1,5]]][[[0,

05,[0,6]1]]1111]
We refer to the manual calculation in Example 4.4.1 (a) of the above highlighted

partial magic matrices, [[1,2],[3,0]},[(2 1],[2,1]),[[3,0],[1,2]]



Chapter 3

The Group B(m,n) and Some

Associated Groups

The generalized symmetric group B(m,n) occurs as a constituent of other important
groups such as simple groups, for example the group B(2,3) is isomorphic to the
group extension 23:SP(2,2) (see Lemma 10.2.57 in [53]). In order to understand
the structure of such composite groups we may need the character table of B(m,n).
Since this thesis is devoted to the construction of the character tables of generalized
symmetric groups and associated groups, we give a resume of facts about these groups
in this chapter. We discuss the general theory of the generalized symmetric group
and its conjugacy classes in Section 3.1. Here we also give two programmes used to
compute the orders of centralizers and the orders of elements of conjugacy classes
respectively, of the generalized symmetric group. This is equivalent to coset analysis
(see Subsection 1.2.1) for calculating the conjugacy classes of group extensions N.G,
where N is abelian. We give the orbits of the actions of the symmetric group S, on
the group N = Z} and on the set Irr(N) of irreducible characters of N in Section
3.2. In Section 3.3 we discuss the groups Bs(m,n) and Bg(m,n) associated with the
group B(m,n). We also give the orbits of the actions of S,, on the subgroup S = Z7!
and on the set Irr(S) of the irreducible characters of .S, on the quotient @ = Z, of
N and on the set Irr(Q) of the irreducible characters of @ in Subsections 3.3.1 and
3.3.2 respectively. The orbits of the action of S,, on the irreducible characters in each
case give information about the inertia factor groups required for the construction of

the character table of each respective group.

44
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3.1 The Generalized Symmetric Group B(m,n)

The representation theory of the symmetric group has been studied extensively. For
the necessary details, readers may consult James and Kerber [29], Robinson [54],

Sagan [58] and other relevant references.

Definition 3.1.1 Let Z,, be the cyclic group of order m and N be the direct product
of n copies of Zy,. Let S, be the symmetric group of degree n. The wreath product
of Zum, with Sy, 1s a split extension of N by S, called the generalized symmetric
group, B(m,n). When m = 2, the group B(m,n) is the Weyl group of type By,
called the hyper-octahedral group (see [5], [30], [33], [34], [36], [49], [59], [66]).

The group B(m,n) has a presentation given by

B(m,n) =<s(t=12,...,n=1),w;(j = 1,2,...,n) |
s2=(sisip1)’ =1, (885 = 1,7 —i| > 2,wl* =1,

wiw; = wywi(i # 1), Siw; = Wig184, ;w5 = wysi, j # 4,1 +1 >,

that is we identify s; with the transposition (i ¢+ 1) and w; with the mapping j —
€3, i = i, i # j. The elements of B(m,n) permute the symbols of Q@ = {1,2,... ,n}
as well as multiplying any number of the symbols of {2 by some powers of a primitive
m root ¢ of unity. Let g € S,,. Then the elements of B(m,n) may be written g = dg,
where d is a product of w;’s belonging to N. The operation composition on B(m,n)
is defined by (dg) - (d'g") = d(d')99g', where (w;)? = wy;y is the action of g on w; .
An element g € S, that is

1 2 ... n
- b€ {L,2,....n},
g (bl by ... bn) i €4 n}

can be written uniquely (up to reordering) as a product of disjoint ¢;-cycles as
9 = g192--- g1, where g; = (bi1 bia ... bit;). It is clear that each t;-cycle g; can
be written as a product of a (f; — 1)-cycle and a transposition as (b;; biz -+ by,) =
(bia -+ by, )(bi1 bit,). Let g € B(m,n). Then

_ 1 2 7
=N ehp, ghepy ... ghep, |
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where k; € {1,2,...,m} and the k;’s are called associated powers of g. Further we
say that § can be expressed uniquely as a product of disjoint cycles g,, i =1,2,...,¢,

where the g¢;’s are disjoint cycles of g. Thus g =g; g, - g; such that

5 = (bil )( bi2 )( bat; ) bin bz ... by, .
l gFitbir ) \Eh2biy by, ) \ bin biz ... ba '

where : = 1,2,...,¢t, b; € {1,2,...,n}, k;; € {1,2,...,m}, the length ¢; of cycle g; is
the length of g; (see [59]), and the expression

= (grri) (eren) (g2
Ekinb;y ) \Ekizbjo gkiti by,

is called the cycle-product of g; (see [33]), and the &;;’s are powers associated with
g;- The map ¢ : B(m,n) — Sy, defined by

. 1 2 ... n
C(g)—<b1 b . bﬂ) (3.1)

is a natural homomorphism of B(m,n) with Ker(¢) = N.

Definition 3.1.2 ([59], [66]) Let G = g,y g, € B(m,n). Define P(g) by P(g) =
th-zl P(g;) where P(g;) = Z;"___l kij. Let ars(g) be the number of cycles §; of § of
length s such that P(g;) = (r —1)( mod m), 1 <r <m, 1 <s<n. Themxn
matriz (ars(g)) is called the type of G, which is denoted by Ty(g).

It is clear from above that T'y(g) is equal to a unique m-set of partition [\] for some
g € B(m,n) (see Definition 2.2.2). We remark that alternatively Ty(g) is expressed
in terms of lengths of cycles of g (see [5]) as

(10112a12 L nam’ 1@219022 na2n7 e 18m19amz2 . .. namn)_

Proposition 3.1.3 Two elements § and §' of B(m,n) are conjugate if and only if
Ty(g) = Ty(3).

Proof. See result 3.7 in [33] or result 3.2.4 in [66]. O
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Since an m-set of partition [A] is equal to Ty(g) for some conjugacy class of
B(m,n) containing g, we will say an m-set of partition [A] indexes a conjugacy class
of B(m,n). It follows that the number of conjugacy classes of B(m,n) is equal to the
number of m-sets for all partitions of n. Therefore by using Programme 2.2.3, we can
easily determine the number of conjugacy classes of B(m,n). In the following we give
an alternative formula for calculating the number of conjugacy classes of B{m,n) in

terms of the conjugacy classes of Sj,.

Theorem 3.1.4 The number of conjugacy classes of B(m,n) is given by
n
> I NG m),
lg] s=1

where the summation is taken over the classes [g] of Sn of type (1M2r2 nAn).

Proof. To determine the number of conjugacy classes of B(m,n) we calculate the
total number of m-sets for all partitions of n. Let [g] be a conjugacy class of S, of type
(1*12%2 . n*n). Now for each m-composition of As in [\], s fixed, there is a unique
m-set of partition [A]. However by Proposition 2.1.2, the number of m-compositions
of X is N(Xs,m). Thus the class [g] of Sy, of type (1*12*2 ... n**) produces

n

I NOs,m)

s=1
m-sets of partition [A]. By an earlier remark, this is the number of conjugacy classes
of B(m,n) arising from a conjugacy class [g] of type (1*12*2...n*"). On summing
over all the conjugacy classes [g] of type (1}12*2 ... n*») of S,, we obtain that the total
number of conjugacy classes of B(m,n) is equal to Z[g] [I5; N(Xs,m). |

Note that similar results to Theorem 3.1.4 are given elsewhere, for example see result
3.8 in [33] and Lemma 4.2.9 in [29].

Lemma 3.1.5 Let g; be a cycle of an element g of B(m,n) of length s. Let r € Zy,.
Then the number of arrangements of powers &% in g; such that 3 5_, kij = r(mod m)

is given by m°~!.
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Proof. The proof is by induction on the length s of ;. Let s = 1. Then g; =
(Ekf;jbl_]_). Clearly there is only one arrangement of a power of ¢, namely &% such that
kij = r(mod m). In this case the result says the number of arrangements of a power
of ¢ such that k;; = r(mod m) is m!~1 = m® = 1, which is true. Further let s = 2,

that is we consider a 2-cycle. Then

o bi1 b
Ii = \gkaby  ghizby )’

with k;; + kip —r = mv for some v € Nand 0 <7 < m — 1. Since k;; < m for each

7 = 1,2, we must have k;; + kj» — 7 = m. Now

kii+kpo—r=m = kj+tkp=m-+r
= (ki1,k12)EA(m+’r‘,2),

where |A(m + 7,2)| = m +r + 1. But for the powers of ¢, the pairs (k;1, ki2) are
such that ([(m +r) — u),u) = ([r —u],u + m), where u = 0,1,2,...,r, since m = 0.
So we subtract (r + 1) from m + r + 1 for the repeated 2-compositions of m + r,
giving m arrangements of powers of £ in a 2-cycle such that Z?=1 kij = r(mod m).
Now the result says the number of arrangements of powers of £ in a 2-cycle such that

Zi?:I kij = r(mod m) is m?*~! = m, which is true.

We also assume the result is true for s = [, that is the number of arrangements
of powers of £ in an [-cycle such that Zé:l kij = r(mod m) is m!~!. We prove that
for s = [ + 1, the number of arrangements of powers of £ in an [ + 1-cycle such that
Zﬁi% kij = r(mod m) is m'. But recall that an (I + 1)-cycle can be written as a
product of an [-cycle and a 2-cycle. The result m!, follows from the product of m!~!

for the I-cycle and m for the 2-cycle. A

Example 3.1.6 Let m=4, n=38, then for various s and r, the following table shows

collections of s-tuples each whose entries have a sum congruent to r(mod m).
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SCIJ
I

s-tuples

0,0), (
1,0), (
1,1), (
2,1)

bl

[ N N L L T i e

3

[N
SO|IW N = O|lWw N = O
—
(=]

(0,0,0), (0,2,2
(1,1,2), (1,2,1
(0,1,3), (1,0,3
( (
(

) ), (2,0,
) )
) )
3,1,0), (3,2,3)
) )
) )
) )

)
, (2,1,1), (0,3,1),
, (1,3,0), (3,0,1),
, (3,3,2), (2,3,3),
, (0,0,1), (2,2,1), | 16
) )
) )

H (2’2’0 )

1,0,0), (0,1,0
(2,1,2), (1,2,2), (3,1,1), (1,3,1),
(1,1,3), (3,2,0), (3,0,2), (2,3,0),
(2,0,3), (0,3,2), (0,2,3), (3,3,3)

Proposition 3.1.7 Let § = dg be a class representative of B(m,n) with Ty(g) =

((a11,a12,---a1n), (a21,892, ... G2n), - - -, (@m1,8m2, - - - y@mn)). Then the

(1) order of the centralizer of § in B(m,n) is given by

(i1) order o(g) of g, is the least common multiple of the products s X r for all
positive a;5, where r is the order of the cycle-product ¢ of a cycle of g of length

S.

Proof.

(i) We first determine the size of the conjugacy class of type Ty(g). We determine
the number of ways of arranging the symbols of 2 together with powers of
¢ which produce elements, with repetitions, of B(m,n) of type Ty(g). We
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will also determine the number of arrangements of symbols of 2 together with
powers of ¢ that yield the same element of type Ty(g), this number is used to
factor out repetitions. Now we consider an element g € B(m,n), with a fixed
arrangement of powers of ¢, of type Ty(g). This is equivalent to considering
g € Sy, such that g = ((§) where ( is the natural homomorphism of B(m,n),
defined in (3.1). We know from S,, that there are n! ways of arranging symbols
of  producing elements of type Ty(g) (or equivalently of type (1*12*2 ... nn),
where A\, = Z;’;l a;s). Now for fixed s, we consider the cycles of g of count
ais such that > 7 a;; = As instead of the cycles of count A;. Thus for all
s, the number of arrangements out of the n! arrangements above which yield
the same element of type Ty(g) is [, ([T/%; s*¢)(a:s!). Hence the number of
arrangements out of the n! arrangements which yield elements of type Ty(g) is

n!
=1 (T2 5% ) (ais!)

Also from Lemma, 3.1.5, there are m®~! ways of arranging powers of ¢ in each

(3.2)

ais cycle, that do not change type Ty(g). Now for all the a;s cycles we have a
total of (m®™1)%s ways of arranging powers of ¢ that do not change type Ty(7).
Doing this over 7 and s we obtain a total of

n m
H Hm(s—l)ais (3.3)
s=11=1

ways of arranging the powers of £ in g that do not change type Ty(g). However
there is only one way of arranging powers of £ in g which yields the same element
of type Ty(g). Now to obtain the size of the conjugacy class of type T'y(g), we
multiply the two values in (3.2) and (3.3) above, that is

1oy [T, mbseient m”"n!
H?:l (H;ll s%s)(a;s!) [To=1 T2, (sm)ass (ass!)
It follows that [Cp(m n) (@) = [T=; [Tim) (sm)®* (ais!), as required.

(i) See result 3.12 in [33], and for prime m, see Theorem 2.7 in [41]. [
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Remark 3.1.8 The formula for the orders of centralizers in B(m,n) may be ez-

pressed as
n m

[C(mmy @)l = m==1 2 [ [ (5™ [T ass):
s=1 =l
We give examples on the construction of the orders of centralizers and orders of
class representatives of B(2,6) corresponding to the conjugacy class of Sg of type
(1421} using Proposition 3.1.7. Since for this class of S¢ we have Mg = (4, 1), there
are N(2,4) x N(2,1) = 10 conjugacy classes of B(2,6) of types (ais), given by the
following 2-sets of partition [1121].

(30)- (o) (50)- (o). (oo ) G ) 000)- (20 ). () (52)

However we can obtain all the 2-sets for all partitions [A] of 6 by supplying to GAP the
value n = 6 and m = 2 and running the Programme 2.2.3. Let the cycle g = (1 2) be
the class representative of type (142!) in Ss. Now by Definition 3.1.2 of Ty(g) we can
identify the conjugacy class representatives of B(2,6) corresponding to g, respectively
as shown in Table 3.1.

Now, taking the ten g's in the order of the 2-sets of partition [12!] given above
and using the formula in Remark 3.1.8, we obtain the orders of the centralizers of
B(2,6). For example if § is of type (3 (l)), then A; = 4, Ay = 1 for lengths s = 1 and
s = 2 respectively. Also we have a); = 4, a19 = 1, ay; = 0, age = 0 for which we

obtain
ICB2s) (@) = 2M2(1% (a11!)(a21!)](2* (a12") (a22!)]

2 (144 (on][2* (1) (0]
= 2°x24 x2=32x 48 = 1536.

i

Similarly for g of type (3 o), we have A\; = 4, Ay = 1 for lengths s = 1 and s = 2
respectively. Also we have a;; = 3, a2 = 1, ag; = 1, age = 0 for which we obtain

[Cp26)(@)] = 2 143 (AN)[2'(1N(ON] = 2° x 6 x 2 = 32 x 12 = 384.

The rest of the orders of the centralizers in B(2,6) corresponding to the conjugacy

class of Sg of type (1%2') are obtained in the same way and given in column 3 of
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Table 3.1: (142!)-Conjugacy classes of B(2,6)

(1421)-Class representative g [ Order of g i ICh2.6) (@)
(=9 Lom[(1x 1),(2 x 1)] = 2 1536
(3 D =eag Lem{(1 x 1),(1x2),(2x 1)] =2 | 384
(Z)(2)G ) =eseag Lem[(1x1),(1x2),(2x1)] =2 | 256
(CO(2) ()G 2 = eseaesg Lem[(1x1),(1x2),(2x1)] =2 | 384
(o) (54 (_55 (_65) (; ?) = ezeqesesy Lem[(1 x2),(2x1)] =2 1536
(%) =g Lem{(1 x 1),(2x2)] =4 1536
(%) (2, %) = ereag Lem[(1 x 1),(1 x 2),(2x 2)] = 4 | 384
(_33) (_44) (_12 21) = e1€3e49 Lem[(1 x 1),(1 x2),{2x2)]=4 | 256
(_33) (_44) (_55) (_12 21) = e1ezeqesyg Lem[(1 x1),(1x2),(2x2)]=4 | 384
(o) )(_5@(_66)(_12 21) = e1€3e4€5€69 [ Lem[(1 x 2),(2x2)] =4 1536

52

Table 3.1. Further we have used Proposition 3.1.7 (ii) to calculate the orders of the
representatives of the conjugacy classes of B(2,6) corresponding to the class of Sg of

type (1421), these are also shown in column 2 of Table 3.1.

Using Proposition 3.1.7 and Programme 2.2.3, we have developed the following

programmes for computing the orders of centralizers and orders of class represen-

tatives of B(m,n) respectively. Both the orders of centralizers and orders of class

representatives are arranged in order of the arrangement of the m-sets of partitions

of n as given by Programme 2.2.3.

Programme 3.1.9 (Orders of Centralizers in B(m,n))

cordBmn:=function(m,n)

local 11,men,L,p,q,a,b,mspnl,al,u,v,t,ql,zh,co;

11:=List([0,1..n]);;

men:=List(11,i— > Reversed(Filtered(Tuples([0..i],m),j— >Sum(j)=1)));;

p:=Partitions(n);;
L:=List([1..n], i— >n+1-i);

g:=List([1..Number(p)],i— > List(L,j~ > Number(p[i],k— >k=j)));;
a:=List(q, i— > Cartesian(List(i,j— >menfj+1])));;

b:=List(a, i— > List(i, j— > TransposedMat(j)));;

mspnl:=List(b, i— > List(i, j— >List(j, k— >List([1.. Number(k)],

I— >k[Number(k)+1-1]))));;

al:=List(mspnl,i— >List(i,j— > TransposedMat(j)));;
u:=List(al,l— > List(l,i— > Product(List(i,j— > Product(List(j,
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k~ >Factorial(k)))))));;

v:=List(q,i— >Sum(i));; t:=List(v,i— > m');;

q1:=List([1.. Number(p)],i~ > List([1..n],j— > Number(p[i,k— >k=j)));;
z:=List([1..Number(p)],i— > Product(List([1..n],j— > j01EN)))..
h:=List([1..Number(p)], i— >z[i]*t[i]);;

return List([1..Number(p)],i— >u[i]*hfi]);;

end;

Programme 3.1.10 (Orders of class representatives in B(m,n))
ord1:=function(m,a)

local i,res;

for iin [1.m] do

if afij=0 then aofi]:=1; else

afil:=m/Gcd(i-1,m);

Ji;

od;

return a;

end;

ord2:=function(m,n)

local men,u,res;

men:=List([1..n],i— > Reversed(Filtered( Tuples([0..i],m),j— >Sum(j)=i)));;
for u in men do

res:=List(u, k— >ordl(m,k));

od;

return res;

end;

elodsBmn:=function(m,n)

local menc,i,L,p,q,7,ctn, ctnl,lths,mults,elods;

mence:= List([1..n],i— > List(ord2(m,i),j— >Lem(j)));;
L:=List([1..n], i— >n+1-i);;

p:=Partitions(n);;

q:=List([1.. Number(p)],i— > List(L,j— > Number(p[i],k— >k=j)));;

93
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r:=List(q, i~ >Filtered(i, j— > 5 > 0));;

ctn:=List(r,i— > Cartesian(List(i,j— >menc[j])));;

ctnl:=List(ctn,i— >List(i, j— >List([1.. Number(j)],k— >j[Number(j)+1-k])));;
lths:=List(p,i— > Union(List(i,j— >[3])));;

maults:=List([1..Number(ctnl)],i~ > (List([1.. Number(ctnl[i])],j— >

List([1.. Number(ctnl1[i][j])], k— > ctnl[ij[i][k]*Iths[i][k]))));;

return List(mults,i~ > List(i,j— >Lem(5)));

end;

We obtain all the orders of centralizers in B(2,6) by supplying n := 6 and m := 2
to GAP and running the Programme 3.1.9. Further we obtain all the orders of class
representatives of B(2,6) including those corresponding to the conjugacy class of Sg
of type (142!) as given in Table 3.1 by supplying n := 6 and m := 2 to GAP and
running the Programme 3.1.10. Consequently we obtain that B(2,6) has a total of
65 conjugacy classes as listed in Tables 6.1 and 6.2.

We remark that apart from giving the conjugacy classes of B(m,n), Programmes
3.1.9 and 3.1.10 also give parameters for the Fischer-Clifford matrices of B(m,n).
This is equivalent to coset analysis (see Subsection 1.2.1) for calculating the conjugacy
classes of group extensions N.G, where N is abelian. Further analogous programmes
for computing the orders of centralizers and orders of class representatives of B(m,n)
in GAP are given in [50]. However Programmes 3.1.9 and 3.1.10 compute these values
in order of the arrangements of the columns of the combinatorially computed matrices
which are row equivalent to the Fischer-Clifford matrices of B(m,n) to be discussed

later.

3.2 The Actions of S, on N and [rr(N)

In this section, we give results which describe the orbits of the action of S, on the
group N and its irreducible characters. Let N =< ej,ez,...,e, >, regarded as a
Zmy-module. Then every element d of N can be written additively as d = ) ._; [ses.
The group Sy acts on N by permuting the generators es of IV, that is (e5)? = ey
where s = 1,2,...,n. Explicitly if ¢ : S, — Aut(N) is a homomorphism defining the
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action of S, on N, then
n
$(9)(d) = 21369(5)7 ls € L.
s=1

Theorem 3.2.1 The symmetric group Sy acts on N producing ("1™} orbits of
lengths (kl k2"__. km) with orbit representatives respectively given by d = (ly,lo,...,1,),
where k; is the number of entries l; equal tot —1ind, ¢ =1,2,...,m and

(k1,ka2y.. . km) € A(n,m).

Proof. Let g € S, and d = > ,_,l;e; € N, where I; € Z,,. Then d9 =
(Os=1lses)? = ooy leegrsy = Doy Lig=1(s)) s effectively permuting the coefficients
I, as the ey’s can be re-arranged. Now considering d = (I1, 12, ...,1,), an orbit d5» of
the action of S, on N containing d, will contain all elements of NV which arise from
d by permutating the [;’s in d. Let k; be the number of entries [; equal to i — 1 in d,
(i =1,2,...,m). Then permuting k; equal /;’s produces k;! identical elements of N.
Thus the orbit containing d has length

n! n
Bl kgl k! (/ﬁ ky --- km)-
We claim that (ky, ko, - ,kn) € A(n,m). But k; is clearly the number of positions
in d with ¢ — 1 as an entry. Thus > ;" k; = n, the total number of positions in d as
claimed. We have seen that for each orbit d°» of the action of S, on N, there is an
m-composition (k1,ka, ..., km) of n such that d* has length (, , ", ). Now by
Proposition 2.1.2, N(n,m) = ("+m’1), which is the required number of orbits. O

m—1
However for m = 2, we have the following special case of Theorem 3.2.1

Corollary 3.2.2 The group S, acts on N = 2" giving n+ 1 orbits of lengths
(n_’;c k) , k=0,1,...,n, with respective orbit representatives given by d = (I1,la,...,1),
where n — k is the number of I5’s equal to 0 and k is the number of I5’s equal to 1 in

d, and (n — k, k) € A(n,2).
Proof. Follows from Theorem 3.2.1 M

We use Programmes 2.1.3 and 2.1.4 to compute the m-compositions of n and the
corresponding multi-nomial coefficients respectively. These are then used in writing

down the lengths of the orbits of the action of S, on N = Z7, as given by Theorem
3.2.1.
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Example 3.2.3 The group Sg acts on 28 giving (67;3;1) = 7 orbits of lengths

(660) =1 (561) =6 (462) =15, (363) =20, (264) =15, (165) =6 (066) =1

with the following respective orbit representatives: (0,0,0,0,0,0),(9,0,0,0,0,1),(0,0,0,0,1,1),

(0,0,0,1,1,1),(0,0,1,1,1,1),(0,1,1,1,1,1),(1,1,1,1,1,1).

We note from Theorem 3.2.1 that an orbit of length (kl kz"__' km) contains elements
of N with k; entries equal to i — 1,7 = 1,2,...,m. In view of this we obtain the

following definition.

Definition 3.2.4 An element d € N is said to define the m-composition

(k1,k2, ..., km) of n if d contains k; entries equal to ¢ — 1, (i = 1,2,...,m). Since
every d € d5* defines the same m-composition of n, we shall equivalently say that
the orbit d5 defines (ki,ko,...,km). Let A(n,m)ys, denote the m-composition of n
defined by dS».

We remark that it is known (see [5]) that the inertia factor groups of B(m,n) are given
by the young subgroups I = Sg, X Sk, X -+ X Sk, where (k1, ks, ..., km) € A(n,m)
and Sk, is a symmetric group of degree k;. In {47}, Mpono has developed a computer
programme in CAYLEY [10] which computes the elements of the orbits of the action
of S, on N, but this programme does not explicitly give the lengths of the orbits nor

any information about the inertia factor groups.

We now consider the action of S, on the irreducible characters of N. Let £ be
a primitive m* root of unity and Z,, =< e >. Then Irr(Zn) = {6; | Gi(le) =
€60 i =1,2,...,m, | =0,1,2,...,m ~ 1} is the set of irreducible characters of
Zrm. We choose not to distinguish between the 6; taking the same value £~V on
elements of different copies of Z,,. Therefore §(Z§;1’5)(i”1) is the value of 9;8 Mo
0; x 6; x 0; X ...x 0; ( k; times) on the element Zf‘zl lses of k; copies of Z,,.

Definition 3.2.5 Let 9i®ki as above. Then 6 = 9?’“95@ k2. 09% s an irre-
ducible character of N. For each (k1,k2,-..,km) € A(n,m) we define O(ky, ko, ..., kny)
to be the set of all irreducible characters obtained from 0 by permuting 9;8”‘ and
0% fori £ i € {1,2,...,m}, w; € {1,2,...,k;} and uy € {1,2,...,ks}. Thus
an irreducible character of N may be written as 6 = [], 9:-8“", where some of the
0;’s may be equal for different i's. We say that 6 is defined by (ky,ko,..., km) if

6 e(klakZ)" 7k’m)
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m ky : .
It is clear that £2i=1(sz14)(=1) j5 the character value of € on an element d =
S 1 lses, of N. However since k; is the number of entries [ equal to ¢ — 1 in d,

(1=1,2,...,m), we also have

(d) = SZZL(EfL; s)(E-1) _ 52?1: Z}"—_q(i—l)(j—l)(m)7

with 7, M, I, rewritten as 3072, k;(j — 1) where k; = 3°72 ) ri;. We also observe
that
Irr(N) = U O(k1, k2, - km). (3.4)
(k1,k25e.skm )EA(R,mM)
Examples 3.2.6 (a) Let m =4 and n =3. Then we have
ITT(ZE) = U G(klak27k3ak4)a
(k1,k2,k3,ka)€A(3,4)

where for instance
2 1
0(3,0,0,0) = {#®°%},  ©(0,2,1,0) = {#D %S 6P 19O 19V @102
and so on.
(b) To illustrate the use of the formula 6(d) = gZI":l(Z}:":l L)1) i calculating the

value of 0 = 958)29;@1 on elements 2ea + 3e3 and ey + 2e9 +e3 of N = ZZ, we

have

(i) 0?293®1(061 + 2eg + 3e3) = §(0+2)(2_1) X §3(3_1) = 6(2'}'6) = 68 =1.
(’i’i) 9£®QO§®1(61 4 % + (:‘3) — §(l+2)(2-—1) x 51(3—1) — 6(3+2) — 65 — 5

Theorem 3.2.7 The symmetric group S, acts on the irreducible characters of N
producing (*17Y) orbits ©(k1, ks, ..., km), of lengths (ky ko k) With orbit repre-
0®k16®k2 R 0®km
1 2 m

sentatives respectively given by 6 = , where

(kth’"‘ 7kWE) € A(n7m)

Proof. Let 0 € ©(ky,ks,...,ky) such that 8(d) = 527;1(2:;1’3)(1'“1), where d =
S _ilses € N. Let g € S,. We show that 69 € ©(ky, ks, ..., kn), that is 69 is defined

by the same m-composition (ki, ka2, ...,kn,) of n as 6. We have

n n n m k; .
09 (Z 158.5‘) = 0 (Z lSeg(S)) = 9 (Z l(g~1(s))es) — £Zi=l(25=1 l(g—l(s)))("-—l).

s=1 s=1 s=1
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The above value involves the same k;’s in the same order as in 8(d) since only
the I[s’s change to [(g-1(s))- Therefore 89 € O(ky,ks,...,kn). We conclude that
O(ky, kg, ... kn), where (k1,ko,...,ky) € A(n,m), is an orbit of the action of S, on
Irr(N) with representative § = 0(18 k1 958 k2...0%*"  Thus the number N(n,m) of
m-compositions of n is equal to the number of orbits of the action of S, on Irr(N).
By Proposition 2.1.2, N(n,m) = ("j'n'fl"l), which is the number of orbits of the action
of S, on Irr(N).

Now, since 27;1 k; = n, each 8 contains a total of n characters ; with each 8;
repeated k; times. From Definition 3.2.5 an orbit of the action of S, on Irr(N) is
obtained by permuting 9? “s of @ for different i’s but permuting 928 “ s with the
same 7 produces identical characters of N. Therefore the length |©(k, ko, ..., kp)| of
each orbit of the action of S, on Irr(N) is equal to (k1 ks km)‘ O

However for m = 2, we have a special case of Theorem 3.2.7

Corollary 3.2.8 The group S, acts on the irreducible characters of N = 2™ giving

n+1 orbits of lengths (‘n_’l‘c k), with irreducible character representatives for each orbit

respectively given by 6?("_k)9§®k, where k =0,1,2,...,n.
Proof. The result follows from Theorem 3.2.7. [

For an example, the action of S3 on ITr(Z3) produces N(3,4) = 20 orbits, namely
O(k1, ko, k3, k) where (k1, ko, k3, ka) € A(3,4).

We remark that according to Theorem 1.4.4 (Brauer’s Theorem) the actions of
Sp on N and Irr(N) produce the same number of orbits (not necessarily of the same
lengths), which is the case here (compare Theorems 3.2.1 and 3.2.7 above).

Remark 3.2.9 Since [Irr(N)| = m"™, we have shown by construction that

n . ..n
2 (k1 ky ... km)_m'

(kl 1k2 7"'ykm)EA(7l,7n)

3.3 The Groups Bg(m,n) and Bg(m,n)

In this section, we discuss two groups of order m™~!n!, that is a subgroup Bs(m,n)

of index m in B(m,n) and a quotient Bg(m,n) of B(m,n) by a normal subgroup.
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Definition 3.3.1 Let N = Z}, as above. We define the following sets.
() M={13 16 | L€ Zm}.
() S={>"_lsese N| 35l =0 (mod m)}.

(iii) Q@ = N/M, the set of left cosets of N by M.

Proposition 3.3.2 Let S, M and @ as above. Then

(i) M =<7 es > is a normal Sy-invariant subgroup of N.

(i) S =< e+ (m—1esy1 | s=1,2,...,m—1> is a subgroup of N. We write

S =znt,

(iii)) @ =<es+M|s=12...,n—1>is a factor group of N by M. We write

Q=T
Further the groups S and Q) are Sp-tnvariant.

Proof.

59

(i) By definition of M, we have v = > 7_; es generates the subspace M. Now
lw+lv=_1U+U)w=1v¢eMfor,l',l" € Zy,, implies that M is a sub-group

of N. Since N is abelian, its sub-groups are normal in N and so is M. Also

since v = ZZzl es i1s a linear combination of all the generators of N, and S,

permutes the generators of N it follows that S, fixes v. Therefore S, fixes all

scalar multiples of v. Hence M is S,-invariant.

(i) Let a = >y ;lses,b=3 0 ;lies € S. Then Y 7 ; I, =mkand > 7_, Il = mk’

s=1"s

for some k, k' € N. We have

n n n
S Us=1) =31, =Y I =mk—mk =m(k ~ k) = 0(mod m).
s=1 s=1 s=1

This shows that a — b € S. Hence S is a subgroup of N. Now we show that the

set {ex +(m — 1)es41 | s =1,2,...,n — 1} generates S. Let d € S. We aim to

find I}, € Z,, such that

n—1
d=3"ller + (m—1ew].
s=1
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Now we assume the above is the case and find I} in terms of /;. Thus
n n-1
d = lees = Zl;[el + (m — 1)es+1]
s=1 s=1

n n—1 n—1
= lees = Zl;el + Z l;(m — l)es.H
s=1 s=1 s=1

n—1
= l1=Zl;, ls:(m"l)l;-—lv s=2,3,...,n
s=1

= U =(m-1l, s=2,3,...,n.

Hence S =< ey +(m —1)esy1 [ s =1,2,...,n— 1 > as required. Further it is
clear that any element of the set {e; + (m —1)es41 | s =1,2,...,n— 1} cannot

be written as a linear combination of the other elements. Thus this is one of

the smallest subsets of N, with n — 1 elements, which generates S.

(iii) Since M is normal in N, @ is the factor group of N by M. We have N =<
€1,€2,...,en > implies that Q =< e; + M,e2 + M,... e, + M >. We show
that e, + M = l(ZZ;ll es) + M for some [ € Z,,. Now

(g";es)+M=M - ((SCS)HH)JFM:M

s=1 s=1

n—1
=N (Zes—%-M) +en+M)=M
s=1

n—1
G entM==> e +M.

s=1

Thus Q =<e +M,eo+ M,...,ep_1+ M >.

Let d € S and g € S,. Then df contains the same number say k; of I;’s equal to j ~ 1
as d. Therefore the sum of the {;’s in d9 is a multiple of m. Thus d9 € S and hence
S is Sy-invariant. Also for d + M € Q we have (d + M)%» = d°» + M € Q since M

1s Sp-invariant. Hence () is S,-invariant. O
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Remark 3.3.3 Let d = (l3,ls,...,ly) € N.

(i) Let k; be the number of ls’s equal to j —1 in d. Then

m

n .
S = U dSn : ldsnl = (kl ky .. km),Z(] - l)k] =0 (mod m) y

deN j=1

that is the group S is necessarily a collection of the orbits of the action of S,
on N, of length (kl ko km) such that 377, (j — 1)k; = 0 (mod m).

(ii) We have another generating set for S given by

S=<es+(m—1es41|s=12,...,n—=1>.

Let (’1') be a binomial coefficient, 0 < ¢ < n. Then by using elementary mathemat-
ical techniques we can easily prove that 3 ;—y(00 2) (7) = 2771, which also follows

from the following theorem.

Theorem 3.3.4 Let r € Zy, and (ky,k2,,...,km) € A(n,m). Then

n __ n—1
> (Iq ky ... km)—m ‘

2Tt (G~1)k; =r(mod m)

Proof. By Lemma 3.1.5, the number of ways of arranging elements k;; (with repe-
titions and in any order) in n positions such that Y 1 | k;; = r(mod m) is m™~!. Let
k; be the number of k;;’s equal to j ~ 1, 3 = 1,2,...,m. Then Z?:] kj = n. Now
the number of ways of choosing k; positions, all j = 1,2,...,m, out of n is

n
kv k2 ... km)’

and varying the k;’s such that Z;n=1 k; = n gives the set A(n, m). However we require
those k;;’s such that 37, k;; = r(mod m), that is 3°7°, (j ~ 1)k; = r(mod m). The
result follows on summing over A(n,m) such that Z;-nzl(j — 1)k; = r(mod m). O

Theorem 3.3.5 Let S = Z% ! as defined above. Then S.S, defines a split extension
of S by Sp.
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Proof. Since S is an S,-invariant subgroup of N, 5.5, is a subgroup of B(m,n).
We also have SN S, € NN S, = 1x and hence 5.5, is a semi-direct product. O

Let Bg(m,n) denote the split extension of S by S, given in Theorem 3.3.5. The

group Bg(m,n) has a presentation given by

Bs(m,n) =< s;(1=1,2,...,n— 1),w1w;-’f;11(j =1,2,...,n—1) |
322 = (si3i+1)3 =1, (sisj)2 =1, IJ - 'L‘ > 2sw;n =1,

wiw; = wiwi(i # 7), siw; = Wig184, Siw; = Wisi,J £ 4,1+ 1>,
where the elements of S are written multiplicatively.

Theorem 3.3.6 Let Q = Z", as defined above. Then Q.S, defines a split extension
of Q by Sp.

Proof. Since Q) is Sp-invariant, we define a semi-direct product of @ by S,, that
realizes this action. That is the set of ordered pairs (g, g) with ¢ € Q and g € S,, with
multiplication given by (q1,91)(g2,92) = (013", 9192). [

Let Bg(m,n) denote the split extension of @ by S, given in Theorem 3.3.6. The
group Bp(m,n) has a presentation given by

Bo(m,n) =<s;(i=12,...,n—1),w; + M (j=1,2,...,n—-1) |
st = (sisi1)® = 1, (s385)° = L7 —i| > 2w} = 1,

wiw; = wjwi(1 # J), SiW; = Wip18:, S;w; = W58, # 4,1+ 1>,
where the elements of @) are written multiplicatively.

Leta=(12 ... m) € Sy and (k1,k2,...,kmn) € A(n,m). Define an action of o on
(k1,k2,. .-y km) by (K1, kg, - km)® = (Ka(1)s ba(2)) - - - Kagm))- Let [(k1, k2, - - km)la
denote the set of all the m-compositions of n obtained by acting o! on (k1, ko, . . ., km)
for all | € Zy,. If A(n,m)ysn = (k1,k2,...,kn) then we will write [A(n,m) s.] in
place of [(k1,k2,...,km)]a- We note that |[(ki,k2,...,km)]el = o(a) = m. Let
(k1,k2,...,kn) be the representative of the set [(k1,k2,...,km)|a- In the following
two sections we discuss the actions of S, on S, Q, Irr(S) and Irr(Q) respectively.
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3.3.1 The Actions of S, on S and Irr(S)

Since S, acts on S and Irr(S) as it acts on N and Irr(N) respectively, the corre-
sponding orbits of the actions of S, on S and Irr(S) can easily be determined. We

discuss the orbits of these actions below.

Theorem 3.3.7 The group S, acts on S giving [—71;(”+m_1)-| orbits of lengths

m—1

(,c1 kZ"._, km)’ where (k1,ka, ..., kyn) € A(n,m) such that Z;":l(] —1)k; =0 (mod m).

Proof. Let d = 327 ,lses € S. Let d5* be the orbit of the action of S, on N
containing d. Since g acts on d by permuting the entries I;, every element of d5
contains the same number k; of [;’s equal to j — 1 as d, where j = 1,2,...,m. Thus
d5 ¢ S. And by Remark 3.3.3 the group S is a collection of the orbits of the action
of S, on N containing (kl ks " km) elements such that 377 (j —1)k; = 0 (mod m).
Clearly these orbits are retained in the action of S,, on S. Since 2}71:1 (7 —1)k; may be
congruent mod m to m possible values, we divide the number of orbits of the action
of S, on N by m but taking the upper part [L(”'H"_l)-l as required. O

my m—1

Example 3.3.8 The group S acts on S = 25 giving four orbits of lengths 1, 15, 15,
1.

We define an action of @ on an irreducible character § =[], 01® “ of N by 6% =
11 oO¥i . et 0] = {0"‘1, l € Zy,}. 1t is clear that o acts on (ky, ka,...,kn), hence

iY%ai) -
a also acts on the orbits ©(ky, ko, ..., k) of the irreducible characters of N as

(O(k1, k2, - - -, km))™ = O(kaq1), Ka(2)s - - - » Ka(m))
giving the orbit
[G(kl,kg,...,km)]a = {@(kal(l)’kal(Q)v'"’ka'(m)) | { EZm},

with representative orbit ©(ky, ko, ..., kyn). We have

Irr(N) = U [©(k1, k2, - - - s km)]as
(k1 ,kg,...,km);ﬁ(ka[(I)JCOI(Z) "“’kal(m))

where the union is taken over representatives (ki, k2, ..., km), of the orbits
[(k1, k2, -  km)]a-



CHAPTER 3. THE GROUP B(M,N) AND SOME ASSOCIATED GROUPS 64

Lemma 3.3.9 Let 6 € O(ky,ko,...,kn). Then 9"",1 # 0 does not belong to
O(ky, koy ... km).

Proof. Since § € O(ky, ks, ...,kn) implies that 6 contains k; copies of 8; while g’
contains k; copies of 8,1(;), and 0,1(;y # 0; for I # 0, it follows that ' does not belong
to @(kl,kg,...,k‘m). ]

Lemma 3.3.10 Let 6% as above. Then 0 158= 0o’ 1S, 1 €Zy,.

Proof. We show that for d € S we have 6(d) = g’ (d), that is

52(2:1:1 ’L 1) — fz';

@221 (i—1) = {221 } (mod m)

i s=1 i s=1

> izs(i -1) - [Zle(al(z’) ~ 1)} = 0(mod m)
t s=1 1 s=1

@221[1-1 ) — 1)] = 0(mod m)
1 s=1

PN Zizs(i — (i +1)) = 0(mod m)

i s=1

=3 Z X:ls(—l) = 0(mod m)

1 s=1

~1) ZZ l; = 0(mod m)

i s=1

& (1) ils = 0(mod m).

s=1

This is so for elements d of S. Hence § | S = 6% | S, | € Zm. 1

We remark that Lemma 3.3.10 shows that the irreducible characters in the orbit

[f]o are equal on S.
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Example 3.3.11 We consider the group N = 3% with d = 2, + ey € S = 32
Witlh thle 3-cyele o = (12 3), we obtain that 6202169 (d) = 68169 6D (4) =
02192162 (d) = ¢.

Proposition 3.3.12 (Irreducibles of S)

Irr(S) = U O(ki, ko, .., km),
(k1 ’k2""’k"‘)¢(kal(1)’ka'(2)""’kal(m))

where the union is taken over representatives (ki,ka,...,km), of the orbits
[(klak?.a tery km)]a

Proof. This follows from Lemmas 3.3.9 and 3.3.10. O
We now describe the action of S, on Irr(S) in the following.

Theorem 3.3.13 Let (k1,kz,...,kn) be a representative of [(k1, k2, ..., km)]a- The

symmetric group Sp acts on Irr(S) producing

(i) % {(";’f;l) - 1} orbits of lengths (k1 kg km)’ with k; # k; for some 1 # j
and one orbit of length (, * ) if m|nand k=2,

(11) ;11-(”+TI1) orbits of lengths (k1 Ky km)’ with ki # k; for some i # j, if m{n,

m

Further an orbit representative of the action of S, on Irr(S) is given by
6’;8)]”6‘5@ k2 0,@ o for each represeniative (ki,ko, ..., kn) of (k1. ke, ..., km)la-

Proof.

(i) Let m | n where k = -, for some positive integer k. This implies that there is
one m-composition of n given by (k,k, ..., k). Thus we obtain ("}™71) —1 m-
compositions of n different from (k,%,...,%). By Lemmas 3.3.9 and 3.3.10 and
Proposition 3.3.12, some of the orbits of the action of S, on Irr(N) contain char-
acters which are equal on S. This happens in cases where the lengths of the or-
bits of the action of S, on Irr(N) employs (k1, ke, ..., km) € [(k1,k2,- - km)a-
In such cases the length of the orbit of the action of S, on Irr(S) is given by

(h ,CZ"__. km)‘ Since o{a) = m the above happens m times and so we obtain

1 (n+m~—

p— me1 1) — 1} orbits of length (k1 kz"”_ km)' However since there is only one
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orbit corresponding to (k,k,...,k), the length of the orbit of the action of S,
on Irr(N) must be divided by m to give the length of the orbit of the action of
S, on Irr(S) as —l-(k )

m

(ii) Clearly if m { n, all the m-compositions of n are different from (k,%,...,k)
where k = . Applying part (i) above with the case where the m-compositions
of n are different from (k, &, ..., k), the result follows.

Further the orbit representative of the action of S, on Ir7(S) above follows from the
fact that the orbits of the action of S, on Irr(S) are also orbits of the action of S,
on Irr(N). O

Remark 3.3.14 Following from the action of S, on Irr(S) as described in Theorem
3.8.13, the required inertia factor groups of Bg(m,n) are chosen from those young sub-
groups Sk, X Sk, X -+ - Sk, of B(m,n) corresponding to representative m-compositions
of n for each orbit [(ki,ko,...,km)]a. However in the case where m | n or the m-
composition of n given by (k,k,...,k) exists, the corresponding Inertia factor group

is given by the wreath product S» WrCy,, namely the split extension (Sa)™:C,.

Corollary 3.3.15 The group S, acts on Irr(2" 1), giving f-’%—l] orbits of lengths

(i) {(5), (1) (3),.--,5(%)}, for even n. In this case the inertia factor groups of
2
Bgs(2,n) are given by young subgroups Sp_x X Sk, k=0,1,2,..., ["T‘IJ and the
split extension (5_721)2.'02),

(i) {(3), (1), (721)”(1‘%)}’ for odd n. In this case the inertia factor groups of

Bg(2,n) are given by young subgroups Sp_r x Sk, k=0,1,2,..., ["T‘IJ

Proof. The proof follows from Theorem 3.3.13 for m = 2. The inertia factor groups
follow from the lengths given by the binomial coefficients (}) = ('} ;) of the orbits
giving the corresponding inertia factor groups S,_p x Sg. (I

Examples 3.3.16 Using Theorem 3.3.13, Remark 3.53.14 and Corollary 3.8.15 above

we have that

(i) forn=>5and m =2, S = 24, the action of S5 on Irr(2%) yields three orbits of
lengths 1, 5, and 10, and the inertia factor groups of Bs(2,5) are : S5, Sqx Sy,
and S3 x Sy of indices 1, 5 and 10 in Ss respectively,
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(i) for n = 6 and m = 2, S = 25, the action of Sg on Irr(2°) yields four orbits
of lengths 1, 6, 15 and 10, and the inertia factor groups of Bg(2,6) are : Sg,
S x 81, Sy x Sq and (S3)?:Cy of indices 1, 6, 15 and 10 in Sg respectively,

(i) forn =7 and m = 2, § = 25, the action of S7 on Irr(2%) yields four orbits
of lengths 1, 7, 21 and 35, and the inertia factor groups of Bg(2,7) are : Sy,
Sg X S1, S5 X Sy and Sq x S3 of indices 1, 7, 21 and 35 in S7 respectively,

(iv) forn =8 and m = 2, S = 27, the action of Ss on Irr(27) yields five orbits of
lengths 1, 8, 28, 56 and 35, and the inertia factor groups of Bs(2,8) are : Ss,
S7 x S1, S¢ x Sz, S5 x S3 and (84)%:Cy of indices 1, 8, 28, 56, and 35 in Sy

respectively,

(v) forn =12 and m = 2, § = 211, the action of S12 on Irr(2!1) yields seven orbits
of lengths 1, 12, 66, 220, 495, 792, and 462, and the inertia factor groups of
35(2, 12) are . 512, SU X 51, 510 X SQ, Sg X 53 , Sg X 54 ; S7 X 55 and (56)2-'02
of indices 1, 12, 66, 220, 495, 792, and 462 in Sio respectively,

(vi) forn =3 and m = 3, S = 32, the action of Sy on Irr(3?) yields four orbits of
lengths 1, 3, 8 and 2, and the inertia factor groups of Bs(3,3) are : S3, Sox S,
Sy x Sy and (S1)%:C3 of indices 1, 3, 3, and 2 in Sz respectively,

(vii) forn =5 and m = 3, S = 3%, the action of S5 on Irr(3*) yields seven orbits
of lengths 1, 5, 5, 10, 20, 10 and 30, and the inertia factor groups of Bg(3,5)
are: S5, Sq X Sy, Sq x 51, S3x Sy, 83 x85; x5, S3x 82 and Sy x Sy x 81 of
indices 1, 5, 5, 10, 20, 10 and 30 in S5 respectively.

