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Abstract

Fixed point theory and its applications have been widely studied by many researchers.
Different iterative algorithms have been used extensively to approximate solutions of fixed
point problems and other related problems such as equilibrium problems, variational in-
equality problems, optimization problems and so on. In this dissertation, we first introduce
an iterative algorithm for finding a common solution of multiple-set split equality mixed
equilibrium problem and fixed point problem for infinite families of generalized k;-strictly
pseudo-contractive multi-valued mappings in real Hilbert spaces. Using our iterative algo-
rithm, we obtain weak and strong convergence results for approximating a common solution
of multiple-set split equality mixed equilibrium problem and fixed point problem. As ap-
plication, we utilize our result to study the split equality mixed variational inequality and
split equality convex minimization problems .

Also, we present another iterative algorithm that does not require the knowledge of the oper-
ator norm for approximating a common solution of split equilibrium problem and fixed point
problem for infinite family of multi-valued quasi-nonexpansive mappings in real Hilbert
spaces. Using our iterative algorithm, we state and prove a strong convergence result for
approximating a common solution of split equilibrium problem and fixed point problem
for infinite family of multi-valued quasi-nonexpansive mappings in real Hilbert spaces. We
apply our result to convex minimization problem and also present a numerical example.
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CHAPTER 1

Introduction

1.1 General Introduction