3.3.2 The Actions of S, on @) and Irr(Q)

Since S, acts on @@ by acting on the transversal elements it follows that S,, acts on Q
and Irr(Q) as it acts on N and Irr(N) respectively, and the corresponding orbits of
the actions of S, on Q and Irr(Q) can easily be determined. We begin by discussing

the action of S, on @ in the following.

Lemma 3.3.17 Let d,d' € N. Let A(n,m)s, = (k1,k2,...,km). Then d+ M =
d + M if and only if d =d+1(1,1,...,1), where l{1,1,...,1) € M for somel € Z,,.
Further we have that A(n,m)gs. € [A(n,m)gs.].
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Proof. Sinced+M = d'+M < d—d' € M, equivalently we have that d' = d+d”, for
some d" =137 e, =1(1,1,...,1), | € Zy,. We note that the addition of I3 7_, e,
to d as found above, moves the k; in A(n,m)ys. cyclically such that d’ will have k;
entries equal to j while d has k; entries equal to j — 1. Thus as d” is added to d to
give d', A(n,m)ys. correspondingly goes through the following m-compositions of n:
(kv kay - k) (s 1y Kme)y (Bmets Komy Ky - o Bme2)y - s (k2o Ky oy K1),
all of which belong to [A(n,m)y4s.]. Thus A(n,m)@gys. € [A(n,m)gs.] as required.
(]

Theorem 3.3.18 The symmetric group S, acts on Q producing

m-1

i) L3 (MY 1 orbits of lengths " with k; # kj for some i # j and
p— ki k2 .o km J

one orbit of length %(k &) if mn,

(1) %("“"Tzl) orbits of lengths (k1 k2"___ km) with k; # k; for some 1 # j, if m{n,

m

where (ki,ka, ... km) € [A(n,m)gs.], d € N. Further the orbit representatives are
given by d + M such that d = (I1,1y,...,1ls), where k; is the number of entries I
equal to 3 — 1 in d.

Proof. Let d € d°* and g € S,, such that d' = d9. First, we note that since
d+M=d+M=(d+M)?9%ec(d+M)>,

each orbit d%» of the action of S, on N gives an orbit (d + M)5» of the action of S,
on @, and all the orbits of the action of S, on @ are produced this way. Next we
determine the precise number of orbits of the action of S, on Q).

(i) Let m | n where k = = for some positive integer k. Then there is one m-
composition of n defined by d,f" such that A(n,m)y, = (k,k,...,k). Hence

there are (":{f;l) —1 m-compositions of n such that A(n,m)q # (k,k, ..., k).

Now consider the case where d,f" defines (k,k,...,k). Suppose that there is
another orbit d3» such that d5» # df“ with (d + M) = (d' 4+ M)5» for some
d € d;* and d' € d5». Then

d=(d) +1(1,1,...,1)

for some g € S, and some ! € Z,,. Now by Lemma 3.3.17, d and (d')? respec-
tively define A(n,m)4s. and A(n,m))s. both belonging to [A(n,m)ys.]. But
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[A(n,m)gsa] = {(k,k,...,k)}, that is A(n,m)4s, = A(n,m)g)s. which contra-
dicts the assumption dS» # df". Therefore we must have (d + M) # (d' +
M)S». We conclude that the only orbit producing the orbit (dy + M) is df".
Now let (dy, 4+ M)9, (dy+M)92 € (dp+M)5 such that (dy+ M) = (dp+M)9%2,
for some g1,92 € S,. Then

di' =dP? +1(1,1,...,1),

when [ € Z,,. Thus for each chosen element diz of df", there are m elements in
(dx + M) such that df* + M = dj* + M for some g; € Sp. Hence the length
of (d + M)5 is given by L(, " .), where (, " ,) = |df"|.

Now consider the rest of the A(n,m)s,. # (k,k,...,k). Suppose that df" # d3”
with (d + M)S» = (d' + M)5 for some d € d>* and d’ € d3". Then

d=(d)+1(1,1,...,1)

for some g € S,. Again by Lemma 3.3.17, d and (d')9 respectively define
A(n,m)gs. and A(n,m)(gys. both belonging to [A(n, m)4s.|. However

[A(n, m)gs. ] has m elements. Thus for each element d € df" there are m orbits
d5™ defining the elements of [A(n,m)ys.] such that (d+ M)5» = (&' + M)~ for
some d' € dy". Now since there are ("7 !
from (k,k,...,k), the number of orbits defining A(n, m)ys. # (k,k,...,k) and

producing the orbits (d + M)>" is equal to

() )

Now consider the orbit (d; 4+ M)>* under the action of S, on Q, defining the
elements of [A(n,m) s.], that is
1

) — 1, m compositions of n different

(dy + M) ={(d1+ M)?:g€ S} ={d + M :g € S,)}.

Clearly |(d; + M)5»| = |[{d{ + M : g € S,}| < |d{"|. Therefore to show that
|(dy + M)5»| is equal to [d7"|, we only need to show that df' # d9 for some
91,92 € Sn, implies d' + M # d3* + M. Now assume that df' + M =d* + M
for some g1,g2 € S,. Then



CHAPTER 3. THE GROUP B(M,N) AND SOME ASSOCIATED GROUPS 70

& =do +1(1,1,...,1).

Since df* and d3* are in df ", they define the same m-compositions of n and hence
| = 0. Thus df* = d{?, which contradicts the assumption dj' # d¥?. Hence the
length of (d; + M)5 is equal to |d5"| = (k1 kg km)’ where (k1,ko,...,kp) €
[A(n,m)g4s.]. This proves case (i).

(ii) Now suppose that m { n. Then A(n,m);s. cannot be of type (k,k,... k),
k = - for all d € N. Thus the proof of this case is similar to the proof of the
second part of case (i) above. The m-compositions of n are collected together

as [A(n,m)gs.] according to Lemma 3.3.17. Since |A(n,m)| = (";TII) and
|[A(n,m)4s.]| = m, the number of orbits (d + M) is 2 (*1™"). The lengths

of the orbits (d + M)°» are also found as in the second part of case (i) above to
be (k1 ks km)’ where (k1, k2,...,kn) € [A(n,m)gs.].

It is clear that the element d + M, where d = (I1,l2,...,{,) defines an m-
composition (ki,kz, ..., kn) of n, in [A(n, m)ys, ] such that k; is the number of entries
ls equal to j — 1 in d, is a representative for an orbit of the action of S, on Q.

(|

Remark 3.3.19 The number of orbits of the action of S, on Q is given by [#(’”m‘l)] ,

m—1
since L {(":{f;l) - 1} +1= [% (";’f;l)-, and the upper part does not affect the
n+m-—1

mY) for both cases m | n and m { n respectively.

number %(
Corollary 3.3.20 The group S, acts on Q = 271, producing [241] orbits of lengths
0 L) (), @seos (), for oddm,
(i) {(}), M, %) %(g)}, for even n.

Proof. The proof follows from Theorem 3.3.18 with m =2. |
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Examples 3.3.21 In the following we apply Theorem 3.8.18.

(a) Let N = 2%. Now Sg acts on Q = 25. Since 2 | 6, we have (3,3) € A(6,2).
Therefore we have an orbit of the action of Sg on Q of length %(363) =10. The
action of Sg on Q = 2% yields J orbits of lengths

(560) =1 (561) =6, (462) =15, %(363) =10

with respective orbit representatives given by M, (0,0,0,0,0,1) + M, (0,0,0,0,1,1) + M,

(0,0,0,1,1,1) + M.

(b) Let N = 3%. Now Ss acts on Q = 3*. Since 315, we do not have a 3-composition
of 5 of type (k,k,k). Thus all the orbits of the action of Ss on Q = 3* have
lengths (k1 k52 k3) such that (k1, k2, k3) € [A(n,m)ys.] for some d € N. Further
the element (1,0,0,0,0) is in an orbit of length ( 5 ), the element (2,1,1,1,1)

410
is in an orbit of length (0 i 1) and the element (0,2,2,2,2) is in an orbit of
length (1 g 4) of the action of Ss on N = 3°. However the orbits containing

the elements in {(1,0,0,0,0),(2,1,1,1,1),(0,2,2,2,2)} become one orbit of the
action of S5 on Q = 3% of length (,c1 k52 ky)s where (ki ko, k3) is any element
of {(4,1,0),(0,4,1),(1,0,4)}. The set {(1,0,0,0,0),(2,1,1,1,1),(0,2,2,2,2)}
is obtained by adding (1,1,1,1,1) consecutively to d = (1,0,0,0,0) as described
in the proof of Theorem 8.5.18. The action of S5 on Q = 3* yields 7 orbits of
lengths

(580):1: (4?0)25’ (431)=5’ (330)=10, (3?1):20’

(332):10’ (221)230

with respective orbit representatives given by M, (0,0,0,0,1) + M, (0,0,0,0,2) + M,
(0,0,0,1,1) + M,(0,0,0,1,2) + M,(0,0,0,2,2) + M,(0,0,1,1,2) + M.

We now discuss the action of S, on the set Ir7(Q) of irreducible characters of
Q. Tt is clear that Irr(N) = Ap | JA, where Ay = {0 € Irr(N) |ker() D M} and
A={0¢elIrr(N) |03 e) #1}.
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Lemma 3.3.22 The sets Ay and A are invariant under S,,.

Proof. Let g € S,,, 6 € Apr and 8 € A. Then, since S, permutes the elements of
N we have

n

09> es) = O(i es)?
s=1

s=1
= 0(2 eg(s)) =1,
s=1

which implies 89 € Aps. Similarly we have

n

09> es) = 9'(zn: es)?
s=1

s=1

= 9,(2 eg(s)) # 1, (I
s=1

which implies 6'9 € A.

Proposition 3.3.23 Let 8 = 69%198% .. g@*% ¢ Irr(N). Then Ker(9) > M if
and only if Z;-":l(j —1)k; = 0 (mod m).

Proof.

Ker(@) D M & O(Zn: es) =1

m
S (=1kj= 0(modm). O
Proposition 3.3.24 The set of irreducible characters of Q s given by

@)= | {Oki, k- km) | D (G —1)k; = 0 (mod m)}.
7=1

(k1,k2,....km)

Proof. Since Irr(Q) = Ay, this follows from Proposition 3.3.23. [

Theorem 3.3.25 The symmetric group S, acts on the irreducible characters of @
producing [%(”I{f;l)-l orbits of lengths (k1 ko o km)’ with orbit representatives re-

spectively given by 6 = H?kl();@k? . --92?16’", where (k1,ka, ..., km) € A(n,m) such
that 3701 (5 — 1)k; = 0 mod(m).
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Proof. We know that Irr(N) = Ap|JA and that Irr(Q) = Apy. Now by
Lemma 3.3.22 69 # 0 for 8 € Ay, 6 € A, and g € S,. Thus the orbits of
the action of S, on Irr(Q) are equal to those of the action of S, on Ajs in the
action of S, on Irr(N), and are of the same lengths. But by Proposition 3.3.24,
Irr(Q) = Uiy o, k) 1O k1, k2, - - o) | 2715 —1)kj = 0(mod m)}. Considering
the action of S, within Ay, and from Lemma 3.3.22, we choose those orbits of lengths
(6, %y x.) of the action of S, on Irr(N) such that 337%, (5 — 1)k; = 0 (mod m).
The required number of orbits follows from Theorem 1.4.4 (Brauers Theorem) and
Theorem 3.3.18. O

Remark 3.3.26 Since Irr(Q) contains irreducible characters N with M in their
kernel, for the Inertia factor groups of Bg(m,n) we choose those Inertia factor
groups Sk, X Sk, X -+ Sk, of B(m,n) corresponding to m-compositions of n such
that 372, (5 — 1)k; = 0 (mod m).

Corollary 3.3.27 Let Q =2""!. The group S, acts on Irr(Q) giving [%£L] orbits

of lengths

@) {(3), (%), (3),---, (7)}, where n is even, with inertia factor groups of Bo(2,n)
giwen by the young subgroups S, X S, k=0,2,4,...,n,

(i1) {(8), (g), (M-, (nﬁl)}, where n is odd, with inertia factor groups of Bg(2,n)
gwen by the young subgroups Sp_, X Sk, k=0,2,4,...,n— 1.

Proof. Follows from Theorem 3.3.25 with with k2 = k and k; = n — k where k is
even. Thus the orbit lengths are given by (n_r,z k) where k is even. It follows that
the required inertia factor groups of Bp(2,n) are those young subgroups S,_x x Sk,
where k is even, corresponding to the orbits of length (n_’}c k) in the action of S, on
Irr(N). 7

Examples 3.3.28 We apply Theorem 8.3.25 in the following.

(a) The action of Sg on Irr(Q), Q = 2°, yields 4 orbits of lengths

(5 =1 () =15 () =) =
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where ko = 0 mod(2). The respective orbit representatives are given by
pR 60 — p®6 ®1pR2 B2V HB0gRE _ R

(b) The action of Ss on Itr(Q) , Q = 3%, yields 7 orbits of lengths

(520)=1’(3?1):20’(220):10’(223)=10’(122)=30’(021):5’(0?4)=5'

where ko + 2ks = 0 (mod 3). The respective orbit representatives are given by

91®59§§>09§?0 _ 9?5’ 0;2)3%@195@1, 9?2%@3%@0 :953295@3’
2,00,83 1,02,82 0,®4,1 0,01,81
622620027, 62162027, 0P 0P 0P, 6P 0P 16",

Remark 3.3.29 Using Theorem 3.3.25, Remark 3.3.26 and Corollary 3.3.27 we have
found that

(i) forn=>5 and m =2, Q = 24, the action of S5 on Irr(Q) yields three orbits of
lengths 1, 10 and 5, and the inertia factor groups of Bg(2,5) are: Ss, S3 x Sa,
S1 X Sy of indices 1, 10, and 5 in S5 respectively,

(i) forn =7 and m = 2, Q = 25, the action of S7 on Irr(Q) yields four orbits
of lengths 1, 21,35 and 7, and the inertia factor groups of Bg(2,6) are: Sz,
S5 x Sy, S3 x 84, and S1 x Sg of indices 1, 21, 835 and 7 in S; respectively,

(i) forn = 8 and m = 2, Q = 27, the action of Sy on Itr(Q) yields five orbits
of lengths 1, 28, 70, 28 and 1, and the inertia factor groups of Bo(2,8) are:
Sg, Sg X Sa, S4 X Sy, S3 x Sg and Sg of indices 1, 28, 70, 28 and 1 in Sg

respectively,

(i) for n = 10 and m = 2, Q@ = 2°%, the action of Sig on Irr(Q) yields siz orbits
of lengths 1, 45, 210, 210, 45 and 1, and the inertia factor groups of Bg(2,10)
are: Sio, Sg X Sg, Sg X S4, Sq x Sg, Sa2 x Sg and Sig of indices 1, 45, 210,
210, 45 and 1 in Sy respectively,

(v) for n = 3 and m = 3, Q = 32, the action of S3 on Itr(3?) yields four orbits
of lengths 1, 6, 1 and 1, and the inertia factor groups of Bg(3,3) are: Sj,
S1 x 81 x 81, S3 and S3 of indices 1, 6, 1, and 1 in Ss respectively.



Chapter 4

Fischer-Clifford Matrices of
B(m,n)

In this chapter, we discuss the combinatorial method given in [5] for constructing
the Fischer-Clifford matrices of the generalized symmetric group B(m,n). We apply
Fischer-Clifford theory to the group B(m,n) in Sections 4.1 and 4.2. We discuss the
combinatorial method for constructing the Fischer-Clifford matrices of B(m,n) in
Section 4.3. In particular we give the following results which are very useful for this
work: Theorem 4.3.2, Proposition 4.3.4 and Theorem 4.3.5. In Section 4.4 we give
examples on the application of the combinatorial method to construct the Fischer-
Clifford matrices of the groups B(2,6) and B(3,5).

4.1 Fischer-Clifford Theory Applied to B(m,n)

In this section, we apply Fischer-Clifford theory to the generalized symmetric group
B(m,n). This describes the construction of the irreducible characters of B(m,n) from

those of its subgroups.

Let Itr(Zy) = {61,02,...,0m} be the set of irreducible characters of Z,,. The
action of Sy, on Irr(Z},) was discussed in Chapter 3. Let {x1, x2, .-, Xt} be the set of
representatives of the orbits of S, acting on Irr(N), where x; = 6?(18 klﬂ? k2 g®km
Following Definition 3.2.5 and Theorem 3.2.7 we have that for each m-composition
(k1,k2,...,km) of n, there is an orbit of the action of S, on Irr(N) of length

(k1 kz"m km)' It is clear that for each [ =1,2,...,¢, I, = B(m, k1) x -+ x B(m, kp,)

75
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is the inertia group of a character x;, where (k,ks,...,kn) € A(n,m) and B(m, k;)
is a generalized symmetric group on k; symbols. It is also clear that the inertia factor
group of x; is the young subgroup, Tx: = Sk, X ... X Sk, of Sp. Now by Theorem
1.4.11 (Mackey’s Theorem (1958)) and since B(m,n) is a split extension of an abelian
group N with S, every irreducible character of N = Z7 extends to an irreducible
character of its inertia group in B(m,n). And by Theorem 1.4.6 (Gallagher’s theo-
rem) all irreducible characters of B(m,n) are of form (x;v) + B(m,n), where X; is an
extension of an irreducible character x; of N to its inertia group I,,, ¥ is a character
of I, such that N C Ker(¢) and Xj9 is a tensor product of characters. Thus the

irreducible characters of B(m,n) are given by

t

Irr(B(m,n)) = | J{(x¥) * B(m,n) | ¢ € Irr(I,), N C Ker(y)}.
=1

4.2 Defining Fischer-Clifford Matrices of B(m,n)

Let [g] be a conjugacy class of Sy, of type (1112%2 ... nA=) and X (g) = {b1, bs, ... s bc(g) }
be a set of representatives of the conjugacy classes of B(m, n) Wthh map to [g] under
the natural homomorphism ¢ : B(m,n) — S,. Let L;, Lo,..., L, be the conjugacy
classes of the inertia factor group I, which fuse to [g] and g; € L;. Let by € B(m,n).
Then by Theorem 1.3.16, we have

C mn
(®) 150 () = > Z' s Ol oy, )

1<G<r 1 |Cry, (b;)]
|C mn(bk”,\
= Z (Zl—g—()'T 1(b;) | ¥(g5),
1<j<r \ 1 Iy (04

where for each j, g; € Lj, the elements &, run over a set of representatives of the
conjugacy classes of I, which map to L; under the map I, — I,,. Now for each
inertia group I, we set z;;(g) = >, W(Xl(bl )). The matrix (z;;(g)),1 <1<
t,1<j<r, that is
z15(9)
z2;(9)
(z15(9)) = .

Ttj (9)
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is the Fischer-Clifford matrix of B(m,n) at [g], which we denote by F(m,1*12%2 ... pA»),

Following Almestady in [5], we denote an entry of the Fischer-Clifford matrix
F(m,1M2% ...pAn) by

f:\-O[(Elana s 76771)’ (—ElaEQa s aEm)])

where Xg is a g-tuple of non-zero powers in [\], @ = (as, @42, ..,0:;) and -k?j =
(ki1, ki, - - . , kin). This entry lies in a column indexed by (@1, @z, .. .,am) or (191292 ... no")

where a; = Y+, sa;s, corresponding to a conjugacy class of B(m,n) of type
(10-1120-12 . naln, 10-21 2‘122 - na2n, e, 1am1 2am2 .. namn) (41)

which under the natural homomorphism ¢ : B(m,n) — S, maps to a conjugacy class
of S, of type (1*12*2 ... n*n). This entry also lies in a row indexed by (ky, ko, ..., km)
or (1%12k2 ... mkm) where k; = Y7, skjs corresponding to the inertia group I, of
the character x; of N. The conjugacy classes of the inertia factor groups, which fuse

to a conjugacy class of S, of type (1*12*2...n*»), are of type
(1kughiz  pkin qkaghee . pken o qEmigkme | pkmay (4.2)

where Z;"Zl kijs = As. The conjugacy classes of the elements of I,,, which map to a
conjugacy class [yx] of the inertia factor group I,, under the natural homomorphism
¢ : B(m,n) —» S, and fuse to a conjugacy class [bx] of B(m,n), are of type

1 2 n 1 2 n 1 2 n 1 n
((]_rllzrll . .nrll,_ . ]_rm12rml .. .nrml); R (lr1m2rlm .- .nr1m7 ceny 17mm .. .rnrmm)),
m s . m s __ .
where ) j=1Tij = Gis, > iy T = kjs-

The character table of B(m,n) is constructed by multiplying the partial character
tables of the inertia factor groups I,, of B(m,n) by the corresponding rows of the
Fischer-Clifford matrices of B(m,n), according to the fusions of the conjugacy classes
of I, into [g] as indicated above.
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4.3 Fischer-Clifford Matrices of B(m,n) - a Combinato-
rial Approach

As indicated in the introduction to Chapter 1, we will construct the Fischer-Clifford
matrices of B(m,n) using a combinatorial method rather than the properties of
Fischer-Clifford matrices given in Section 1.5.2. For most of the following results
we follow closely the works of Almestady [5] and List and Mahmoud [36].

Theorem 4.3.1 ( [5]) An entry of the Fischer-Clifford matriz F(m,1™) which is in
the column indezed by (1%12%2 ...m®) and row indezed by (1¥12F2 .. .mFm) is given

by

5@, 82, ., @), (k1 Eoye oo km)] = Z (H (;i )) X ;nzl(i—l)(j“l)(’rij),

M(B,8) \i=1 ¥ %

where € is a primitive m** root of unity, M(B,6) is a set of magic matrices with
th

i row Ro, = (ra17i2 - - - Tim) -

Proof. (Seeresult4.2.1in [5]) Let g € Sy, of type (17). Let x, = 25 69F2. .. g@*n ¢
Irr(N) where }77%, k;j = n, be a representative of an orbit of the action of S, on
Irr(N). Then I, = Sg, x Sk, X --- x Sk, is the corresponding inertia factor group of
x: in B(m,n). Let [bg] be a class of B(m,n) which maps to a class [g] of S, under the
homomorphism ¢ : B(m,n) — S, from B(m,n) to S,. Then as indicated in section
4.2, by, has type (1°,1%2,...,19), 5" q; =n. If L; is a class of I,, fusing to [g] in
Sn, then L; corresponds to the partition (1k1 1k 1km), > ki =n. And so the
classes of the inertia group I, = B(m, k1) x B(m, k3) X --- x B(m, ky) which map
to the class L; and fuse to the class [b] of B(m,n) are the classes [b;] of type

(7,17, 1T, (17 17 17
where Z:il Tij = kjazjnlzl Tij = ai)iaj =12,.. - 1.

Let M € M(f3,6). Then theentry f5 [(@1,8@2,...,am), (k1,k2,...,km)] of F(m,17)

. Cgim.n)(b ~ . .
18 q;lj(g) = (Zl Ié,—i)qk%(xﬂln].))), which is equal to
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m™(ay)!(a2)! - - (am)! o (D)
Emz m*(r11)(ra1)!- - ! HH(&((J 1)z))
j=1Tij = @i
iz iy =k

D O P
T11 72 " Tim T21 T22 " T2m

M=(r;;)eM(B,0)

. am _ (,,.z.)
(Tml T™m2 "Tmm> (HH .7 1 3 )

i=17=1

= Z (H (;1 )) 527;1 E;n=1(i_1)(j—1)(r,-j). D
i=1 a;

M(8,6)

The following is an important result used in this thesis for the development of a
computer programme for computing matrices which are row equivalent to the Fischer-
Clifford matrices of B(m,n).

Theorem 4.3.2 ([5]) The entries of the Fischer-Clifford matriz F(m,1™), which
are in a column indezed by (1%12%2 .. .m°™) and rows indexed by (1krgk2 | mkm)

where (k1,ko, ..., kn) € A(n,m), are given by the coefficients of z :12’2c2 ...xkm in the

fi(Een)

i=1 j

eTpansion
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Proof.

m m % m a; )
@=1F-1) .. - (=1)(-1)(rij) ru

H Z{ K H (7'11 T2 ... sz) ]'_'[é ’

i=1 \j=1 =1 Z’"_ rij=a; j=1

H i-1)(5- 1(7"11) (T‘j))
J

3

3 (ﬁ (2) (e
e
)

By

2
.
1}
—

Il
—
g\

N

£ e (=1 -1)(r5) (H TrJ)))

Ry, )52 =1 25 (=DE-1) (H xg.rfj))
l =1
= Z (H (}2)) 522'112}"_1(i—1)(j—1)(r1~j)) H:E;Rkj)
Ra, ; U

T T T (hE (Re;)
= f_):o[(a’l']ar?)-.-7am)’(k1,k2,..., ]H ks

o)
)
<.

It
—

by Theorem 4.3.1. Hence fxo[(al,ag, ey 8m), (K1, K2, ..., km)] is a coefficient of

ki, k2 km ¢ :
z7'zy? ...z in the expansion

a;
H Z ¢-D-1), O
i=1
We confirm that, as it is also stated in [5], the evaluation of the expression

. . ag
| (Z;’;l §("1)(J‘1)xj) for large values of m and n is not an easy task. However
we have developed a computer programme (see Programme 5.2.4) to do this. With

the necessary changes, the proof of the following theorem is similar to that of Theorem
4.3.1.
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Theorem 4.3.3 ( [5]) An entry of the Fischer-Clifford matriz
F(m,1M2% ...n?)  which is in the column indezed by (1%12%...m%") and row
indezed by (151252 .. mkm) is given by

fxo[(al,EQ, . ,'dm), (7{?1,%2, - ,Em)]

-3 (HH( )) P =D ),
al,)\s

(,3511) s=11=

th s ‘th

where £ is a primitive m™ root of unity, Ry, , = (riirs...75,) is an it row of a

partial matriz at \s, of a magic matriz in M(B3,4,n) .
Proof. See result 4.3.1 in [5]. O

Proposition 4.3.4 [36] Let g be an element of Sy, of type (1%12*2...n ). Then
F(m, s*) is a Fischer-Clifford matriz of a subgroup B(m,s)\s) of B(m,n) and

F(m,s*) = F(m,1%),
for each s = 1,2,...,n, where F(m,1°%) is defined to be the identity matriz (1).

Proof. Since s*s is a partition of s); it follows that F(m,s*s) is a Fischer-
Clifford matrix of the group B(m, sAs). Further we note that the formula in Theorem
4.3.1 for calculating the entries of F(m,1%+) depends on ¢ and a;. But for any Fischer-
Clifford matrix of B(m, k), k < n, m is fixed and therefore so is £. But a; is an entry
of an m-composition of As, and since for each s the \; are equal in F(m,s*s) and
F(m,1%), we use the same a;’s i = 1,2,...,m in calculating the entries of these

matrices. The result is clear (see also result 4.3.5 in [5] or result (3.1) in [36]). [

Theorem 4.3.5 Let [g] be a conjugacy class of S, of type (12122 ... n>»). Then the
matriz given by
F,(ma 1/\1 2/\2 T nAn) = ®.}>‘=nF(m’ 1/\5)1

where ® 18 the tensor product over s, is row equivalent to the Fischer-Clifford matriz
F(m,1%12%2...n*) of B(m,n) at [g].
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Proof. In result (3.3) of [36], it is proved that the Fischer-Clifford matrix of B(m,n)
at [g] is given by
F(m,1M)® F(m,1*) ®...® F(m,1’).

However the above tensor product is row equivalent to F(m,1*1272 ---n’\") as seen
from the following. Since (1*12*2...n*») and (n* (n—~1)*-1...2X2121) are the same
partition of n, the Fischer-Clifford matrices F(m,1*2*2...n*) and F(m,n* (n —
1)M-1...2321M) should be equal. However as we know, the two tensor products
F(m,1M)® F(m,2*) ® --- ® F(m,n*) and F(m,n*)® F(m,(n —1)*1)®--- ®
F(m,2*?)®F(m, 1) are not equal. We can obtain one from the other by re-arranging
the rows and columns. It follows that both tensor products must be equivalent to
the Fischer-Clifford matrix F(m,1*2*2...n*). However since the columns of a
Fischer-Clifford matrix can be arranged in any order, we do not need to re-arrange

the columns of either tensor product. O

Following from Theorem 4.3.5 we may denote a Fischer-Clifford matrix of B(m,n)
by either F(m,1*12*2...n*%) or F(m,n? (n — 1)*-1...2*2121). In this thesis, we
prefer to use the notation F(m,1*12*2...n*n) which is not as cumbersome as the
other notation. However we prefer the tensor product F(m,n*)®F(m, (n—1)*-1)®
.- ® F(m, 2*) ® F(m,1*) where fewer rows need re-arrangement than in the tensor
product F(m,1M) ® F(m,2*?) ® --- ® F(m,n*). An example (see Example 4.4.1
(e)) on re-arranging the rows of F'(m,1*12*2...n*) to obtain F(m,1*12}2...pn)

is given in subsection 4.4.1.

Corollary 4.3.6 Let (1122 ... n?) and (1P22°2 .. .nP) be two partitions of n such
that Ny = Dy, where Xy denotes a g-tuple of non zero powers in [A]. Then
F(m,1M2%2 . .prn) = F(m, 171202 nfr).

Proof. This result follows clearly from Theorem 4.3.5 and Proposition 4.3.4. O

4.4 Examples

We now apply the results in Section 4.3 to construct the Fischer-Clifford matrices
of the groups B(2,6) and B(3,5). The work of this chapter forms the background
for constructing the Fischer-clifford matrices of some groups associated with B(m,n),
which we will do later. In the next section we show how to construct the Fischer-

Clifford matrices of an example of the generalized symmetric groups B(2,n).
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4.4.1 Constructing the Fischer-Clifford Matrices of B(2,6)

Using the results in Section 4.3, for each conjugacy class of Sg of type (1*12*2 ... %),
we construct the Fischer-Clifford matrix F(2,1*1232...6%) of B(2,6).

(a) We use Theorem 4.3.1 to calculate the entries of the Fischer-Clifford matrix
F(2,1%). From \; = 6 we obtain the following set of 2-sets of partition [15].

L)) G)G))G)G) )

The number seven of 2-sets of partition [1°] found above indicates that the
Fischer-Clifford matrix F(2,1°) has order 7. However since the use of Theo-
rem 4.3.1 involves constructing a number of magic matrices for each entry of
a Fischer-Clifford matrix we show how to calculate only the entry of F(2,15)
given by f)[(3,3), (4,2)]. Using Definition 2.3.1 with 8 = (3,3) and § = (4,2),
we obtain that '

wos (13)-(02) G o) GGG

GGG G)08)
woo=y (30):(21)(22) () ) (5 8)
(o) (5 ) (5 s)
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Intersecting the sets M (3,6) and M (4, 6) above, we obtain that

M(ﬂ,6,6)=M(ﬁ,6)ﬂM<5’6)={(f 2)(3 i)(; 3)}

We remark that the set M (3, §,6) above is easily computed by supplying m = 2
and n = 6 to GAP and reading the Programme 2.3.3. We obtain the above
magic matrices by considering the programme result for A; = 6, to be the set
of matrices at column 4 (the position of § in the set of 2-sets of partitions of
[1%]) and row 3 (the position of § in the set of 2-sets of partitions of [15]) (see
the highlighted text in Example 2.3.4 for Programme 2.3.3). Now by Theorem

4.3.1 together with the above magic matrices we have

3 3 11— Y 11— 10—
f(e)[(3,3),(4,2)] (3 0) (1 2)6(1 1)(1-1)34(1—-1)(2—1)04(2-1)(1=~1)14(2—1)(2—1)2

3 3
(1-1)(2=1)24(1-1)(2-1)1+(2-1)(1-1)24(2—1)(2~1)1
+(2 1) (2 1)6

3 3
(1=1)(1~1)14+(1-1)(2=1)24+(2=1)(1=1)3+(2—1)(2—1)0
() 0"

= 3-94+3=-3.

The rest of the entries of F(2,16) are obtained in the same way. The Fischer-
Clifford matrix F(2,1%) is given in Table 5.1.

For another example we consider the construction of the Fischer-Clifford matrix
F(2,1%2). Here \; = 4 and A\ = 1 give the following set of 2-sets of partition
[142].

We see that the Fischer-Clifford matrix F(2,142) has order 10. We calculate
only the entry given by fi4 11(((3,0), (1,1)),((1,1),(3,0))]. Using Definition 2.3.1
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with ﬂ = ((3,0), (1, 1)), 6= ((1, 1), (3,0)) where ay] = 3,(112 = 0; kll = 1,k‘12 =

1 and a9 = 1,029 = 1; ko1 = 3, koo = 0, we obtain that

3 0 3 0

1 0o /’\Vo 1)’

2 1 2 1

1 0 /’\o 1}’ o o

1 2 1 2

1 0/'\Vo 1}’

0 3 0 3

1 0/°Vo 1

1 3 1 2

0o 0/’'\o 1)

1 1 1 0

0o 2/’'vo0 37/’ Lo
M(6,\) = M(J,)\z):{(O 0

0 3 0o 2

1 0/'Vvv1 1 )7

0 1 0 0

1 2 /°V1 3

Now intersecting the above sets for each A;,s = 1,2 we obtain

M(ﬁ,é,/\l)=M(ﬁ,,\1)ﬂM(5,)\l): {( (1) ? )’( (1) 1(3) )}’

M%&M=MWMNNMMﬂ={<?g)}

By Definition 2.3.1 we obtain that

MWA®={(; ’

0 0 0 3
1 0/'L1 o0

Do)

)6 3]



CHAPTER 4. FISCHER-CLIFFORD MATRICES OF B(M, N) 86

Now by Theorem 4.3.3 together with the above magic matrices we obtain

f(4,1)[((3)0)7 (11 1)); ((1, 1)7 ((310))]

O[O [N O g AN TR [ TR

{3)(-1)+1(1) = -2,

where

A={1-1Da-DHO+0)}+{(1 -2 -DHE+0)} +{(2- 1A -1} +1)}
+H@-1DE-1D)HO+0)},

B={1-1)1-1)HO+D}+{1-1)2-DHA+0}+{(2- 11 -DH{ +0)}
+H2-1DE-HHO+ 1)}

The rest of the entries of F(2,142') are obtained in the same way. The Fischer-
Clifford matrix F(2,1%2) is given in Table 5.1.

However, we can efficiently calculate the entries of the Fischer-Clifford matrices
of B(2,6) using Theorems 4.3.2 and 4.3.5. We apply these theorems to calculate
the entries of the Fischer-Clifford matrices F(2,1%) and F(2,142!) of B(2,6) in the
following.

(¢) For the Fischer-Clifford matrix F'(2,15), we have A\; = 6. The 2-sets of partition
[1%] indexing the columns of F(2,1°) are: (6,0),(5,1),(4,2),(3,3),(2,4),(1,5),
(0,6). Now by Theorem 4.3.2 we expand (z; + z2)* (z; — z2)*2. For example,

for a; = 6,a, = 0, we obtain the expansion
(z1 + 22)8 (21 — 12)° = 2% + 6252) + 15213 + 202323 + 152223 + 62103 + 25,

with coefficients 1, 6, 15, 20, 15, 6, 1. Also for a; = 3,a2 = 3 we obtain the

expansion

(21 + z2)3 (21 — 22)% = 2% + 0232) — 32122 + 02323 + 32225 + 0zlad — 28,
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with coefficients 1, 0, -3, 0, 3, 0, -1. We do the same for the rest of the 2-sets of
partition [1%] to obtain other sets of coefficients. The sets of coefficients found

above give the respective columns of the Fischer-Clifford matrix F(2,1°) as
1 1 1 1 1)

(11

6 4 2 0 -2 —4 -6
15 5 -1 -3 -1 5 15
20 0 -4 0 4 0 -20
15 =5 -1 3 -1 -5 15
6 -4 2 0 -2 4 -6
1 -1 1 -1 1 -1 1

F(2,1%)

(d) For the Fischer-Clifford matrix F(2,142!) we have A\; = 4 and Ay = 1. We first
consider the Fischer-Clifford matrices F(2,s*) of B(2,s);) for s = 1,2. We
obtain

(i) for A\; = 4, the following set of 2-sets of partition [14]
4 3 2 1 0
0’ 1) 2 ) 3 ) 4 ’

(i) for A; = 1, the following set of 2-sets of partition [2!]

L) ()

Using the above 2-sets of partitions [14] and [2!] and Theorem 4.3.2 we construct
the respective matrices :

11 1 1 1
4 2 0 -2 —4

F21YhY=16 0 -2 0 6 |, F(2,21)=(i i)
4 =2 0 2 —4
1 -1 1 -1 1

Now by Theorem 4.3.5 the tensor product F(2,2!) ® F(2,1%) gives the matrix
F'(2,1421) (or F'(2,2'1%) ) as
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1 1 1 1 1 1 1 1 1 1

4 2 0 -2 -4 4 2 0 -2 -4

6 -2 0 6 6 0 -2 0 6

4 -2 0 2 -4 4 -2 0 2 -4
F/(2,142Y) = 1 -1 1 -1 1 1 -1 1 -1 1

1 1 1 1 -1 -1 -1 -1 -1

4 2 0 -2 -4 -4 -2 0 2 4

6 -2 0 6 -6 0 2 0 -6

4 -2 0 2 -4 -4 2 0 -2 4

1 -r 1 -1 1-1 1-1 1 -1/

Further, from the result of the tensor product F(2,2') ® F(2,1%), we see that
the rows (indexed by the 2-sets of partition [1%]) of F(2,1%) are fixed while the
rows (indexed by the 2-sets of partition [2!]) of F(2,2!) vary. This results in the
rows of F'(2,1421), indexed by the 2-sets of partition [142!] arranged as follows.

Now from the remarks in Section 4.2, about the fusion of the conjugacy classes
of the inertia factor groups into S, for each row of F'(2,142!) we calculate the
2-compositions (ki, k2) of 6 corresponding to the inertia factor groups Sk, x Sk,
as: (6,0),(5,1),(4,2),(3,3),(2,4), (4,2),(3,3),(2,4), (1,5), (0, 6).

The repeated 2-compositions of 6 appearing in non-adjacent positions of the
above set indicates that we require to have the pairs of rows 3 and 6, 4 and 7, 5
and 8 of F'(2,142!) collected into blocks corresponding to inertia factor groups

as shown below. Thus
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(1 1 1 1 1 1 1 1 1 1Y\ S
4 2 0 -2 -4 4 2 0 -2 —4 | S
6 0 -2 0 6 6 0 -2 0 6 | Sy
1 1 1 1 1 -1 =1 -1 -1 -1
F(2,14) = 4 -2 0 2 -4 4 -2 0 2 —4 | Ss (43)
4 2 0 -2 -4 -4 -2 0 2 4
1 -1 1 -1 1 1 -1 1 -1 1/ Sy
6 0 -2 0 6 -6 0 2 0 —6
4 -2 0 2 —4 —4 2 0 -2 4 | Ss
1 -1 1 -1 1 -1 1 -1 1 -1/ 8

The Fischer-Clifford matrices of B(2,6) are given in Table 5.1.

4.4.2 Constructing the Fischer-Clifford Matrices of B(3,5)

We determine the Fischer-Clifford matrices of B(3,5) using the results in section 4.3.

For each conjugacy class of S5 of type (11222 ... 5%3) we construct the Fischer-Clifford
matrix F(3,1M2% . 5%) of B(3,5).

(a) For the Fischer-Clifford matrix F(3,1°), we have A\; = 5 and m = 3. We obtain
following set of twenty one 3-sets of partition [1°].

5

0

0
2
2
1
1
0
4

)
)
)

4
1
0

2
1
2

0
5
0

)
)
)

4
0
1

2
0
3

0
4
1

)
)

(:

3
2
0

1

0

0

3
2

)

(i
)

—

—

—

0
2
3

)

’n

0
0
5

|

Thus the Fischer-Clifford matrix F(3,1%) has order 21. As we have done for
B(2,6), we calculate only one entry of F(3,15) given by f)[(3,1,1),(4,0,1)].
Using Definition 2.3.1, with 8 = (3,1,1) and 6 = (4,0, 1), we obtain that M (4, 5)
contains 45 (= 15 x 1 x 3) magic matrices. Thus
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0

1

0

M(5,5) =

There are 90 (= 10 x 3 x 3) magic matrices in M (83, 5) but these need not be

determined to get M(,4,5). Instead we obtain
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easily (see Method 2.3.2), by choosing from M(4,5) only those matrices with
respective row entries adding up to a; = 3,42 = 1,a3 = 1. Now by Theorem

4.3.1 together with the above magic matrices we obtain

Sl 11, (4,0,1)] = (3 (3; 0>(1 ; 0)(0 (1) 1)5A+(3 (?; 0)(0 é 1)(1 é 0)§B

+(o o )0 o0 o

50+0+4 + €0+2+0 + 3£0+0+0

= 34£+&8 =2,
where
A = {1-DA-DPRB+{1-1D2-1D}0+{1-1)@B-1}0
+ {e-nDa-Ph+{C-1nNE-D}o+{2-1)B-1)}0
+ {B-DA-DI0+{B-1)(2-1I0+{(3-1)(3-1}1,
B = {0-D-DPE+{1-1)2~-1)J0+{(1~-1)EB-1)}0
+ {e-na-njo+{E-nE-no+{E-nNEB-nH
+ {B-1DA-DHH+{B-1)2-1}0+ {3~ 1HE -1},
¢ = {0-DA-DR+{1-1)2-1}0+{(1-1)3-1)}1
+ {@-pa-DH+{e-Be-D}o+{2-1)E-1)}0
+ {B-1DA-DH+{B-12~-1}0+ {(3-1)3~-1]}0.

The rest of the entries of F(3,1%) are obtained in the same way. The Fischer-
Clifford matrix F(3,15) is given in Table 5.2.

(b) For the Fischer-Clifford matrix F(3,132!), we have A\; =3, A\ = 1 and m = 3.
We obtain the following set of thirty 3-sets of partition [132].
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31 21 21 11 11 11 01 01
6o [, 1o (,{ 00 [, 20 |, 10 (,( 00 |, 30 [, 20
00 00 10 00 10 20 00 10
01 01 30 20 20 10 10 10
10 |,] 00 },f O1 | 11 , | 01 1 21 11 ] 01
20 30 00 00 10 00 10 20
00 00 00 00 30 20 20 10
31 | 21 , 11 1] 01 1 00 |, 10 y,1 00 |, 20
00 10 20 30 01 01 11 01

10 10 00 00 00 00

10 |,| 00 {,] 30 ] 20 ,f 10 [,] 0O

11 21 01 11 21 31

Thus the Fischer-Clifford matrix F(3,1%2) has size 30. We calculate only one
entry of F'(3,132) given by f(3 y[((2,1),(1,0), (0,0)), ((1,1),(1,0), (1,0))]. Using
Definition 2.3.1, with 6 = ((2,1)(1,0), (0,0)) and ¢ = ((1, 1), (1,0),(1,0)) where
a1 = 2,a12 = 1, ki1 = L,kig = 1; a91 = l,a20 = 0, ko; = 1,kyy = 0 and
a3 = 0,a32 =0, k31 = 1,k30 = 0, we obtain that

2 0 2 0 0 0 0 1 1 1
0 ,] 0 1 0 ,] 0 0 , 1 | O o |,
0 0 0 0 0 0 0 0 O 0 0 O 0 0
1 1 0 2 0 6 2 0 0 2 r 0 1
0 0 ,] 1 0 ] 0 1 0 | 0 0 1 , /1 0 0 |,
0 0 0 0 0 0 0 0 O 0 0 0 0 0
M(B, M) =
0 1 0 1 0 1 1 0 1 1 0 1 1
0 1 0 ] 0 0 1 , 0 0 o] 01 0 {,] 0 0 1 ,
0 0 O 0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 2 0 0 2
1 0 0 1 0 1.0 ] 0 0 1
0 0 0 0 0 0 0 0 O

and
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e (53)43) 1))

Now we obtain M(f,6, A1) and M (G, 4, A2) directly by choosing matrices from
M (B, As) with respective column entries adding up to k13 = 1,ko; = 1,k3; =1

0 0
0 0
0 0

o o o
[ R
o o o
o o o
0O

and k1o = 1, k9o = 0, k32 = 0 for each A; respectively. We obtain that

110 1 1 0 1 1
M(B,6,)1) = 0 01,0101/, 1 00 ,
0 0 0 0 0 0 0 0

and

[=

1 0 0
M(B,8,22) = 0 0 .
0 0 O

Therefore we have

1 1 01 0 O 1 06 11 0 O 6 1 111 0 O
M(B,46,5) = 6 0 1|10 0 04,0 1 0]J]0 0 O 11 0 0|0 0 O .
0 0 0|0 0 O 0 0 0|0 0 O 0 0 0f0 0 O

Now by Theorem 4.3.3 together with the above magic matrices and for g =
((2,1),(1,0),(0,0)), 6 = ((1,1),(1,0), (1,0)) we obtain

(1 f 0)(0 (1) 1)(0 g 0)(1 (1) 0)(0 g 0)(0 g 0)5A
R A [ [ [ [
i )00 060 d0oolo oo

= 2601240 4 op0+1+0 | 9c0+040 _ 9e2 | 9¢ 4 9 = 0,

fa,n(8,9]
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{0 -DO-DHO+ D+ {0 - 1D -1HHA +0)} + {(1 - 1)(3 - 1)}{(0 +0)}
HE-DA-HHO+ 0} +{2-1)2-DHO +0)} +{(2- 1B - HH{I +0)}
HE-DA-DHO+0)} +{B -2 -1DHO+0)} +{(3-1)B - 1}{(0+0)},

{A-Da-DHO+ DI+ {0 -1 - HHO+0)} +{(1 - 1)@ - HH(1 +0)}
HE-DA-DHO+0} +{2-)2-DHO +0} +{(2- DB -1}{(0+0)}
HE-DA-DHO+ 0} +{B -2 -DHO+0)} +{B- 1B - NHO+0)},

{1-DO-DHO+D}+ {1 -DE-DHO+0)} +{(1 -DE - DH{O +0)}
HE-DA-DHO+0} +{2-DE2 - DHO+0)} +{(2 - )3 - 1)}{(0+0)}
HE=-DA - DHO+0}+{B =12 - 1)}H(0+0)} +{(3 - 1)(3 — 1)}{(0 + 0)}.

The rest of the entries of F'(3,132!) are obtained in the same way. The Fischer-
Clifford matrix F'(3,132!) is given in Tables 5.3 to 5.5.

We now alternatively apply Theorems 4.3.2 and 4.3.5 to construct Fischer-Clifford ma-
trices F'(3,1°) and F(3,132!) in the following.

(c) For the Fischer-Clifford matrix F(3,1°), we have Ay = 5 and m = 3. The
3-sets of partition [1°] indexing the columns and rows of F(3,1°) are as given

in Example 4.4.2(a) above. Let p1 = z1 + 29 + z3, p2 = 21 + {z2 + £x3 and

p3 =1 +§2x2 +&429. Then with for example a; = 5, a2 = 0,a3 = 0, we obtain

0,0

pipdpy =

x? + 51‘1112 + 51‘112:3 + 101?3:% + 20111"1213 + lOz?zg -+ 10:1:%1‘3 + 301%1%13 + 301%122%
+101:fz§ + 51113 + 20111313 + 30xlz§x§ + 20z112zg + 5111:3 + :cg + 51‘2‘13 + 101%2%

+10z%x§ + 52278 + z3,

giving the coefficients

1,5,5,10,20, 10, 10, 30, 30, 10, 5, 20, 30, 20, 5, 1, 5, 10, 10, 5, 1
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for column 1 of F(3,1°%). Similarly for a; = 4,as = 1,a3 = 0 we obtain

p‘}p%pg = of + (-3¢~ 452)1:‘111:2 + (~4f — 3¢%)ates + (26 — sz)z?zg + 8z3zo13

(—6¢ — 26%)z323 + (26 — 4€%)zia] - 66%atzizs — 66xdizax} + (—4€ + 267)z ]

+

(3¢ - 52)21:::% + Sf)xlzgzg - 6112313 + 8{21:1:v2xg + (=€ + 352)11z§ + 512

+

(4€ + €3)zizs + (66 + 46%)x3zs + (4€ + 6£%)a3a] + (€ + 46%)z02) + €22,

+

giving the coefficients

1,(—3¢ — 4£%), (—4€ — 3¢%), (—2¢ ~ 6£%),8, (—6¢ ~ 2£2), (26 — 46?), —6€2, —6¢,(—4€ + 2¢2),

(36 — €2),8¢,—6,862,(—€ + 362), €, (4 + €2), (BE + 4€2), (4€ + 6€2), (€ + 4€2),£2

for column 2 of F(3,1%). And for a; = 3,as = 1,a3 = 1 we obtain

1l

2
p‘;’p%pé a:? + 2:1:‘1‘:02 + ‘21‘1113 + x‘i’r% - x‘;‘zzzg + x‘;‘zg + :c%:c% - 6:1:;2%23

i

4 2
61:?:1:2z§ + xfzg +2zT119 — zlxg:rg - 6:511:%13 - zlzzzg + 21113

+ :cg + 21:%13 + x%x% + z%mg + Qngg + :cg,

giving the coeflicients

1,27 2’ ]-7 _1’ ]-7 ]-7 _6’ _67 1727 —17 —6’ '_1a 2> 1’2, 1, 172') 1a

including the entry 2 found in Example 4.4.2(a) above, for column 5 of F(3,1°)
and so on. The sets of coefficients found as above give the columns of the
Fischer-Clifford matrix F(3,1°), given in Table 5.2.
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(d) For the Fischer-Clifford matrix F(3,132}), n = 5, \; =3, Ay = l and m =
3. We obtain the respective Fischer-Clifford matrices F(3,13) and F(3,1') as
has been done for F(3,1%) above. Now by Theorem 4.3.5, the tensor product
F(3,2')® F(3,13) gives the matrix F'(3,1%2!). Lastly we note that rows of the
matrix F’(3,132!) require to be re-arranged to give the Fischer-Clifford matrix
F(3,1321)(see Example 5.3.2 (b) in Chapter 5).

The Fischer-Clifford matrices of B(3,5) are given in Tables 5.2 to 5.5.

Before we end this chapter, we restate Propositions 1.5.2 and 1.5.6 for an alter-
native method for constructing the Fischer-Clifford matrices of B(m,n), where m is

prime.

Proposition 4.4.1 The Fischer-Clifford matriz F(m,1") is the matriz with rows
equal to the orbit sums of the action of B(m,n) on the rows of the character table of

N with duplicate columns discarded.
Proof. See Proposition 1.5.6. O

Proposition 4.4.2 Let § = dg € B(m,n), where m is prime. Let K be the image of
the endomorphism ¢z of N defined by ¢g(d) = d—d?. Then the Fischer-Clifford matriz
F(m,1M2%3% ...n?n) at a non-identity element of Sy, of type (121222 ---n*) is the
matriz with rows equal to the orbit sums of the action of the stabilizer N:Cs,(g) on
the rows of the character table of the quotient N/K , with duplicate columns discarded.

Proof. See Proposition 1.5.2. 1

However in Proposition 4.4.2, we take ¢g as ¢, since N is invariant under N and G

is a split-extension with g = dg.



Chapter 5

Computing Fischer-Clifford
Matrices of B(m,n)

5.1 Introduction

In Chapter 4, we discussed a combinatorial method for constructing the Fischer-
Clifford matrices of generalized symmetric groups. However since the combinatorial
method involves protracted calculations for each entry of a Fischer-Clifford matrix, it
is not such an efficient method. Indeed as a few examples for small values of m and
n show, the manual construction of the Fischer-Clifford matrices of B(m,n) using
the combinatorial method is not an easy task. However we can use computers, which
have become very much an integral part of research in Group Theory (see [8], [9],
(22], [42], (48], [50], [51], [58]), to simplify the task of combinatorially constructing
the Fischer-Clifford matrices of B(m,n).

The partial aim of our work was to use the combinatorial method to develop a
computer programme for computing the Fischer-Clifford matrices of the generalized
symmetric groups B(m,n). In Chapters 2 and 3 we have given a series of computer
programmes, written in GAP, that give various parameters for Fischer-Clifford ma-
trices of B(m,n). Many of these programmes have been used in the development
of the main Programme 5.2.4 that combinatorially computes matrices which are row
equivalent to the Fischer-Clifford matrices of B(m,n). Thus the matrices computed
by Programme 5.2.4 require to have their rows collected together into blocks that

correspond to particular inertia factor groups. We use Programme 5.2.2 to deter-

97
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mine the m-compositions of n corresponding to the rows of the matrices computed
by Programme 5.2.4. A particular m-composition of n distinguishes the rows of
these matrices that correspond to the same inertia factor group. All the rows cor-
responding to a particular m-composition (k1,k2,...,kn) of n and therefore to the
inertia factor group Sk, X Sk, X - -+ X Sk, form a block of a Fischer-Clifford matrix
of B(m,n). Such rows of a matrix computed by Programme 5.2.4 are then manually
collected together in a block corresponding to a particular inertia factor group, to
give a Fischer-Clifford matrix of B(m,n). We give the Programmes 5.2.2 and 5.2.4
in Section 5.2. However we also give a special programme (Programme 5.2.1) for
computing matrices which are row equivalent to the Fischer-Clifford matrices of the

groups B(2,n) here.

As examples, we apply the Programmes 5.2.2 and 5.2.4 to construct the Fischer-
Clifford matrices of the groups B(2, 6) and B(3, 5) of orders 46080 and 29160 in Section
5.3. We have also used Programme 5.2.4 to construct the Fischer-Clifford matrices
of the groups B(2,12) and B(4,5) of orders respectively 222 x 3% x 52 x 7 x 11 and
213 x 3x 5. Due to lack of space here we have not given the Fischer-Clifford matrices of
B(2,12) and B(4,5). However we have given the matrices which are row equivalent to
the Fischer-Clifford matrices of B(2,12) and B(4,5) on the compact disk submitted
with this thesis. Further a summary on the Fischer-Clifford matrices of the groups
B(2,12) and B(4,5) is given in Subsection 5.3.3.

5.2 Programmes Written for GAP

We discuss the programmes for m = 2 and a general m separately in the following
subsections. It was relatively easy to develop the programme for m = 2 than for a

general m.

5.2.1 Programme for B(2,n)

During the earlier stages of the development of Programme 5.2.4, we had developed
a special programme for computing the matrices F’(2,1*12%2 ... n*) which are row
equivalent to the Fischer-Clifford matrices F(2,1*12*2 ... n*n) of the generalized sym-
metric groups B(2,n). We note that the main Programme 5.2.4 generally requires

more workspace to compute the matrices F'(2,1*2*2 ... n*). Thus it is more effi-
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cient and therefore advisable to use this special programme when constructing the
Fischer-Clifford matrices of B(2,n). Using the fore-going Programmes 2.1.3 and 2.2.3,
Theorem 4.3.5 and Corollary 4.3.6, we developed Programme 5.2.1 for computing the
matrices F'(2,1%12%2 ... nAn) To use the Programme 5.2.1, we first initialize the value
of ¢ in the programme by entering ”c:=0;;” once. There-after we supply each value
of n to GAP and run the Programme 5.2.1. The programme result is displayed as

Mo, "F'(2,4) := ", F'(2, 1M . n)\n)],

where the index )y appears first and the matrix F'(2,1%12*2...n*) appears after
"F'(2,7) :=", which essentially indicates that this is a matrix row equivalent to a
Fischer-Clifford matrix of B(2,n). Since the Fischer-Clifford matrices are indexed by
o, the matrices F'(2,1*12*2 ... n*») which correspond to equal )\ appear once.

Now as indicated in the introduction to this chapter, the matrices produced by
Programme 5.2.1 require to have their rows collected together into blocks that corre-
spond to particular inertia factor groups to form Fischer-Clifford matrices of B(2,n).
The Programme 5.2.2 is used to determine m-compositions of n (in this case m=2)
which correspond to the rows of the matrices F/(2,1*12%2 ... nA). All the rows corre-
sponding to a particular 2-composition (k1, ko) of n and therefore to the inertia factor
group Sk, X Sk, form a block of the Fischer-Clifford matrix of B(2,n).

Programme 5.2.1 (Matrices F'(2,1%22...n*) of B(2,n))
n:=n;; m:=2;

c:=c+1;;

p:=Partitions(n);;

l:=List([1..n]);;

L:=List([1..Number(p)],i — > List(l,j — > Number(p[i],k — > k=j)));;
r:=List(L, 1 — > Filtered(i, 5 — > j ;5 0));;

s:=Set(r);;

t:=List([1..n+5],1 — > Filtered(s,j — > Number(j)=i));
z:=X(Rationals,”z”);;

fi=1+z;; g:=1-x;;

S:=List(l, i — > List([0..i], j — > f&=Dx g7 ));;

Q:=List(S, i — > List(i, j —~ > PolynomialCoefficientsOfPolynomial(j,c)));;
a:=List(Q, 1 — > TransposedMat());;
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fl:=List(t[1], i — > [i,,a[i[1]]]);;

f2:=List(t[2],s — > [i,,KroneckerProduct(afi[2]],a[i[1]])]);;

f3:=List(t[3],i — > [i,,KroneckerProduct(a[i[3]], Kronecker Product(afi[2]],
afi1]]))]);;

fi:=List(t[4], 1 — > [i,,KroneckerProduct(afif4}]], KroneckerProduct(afi[3]],
KroneckerProduct(a[i[2]],afi[1]])))]);;

f5:=List(t[5], i — > [i,,KroneckerProduct(afi[5]], Kronecker Product(afi[{]],
KroneckerProduct(afi[3]], KroneckerProduct(afi[2]],afi[1]]))))]);;

(may be extended at afi[5]] depending on the size of n ; taken from
afi[5++]] to afi[1]] for correct evaluation. )

Display([”partition powers ”,t]);

Dis:= 7"Fischer-Clifford matrices grouped by powers [ij of partitions in t,
Match with t7;;

FM:= Difference( Luist([f1,{2,13,f4,15]).[]);;

Display(”[Type FM to print all Fischer-Clifford Matrices, otherwise Type fI,
12, 13, f4, 5, etc to print sets of F'(2,n) with the same number of
partition powers, otherwise Type fqfj] to print required particular F'(2,m)]”);

Programme 5.2.2 (Identifying rows of F'(m,1%12%...nAn))
IdIFGBmn:=function(m,n)

local I,L,p,q,men,r,a,b,mspni,lths, IFGnos;

l:=List([1..n]);;

L:=List(l, i— >n+1-1);;

p:=Partitions(n);;

g:=List([1..Number(p)],i— > List(L,j— >Number(p[i],k— >k=j5)));;
men:=List(l,i— > Reversed(Filtered(Tuples([0..i],m),j— >Sum(j)=1)));;
r:=List(q, i— >Filtered(i, j— > j > 0));;

r1:=List(r,i— > Reversed(i));

a:=List(r, j— > Cartesian(List([1..Number(j)], k— >men[jk]])));;
b:=List(a, j— >List(j, k— >List([1.. Number(k)], u— >k[Number(k)+1-u])));;
mspnl:=List(b, j— >List(j, k— > TransposedMat(k)));;
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lths:=List(p,i— > Union(List(i,j— >[i])));;
IFGnos:=List([1..Number(mspnl1)],i— >{"Xo=", Reversed(r[i])

v31s3sns T coTTESpOnding men”, List([1.. Number(mspnli[i])],

j— >List([1.. Number(mspnl[iJ[j])] k— >Sum(List([1.. Number(mspni[i][j][k])],
u— >ithsfiffu]*mspnl[ij(j][k][u]))))]);;

return IFGnos;

end;

However the aim of our work was to develop a programme for computing Fischer-

Clifford matrices of B(m,n), for positive integers m and n.

5.2.2 Programme for B(m,n)

To develop a programme for computing Fischer-Clifford matrices of B(m,n)(or ma-

trices row equivalent to these), we needed to modify Programme 5.2.1. This resulted

in the following problems.

(i)

(iii)

(iv)

We needed to define a function to generate a sum of m variables as given in
Theorem 4.3.1, that is to replace statements f and g of Programme 5.2.1. Sim-
ilarly it is required that the powers ¢ — 7 and j of the expression at statement
S of Programme 5.2.1 are replaced by the parts k; of the m-compositions of n.

The GAP function PolynomialCoefficientsOfPolynomial(j,c) of
Programme 5.2.1 does not apply to multi-variable polynomials, and so there
was a problem of extracting the coefficients of the multi-variable polynomials
produced as indicated in (i) above. The function required to do this, is not
available in GAP.

The function KroneckerProduct does not apply to a set of more than two
matrices. This was the reason why we used the statements fi of Programme
5.2.1. However this means that where some collections of numbers in statement
t have more than five numbers, the programme cannot apply. The Programme
5.2.1 would have to be extended manually by adding new lines f6, f7, ....

The rows of the matrices computed by Programme 5.2.1 are not given in blocks,

corresponding to each particular inertia factor group.
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All of the above problems except (iv) have been completely solved (see Programme
5.2.4) as follows.

(i)

(i)

(iv)

We wrote the function pfm of Programme 5.2.4 to construct the partial Fischer-
Clifford matrices F(m,1%) given by Theorem 4.3.1. The statements v0, ind
and resl of pfm are used to construct the expressions to be expanded by the
programme according to Theorem 4.3.2. The function mcompsn is used to con-
struct m-compositions of n which replace the powers ¢ — j and 7 in Programme
5.2.1.

The GAP function ExtRepPolynomialRatFun collects the coefficients (with-
out zeros) of a multi-variable polynomial but mixed with other information. In
order to introduce the zero coefficients, we had to add the expression (1/(zimba)*
i[1]) + 7)) to the polynomials on which the function ”ExtRepPolynomialRat-
Fun” applies, this appears in statement res3. The function ExtRepPolyno-
mialRatFun is used in statement res4. The removal of the extra information
in the result of the function ExtRepPolynomialRatFun and the coefficients
of the expression (1/(zimba) * i[1]) + 7)) is done in statements nat and res6 of

pfm respectively.

Problem (iii) has been solved by writing the Programme 5.2.3 given below.

Programme 5.2.3 (Multiple-Kronecker product)
setkroneckpdt:=function(pm)

local i,res;

res:=[[1]];

for ¢ in pm do

res:=KroneckerProduct(i ,res);

od;

return res;

end;

The problem (iv) is not solved yet. However the Programme 5.2.2 was developed

to determine the m-compositions of n which correspond to the rows of the
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matrices F'(m, 122 ...n*). All the rows corresponding to a particular m-
composition (ki, ks, ..., kn) of n and therefore to the inertia factor group S, x

Sky X -+ X S, form a block of a Fischer-Clifford matrix of B(m,n).

Using the fore-going Programmes 2.1.3, 2.2.3 and 5.2.1, Theorems 4.3.2 and
4.3.5 and Corollary 4.3.6, we have developed Programme 5.2.4 for computing the
matrices F'(m,1}2%2 ... nAn) which are row equivalent to the Fischer-Clifford ma-
trices F(m,1*12*2...n*) of B(m,n). To use the Programme 5.2.4, we run it in
GAP. Then we supply m and n to GAP by entering the statement Fem(m,n); with
the required values of m and n. Just as for the Programme 5.2.1, the matrices
F'(m,1*12*2 ... n?») which correspond to equal Xg appear once. Also the Programme
5.2.2 is used to determine m-compositions of n which correspond to the rows of the ma-
trices F'(m,1212%2 ... n*) All the rows corresponding to a particular m-composition
(k1,k2,. .., km) of n and therefore to the inertia factor group Sk, x Si, x --- x Sk,
form a block of a Fischer-Clifford matrix of B(m,n).

Programme 5.2.4 (Matrices F'(m,1*12*2...p?) of B(m,n))
meompsn:=function(m,n)

local res,i,mcn;

res:=[];

for i in [1..n] do

mcn:= Reversed(Filtered( Tuples([0..i],m),j— >Sum(j)=1));
Add(res,men);

od;

relurn res;

end;

partpowers: =function(m,n)

local p;

p:=Partitions(n);

return Set(List([1.. Number(p)[,u— > List([1..n],

i— >Number(p[u],j— >j=i))),k— >Filtered(k, I- >1>0));

end;

pfm:=function(m,n)
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local zimba,j1,72,73,34,39,76,res1, res2, res3, res4,resd,res6,
v0,v1,ind, po,kap,no,qo,s0,00,tam,nat, zim;

zimba:=n x m * 100;

v0:=List([1..m],i— >E(m)*);
v1:=VectorSpace(Rationals,v0);

ind:=List([1..m],i~ >Indeterminate(Rationals,i));;
po:=[];

for j1 in [1..m] do

res1:=Sum(List([1..m], j— >E(m)U~*01=1) « ind[4]) );
Add(po,resl);

od;

Fap:=[;

for 72 in mcompsn(m,n) do

res2:=List(j2,j— > Product(List([1..m], k— > polk}7[k])));
Add(kap,res?);

od;

no:=[/;

for j8 in kap do

res3:=List(33,7— >(1/(zimba) * j3[1]) +5);
Add(no,res3);

od;

go:=([;

for j4 in no do

resd:=List(j4, ext— > ExtRepPolynomialRatFun (ext));
Add(qo,resd);

od;

so:=[];

for 35 in qo do

res5:=List(j5, j— > Filtered(j, z— >z in vl));
Add(so,res5);

od;

oo:=List(kap, i— >i[1]);;

tam:=List(oo, ext— > ExtRepPolynomialRatFun (ext));;
nat:=List(tam, j— > Filtered(j, =— >z in v1));;
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zim:=[];

for j6 in [1..Number(so)] do

res6:=List(so[j6],j— >(—1/(zimba) * nat[j6])+j);
Add(zim,res6);

od;

return List(zim, i— > TransposedMat(i));

end;

skroneckp 1:=function(m,n,p1)

local 1,res;

res:=[[1]];

for i in pi do
res:=KroneckerProduct(pfm(m,n)[i],res);
od;

return res;

end;

Fem:=function(m,n)
return List(partpowers(m,n)i— >[4,,,,,,, skroneckpl(m,n,i)]);

end;

To illustrate how the Programme 5.2.4 works, we consider the construction of
the Fischer-Clifford matrices of B(2,6). We run the Programme 5.2.4 and supply
m = 2 and n = 6 to GAP by reading the statement ”"Fcm(2,6);” to obtain the
matrices F’(2,1%12%2...6%). It can be seen that Programme 5.2.4 is composed of
five functions (each function terminating with an end statement). These functions do

the following, with respect to m = 2 and n = 6.

(1) The function mcompsn of Programme 5.2.4 constructs the m-compositions of
n for all possible A, in this example m =2, n =6 and A\; = 1,2,3,4,5,6.

(ii) The function partpowers constructs A for each conjugacy class of S,,. It also
lists distinct \g for all the conjugacy classes of S,. The result of the function

partpowers in this example is:
[[1L 0L L L (2] (2,1, (22 [3),(3,1],[4,1],[6]]
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(i)
(iv)

(v)

5.3

The function pfm constructs the Fischer-Clifford matrices F(m,1%) for all A,.

The function skroneckp1l defines the kronecker product of a number of matrices

at once.

The function Fem does the kronecker products as given in Theorem 4.3.2 and
according to the Xy’s comstructed by the function partpowers in (ii) above.
For example the Fischer-Clifford matrix F(2,1%2!) corresponds to Xy = (4,1).
Thus the programme computes F'(2,142') (or F’(2,2'1%)) by evaluating the
kronecker product F(2,2') ® (2,14).

All the matrices F'(m,1*12*2...n*n) are printed by entering Fem(m,n) with
values m=2 and n=6 as Fcm(2,6). For example the matrix F’(2,142!) appears
in position 9 (the position of Ay = [4, 1] in the result of the function partpowers)

of the programme result as

[(41)mm,([11,1,1,1,1,1,1,1,1),[4,2,0,-2,-4,4,2,0,-2,-4],[6,0,-2,0,6,6,0,-2,0,6 ], |
4,-2,0,2,-4,4,-2,0,2,-4],(1,-1,1,-1,1,1,-1,1,-3,1],[1,1,2,1,1,-1,-1,-1,-1,-1], [ 4, 2, O,
-2,-4,-4,-2,0,2,4],[6,0,-2,0,6,-6,0,2,0,-6],[4,-2,0,2,-4,-4,2,0,-2,4],[1,-1,1,-1, 1, -1,
1,-1,1,-1]1],

showing the index \g = [4, 1] first and followed by the matrix F’(2,142!).

Examples

We use Programmes 5.2.1, 5.2.4 and 5.2.2 to construct the Fischer-Clifford matrices
of B(2,6) and B(3,5) in the following subsection.

5.3.1

(a)

Computing the Fischer-Clifford Matrices of B(2,6)

We supply to GAP the values ¢ = 0, n = 6 and run Programme 5.2.1, which we
have named F(2,n) in GAP. Then we enter FM; for which we obtain the output

as given below.
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c:=0;;n:=6;; Read("F(2,n)”);; FM;
[LIL), F2,9) =, [[1,1],[L,-1]] )

[[2]1F,(2)i):=r[[111’1]»[2101'2]7[1"171]]]1
(3}, F/'(2,4):=, [[2,1,1,1],(3,1,-1,-3],[3,-1,-1,3]),[1,-1,1,-1] ]},

([6],F(2,%):=[[11,1,1,1,1,1],[6,4,2,0,-2,-4,-6],[ 15, 5,-1,-3,-1, 5, 15 ], [ 20, 0, -4, 0, 4,
0,-20],[15,-5,-1,3,-1,-5,15],(6,-4,2,0,-2,4,-6],[1,-1,1,-1,1,-1,1 ] | | ],

[[[1y1]:F1(27i)::’[[1:17111]:[11'1717'1]9[1717'1)'1]1[17"17'1’1]]]7

[[2,1),F(2,%:=1[11,11,1,1],[2,0,-2,2,0,-2),[1,-1,1,1,-1,1},{1,1,1,-1,-1,-1}, [ 2,
07 '27 '21 07 2 ]) [ 1) '1) 11 '11 11 -1 ] ] ]7

[[2, 2]),F'(2,%):=[[1,1,1,1,1,1,1,1,1],(2,0,-2,2,0,-2,2,0,-2},[1,-1,1,1,-1,1,1,-1, 1],
[2,2,2,0,0,0,-2,-2,-2],[4,0,-4,0,0,0,-4,0,4],[2,-2,2,0,0,0,-2,2,-2],[ 1,1, 1, -1, -1, -1,
17 17 1 ]7 [2) 0) '21 '2) 07 2; 21 0’ '2 ]a [lv '17 1’ '11 17 ‘11 11 '1) i ] ] ] ]7

[13 1),F(2,4):=[[1,1,1,1,1,1,1,1],[3,1,-1,-3,3,1,-1,-3 ], [ 3, -1, -1, 3, 3, -1, -1, 3], [ 1,
-1,1,-1,1,-1,1,-1],[1,1,1,1,-1,-1,-1,-1],[ 3, 1, -1,-3,-3,-1, 1, 3], [ 3,-1,-1, 3,-3, 1, 1, -3 |, |
1,-1,1,-1,-1,1,-1,1] 1],

[[4, 1),F(2,3) ==, {[1,1,1,1,1,1,1,1,1,1],[4,2,0,-2,-4,4,2,0,-2,-4], (6,0, -2,0,6, 6,0,
-2,0,6],[4,-2,0,2,-4,4,-2,0,2,-4],[1,-1,1,-1,1,1,-1,1,-1,1], {1, 1,1, 1, 1, -1, -1, -1, -1, -1
1. 14,2,0,-2,-4,-4,-2,0,2,4],[6,0,-2,0,6,-6,0,2,0,-6],[4,-2,0,2,-4,-4,2,0,-2,41], [ 1, -1,
1,-1,1,-1,1,-1,1,-1}}],

L L1 L,F(2,4) =, ([ 1,1,1,1,1,1,1,1],[L,-1,,-1,1,-1,1,-1],[ 1, 1,-1,-1,1,1,-1,-1 }, |
17 '17 "11 11 1) '1’ ‘11 1 ]y [ 17 l) 1) 11 'lv _1) '1: -1 ]! [ 1, '17 1) '11 '1: 1: _1) 1 ]7 [ 1) 17 '11 "11 _1) '17 1) 1 ]1

[11'1:‘171;'1>171"1]]]]]

where Xy appears first and the matrices F'(2,1*12* ... 6%¢) appear after
F'(2,1) :=.

We read the Programme 5.2.4 into GAP and supply m=2 and n=6 to GAP by
reading the statement "Fcm(2,6);” to obtain the matrices F'(2,1*12%2 ... 6%6),
We obtain the same matrices F’(2,1*2*2...6%) as for the Programme 5.2.1

”

but with ”F'(2,i) :=" replaced by the commas ”,,,,,” and in the order of the

Xo’s given by the function ” partpowers”.
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(c) Also on using Programme 5.2.2 which we have named IdIFGBmn in GAP, we
obtain the following collections of 2-compositions of 6 (here printed with square
brackets) corresponding to the matrices F'(2,1M2%2 ... 6%¢) for B(2,6) and mcn

stands for m-compositions of n.
Read("IdIFGBmn");; IdIFGBmn(2,6);

[ [ 20=, [ 6 ]1355s55ss» COTTesponding men, [[6,0],[5,1],[4,2],(3,3],[2, 4
L11,5],[0,6]]]

[ 0=, [ 4, 1 ],y17yss»», corresponding mcn, [ [6,0],[5,1],[4,2],[3,3],[2, 4
,[4,2],(3,3),(2,4],(1,5],[0,6]]],

[ 0=, [ 2, 2 ],)15s5ss55, corresponding men, [[6,0],[5,1],[4,2],(4,2],(3,3
1, 12,4),[2,4],[1,5],[0,6]]],

[ A0=, [ 3 15355555, COTTesponding men, [ [6,0],{4,2],[2,4],[0,6]]],

[XOZ) [ 37 ]' ]7,7’777,7,7 Corresponding mcn7 [ [ 6) O ]7 [ 5) ]' ]7 [4, 2 ]’ [ 3’ 3 ]’ [ 3’ 3
L12,4]015],[0,6]]],

[XO———, [ 1,1, 1 ],55y95,, cOrresponding men, [[6,0],[5,1],[4,2],[3,3],]
3,3,[2,4],[1,5],[0,6]1]1,

[;\_0:7 [ 2 ]n”annn corresponding InCIl, [ [ 67 0 ]7 [ 3’ 3 ]’ [ 07 6 ] ] ]’

[ 20=, [ 2, 1 ]13155»5»»r, corresponding men, [[6,0],[5,1],[4,2],(2,4],[1,5
10,6111

[on, [ 1, 1 ],555595y, corresponding men, [ [6,0],[4,2),[2,4],[0,6]]],
[ 20=, [ 1, 1 ],,59s5s, corresponding men, [[6,0],[5,1],[1,5],[0,6]]],

[X0:7 [ 1 ]mn’nn) corresponding mcen, [ [ 6’ 0 ]7 [ 07 6 ] ] ] ]
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If a 2-composition of 6 appears more than once in non adjacent positions of
a collection, then the rows of the matrix F’(2,1*12*2...6%6) corresponding to
such a 2-composition of 6 are collected together to give a Fischer-Clifford matrix
F(2,1M2%...6%) of B(2,6). For this example only the collection

[[6,0], (5, 1], 14, 2], [3, 3], [2, 4], [4, 2], 3, 3], [2, 4], [1, 5], [0, 6],

has 2-compositions of 6 appearing more than once in non adjacent positions
and these are [4,2], [3,3] and [2,4] each appearing twice. Therefore for the
matrix F'(2,142) corresponding to the above collection of 2-compositions of 6,
we collect rows 3 and 6, 4 and 7, 5 and 8 corresponding to [4,2], [3,3] , [2,4]
each respectively into a block as given in Example 4.4.1(e)(see (4.3)). The
Fischer-Clifford matrices of B(2,6) are given in Table 5.1.
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Table 5.1: Fischer-Clifford matrices of B(2,6)
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5.3.2 Computing the Fischer-Clifford Matrices of B(3,5)

(a)

For another example on the application of Programme 5.2.4, we describe the
construction of the Fischer-Clifford matrices of the group B(3,5). We run Pro-
gramme 5.2.4 into GAP and enter the statement "Fcm(3,5);” to obtain the
matrices F'(3,1%12*2...5%) of B(3,5). We give only the Fischer-Clifford ma-
trices F'(3,5) and F'(3,23) of B(3,5) here due to limited space. These matrices

respectively appear in the programme result as

(1,5, ((1,1,1], (1, EG3), EB)?], [1, E(3)?, EB)]]),

and

111, 1) (iL,1,1,1,1,1,1,1,1], (1, E(3), E(3)2, 1, E(3), E(3)2, 1, E(3), E(3)?],

(1, E(3)?,E(3),1,E(3)?, E(3),1, E(3)3, E(3)],[1,1, 1, E(3), E(3), E(3), E(3)%, E(3)?, E(3)?],
[1, E(3), E(3)%, E(3), E(3),1,E(3)%,1, E(3)],[1, E(3)2, E(3), E(3), 1, E(3)?, E(3)?, E(3), 1],
[1,1,1, E(3)2, E(3)2, E(3)2, E(3), E(3), E(3)}, [1, E(3), E(3)2, E(3)2,1, E(3), E(3), E(3)2,1],
[1, E(3)%, E(3), E(3)2, E(3),1, E(3),1, E(3)?]]].

From the result of Programme 5.2.2 for n = 5 and m = 3, we see that only the

collection of 3-compositions of 5, given by

["X0=",[3, 1 ],y "corresponding mcn”, [[5,0,0],[4,1,0],[4,0,1],[3,
2,0],(31,1],(3,0,2],{2,3,0],(22,1],{2,1,2],{(2,0,3],[(3,2,0],]
2,3,0],(221],(1,40],[1,3,1],[1,22],[0,50],[0,41],[0,3,2
,10,2,3],[3,0,2],[2,1,2],(2,0,3),(1,2,2],[1,1,3],[1,0,4],[0,
3,2],[0,2,3),[0,1,4],[(0,0,5]]],

has 3-compositions of 5 appearing more than once. Thus only the matrix
F'(3,1%2!) requires to have its rows re-arranged into blocks corresponding to

inertia factor groups.

The Fischer-Clifford matrices of B(3,5) are given in Tables 5.2 to 5.5. The large
Fischer-Clifford matrices of B(3,5) have been split by | to fit on an A4 page.



CHAPTER 5. COMPUTING FISCHER-CLIFFORD MATRICES OF B(M,N)112

5.3.3 A Note on the Fischer-Clifford Matrices of B(2,12) and B(4,5)

We give a summary on the groups B(2,12) and B(4,5), for which we have used

Programme 5.2.4 to construct their Fischer-Clifford matrices.

(a) The group B(2,12) has order 222 x 3% x 52 x 7x 11 and has 1165 conjugacy classes.
We have used the Programme 5.2.4 to construct the Fischer-Clifford matrices
of B(2,12). The largest Fischer-Clifford matrix is F(2,15223!) of order 36.

(b) The group B(4,5) has order 2!3 x 3 x 5 and has 252 conjugacy classes. We have
used the Programme 5.2.4 to construct the Fischer-Clifford matrices of B(4, 5).
The largest Fischer-Clifford matrix of B(4,5) is F(4,1%2!) of order 80.

Due to lack of space here we have given the Fischer-Clifford matrices of B(2,12)
and B(4,5) on the compact disk submitted with this thesis. However note that
these matrices are the equivalent form of the Fischer-Clifford matrices of B(2,12)
and B(4,5).
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-3¢ — 4¢2
—4¢ — 3¢2
—2¢ — 662
8

—6¢ — 2¢°
26 — 4£?
—6£2

—6¢

-4 + 2¢2
3¢ - ¢2
8¢

~6

8¢?
~€+3¢2
§

g +¢
6¢ + 4¢2
4€ + 6¢°
£+ 4&2

Table 5.2: Fischer-Clifford matrices of B(3,5)

1 1
—4¢ -3¢ —g-3¢?
-3¢ —4ag® -3¢ ¢?
—6¢ — 2¢2 3¢ — 2¢°

8 2 -
—2¢ — 662 —2¢ + 3€2
-4 +262 ¢+ 267

—6€2 362 -
2¢ - 4g% 26 +5¢2
—£+36% 264382
8¢? 2¢2
-6 3
8¢ 2¢
36— &2 36+ 26°
E2 2
4462 ~2e+¢?
4 + 662 —5¢ — 3¢2
66 + 462 -3¢ — 5¢2
1€ + €2 £ — 262
3 13

1 1 1

262 —g+3€2 5¢

2¢ 3¢~ g2 s5e?

£ 6 +4¢2  10¢?

-1 8 20

&2 4¢ + 662 10¢

1 26 — 4¢2 10

—6¢2 —66  30¢

—6¢ —6€2  30¢2

1 —4f 4 262 10

262 —4g — 32 5¢

-¢ 862 202

-6 -6 30

~€2 86 206

28 —36 — 42 5¢2

3 & &2

2 a€ +¢2 5

€ —2¢-~e62  10¢

& —6¢—262 1067

2 £ 4+ 462 5

&2 3 ¢

RO m s NN =

F(3,1%) =
1
-3¢ - &2
~& - 3¢2
—2¢ 4 3¢2
2
3¢ — 262
2¢ + 5¢2
3¢2
3¢
5¢ 4 262
2 3¢ 4267
2
-6 3
2¢2
2¢ + 3¢2
€
& - 2¢?
-3¢ — 5¢2
—5¢ — 3¢2
~2¢ + €2
52

F(3, 15)(contd
1
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€ +4¢2
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8
26 ~ 4£2
2¢ ~ 4¢2
-6
—6
—4€ + 262
£ + 467
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-6
8
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—4¢ 4 262
2£ ~ 4€2
€+ 48?2
1

1
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5¢ 4+ 262
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3

5¢ + 267
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1
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-£-3¢2
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—¢2
-§
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-4
{2
1
3¢2
3¢

1
—£2
—4g
3
—q¢2
-£
3
-1
52
£

-1
52

2¢ + 3¢2
3¢ + 2¢°
-3¢ — 5¢2

—5¢ — 3¢2
2€ + 5¢2
3¢

5€ + 2¢2
-€ - 3¢®
262

2¢
-3¢ —¢?
2

€~ 2¢*
—2¢ + 3¢°
3¢ — 262
-2 4 ¢°

1 1
-2¢ +¢°
£~ 2¢*
€2 2t 452
-4 2
& 564287
1 56+ 262
3¢ 3
3¢2 3
1 26 + 562
£ - 262
—4£2 2
3 3
— 4§ 2
—-2¢ +¢?
€2 1
—2¢ + €2
£ 26 +5€°
€2 5e 4 2¢2
€ - 2¢2
£ 1

1
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8
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8
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1

£ + 462
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1
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3¢ — €2
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4 + 6¢2

8

6¢ + 42

—4¢€ + 2¢2
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2¢ — 4g?
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8¢
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8¢?
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30¢
10
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10¢
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continued)

-~

Table 5.3: Fischer-Clifford matrices of B(3,5)
1 1 1 1 1 1 1
1 ¢ &2 1 1
1 €2 £ 1
1 1 1 £
F(3,23) = F(3,14) = | 1 e &£ ¢ g2 1 &2 1
O S I
1 1 1 €2
1 € 52 2
1 €2 ¢ & & 1 g 1 ¢

1 1 1 1 1 1 1 1 1 1
3 —£-2¢2 2¢ - 2 e-¢€ 0o -eg+€2 3¢ 2€ + €2 € +26% 362
3 —26-¢€2 —g-2%  -£4¢€2 0 £-€2 362 g +26f 2+ 3¢
3 €—€ —e+€>  2a+€ 0 £+26% 3% -26-6* -g-2% 3¢
1 1 1 1 1 1 1 1 1 1
6 1] 0 0 -3 0 6 0 o 6
3 —g+4€? £-€2 g+262 0 2£+62 3¢ -g-28% -2¢-62 32
1 1 1 1 1 1 1 1 1 1
1 3 5 2 1 3 1 3 €2 1
3 —g-26e2 -2p-¢2 E—€2 0 —g+€% 3¢ 20+€ g+2? 3¢?
3 264+6% g+262 -26-€2 0 —£-~262 3¢ —£+4¢? £-¢2 3¢
3 —26—¢€2 —£-22  —g+4€2 0 £-¢2 382 g+2% 2w+ ¢
3 e+2e2 2+ —g-22 0 -26-¢€2 3¢? £-6 —e+€® 3¢
3 —s—ze: —2¢ - €2 E-€% 0 —£+§: 3¢ 25+5§ €+2¢% 362
1 3 £ € 1 1 13 3 1
FEGED=| 5 e @ o2 g4 0 e-g 32 c42®  2e4el ae
3 E—¢ —£4+€2  26+¢€2 0 e+26% 3¢ 26— —g-2e® 3¢
6 4] 0 0 -3 0 6 0] 0 6
3 —g+¢2 E-€ g+2® 0 2w+€> 3¢ -—g-26 -—2¢-¢2 32
3 €—€2  —€+€ 2w+4€ 0 e+26% 3¢® -2-6 -—g-2% 3¢
1 € €2 2 1 € 1 £ €2 1
3 2648 £+262 —26-€2 0 -g-262 36 —£+€2 €-¢2 3¢
3 g4+262 20+6€2 -g-262 0 -26-¢6% 32 £-¢62 —g+€r 3¢
3 —g+4¢2 E~-€ g+2? 0 2+€2 3¢ -—£-2° -—26-¢2 3¢
1 €2 £ £ 1 €2 1 &2 3 1
1 € €2 €2 1 £ 1 € €2 1
6 i} 1] 4] -3 0 6 0 0 &
3 2+6% £+28° -20-62 0 —£-262 3 —£+¢€° £-¢2 3¢t
3 e+262 26+ —g-262 0 -26-¢2 3¢? E-€& —e+€e? 3¢
1 €2 13 £ 1 €2 1 2 € 1
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Table 5.4: Fischer-Clifford matrices of B(3,5) (continued)
1

1 1 1 1 1 1 1 1

3 —g-26% -26-¢2 £—¢° —e+€ 3¢ 2+ e+26% 3¢?
3 —26-€2 —g-2% —£+€° £-€° 32 e+262 246 3¢
3 E-€2 g+ 2 +4€° £+26% 3¢ —26-¢€2 -—g-262 3¢
£ £ £ 13 £ ¢ £ e ¢
6 0 0 (o] - 0 6 0 0 6
3 —e+€t £-¢€2  g+42e2 26+62 8 -g-26% -—2¢-¢2 32
€2 €2 2 €2 £ 2 g2 €2 g2 g2
1 3 €2 €2 € 1 3 €2 1
36 26 +¢2 £~ g+282 —£ - 262 362 —g+e? -2 -¢2 3
3 2+€ g+2e2 -2 -¢° —£-28% 3¢ —£+8 £-¢2 3¢
3¢ €-€2 26+€ —g-262 £+ 2€° 3 -26-¢2  —g+e2 32

3 e+2e2 2 +82 —g-—2f 26— €% 3¢? e-€ e+ 3¢

QO OMOOM OO~ 00000 = NO WMOOO K-

3¢2 —5+£§ £+262 —26-¢2 2¢ +€: 3 —£- 252 e-€* 3¢

3 _ 1 4 4 4 £ 1 ¢ £ 1

F@IT2(eontd) = | g2 ep02 g4 2467 —2g - 3 e-€ g2 3

36 g+28% —¢-22  —g+¢? —2¢ — €2 3 £~ 242 362

6& ] 0 [4] -3 0 [i13 0 0 68

3¢ —g-26° ¢+ -—2e-¢° —£+€ 32 2 +¢f £-¢2 3

362 -2 -2 2 +€? —g-2 E-€ 38 £+2> g+ 3

3 2 1 1 €2 £ €2 1 3

38 ~g+€& —2¢-¢ £—¢* 264+ 6% 3% —g-2% g+426? 3

36 -26—€2  —£+€2 2¢4¢€° £~ ¢ 3 £4262% —g-26% 32

362 2462 -2 -¢° £ -2 —¢ - 2¢2 3 —e+€r g+ 3¢

£ 1 &2 g2 3 1 3 1 €2 13

&2 1 13 3 €2 O 1 £ €

662 0 0 0 —3¢2 0 662 0 0 62

3¢2 —g - 2¢? E—-6% g2 0 —&+€l 3 2462 -2k-€2 3¢

3¢2 £—€2 —g-22 g 4¢€? 0 £+2% 3¢ -2 -¢2 2 + €2 3

€2 £ 1 1 & £ € 3 1 g2

F(3,12%) =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 e € 1 I 1 T 1 N 1 IS 1 £ &2
1 € ¢ 1 g € 1 g € 1 g € 1 ¢ 3 1 g2 €
2 2 2 —g2 g% g2 - —-£ —& 26 26 2 -1 -1 -1 262 2¢2 22
2 26 2% - -1 -—g —¢ - -1 2t 2 2 -1 -¢ -2 22 22
2 262 26 -€  -—& -1 —£ -1 -—g 2 2 26% -1 —g*  -¢ 22 2 2
2 2 2 - -t - —£2 g2 g% 2g? 262 262 -1 -1 -1 2 2¢ 2¢
2 26 2% —¢ -€2 -1 -2 -1 —g 2¢? 2 26 -1 -¢ -—£ 2% 22 2
2 262 26 -¢ -1 —g2 —¢2  —¢ -1 2% % 2 -1 —€2 g % 2 262
1 1 1 13 € I - S Y S < S <A 1 1 € £ £
1 £ & € 'S 1 €* 1 S S 1 13 1 £ €2 & g2 1
1 € € 3 12 ¢ 3 1 g2 3 IO T 3 3 1 g2
2 2 2 -1 -1 -1 -1 -1 —1 2 2 2 —1 -1 —1 2 2 2
2 26 26?2 -1 —£  —¢2 -1 - 2 2 2% -1 - 2 26 2
2 262 26 -1 -2 g -1 -g2 ¢ 2 2* 26 -1 -€2 —¢ 2 262 2¢
1 1 1 2 g g2 £ £ € 3 3 & 1 1 1 g2 g2 g2
1 I S i 1 3 ¢ € 1 £ € 11 € €2 ¢ 1 €
1 € I & £ 1 3 1 € 3 r g 1 g £ € 13 1
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Table 5.5: Fischer-Clifford matrices of B(3,5) (continued)
1 1

1 1 1 1 1 1 1 1
3 -g-262 —2¢-¢2 e-¢ 0 —g+€2 3¢ 26+ e+2e8 3g?
3 -26-¢€> —g-22  —g4¢? 0 £-€ 3% g+2® 2+€& 3k
3 £-€2  —e+e?  2a+6? 0 e+2e2 32 26— —g-22 3¢
€2 €2 €2 £2 €2 2 g €2 g2 ¢
6 0 1] 0 -3 0 6 0 0 6
3 —t+é€? £-€2 g+2¢? 0 26+€62 3¢ -g-26% -—20-¢2 3¢
13 € 3 £ 3 £ ¢ £ 3 €
1 3 £2 £ 1 3 1 3 €2 1
3¢ —£+€2 g426%  -2¢-¢2 0 2 +¢2 3 —g-262 £-€2 3¢
3 2+€ g+22% -2-¢2 0 —£-262 3¢ —g+4¢? £-¢* 3¢
32 g+26% —g+€2 2 4€2 0 -26-¢% 3¢ -6 —g-2¢? 3
3 e+22 246 -2 0 -26-¢2 3¢ E-€& —e+€er 3¢
36 2%+ ez €—-¢€*  g+2€? [ 25: 3¢ —£+ ez -2¢ - €2 3
3 _l 1 £ 3 £ 1 1 3 £ 1
FG T2 (ontd) = 5 g g2 g 4g? g - 26 0 e+262 3 26— —g4g 32
362 -2 - 24+ -2 0 £-€ 3¢ £+282  -g+¢? 3
662 0 0 0 —3¢2 0 62 0 0 662
362 26 +€2  —2g - g2 e-¢* 0 —€-2¢2 3 —£+€  g+2e® 3¢
3¢ c+262 —g-22%  ~e+4¢? 0 -2t ¢2 3 £-€  2+¢€2 3¢?
€ 1 3 3 €2 1 gt 1 £ €2
32 -2 £—€> e+2¢ 0 -£+€2 3 2%+ -2w-g2 3
3¢? £-€2 g2 —g+6° 0 e4+262 3¢ -2w-62  2x+4¢° 3
3¢ -£-262  g+2e% -26-¢° 0 —£+€2 32 2e+€f £-¢? 3
€2 £ 1 1 g2 € ¢ £ 1 g2
€ &2 1 1 € €2 £ 'S 1 3
6€ 0 (1] 0 -3¢ 0 6& 0 D] 6&
36 -e+€ —26-¢? £-¢2 0 26462 362 —g-2% g+262 3
3¢ -—26-£2  —g4+¢e> 26462 0 £-¢€2 3 g+26%  —g-2g2  3¢?
€ 1 €2 g2 3 1 3 1 g2 £

F(3,123) =
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 -¢2 -& 26 -1 282 2 -2 —¢ 2 -1 26t 2 -2 -¢ 22 -1 27
2 —& —€2 262 -1 % 2 —¢ -2 2% 1 2 2 - -g2 22 -1 2
1 N 13 1 ¢ &2 ¢ 1 13 1 ¢ & g 1 3
2 —~1 -1 2 -1 2 2 -1 -1 2 -1 2 2 -1 -1 2 -1 2
1 €2 13 3 1 g? 1 2 3 3 1 g 1 €2 £ 3 O
1 1 1 1 1 13 3 £ 13 £ I L S L N O &
2 -2 —¢  2¢ -1 2% o2& -1 -g¥ 267 ¢ 2 2 -¢ -1 2 -2 2
2 —& —€2 262 1 26 26 -¢° -1 2 —g 2% 2¢? -1 —£ 2t ¢ 2
1 ¢ & g2 £ e & 1 1 e € 2 1 £ & ¢ 1
2 -1 -1 2 -1 2 26 —&  —-€ 2 —g 2 2% g -—g2 2% -2 2t
I 13 e 1 ¢ 3 1 g2 g 3 1 g2 3 1 1 g2 €
1 1 1 1o 1 €2 g2 g2 ¢ 2 g2 € 3 3 3 3 3
2 —g2 ¢ 26 -1 267 262 ¢ -1 2 -g*  2¢ 26 -1 g% 2% ¢ 2
2 -g —€% 2?7 -1 2 26?7 -1 -¢ 2 -2 2 2 -2 -1 2 - 22
1 T S L € & 1 3 I 1 ¢ & 1 1 £ ¢
2 -1 -1 2 -1 2 262 —g? g2 g2 g2 g2 2¢ 3 —£ 2 -t 2¢
1 g2 £ € 1 g ¢ € 1 1 ¢ 13 £ 1 g2 ¢ 3 1



Chapter 6

The Character Table of B(m,n)

It is well known that the character table of the generalized symmetric group B(m,n)
can be computed in GAP, with B(m,n) considered as the wreath product of the
cyclic group Z, of order m with the symmetric group S,. For example we can use
the following code in GAP to compute the character table of B(m,n).

cm:= CharacterTable( ”Cyclic”, m );;
wr:= CharacterTableWreathSymmetric( c¢m, n );;

Display( wr );

Indeed in [50], Pleiffer has given programmes in GAP which compute the character
tables of wreath products with symmetric groups. However it may not be necessary
to obtain the full character table of a group in hand, rather we may wish to obtain
a partial character table of the group. Further due to limited workspace in GAP,
we can only compute character tables of B(m,n) for small values of m and n. It is
for these reasons amongst others that the technique of Fischer-Clifford matrices is
sometimes used to construct the character tables of generalized symmetric groups. In
this chapter we use the Fischer-Clifford matrices constructed in Chapters 4 and 5 to
construct the character tables of the groups B(2,6) and B(3,5). In Section 5.3.3, we
give a summary on the character tables of the groups B(2,12) and B(4,5).

As indicated in Section 4.2, the character table of B(m,n) is constructed by
multiplying the partial character tables of the inertia factor groups Sk, x S, x- - - X S,
by the corresponding rows of the Fischer-Clifford matrices according to the fusions

of the conjugacy classes of Si, x Sk, X --- x Sk, to a class of 5,. However before
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the multiplication using GAP is done, the rows within the blocks of the Fischer-
Clifford matrices should be re-arranged appropriately. Now in order to arrange the
rows within the blocks of the Fischer-Clifford matrices appropriately, we determined
how the columns of the character tables of the inertia factor groups computed in GAP
are arranged. It was found that in cases where there is more than one conjugacy class
of the inertia factor group fusing to a class of Sy, the corresponding rows of a block
in the matrix F'(m,1}12*2...n3) should be arranged starting with the one at the
bottom to the one at the top (see Subsections 6.1.3 and 8.3.3 for examples). In
Sections 6.1 and 6.2, we use the Fischer-Clifford matrices given in Table 5.1 and
Tables 5.2 to 5.5 to construct the character tables of the groups B(2,6) and B(3,5),

respectively.

6.1 The Group B(2,6)

We construct the character table of B(2,6) using the Fischer-Clifford matrices given
in Table 5.1. We first give the conjugacy classes of B(2,6) in Subsection 6.1.1, describe
the inertia factor groups of B(2,6) in Subsection 6.1.2 and construct the character
table of B(2,6) in Subsection 6.1.3.

6.1.1 The Conjugacy Classes of B(2,6)

It was indicated in Section 3.1 that Programmes 3.1.9 and 3.1.10 give parameters
for Fischer-Clifford matrices of B(m,n). This is equivalent to coset analysis for cal-
culating the conjugacy classes of group extensions where N is abelian (see [37] and
[41]). Examples on the calculation of the orders of centralizers and orders of class
representatives of B(2,6) corresponding to the conjugacy class of Sg of type (142!)
using Proposition 3.1.7 were given in Section 3.1. It was also mentioned in Section
3.1 that using Programmes 3.1.9 and 3.1.10 we obtain a total of 65 conjugacy classes
of B(2,6). We give the conjugacy classes of B(2,6) in Tables 6.1 and 6.2. Both
the second and third columns of these tables show alternative types of the conjugacy
classes of B(2,6). The fourth column shows the orders of the class representatives
of B(2,6). The fifth and last columns show the orders of centralizers and sizes of

conjugacy class of B(2,6) respectively.
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Table 6.1: Conjugacy classes of B (2,6)

(gls. | 2-sets of partitionm (19112%12 ... 6916 19212422 ...§926) I g | |Ce (7)) | 19l

(1%) = 1a (6,0) (18,19 1A | 46080 1
5,1) (15,11 2A | 7680 6
(4,2) (14,12) 2B | 3072 15
(3,3) (13,13) 2C | 2304 20
(2,4) (12,19 2D | 3072 15
(1,5) (11,1%) 2E | 7680 6
(0,6) (19,19) 2F | 46080 1

(1%2) = 2¢ | ({4,1),(0,0)) (1421, 1020) 2G | 1536 30
((3,1),(1,0)) (1821,1120) 2H | 384 120
((2,1),(2,0)) (1%221,1229) 21 | 256 180
((1,1),(3,0)) (1121,1320) 2] | 384 120
(0, 1), (4,0)) (1021,1420) 2K | 1536 30
((4,0),(0,1)) (1429,1021) 4A | 1536 30
((3,0),(1,1)) (1320,1121) 4B | 384 120
((2,0),(2,1)) (1220,1221) 4C | 256 180
((1,0),(3,1)) (1120,1321) 4D | 384 120
((0,0), (4, 1)) (1020, 1421) 4E | 1536 30

(1222) = 2b | ((2,2),(0,0)) (1222,1020) 2L | 256 180
((1,2),(1,0) (1122,1120) 2M | 128 360
((0,2),(2,0)) (1°22,1220) 2N | 256 180
((2,1),(0,1)) (1221,1921) 4F | 128 360
((1,1),(1,1)) (112}, 1121) 4G | 64 720
((0,1),(2,1)) (1021, 1221) 4H | 128 360
((2,0),(0,2)) (1220,1022) 41 | 256 180
((1,0),(1,2)) (112°,1122) 4] | 128 360
((0,0),(2,2)) (1020 1222) 4K | 256 180

(2%) = 2¢ (3,0) (28,29 20 | 384 120
(2,1) (22,21) 4L | 128 360
(1,2) (2},22%) 4M | 128 360
(0,3) (2°,23) 4N | 384 120

(183) =3¢ | ((3,1),(0,0)) (1331,1939) 3A | 288 160
((2,1),(1,0)) (123%,1%30) 6A | 96 480
((1,1),(2,0)) (1131,1239) 6B | 96 480
((0,1))(3,0)) (1931,1339) 6C | 288 160
((3,0),(0,1)) (1339,1031) 6D | 288 160
((2,0),(1,1)) (1230,1131) 6E | 96 480
((1,0),(2,1)) (1139,1231) 6F | 96 480
(0,0),(3,1)) (1039,1331) 6G | 288 160
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Table 6.2: Conjugacy classes of B (2,6) (continued)
(lgls, | 2-sets of partition [A] | (12112912 ... 6916, 19212022...6%%) [ 5 | [Cc(9)] | I[5]l
(123) = 6a | ((1,1,1),(0,0,0)) (112131,102039) 6H | 48 960
((0,1,1),(1,0,0)) (102131,112030) 61 48 960
((1,0,1),(0,1,0)) (112031,102130) 12A | 48 960
((0,0,1),(1,1,0)) (192031,112130) 12B | 48 960
((1,1,0),(0,0,1)) (112130,102031) 6J 48 960
((0,1,0),(1,0,1)) (102130,112031) 6K | 48 960
((1,0,0),(0,1,1)) (112030,102131) 12C | 48 960
((0,0,0),(1,1,1)) (192030, 112131) 12D | 48 960
(3%2)=3b | (2,0) (32,39 3B |72 640
(L, (3%,31) 6L 36 1280
(0,2) (3°,32) 6M | 72 640
(124) = 4a | ((2,1),(0,0)) (1241,1949) 10 | 64 720
((1,1),(1,0)) (1141,1149) 4P | 32 1440
((0,1),(2,0)) (1041, 1249) 4Q | 64 720
((2,0),(0,1)) (1249,1041) 8A | 64 720
((1,0),(1,1)) (1149,1141) 8B | 32 1440
((0,0),(2,1)) (1949,1241) 8C | 64 720
(24) = 4b ((1,1),(0,0)) (2141,2049) 4R | 32 1440
((0,1),(1,0)) (2041,2149) 4s | 32 1440
((1,0),(0,1)) (2149,2041) 8D | 32 1440
{(0,0),(1,1)) (2040, 2141) 8E | 32 1440
(15) =5a | ((1,1),(0,0)) (115t,;1050) 5A | 20 2304
((0, 1), (1,0)) (1951,1150) 10A | 20 2304
((1,0),(0,1)) (115%,1051) 10B | 20 2304
((0,0),(1,1)) (1959,1151) 10C | 20 2304
(6) = 6b (1,0) (61,69 6N 12 3840
(0,1) (69,61) 12E | 12 3840
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Table 6.3: Character table of S4xS2

Class la 2a 2b 2c 3a 6a 2d 2e 4a 4b
Type | (1%,12) | (14,2) | (122,12) | (122,2) | (13,12) | (13,2) | (2%2,1%) | (2%,2) | (4,1%) | (4,2)
P 1 1 1 1 1 1 1 1 1 1
P2 1 1 -1 -1 1 1 1 1 -1 -1
¥3 1 -1 1 -1 1 1 1 -1 1 -1
e 1 -1 -1 1 1 1 1 -1 -1 1
Vs 2 2 0 0 -1 -1 2 2 0 o
Ve 2 -2 0 0 -1 1 2 -2 0 0
V7 3 -3 -1 1 0 0 -1 1 1 -1
g 3 -3 1 -1 0 0 -1 1 -1 1
g 3 3 -1 -1 0 0 -1 -1 1 1
P10 3 3 1 1 0 0 -1 -1 -1 -1

Table 6.4: Fusion of inertia factor groups into Se

Se | S5 | SaxS2 | SsxSs | S2xS4
(1% | (19 (14,1%) (13,13) (1%,1%)
(142) | (132) | (122,1%),(14,2) | (12,18),(13,12) | (12,122),(2,1%)
(1222) | (122) | (1%22,2),(2%,1?) (12,12) | (2,122),(12%,2?)
(23) - (227 2) - (21 22)
(1%3) | (123) (13,12) (3,1%),(1%,3) (12,13)
(123) | (23) (13,2) (3,12),(12,3) (2,13)
(3%) - - (3,3) -
(1%24) (14) (4,1?) - (12,4)
(24) - (4,2) (2,4)
(15) (5) - - -
(6) -

6.1.2 The Inertia Factor Groups of B(2,6)

From the 2-compositions of 6, we obtain that the inertia factor groups of B(2,6) are
S, 55 X S, S4 X Sy, S3 x S3, So x Sy, S5 and Sg. The character tables of these
inertia factor groups are easily computed. Following from the remarks in Section
4.2 we have that the conjugacy classes of the inertia factor groups which fuse to a
class of Sg of type (1*12%2...6%6) are of type (111212 ... gk 1k212k22 ... gh2e) where
Z?:l kjs = As. The fusion of the conjugacy classes of the inertia factor groups into

Sg is given in Table 6.4.
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6.1.3 The Character Table of B(2,6)

The character table of B(2,6) is constructed by multiplying the partial character
tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford
matrices in Table 5.1 according to the fusions given in Table 6.4. For example, from
Table 6.4 we see that the conjugacy classes (14,2) and (122,12) of S4 x S5 fuse to the
class (142) of Ss. So we multiply the partial character table of Sy x S5 at the elements
(14,2) and (122,12) with rows 3 and 4 of the Fischer-Clifford matrix F(2,142) as

follows:

( 117
1 -1
-1 1
-1 -1
2 0 1 1 111 -1 -1 -1 -1 -1
-2 0 6 0 -2 0 -2 0 6
-3 -1
-3 1
3 -1
3 1 |

7 1 -1 1 7 5 -1 -3 -1 5
-5 1 3 1 -5 =7 -1 1 -1 -7

5 -1 =3 -1 5 7 1 -1 1 7
-7 -1 1 -1 -7 =5 1 3 1 -5

2 2 2 2 2 -2 -2 -2 -2 =2
-2 -2 -2 -2 =2 2 2 2 2 2
-9 -3 -1 -3 -9 -3 3 5 3 -3

-3 3 5 3 -3 -9 -3 -1 -3 -9
9 3 1 3 9 3 -3 -5 -3 3 ]

which appears in block 3 of Table A.1 in the Appendix A under class 2a of Sg. This is
done for each Fischer-Clifford matrix to give the full character table of B(2,6) given
in Tables A.1 to A.4 in the Appendix A. The orders of centralizers of B(2,6) are
listed in Tables 6.1 and 6.2 and arc not included in the character table of B(2,6).
The correctness of the character table of B(2,6) has been tested in GAP.
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6.2 The Group B(3,5)

In this section we construct the character table of another example of the generalized
symmetric group B(m,n), but for prime m # 2 and in particular we consider the
group B(3,5), which has a higher order than B(3,4) done in [5]. We construct the
character table of B(3,5) using the Fischer-Clifford matrices given in Tables 5.2 to
5.5. We first give the conjugacy classes of B(3,5) in Subsection 6.2.1, describe the
inertia factor groups of B(3,5) in Subsection 6.2.2 and construct the character table
of B(3,5) in Subsection 6.2.3.

6.2.1 The Conjugacy Classes of B(3,5)

Using Programmes 2.2.3, 3.1.9 and 3.1.10 we calculated the orders of centralizers and
orders of class representatives of the group B(3,5). We obtain that the group B(3,5)
has a total of 108 conjugacy classes. The conjugacy classes of B(3,5) including the

respective orders of centralizers are given in Tables 6.5, 6.6 and 6.7.
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Table 6.5: Conjugacy classes of B(3,5)
(gls. 3-sets of partition [A] l (19112912 ... 5215 19210222 ... 5025 19812032 ... 5035) Lg , [Ca(g)l [ 13l
(1% =1a | {(5,0,0) (15,19,19) 1A 29160 1
{4,1,0) (14,1%,19) 3A 5832 5
(4,0,1) (14,19,11) 3B 5832 5
(3,2,0) (13,12,19) 3C 2916 10
(3,1,1) (18,1114 3D 1458 20
(3,0,2) (13,19,1%) 3E 2916 10
(2,3,0) (1%2,13,19) 3F 2916 10
(2,2,1) (12,12,11) 3G 972 30
(2,1,2) (12,11,1%) 3H 972 30
(2,0,3) (1%2,1°,13) 31 2916 10
(1,4,0) (11,14,19) 3J 5832 5
(1,3,1) (11,1311 3K 1458 20
(1,2,2) (1%,12,12) 3L 972 30
(1,1,3) (1%,1%,13) 3M 1458 20
(1,0,4) (14,1919 3N 5832 5
(0,5,0) (1°,15,19) 30 29160 1
(0,4,1) (1°,14,1Y) 3P 5832 5
(0,3,2) (19,13,12) 3Q 2916 10
(0,2,3) (19,12,19) 3R 2916 10
(0,1,4) (19,11, 19) 3S 5832 5
(0,0,5) (19,1°,1%) 3T 29160 1
(132) = 2a | ((3,1),(0,0),(0,0)) (1321,1920,1020) 2A 972 30
((2,1),(1,0),(0,0)) (1221,1120,1020) 6A 324 90
((2,1),(0,0),(1,0)) (1221,1020 1120) 6B 324 90
((1,1),(2,0),(0,0)) (1121, 1220,1020) 6C 324 90
((1,1),(1,0),(1,0)) (1121,1120,1'20) 6D 162 180
((1,1),(0,0),(2,0)) | (112%,1929,1229) 6E | 324 90
((0,1),(3,0),(0,0)) (1°21,1320,1029) 6F 972 30
((0,1),(2,0),(1,0)) (1021, 1220 1120) 6G 324 90
((0,1),(1,0),(2,0)) (1021, 1120,1220) 6H 324 90
((0,1),(0,0),(3,0)) (1921,1020,1320) 61 972 30
((3,0),(0,1),(0,0)) (1320,1021,1020) 6J 972 30
((2,0),(1,1),(0,0)) (1229,1121,1020) 6K 324 90
((2,0),(0,1),(1,0)) (1220,1021 1129) 6L 324 90
((1,0),(2,1),(0,0)) (1129,1321 1920 6M 324 90
((1,0),(1,1),(1,0)) (1120,1121 1120) 6N 162 180
((1,0),(0,1),(2,0)) (1120,1021,1220) 60 324 90
((0,0),(3,1),(0,0)) (1920, 1321 1020) 6P 972 30
((0,0),(2,1),(1,0)) (1020, 1221 /1120) 6Q 324 90
((0,0),(1,1),(2,0)) (1020, 1121 1220) 6R 324 90
((0,0),(0,1),(3,0)) (1020,1021 1329) 6S 972 30
((3,0),(0,0),(0,1)) (1829,1020 1021) 6T 972 30
((2,0),(1,0),(0,1)) (1220, 1120 1021) 6U 324 90
((2,0),(0,0),(1,1)) (1220,1020 1121) 6V 324 90
((1,0),(2,0),(0,1)) (1129,1220,1021) 6W | 324 90
((1,0),(1,0),(1,1)) (1120,1020 1121) 6X 162 180
((1,0),(0,0),(2,1)) (1120,1020 1221) 6Y 324 90
((0,0), (3,0),(0,1)) (1920,1320,1021) 67 972 30
{(0,0),(2,0),(1,1)) (1920,1220 1121) 6AB | 324 90
((0,0),(1,0),(2,1)) (1020,1120,1221) 6AC | 324 90
((0,0),(0,0),(3,1)) (1920,1020 1321) 6AD | 972 30
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Table 6.6: Conjugacy classes of B(3,5) (continued)

[g155 I 3-sets of partition [}] u10112al2 -+ 5%15,19212022 ... 5025, 19312032 ... 5335) | gJ wc(§)| I |19
(1t22y =2b | {(1,2),(0,0),(0,0)) (1122,1020,1020) 2B 216 135
((0,2),(1,0),(0,0)) (1022,1120,1020) 6AE | 216 135
((0,2),(0,0),(1,0)) (1022,1020,1120) 6AF | 216 135
((1,1),(0,1),(0,0)) (1121,1021 1020) 6AG | 108 270
((0, 1))(1,1),(0,0)) (10211121 1020) 6AH | 108 270
((0,1),(0,1),(1,0)) (1021,1021,1120) 6A1 | 108 270
((1,1),(0,0),(0,1)) (1121,1020,1021) 6AJ | 108 270
((0,1),(1,0),(0,1)) (1021,1120 1021) 6AK | 108 270
((0,1),(0,0),(1,1)) (1021,1020 1121) 6AL | 108 270
((1,0),(0,2),(0,0)) (1120,1022,1020) 6AM | 216 135
((0,0))(1,2), (0,0)) (1020, 1122 1020) 6AN | 216 135
((0,0),(0,2),(1,0)) (1920,1022 1129) 6A0 | 216 135
((1,0),(0,1),(0,1)) (1120,1021 1021) 6AP | 108 270
((0,0))(1,1),(0,1)) (2020,1121,1021) 6AQ | 108 270
((0,0),(0,1),(1,1)) (1020,1021 1121 6AR | 108 270
((1,0),(0,0),(0,2)) (1120,1020,1022) 6AS | 216 135
((0,0),(1,0),(0,2)) (1020, 1120 1022) 6AT | 216 135
((0,0), (0,0),(1,2)) (1920,1020 1192) 6AU | 216 135
(123) = 3a | ((2,1),(0,0),(0,0)) (123!,1930,1030) 3U 162 180
(1, 1),(1,0),(0,0)) (113%,1130,1030) 3V 81 360
((1,1),(0,0),(1,0)) (1131,1030 1130) 3W 81 360
((0,1),(2,0),(0,0)) (1031,1230,1030) 3X 162 180
((0,1),(1,0),(1,0)) (1°31,113°,1139) 3Y 81 360
((0,1),(0,0), (2,0)) (1031,1030 1230) 37 162 180
((2,0),(0,1),(0,0)) (1239,103?,1030) 9A 162 180
((1,0),(1,1),(0,0)) (1139,1131,1939) 9B 81 360
({1,0),(0,1),(1,0)) (1*3°,1931,1139) 9C 81 360
{(0,0),(2,1),(0,0)) (103°,1231,1030) 9D 162 180
((0,0),(1,1),(1,0)) (1°39,1131,1139) 9E 81 360
((0,0),(0,1),(2,0)) (139,103 ,1239) 9F 162 180
((2,0),(0,0),(0,1)) (1230,1030 1031) 9G 162 180
((1,0),(1,0),(0,1)) (1139,113%,1031) 9H 81 360
((1,0),(0,0),(1,1)) (1139,1030 1131) 91 81 360
{(0,0),(2,0),(0,1)) (1030,1230 1031) 9J 162 180
((0,0),(1,0),(1,1)) (1939,1130,1131) 9K 81 360
((0,0),(0,0), (2,1)) (1939,1030 1231) 9L 162 180
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Table 6.7: Conjugacy classes of B(3,5) (continued)

126

gls, L3-sets of partition [’\]—L(la“ 2012 ...5%15 10219622 ...5025 14312832 ...5035 )j 7 j 'CG@)'—' IE
(23) = 6a | ((1,1),(0,0),(0,0)) (2131,2030,2030) 6AV | 54 540
((0,1),(1,0),(0,0}) (2031,2130 2030) 18A | 54 540
((0,1),(0,0), (1,0)) (2031,2030 2130) 18B | 54 540
((0, 1), (0, 1), (0,0)) (2031, 2031 2030y 18C | 54 540
{(0,0),(1,1),(0,0)) (2030,213% 2039) 18D | 54 540
((0,0),(0,1),(1,0)) (2030,2031 2130) 188 | 54 540
((1,0),(0,0), (0,1)) (2130,2030 2031y 18F | 54 540
{(0,0),(1,0),(0,1)) (2030, 2130,2031) 18G | 54 540
((0,0), (0,0),(1,1)) (2030,2030 2131) 18 | 54 540
(14) =4a | ((1,1),(0,0),(0,0)) (1141, 1940 1040) 4A 36 810
((0,1),(1,0),(0,0)) (1941,1140 1040 124 | 36 810
({0, 1),(0,0),(1,0)) (10411040 1140 12B | 36 810
{(0,1),(0,1),(0,0)) (1941,1041 1949) 12¢ | 36 810
((0,0),(1,1),(0,0)) (1949, 1141, 1049) 12D | 36 810
((0,0), (0,1),(1,0)) (10401041 1149 12E | 36 810
((1,0),(0,0),(0,1)) (1149,1040 1041 12F | 36 810
((0,0),(1,0),(0,1)) (1949,1140 1041y 12G | 36 810
((0,0),(0,0),(1,1)) (10401040 1141) 12H | 36 810
(5) = 5a (1,0,0) (51,59,59 5A 15 1944
(0,1,0) (59,51, 50) 154 | 15 1944
(0,0,1) (59,509,51) 15B | 15 1944

Table 6.8: Character table of S3xSs

Class la 2a 2b 2c 3a 6a
Type | (15,1%) | (13,2) | (12,1%) | (12,2) | (3,1%) | (3,2)
wﬂ 1 1 1 1 1 1 1
P2 1 1 -1 -1 1 1
¥3 1 -1 1 -1 1 -1
Py 1 -1 -1 1 1 -1
s 2 -2 0 0 1 1
ve | 2 2 0 ] 1 -1

Table 6.9: Fusion of inertia factor groups into Sy

Sy Sy \ S3 ]7 S3 %S9 l S2XS3 L So xSy
(1%) (1Y ] (13) (1%,1%) (1%,1%) (12,1%)
1%2) | a%22) | (12) | (12,12),(13,2) | (12,12),(2,13) | (1%2,2),(2,1?)
(122) (22) - (12,2) (2,12) (2,2)
(123) | (13) (3) (3,12) (1%,3) -
(23) - - (3,2) (2,3)
(14) (4) - -

(5) - - -
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6.2.2 The Inertia Factor Groups of B(3,5)

From the 3-compositions of 5 we obtain that the distinct inertia factor groups of
B(3,5) are Ss,S54,53 x S2,83,8; x S3 and Sy x S2. The character tables of these
inertia factor groups are easily computed. Following from the remarks in Section 4.2
we have that the conjugacy classes of the inertia factor groups which fuse to a class
of S5 of type (1*12*2...5%) are of type

(1k112k12 L. 5"915, lkzl 2k22 . 5’625, 1k312k32 . 5’635),

where Z?=1 k;s = As. The fusion of the conjugacy classes of the inertia factor groups

into S5 is given in Table 6.9.

6.2.3 The Character Table of B(3,5)

The character table of B(3,5) is constructed by multiplying the partial character
tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford
matrices in Tables 5.2 to 5.5 according to the fusions given in Table 6.9. For example,
from Table 6.9 we see that the conjugacy class (3,1%) of S3 x Sy fuses to the class
(123) of S5. So we multiply the partial character table of S3 x Sy at the element
(3,12) with row 4 of the Fischer-Clifford matrix F(3,123) as follows:

1

1

1

llree e e e @ e e e g1 og]=

-1

-1
N I R U S S S R <A U S U N I I -
1og & @ 1 e 1 ¢ g @ 1 ¢ 1 & & & 1 ¢
A T N S SR S W S T S Y <IN B
Lo @ & 1 e 1 ¢ & ¢ 1 ¢ 1 ¢ & g 1 ¢
R s B S B S i e e T T T e S
I T L B S B T s i S e e e R W

which appears in block 4 of Table B.11 in the Appendix B under the class 3a of Ss.
This is done for each Fischer-Clifford matrix to give the full character table of B(3, 5)
given in Tables B.1 to B.20 in the Appendix B. The orders of centralizers of B(3,5)
are listed in Tables 6.5 to 6.7 and are not included in the character table of B(3,5).
The correctness of the character table of B(3,5) has been tested in GAP.
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6.3 A Note on the Character tables of B(2,12) and B(4,5)

The group B(2,12) has 1165 conjugacy classes. We have used the Programme 5.2.4 to
construct the Fischer-Clifford matrices of B(2,12). We have constructed the character
table of B(2,12) and tested its correctness in GAP. The character table of B(2,12)
is given on the compact disk submitted with this thesis.

The group B(4,5) has 252 conjugacy classes. We have used the Programme 5.2.4
to construct the Fischer-Clifford matrices of B(4,5). We have constructed the charac-
ter table of B(4,5) and tested its correctness in GAP. The character table of B(4,5)
is given on the compact disk submitted with this thesis.



Chapter 7

The Group Bg(p,n)

We recall from Section 3.3 that the group Bg(p,n) is a split extension of S = Z;_l by
the symmetric group S,. Such group extensions may occur as constituents of finite
simple groups and therefore we need to know their structures. For example the group
Bs(2,6) is an affine subgroup of the symplectic group SP(6,2). To construct the
character table of the group 2%:SP(6,2), which is a maximal subgroup of the Fischer
group Fj,,, using the method of Fischer-Clifford matrices we require the character
table of Bg(2,6) (see [12], [47]). In [47], Mpono has used the properties of Fischer-
Clifford matrices given in Section 1.5.2 to construct the Fischer-Clifford matrices
and therefore the character table of Bg(2,6). In this chapter we will not use the
properties of Fischer-Clifford matrices to construct these matrices but rather we use a
unified combinatorial method to construct the Fischer-Clifford matrices of the groups
Bs(2,6). We also use the Fischer-Clifford matrices of the groups Bs(2,6) to construct

its character table.

In [35] List has presented a method for constructing the Fischer-Clifford matrices
of a group extension of a faithful irreducible-S,, constituent of V = 2", which we may
refer to as a group associated with B(2,n). This was done by constructing the Fischer-
Clifford matrices of the associated group from the Fischer-Clifford matrices of B(2,n).
In this chapter we use a similar technique as in [35] to adapt the combinatorial method,
for constructing the Fischer-Clifford matrices of B(p,n), to construct the Fischer-
Clifford matrices of Bg(p,n), where p is prime. In Section 7.1, we present some
results which describe this adaptation to constructing the Fischer-Clifford matrices of
Bs(p,n). In Sections 7.2, 7.3 and 7.4, we will construct the Fischer-Clifford matrices

129
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and the character tables of the groups Bs(2,6), Bs(3,3) and Bg(3,5) respectively.

7.1 Fischer-Clifford Matrices of Bs(p,n)

Here we use the method presented by Proposition 1.5.2 to construct the Fischer-
Clifford matrices of G = Bs(p,n). Thus for each conjugacy class [g] of S,,, we consider
the action of Cg(g) on the group S/Kg, where Kg = ¢4(S) and ¢4 : N — N is the
map defined by ¢4(d) = d + (p — 1)d9 (see Proposition 1.5.2), but here restricted to
S. It is clear from Lemma 1.5.1, that Kg is also Cg(g) - invariant. And from the
remarks in [18] and [35], we infer that the actions of C¢(g) on S/Kgs and Irr(S/Ks)
will be isomorphic if S is an elementary abelian p-group. It is for this reason that in
this chapter we take m to be prime so that S is an elementary abelian p-group. The

following result generalizes List’s result (see [35] page 120).

Proposition 7.1.1 Let g be an element of S, of type (111222323 ...n ) containing
a cycle g; = (o1,9,...,0,) of length s. Let K = ¢g(N) and Ks = ¢4(S), where
¢g : N = N is defined by ¢¢(d) = d+ (p— 1)d?. Then for k € NU {0} we have the

following.
(i) If \s # 0 for some s # pk, then Kg = K.

(11) If \s =0 for all s =pk+ k', k' =1,2,...,p—1, then for each cycle g; of length
s = pk we have {l[ea1 +(—1ea, o] | L, K¥=1,2,...,p~ 1} CK\Ks.

Proof. Since g; = (a1, as,...,as) is an s-cycle of g, we have
Po(ea;) = €a; + (P~ Dea; 1y, J=1,2,...,8~1, ¢glea,) = €a, + (P~ L)eg,.
Thus we have
bg(< €ays€ayy---r€ay >) =< {€a;+(P—1)ea;,, |7 =1,2...,5-1}U{eq, +(p—1)eq, } >,
and Cg(g) acts on the A; s-cycles as Sy,. We obtain that
K = ¢y(N) =<{ea; + (P~ Dea;y, | 7=1,2,...,8 =1} U{eq, +(p—1)eq, } >,

where g; = (a1, a2,...,a;) runs over the cycles of g. Clearly K € S < N. Now let d
be an element of < eq,,€q,,..-,€q, >. If s =1, then ¢¢(d) = 0. Let 1 <7 < s. Then



CHAPTER 7. THE GROUP Bs(P,N) 131

for 1 €{1,2,...,p— 1} we have

r s
$g(d) = llea, + (P~ Deayy, ] @ d=1> eq ord=(p—1)l > €. (7.1
Jj=1 j=r+1
Now since K C S =<e; + (p—1)e144, j =1,2,...,n —1 > (see Proposition 3.3.2),
it follows that every element of K is generated by the elements ey, + (p — 1)eq,,,,
where 1 <7 < s and g; = (a1, 9, ...,q;) runs over the cycles of g.

Now we consider the following.

(i) Let A\s # O for some s # pk. Then either g contains only cycles of length
s = pk + k' or g contain both cycles of length s = pk + k' and cycles of length
s=pk, kK €{1,2,...,p—1}.

(a) Now let g contain only cycles of length s = pk + k', k' € {1,2,...,p— 1}.
Then by statement (7.1), for I € {1,2,...,p — 1} we have

% pk+k'

¢q(d) = lleq, + (p — l)eaHk,] & d= lZeaj ord=(p-1)l Z €a; -

j=1 j=k'+1

Since pk(p — 1)I = 0(mod p) we have that (p ~ 1)I Z?i’ﬁl ea; € S. Thus
y = llea, + (p — L)eq,,,,] € Ks. Now since y = llea, + (p — 1)eq,, ] is
a scalar multiple of an arbitrary generator eq, + (p — l)eq,,,, of K and
Kg is a group it follows that Kg contains K, that is K C Kg. However
S C N implies that Ks C K. Hence K = Kg which completes the proof
of part(i) for case (a).

(b) Now let g contain both cycles of length s = pk + k" and cycles of length
s = pk. Let g; = (a1,a2,...,apk+k) be one of the cycles of length s =
pk + k' and g; = (o}, 0,...,0,;) be one of the cycles of length s =

pk. It is clear that the elements (p — 1)l (25,:1 €a; + Zfik,H eal_) and

(p—1) ng;fil €a; both lie in § and that ¢g[(p — 1)l 25’:1 €a;] + dgl(p —
1) Z?S,;,k;l €q;] = 0. Now since pk — k' = p(k ~ 1) + (p — k'), we have as

for case (a) above, the element given by
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k' pk pk+k'
b |@=DI[Y e, + > ex ||+ |11 Y e
j=1 i=k’4-1 j=k'+1
pk
= ¢ [(P - 1) Z ea§:| = l[ea’l +(- l)ea’1+u]
i=k'+1

lies in Kg, for u < p— k' <p-1andeach! € {1,2,...,p - 1}. Now
since the element {[e, + (p — 1)ey +u] is a scalar multiple of a generator
ea, +(p— 1)eaﬁ+u of K we have K C Kg as in (a) above. However since
S C N it is the case that g C K. Hence K = K¢ which completes the
proof of part(i) for case (b).

(ii) Now for the proof of part (ii), we show that if g contains only cycles of length
s = pk and g; = (o}, ), ..., ay;) is one of them, then S does not contain an

element d such that
bo(d) = llew + (p— Vewy, ], 7 <p—1,

Since lZfﬁl eq; € S we have I>i-1eq and (p—1) Zfﬁrﬂ e, are not in S for

r < p—1. But by statement (7.1), for{ € {1,2,...,p—1} the ele;mentle::l €
and (p— 1)1 37, eo, are the only ones such that ¢g(d) = l[ey, + (p— l)eQ:Hr],
r < p— 1. Therefore S does not contain d such that ¢4(d)} = lley + (p -
l)ea:Hr],'r <p-1,1€{1,2,...,p—1}. Hence

{l[eo/l +(p— l)earHr] | I, r= 1,2,...,p—1} C K\ Kg,

for each cycle g of g. O

Examples 7.1.2 In the following for each group Bgs(p,n) and for a given g € S,,
we gwe the groups K and Kg.

(a) For the group Bg(2,4) and for g = (12)(34) € S4, we obtain that

K =<ej+eye3+e >
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(b)

(c)

(d)

while
Ks=<ej +e +e3+e >

does not contain any of the elements e; + ey and e3 + e4. However for g =
(123) € S4 we obtain that

K=Ks=<e;+eg,er+e3>.

For the group Bg(2,6) and for g = (12)(34)(56) € Sg, we obtain that
K =<e)+es,e3+e4,e5+e5 >

while
Kg=<ej+e+ez+eq,e1+e+es5+es>

does not contain any of the elements in the set {e1 + ez, e3 + es,e5 + eg}.
For the group Bg(3,3) and for g = (123) € S3, we obtain that
K =<e; 4+ 2es,e; + 2e3 >

while
Kg=<e +e +e3>

does not contain any of the elements in the set {l(e; +2e2),!'(e;+2e3) | I, ! =
1,2}.

For the group Bg(3,6) and for g = (123)(456) € Sg, we obtain that
K =< e +2ey,e1 + 2e3,e4 + 2e5,e4 + 2¢6 >,
while Kg does not contain any of the elements in the set
{l(e1 + 2e2),U'(er + 2e3),1"(ea + 2e5),1" (eq +266) | I, I, 1", I" =1,2}.
Simalarly for g = (123456) € Sg, we obtain
K =< e; +2e3,e1 + 2e3,e1 + 2e4,e1 + 2e5,e1 + 2e5 >,
while Kg does not contain any of the elements in the set

{i(e +2€2),l’(61 + 2e3), | I, I'= 1,2}.
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The following result gives an explicit relationship between the groups S, K and
Kg.
Proposition 7.1.3 The group S/Kgs is an extension of K/Ks by S/K, where

|N/S|
[Cn(g) : Cs(g)]

Proof. Define the map h:S/Ks — S/K by

|[K/Ks| = =porl

a+ K ifae S\ K

h(a+KS):{K ifac K

It is clear that h is an epimorphism with Ker(h) = K/Kg. Hence
(S/Ks)/(K/Ks) = S/K,

which implies that S/Ks is an extension of K/ K5 by S/K. Further we have Ker(¢,) =
{de N|d—-d =0} =Cn(g) and N/Cn(9) = K. Similarly by considering ¢, re-
stricted to S, we have S/Cs(g) = Kg. Since |N/S| = p, we have

|N/S|

KIKS| = o) - Co @]

=por l

Remark 7.1.4 Following from Proposition 7.1.1, we have that

(1) if As # 0 for some s # pk, k € NU {0}, then S/Ks = S/K < N/K. Since an
orbit of the action of S, on S is an orbit of the action of S, on N, it follows
that an orbit of the action of Cg(g) on S/Ks = S/K is an orbit of the action
of Cg(g) on N/K.

(11) if As = 0 for all s # pk, k € NU {0}, then Kg C K and by Proposition 7.1.3
we have
K/Ks = Z,.
Thus K/Ks =< a+ Kg >, where a € K \ Kg. Further for any a,b € K \ Kg,
where b # la, we have la+ Kgs = l'b+Kg for some l,l' € Z,. We claim that each
coset in K/Kg is Cg(g)-invariant, that 1s foru =la+Kg,l =1,2,...,p—1 and
h € Cg(g) we have u® = u. Sincea € K C S and ¢4(a) € K, we choose h = g.
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Then we have ¢p,(a) = a—a® € Ks. Thus a"+Ks = a+Ks for some h € Cg(g).
Now let u = la + Kg. Then u" = (la)" + Ks = l(a)" + Ks = la+ Ks = u, as

claimed.

Let a € S\ K. We consider what happens when the coset a + K is lifted to S/Kg

in the following.

Proposition 7.1.5 Let a € S\ K such that a + K lifts to a number of cosets in
S/Ks. If a1+ Ks and ay + Kg are any two such cosets, then a'f + Kg =as+ Kg
for some h € Cg(g).

Proof. If g is a cycle of length n, then S = K and a + K = K which is dealt with
in Remark 7.1.4 part(ii) above. Now let g contain the cycles go = (@1 as--- ;) and
g3 = (1 B2---Bs). We show that a? — ay € Ks for some h € Cg(g). Let us take
a1, az € S\ K such that ay — ag € K\ K. In this case we have

= Zlej[eai +(p — 1eg;], ag = sz%" ea; T (p— 1eg,],

i=1 j=1 i=1 j=1
where l;;, m;j € Zy, giving

s’ s

g —a2 = Z(llj"mlj) €a, + Z(luj_muj) €ay

+ Z Z(l” m” €q; T Z [Z[mz] -1) 1]]} €g;-

i(#u)=2 | j=1 j=1 Li=1

!

But by Proposition 7.1.1 and Remark 7.1.4, if a; — az € K \ Kg, then
a; —ap =lleq, + (p—1ea,], (7.2)

for some u € {2,3...,p— 1} and some ! € {1,2,...,p — 1}. Now from relation (7.2)
and the above full expansion of a; —az, the coefficients of e,, and e,, are respectively
Z;'zl(llj —my;) =1 and Z;lzl(luj — My ) = I(p— 1), while the coefficients of the rest
of the terms are essentially zero, that is, Z;lzl(lij —mg;) =vp, v € Zfor ey, 1 # 1,u

and
S

> (p—1)(lij ~my) ='p, v €2, (7.3)

=1



CHAPTER 7. THE GROUP Bg(P,N) 136

for eg,, the later which yields y°;_; li; = Y i_; mij, mod p.

Now we choose h € Cg(g) such that h moves eg,’s but not eq,’s, for example we
take h containing the cycle gg = (61 2 - - Bs) but not the cycle go. With such an &

and for u=2,3...,p— 1, we have

s’ s’
a? —ax = Z(llj - mlj) €q; + Z(luj Myj :| €a,
j=1
s
+ Z Z(l” —mij) | €q; + Z [Z[mmegj +(p— 1)11]]65,1(])}
i(#u)=2 [ j=1
s
= (llj - ml] €q; + Z(lw mu] :| €a,
j=1
s s’ s s
+ Z Z(lij - mij) €a; + Z Zmz’jeﬂj + (P - 1) Zlijeﬁj‘*‘ljl
i(£u)=2 | j=1 j=1 Li=1 i=1
o
= llea, + (P = Vea,] + > 1 [eg; + (p— Ve, ],
j=1
where Ij = 370 m;; = >/_,lij as above and eg,,, = eg. Now the elements

llea, + (p—1)ea,), u=2,3...,p—1, I =1,2,...,p—1, belong to K. Also since
ep; +(p—1)eg,,, is a generator of K, the elements Z;I:l Ij [es; + (p~ l)egj“] belong
to K. Therefore a — az belongs to K. However the only elements of K which are
not in Kg are l[eq, + (p — l)eq,], u=2,3...,p—1, I =1,2,...,p—1. We conclude
that af —ap € Ks. [

We now give a result that describes the p-sets of partition [A] which index the
columns of the Fischer-Clifford matrices of Bg(p,n) but which also index the columns
of the Fischer-Clifford matrices of B(p,n). For g € Sy, of type (11122233 ... p2n) et
Fs(p,112%2 .. n*») denote a Fischer-Clifford matrix of Bs(p,n).

Theorem 7.1.6 Let g be an element of S, of type (1’\12’\23’\3 .oomA). Let B be a
type-zero p-set of partition [A]. Then (3 indexes a column of the Fischer-Clifford matriz
Fs(p,1212* . .n*) of Bs(p,n). Furthermore



CHAPTER 7. THE GROUP Bg(P,N) 137

(i) if As # 0 for some s # pk, k € NU{0}, then the columns of Fs(p,1}12%2 ., pn)

are indezed by type-zero p-sets of partition [A] and are in 1-1 correspondence
with the columns of F(p,1%12*2 .. . n**) that are indexed by type-zero p-sets of
partition [A],

(11) if As = 0 for all s # pk, k € NU {0}, then apart from those columns described

in (i) above, Fs(p,1*2*2 ... n*) has an additional p— 1 columns arising from
the first column of F(p,1M12* .. .n’n).

Proof.

(i)

Let (3 be a type-zero p-set of partition [A]. Then with }°7_, 37 (i — 1)a;s =
0(mod p), we have

P n P n n

P
SO Khais+Y Y (i—Das =YY (pk' + (i = 1))ais = 0(mod p)

1=1 s=1 i=1 s=1 1=1 s=1
for some k' € NU {0}. However

n

P

SO ok + (i~ 1)ass

i=1 s=1
is the sum of the powers associated with an element § = dg of B(p,n). Now with
elements of N = Z; written additively, the above implies that the element dg
of B(p,n) of type B with d = (l1,1,,...,1,) satisfies > 1_, I, = 0(mod p). This
implies d € S, and such are the elements of N that form the group Bg(p,n)
with S,. It follows that 3 indexes a column of the Fischer-Clifford matrix
Fs(p,1M2*2 .. .n*») of Bs(p,n).

If \s = 0 for all s # pk, k € NU {0}, then by Proposition 7.1.1, we have
{l(ea, + (0 = V)ea,,,) | I, 7=1,2,...,p—1} C K \ K for each cycle g, of
g, that is the identity coset K in S/K lifts to p cosets given by l(eq, + (p —
)eq,) + Ks,l € Zy, in S/Kg. Now by Proposition 7.1.3, each coset in K/Kg
is Ci(g)-invariant, so that we obtain p orbits instead of one from the action
of Cg(g) on K/Kg. Furthermore by Proposition 7.1.5 all the cosets to which
the coset a + K, a € S\ K, lifts in S/Kg form one orbit under the action of
Cc(g). Thus we obtain that the action of C(g) on S/Kgs has p—1 more orbits
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than the action of Cg(g) on S/K. Hence from part (i) of this result, we obtain
that Fs(p, 1122 .. n*») has an additional p — 1 columns arising from the first
column of F(p,1M12*2 .. .nM). O

We will see later that parts of the p columns of Fs(p,1*12*2...n**) arising from
the first column of F(p,1*12*2 ... n*») are identical. Therefore we refer to these p

columns as identical columns of Fs(p, 1 22 phn).

Corollary 7.1.7 Let g be an element of S, of type (1212%23%...07). Let B =
((a11,a12, - - -, G1n), (@21, G22, - . . ,a2n)) Such that > i_, ass is even. Then [ indezes a
column of the Fischer-Clifford matriz Fs(2,1%12% .. .n*) of Bs(2,n). Furthermore

(i) if As # 0 for some odd s, then each column of the Fischer-Clifford matriz
Fs(2,1M12% . .n?n) is indexed by a 2-set of partition [A] such that 3.7, ags is

even,

(ii) if As = 0 for all odd s, then apart from those columns described in (i) above,
Fs(2,1M2% _ n*») has one additional column arising from the first column of
F(2,1M2%2  nhn),

Proof. The proof follows from Theorem 7.1.6, taking p=2. OJ

Following from Theorem 7.1.6, we will say that a type-zero p-set of partition [A]
indexes a conjugacy class of Bs(p,n). Furthermore if g is of type (1*12*2...n*»)
where A\; = 0 for all s # pk, k € NU {0}, then Bs(p,n) has an additional p ~ 1
conjugacy classes, each indexed by the type-zero p-set of partition [A] that indexes
the first column of F(p, 1*12*2 ... pA») but with subscripts 1,2, ...,p—1. However the
conjugacy class of Bg(p,n) corresponding to the orbit containing K in the action of
Cc(g) on K/Kg will be indexed by the same type-zero p-set of partition [A] but with
subscript 0. By type Typ(g) of g = dg in Bs(p,n) we will mean the type of § = dg
in B(p,n).

Proposition 7.1.8 Let g € S,, of type (1M12%2 ... n*). Let § = dg be an element of
Bs(p,n) of type (ais), a type-zero p set of partition [A].

(1) If s # 0 for some s # pk, then two elements § and §' of Bs(p,n) are conjugate
if and only if Typ(g) = Typ(7).
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(i)

Let A\s =0 for all s # pk.

(a) If a;s # 0 for some i # 1, then two elements § and §' of Bs(p,n) are
conjugate if and only if Typ(g) = Typ(7').

(b) If a;s = 0 for all i # 1, then two elements § = dg and §' = d'g of Bs(p,n)
of the same type are conjugate if and only if d and d' are sums of p x |
es’s, | € Zy. In this case for each | € Z, there is a conjugacy class with
representative dg = (la)g where a € K \ K.

Proof.

(i)
(i)

The proof follows from Proposition 3.1.3 and Theorem 7.1.6.

Further if g € S, is of type (1*12*2 ... n*) where A, = 0 for all s # pk, we know
that the elements of a class of B(p,n) of type (ais) where a;s = 0 for all 7 # 1
breaks into p conjugacy classes of the same type (a;s) where a;s = 0 for all 7 # 1
in the group Bg(p,n). Since these classes are of the same type (a;s) where a;s =
0 for all 7 # 1 it follows that for each element dg in these classes, the sum of the
es’s in d is congruent to pl, where [ = 0,1,2,...,p — 1. Thus the representative
elements of these classes are given by dg = (la)g = l(eq, + (p — 1)€q,)g, where
l € Zy. O

Example 7.1.9 We consider the cases m = 2 and m = 3 respectively.

(1)

(1)

We take the class of S of type (23) with representative g = (1 2)(3 4)(5 6). It
is clear that the type-zero 2-sets of partition [2°] are (3,0) and (1,2). We see
from Tables 6.1 and 7.1 that the type (1,2) indezes one class of Bs(2,6) of size
360 as in B(2,6). However the (23)-class of B(2,6) of type (3,0) and size 120
splits into p = 2 classes of Bg(2,6) of types (3,0)0, (3,0)1 and size 60 each,

with representatives g and (e1 + e2)g, respectively.

We take the class of S3 of type (3') with representative g = (1 2 3). Here
(1,0,0) is the only type-zero 3-set of partition [3']. We see from Table 7.7 that
the (3!)-class of B(3,3) of type (1,0,0) and size 18 in B(3,3) splits into p = 3
classes of Bs(3,3) of types (1,0,0)0, (1,0,0)1, (1,0,0)2 and size 6 each, with
representatives g, (e; + 2e2)g and 2(e; + 2e2)g = (2e1 + e2)g, respectively.
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Proposition 7.1.10 Let g be an element of Bs(p,n) of type

(1‘1112012 . naln, 10’2120'22 ... nG-Zn, e, lapl 2ap2 . napn),
or (a;s), a type-zero p set of partition [A]. Then

(i) the order of the centralizer of § in Bs(p,n) is given by

(a)
1 (& .
- H H a‘i“i!(ps)ahs ?
p 1=1s=1
if a;s # 0 for some ¢ # 1,
) )
[T 2stps),
s=1

if ajs = 0 for alli # 1, that is the order of each centralizer in Bs(p,n) of the
elements corresponding to the p identical columns of Fs(p, 1222 ... nn) 4s
equal to the order of the centralizer at the first column of F(p, 121222 ... ph=).

(i) The order of an element § of Bgs(p,n), is the least common multiple of the
products s X r for all positive a;s in a type-zero p-set of partition [A], where
T 15 the order of the cycle-product ¢ of a cycle of g of length s. Further the
orders of the elements g in Bs(p,n) corresponding to the p identical columns of
Fg(p,1%12%2 ... n*n) are equal to the order of the elements corresponding to the
first column of F(p, 12232 ... pAn),

Proof.

(i) (a) Since we have |Bg(p,n)| = 11—1|B(p, n)| = p" n! and the sizes of the con-
jugacy classes of Bg(p,n) remain as in B(p,n) by construction, the orders

of the centralizers of Bg(p,n) must be divided by p. The formula

Y
! (H Haisups)aw) ,

i=1s=1
follows from Proposition 3.1.7. The condition a;s 7% 0 for some 1 # 1 refers
to all types (ais) in this case the type-zero p-sets of partition [A] that are
different from the one indexing the first column of F(p, 1*122 ... nn).
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(b) The proof follows from Theorem 7.1.6 part(ii) since we are considering
centralizers of elements coming from the same conjugacy class of B(p,n)
of type (ajs), where a;; = 0 for all 7 # 1, that is the type-zero p-set of
partition [\] indexing the first column of F(p, 11242 ... nAn).

(ii) The proof follows from Theorem 7.1.6 since the elements of Bs(p, n) are elements
of B(p,n) of the same orders. Further the elements corresponding to the p
identical columns of Fg(p,1*2%2...n*) come from the same conjugacy class
of B(p,n) of type (a;s) where a;s = 0 for all 1 # 1 and corresponding to the first
column of F(p,1*2*2...n*) hence the order of each of these elements must
be the same. O

Now we discuss the rows of the Fischer-Clifford matrices of Bg(p,n), whose indices
as we know must correspond to the inertia factor groups of Bg(p,n). From Remark
3.3.14, the inertia factor groups of Bg(p,n) are mostly young subgroups of S, except
possibly one. Indeed if p | n, then one of the inertia factor groups of Bs(p,n) is the
wreath product S% WrCy (or (S%)p : Cp). This follows from Theorem 3.3.13 and the
presence in A(n,p) of (k,k, k... k), k= ;7‘. While the character tables of the young
subgroups are easily obtainable from GAP, we can construct the character table of
(S%)” : Cp using the following code,

Display(CharacterTable(W reath Product(SymmetricGroup (g—) yCp)))s

where C, is the cyclic group of order p. We also note that the character table of
(S=)P:Cp can be constructed using example ex16.c of a computer algebra system
caﬁed SYMMETRICA [19]. Since (S%)p:C’p is a split extension, its character table
can also be constructed using the technique of Fischer-Clifford matrices. For another
method for constructing the character table of the groups (S %)2 : Cy, see [4]. We
also have in particular the following result.

Proposition 7.1.11 The number of conjugacy classes of (S%)2 : Cq 18 given by

c(c+3)
2 b

where ¢ is the number of conjugacy classes of S%.
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Proof. See [4]. O

It is clear that each representative of a set of equivalent p-sets of partition [A] corre-
sponds to a young subgroup which is an inertia factor group. Therefore each represen-
tative of a set of equivalent p-sets of partition [\] indexes a row of Fs(p, 1}12%2 . .. pAn),
However corresponding to the inertia factor group (S=)? : C, of Bs(p,n), we see in
Proposition 7.1.12 below that the rows of Fs(p, 1*12*2 ... n*») are indexed by either
a self equivalent p-set of partition [\] or powers &, 1 <[ < p — 1 of a primitive p*

root ¢ of unity.

Proposition 7.1.12 For each conjugacy class of S,, of type (1}12*2 ... n?), we choose
the entries in the rows of F(1M 222 ... n*n) indezed by each representative of the set of
equivalent p-sets of partition [A] and columns indezed by type-zero p-sets of partition
[A], to form some of the rows of Fs(p,1%12*2...n*n). Further if p | n, we divide by
p all the entries of a row of F(p,1*12*2...n*) indezed by a self equivalent p-set of
partition [A] and columns indezed by type-zero p-sets of partition [N], to form a row
of Fg(p,1M2*2 ...nA»). Furthermore

(1) if A\s # 0 for some s # pk, k € NU {0}, then the rows described above form the
Fischer-Clifford matriz Fs(p, 1222 ... nAn),

(i1) if Xs = 0 for all s # pk, & € NU {0}, in addition to the rows and columns
described above, we introduce p — 1 columns equal to column one above and
introduce p—1 rows equal to the non-identity irreducible characters of the cyclic

4m(S/K)  respectively in the p identical columns and

group Cp, multiplied by p
zeros elsewhere. The additional rows correspond to the inertia factor group

(S2)? : Cp.

Proof. Since Bs(p, n) is a subgroup of the B(p,n), to construct Fg(p,1}12*2 ... pn)

we only need to choose the entries in the necessary rows and columns of the Fischer-
Clifford matrix F(p, 1*12*2 ... n*). The proof of the introductory part of the result
follows from Theorem 7.1.6 and the choice of the inertia factor groups in Remark
3.3.14.

Now let p | n. Then there is one p-composition of n given by (k,k,k, ..., k) where
k= %. However we generally require p equivalent p-sets of partition [A] for a row of
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Fs(p,1*12%2 ... n*), but in this case there is only one self equivalent p-set of partition
[\]. Therefore dividing by p, all the entries of a row of F(p, 11232 ...n*n) indexed
by a self equivalent p-set of partition [A] is necessary. It is now clear that a self
equivalent p-set of partition [)\] indexes a row of Fs(p,1*12%2 ... n*») corresponding
to the inertia factor group (S% i Cp.

(1) The proof follows from part(i) of Theorem 7.1.6.

(ii) The proof follows from part (ii) of Theorem 7.1.6 and part (ii) of Proposition
7.1.8. Now applying part (i) of Proposition 1.5.2 we have that the Fischer-
Clifford matrix at g € S, is the matrix of orbit sums of Cj acting on the
rows of the character table of S/Kg, which includes the character table of the
cyclic group K/K,; = Z,. Since p is prime, the groups S = p"~! and S/K
are finite dimensional vector spaces over Z,, for which dimension of S/K is
valid. Applying the orthogonality relations to the identical columns we obtain
Fg(p,1*12*2 ... n?n) a5 required. We also note that in this case p | n. Therefore
as seen above we have that the additional p — 1 rows of Fg(p,1212*2 ... o)
correspond to the group (S%)” : Cp. L]

We have now developed enough material to construct the Fischer-Clifford matrices

of Bg(p,n). We give an example in the following.

Examples 7.1.13 We give an application of Proposition 7.1.12 as well as the use of
orthogonality relations to construct a Fischer-Clifford matriz of Bs(2,6).

(a) We construct the Fischer-Clifford matriz Fs(2,23) from the Fischer-Clifford ma-

trix

1 1 1 1
3 1 -1 -3
F(2,2%) = 3 -1 -1 3
1 -1 1 -1

given in Table 5.1. Using Corollary 7.1.7 the 2-sets of partition [2°] where
ao1 +ago is even, are (3) and (é) These type-zero 2-sets of partition [23] index
columns 1 and 3 of F(2,23), and choosing these columns results in the resultant

matriz
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(b)

-1
-1

W ) e

We also have that the representatives of the sets of equivalent 2-sets of partition
[23] are (g) and (%) These representatives of the sets of equivalent 2-sets of
partition [2%] indez rows 1 and 2 of F(2,23), and choosing the corresponding
rows from the resultant matriz given above gives the following partial matriz of

Fs(2,2%):

(5 4)

Since for type (23) we have Ay = 0 for s # 2k, k € NU{0}, we apply Proposition
7.1.12, to complete the columns and rows of Fs(2,23). Thus we repeat column 1
of the above partial Fischer-Clifford matriz and also introduce a third row with
the entries (1)x28m(S/K) (_1)x 24m(S/K) respectively in the identical columns
and zeros elsewhere, where 1 and -1 are entries of the non-identity irreducible
character of Cy. Now from S = 2° we have dim(S) = 5. By Ezample 7.1.2
(b) K = Im(¢g) =< e + ez,e3 + eq,e5 + € >, so that dim(K) = 3. Thus
dim(S/K) = 5~ 3 = 2. We obtain the third row of Fs(2,23) as (22,-2%0).

Hence
1 1 1
Fs(2,2y=1}1 3 3 -1 |.
4 -4 0

We note that we can calculate the entries 4, —4,0 of the third row of Fs(2,2%)
using the usual properties of Fischer-Clifford matrices as follows. Suppose firstly
we use Corollary 7.1.7 (or Theorem 7.1.6) to obtain some entries of Fs(2,23).
Then as in (a) above we obtain the following partial Fischer-Clifford matriz of
Fs(2,2%).



CHAPTER 7. THE GROUP Bg(P, N) 145

384 384 64
1 1 1
16 ( 3 3 1) ’
12
r y 0

where 384, 384, 64 are the orders of centralizers of the (23)-conjugacy classes
of Bs(2,6) and 48, 16, 12 are the orders of centralizers in the respective inertia
factor groups involved. Then using the second orthogonality relation for column
1 of the partial Fischer-Clifford matriz of Fs(2,23), we obtain the equation
48(1) + 16(9) + 12(z%) = 384. This equation has the solutions x = +4, which
are the two non-zero entries of the third row of the Fischer-Clifford matriz
Fs(2,2%).

Remark 7.1.14 Let g be an element of S, of type (1M2*2...nAn) where \; =
0 for all s # mk, k € N. We may use Theorem 7.1.6 to construct a partial
Fischer-Clifford matriz of Fg(m,1%12%...n*). To determine dim(S/K) referred
to in Proposition 7.1.12 part(ii), we use the second orthogonality relations for the
columns of the partial Fischer-Clifford matriz of Fs(p,1*12*...n*).  This gives
equations whose solutions are of form &¥p”, where r = dim(S/K) and 0 < k <p—1.

Definition 7.1.15 In the rest of this chapter

(i) a column of F(p,1%12*2 ... n*n) indezed by a type-zero p-set of partition [\], will

be a called type-zero column,

(ii) a permissible row index for F(p,1*12*2 ... n*) will mean either a represen-
tative of the set of equivalent p-sets of partition [A], a self-equivalent p-set of par-
tition [A] or with slight abuse of terminology primitive p* roots £¥, 1 < k < p—1,
of unity. Further a row of a Fischer-Clifford matriz of B(p,n) corresponding to

a permissible row index will be called a permissible row.
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Proposition 7.1.16 Let g be an element of Sy, of type (121222 .. .n*»). We obtain a
Fischer-Clifford matriz Fs(p,1%12*2 -..n*) of Bs(p,n) by

(i) selecting the type-zero columns of F(p,1212*2 ... nhn),

(i) selecting the rows corresponding to permissible rows of F(p,1M2* ...nM) in

the resulting matriz in (i) above,

(133) dividing by p all the entries of a row, corresponding to a row indezed by a self
equivalent p-set of partition [A] in F(p,1M12%2...n7) in the resulting matriz

in (i) above,

(iv) for each conjugacy class of S, of type (1112*2 ... n*) where Ay = 0 for all
s # pk, k € N, we repeat p — 1 times the first column of the resulting matriz
in (i1) above and introduce p — 1 rows equal to the non-identity characters of

dim(S/K)

Cp multiplied by p respectively in the p identical columns and zeros

elsewhere.

Proof. On applying Theorem 7.1.6, Proposition 7.1.12 and Definition 7.1.15 the
result follows. |

For reference purposes, the identical columns mentioned in Proposition 7.1.16 will
each be indexed by the p-set of partition [A] indexing the first column of the partial
Fischer-Clifford matrix but with subscripts. However the additional rows described
in Proposition 7.1.16 will be indexed by primitive p** roots ¢*, 1 < k < p—1, of
unity. We are now in a position to state a theorem for the combinatorial method for
constructing the Fischer-Clifford matrices of the groups Bg(p,n).

Theorem 7.1.17 Let g be an element of S, of type (1}12%2 ... nin).

(i) Let = ((a1,a12,...,01n), (621,022, ...,821),- -, (Gp1, Gp2, - . . yapn)) be a type-
zero p-set of partition [A].

(1) Let 6 = ((ki1,k12,-. ., kin), (K21, koo, - -y k2n)s ..o, (kp1, Kp2, - - - kpn)) be a
representative of the set of equivalent p-sets of partition [\|. An entry of the
Fischer-Clifford matriz Fs(p, 12222 ... n*») which is in a column indezed
by B and in a row indezed by & is given by

n p _ , o L
fxo[ﬂ,5]= Z (];[H<R?s/\ )521:1 ?:1(1—1)(1“1)(23=1T,~j)>

M(B,0n) \s=11=1
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P NP L _
where Y 0_; ais = ijl kjs = As and

(a) € is a p — th root of unity,
(b) M(B,6,n) is a set of magic matrices,
(c) Ry, », is the it" row of a partial matriz at position s of a magic matriz,
e
(2) Let § = ((k11,k12,---,kin), (ko1, k22, - .-, kan),s - - (kp1, kp2, - - kpn)) be a
self equivalent p-set of partition [\]. An entry of Fs(p,1*12*2 .. n*) which

@
(d) ( e . ) s a multi-nomial coefficient.

< (8,0
is i a column indexed by B and in a row indezed by J, is given by &f’?,
where f5 [B,6] is as defined in (1) above.

(i) For each conjugacy class of S, of type (11222 ...n2n) where \; = 0 for all
s # mk, k € N, we repeat p — 1 times the first column of the resulting matriz
in (i) above and introduce p — 1 rows equal to the non-identity characters of

dim(S/K)

Cp multiplied by p respectively in the p identical columns and zeros

elsewhere.

Proof. The formulae in Theorems 4.3.1 and 4.3.3, for constructing the Fischer-
Clifford matrices of B(p,n) are adapted to Bg(p,n) by considering only the type-zero
p-sets of partitions of n and the permissible row indices. The proof is complete by
Theorem 7.1.6, Proposition 7.1.12, Definition 7.1.15 and Proposition 7.1.16. [_']

We will now construct the Fischer-Clifford matrices and character tables of the
groups Bg(2,6), Bs(3,3) and Bg(3,5) in the following sections.

7.2 The Group Bg(2,6)

In this section we construct the Fischer-Clifford matrices of Bg(2,6) and use these
to construct its character table. The group Bgs(2,6) is an affine subgroup of the
symplectic group SP(6,2) (see [47], [12]). In [47], Mpono has used the properties
of Fischer-Clifford matrices given in Section 1.5.2 to construct the Fischer-Clifford
matrices of the group Bs(2,6). However here we use Theorem 7.1.17 to construct the
Fischer-Clifford matrices of Bg(2,6). We note that most of the entries of the Fischer-
Clifford matrices of Bgs(2,6) have been calculated while constructing the Fischer-
Clifford matrices of B(2,6) in Chapters 4 and 5. Thus we only need to use Proposition
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7.1.16 and the Fischer-Clifford matrices of B(2,6) given in Table 5.1 to construct the
Fischer-Clifford matrices of Bg(2,6), this is done in Subsection 7.2.1. The Fischer-
Clifford matrices of Bs(2,6) will be used to construct the character table of Bs(2,6)
in Subsections 7.2.2 and 7.2.3.

7.2.1 The Fischer-Clifford Matrices of Bg(2,6)

We now use Proposition 7.1.16 and the Fischer-Clifford matrices of B(2,6) given
in Table 5.1 to construct the Fischer-Clifford matrices of Bg(2,6). For each con-
jugacy class of Sg of type (1*12*2...6%), we construct the Fischer-Clifford matrix
Fs(2,1M2%2 .. 6%). However as examples we will construct the Fischer-Clifford ma-
trices of Bg(2,6) given by Fs(2,1%) and Fs(2,142) only.

Examples 7.2.1

(a) Using Proposition 7.1.16 we determine the Fischer-Clifford matrix Fs(2,1°)
from the Fischer-Clifford matrix F(2,1°) of the group B(2,6).

1 1 1 1 1
2 0 -2 -4 —6
-1 -3 -1 5 15
F(21%=1]1 20 0 -4 0 4 0 -20

(=]
[ N

6 —4 2 0 -2 4 -6
1 -1 1 -1 1 -1 1

given in Table 5.1. From A; = 6 and p = 2, we have the following 2-sets of
partition [1°]:

from which we choose the following type-zero 2-sets of partition [18] which index
the columns of Fs(2,1):
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(b)

The columns 1, 3, 5 and 7 of F(2,1%), indexed by the above type-zero 2-sets
of partition [1%], are respectively selected. We produce the following resultant

matrix:

15 -1 -1 15
20 -4 4 =20
15 -1 -1 15

Now since 2 | 6 the action of Sg on Ir7(25) produces [I] = 4 orbits. Three of
these orbits are of lengths (G_k? kl)’ where k; € {0, 1,2}, and the other one is of
length %(363). Thus we choose the following representatives of sets of equivalent
2-sets of partition [1°], which index the rows of Fg(2,1%):

Using the resultant matrix above, the rows corresponding to the above permis-
sible row indices are selected (compare Tables 5.1 and 7.3). Further since (g)
is a self-equivalent 2-set of partition [1°], we divide by p = 2 the entries of the
row indexed by (g) to provide a fourth row. Thus we obtain that

1 1 1 1
6 2 =2 -6
15 -1 -1 15
10 -2 2 ~-10

Fs(2,1%) =

We construct the Fischer-Clifford matrix Fs(2, 142!) from the Fischer-Clifford ma-
trix F(2,142) of the group B(2,6).
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F(2,1%2) =

-1 1 -1 1 1 -1

i =2 T S - S S R S -G
L)
(=]
|
n
|
S
|
e
|
[\

given in Table 5.1. Using Proposition 7.1.16 we determine the Fischer-Clifford
matrix Fg(2,1%2), from the Fischer-Clifford matrix F(2,142). From )\; =
4,22 =1 and p = 2, we have the following 2-sets of partition [142):

(o) (o) Go) Go) (8a)
() ) ) G ) (52)

from which we choose the following type-zero 2-sets of partition [142] which
index the columns of Fs(2,142):

(o) (50)-(50)- ()52

The columns 1, 3, 5, 7 and 9 of F(2,1%2), indexed by the above type-zero 2-sets
of partition [142], are respectively selected. We produce the following resultant

matrix

0 -4 2 =2
-2 6 0 0

[l - S = B S N MY SO
o
|
N
|
(-]
N
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We also select the following representatives of sets of equivalent 2-sets of parti-
tion [142] which index the rows of Fs(2,1%2):

(o) (1 )(50)- (o ) ()

Using the resultant matrix, the rows corresponding to the above permissible
row indices are selected (compare Tables 5.1 and 7.3). Thus we obtain that

Fs(2,142) =

LR =S - RN S
[
[\
[=2)
o
[=]

This is an example of a case where there is no self equivalent 2-set of partition

[142]. So there is no row where division by p = 2 is done.

(¢) Earlier in Examples 7.1.13, we constructed the Fischer-Clifford matrix Fs(2, 23)
of Bg(2,6) as an example of a case of a class of Sg whose cycle type contains
no cycle of odd length. We showed that

1 1 1
Fs(2,2%)=| 3 3 -1 |.
4 —4 0

The above was done for each conjugacy class of Sg to give the Fischer-Clifford
matrices of Bg(2,6) given in Table 7.3. These are the same Fischer-Clifford matrices
of Bs(2,6) as those found in [41], [47]. The 37 conjugacy classes of Bg(2, 6), including
the respective orders of centralizers in Bg(2,6), are given in Table 7.1. We construct
the character table of Bg(2,6) in sections 7.2.3 and 7.2.2.
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Table 7.1: Conjugacy classes of Bg(2,6)
[8ls, [ type-zero 2-sets of partition [A] I (19112912 ...6%16 10212022 ...6926) l 7 l |Ce (@) l (8l
(18) = la (6,0) (15,19) 1A | 23040 | 1
4,2) (14,12) 2A | 1536 15
(2,4) (12,14 2B | 1536 15
(0,6) (1%,1%) 2C | 23040 |1
(142) = 2a | ((4,1),(0,0)) (1421,1020) 2D | 768 30
((2,1),(2,0)) (1221,1220) 2E 128 180
{(0,1),(4,0)) (1021, 1429) 2F | 768 30
((3,0),(1,1)) (1320,1121) 4A 192 120
((1,0),(3,1)) (1'20,1321) 4B | 192 120
(1222) = 2b | ((2,2),(0,0)) (1222,1029) 2G | 128 180
((0,2),(2,0)) (1022,1229) 2H | 128 180
((1,1),(1,1)) (112t,1121) 4C | 32 720
((2,0),(0,2)) (1220,1922) 4D | 128 180
((0,0),(2,2)) (1°20,1222) 4E | 128 180
(2%) =2¢ (3,000 (28,29 21 384 60
(3,01 (28,20, 2] | 384 60
(1,2) (21,2?%) 4F | 64 360
(133) =3e | ((3,1),(0,0)) (1331,1939) 3A | 144 160
((1,1),(2,0)) (1131,123%) 6A | 48 480
((2,0)(1,1)) (123°%,1131) 6B | 48 480
{(0,0))(3,1)) (1°3°,1331) 6C | 144 160
(123) =6a | ((1,1,1),(0,0,0)) (1t2131,102030) 6D | 24 960
{(0,0,1),(1,1,0)) (102031,112139) 12A | 24 960
((0,1,0),(1,0,1)) (192130,112031) 6E | 24 960
((1,0,0),(0,1,1)) (112030 102131) 12B | 24 960
(3%)=3b (2,0) (3%,39) 3B | 36 640
(0,2) (3%,39) 6F | 36 640
(124) =4a | ((2,1),(0,0)) (1241,1%4) 4G | 32 720
{(0,1),(2,0)) (1°41,1240) 4H | 32 720
((1,0),(1,1)) (1149,1141) 8A | 16 1440
(24) = 4b ((1,1),(5,0))0 (2141,204%), 41 32 720
((1,1), (0,001 (2141,2049), 4] 32 720
((0,0),(1,1)) (2049, 2141) 8B | 16 1440
(15) = 5a ((1,1),(0,0)) (1151,1050) 5A 10 2304
((0’0)’(111)) (105071151) 10A 10 2304
(6) = 6b (1,0)0 (61,6%)0 6G | 12 1920
(1,01 (61,6%) 6H | 12 1920
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Table 7.2: Permissible row indices for Bg(2,6)

(gls, | permissible row indices | type (row)

(18) = la (6,0) (18,19
(5,1) (1%,11)

4.2) (14,12)
(3,3) (13,13)

(142) = 2a | ((4,1),(0,0)) (1421,1020)
((3,1),(1,0)) (1321,1120)
((2)1)1(210)) (1221,1220)
((1,1),(3,0) (1121,1320)
((4,0),(0,1)) (1429,1021)

(1222) = 2b | ((2,2),(0,0)) (1222,1020)
((1,2),(1,0)) (1121,1120)
((0,2),(2,0)) (1922, 1220)
((2,1),(0,1)) (1221,1021)
((1,1),(1,1)) (112! 1121)

(23) = 2¢ (3,0) (23,20)

(2,1) (22,2})
= - —

(133) =3a | ((3 ,1),(0 0)) (1331,1039)
((2,1),(1,0)) (1231,1139)
((1,1),(2,0)) (1131,1230)
((3,0),(0,1))

(123) = 6a | ((1,1,1),(0,0,0)) (112131,102030)
((0,1,1),(1,0,0)) (102131,112030)
((1,0,1),(0,1,0)) (112031 102130)
((0,0,1),(1,1,0)) (102031,112130)

(3%) =3b (2,0) (32,39
(1,1 (3',31)

(124) = 4a | ((2,1),(0,0)) (12471040
((1,1),(1,0)) (1141,1140)
((0,1), (2,0)) (104}, 1249)

(24) = 4b ((1,1),(0,0)) (2141, 2040)
((0,1),(1,0)) (2041, 2149)
£=-1 -

(15) = 5a ((1,1),(0,0)) (1151,1059)
((0,1),(1,0)) (1051,1051)

(6) = 6b (1,0) (6%,6%)

£=-1

153
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Table 7.3: Fischer-Clifford matrices of Bg(2,6)

1 1 1 1
6 2 -2 6 Lol
Fs(2,16) = - - Fs(2,2%) = 3 -1
5(2,1°) 5 -1 -1 15 5(2,2%) j
10 -2 2 -10
11 1 1 1
4 0 -4 2 -2 L
Fs(2,12)=| 6 -2 6 0 0 F5(2,6)=( 1)
4 -4 -2
1 1 1 -1 -
1 1 1 1
2 -2 0 2 -2 1 1 1
Fs(2,1222) = | 1 -1 1 1 Fs(2,124)=| 2 -2 0
2 2 0 -2 -2 1 1 -1
2 -2 0 -2 2
1 1 1 1
3 -1 1 -3 11
Fs(2,133) = Fs(2,15) =
s(@173) 3 -1 -1 3 s(2,15) ( ~1>
1 1 -1 -1
11 1 1
1 -1 -1 1 Lot !
Fs(2,123) = - Fs(2,29)=11 1 -
s( ) 1 -1 N 5(2,24) Y (1)
1 1 -1 -1
1 1
Fs(2,3%) =
5(2,3%) ( 1 -1 )
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Table 7.4: Character table of (S3)? : Cs
Class la 2a 3a 2b 6a 3b 2c 4a | 6b
Type | (13,1%) | (1%,12) | (1%,3) | (12,12) | (12,3) | (3,3) | (2,2%) | (2,4) | (8)
i 1 1 1 1 1 1 1 1 1
o 1 -1 1 1 -1 1 1 -1 1
¥s3 1 1 1 1 1 1 -1 1] -1
P4 1 -1 1 1 -1 1 -1 1] -1
Vs 2 0 2 -2 0 2 0 0 0
s 4 ] -2 0 0 1 2 0| -1
Py 4 0 -2 0 0 1 -2 0 1
¥s 4 -2 1 ] 1 -2 0 0 0
%) 4 2 1 0 -1 -2 0 0 0

Table 7.5: Fusion of inertia factor groups into Sg

Se | Ss | SixS2 | (S3)?: Ca
(18) (1%) (14,1?) (1%,1%)
(142) | (1%2) | (122,1%),(14,2) (1%,12)

(1222) | (122) | (1%2,2),(22,1%) (2,12)

(2%) - (22,2) (12,2%)
(133) | (123) (13,1%) (13,3)
(123) (23) (13,2) (12,3)
(32) - - (373)
(124) (14) (4,12) -
(24) - (4,2) (2,4)
{15) (5) - -

(6) - - (6)

7.2.2 The Inertia Factor Groups of Bs(2,6)

155

We know from Theorem 3.2.7 that Sg acts on Irr(28) producing 7 orbits with the
inertia factor groups Sg, S5 X Si, Sq X S2, S3 x S3, Sy X S4, S5 and Ss. By Remark

3.3.14 the sub-groups of Sg of indices 1, 6, 15, 10 are the required inertia factor groups
of Bs(2,6). Hence the inertia factor groups of Bs(2,6) are S, S5 x S1, Sq4 X S2 and
(S2) : C,. The character tables of these inertia factor groups are easily computed.

The conjugacy classes of the inertia factor groups which fuse to a class of Sg of type
(121222 ... 6%) are of type (1¥112F12... gkie 1k210k22 ... Gke6)  where 25:1 kis = As.
The fusion of the conjugacy classes of the inertia factor groups of Bg(2,6) into Sg is
given in Table 7.5 (also see [41], [47]). We use the inertia factor groups of Bg(2,6) to

construct the character table of Bs(2,6) in the following section.
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7.2.3 The Character Table of Bs(2,6)

The character table of Bg(2,6) is constructed by multiplying the partial character
tables of the inertia factor groups of Bs(2, 6) by the corresponding rows of the Fischer-
Clifford matrices in Table 7.3 according to the fusions given in Table 7.5. For example,
from Table 7.5 we see that the conjugacy class (13,12) of (S3)? : C, fuses to the class
(1*2) of Ss. So we multiply the partial character table of (S3)2 : C, at the element
(13,12) with row 4 of the Fischer-Clifford matrix Fg(2,142) as follows:

1 4 0 -4 -2 2]
-1 4 0 4 2 -2

1 4 0 -4 -2 2
-1 -4 0 4 2 -2

0 [ 4 0 -4 -2 2 ] =] o0 o o o],

0 o0 0 0 0

0 00 0 0 o
—2 8 0 8 4 -4

2 8 0 -8 —4 4|

which appears in block 4 of Table C.1 in the Appendix C under the class 2a of Ss.
This is done for each Fischer-Clifford matrix of Bs(2,6) to give the full character table
of Bg(2,6) given in Tables C.1 to C.3 in the Appendix C. The orders of centralizers of
Bg(2,6) are listed in Table 7.1 and are not included in the character table of Bg(2, 6).
The correctness of the character table of Bg(2,6) has been tested in GAP.

7.3 The Group Bg(3,3)

In this section we construct the Fischer-Clifford matrices of Bg(3,3) and use these to
construct its character table. Let N = 3%. Then § = 3% =< e, + 2e9,¢e; + 2e3 > is a
subgroup of N. Further S may be regarded as a vector space of dimension 2 over Zs.
lse; of N such that E§=1ls =
0 (mod 3) or equivalently the union of the orbits of the action of S3 on N = 32 of
lengths (,, 2 .), where (ky, k2, ks) € A(3,3), such that 3°3_, (7 — 1)k; = 0 (mod 3).
The group Bs(3,3) is a split extension of S = 32 by Ss, it exists by Theorem 3.3.5.

Explicitly S is a collection of all elements d = 3

s=1

In Subsection 7.3.1, we use Proposition 7.1.16 and the Fischer-Clifford matrices of
B(3,3) which can be constructed as shown in Chapters 4 and 5 to construct the
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Table 7.6: Fischer-Clifford matrices of B(3,3)

1 1 1 1 1 1 1 1 1 1
3 —g-26% —26-¢7 £-¢2 0 —£+€ 3¢ 26 + ¢2 £€+2¢% 32
3 —26-¢2 —g-2r —£+¢2 0 - 3¢ £+2¢? 26 +62 3¢
3 £-¢&  —t+¢? 2¢ + ¢2 0 &+26% 3627 —2¢-¢2 -£-267 3¢
F(3,1%) = 6 0 0 0 -3 0 6 0 0 6
’ 3 —£4¢? £-¢2 €+ 262 0 2+ 3¢ —g-22% -2¢6-¢2 3¢
1 3 €2 &2 1 ¢ 1 3 S 1
3 2 +8 E+262 2847 0 —£-262 36 -£+4£2 £-¢g2 32
3 g+2¢ 26 +62 —£-2¢2 0 —26-¢2 3¢? £—¢&2  —g+8% 3¢
1 £ £ 3 1 £ 1 £ ¢ 1

1 1 1 1 1 1 1 1 1

1 ¢ ¢ 1 ¢ & 1 ¢ ¢

1 ¢ ¢ 1 ¢ ¢ 1 & ¢

11 1 ¢ ¢ & g g ¢

F(3,12)=[ 1 ¢ ¢ ¢ € 1 € 1

1 ¢ ¢ ¢ 1 € ¢ ¢ 1

T S A S S S S S 4

1 ¢ ¢ ¢ 1 ¢ & & 1

1 ¢ ¢ 2 £ 1 £ 1 g

Fischer-Clifford matrices of Bg(3,3). The Fischer-Clifford matrices of Bg(3,3) will
be used to construct the character table of Bg(3,3) in Subsections 7.3.2 and 7.3.3.

7.3.1 The Fischer-Clifford Matrices of Bs(3,3)

In this subsection we use Proposition 7.1.16 and the Fischer-Clifford matrices of
B(3,3) given in Table 7.6 to construct the Fischer-clifford matrices of the group
Bs(3,3). For each class of S3 of type (1*12*23%3) we construct a Fischer-Clifford ma-
trix Fg(3,1*12*23%3). However as examples we construct the Fischer-Clifford matrices
of Bs(3,3) given by Fs(3,1%) and Fs(3,3) only.
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Examples 7.3.1

(a) We construct the Fischer-Clifford matrix Fs(3, 1%) from the Fischer-Clifford ma-
trix F(3,13) given in Table 7.6. For the Fischer-Clifford matrix Fs(3,13) we
have A\; = 3 and p =3. From the ten 3-sets of partition [13] we select the follow-
ing four type-zero 3-sets of partition [13] which index the columns of Fs(3,1%):

M)

Thus the matrix Fs(3,13) is of order 4. Since 3 | 3 the action of S3 on Irr(3?)
produces [} = 4 orbits. Three of these orbits are of lengths ( by 1:52 k,)» Where
(k1, k2, k3) € {(3,0,0),(2,1,0),(2,0,1)} and one of length %(1 i’ ). We also
select the following four representatives of sets of equivalent 3-sets of partition
[13] which index the rows of Fg(3,13):

Now we select the entries in the columns and rows of F(3,13) indexed by the
type-zero 3-sets of partition [13] and permissible row indices respectively as

found above. We produce the following resultant matrix:

1 1 1 1
3 0 3¢ 3¢
3 0 3¢ 3¢
6 -3 6 6

Further since (1,1,1) is a self equivalent 3-set of partition [1%], we divide the
entries of the row corresponding to (1,1,1) in the resultant matrix above by
p = 3 to get a fourth row of Fs(3,1%). This gives the Fischer-Clifford matrix
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1 1 1 1
3 0 3¢ 3¢
Fs(3,1%) = 3 0 3¢ 3
2 -1 2 2

given in Table 7.9.

(b) We construct the Fischer-Clifford matrix Fs(3,3) from the Fischer-Clifford ma-
trix F(3,3) of the group B(3,3)

11 1
F33)=|1 ¢ ¢
1 & ¢

given in Table 7.6. For the Fischer-Clifford matrix Fs(3,3) we have A\; = 1
and p = 3. From the three 3-sets of partition [3] we have only one candidate

1
for a type-zero 3-set of partition [3], namely 0 which indexes a column
0

1
of Fs(3,3). We also select ( 0 as a representative of the set of equivalent
0

3-sets of partition [3] which indexes a row of Fs(3,3).

Now selecting the entry in the column and row of F(3,3) indexed by the type-zero
3-set of partition [3] and permissible row index respectively as found above we obtain
the partial matrix (1) of Fg(3,3). But since p = 3 divides the length of the 3-cycle
(123), by Theorem 7.1.6 we repeat twice the column with this entry and introduce
two extra rows given by the non-zero rows of the character table of C3 multiplied by
34m(S/K) Tt can easily be seen from example 7.1.2(c) that for g = (123) we have
S = K so that 3%™(5/K) = 1. Thus the matrix Fg(3,3) is of order 3 and is given by

. 11
Fs(3,3)=| 1 ¢ ¢
1 & ¢
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Table 7.7: Conjugacy classes of Bg(3,3)

[8s, ] type-zero 3-sets of partition [)] I (181120123013 192124223923 ]63124323433) lﬁ | |Cg(§T| I[9]|
(1%3) =1la | (3,0,0) (13,19,19) 1A | 54 1
(1,1,1) (11,1111 3A | 9 6
(0,3,0) (19,1%,19) 3B | 54 1
(0,0,3) (19,19,13) 3C | 54 1
(12) =2e | ((1,1),(0,0),(0,0)) (1121,1020,1020) 2A | 6 9
((0,0),(0,1),(1,0)) (1020,1021,1120) 6A | 6 9
((0,0),(1,0),(0,1)) (1920,1120,1021) 6B | 6 9
(3)=3¢ | (1,0,0) (313930), 3F | 9 6
(1,0,0) (313939, 3G | 9 6
(1,0,0)2 (31393%) 3H |9 6

Table 7.8: Permissible row indices for Bg(3, 3)

[8ls., Lpermissible row indices Ltype (row)

(13) = 1a | (3,0,0) (18,1°,19)
(2,1,0) (12,11,1%
(2,0,1) (12,101
(1,1,1) (1%, 11,1

(12) = 2a | ((1,1),(0,0),(0,0)) (1121,1020,1020)
((0,1),(1,0),(0,0)) (1021,1120,1020)
((0,1),(0,0),(1,0)) (1921,1020,1120)

(3)=3a | (1,0,0) (3130939)
5 —_
52 —

This was also done for the conjugacy class of S3 of type (12) to give the Fischer-
Clifford matrices of Bg(3,3) given in Table 7.9. We have also used the conjugacy
classes of Bg(3,3) and the properties of Fischer-Clifford matrices to construct the
Fischer-Clifford matrices of Bg(3,3). It was found that the above Fischer-Clifford ma-
trices are indeed the Fischer-Clifford matrices of Bg(3,3). The 10 conjugacy classes
of Bs(3,3), including the respective orders of centralizers of Bg(3,3), are given in
Table 7.7.
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Table 7.9: Fischer-Clifford matrices of Bg(3,3)

11 1 1
3 0 3¢ 3¢
Fs@1%)=1 4, 32 3¢
2 -1 2 2

1 1 1
Fs(3,12)= | 1 ¢ ¢
1 € ¢

1 1 1
FS(3)3) = 1 4 62
1 & ¢

Table 7.10: Fusion of inertia factor groups into S3

S3 | S:| s%cs
(%) | (1% ey
(12) | (12) -

©) - | (3), @)

7.3.2 The Inertia Factor Groups of Bs(3,3)

We can choose the inertia factor groups of Bs(3,3) from the inertia factor groups
of B(3,3). However by Remark 3.3.14 we obtain that the inertia factor groups of
Bs(3,3) are S3, Sy and (S1)? : Cs. The character tables of these inertia factor groups
are easily computed in GAP. And the conjugacy classes of the inertia factor groups
which fuse to a class of S3 of type (1*12*23%3) are of type

(lkll 9k12 31913’ 1+21 9k22 gkas , 1k319ks2 3k33)’
where Z?:l kjs = As. The fusion of the conjugacy classes of the inertia factor groups

into Ss3 is given in Table 7.10. We use the inertia factor groups of Bg(3, 3) to construct
the character table of Bg(3,3) in the following section.
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7.3.3 The Character Table of Bs(3,3)

The character table of Bg(3,3) is constructed by multiplying the partial character
tables of the inertia factor groups of Bg(3,3) by the corresponding rows of the Fischer-
Clifford matrices in Table 7.9) according to the fusions given in Table 7.10. For
example, from Table 7.10, we see that the conjugacy class (3) of (S1)? : Cs fuses to
the class (123) of S3. But since there are two classes of elements of ($)? : C3 = Cj
fusing to the class 3a of S3, we multiply the partial character table of (51)% : C3 at
the classes (3) and (3)' with row 2 and 3 of the Fischer-Clifford matrix Fg(3,3) as

follows:
11 2 -1 -1
1 2
£ [1 ; EgJ: -1 £+¢2 21,
g2 ¢ -1 2 £+¢2

which appears in block 3 of Table D.1 in the Appendix D under the class 3a of Ss.
This is done for each Fischer-Clifford matrix of Bg(3,3) to give the full character
table of Bg(3,3) given in Table D.1 in the Appendix D. The orders of centralizers of
Bgs(3,3) are listed in Table 7.7 and are not included in the character table of Bg(3, 3).
The correctness of the character table of Bg(3,3) has been tested in GAP.

7.4 The Group Bg(3,5)

In this section we construct the Fischer-Clifford matrices of Bg(3, 3) and use these to
construct its character table. Let N = 35, Then S = 3% =< e;+2e,41|5=1,2,3,4 >
is a subgroup of N. Further § may be regarded as a vector space of dimension 4
over Zs. Explicitly S is a collection of all elements d = 2221 lses of N such that
S22_, l; = 0 (mod 3) or the union of the orbits of the action of S5 on N = 3% of lengths

s=1

(¢, o x,)> Where (k1, ko, ks) € A(5,3), such that 3°0_,(j — 1)k; = 0 (mod 3). The
group Bg(3,5) is a split extension of § = 34 by Ss, it exists by Theorem 3.3.5. Here
we use Proposition 7.1.16 and the Fischer-Clifford matrices of B(3,5) constructed in
Chapters 4 and 5 to construct the Fischer-Clifford matrices of Bg(3,5). The Fischer-
Clifford matrices of Bg(3,5) will be used to construct the character table of Bg(3,5)

in Subsections 7.4.2 and 7.4.3.
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7.4.1 The Fischer-Clifford Matrices of Bg(3,5)

In this subsection we use Proposition 7.1.16 and the Fischer-Clifford matrices of

B(3,5) constructed in Chapters 4 and 5 to construct the Fischer-clifford matrices
of the group Bs(3,5). For each class of S5 of type (1*12*2...5%) we construct the
Fischer-Clifford matrix Fg(3,1*12*2...5%). However as examples we construct the
Fischer-Clifford matrices of Bs(3,5) given by Fs(3,1%) and Fs(3,132) only.

Examples 7.4.1

(a)

We construct the Fischer-Clifford matrix Fs(3,1%) from the Fischer-Clifford ma-
trix F(3,1°) given in Table 5.2. For the Fischer-Clifford matrix Fs(3,1%) we
have A\; = 5 and p =3. From the 3-sets of partition [1°] given in Chapter 4
we select the following seven type-zero 3-sets of partition [1°] which index the
columns of Fs(3,15):

Thus the matrix Fs(3,15) is of order 7. Since 3 { 5 the action of S5 on Irr(3%)
produces f%—q = 7 orbits all of lengths (k1 ,:’2 ks)' We also select the following
seven representatives of sets of equivalent 3-sets of partition [1°] which index
the rows of Fs(3,1°):

Now selecting the entries in the columns and rows of F(3,1°%) indexed by the
type-zero 3-sets of partition [1°] and permissible row indices respectively as
found above we obtain the Fischer-Clifford matrix Fg(3,1%) given in Table 7.13.

We construct the Fischer-Clifford matrix Fs(3,132) from the Fischer-Clifford ma-
trix F'(3,1%2) given in Tables 5.3 to 5.5. For the Fischer-Clifford matrix Fg(3,1%2)
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we have \; = 3,A2 = 1 and p = 3. From the 3-sets of partition [132] given in
Chapter 4 we choose the following ten type-zero 3-sets of partition [132] which
index the columns of Fs(3,132):

31 11 01 01 20
00 |,j 10 |,y 30 |, 00 |,] O1 s
00 10 00 30 10
10 00 20 10 00
21 | 11 [ 10 |, 00 |, 20 {.
00 20 01 21 11

Thus the matrix Fs(3,132) is of order 10. We also select the following ten
representatives of sets of equivalent 3-sets of partition [132] which index the
rows of Fs(3,132):

31 21 21 11 11
00 |, 10 |, 00 |,] 20 | 10 ,
00 00 10 00 10
11 01 01 01 01
00 ] 30 {,] 20 |,| 10 ,] 00 .
20 00 10 20 30

Now selecting the entries in the columns and rows of F(3,1%2) indexed by the type-
zero 3-sets of partition [1?2] and permissible row indices respectively as found above
we obtain the Fischer-Clifford matrix Fg(3,132) given in Table 7.13.

This was done for each conjugacy classes of S5 to give the Fischer-Clifford matrices
of Bs(3,5) given in Table 7.13. The 36 conjugacy classes of Bg(3,5), including the
respective orders of centralizers of Bg(3,5), are given in Table 7.11.
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Table 7.11: Conjugacy classes of Bs(3,5)
(8ls. ] type-zero 3-sets of partition M““ 2612 ...5%15 19212622 ...5%25 14312032 ...5%35) l g L |CG(§)|—| i@l
(15) = 1a (5,0,0) (15,19,19) 1A 9720 1
(3,1,1) (13,111 3B | 486 20
(2,3,0) (12,1%,19) 3C | 972 10
(2,0,3) (12,19,13) 3D | 972 10
(1,2,2) (11,12,1%) 3E | 324 30
(0,4, 1) (1%,14,11) 3F | 1944 5
{0,1,4) (1°,1%,1%) 3G | 1944 5
(1%2) =2e¢ | ((3,1),(0,0),(0,0)) (1321,1920,1929) 24 | 324 30
((9,1),(3,0),(0,0)) {1021,1320,1929) 6B 324 30
((0,1),(0,0),(3,0)) (1021,1020,1329) 6C | 324 30
((2,0),(0,1),(1,0)) (1220,1021,1120) 6D | 108 90
((1,0),(2,1), (0,0)) (120,121 ,1029) 6E 108 90
{(0,0),(1,1),(2,0)) (1020,1121,1220) 6F | 108 90
((2,0),(1,0),(0,1)) (122°,1120,1021) 6G | 108 90
((1,0),(0,0),(2,1)) (1120,1920,1221) 6H | 108 90
{(0,0), (2,0), (1, 1)) (1020,1220,1121) 61 108 90
(1122) =26 | ((1,2),(0,0),(0,0)) (1122,1020 1020) 2B 72 135
((0,1),(0,1),(1,0)) (1021,1021,1120) 6J | 36 270
((0,0))(1,2),(0,0)) (1020,1122,1929) 6L 72 135
((1,0),(0,1),(0,1)) (1120,1021,1921) 6M | 36 270
((0,0),(0,0),(1,2)) (1020,1020,1122) 6N | 72 135
(123) =3a | ((2,1),(0,0),(0,0)) (1231,1030,1030) 3A | 54 180
((0,1),(1,0),(1,0)) (1°31,1139,1139) 9A | 27 360
((1,0),(0,1),(1,0)) (1139,103,1130) 9B | 27 360
((0,0),(2,1),(0,0)) (1039,1231,1030) 9C | 54 180
((1,0),(1,0),(0,1)) (1139,1139,1031) 9D 27 360
((0,0),(0,0),(2,1)) {1°39,1°39,1%3%) 9E | 54 180
(23) =6a | ((1,1),(0,0),(0,0)) (2731,2030,2030) 60 | 18 540
((0,0), (0,1),(1,0)) (2030,2031,2130) 18A | 18 540
((0: 0):(150):(0) 1)) (2030’213012031) 18B 18 540
(14) = 4a ((1,1),(0,0),(0,0)) (1141,1949,1049) 4A |12 810
{(0,0),(0,1),(1,0)) (1°40,1041,1149) 12A | 12 810
((0,0),(1,0),(0,1)) (1949,1149,19¢1) 12B | 12 810
(5) = Sa (110’0) (51 150750) 5A 5 1944
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Table 7.12: Permissible row indices for Bg(3,5)

[g]s. Lpermissible row indices I type (row)
(1®)=1a | (5,0,0) (15,19,19)
4,1,0) (14,11,10)
(4,0,1) (14,10,1%)
(3,2,0) (13,12,19)
(3,1,1) (13,11,11)
(3,0,2) (13,19,12)
(2,2,1) (12,121
(1%2) =2¢ | ((3,1),(0,0),(0,0)} (1821,1020,1020)
((2,1),(1,0),(0,0)) (1221,1120,1020)
((2:1)1(0!0)v(170)) (1221,1020,1120)
((1,1),(2,0),(0,0)) (1121,1220,1020)
((1,1),(1,0),(1,0)) (1121,1120,1120)
((1,1),(0,0),(2,0)) (1121,1020 1220)
((0,1),(3,0),(0,0)) (1021,1320,1020)
{(0,1),(2,0),(1,0)) (1021,1220,1120)
((0,1),(1,0),(2,0)) (1021,1120,1220)
((0,1),(0,0),(3,0)) (1021,1029,1320)
(1122) = 2b | ((1,2),(0,0),(0,0)) (1122,1020,1020)
((0,2),(1,0),(0,0)) (1022,1120,1020)
((0,2),(0,0),(1,0)) (1922,1020,1120)
((1,1),(0,1},(0,0)) (1127,1021,1020)
{(0,1))(1,1),(0,0)) (1021,1121,1020)
{(0,1),(0,1),(1,0)) (1021, 1021, 1120)
(123) = 3a | ({2,1),(0,0),(0,0)) (1231,1030,1030)
((1,1),(1,0),(0,0)) (1l31,1130,1030)
((1,1),(0,0),(1,0)) (1131,1030,1130)
((0,1),(2,1),(0,0)) (1031,1231,1030)
((071)>(1’0)!(170)) (1031,1130,1130)
((o, 1),(0,0),(2,0)) (1031 y 1030, 1230)
(23) = 6a ((1a1),(070)r(010)) (2131,2130,2030)
((071)7(170)1(010)) (2130,2131,2030)
((6,1),(0,0),(1,0)) (2139,2130,2130)
(14) = 4a ((1,1),(0,0)},(0,0)) (114%,1040,1040)
((0,1),(1,0),(0,0)) (1041,1140,1040)
((0,1),(0,0),(1,0)) (1941,1949,1149)
(5) = 5a (1,0,0) (51,59, 50)

166
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Table 7.13: Fischer-Clifford matrices of Bs(3,5)
1 1 1 11 1 1
5 2 £-262 —204¢€% -1 4¢ 4 €2 £+ 4£2
5 2 —264€  £-22 -1 £ +4¢€2 4¢ + ¢2
Fs(3,15)=| 10 1 564262 26456 1 —46+26% 26 —4¢£2
20 -1 2 2 —4 8 8
10 1 26+5¢% s56+2¢2 1 26—-4€%2 —464 262
30 -6 3 3 3 -6 -6
11 1 1 1 1 1 1 1 1
3 0 3¢ 36?2 -—26-¢7 £—€%  g+2 —£-22 £+ 2842
3 0 3¢2 3 —g-282 -€+¢° 26 +¢2 —2¢ - g2 £-¢2 £+ 262
3 0 3¢ 3 —¢£+¢&? 26 +6% —g-287 £—-¢2 £+282 —2¢-¢2
Fs(3,132) = 6 -3 6 6 0 0 0 0 0 0
SHREYT L 3 00 3¢ 362 g€ g+422 -2 £+ 2+ -2
1 1 1 1 £2 £? &2 ¢ £ £
3 0 3¢ 3% g+22 -2-¢° E—€%  2u+6% —£-26% g4
3 0 3¢% 3¢ 26+ -£-22 £+ £+ -2u-¢° £-¢?
11 11 £ £ ¢ ¢ ¢ ¢?
1 1 1 1 1 1
2 -1 —¢ 28 —¢2 2
oy | 2 -1 € 282 ¢ 2%
FBGIE=11 1 ¢ e ¢ ¢
2 -1 -1 2 -1 2
1 1 3 3 g2 ¢
1 1 1 1 1 1
1 £? 4 3 1 ¢
oy | 1 3 g2 ¢ 1 €
Fs(3,12%) = s g ¢ 56 -1 262
2 - -€% 2% -1 2%
2 -1 -1 2 -1 2
1 1 1
Fs(3,23) = Fs(3,14)= | 1 €2 ¢
1 £ ¢

Fs(3,5)=( 1)
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7.4.2 The Inertia Factor Groups of Bg(3,5)

We can choose the inertia factor groups of Bg(3,5) from the inertia factor groups of
B(3,5). However by Remark 3.3.14 we obtain that the distinct inertia factor groups
of Bs(3,5) are S5, Sy, S3 X S, Sz X S3, So x S and S3. The character tables of these
inertia factor groups are easily computed. And the conjugacy classes of the inertia

factor groups which fuse to a class of S5 of type (1}122...5%) are of type

(lku gkiz | 5k15, 1k219k22 | . 5’625’ 1k31 oks2 ., 5k35),

where E?:l k;js = As. The fusion of the conjugacy classes of the inertia factor groups
into S5 is given in Table 6.9. We use the inertia factor groups of Bg(3,5) to construct
the character table of Bg(3,5) in the following section.

7.4.3 The Character Table of Bs(3,5)

The character table of Bg(3,5) is constructed by multiplying the partial character
tables of the inertia factor groups of Bg(3,5) by the corresponding rows of the Fischer-
Clifford matrices in Table 7.13 according to the fusions given in Table 6.9). For
example, from Table 6.9, we see that the conjugacy class (3,12) of S3 x S, fuses to
the class (123) of S5. So we multiply the partial character table of Sy x S at the
element (3,1%) with row 4 of the Fischer-Clifford matrix Fg(3,123) as follows:

1 O R

1 11 ¢ e ¢ ¢

1 2 g2 1t e e e e
R e DT ¢ |
-1 e S L B
-1 S R

which appears in block 4 of Table E.3 in the Appendix E under the class 3a of Ss.
This is done for each Fischer-Clifford matrix of Bg(3,5) to give the full character
table of Bg(3,5) given in Tables E.1 and E.3 in the Appendix E. The orders of
centralizers of Bg(3,5) are listed in table 7.11 and are not included in the character
table of Bs(3,5). The correctness of the character table of Bgs(3,5) has been tested
in GAP.



Chapter 8

The Group Bg(m,n)

As described in Section 3.3, the group Bg(m,n) is a split extension of Q = Z7,
by the symmetric group S, (see Theorem 3.3.6). In Section 8.1, we describe the
group Bg(m,n) explicitly and give some results about its conjugacy classes. The
group Bg(m,n) may occur as a constituent of other important groups, such as simple
groups, therefore we need to construct its character table. In this chapter we develop
a method for constructing the Fischer-Clifford matrices of the group Bg(m,n).

In [35] List has presented a method for constructing the Fischer-Clifford matrices
of group extensions of a faithful irreducible constituent of the elementary abelian
group 2" by symmetric groups. This is done by choosing entries from appropriate
rows and columns of the Fischer-Clifford matrices of B(2,7n). In Section 8.2 we adapt
the combinatorial method for constructing the Fischer-Clifford matrices of B(m,n) to
construct the Fischer-Clifford matrices of the groups Bg(m,n). In Sections 8.3 and
8.4, we apply the results obtained in Sections 8.1 and 8.2 to construct the Fischer-
Clifford matrices and character tables of the groups Bg(2, 6) and Bg(3, 5) respectively.
We note that with the exception of Corollary 8.2.11, Remark 8.2.12 and Proposition
8.2.13, which are valid only when p is prime, most of the results in this chapter are

true for a general m.

8.1 Some Preliminary Results

In this section we discuss some results which we use in Section 8.2 for the construction
of the Fischer-Clifford matrices of Bg(m,n). The group Bg(m,n) may be considered

169
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as the quotient group B(m,n)/M. Let N =Z} and M =< >_7_, es > as in Chapter
3. Then we have the following result.

Theorem 8.1.1 Let Q = Z, and M as above.
(i) M <« B(m,n).
(i) Bg(m,n) = B(m,n)/M.
Proof. We take M and N as subgroups of B(m,n) with the operation multiplication.

(i) Let £ € M and dg € B(m,n), where d € N and g € S,. Then dgz(dg)™* =
dz9d~! = z9 € M, since N is abelian and M is Sy-invariant. So M < B(m,n).

(ii) We show that the groups Bg(m,n) and B(m,n)/M are equal and that the
operations on the two groups are also equal. Let £ € Bg(m,n). Then z =
(dM)g and (dM)g = d(gM) € B(m,n)/M, since M is normal in B(m,n).
Similarly if z = (dg)M € B(m,n)/M we have ¢ = d(gM) = d(Mg) = (dM)g €
Bg(m,n). Hence Bg(m,n) = B(m,n)/M.

Let (diM)g1,(d2M)ge € Bo(m,n) and (d1g1 M, (dagoM € B(m,n)/M then

(diM)g1(doM)ge = (diM)(d2M)% g192
= (diM)(d] M)gig2
= (di1d} M)g1g9
= d1d§' M(g192)
= didf (q192)M
= (dig1)(d2g2)M
= (dig1)M(d2go)M. O

Thus if necessary we may refer to the group B(m,n)/M in place of the group
Bg(m,n). For example the element (d + M)g of Bg(m,n) when N is written addi-
tively, may be taken as the element dgM of B(m,n)/M.
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Proposition 8.1.2 Let d g1, dags € B(m,n), where dy,do € N and g1,90 € S,,. If

g1 and go are not conjugate in Sp, then
(i) (d1 + M)g1 # (d2 + M)gs.
(11) (d1 + M)g1 and (dy + M)gy are not conjugate in Bgo(m,n).
Proof.
(i) Suppose that (d; + M)g; = (d2 + M)gs, that is d1g1 M = doga M. Then

digiM = dygoM = (d1g1)(dage)™" € M

= di(qi9; )yt €M
di(d3 )9 (g1 g7) € M,
g9,  €NNS,

9195" = 1p

¢4

g1 = g2,

that is g; is conjugate to g9, which is a contradiction. It follows that
(di + M)g1 # (d2 + M)gs.

(ii) Suppose that (d; + M)g; and (ds + M)go are conjugate, that is (djgy M)%M =
dsgoM for some dgM € B(m,n)/M, where d € N and g € S,. We have
(d191)%(d2g2)~' € M which implies that d?¢%g5d;! € M, so that
d¥(dg)(g1)(g~ d ") (g5 d;?) € M. Now

(d{?d) (9919~ )(d ™) (95 d3Y) € M
(d{%d)(d™1) 999"V (99197 ") (97 d; 1) € M
[(d{%d)(d~")%1(g¥) (g 1d2>eM
[(d{?d) (@)% (9797 ")(d;") € M
[(d“%z( R (C: 1)9192 Ngles") € M
g1g2 ENﬂSn

d%(dg)(91) (g7 'd ") (g5 dy") € M
g
9
(d;

995" = 1n,
g = g,

A T T



CHAPTER 8. THE GROUP Bo(M, N) 172

that is g; is conjugate to go in S,, which is a contradiction. It follows that
(dy + M)g; is not conjugate to (do + M)ga. O

Proposition 8.1.3 Let H be a normal subgroup of a group G. Let a,b,g € G.
(i) If a and b are conjugate in G, then aH and bH are conjugate in G/H.
(i) Further, ab™! € H if and only if agH = bgH.

Proof. The proof is trivial. O

Corollary 8.1.4 Let dg, d'g € B(m,n), where d,d’ € N and g € S,,.

(i) If dg and d'g are conjugate in B(m,n), then (d + M)g and (d' + M)g are

conjugate in Bg(m,n).
(ii) Further, d —d' € M if and only if (d+ M)g = (d' + M)g.
Proof.

(i) Since M is normal in B(m,n), by part (i) of Proposition 8.1.3, if dg is conjugate
to d'g in B(m,n) then dgM is conjugate to d'gM in B(m,n)/M. Now with the
correspondence between dgM € B(m,n)/M and (d+ M)g € Bg(m,n) given by
Theorem 8.1.1, it follows that (d + M)g is conjugate to (d' + M)g in Bg(m,n).

(ii) Since M is normal in B(m,n) by part (ii) of Proposition 8.1.3, we have dd'~! €
M if and only if dgM = d'gM in B(m,n)/M. Now by Theorem 8.1.1 we have
d—d € M if and only if (d + M)g = (d'+ M)g in Bg(m,n) as required. [

8.2 Fischer-Clifford Matrices of Bg(m,n)

In this section, we adapt the combinatorial method for constructing the Fischer-
Clifford matrices of B(m,n) described in Chapter 4 to construct the Fischer-Clifford
matrices of the group Bg(m,n), where Q = Z2, is a quotient of N = ZZ,. In sequel,
we present some results which describe the construction of the Fischer-Clifford ma-
trices of Bg(m,n), from those of B(m,n). For g € S, of type (1*12*2...n**) let
Fg(m,1%12% .. . n’») denote the Fischer-Clifford matrix of Bg(m,n).
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Proposition 8.2.1 Let d,d’ € N such that d —v = d' wherev = 3 o _,les € M,
for some l € Zp,. Let dg and d'g be class representatives of two distinct conjugacy
classes of B(m,n) respectively indezed by B and p, where B and p are m-sets of
partition [\ indezing columns of a Fischer-Clifford matriz F(m,1%2% ... n™), cor-
responding to a conjugacy class of B(m,n). Then 8 and p index the same column
in Fg(m, 1M2%2  nmm) corresponding to a conjugacy class of Bg(m,n) with class
representative (d + M)g = (d' + M)g.

Proof. We have d—v = d' implies (d—v)+ M =d'+ M, and henced+ M =d'+ M
since v € M. Now since d+M = d'+ M we have (d+M)g = (d'+M)g. Thus (d+M)g
= (d' + M)g is a representative of a conjugacy class in Bg(m,n) indexed by both S
and p. Tt follows that 3 and p index the same column in Fg(m,1*12%2 .. .p"m). [

Remark 8.2.2 We note that the statement d — v = d' in Proposition 8.2.1 may be
replaced by d + v = d' since the elements (d — v) + M and (d + v) + M are equal
in Bg(m,n). Further taking quotients of B(m,n) by M is equivalent to calculating
for each d € N, the elements d + v for all v € M, and then multiplying these by

representatives of conjugacy classes of S.

Let (d' +M)g = (d+ M)g, where g € Sy, d,d’ € N. Then it is clear from Remark
8.2.2 that the type of d'g may be determined by considering the type of (d + v)g.
Thus we have the following definition.

Definition 8.2.3 Let g be an element of Sy, of type (121222323 ... 0. Let p = (by,)
and B = (ais), t = 1,2,...,m, s = 1,2,...,n, be m-sets of partition [A]. Then 8
and p are said to be g-equivalent if Typ(dg) = [ and Typ((d + v)g) = p for some
d € N and v € M. However if Typ(dg) = Typ((d + v)g) = B, then [ is said to be
self g-equivalent. For m = 2, we note that g-equivalence of 2-sets of partition [A]

is the same as odd equivalence of 2-sets of partition [)].

It follows from Proposition 8.1.4 that some conjugacy classes of B(m,n) produce
one conjugacy class of B(m,n)/M, and by Theorem 8.1.1 this also happens to these
conjugacy classes of B(m,n) in Bg(m,n). For this reason we will take the type
Typ((d + M)g) of (d+ M)g € Bg(m,n) to be the type Typ(dg) of dg, where dg is a
representative of one of the conjugacy classes of B(m,n) producing the one conjugacy
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class of Bg(m,n) with representative (d + M)g. The following result describes the

m-sets of partition [A] which index the columns of the Fischer-Clifford matrices of

Bg(m,n) and therefore the types for the conjugacy classes of Bg(m,n).

Theorem 8.2.4 Let g be an element of S, of type (1M12*23% ... n*). Let B be a
representative of the set of g-equivalent m-sets of partition [A]. Then [ (or equiva-

lently the set of g-equivalent m-sets of partition [A]) indezes a column of the Fischer-
Clifford matriz Fo(m,1%2*2 . .n*») of Bo(m,n). Purthermore

(i) if Xs # O for some s # mk, k € NU{0}, then the columns of Fg(m,1*12*2 .. n*n)

(i)

are indezed by representatives of sets of g-equivalent m-sets of partition [A] and
are in correspondence with the columns of F(m,1%1222 .. . n*») that are indezed

by g-equivalent m-sets of partition [},

if \s = 0 for all s # mk, k € NU{0}, then the columns of Fg(m, 1232 pha)
are indezed by m-sets of partition [A] and are in 1-1 correspondence with the

columns of F(m,1%12*2  nt»).

Proof.

(i)

Let ¢ = (bjs) be g-equivalent to 8 = (a;s),1=1,2,...,m,s=1,2,...,n. Fix 1.
Then by definition of g- equivalence of m-sets of partition [A], we have by, = a;
for s 3 mk, where i’ = (i + j)(mod m), j € NU {0} and b;s = ais for s = mk.
But by Proposition 8.2.1, j is the residue mod m of the sum of the powers of an
m! root of unity due to adding v = >_7_, le, such that d + v = d’, and dg and
d'g are representatives of the conjugacy classes of B(m,n) indexed by 8 and p
respectively. We just need to show that the addition of v to d does not change
the residue mod m in d’ for cycles of dg of length s = mk but changes for cycles
of length s # mk. Without loss of generalization, let § = dg contain a cycle
g1 = dyg; of length s # mk and another cycle gz = d2gs of length s = mk, each
cycle such that for its associated powers k;; we have Z;=1 kij = (i—1)(mod m).
We see that for each cycle dyg; such that for its associated powers k;; we have
> _j=1 kij is equal to say t, the addition of v = 3°7_, le, to d1 yields a cycle of the
same length s # mk such that for its associated powers k;; we have E;:I kij is
equal to t+ sl = t + (mk + k")l for some positive integer k¥’ < m. This is so since
the power [ is added s = mk + &’ times to ¢ for the length s = mk + k’. Now
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t+ (mk + k')l is congruent, mod m, to some k" # (i —1) € Z,. This re-arranges
cyclically the a;s at s # mk of 8 such that a;; becomes a;; with i/ = 1 + sl
to give p. Thus bys = ais. But for the cycle doge such that for its associated
powers k;; we have Z;zl ki; is equal to say u and congruent to (¢ —1)(mod m) ,
the addition of v = ZZ=1 le, to do yields a cycle of the same length s = mk such
that for its associated powers k;; we have ) 7_) ki; is equal to u + mkl, which
still is congruent to (i — 1)(mod m). Further since in the type of dg € B(m,n)
we talk about cycles of dg, the m-set of partition [A] indexing a class of B(m,n)
containing dg must be expressed in terms of cycles of g, the m-sets of partition
[A] indexing classes of Bg(m,n) are said to be g-equivalent(see Example 8.2.7
below).

If A; = 0 for all s # mk in [\], then there are no sets of g-equivalent m-sets
of partition [A]. Now with only the cycles of length s = mk, by the last part
of the proof of part(i) of this theorem, for each cycle dygs of length s = mk,
the addition of v = .7, le, to dy yields a cycle of the same length s = mk
such that for its associated powers k;; we have ijl ki; is equal to u + mkl
which is congruent to (i — 1){(mod m), that is d — d’ ¢ M or equivalently
d+v # d'. Thus for any two columns of F(m,1*2*2 ... n*) corresponding to
class representatives dg and d’g, we have (d+ M)g # (d' + M)g. It follows that
for g of type (1*12*2...n*) where \; = 0 for all s # mk in [)\], each m-set
of partition [)\] indexing a column of F(m,1*12*2 .. .n*») indexes a column of
Fo(m,1M2%2 ph). [

Remark 8.2.5 We note that a set of g-equivalent m-sets of partition [\] may contain

only a self g-equivalent m-set of partition [A] considered as its own representative. In

such

a case the self g-equivalent m-set of partition [A] indezes a unique column of

Fg(m,1M2% . n*). Further in the case where s = 0 for all s # mk in [)\], each
m-set of partition [)\] indezes a unigue column of Fg(m,1M2*2 . .pin).

Examples 8.2.6 We give the m-sets of partition [\] indezing the columns of the
Fischer-Clifford matrices Fo(2,142) and Fg(2,2'4') of Bg(2,6).

(a)

We note that 4 = ((0,0), (4,1)) is a type for a conjugacy class of B(2,6) coming
from the class (142) of Ss. Now the elements of the class of B(2,6) indexed by

[ contain aj; = 0 cycles of length 1 each with no negative sign, a5 = 0 cycles
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of length 2 each with no negative sign, ap; = 4 cycles of length 1 each with
1 negative sign and azs = 1 cycle of length 2 each with 1 negative sign. Let
g = (5 6) € S, it follows that dg with cycle notation

(DA =S

is an element of the class of B(2,6) indexed by #. Now we construct x from 3,
satisfying the hypothesis of Theorem 8.2.4. We require that in

p = ((b11,b12), (b1, bao)), the condition by; = a9 and bey = aq; at s = 1,
bio = a2 and by = asg at s = 2 must be satisfied. Thus by; = 4 and by; =0
at s = 1 while by = 0 and by = 1 at s = 2 with p = ((4,0),(0,1)). Now we
produce a class representative d’g of the class of B(2,6) indexed by pu which is

BHEEHE D= (5 5=

In this case we see that d + d’ = ( ?:1 es) +es = E§=1 es ¢ M. This is not
what we wish to obtain, however due to the non-unique choice of the number
of negative signs mod 2 in the definition of the type u (see Definition 3.1.2) we
must have considered a conjugate esg of the necessary element d”g = egg, where
5 6
M = eggM.
(6 _ 5) 69
Now d" is such that d+d" = 3.5_, e;. Alternatively it can be shown easily that

) () = o)

that is (Z§=1 es)gM = eggM in which subtraction of ZS:I es from d of dgM
yields d” of d"gM in Bg(2,6). Thus the two classes of B(2,6) with class repre-
sentatives (Zizl es)g and egg produce one class with representative

(Zg’zl es)gM = eggM in Bg(2,6). Further we note that the cycle (5 6) of
length 2 retains the negative sign after subtracting 23:1 es from d of dgM.

We consider the class of Sg of type (214!). Here none of the 2-sets of partition
[2!4!] are g-equivalent. By part (ii) of Theorem 8.2.4, all the 2-sets of partition

[2141], that is
11 01 10 00
00/°\10/°\01/’\11)’

index the columns of Fp(2,214%).
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Example 8.2.7

We note that in Examples 8.2.6, we may have used the definition of odd-equivalent
2-sets of partitions [142] and [2'4!] to identify the indices for the columns of the
Fischer-Clifford matrices Fip(2,1%2) and Fg(2,2'4!) respectively. However we show
that in the case of the Fischer-Clifford matrix Fg(3,1122) where m = 3 (# 2), we
instead need to use the definition of g-equivalent 3-sets of partition [1122]. We take
say g = (2 3)(4 5) to be the representative of the class of Ss of type (1'2?) and
consider the class of Bg(3, 5) of type ((1,2), (0,0), (0,0)) also with representative g. To
determine the 3-sets of partition [1'22] indexing the classes of B(3,5) which produce
a class of Bg(3,5) of type ((1,2),(0,0), (0,0)), we obtain the elements d + v, where
veEM=< lZizl e; |l € Z3 > and d = 1y of g. Doing this we obtain the elements g,
Zi:l €.9, 2 Zizl e.g, which are the representatives of the classes of B(3,5) of types
((1,2),(0,0),(0,0)), ((0,0),(1,0),(0,2)) and ((0,0),(0,2),(1,0)) respectively. These
types are are g-equivalent (not really odd equivalent). The conjugacy class of B(3,5)
of types equal to these three (2 3)(4 5)-equivalent 3-sets of partition [112%] produce a
class of Bg(3,5) of type ((1,2), (0,0), (0,0)) and representative gM = 2221 e.gM =
2 22:1 e.gM. This is also true from the fact that the only classes of Bg(3,5) arising
from the class of S5 of type (1'22) and containing elements of order 2 are those classes
with representatives gM, S°°_ e,gM and 23°°_, e,gM.

Let g be an element of S, of type (1*12*23% ...n*). Following from Theorem
8.2.4 and Remark 8.2.5, we will say that

(i) when Xs; # 0 for some s # mk, a representative (or equivalently the set) of

g-equivalent m-sets of partition [A] indexes a conjugacy class of Bg(m,n).

(i) when A; = 0 for all s # mk, each m-set of partition [A] indexes a conjugacy

class of Bg(m,n).

Proposition 8.2.8 Two elements § and § are conjugate in Bg(m,n) if and only if
Typ(q) = Typ(7)-

Proof. The proof follows from Proposition 3.1.3, Theorem 8.2.4 and Remark 8.2.5.
Cl
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Proposition 8.2.9 Let g be an element of Sy, of type (1M2*23% ...nAn), Let g =
(d+ M)g be an element of Bg(m,n) of type B = (ais) or

(1‘1112‘112 - naln’ 1(1212(122 ... n“?n,' . lapl 2ap2 .. napn)-

(1) If A\s # 0 for some s # mk, then the order of the centralizer of ¢ = (d+ M)g in
Bg(m,n) is given by

IICEECER

where either 7 = 1 when B is a self g-equivalent m-set of partition [A] orr =2

when 3 a representative of m g-equivalent m-sets of partition [A].

(i1) If As = 0 for all s # mk, then the order of the centralizer of ¢ = (d + M)g in
Bg(m,n) is given by

[T T1ms)*(a

i=1s=1
Proof.

(i) It is clear that in a set of g-equivalent m-sets of partition [A] there is either one
element or m elements. It follows from Theorem 8.2.4 that one or m conjugacy
classes of B(m,n) of the same size produce a conjugacy class of Bg(m,n) of the
same size. Thus to obtain the orders of the centralizers in Bg(m,n) we must
divide the orders of the centralizers in B(m,n) by one or m accordingly. In the
formula for the orders of centralizers in Bg(m,n), this division by one or m is

taken care of by taking r = 1 or r = 2 respectively.

(ii) This clearly follows from Theorem 8.2.4 as in this case each m-set of partition
indexes a conjugacy class o m,n) as in B(m,n). O
A] ind j 1 f Bo in B

The order of § = (d + M)g in Bg(m,n) will be calculated in different ways on a
case by case basis. Thus we have several results that may be used to calculate the
order of (d + M)g in Bg(m,n).
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Proposition 8.2.10 Let g = (d+ M)g = dgM € Bg(m,n), § = dg € B(m,n) where
g € Sp. Let o(g) = u, o(dg) =1 and o((d + M)g) = k. Then

(i) k| 1.

(1) u | k.
Proof.

(i) Since (dgM)! = (dg)'M = M, o(dgM) divides I, that is k | I.
(ii) We have

[(dg)M]F = (dg)*M
= dd%%ds .- a9 gk M
= M,

which implies that dd9d9°d9" ---d9" ' gk € M. Now for some d' € M,

d =dd9d?d” - d" gk e M = gF=(dd?d’d” - a9 ) \d e N
gk eEN

FeNNnS,

gF =1y

o(g) | k,

P4 44

thatisu | k. [
In the following results we take m = p to be prime. Note that in this situation N,
M and @ will be elementary abelian p-groups.

Corollary 8.2.11 Let g = dg € B(p,n) where d € N and g € S,. Let o(g) = u.
Then either o(dg) = u or o(dg) = pu.

Proof. Since p is prime, we have that B(p,n) is an extension of elementary abelian
p-group N. Now by Theorem 1.2.14, the result follows. O
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Remark 8.2.12 Similarly applying Theorem 1.2.14 to Bo(m,n), we have that

o({d + M)g) = u or o((d + M)g) = pu, where g € S, and u = o(g). However
o((d + M)g) | o(dg) by Proposition 8.2.10 part (i). In the case of o(dg) = u, then
o((d + M)g) | u and since u = o(g) we have u | o((d + M)g) by Proposition 8.2.10
part (ii1). Therefore o((d + M)g) = u.

If o(dg) = pu, then o((d + M)g) € {u,pu} as was mentioned at the beginning of
the Remark. '

Proposition 8.2.13 Let g € S, and o(g) = u. Let (d + M)g € Bg(p,n).

u—1

(i) If dd9d9°d9" - .- d9" " g € M, then o(d + M)g = o(g) = u.

(ii) If dd9d9°d?’ ---d®" "' g* ¢ M, then o(d + M)g = pu.
Proof.
[(d+ M)gl* = (dgM)*
(dg)*M
= dd?d%’d? .- d%" g M.

i

(i) In this case by (8.1) we have ((d + M)g)* = M, which implies that
o((d+M)g) | u. Since by part (iii) of Proposition 8.2.10 we have u | o((d+ M )g),
we deduce that o((d + M)g) = u = o(g).

(i) Since dd9d9°d¢’ .- d9" ' gk ¢ M, we have dd9d9°d9” ---d9" " g*M # M, that is
[(d+ M)g]* # M, and hence o((d + M)g) = u. Thus o((d + M)g) = pu. O

It is clear from the fore-going results that the determination of the orders of the
elements of Bg(m,n) is not so conclusive, it requires the analysis of both the struc-
tures of d + M € Q and g € Sp. We note that in [47] Mpono has used coset analysis
to develop computer programmes in CAYLEY which are used for the computation of
conjugacy classes and the orders of the class representatives of the group extension
G = N:G where N is an elementary abelian p-group for a prime p on which a linear
group G acts. These programmes can similarly be applied to the extension Bg(m,n)
by considering a subgroup of a linear group which is isomorphic to S,.

We now discuss the indices of the rows of Fg(m, 12122 ...n*) in terms of the
indices of the rows of F(m,1%12*2 ... pAn).
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Proposition 8.2.14 The rows of Fg(m,1%12*2...n*) are indezed by even m-sets

of partition [}].

Proof. From the action of S, on Irr(Q) in Theorem 3.3.25 and Remark 3.3.26
the inertia factor groups of Bg(m,n) are the group Sk, x Sk,--- x Sk, where
(k1,ko, ..., km) € A(n,m), such that Z?L:l(j — 1)k; = 0(mod m). Thus for each
class of S,, of type (11232 ... n?n) these inertia factor groups correspond to those

0= ((kllkaZ" "akln)7(k21ak22v' . 'ak2n)7-- i) (kmlakm21- e ,kmn))

where Y70, kjs = As,D 5=y Skjs = kj, and such that 37T, 370 (5 — 1)skjs =
0(mod-m). By Definition 2.2.2 such ¢ are called even m-sets of partition [}]. |

Remark 8.2.15 We note from Proposition 8.2.1{ that if g is of type (11122 .. nPn)
where As = 0 for all s # mk, every m-set of partition [\ satisfies the formula
Z;.":l Yor (G — D)skjs = 0(mod m) with s = mk and is therefore even. This is
as expected for in this case as we have seen above, all the m-sets of partition )] in-
dez the columns of Fg(m,1%12*2 .. .n*). It is now clear that in this case we have
Fo(m,1M2%2 . ni) = F(m, 1202 | pAn),

Definition 8.2.16 In the rest of this chapter, a permissible column index will
mean a representative of a set of g-equivalent m-sets of partition [A\]. A column of
F(m,1M12%2 ...n*) indezed by a permissible column indez will be called a permis-
sible column. Similarly a row of F(m,1M2* ...n*) indezed by an even m-set of
partition [A] will be called an even row, and the corresponding inertia factor group

will be called an even inertia factor group.

Proposition 8.2.17 Let g be an element of S, of type (1’\1.2’\2 o).

(1) If As # 0 for some s # mk, then we obtain the Fischer-Clifford matriz
Fg(m,1M2%2 ... n*n) of Bg(m,n) by

(a) selecting permissible columns of F(m,1%12*2...n*) and

(b) selecting even rows of the resultant matriz in (i) above.

(i) If \s = 0 for all s # mk, then Fo(m,1M12% ...p*n) = F(m, 121232 ... phn),
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Proof. Since the characters of B(m,n) are characters of Bg(m,n) with M in their
kernel, to obtain Fg(m,1*122 ... n*) we only need to select the entries of
F(m,1M2*2 ...n*) corresponding to the necessary m-sets of partitions [A] as de-
scribed by Theorem 8.2.4 and Proposition 8.2.14. On using Definition 8.2.16, the
result follows. O

We are now in a position to state a combinatorial method for constructing the
Fischer-Clifford matrices of Bg(m,n).

Theorem 8.2.18 Let g be an element of Sy of type (111272 ... p?n).

(i) Let As # 0 for some s # mk and § = (a;s) be a permissible column indexr and
8 = (kis) be an even m-set of partition [\]. An entry of the Fischer-Clifford
matriz Fo(m, 12M12%  n*Y) which is in a column indezed by B and in a row

indezxed by & is given by

5 l8,0= > (ﬁﬁ( is )52?;1 (=) -1)( 3_]>>

M(B,6,n) \s=1i=1 Ra;

where 3101 ais = 3 5 kijs = Xs and

th root of unity,

(a) &€ is an m
(b) M(B,0,n) is a set of magic matrices,

(¢) Ra.», is the i row of a partial matriz at position s of a magic matriz in

M(B,6,n),

(d) ( dis N ) is a multi-nomial coefficient.
T

S e C
i1 Tim

(i1) Let s =0 for all s # mk. Then Fg(m, 17222 pdn) = F(m, 121222 .. phn),

Proof. The formulae in Theorems 4.3.1 and 4.3.3 for constructing the Fischer-
Clifford matrices of B(m,n) are adapted to Bg(m,n) by considering permissible
column indices and even m-sets of partition [A] respectively. The proof follows from
Theorem 8.2.4, Definition 8.2.16 and Propositions 8.2.14 and 8.2.17. |

We will now apply the results above to construct the Fischer-Clifford matrices of

the groups Bg(2,6) and Bg(3,5) as examples in the following sections.
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8.3 The Group Bg(2,6)

In this section we construct the Fischer-Clifford matrices of Bg(2,6) and use these
to construct its character table. Let N = 25, M =< Zgzl es > and Q = 25 =<
es+ M |s=123,4,5 >, the quotient of N by M. Then @ may be regarded as
a vector space of dimension 5 over Zy. The group Bg(2,6) is a split extension of
Q@ by Se (see Theorem 3.3.6). Explicitly Bg(2,6) is a Quotient of B(2,6) by M.
In Subsection 8.3.1, we use Proposition 8.2.17 and the Fischer-Clifford matrices of
B(2,6) given in Table 5.1 to construct the Fischer-Clifford matrices of Bg(2,6). In
Subsections 8.3.2 and 8.3.3, the Fischer-Clifford matrices of Bg(2,6) will be used to

construct the character table of Bg(2,6).

8.3.1 The Fischer-Clifford Matrices of By(2,6)

We now construct the Fischer-Clifford matrices of Bg(2, 6) from those of B(2,6). For
each conjugacy class of Sg of type (1*12*2...6%), we construct the Fischer-Clifford
matrix Fg(2,1%12%2 ... 6%).

Examples 8.3.1

We note from the results in Section 8.2 that the Fischer-Clifford matrices of
Bg(2,6) will depend on the type (111242 | 6%) of the conjugacy class of S,, that is
being considered. Therefore by Proposition 8.2.17 part(ii), for the conjugacy classes
of S, of type such that A\; = 0 for all s # mk, we have FQ(m,l)‘IQ’\?---n’\") =
F(m,1M2%2...n*) and these are listed in Table 8.1

However for those conjugacy classes of S, of type such that A; # 0 for some s #
mk, we use part (i) of Proposition 8.2.17. We construct the Fischer-Clifford matrices
Fo(2,1°%) and Fg(2,1%2) below.

(a) By Proposition 8.2.17 and Definition 8.2.16, we determine the Fischer-Clifford
matrix Fp(2,1%), from the Fischer-Clifford matrix F(2,1%). From A; = 6 and
m = 2, we obtain the following 2-sets of partition [1°]:

() C)-06)- )G (3
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Table 8.1: B(2,6) Fischer-Clifford matrices of Bg(2,6)

1 1 1 1
3 1 -1 =3
3 -1 -1 3
1 -1 1 -1

Fo(2,2%) = F(2,2%) =

FQ(2,6)=F(2,6):( i _1 )

1 1 1 1
1 1 -1 -1
Fo(2,24) = F(2,24) = 1 -1 1 -1
1 -1 -1 1

from which we choose the following four permissible column indices:

Hence the Fischer-Clifford matrix F(2,1°) is of order 4. From the seven 2-sets
of partition [1°] we also select the following four even 2-sets of partition [1°]:

Now the entries in the columns and rows of F'(2,1%) respectively corresponding
to the above four permissible column indices and four even 2-sets of partition
[19] are selected (compare Tables 5.1 and 8.4) to give

1 1 1 1
15 5 -1 -3
15 -5 -1 3

1 -1 1 -1

Fp(2,1%) =



CHAPTER 8. THE GROUP Bg(M,N) 185

(b) By Proposition 8.2.17 and Definition 8.2.16, we determine the Fischer-Clifford
matrix Fg(2, 1*2) from the Fischer-Clifford matrix F(2,142). From A\; =4, =
1 and m = 2, we obtain the following ten 2-sets of partition [142]:

from which we choose the following six permissible column indices:
41 31 21 40 30 20
00 /'\ 10 /°\ 20 /701 /'\ 11 )"\ 21 /"

Hence the matrix Fg(2,12) is of order 6. From the ten 2-sets of partition [142],

we also select the following six even 2-sets of partition [142]:
41 21 01 40 20 00
00 )7\ 20 J7\ 40 /7L 01 J7\ 21 /7 41 |

Now the entries in the columns and rows of F(2,142) respectively corresponding
to the above six permissible column indices and six even 2-sets of partition [142]
are selected (compare Tables 5.1 and 8.4) to give

-2 6 0 -2
-1 1 1 -1 1
-1 -1 -1
-2 -6 0 2
-1 1 -1 1 -1

Fo(2, 112) =

= R -
—
—

The above was done for each conjugacy classes of Sg to give the Fischer-Clifford ma-
trices of Bg(2,6). The Fischer-Clifford matrices of Bg(2,6) are given in Table 8.4.
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The forty two conjugacy classes of Bg(2,6), including the respective orders of cen-
tralizers in Bg(2,6) are given in Table 8.2. In the following sections we use the
Fischer-Clifford matrices in Table 8.4 to construct the character table of Bg(2,6),
which is given in Tables F.1 to F.4 of Appendix F.
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Table 8.2: Conjugacy classes of Bg(2,6)
[gls, —] permissible column indicesT(lal! 2012 ...6%16,14212022 . 6“2ﬂjlcc(gﬂ |[g]|
(1%) = 1a (6,0) (18,19 23040
(5,1) (15,11 2A 3840 6
4,2) (14,1%) 2B | 1536 15
(3,3) (13,13) 2C | 2304 10
(192) =2a | ((4,1),(0,0)) (1421,1020) 2D | 768 30
((3,1),(1,0) (1321,1129) 2E | 192 120
((2,1),(2,0)) (1221,1220) 2F | 256 90
((4,0),(0,1)) (1420,1021) 4A | 768 30
((3,0),(1,1)) (1320, 1121 4B 192 120
((2,0),(2,1)) (1220,1221) 4C | 256 90
(1222) = 2b | ((2,2),(0,0)) (1222,1929) 2G | 128 180
((1,2),(1,0)) (1122,1120) 2H 128 180
((2,1),(0,1)) (1221,1021) 4D | 64 360
((1,1),(1,1)) (1121,1121) 4E | 64 360
((2,0), (0,2)) (1220,1922) 4F 128 180
((1,0),(1,2)) (1120,1122) 4G 128 180
(28) = 2¢ (3,0) (28,29 21 384 60
2,10 (22,24 4H | 128 180
(1,2) (21,2%) 411 128 180
(0,3) (20,23) 2] 384 60
(183) =3a | ((3,1),(0,0)) (1%31,1030) 3A | 144 160
((2,1),(2,0)) (1231,113%) 6A | 48 480
((1,1),(2,0)) (1131,1230) 6B | 48 480
((0,1))(3,0)) (1931,1339) 6C 144 160
(123) = 6a | ((1,1,1),(0,0,0)) (112131,102039) 6D | 24 960
((0,1,1),(1,0,0)) (102131,112030) 6E | 24 960
({1,0,1),(0,1,0)) (112031,102139) 12A | 24 960
((0,0,1),(1,1,0)) (102031 112130y 12B | 24 960
(3%)=3b (2,0) (32,39 3B 36 640
(1,1) (31,31 6F 36 640
(124) =4a | ((2,1),(0,0)) (1241, 1049) 4] 32 720
((1,1),(2,0)) (1141,1140) 4K | 32 720
((2,0),(0,1)) (1240,1041) 8A | 32 720
((1,0),(1,1)) (1140,1141) 8B 32 720
(24) = 4b ((1,1),(0,0)) (2141,2049) 4L 32 720
((0,1),(2,0)) (2°41,2149) aM | 32 720
((1,0),(0,1)) (2149, 2041) 8C | 32 720
((0,0), (1,1)) (2049, 2141) 8D | 32 720
(15) = 5a ((1,1),(0,0)) (1151,1050) 5A | 10 2304
(o, 1),(1,0)) (1951,1150) 10A | 10 2304
(6) = 6b (1,0) (6',6%) 6G 12 1920
0,1) (6°,61) 6H | 12 1920
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Table 8.3: Even 2-sets of partition [A]

[gls,. I even 2-sets of partition [}] —[ type (row)
(18) = la (6,0) (16,10)
4,2) (1%,1%)
(2,4) (12,14
(0,6) (1°,18)
(1%2) =2a | ((4,1),(0,0)) (1421,1029)
(2,1),(2,0)) (1221,1229)
((0,1),(4,0)) (1021, 1420)
((4,0),(0,1)) (1420, 1921)
((2,0),(2,1)) (1220, 1221)
(0,0}, (4,1)) (1020, 1421)
(1222) = 2b | ((2,2),(0,0)) (1%222,1029)
((0,2),(2,0)) (1022,1220)
((2,1),(0,1)) (1221,1021)
{(0,1),(2,1)) (1921,1221)
((2,0},(0,2)) | (12201922
((0,0),(2,2)) (1020, 1222)
(23) =2c (3,0) (28,29
(2,1) (22,21)
(1,2) (2!,22)
(0,3) (20,23)
(133) =3a | ({3,1),(0,0)) (1331,1039)
((1,1),(2,0)) (1131,1230)
((2,0),(1,1)) (1239,1131)
((0,0))(3,1)) (1939, 1331)
(123) =6a | ((1,1,1),(0,0,0)) (112131,102030)
({1,0,1),(0,1,0)) | (112031,102130)
((0,1,0),(1,0,1)} (192130,112031)
{(0,0,0),(1,1,1)) (102030 112131y
(32) =3b (2,0) (32,39)
(0,2) (39, 32)
(124) = 4a | ((2,1),(0,0)) (1241,1049)
((0,1),(2,0) (1041,1240)
((2,0),(0,1)) (1240,1041)
((0,0), (2,1)) (1040, 1241)
(24) = 4b ((1,1),(0,0)) (2141,2040)
((0,1),(1,0)) | (2041, 2140)
((1,0),(0,1)) (2149,2041)
(0,0}, (1,1)) (2040, 2141)
(15) =5a | ((1,1),(0,0)) (1151,1950)
((0,0),(1,1)) (1050,1151)
(6) = 6b (1,0) (61,69)
(0,1) (6°,61)




189

THE GROUP Bg(M, N)

CHAPTER 8.

Table 8.4: Fischer-Clifford matrices of Bp(2, 6)
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8.3.2 The Inertia Factor Groups of By(2,6)

We know that Sg acts on Irr(2°) producing seven orbits with the inertia factor groups
Se, S5 x S1, Sy x So, S3 x S3, Sy x Sy, S5 and S¢. Now from Corollary 3.3.27, the
inertia factor groups of Bg(2,6) are given by Sk, x Sk,, where kg is even. Hence the
even inertia factor groups of Bg(2, 6) are Sg, Sy X S2, S2 x Sy and Sg. The character
tables of these inertia factor groups are easily computed. The conjugacy classes of
the inertia factor groups Si, x S, which fuse to a class of Sg of type (1}12*2 ... 6%)
are of type (1F112812 ... gkis [k2igkaz ... Gk26) where Z?zl kjs = As. The fusion of the
conjugacy classes of the inertia factor groups into Sg is given in Table 6.4. We use
the inertia factor groups of Bg(2,6) to construct the character table of Bg(2,6) in

the following section.

8.3.3 The Character Table of By(2,6)

The character table of Bg(2,6) is constructed by multiplying the partial character
tables of the inertia factor groups by the corresponding rows of the Fischer-Clifford
matrices in Table 8.4 according to the fusions given in Table 6.4. For example, from
Table 6.4 we see that the conjugacy classes (122,12) and (14,2) of Sy x S, fuse to the
class (142) of Ss. So we multiply the partial character table of Sy x Sy at the elements
(122,12) and (1%, 2) with the rows 2 and 3 of the Fischer-Clifford matrix Fg(2,142)

as follows:

r 1 17 r 7 1 -1 5 -1 =317
1 -1 5 -1 -3 7 1 -1
~1 1 -5 1 3 -7 -1 1
~1 -1 -7 -1 1 -5 1 3
2 0 11 1 -1 -1 ~1|_ 2 2 2 -2 -2 -2
-2 0 6 0 -2 6 0 2| | -2 =2 -2 2 2 2]
-3 -1 -9 -3 -1 -3 3 5
-3 1 3 -3 -5 9 3 1
3 -1 -3 3 5 -9 -3 —1
3 1 | Ll 9 3 1 3 -3 -5 |

which appears in block 2 of Table F.1 in the Appendix F under the class 2a of Sg. This
is done for each Fischer-Clifford matrix to give the full character table of Bg(2,6)
given in Tables F.1 to F.4 in the Appendix F. The orders of centralizers of Bg(2,6)
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are listed in table 8.2 and are not included in the character table of Bg(2,6). The
correctness of the character table of Bg(2,6) has been tested in GAP.

8.4 The Group By(3,5)

In this section we construct the Fischer-Clifford matrices of Bg(3,5) and use these
to construct its character table. Let N = 3%, M =< Zi:l es > and Q = 3% =<
es + M | s =1,2,3,4 >, the quotient of N by M. Then Q may be regarded as a
vector space of dimension 4 over Z3. The group Bg(3, 5) is a split extension of @ by Ss
(see Theorem 3.3.6). Explicitly Bo(3,5) is a Quotient of B(3,5) by M. In Subsection
8.4.1, we use Proposition 8.2.17 and the Fischer-Clifford matrices of B(3,5) given in
Tables 5.2 to 5.4 to construct the Fischer-Clifford matrices of Bg(3,5). The Fischer-
Clifford matrices of Bg(3,5) will be used to construct the character table of Bg(3,5)
in Subsections 8.4.2 and 8.4.3.

8.4.1 The Fischer-Clifford Matrices of Group Bg(3,5)

In this subsection we construct the Fischer-Clifford matrices of the group Bg(3,5),
the split extension of @ = 3* by Ss, as a second example on the groups Bg(m,n).
We determine the Fischer-Clifford matrices of Bg(3,5) from those of B(3,5). The
Fischer-Clifford matrices of B(3,5) are given in Chapter 6. For each class of S5 of
type (1*12*2...5%) we construct the Fischer-Clifford matrix Fg(3,1*12%2 .., 5%),

Examples 8.4.1

Since 3 { 5, all the conjugacy classes of S5 are of type such that A; # 0 for some
s # 3k. Thus we use part (i) of Proposition 8.2.17, to construct only the Fischer-
Clifford matrices Fg(3,1°) and F(3,132) of Bg(3,5).

(a) For the Fischer-Clifford matrix F(3,1%) we have A\; = 5 and m = 3. From
the twenty one 3-sets of partition [1%] we choose the following seven permissible

column indices:
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Thus the matrix Fg(3, 15) is of order 7. From the twenty one 3-sets of partition
[19], we also choose the following seven even 3-sets of partition [1°], which index
the rows of Fg(3,15):

The entries in the columns and rows of F(3,1%) respectively corresponding to
the above seven permissible column indices and seven even 3-sets of partition
[15] are selected (compare Tables 8.7 and 5.2). We obtain that

1 1 1 1 1 11
20 8 8 2 -1 2 —4
10 26 —4€% —4£+2¢% 5¢+2¢2 1 26+ 5¢2 1
Fo(3,1%)=| 10 —4£+2¢2 26 —4€2 24562 1 5¢+2¢2 1
30 -6 —6 3 —6 3 3

5 4¢ +¢2 £4+4£2 20462 2 -2 -1
5 £+ 4¢? 46+¢€2  £-22 2 -2+ -1

which is given in Table 8.7.

(b) For the Fischer-Clifford matrix Fs(3, 132) we have A\; = 3,A2 = 1 and m = 3.
From the thirty 3-sets of partition [132] we choose the following ten permissible

31 21 21 11 11
00 ;, 10 {,{ 00 {,| 20 , 10 ¢,
00 00 10 00 10
i1 01 01 01 01
00 | 36 [, 20 |, 10 , | 00 .
20 00 10 20 30

Thus the Fischer-Clifford matrix Fg(3,1%2) is of order 10. Similarly from the
thirty 3-sets of partition [132] we choose the following ten even 3-sets of partition
[132], which index the rows of Fg(3,132):

column indices:
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31 11 01 01 20
00 ,(10),(30),(00 s 11 ,
00 10 00 30 00
10 00 20 10 00
01 | 21 , OO), 20 ¢, 10 |.
20 10 11 01 21

The entries in the columns and rows of F(3,132) respectively corresponding to
the above ten permissible column indices and ten even 3-sets of partition [132]
are selected (compare Tables 8.7 and 5.5). We obtain that

1 1 1 1 1 1 1 1 1 1

6 0 0 0 -3 0 6 0 0 6

1 £ I S € 1 3 &2 1

1 ¢? 3 £ 1 £ 1 &2 £ 1

Fo(3,1%2) = | 2 €262 2687 £-87 0 -£+€2 3 2+€ £+2? 3¢
’ 3 £+ E-¢  £+288 0 26462 3¢ —£-22 -—26-¢g% 3¢

3 2%+€%  f+28 266 0 —£-2% 3 g+ £-¢g 3¢?

3 —26-£% -2 —£+4+¢& 0 - 3¢ £+26 2+ 3¢

3 £-£  —£4+€ 2%u+E 0 £+262 32 -26-€ -g-2% 3

3 £+2% 2467 -€-260 0 -26-¢2 3¢ £-¢  -g+€% 3¢

which is given in Table 8.7.

The above was done for all the rest of the conjugacy classes of S5 to give the
Fischer-Clifford matrices of Bg(3,5). The Fischer-Clifford matrices of Bg(3,5) are
given in Table 8.7. The thirty six conjugacy classes of Bg(3,5), including the respec-
tive orders of centralizers of Bg(3,5) are given in Table 8.5. In the following sections
we use the Fischer-Clifford matrices given in Table 8.7 to construct the character
table of Bg(3,5) given in the Appendix G.
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Table 8.5: Conjugacy classes of Bg(3,5)
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(8ls, , permissible column indicﬂ(l“ll 2012 ...5015 19212622 ...5025 ]%812932...5435) L§ I ICc(@) | gl
(1%) = 1e (5,0,0) (15,19,10) 1A 9720
4,1,0) (14,11,19) 3A 1944 5
(4,0,1) (14,19,11) 3B | 1944 5
(3,2,0) (13,12,19) 3C | 972 10
(3,1,1) (13,11,1Y) 3D | 486 20
(3,0,2) (13,19,12) 3E 972 10
(2,2,1) (12,12,1Y) 3F | 324 30
(1%2) = 2a | ((3,1),(0,0),(0,0)) (1321,1020,1020) 2A | 324 30
((2,1),(1,0),(0,0)) (1221,1120,1020) 6A | 108 90
((2,1),(0,0), (2,0)) (1221,1020,1120) 6B | 108 90
((1,1),(2,0),(0,0)) (1321,1220,1020) 6C | 108 90
((1,1),(1,0),(1,0)) (1121,1120,1129) 6D | 54 180
((1,1),(0,0),(2,0)) (1121,1029,1220) 6E | 108 90
(0, 1), (3,0), (0,0)) (1921,1320,1020) 6F | 324 30
((0,1),(2,0),(1,0)) (1021,1220,1120) 6G | 108 90
((8,1), (1,0), (2,0)) (1921,1120,1220) 6H 108 90
((0,1),(0,0), (3,0)) (1921,1020,1320) 61 324 30
(1122 =2b | ((1,2),(0,0),(0,0)) (1122,1020,1020) 2B 72 135
((0,2),(1,0),(0,0}) (1922,1120,1020) 6J 72 135
((0,2),(0,0),(1,0)) (1022,1020,1120) 6K | 72 135
((1,1),(0,1),(0,0)) (1121,1021 1020) 6L | 36 270
((0,1))(1,1),(0,0)) (1021, 1121,1920) 6M | 36 270
((0,1),(0,1),(1,0)) (1921,10211120) 6N | 36 270
(123) =3a | ((2,1),(0,0),(0,0)) (1231,1030,1030) 3G | 54 180
((1,1),(1,0), (0,0)) (1131,1130,1039) 3H | 27 360
((2,0),(0,1),(0,0)) (123°,1931,1030) 9A | 54 180
((1,0),(1,1),(0,0)) (1139,1131,1030) 9B | 27 360
((2,0),(0,0),(0,1)) (123°,1930,1031) 9C | 54 180
((1,0),(1,0),{0,1)) (1%39,1130,1031) 9D | 27 360
(23)=6a | ((1,1),(0,0),(0,0)) (2'3,2939,293%) 60 | 18 540
((3,0),(0,1),(0,0)) (2139,2031,2030) 18A | 18 540
((1,0),(0,0), (0, 1)) (2130,2030,2031) 18B | 18 540
(14) = 4a ((1,1),(0,0),(0,0)) (1141,1040,1040) 4A | 12 810
((0,1),(1,0),(0,0)) (194,149, 1040) 12A | 12 810
((0,1),(0,0),(1,0)) (1941,1040,1149) 12B | 12 810
(5) = 5a (1,0,0) (5%,59,59) 5A | 5 1944
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Table 8.6: Even 3-sets of partition [A]

(gls, —Iiven 3-sets of partition [}] mpe (row)

(15) = la (5,0,0) (15,19,19)
3,1,1) (13,11,1Y)
(2,3,0) (1%2,13,19)
(2,0,3) (12,19,13)
(1,2,2) (11,1%,1?)
(0,4,1) (19,14,11)
(0,1,4) (19,1114

(132) = 22 | ((3,1),(0,0),(0,0)) (1821, 10201020
((1,1),(1,0),(1,0)) (1121,1120 1120y
({0,1),(3,0),(0,0)) (19211820 1020)
((0,1),(0,0),(3,0)) (1021,1020 1320
((2,0), (1,1}, (0,0)) (1220,1121 1020
((1,0),(0,1),(2,0)) (1120,1021,122%)
((0,0),(2,1),(1,0)) (1020,1221 1120)
((2,0),(0,0),(1,1)) (1220,1020 1121y
((1,0),(2,0),(0,1)) (1320,1220,1021)
((0,0),(1,0),(2,0)) (1920,1120 12290

(1122) = 2b | ({1,2),(0,0),(0,0)) (1122,1020,1020)
{(1,0),(0,1),(0, 1)) (1120,1021, 1021}
({0,1),(1,1),(0,0)) (1921,1121,1020)
((0,0),(1,0),(0,2)) (1020,1120,1022)
((0,1)}(0,0), (1, 1)) (1921,1020 1121
((0,0),(0,2),(1,0)) (1920,1022,1120)

(123) =3e¢ | ((2,1),(0,0),(0,0)) (1231,1039,1039)
((0,1),(1,0),(1,0)) (1931,1130,11309)
((2,0),(0, 1), (0,0)) (1230,1031,1030)
((0,0),(1,1),(1,0)) (1930,113%,1130)
((2,0),(0,0),(0,1)) (1239,1030 1031y
((0,0),(1,0),(1,1)) (1930,1130 1131)

(23) = 6a ((1,1),(0,0),(6,0)) (2131,2030, 2030)
((1,0),(0,1),(0,0)) (2139,2031,2030)
((1,0),(0,0),(0, 1)} (2130,2030 2031)

(14) = 4a ((1,1),(0,0),(0,0)) (1141,1040 1040)
((0,0), (0,1),(1,0)) (1940,1041 1140)
((0,0),(1,0),(0,1)) (1949,1140 1941

(5) = 5a (1,0,0) (5%, 59,50)
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Table 8.7: Fischer-Clifford matrices of Bg(3,5)
1 1 1 11 1 1
20 8 8 2 -1 2 —4
10 26— 462 —4£+26%2  5¢+42¢2 1 264582 1
Fo(3,1%)= | 10 —4£+2¢2  26-4€ 204 5¢2 1 56422 1
30 -6 -6 3 -6 3 3
5 4¢ + €2 E+482 26 +£2 2 g-282 -1
5 € +4¢2 46 +€2  £-22 2 242 -1
1 1 1 101 1 1 1 1 1
6 0 0 0 -3 0 6 0 0 6
1 13 €2 & 3 1 3 £ 1
1 £? € £ 1 €2 1 £? 3 1
3 —£—26% -~2¢-¢2 £-¢& 0 —£+¢% 3¢ 26+ €2 €+262  3¢?
Fg(3,132) = 2 2 2 2 2 2 2
3 —£+¢ £-¢ §+2¢ 0 26+¢ 3¢ —&-28% -2u-£ 3¢
3 24£%  g+27 -26-¢2 0 —£-26% 3 —£+¢2 £-¢€2 3¢
3 -26-¢7 ~£-22 —£+€& 0 £—€% 3¢ g+2e® 2u+62 3¢
3 £—-¢2  —g4¢&° 2¢ +£2 0 E+262 3¢ -—26-€2 —g-28%2 3¢
3 g+2% 26+ —€-26% 0 -26-¢% 362 E-¢%  —¢+& 3¢
1 1 1 1 1 1
2 -1 2 -1 2 -1
AU I T G S S S 3
Fg(3,123) = 2 1 2% ¢ 262 —g
o1 g2 g £ 3
2 -1 26 -2 2 —¢
1 1 1 1 1 1
2 26 282 -g2 -1 —¢
2 2
R = 2% %G
2 2 2 -1 -1 -1
I A S S 13

Fo(3,23) = (

Fg(3,14) = (

1
1
1

1
1
1

11
2 ¢
1 1 )
£ ¢

¢ ¢

¢ &

Fo(3,8)=( 1)
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8.4.2 The Inertia Factor Groups of By(3,5)

We know that Ss acts on Irr(3%) producing twenty one orbits with the distinct inertia
factor groups Ss, S4, S3 X Sg, S2 X S3, S x S and S3. Now from Theorem 3.3.25 and
Remark 3.3.26, the distinct even inertia factor groups of Bg(3,5) are Ss, S3, S2 x Ss,
S x So and S4. The character tables of these inertia factor groups are easily computed.
The conjugacy classes of the inertia factor groups Sk, x Sk, which fuse to a class of Ss
of type (12122 ...5%) are of type (1%112k12... 515 1k219k22 ... 5kas 1ksigksz ... 5has)
where E?:l k;s = Xs. The fusion of the conjugacy classes of the inertia factor groups
into Ss is given in Table 6.9. We use the inertia factor groups of Bg(3,5) to construct
the character table of Bgp(3,5) in the following section.

8.4.3 The Character Table of Bg(3,5)

The character table of Bg(3,5) is constructed by multiplying the partial character
tables of the inertia factor groups for example S3, by the corresponding rows of the
Fischer-Clifford matrices in Table 8.7 according to the fusions given in Table 6.9).
For example, from Table 6.9 we see that the conjugacy class (12) of S3 fuses to the
class (132) of Ss. So we multiply the partial character table of S3 at the element (12)
with row 2 of the Fischer-Clifford matrix Fp(3,1%2) as follows:

1 6 0 0 0 -3 O 6 0 0 6
-1 [ 6 0 0 0 -3 0 6 0 0 6 ] =] -6 0 0 0 3 0 -6 0 0 -6 |,
0 ¢ 0 0 0 6 0 0 0 ¢ 0

which appears in block 2 of Table G.2 in the Appendix G under the class 2a of S5. This
is done for each Fischer-Clifford matrix of Bg(3,5) to give the full character table of
Bg(3,5) given in Tables G.1 to G.3 in the Appendix G. The orders of centralizers of
Bg(3,5) are listed in Table 8.5 and are not included in the character table of Bg(3, 5).
The correctness of the character table of Bg(3,5) has been tested in GAP.

Remark 8.4.2 We note that by Theorem 8.1.1 we can determine the character table
of Bg(m,n) from that of B(m,n).
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APPENDIX A. CHARACTER TABLE OF B(2,6)

Character table of B(2,6)
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Character table of B(2,6) (continued)

Table A.2

2c

4L 4M 4N

20

-3

-2

-3

2b
2L

4G 2M 4H 2N 41 4J 4k

4F

-2

-2

-2

-2

-4

-4

-1

-1

-1

-2

9]

(7

X2

X3

X4

X5

X6

X7

X8

X9
X10

X11

X12
X13
X14

X15
X16

X17

X18

X19
X20
X21

x22
X23
X24
X25
X26
xz7
X28
X29
X30
X31

X32
X33
X34
X35
X36
X37
X38
X39

X40

X41

X42
X43
Xa4
X45
Xa6
X4a7
X48
X49
X50
X51

X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63
X64
X65
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Character table of B(2,6) (continued)

Table A.3

6a

6G 12A 12B 6H 61 12C 12D

6F

3a

3A

6B 6C 3B 6D 3C 6E

6A

-2

-3
-3
-3

-3

-3

-3

-1

-1

-1

1

-1

{g]

]

X2

X3

X4

X5

X6

X7

X8

X9
X10
X11

X12
X13
X14
X15
X16
XiT

X18

X19
X20
X21

X22
X23
X24

X25
X26
x27
X28
X29
X30
X31

X32
X33
X34
X35
X36
X37
X38
X39
X40
X41

X42
Xa3
X44
X45
Xa6
X47
X48
x49
X50
X51
X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63
X64
X65
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Table A.4: Character table of B(2,6) (continued)

6b
6L

12E

5a

10A 10B 5B

S5a

4b
4R

SE 4S5

8D

4a

8A 4P 8B aQ 8C

40

-2

-2

3b
3D

6K

6J

-2

-2

lg]
{g1

X1

X2

X3

X4

X5

X6

X7

X8

X9
X10

X11

X12
X13
X14

X15

X16
X17

X18
X19
X20
X21

x22
X23
X24
X25
X26
X27
X28
Xx29
X30
X31
X32
X33
X34
X35
X36
X37
X38
X39
X40
Xa1

X42
X43
X44
X45
X4a6
X47
X48
X49
X50

X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63
X64
X65
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Table B.1: Character table of B(3,5)

lg] la

[7] 1A 3A 3B 3C 3D SE 3F 3G 3H 31 3J 3K 3L
X1 1 1 1 1 1 1 1 1 1 1 1 1 1
x2 1 1 1 1 1 1 1 1 1 1 1 1 1
X3 4 4 4 4 4 4 4 4 4 4 4 4 4
X4 4 4 4 4 4 4 4 4 4 4 4 4 4
X5 5 5 5 5 5 5 5 5 5 5 5 5 5
X6 5 5 5 5 5 5 5 5 5 5 5 5 5
X7 6 6 6 6 6 6 6 6 6 6 6 6 6
X8 5 -3¢-4w -4¢-3w -€-3w 2 -36-w -£ w -£ -26+w 36-w 2§ -1
X9 5 -3¢-4w -4£-3w -€-3w 2 -3¢-w -£ w - -28+w 3é-w 2€ -1
X10 10 _6£-8w -8¢-6w -2¢-6w 4 -6€-2w -2¢ 2w 28 -Af42w 66-2w 4 -2
X11 15 -9¢-12w -12¢-9w -38-9w 6 -9¢-3w -3¢ 3w -3¢ -66+3w 9€-3w 6& -3
X12 15 -9€-12w -12€-9w -3£-9w 6 -9£-3w -3¢ 3w -3¢ -6{+3w 9€-3w 6§ -3
X13 5 -4§-3w -36-4w -36-w 2 -§-3w 264w -§ -w €-2w -£4+3w 2w -1
X14 5 -4£-3w -36-4w -36-w 2 -£-3w 264w -¢ w £-2w 43w 2w -1
X15 10 -8£-6w -6£-8w -6€-2w 4 266w -4€+2w 26 2w 2%-4w  -26+6w 4w -2
X16 15 -126-9w  -9€-12w -9¢-3w 6 369w -66+3w  -36  -3w 3¢-6w  -36+9w 6w -3
X17 15 -12£-%w -9£-12w -9£-3w 6 -38-9w -6£+3w -3¢ -3w 3£-6w -36+9w 6w -3
X18 10 ~26-6w 6£-2w 3¢-2w 1 -26+3w 5¢+2w € w 26 +5w 4£+6w w 1
X19 10 -2£-6w -6£-2w 3€-2uw 1 2643w 5¢+2w € w 2645w 4€+6w w 1
X20 10 -2¢-6w -68-2w 3¢-2w 1 -26+43w 5{+2w 3 w 2645w 4€+6w w 1
X21 10 -2€-6w -6£-2w 3¢-2w 1 -2643w 5642w 3 w 2645w 4 +6w w 1
X22 20 -4€-12w -126-4w 6£-4w 2 -4£+6w 106 +4w 2¢ 2w 464 10w 86+12w 2w 2
X23 20 4812w -12f-4w 66-dw 2 4646w 106+4w 26 2w 4E+10w  8E+12w 2w 2
X24 20 8 8 2 -1 2 2 -4 -4 2 8 -1 -4
X25 20 8 8 2 -1 2 2 -4 -4 2 8 -1 -4
X26 40 16 16 4 -2 4 4 -8 -8 4 16 -2 -8
xa7 10 -6¢-2w -2¢-6w -26+43w 1 3¢-2w 245w w 3 56+2w 66+4w I3 1
X28 10 -6€-2w S26-6w  -26+3w 1 3¢-2w 26+5w w 13 5642w 6€+4w ¢ 1
X29 10 -6€-2w “26-6w  -2643w 1 3¢-2w 26+5w w £ 5642w 66+4w € 1
X30 10 -66-2w -28-6w -2843w 1 36-2w 26+5w w 3 5642w 66+4w 3 1
X31 20 -126-4w  -46-12w  -4€+6w 2 66-4w  4€+10w 2w 26 106+4w  1264+8w 2¢ 2
x32 20 -126-4w  -46-12w  -4€46w 2 66-dw  4E+10w 20 26 106+4w  12¢48w 2¢ 2
X33 10 26-dw 4642w 5¢ 42w 1 2€+5w 26 +5w 1 1 56+2w  -4f+2w 1 1
X34 10 26-dw  -46+42w 5¢+2w 1 26+5w 26+5w 1 1 5¢+2w 4642w i 1
X35 10 26-4w  -4€+2w 56+ 2w 1 2645w 26 +5w 1 1 564+2w  -4€+42w 1 1
X36 10 26-dw  -4€642w 5642w 1 26 +5w 2645w 1 1 5642w -46+2w 1 1
X371 20 4¢-8w  -8&+4w  10€+4w 2 4£+10w  4£+10w 2 2 106+4w  -86+4w 2 2
x38 20 468w -864+dw  10644w 2 6410w 4€+10w 2 2 106+4w  -8f+4w 2 2
X39 30 6w -6¢ 3¢ -6 3w 3 3w 3¢ 3 6w -6 3
X40 30 6w -6¢ 3¢ -6 3w 3 3w 3¢ 3 6w -BE 3
xa1 30 6w -6¢ 3¢ -6 3w 3 3w 3 3 6w -BE 3
X42 30 -6w -6€ 3¢ -6 3w 3 3w 3¢ 3 -6w -6¢ 3
X43 30 -6¢ -6w 3w -6 3¢ 3 3¢ 3w 3 -6€ -6w 3
X44 30 -6¢ -6w 3w -6 3€ 3 3¢ 3w 3 -6¢ -6w 3
X45 30 -6€ -6w 3w -6 3€ 3 3¢ 3w 3 -6¢ -6w 3
X46 30 -6¢ 6w 3w -6 3¢ 3 3¢ 3w 3 66 6w 3
Xd7 10 4642w 26-4w 26+ 5w 1 5¢+2w 5&+2w 1 1 26+5w 2£-dw 1 1
X48 10 4642w 26-4w 26 +5w 1 5¢+2w 5642w 1 1 2645w 26-4w 1 1
X4 10 -46+2w 26-4w 26+ 5w 1 5642w 56+2w 1 1 28 +5w 264w 1 1
x50 10 -46+2w 26-4w 2645w 1 5642w 56+2w 1 1 26 +5w 26-4w 1 1
X851 20 -8&+4w 4€-8w  4E+10w 2 10f+4w  106+4w 2 2 4E+10w 4¢-8w 2 2
X52 20 -8f+4w 4£-8w  4E+410w 2 106+4w  10€+4w 2 2 46+10w 4£-8w 2 2
X53 5 36-w -£+3w 2643w 2 3€+2w -26+4w -w -£ £-2w -38-4w 2¢ -1
X54 5 3t-w -£+3w 2643w 2 32w 264w w £ £-2w -3€-4w 2€ -1
X55 10 66-2w  -26+6w 4€+6w 4 6644w 4642w 2w -26 26-4w -6£-8w 4¢ -2
X56 15 9€-3w -364+9w 66 +9w 6 9E+6w -6+ 3w -3w -3¢ 3€-6w -96-12w 6& -3
X57 15 9¢-3w -3+ 9w 66+ 9w 6 € +6w -6£ 43w -3w -38 3£-6w -96-12w 6& -3

F=lw=¢
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Table B.2: Character table of B(3,5) (continued)

(g} la
[7] 3M 3N 30 3P 3Q 3R 358 3T
X1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 1 1 1
X3 4 4 4 4 4 4 4 4
X4 4 4 4 4 4 4 4 4
X5 5 5 5 5 5 5 5 5
X6 5 5 5 5 5 5 5 5
X7 6 6 6 6 6 6 6 6
X8 2w -§+3w 5¢ 4€4w 3€+2w 2643w £+4w 5w
X9 2w -E4+3w 5 44w 36+2w 2843w £+4w 5w
X10 4w -26+6w 10€ 8642w 66 +4w 446w 2648w 10w
x11 6w  -36+9w 156  12£+3w 9¢+6w 66+9w  36+12w 1w
X12 6w -36+9w 15¢ 1243w 9€+6w 6£+9w 3€+12w 15w
X13 2¢ 36w 5w E+4dw 2£+3w 3642w 4é+w 56
X14 2 3&-w Sw E4+4w 2843w 3642w 46+w 5¢
X15 4¢ 66-2w 10w 2648w 4646w 6€+4w 8¢+2w  10¢
X16 6& 96-3w 15w 3¢6+12w 6£+9w 9€ 46w 1243w 156
17 6¢ 9¢-3w 15w  3E+12w 6€+9w 9646w  126+3w  15¢
X18 I3 66+4w 10w -4642w -56-3w -3£-5w 26-4w 10¢
X19 & 66+4w 10w -4€42w -5€-3w -3¢-5w 2¢-4w 10¢
X20 ¢ 66+4w 10w -46+2w -5€-3w -3€-5w 264w 10€
x21 & 6E+4w 10w -4€+2w -5£-3w -3¢-5w 2£-4w 10¢
X22 26 126+8w 20w -86+4w  -106-6w  -6€-10w 4€-8w  20¢
X23 2¢ 126 +8w 20w -8£+4w -10£-6w -6£-10w 4£-8w 20¢
X24 -1 8 20 3 2 2 8 20
Xx25 -1 8 20 8 2 2 8 20
X26 -2 16 40 16 4 4 16 40
X27 w 4£ 46w 10¢ £-dw -3£-5w 5 -4€+2w 10w
xX28 w 4646w 10€ §-4w -3§-5w 5 -4€4+2w 10w
X29 w 4646w 10€ £-4w -36-5w 5 4642w 10w
X30 w 4646w 10¢ £-dw -3¢-5w 5 -4£4-2w 10w
X31 2w 86+12w 206 26-8w -6£-10w 10 -8 44w 20w
X32 2w BE+12w 20 268w -6£-10w 10 -86+4w 20w
X33 1 2£-4w 10 26-4w 58+2w 26+5w -46+2w 10
X34 1 26-4w 10 2¢-4w 58+ 2w 2845w -4£42w 10
X35 1 2¢-4w 10 2€-4w 5642w 2645w -4f42w 10
X36 1 26-4w 10 264w 5£4+2w 26 +5w -4E4-2w 10
x37 2 4¢-8w 20 46-8v  106+4w  46+10w  -8f4dw 20
X38 2 4£-8w 20 4€-8w 106 +4w 45+ 10w -86+4w 20
x30 | -6w 66 30¢ -6 3w 3¢ -6 30w
x40 | -6w -6 30¢ -6 3w 3 6 30w
X41 -6w -6€ 30¢ -6 3w 3¢ -6 30w
xaz | -6w -6 30¢ -6 3w 3¢ -6 30w
x43 | -6 6w 30w -6 3¢ 3w -6  30¢
X44 -66 -6w 30w -6 3€ 3w -6 30¢
xas | -6€ 6w 30w -6 3¢ 3w -6 30¢
X46 -6¢ 6w 30w -6 3¢ 3w 6 30
Xa7 1 -46+2w 10 -4f+2w 26+5w 5¢+2w 26-4w 10
X48 1 4642w 10 -4f+42w 2645w 5642w 26-4w 10
X49 1 -4+ 2w 10 -46+2w 245w 5§+2w 26-4w 10
X50 1 -dE+2w 10 -4£4+2w 2645w 5¢4-2w 2¢-4w 10
X51 2 -86+4w 20 -8 +4w 4£+10w 106+ 4w 4£-8w 20
X52 2 -8 +4w 20 -86+4w 46+ 10w 106+ 4w 4£-8w 20
X53 2w -4€-3w 5§ Et+4w -38-w -6-3w 4€+w 5w
X54 2w -4€-3w 5§ §+4w -36-w -€-3w 4€+w Sw
X55 4w -8€-6w 16¢ 2648w -6€-2w -2¢-6w 8642w 10w
X56 6w  -126-9w 156  36+12w -9€-3w 2369w 12643w 15w
X57 6w -126-9w 15¢ 36+12w -9€-3w -3£-9w 1264 3w 15w

E=1w=2
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Table B.3: Character table of B(3,5) (continued)

[g] 1a

(g} 1A 3A 3B 3C 3D 3E 3F 3G SH 31 3J 3K SL
X58 20 8¢ 8w 2w -1 26 2 -4€ -4w 2 8¢ ~w -4
X569 20 8¢ 8w 2w -1 2€ 2 -4£ -dw 2 8¢ -w -4
X60 40 16¢ 16w 4w -2 4¢ 4 -8f 8w 4 166 2w -8
X61 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3
X62 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3
X63 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3
X64 30 -6 -6 3 -6 3 3 3 3 3 -6 -6 3
X65 20 8w 8& 2¢ -1 2w 2 -4w -4f 2 8w -£ -4
X66 20 8w 8¢ 2€ -1 2w 2 -4w -4¢ 2 8w - -4
X67 40 16w 16€ 4¢ -2 4w 4 8w -8¢ 4 16w -2 -8
X68 5 643w 3¢-w 3&+2w 2 2643w £-2w -§ w -264w 4€-3w 2w -1
X69 5 -§43w 3€-w 3E42w 2 2643w £-2w -£ w 264w 4€-3w 2w -1
X70 10 ~26+46w 6£-2w 66 +4w 4 4£+6w 2¢-4w -2¢ 2w -4€42w 8¢-6w 4w -2
X71 15 ~36+9w 9£-3w 9E+6w 6 6£+9w 3¢-6w -3¢ 3w -6€+3w 126-9w 6w -3
X712 15  -3¢49w 9€-3w 9¢ +6w 6 66 +9w 366w  -36 3w -6£+3w 1269w 6w -3
X73 1 (3 w w 1 £ £ w 1 13 w 1
X74 1 3 w w 1 3 1 4 w 1 '3 w 1
X75 4 4¢ dw 4w 4 4¢ 4 4 4w 4 4 dw 4
X716 4 4¢ 4w 4w 4 4 4 46 4w 4 46 4w 4
X717 5 58 5w Sw 5 5¢ 5 5¢ 5w 5 5¢ 5w 5
X78 5 5§ Sw Sw 5 5¢ 5 5¢ 5w 5 5 S 5
x79 6 6¢ 6w 6w 6 6¢ 66 6w 6 66 6w 6
X80 5 46 +w Et+4w 264w 2 -2w £-2w -1 -1 -264w £4dw 2 -1
x81 5 4f+w 4w 264w 2 2w £2w -1 -1 264w E+4w 2 -1
X8z 10 8E+2w 2848w -4€ 42w 4 -4w 2¢-4w -2 -2 442w 2648w 4 -2
X83 15 1264+3w  36412w 6643w 6 6w 36-6w -3 3 -6f+3w  3E+12w 6 -3
X84 15 12€ 43w 3412w ~-6£+43w 6 -6uw 3§-6w -3 -3 -6£4+3w 3E+12w 6 -3
X85 10 66+4w 46 +6w -5€-3w 1 -3€-5w 56+2w w € 26 +5w -6£-2w € 1
X86 10 6€+4w 4646w -56-3w 1 -38-5w 5642w w £ 2645w -66-2w ¢ 1
x87 10 6€+4w 46 +6w -5£-3w 1 -36-5w 5642w w € 2645w -6£-2w 3 1
X88 10 66 +4w 4€+6w -56-3w 1 -36-Bw 5642w w £ 2€ +5w -6€-2w € 1
X89 20 126+8w  8E+12w  -10£-6w 2 -66-10w  10&+4w 2w 2% 46+10w  -126-4w 2¢ 2
X90 20 1248w  8£+12w  -10£-6w 2 -66-10w  106+4w 2w 26 4E+10w  -126-4w 2¢ 2
x91 10 4€+6w 6€+4w -3£-5w 1 -56-3w 2645w € w 5€+2w -2€-6w w 1
X92 10 4646w 66+4w -3§-5w 1 -5¢ -3w 2£+5w £ w 58 +2w -2€-6w w 1
X93 10 4E+6w 6 +4w -3£-5w 1 -5€ ~3w 2+5w 13 w 5&+2w -2€-6w w 1
X94 10 4£+6w 66+4w -3¢-5w i -5¢ -3w 2645w ¢ w 5842w -26-6w w 1
X95 20 86+12w  126+8w  ~6-10w 2 S106-6w  46+10w 26 2w 1064w -4&-120 2w 2
X96 20 8412w 126+8w  -6£-10w 2 -106-6w  4£+10w 2 2w 106+4w  -4€-12w 2w 2
X971 5 £+4w 44w £-2w 2 -264w 284w -1 -1 £§-2w 46 +w 2 -1
X498 5 £+dw 44w £-2w 2 -26 4w -26 4w -1 -1 £-2w 46 +w 2 -1
x99 10 2£ 48w 8642w 2§-4w 4 -4 42w -4E+2w -2 -2 2¢-4w 86 +2w 4 -2
X100 15 36+12w  12643w 3£-6w 6 -66+3w  -6+3w -3 -3 366w 126+3w 6 -3
X101 15 3+12w 1243w 3€-6w 6 -6§+3w -66+3w -3 -3 3€-6w 12§43w 6 -3
X102 1 w £ £ 1 w 1 w 3 1 w [3 1
X103 1 w 13 £ 1 w 1 w 13 1 w £ 1
X104 4 4w 4¢ 4€ 4 4w 4 4w 4¢ 4 4w 4€ 4
X105 4 4w 4£ 4¢ 4 4w 4 4w 4€ 4 dw 4€ 4
X106 5 5w 13 5¢ 5 5w 5 5w 5¢ 5 5w 5¢ 5
X107 5 5w 56 5¢ 5 5w 5 Sw 56 5 5w 56 5
X108 6 6w 6¢ 6£ 6 (% 6 % 6¢ [ % 6& 6
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Table B.4: Character table of B(3,5) (continued)

[g] la
(9] 3M 3N 30 3P 3Q 3R 38 3T
X58 -€ 8w 20w 8 26 2w 8 20¢
X59 =& 8w 20w 8 2¢ 2w 8 20¢
X60 -2¢ 16w 40w 16 4€ 4w 16 40¢
X61 -6 -6 30 -6 3 3 -6 30
X62 -6 -6 30 -6 3 3 -6 30
X63 -6 -6 30 -6 3 3 -6 30
X64 -6 -6 30 -6 3 3 -6 30
X65 -w 8¢ 20§ 8 2w 2¢ 8 20w
X66 ~w 8¢ 20€ 8 2w 2¢ 8 20w
X67 -2w 16§ 40¢ 16 4w 4 16 40w
X68 2¢ -38-4w Sw 4€+w -€-3w -3§-w E4+4w 5
X69 28 -3§-4w Sw 4f+w -§-3w -36-w Et+4w 5€
X70 4 -6£-8w 10w 8642w -2¢-6w -6£-2w 2648w 10¢
X71 6¢ -9€-12w 15w 126 +3w -3¢-9w -9£-3w 3&+12w 15€
X712 313 -96-12w 15w 12§ 43w -3&-9w -9€-3w 3¢+12w 15¢
X73 3 o w 1 3 w 1 3
X74 4 w w 1 4 @ 1 4
X75 4 4w 4w 4 4¢ 4w 4 4¢
X76 4€ 4w 4w 4 4£ dw 4 4
X177 5¢ 5w 5w 5 5¢ Sw 5 5€
X78 5¢ 5w Suw 5 5¢ 5w 5 5¢
X79 6& Bw Bw 6 6€ 6w 6 6¢
X80 2 464w 5 4€+w -28 4w £-2w E+4w 5
X81 2 46+w 5 4 +w -264w §-2w E+4w 5
X82 4 BE+2w 10 842w -48+2w 28-4w 2648w 10
X83 6 12643w 15 1264 3w -6§+3w 3&-6w 3E+12w 15
X84 6 1243w 15 12643w 6643w 36-6w  36+412w 15
X85 w -2£-6w 106 -46+2w 3£-2w -26+3w 2¢-4w 10w
X86 w -2¢-6w 10§ -464+2w 3£-2w -26+3w 26-4w 10w
X87 w -26-6w 10¢ -4842w 3€-2w -26+3w 28-4w 10w
X88 w -26-6w 106 -4€+2w 3¢-2w 2643w 2¢-dw 10w
X89 2w -48-12w 20¢ -88+4w 66-4w -4¢+6w 4£-8w 20w
X90 2w -4£-12w 20¢ -8¢+4w 6£-4w -4 +6w 46-8w 20w
X91 3 -6€-2w 10w 2€-4w -26+3w 36-2w -4+ 2w 10¢
X92 € ~6€-2w 10w 26-4w -2€6+3w 36-2w -4€ 42w 10§
X93 £ -6£-2w 10w 2¢-4w -2£4- 3w 38-2w -4£4-2w 10¢
X94 I3 -66-2w 10w 26-4w -28+3w 36-2w -46+42w 10§
X95 2¢ -126-4w 20w 4£-8w -4£+4-6w 6£-dw -86+4w 20¢
X986 28 -12¢-4w 20w 4€-8w -4€+-6w 6&-4w -86 44w 20¢
X97 2 44w 5 é4+4w £-2w -264+w 44w 5
X908 2 §+4w 5 E+4w £-2w 264w 44w 5
x99 4 2648w 10 2648w 2€-4w -4€+2w 8842w 10
X100 6 3¢6+12w 15 3¢+12w 366w -BE+3w  12643w 15
X101 6  36+12w 15 36+12w 3¢-6w 6643w  12643w 15
X102 w 4 4 1 w § 1 w
X103 w 3 § 1 w § 1 w
X104 40 4 4 4 4w 4¢ 4 4w
X105 4w 4£ 4€ 4 4w 4§ 4 4w
X106 Sw S5€ 58 5 Sw 5¢ 5 Sw
X107 Sw 5¢ 5€ 5 Sw 5§ 3 Sw
X108 [ 6€ 6§ 6 6w 6£ 6 6w
E=1w=¢
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Table B.5: Character table of B(3,5) (continued)
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lg] | 2a

(9] 2A 6A 6B 6C 6D 6E 6F 6G 6H 61
X1 1 1 1 1 1 1 1 1 1 1
X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2
X4 2 2 2 2 2 2 2 2 2 2
X5 1 1 1 1 1 1 1 1 1 1
X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7 0 0 0 0 0 0 0 0 0 0
X8 3 -6-2w -26-w £-w 0 -Etw 3¢ 26+w £4+2w 3w
X9 -3 42w 26 +w -Etw 0 -w -3¢ -26-w -€-2w -3w
X10 0 0 0 ¢ 0 0 0 0 0 0
X11 -3 £42w 284w -§4w 0 -w -3¢ -28-w -€-2w -3w
X12 3 -£-2w -26-w §-w 0 4w 3¢ 28w §42w 3w
X13 3 26w -€-2w -E+tw 0 €-w 3w £+2w 284w 3¢
X14 -3 2 +w 42w few 0 4w 3w -£-2w 26w 3¢
X15 0 0 0 0 0 0 0 0 0 0
X16 -3 264w £42w £-w 0 -Etw -3w -6-2w -26-w -3€
X17 3 -26-w ~£-2uw -Etw 0 £-w 3w £42w 264w 3¢
X18 4 2w -2¢ & 1 w -E+2w -36-2w -26-3w 26-w
X19 2 2¢ 2w 3642w 1 2643w E+iw -¢ w 44w
X20 -2 -2¢ -2w -36-2w 1 -2€-3w -€-dw 13 w -4€-w
x21 -4 2w 2¢ £ 1 w £-2w 3642w 2643w -2 tw
x22 6 2642w 26-2w L4¢-2w 0 -26-4w 6w 442w 2644w -6¢
X23 6 2-2w  -26+2w 4642w 0 2+4w 6w  -4€-2w  -2f-dw 6¢
X24 6 0 0 0 -3 0 6 0 0 6
X25 -6 0 0 0 3 0 -6 0 0 -6
X26 0 0 0 0 0 0 G g 4] [
X27 4 -2€ -2w w 1 I3 28-w -2£-3w -38-2w ~E42w
x28 2 2w 26 2643w 1 342w 6 +w w € E4+4w
X29 -2 -2w -2¢ -26-3w 1 -36-2w -4€-w w 3 -€-4w
X30 -4 2¢ 2w -w -1 -€ 284w 2643w 3&+2w £-2w
X31 -6 2-2w  -2642w -26-4w 0 -4£-2w 66 2+dw 4642w 6w
X32 6 -2642w 26-2w 26 +4w 0 4642w 6¢ -2£-4w -4£-2w 6w
X33 4 -2w -2¢ 13 1 w 26-w 3+w 43w -§4+2w
X34 -2 -2 -2 -E+2w 1 26-w Af-w 1 1 -E-dw
X35 2 2 2 £-2w -1 264w 44w -1 -1 £+4w
X36 -4 2w 2¢ -§ -1 -w -26+w -36-w -£-3w §-2w
x37 6 244w 4642w 2642w 0 26-2w -66  -46-2w  -26-4w 6w
X38 6  -2f-4w J4€-20 2€-2w 0 2642w 66  4f4+2w 2644w 6w
X39 6 0 0 -3€ 0 -3 -3 3w 3¢ 3
X40 o] 4642w 26 +4w -€-2w 0 -26-w 3€-3w -26-w -£-2w -3643w
Xa1 0 -4f-2w -2¢-da E+2w 0 2+w  -36+43w 26w £+2w 3¢-3w
X42 -6 0 0 3¢ 0 3w 3 3w -3¢ 3
43 6 0 0 Bw 0 -3¢ -3 3€ 3w 3
X44 0 2+4w 4642w 26w 0 £-20w  -36+3w -E-2w 26w 36-3w
X45 0 -26-4w -4£-2w 264w 0 E+2w 3¢-3w 2w 24w -364+3w
X46 -6 0 0 3w 0 3¢ 3 -3¢ 3w 3
X47 4 -2¢ -2w w 1 ¢ -§42w £4+3w 34w 2%-w
X48 2 -2 -2 26-w 1 42w -£-4w 1 1 46w
X49 2 2 2 264w -1 £-2w E+4w -1 -1 4€+w
X50 -4 2¢ 2w -w -1 -§ £-2w -£-3w -36-w 264w
X51 6 Af+2w  2+dw 26-2w 0 -26+2w 6w 24w -4€-2w -6€
X52 6  -4f-2w 2f-dw 2642w 0 26-2w 6w  26+4w  Af42w 6¢
X53 3 §-w -Etw 26+w 0 £+2w 3w -28-w -€-2w 3¢
X54 -3 4w E-w -26-w 0 -€-2w -3w 28 +tw £4-2w -3¢
X55 0 0 ] 0 0 0 0 0 0 0
X56 -3 -Etw E-w -26-w 0 -€-2w -3w 26+w 42w -3¢
Xs57 3 £-w -Etw 26 +w 0 £+42w 3w -26-w -€-2w 3¢

53 =1 w= {2
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Table B.6: Character table of B(3,5) (continued)

[s] 2a
{71 6J 6K 6L 6M 6N 80 6P 6Q 6R 6S
X1 1 1 1 1 1 1 1 1 1 1
Xz -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2
X4 2 2 2 2 2 2 2 2 2 2
X5 1 1 1 1 1 1 1 1 1
X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7 0 0 0 0 0 0 [ 0 0 0
X8 3 -£-2w -26-w £-w 0 -§tw 3¢ 2§+w £4+2w 3w
X9 -3 £+ 2w 26 +w -Etw 0 -w -3£ -26-w -§-2w -3w

X10 0 0 0 0 0 0 0 0 0 0

X11 -3 §4+2w 264w -£tw 0 £-w -3¢ -26-w -§-2w -3w

X12 3 -€-2w -26-w §-w 0 -Etw 3¢ 26+w £+2w 3w

X13 3 -28-w -€-2w ~Etw 0 -w 3w £+2w 26+w 3¢

X14 -3 264w 42w &-w 0 -Etw -3w -§-2w -2§-w -3¢

X15 0 ] 0 0 0 0 [ 0 0 0

X16 -3 264w £42w -w 0 -Etw -3w -§-2w -26-w -3¢

X17 3 -28-w -£-2w -E4w 0 £-w 3w §42w 264w 3¢

X18 | -26-3w 2€-w w 3 tw 3 -2 £+3w 1 2w ¢

X19 ~-4£-3w -w 264w -1 -& 2w -{+3w -36-w 2 2¢

X20 4£+3w w 26-w 1 3 -2w §-3w 3¢ tw -2 -2¢

X21 2643w -264w -w -36-w -€ 2 -€-3w -1 2w -4€

X22 6 -2642w 262w -4€-2w 0 -2-4w 6w AE+2w  2e+4w  -6E

X23 6 26-2w 2642w 4642w 0 2644w 6w <4£-2w -26-4w 6

X24 6 0 0 0 -3 0 6 0 0 6

X25 -6 0 0 0 3 o] -6 0 0 -6

X26 0 0 0 ] 0 0 0 0 0 0

X27 -36-2w -§4-2w 3 £+3w w -2 3+w 1 -2§ 4w

X28 -36-dw B3 £-2w -1 -w 2¢ 3w -§-3w 2 2w

X260 3644w I3 £+ 2w 1 w -2¢ -36+w §+3w -2 2w

x30 | 3¢+2w £-2uw £ 3w w 2 3w -1 2% 4w

X31 -6 26-2w -26 42w -2¢-4w 0 -4€-2w -6§ 28{+4w 4+ 2w -6w

X32 6 -264 2w 2£-2w 26 +4w 0 4{+2w 6£ -28-4w -46-2w 6w

X33 2%-w 3E+w £ £4+3w 1 -2w €4 2w w -2¢ 4

X34 -48-w 1 -§42w 1 1 -2 -€-4w 28-w -2 -2

X35 4 +w -1 £2w -1 -1 2 E44w 264w 2 2

X36 -26+4w -38-w -€ -€-3w -1 2w £-2w -w 2€ -4

X37 68 -4€-2w 2642w -26-4w 0 26+4w 6w 2620 4€+2w -6

X38 6L 442w 28-2w 26+H4w 0 -26-4w 6w -26+2w -4€-2w 6

X39 -3w 3¢ -3 3 0 0 ~3w -3€ 0 6w

x40 | -66-3w 42w “Etw Etw 0  -28-dw  6£+3w 42w 26-2w 0

X41 66+3w -§-2w -w -w 0 28 +4w -6£-3w -€-2w ~2642w 0

X42 3w -3¢ 3 -3 0 0 3w 3¢ 0 -6w

X43 -3¢ 3w -3 3 0 0 -3¢ -3w 0 6§

a4 | -3E-6w 264w £-w £w 0 462w  3E+6w 2Utw 2642w 0

X45 3€+6w -28-w -€tw Etw 0 4&+H2w -3&-6w -26-w 28-2w 0

X6 3¢ 3w 3 -3 0 0 3€ 3w 0 -6¢

X47 642w £4+3w w 36+w 1 -2¢ 28-w 3 -2w 4

x48 £-dw 1 2w 1 1 -2 4w E42w -2 -2

X49 E+4w -1 264w -1 -1 2 44w £-2w 2 2

X50 §-2w -€-3w -w -38-w -1 2¢ -264w -§ 2w -4

Xs1 -6w -26-4w 282w -4€-2w 0 4642w 66 2642w 2£ +4w -6

Xs2 6w 2644w 2642w 4642w 0 -4f-2w 6¢ 2£-2w -26-4w 6

X53 3£ £42w -€-2w -Etw 0 -26-w 3 -w 26 tw 3w

X54 -3€ -€-2w £4+2w -w 0 26+w -3 -£tw -26-w -3w

X855 0 0 0 0 0 0 0 ] 0 0

X56 -3¢ -€-2w 42w -w 0 264w -3 Etw -26-w -3w

X57 3¢ £+2w -§-2w 4w 0 -26-w 3 -w 264w 3w
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Table B.7: Character table of B(3,5) (continued)

)] 2a
3] 6T 6U 8V 6W 86X 6Y 6Z 6AB 6AC 6AD
X1 1 1 1 1 1 1 1 1 1 1
X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2
X4 2 2 2 2 2 2 2 2 2 2
X5 1 1 1 1 1 1 1 1 1 1
X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7 0 0 0 0 0 0 0 0 0 0
X8 3 -€-2w -26-w —w 0 -E4w 3¢ 264w £+2w 3w
X9 -3 £42w 284w 4w 0 -w -3¢ -26-w -€-2w -3w
X10 [} 0 0 1] 0 0 0 0 o] 0
X11 -3 £4+2w 264w -Etw [} E-w -3¢ -26-w -§-2w -3w
X12 3 -€-2w -28-w E-w 0 -{tw 3¢ 2{+w £+2w 3w
X13 3 -26-w -€-2w -Etw 0 §-w 3w &+42w 26+w 3¢
X14 -3 264w £42w —w 0 -Ew -3w -€-2w -26-w -3¢
X15 0 0 0 0 0 o o] 0 0 0
X16 -3 264w 42w E-w Q0 4w -3w -€-2w -26-w -3§
X17 3 -28-w -€-2w -Etw 0 £-w 3w £+42w 284w 3¢
X18 -3¢-2w 3 “E+2w -2 w §4+3w 4w -2¢ 1 34w
X19 -3¢-4w £-2w -£ 2¢ ~w -1 2w 2 -€-3w 3é-w
x20 | 3644w £42w 3 -2¢ w 1 2w -2 43w -364w
x21 3642w -£ £-2w 2 -w -€-3w -dw 2¢ -1 -3§-w
X22 -6 -2+ 2w 2£-2w -4€-2w 0 ~26-4w -6w 4E+2w 2644w -6¢
X283 6 26-2w -26+2w  AE42w 0  2%+4w 6w -4€-2w -2¢-4w 6¢
X24 6 0 0 0 -3 0 6 0 0 6
X258 -6 [ 0 0 3 0 -6 0 0 -6
X26 0 0 0 0 0 0 0 0 0 0
X27 -2£-3w w 28-w -2 I3 34w 4€ -2w 1 £+ 3w
x28 | -46-3w 26+w —ar 2w -£ -1 2¢ 2 3w -E+3w
X29 4643w 26-w w -2w £ 1 -2¢ -2 34w £-3w
X30 2643w -w -264w 2 B3 -36-w -4£ 2w -1 -§-3w
x31 -6 28-2w  -2642w  -26-dw 0 42w -6 26 +4w 4£4-20w 6w
X32 6  -26+2w 26-2w  2+dw 0 4£4+2w 6¢ -26-4w -4£-2w 6w
x33 | -é+2w w £+3w -2€ 1 364w 4 20 € 2w
X34 -&-4u 26-w 1 -2 1 1 -2 -2 €4 2w -4€-w
X35 E+dw -2l+4w -1 2 -1 -1 2 2 §-2w 4€+w
X36 §-2w -w -§-3w 26 -1 -36-w -4 2w -£ 264w
X37 6w 26-2w 2f-4w  4E+2w 0 -4¢-2w 6 2+4w 2642w -6¢
X38 Buw -26+42w 26+4w -46-2w 0 4€+2w 6 -26-4w 28-2w 68
X39 -3¢ -3 3w 0 0 3 6¢ 0 -3w -3¢
x40 | -3€-6w tw 2Udw  -4€-2w 0 fw 0 2642w 2Utw 3646w
Xa1 | 3&+6w ftw 26w 4642w 0 ttw 0 26-2w 26w -3€-Bw
X42 3¢ 3 -3w 0 0 -3 -6€ 0 3w 3¢
X43 -3w -3 3¢ 0 0 3 6w 0 -3¢ -3w
X44 -6€-3w -Etw £42w -26-4w 0 -E4w 0 2£-2w 2w 6643w
X45 6643w -w -§-2w 26 +4w 0 E-w 0 -26+2w -£-2w -6€-3w
X46 3w 3 -3¢ 0 0 -3 6w 0 3¢ 3w
X471 26-w 4 3é4w -2w 1 E+3w 4 -2€ w ~E+2w
X48 -4E-w £+2w 1 -2 1 1 -2 -2 26w -£-dw
X49 46+w £-2w -1 2 -1 -1 2 2 -28+w E+H4w
X50 -24w -§ -3¢-w 2w -1 -§-3w -4 2€ -w £-2w
X51 66 2642w “4f-2w 2644w 0 -2-4w 6 4f+2w 26-2w 6w
X52 6£ 2¢-2w 46420 -26-4w 0 2644w 6 462w -2642w 6w
X53 3w -26-w 264w -€-2w 0 -w 3¢ 42w “Etw 3
X54 -3w 284w -28-w £42w 0 -E4w -3¢ -€-2w §-w -3
X55 0 0 0 0 0 0 0 0 0 0
X56 -3w 28tw -28-w &4 2w 0 -E+w -3¢ -€-2w E-w -3
X57 3w -26-w 284w -€-2w 0 -w 3¢ £+ 2w 4w 3
F=Tw=¢
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Table B.8: Character table of B(3,5) (continued)

{9} 2a

9] 2A 6A 6B 6C 6D 6E 6F 6G 6H 61
X58 6 0 0 0 -3 0 6 0 0 6
X59 -6 0 0 1] 3 0 -6 ] 0 -6
X60 0 0 0 0 0 0 0 0 0 0
X61 6 1] 0 -3 0 -3 -3 3 3 -3
X62 0 -26+2w 26-2w ~E4w 0 -w 38-3w -w -Etw -38+3w
X63 0 26-2w ~26+2w -w 0 -£4w -3643w 4w £-w 3£-3w
X64 -6 0 0 3 0 3 3 -3 -3 3
X65 6 0 0 ] -3 0 6 0 0 6
X686 -6 0 0 4] 3 ] -6 0 4] -6
X67 0 0 0 0 0 0 0 0 0 0
X68 3 -Etw E-w £42w 0 26 +w 3¢ -€-2w -28-w 3w
X69 -3 -w Etw -€-2w 0 26w -3¢ £+2w 26 +w 3w
X70 4] 0 0 o] [ 0 0 o] o] 0
X71 -3 £w btw -£-2w 0 -26-w -3¢ 42w 26 +w 3w
X712 3 -£+w §-w §42w 0 26+w 3¢ -§-2w -26-w 3w
X73 1 £ w w 1 & 1 3 w 1
X74 -1 -£ -w -w -1 -§ -1 - -w -1
X175 -2 -2¢ -2w -2w -2 -2€ -2 -2¢ -2w -2
X76 2 2¢ 2w 2w 2 2¢ 2 26 2w 2
X717 1 3 w w 1 3 1 I3 w 1
X78 -1 -€ -w -w -1 - -1 -€ -w -1
X719 0 0 0 0 [ 0 [¢] 0 ¢ [}
X80 3 284w £+2w -26-w 0 -§-2w 3¢ -Etw §-w 3w
X81 -3 -28-w -§-2w 264w 0 £42w -3§ -w -Etw -3w
X82 0 0 0 0 0 0 0 [¢] 4 [¢]
X83 -3 ~26-w -£-2w 264w 0 £42w -3¢ —w Etw -3w
X84 3 264w £42w ~26-w 0 -€-2w 3& -E4w &-w 3w
X85 4 -2 -2 1 1 1 -£+2w 26-w -£+2w 26-w
X86 2 2w 2¢ £-8w -1 3w Etdw w -€ 4 +w
X87 -2 2w -2¢ £+3w 1 34w -E-4w w € A ew
X88 -4 2 2 -1 -1 -1 €-2w 264w £-2w 264w
X89 -6 -28-4w -48-2w 26+4+4w 0 4642w -6w -2642w 2§-2w -6¢
X090 6  24+4w  AE+2w  -2f-dw 0 -4f-2w 6o 28-2w 2642w 6€
X91 4 -2 -2 1 1 1 26-w -E+2w 26-w -E42w
X92 -2 -2§ 2w 34w 1 £+3w -4€-w £ w ~&-4w
X93 2 2¢ 2w ~3¢-w -1 -€-3w 46+w - -w {+H4w
X94 -4 2 2 -1 -1 -1 -264w £-2w -26+tw £-2w
X085 6 -4f-2w 26-4w  4E+2w 0 26+4w -6¢ 22w 2642w 6w
X96 6 4642w 26 +4w -4€-2w 0 -2£-4w 6£ -2642w 2£-2w 6w
Xo7 3 e+2w 26+w £-2w 0 26-w 3w -w “ftw 3¢
x98 -3 -£-2w 26w 42w 0 264w 3w 4w £-w -3¢
X99 0 0 0 0 0 0 0 0 0 0
X100 -3 -€-2w -26-w £42w 0 26+w -3w -Etw &-w -3¢
X101 3 E4+2w 26+w ~§-2w 0 -28-w 3w E-w 4w 3€
X102 1 w 13 3 1 w 1 w £ 1
X103 -1 -w -€ -§ -1 -w -1 -w -£ -1
X104 ) 2w -2¢ -2€ -2 2w -2 2w -2¢ -2
X105 2 2w 2 2€ 2 2w 2 2w 2 2
X106 1 w 13 14 1 w 1 w 4 1
X107 -1 -w £ - -1 -w -1 -w -£ -1
X108 0 0 0 0 0 0 0 0 0 0
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Table B.9: Character table of B(3,5) (continued)

212

fs] 2a

3] 6J 6K 6L 6M 6N 60 6P 6Q 6R 6S
X58 6§ 0 0 0 -3¢ 0 6€ 0 (] 6§
X59 -6¢ 0 0 0 3¢ 0 -6€ 0 0 -6¢
X60 0 0 0 0 0 0 0 0 0 0
X61 -3 3 -3 3 0 0 -3 -3 0 6
X62 3¢-3w £-w 4w ~E4w v} -264 2w -36+3w £-w 2£6-2w 0
X63 ~-364+3w -Etw ~w £-w 0 2£-2w 3¢-3w -ftw -2642w 0
X64 3 -3 3 -3 0 0 3 3 a -6
X85 6w 0 0 0 -3w 0 Sw 0 0 6w
X66 -6w 0 o 0 3w 0 -Bw 0 0 -6w
X67 0 0 0 0 0 0 o 4 0 0
X68 3w 264w -28-w E-w 0 -£-2w 3 -E4w £42w 3§
X69 -3w -26-w 264w £4w 0 42w -3 -w -§-2w -3¢
X70 0 o 0 0 0 0 0 0 0 0
X71 -3w -28-w 26+w Etw 0 £4+2w -3 §-w -€-2w -3¢
X72 3w 264w -26-w §-w 0 -§-2w 3 -E4w E+2w 3¢
XT3 g w 1 1 € w € w 1 €
X74 € -w -1 B -w -€ w a1
X75 -2€ 2w -2 2 -2 2w -2€ 2w -2 -2
X716 2¢ 2w 2 2 2 2w 2 2w 2 2¢
X77 3 w 1 1 3 w 3 w i 3
X78 £ - -1 " w -€ -w 1 -
X79 0 0 0 0 0 0 0 0 0 0
X80 3¢ -Etw -26-w £-w [0} 264w 3w -€-2w E4+2w 3
X81 -3¢ -w 26+w -Etw 0 -26-w -3w £42w -§-2w -3
X82 0 0 0 0 0 0 0 0 0 0
X83 -3¢ €E-w 264w -E+tw 0 -26-w ~3w E+2w -€-2w -3
X84 3€ E4w 2w -w 0 264w 3w 62w £42w 3
X85 34w -3¢-2w w 3E+w w -2w -36-2w w 2w 4w
X86 36-w -€ -28+w 1 -w 2€ -36-4w 2843w 2 2w
X87 -36+w £ 28-w 1 w -2¢ 3&+4w -2£-3w -2 -2w
X88 -3&-w 3642w -w ~3f-w -w 2w 3+2w -w 2w -4w
X589 66 4E+2w 26-2w  -4€-2w 0 -26+2w 6 -26-4w 2%+4w 6w
X90 66  -4€-2w 2642w 4642w 0 262w 6 2844w -26-4w 6w
X91 §+3w -2§-3w 3 §+3w 4 -2 -2§-3w £ -2¢ 4§
X92 £-3w w -E42w 1 £ -2w 4643w -38-2w -2 -2¢
x93 -§+3w —w £-2w -1 -£ 2w -4£-3w 3E+2w 2 2¢
X94 3w 243w £ 3w € 2% 2643w -€ 2% g
Xo5 6w 28+4w 2642 -2-dw 0 262w 6 -4f-2w 442w -6€
X96 6w -2£-dw 26-2w 2644w 0 2642w 6 442w _4€-2w 6
X907 3w E-w -€-2w -Etw 0 £42w 3¢ -26-w 26+w 3
X98 -3w -E4w £4+2w §-w v -&-2w -3¢ 284w -26-w -3
x99 0 0 0 0 0 0 0 0 0 0
X100 -3w -Etw £+2w E-w 0 -E-2w -3¢ 264w -28-w -3
X101 3w w -£-2w Etw 0 E42w 3¢ 26w 264w 3
X102 w £ 1 1 w 4 w 3 1 w
X103 -w -€ -1 -1 -w -€ -w -£ -1 -w
X104 2w -2¢ -2 -2 2w -2¢ -2w -2¢ -2 2w
X105 2w 2€ 2 2 2w 28 2w 2¢ 2 2w
X106 w 4 1 1 w 4 w 13 1 w
X107 -w -§ -1 -1 -w -§ ~w -§ -1 ~w
X108 L 0 0 0 0 0 0 0 0 0 0

F=1,0=¢
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Table B.10: Character table of B(3,5) (continued)

213

[s] 2a

9] 6T 6U eV 6W 86X 6Y 6Z 8AB 6AC 6AD
X58 Bw 0 0 0 -3w 0 6w 0 0 6w
X59 -6w 0 0 0 3w 0 -6w 0 0 -6w
X60 1] 0 G 0 0 [ 0 0 0 0
X61 -3 -3 3 0 0 3 6 0 -3 -3
X62 ~364-3w -w 4w 28-2w 0 E-w 0 2642w -Etw 3¢-3w
X63 3€-3w -Etw §-w 2642w 0 -Etw 0 26-2w £-w -3§+3w
X64 3 3 -3 0 0 -3 -6 0 3 3
X65 6& 0 0 0 -3¢ 0 6¢ 0 0 6&
X66 -6€ 0 0 0 3£ 0 -6¢ 0 0 -6£
X67 0 0 0 0 0 0 0 0 0 0
X68 3€ -§-2w £4+2w -26-w 0 -E4w 3w 264w §w 3
X69 -3¢ E+2w --2w 264w 0 - -3w -26-w 4w -3
X70 0 o 0 0 o] 0 0 0 0 4]
X71 -3¢ E42w -€-2w 26+w o] §-w -3w -26-w -Etw -3
X72 3¢ -£-2w 42w -26-w 0 Etw 3w 264w £ew 3
X73 w 1 £ 3 w 1 w 1 £ w
X74 -w -1 -€ =& —w -1 -w -1 -£ -w
X75 2w -2 -2¢ 2 2w 2 2w -2 -2¢ 2w
X76 2w 2 2¢ 2¢ 2w 2 2w 2 2€ 2w
X717 w 1 € ¢ w 1 w 1 £ w
X78 -w -1 -§ -£ -w -1 -w -1 -€ -w
X79 0 0 0 0 0 0 0 0 [ 0
X80 3w €-2w € 42w 0 Etw 3 26 +w 26w 3¢
X81 -3w E+2w Etw -§-2w 0 -w -3 -26-w 264w -3¢
X8% 0 0 0 o 0 0 0 0 0 0
X83 -3w E4+2w -Etw -€-2w 0 E-w -3 -26-w 26tw -3¢
X84 3w -€-2w £-w 42w 0 -E4w 3 2864w -26-w 3¢
xs5 | E+3w € -26-3w -2¢ € &+sw  4¢ -2 € 263w
X86 £+3w £-2w w 2w ¢ -1 2¢ 2 36+2w -46-3w
X87 §-3w -E42w w 2w £ 1 -2 -2 -3&-2w 4£4+3w
xss | -&3w € 2643w 26 -6 £3w -4E 2¢ € 2643w
X8 6w 242w 26+4w 26-2w 0 -2-4w -6  Af420  -4€-2w -6
X90 6w 262w 24w 2642w 0 26+4w 6¢ 462w 4642w 6
X091 3E+w w -38-2w 2w w 3€+w 4w 2w w -36-2w
X92 -3Etw 26-w € -2¢ w 1 2w -2 26-3w 3644w
x93 3E-w 264w ¢ 26 w -1 2w 2 243w 364w
X904 -38-w —w 3842w 2w -w -3¢-w -4w 2w -w 3E+2w
x95 -6€ 22w 4642w 2642w 0 462w 6w 2+dw  -26-4w -6
X96 6§ -26 42w -4€-2w 2£-2w 0 442w 6w -26-4w 26+4w 6
Xo1 3¢ 2w Etw 26 +w ) Ew 3 42w E-2w 3w
X98 -3¢ 2f+w —w -26-w 0 Etw -3 -€-2w £4+2w -3w
X990 0 0 0 0 0 0 4] a 9] ¢
X100 -3€ 264w E-w -26-w 0 -Etw -3 -£-2w E4+2w ~3w
X101 36 -26-w -E+w 26w 0 -w 3 42w -€-2w 3w
X102 3 1 w w § 1 3 1 w 3
X103 -§ -1 -w -w -§ -1 -§ -1 -w -§
X104 ~2& -2 2w 2w -2¢ -2 -2 -2 -2w -2€
X105 2§ 2 2w 2w 2¢ 2 2§ 2 2w 2¢
X106 £ 1 w w 3 1 4 1 W 13
X107 - -1 -w -w -§ -1 -§ -1 -w -§
X108 0 0 0 0 0 0 0 0 0 0

63 =1l,w= 62
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Table B.11: Character table of B(3,5) (continued)

& A - =03 3 IO WMo DWW N3 33 33 33333 3 3|o0co0|looooilvwwwwwlwvwwo o
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Character table of B(3,5) (continued)

Table B.12

QNN Nlo Do Ol NNy 3 300 A A~ ~Ol3 3300 WwWwwwLew 3 33 3IAIVVLVYLOO|lHAA O
) ' B ] v N A& v N K B e D
b )
1 ”_wwwOOOOF.stcsﬁ_sﬁ.stOwwwwwwoMWWOOwwuwwwfﬁsﬁsffcﬂs{{fﬁo.ﬁsfsﬁsfcﬁsﬁ_so
]
wwuwrlo o oo N NN Q O|wWWwuwrwur O (== R e — — - - L= = [=]
S GRR 333 b rvelzla lalialiriie R - 3333393
b b
sy wwloeoooll 33 ro0wwwwwwoll 3300~ ~n s ~o-oelewwooly 3333 IO
Voo v N oo
H1..1_‘100001..41wwwOOllllvﬂl_.OwquOt\.st.F\‘_sF.swwwwuu:_.s{.:.sOOllll.._A.n..O
~ Vo T T
O 00 olwwwlwwwo o [=} oo WU W W O O W W W W W w O
mo.u%wn_m N QAN 333337 2w2u2_w 333333 LA LA v
OO 0O OoOjlwwwaNNO o Clur wr W O Q= — ~ — - — - O O|w wurwwwo
A EEE gxglr el olyyy ] Rl U &

h b
Ef_\_Js:sOOOO.wn..ww.u.wwOOfffﬁJ\c\OJstfOOIsffstwawwwww._wquOwwww.._wwo
> O v 7

o~
W229_.000022_%%%001111440%%%00wwwuwwﬁ&ff.ﬂ{%%hOOllllJJO
h
Off7 v ~jeeeoqar~wWwwoo-n ot mOlrwwo oy 33 333wwwwww sz 3300~~~ a-o
* oo [ N
B”_.-wwOOOOK.stf.I_..._.IOOwuwwwwOJstcsOOlllll_..n..llll...‘..uuwwOOfE.FsE.Jsﬂ.sO
> v T i
wWuruwlo O 0O O Olw wwww wolur wwo LUV R

HEEE: 233323 rvolyyye e rel333333333°°33 33330

b h
H%%%0000%%%%%\.%\00555{{{0223.00wwuwwwfffﬂs{,ﬂZZﬁ.OOuwuwwwo

b ) b

F | el R K e B e L e B T B = B e B I Rl R Il R B R Rl B - B P R R AR I
v [N I D)
o«
O O O Oflusr urur o o QI N N O Ofwr W wr W s ur ™ ]
wAu2u9w.M 229_.%%.%. 333333 \ swl3 33333 NN O O|w W W W ur O

h b

WMwwOOOOJstE.MMWOOwwwwwwO‘._AI_.IOOFstcsf_:.stuwwwww.n_.JlOOfF\_E_tsc.sc"xO

T Vo

L]

qvaJstf,OOOOww.wc"si_s:.\_OO:scsfchstO.dleOuwwwwwffff{{%JlOOuwwuwwO

umU229..0000229_.22200111111_.022200111111111111222001111110

h | b v I h D

o

= W DO~ N, W O N DO Nl o - o - o~ -

SEl3s gt eeRE YR IreERREsaRI285228 5885885838 53/8838¢858
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXMV.M,\.MNV.MMMMM

F=1,w=¢




216

APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.13: Character table of B(3,5) (continued)

2b
2B

6af 6ag 6ah 6ai 6aj 6ak 6al 6am 6an 6ao 6ap Gaq Gar Gas 6at 6au

Gae

-2

2w

2

2w

2

2w

2¢

2w

2

2w

2

2w

2¢

-w

-w

-w

-w

28

2w

28

2w

2

2w

2¢

2w

2

2w

2

2w

-§
-4
2w

-w
W
2w
2w

2w

-w
w

W
-w

2¢
2¢
-2¢

2¢
-2
-2¢

2¢
26
_2¢
2¢

-w

-2w

-2w

-2w -2w

2w

2w

2w

2w

2¢

2¢

2¢
-2¢
-2¢

2¢
-2¢
-2

2w 2w -

2w

_2€
.2€

-2w 2w

-2w

-2

2w -2w

2w

2¢

2¢

2w

2w

2w

-w

2§
-2¢
_2¢

2¢

2w

2w

28
-2¢

-2¢

2w -

28
-2¢

-2w

2w

-2w

2w

~2w

2w

2w

2¢

-w

-w

2w

2

2¢
-2¢
-2¢

2w

2w

26
-2¢
-2

2§
-2¢
-2¢

2

2w

2w

-2w

2w

-2w

-2w

-2w

2w

2
2w

2w

-w

2w

2

2w
-2w

~at

2w

2
-2¢
-2¢

2
-2¢
-2¢

2¢
_25
-2¢
2¢
2w
2w

-2w

2w

2w

-2w

2w

2w

2¢
2
_2¢
_2¢
2¢

2

2w

=W

2w

2w

-

2¢
.25
-2§

2w

-

-w

26
-2¢
-2¢

2¢

~2w

-2

2w

-2w

-2w

2w

2w

2¢

2w

-w

2w

26

2¢

2w

2w

2w

2w

2w

2w

2

24

2¢

-w

-w

-w

-

-w

1, w=¢&

lg]

X1

X2

X3

X4

X5

X6

X7

X8

X9
X1p
X11

X12
X13
X14
X15

X16
X17

X18
X19
X20
x21
X22
X23
X24
X25
X26
X27
Xx28
X29
X30
X31
Xa2
X33
X34
X35
X36
X371
X38
X39
Xa0
X41
X42
X43
X44
Xa5
X46
Xa7
X48
X49
X50
Xs51
X52
X53
X54
X55
X56
X57

53
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.14: Character table of B(3,5) (continued)
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.15: Character table of B(3,5) (continued)

4a

12A 12B 12C 12D 12E 12F 12G 12H

4A

-w

~w

(9]
X1

X2

X3

Xa

Xs

X6

X7

X8

X9
X10

X11

X12
X13

X14
X15
X18
xX17
X18
X19
X20
X21
X22
X23
X24
X25
X26
X2
X28
X29
X30
X31
X32
X33
X34
X35
X36
X37
X38
X39
x40
X421
X42
X43
X44
X458
X46
Xa7
X48
X49
X560
X51
X52
X53
X54
X55
X586
X57

F=1,0=2¢
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.16: Character table of B(3,5) (continued)

4a
4A

128 12C 12D 12E 12F 12G 12H

12A

-w

¢

W

-

-1

0

-

-1

0

Lg]

(9]
X58
Xs59
X60
X61
Xx62
X63
X64
X65
X66
X67
X68
X69
X70
X71
X72
X73
X174
X75
X76
X717
X78
X79
X80
X81

x82
X83
X84
X85
X86
X87

X88
X89
X90
X91

X92
x93
X94
X95
X96
X971
X98
x99
X100
X101

X102
X103

X104

X105

X106

X107

X108

1, w=¢2

&=
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Character table of B(3,5) (continued)

Table B.17

6a

B6AV

6AX 18A 18B 18C 18D 18E 18F

BAW

W

-w

~W

~w

-w

-

-w

-w

w

-w

~w

-

W

lg]

7]

X1

x2

X3

X4

X5

X6

X7

X8

X9
X10
X11

X12

X13
X14
X15

X16

xaT

X18

X19

X20
X21
X22
X23
X294

X25
X26
X27
X28
X29
X30
X31
X32
X33
X34
X35
X36
X371
X38
X39
X40
X41
X42
X43
X44
X45
X46
Xxa7
X48
X49
x50
X51
X52
X53
X54
X55
X56
X57

1,a)=§2

63
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.18: Character table of B(3,5) (continued)

6a

6AV

6AX 18A 18B 18C 18D 18E 18F

6 AW

W

Nz

-~

-w

~w

~w

~w

lg]

X58
X59
X60
X61
X62
X63
X64
X65
X66
X67
X68
X69
x70
X71

X72
X73
X74
X75
X76
X77
X178
X79
X80
X81
X82
X83
X84
X85

X86
X87
X88
X89
X90
X91
X92
X93
X94
X95
X96
x97
X98
X99
X100
X101

X102

X103

X104

X105

X106

X107

X108

l1,w=2¢%

53
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.19: Character table of B(3,5) (continued)

S5a

15A 15B

5A

o

o

(=R =}

[=]

-w

X2

X3

X4

X5

X6

X7

X8

X9
X10

X11

X12
X13

X14

X15
X16
X17

X18
X19

X20
X21

X22
X23
X24
X25
X286
X27
X28
X29
X30
X31
X32
X33
X34
X35
X386
X37
X38
X39
Xa0
X41

X42
X4a3
X44
X45
X46
X47

X48
X49
X50
X51
X52
X53
X54
X55
X56
X57

1, w=¢2

63
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APPENDIX B. CHARACTER TABLE OF B(3,5)

Table B.20: Character table of B(3,5) (continued)

5a

15A 15B

5A

¢
0

-1
-1

0

lg]
I3}
X58
X59
X60
X61
X62
X63
X64
X65
X66
X67
X68
X69
X770
X71
X712
X73
X74
X715
X176
X771
X718
X79
X80
X81

X82
X83
X84
X85
X86
x87
X88
X89
X90
X91
X92
X93
X94
X95
X96
x97
X98
X89
X100

X101

X102

X103
X104

X105

X106

X107
X108

E=1,0=0
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APPENDIX C. CHARACTER TABLE OF Bs(2,6)

Table C.1: Character table of Bg(2,6)

2b
2G

4C 4D 4E

2H

-2

-2

2a

2E 2F 4A 4B

2D

-8

]

-4

-9

-3

-2

-4

1a

2A 2B 2C

1A

10
10
16

10
10
16

10
10
16

10
10
16

-24
-24

-8

24

24
30
30
36
15
15
15
15
30

-30
-30

-10
-10
-12

10
10
12

-36

15

15

30

30
45
45
45

45

45

45

45
-10
-10
-10
-10
-20
-40
-40
-40
-40

45
10
10
10
10
20
40
40
40
40

-8

lg)
[g]

X1

X2

X3

X4

X5

X6

X7

X8

X9
X10
X11

X12
X13
X14
X15
X16
X17

X18

X19
X20
X21
X22
X23
X24
X285
X26
X27
X28
X29
X30
X31
X32
X33
X34
X35
X36
X371
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APPENDIX C. CHARACTER TABLE OF Bg(2,6)

Table C.2: Character table of Bs(2,6) (continued)

6a

12A 6E 12B

6D

3a

6A 6B 6C

3A

-3

-1
-1

-1
-1

2c

2J) 4F

21

-3

-3

-3

-4

0
0

|

{g]

X1

X2

X3

X4

X5

X6

X7

X8

X9
X10

X11

X12
X13
X14
X15
X16
X17

Xi8

X19
X20
X21
X22
X23
X24
X25
X26
xX27
X28
X29
X30
X31
X32
X33
X34
X35
X36
X37
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APPENDIX C. CHARACTER TABLE OF Bg(2,6)

Table C.3: Character table of Bs(2,6) (continued)

6b
6F

T5a

4b
4H

L4a

lo] [ 3b

[5]

X1

6G

10A

5A

8B

41

4G 8A

4F

6F

3B

-1

X2

X3

X4

X5

X6

X7

X8

X9
X10
X11

X12
X13
X14
X15
X16
X171
X18

X19
X20
X21

X22
X23
X24
X25
X26
x27
X28
X29
X30
X31
X32
X33
X34
X35
X36
X37
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APPENDIX D. CHARACTER TABLE OF Bs(3,3) 229

Table D.1: Character table of Bs(3,3)

Lg] | 1la S =1 L 2a | 3a
@ | 1A 3A 3B 3C | 2A 6A 6B | 3A 3B 3C
X1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 -1 -1 -1 1 1 1
X3 2 2 2 2 0 0 o] -1t -1 -1
X4 3 0 3 37 1 £ ¢ 0 0 0
X5 3 0 3¢ ag? -1 - —¢? 0 0 0
X6 3 0o 3¢? 3¢ 1 I £ 0 0 0
X7 3 0o 3¢ 3¢ 1 g2 - 0 0 0
X8 2 -1 2 2 0 0 0 2 -1 -1
X9 2 -1 2 2 0 0 0 1 £ 42 2
X10 2 -1 2 2 0 0 0 -1 2 £4¢2
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APPENDIX E. CHARACTER TABLE OF Bgs(3,5)

Table E.1: Character table of Bg(3,5)

o} | 1a
@ | 1A SA 3B 3C 8D 3E 3F
X1 1 1 1 1 1 1 1
X2 1 1 1 1 1 1 1
X3 4 4 4 4 4 4 4
Xa 4 4 4 4 4 4 4
Xs 5 5 5 5 5 5 5
X6 5 5 5 5 5 5 5
X7 6 6 6 6 6 6 6
X8 5 2 £-2w 2 tw 1 6 tw E+dw
xo 5 2 £-2w 264w -1 4&+w E+aw
x10 | 10 4 264w -46+42w -2 BE+2w 26+8w
X11 15 6 6w 6643w -3 1243w 3¢+12w
X12 15 6 36-6w  -66+3w -3 126+3w  36+12w
X13 5 2 26 +w €-2w 1 E+aw € +w
X14 5 2 -284w £-2w -1 E+4dw 44w
X15 10 4 -4f+2w 2¢-4w -2 26+8w 8€+2w
x16 | 15 6  -66+3w 3€-6w -3 36+12w  12643w
X17 15 6  -66+3w 3€-6w -3 3¢+12w  12643w
xX18 10 1 5642w 26+5w 1 4642w 24w
X19 10 1 5642w 2€+5w 1 -dE42w 2€-4w
X20 10 1 5642w 26+5w 1 -4f42w 26-4w
X21 10 1 56+ 2w 2645w 1 442w 264w
X22 20 2 108+4w  AE+10w 2 8f+4w 4£-8w
X23 20 2 106+4w  4€+10w 2 -8f+dw 4€-8w
X24 20 1 2 2 -4 8 8
x25 20 -1 2 2 4 8 8
X26 40 -2 4 4 -8 16 16
X27 10 1 26 +5w 5€+2w 1 26-dw  -Af+ 2w
X28 10 1 2645w 5¢+2w 1 284w 4642w
x29 10 1 2645w 5€+2w 1 2¢-dw 442w
X30 10 1 26 +5w 5E+2w 1 26-4w 442w
x31 20 2 46+10w  106+4w 2 468w -8f-+dw
X32 20 2 46+10w  106+H4w 2 46-8w  -BE+4w
X33 30 -6 3 3 3 -6 6
X34 30 -6 3 3 3 6 -6
X35 30 -6 3 3 3 -6 -6
x3s | 30 -6 3 3 3 -6 -6

231



APPENDIX E. CHARACTER TABLE OF Bs(3,5)

Table E.2: Character table of Bs(3,5) (continued)

(o] | 2e
7l [ 2A  6A 6B 6C 6D 6E 6F 6G 6H 61
X1 1 1 1 1 1 1 1 1 1 1
X2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X3 -2 -2 -2 -2 -2 -2 -2 -2 -2 .2
X4 2 2 2 2 2 2 2 2 2 2
X5 1 1 1 1 1 1 1 1 1 1
X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7 0 0 0 0 0 0 0 0 0 0
X8 3 0 3¢ 3w -26-w -w 42w -€-2w 4w 264w
X9 -3 0 -3¢ -3w 264w -€4w -€-2w £4+2w -w -26-w
X10 0 0 0 ¢ 0 0 0 0 0 0
X11 -3 ] -3¢ 3w Wtw  bHw -£-2w 42w £ow 26w
X12 3 Q0 3¢ 3w -26-w £-w £+2w -§-2w ~Etw 264w
X13 3 0 3w 3¢ -€-2w 4w 264w -26-w £-w E42w
X14 -3 0 -3w -3¢ £42w §-w -28-w 264w ~Etw -§-2w
X15 o] 0 [ 0 0 0 [¢] 0 0 [
X16 -3 0 -3w -3¢ £42w - -26-w 264w ~E+tw -&-2w
X17 3 0 3w 3¢ -€-2w - 4w 264w -26-w -w £42w
X18 4 1 E42w 26-w W 3tw 2w £ £+3w %€
X19 -2 1 -E-dw -48-w 26-w 1 -2 -E42w 1 -2
X20 2 -1 E+dw 4f+w 264w -1 2 £-2w -1 2
x21 -4 -1 £-2w S26+w cw 3few 2w € -€-3w 2¢
Xa2 -2 -2 -2 -2 26 -2¢ -2¢ 2w 2w 2w
xX23 L 2 2 2 2 2§ 2¢ 2¢ 2w 2w 2w
X24 6 -3 6 6 o 0 0 0 0 0
X285 -6 3 -6 -6 0 0 ] 0 0 0
X26 0 0 0 0 0 0 0 Q 0 0
x27 4 1 28w -E4+2w £ £43w -2¢ w 34w -2w
x28 -2 1 Af-w 4w -E42w 1 -2 2w 1 -2
X29 2 -1 1€ fw 4w £-2w -1 2 24w -1 2
X230 -4 -1 -264w §-2w -€ ~£-3w 2¢ -w -36-w 2w
X31 -2 -2 -2 -2 -2w -2w -2w -2¢ -2¢ -2€
X3z 2 2 2 2 2w 2w 2w 2¢ 2¢ 2
X33 6 0 -3 -3 -3 3 0 -3 3 0
X34 0 0 -3(+3w 3£-3w £-w fw  -2642w Etw  EHw 26-2w
X35 0 0 3¢-3w -36+3w -Etw -Stw 26-2w £-w -w -26+2w
-6 0 3 3 3 -3 0 3 -3 0

X36
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inued)

Character table of Bg(3,5) (cont

Table E.3
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Table F.1: Character table of Bg(2,6)
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Table F.2: Character table of Bo(2,6) (continued)
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4H 41 2J
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2b
2G

4D 4E 4F 4G
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3]
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xX37
X38
X39
X40
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Table F.3: Character table of Bg(2,6) (continued)
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Table F.4: Character table of Bg(2,6) (continued)
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Table G.1: Character table of Bg(3,5)

o] | 1a
7] 1A 3A 3B 3C 3D 3E 3F
X1 1 1 1 1 1 1 1
X2 1 1 1 1 1 1 1
X3 4 4 4 4 4 4 4
x4 4 4 4 4 4 4 4
x5 5 5 5 5 5 5 5
X6 5 5 5 5 5 5 5
X7 6 6 6 6 6 6 6
X8 20 8 8 2 -1 2 -4
xo | 20 8 8 2 -1 2 4
x10 | 40 16 16 4 -2 4 -8
X11 10 2§-4w -4642w 56+2w 1 2{+5w 1
X12 10 26-4w -4+ 2w 58+2w 1 26+5w 1
X13 10 24w -4E+2w 56+2w 1 2645w 1
X14 10 2€-4w -46+2w 56 +2w 1 26+5w 1
x15 | 20 46-8w  -8E+dw  106+4w 2 4E+10w 2
X16 20 46-8w  -Bf+dw  10644w 2 4f+10w 2
X17 10 -4£4-2w 26-4w 2£{4-5w 1 56+2w 1
X18 10 -4€+2w 26-4w 26 +5w 1 5642w 1
X190 10 4642w 26-4w 26 +5w 1 56+2w 1
X20 10 -4E4 2w 28-dw 2645w 1 5642w 1
X21 20 -8§+4w 4£-8w 4£+10w 2 10¢ +4w 2
X22 20 8644w 46-8w  4£+10w 2 106+4w 2
X238 30 -6 -6 3 -6 3 3
X24 30 -6 -6 3 -6 3 3
X25 30 -6 -6 3 -6 3 3
X26 30 -6 -6 3 -6 3 3
x27 5 4 tw E+dw 261w 2 £-2w 1
X28 5 4€+w £+4w -26+4w 2 §-2w -1
X29 10 8+2w 26+8w -46+ 2w 4 2£-4w -2
X30 is 1264-3w 3¢+12w -6+ 3w 6 3&-6w -3
X31 15 126+43w  36+12w  -66+3w 6 3€-6w -3
X32 5 E44w 46+w £-2w 2 -264w -1
X33 5 £+w 44w £-2w 2 264w -1
X34 10 2648w 8¢+2w 2¢-4w 4 ~4&+2w -2
X35 15 36+12w  126+3w 3€-6uw 6  -66+3w -3
X36 15 36+12w 126+3w 3£-6w 6 ~6+3w -3
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Table G.2: Character table

of Bg(3,5) (continued)

[g] | 2a
[7] 2A 6A 6B 6C 6D 6E 6F 6G 6H 61
X1 1 1 1 1 1 1 1 1 1 1
X2 -1 -1 -1 -1 -1 -1 -1 1 -1 -1
X3 -2 2 -2 -2 -2 -2 2 -2 -2 -2
xa 2 2 2 2 2 2 2 2 2 2
X5 1 1 1 1 1 1 1 1 1 1
X6 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7 0 0 0 0 0 (4 4] 4 0 0
X8 6 0 ) ) -3 0 6 ) 0 6
X9 -6 0 0 0 3 0 -6 0 0 -6
X10 0 0 0 0 0 0 0 0 0 0
X11 4 -2w -2€ £ 1 w 28-w 34w £+3w -£+2w
X12 2 2 2 £-2w -1 -26+w 464w -1 -1 §4+4w
X13 -2 -2 -2 -4 2w 1 26-w -4€-w 1 1 -€-4w
X14 -4 2w 2€ -£ -1 ~w -264w -36-w -E-3w £§-2w
X15 -2 -2¢€ 2w -2w -2 -2 -2 -2¢ -2w -2
X16 2 2£ 2w 2w 2 2€ 2 2¢ 2w 2
X17 4 -26 -2w w 1 £ -£+2w §+3w 3€+w 2¢-w
X18 2 2 2 24w -1 £-2w £4dw -1 -1 4€+w
X19 -2 -2 -2 26-w 1 42w -£-dw 1 1 -4€-w
X20 -4 26 2w -w -1 -£ £-2w -€-3w -3é-w 264w
X21 -2 ~2w -2€ -2€ -2 2w -2 2w -2¢ -2
X22 2 2 2¢ 2 2 2w 2 2w 2€ 2
x23 6 0 [) -3 0 3 3 3 3 -3
X24 0 262w -26+42w £-w 0 ftw 3643w -Efw w 3¢-3w
X25 0 -264 2w 26-2w -Etw o} §-w 3£-3w §-w -Etw -3&43w
X26 -6 0 0 3 0 3 3 -3 -3 3
X27 3 26 tw £4+2w -26-w 0 -€-2w 3¢ -Etw Eow 3w
X28 -3 -2f-w -£-2w 264w 0 £42w -3¢ -w 4w -3w
Xz29 0 0 0 0 0 0 o] 0 0 0
X30 -3 -26-w -€-2w 26+w 0 £4+2w -3¢ —w -€tw -3w
X31 3 284w £42w -2¢-w [0} -§-2w 3¢ -E4w £-w 3w
X32 3 42w 2%tw  -£-2w 0 26w 3w fw  ftw 3¢
X33 -3 -€-2w -26-w £+ 2w 0 284w -3w -£+tw £-w -3¢
X34 0 0 0 0 0 [0} 0 0 0 0
X35 -3 -§-2w -2€6-w E42w G 264w -3w -E4w -w -3¢
X36 3 £4-2w 26+w -£-2w 0 -26-w 3w E-w 4w 3¢
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Character table of Bg(3,5) (continued)

Table G.3
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m-composition of n, 35
m-set of partition A, 38
g-equivalent, 173
self g-equivalent, 173
equivalent, 39
even, 39
odd equivalent, 39
self equivalent, 39
self odd equivalent, 39
type-zero, 39
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on Irr(N), 57
on Irr(Q), 73
on Irr(S), 65
on N, 55
on (J, 68
on S, 63
associated
powers, 46, 175

character
extendible, 23
induced , 15
lifted , 17
permutation, 17
restriction of, 14

class function, 12

combinatorial basis, 39
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combinatorial method, 78
conjugacy classes of B(m,n)
representative , 49
size , 50
type , 46
coset analysis, 7, 54
cycle-product, 46, 49

even
inertial factor group, 181
row, 181

factor set, 23

group

Bg(m,n), 62
Bs(m,n), 62
elementary abelian, 6
extension, 4

split, 5
generalized symmetric, 1, 45
hyper-octahedral , 45
inertia, 1, 27
inertia factor, 2, 56
semi-direct product, 5
symmetric, 1
Weyl, 45
Wreath product, 45, 66
young subgroup, 56, 66
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of B(m,n), 103
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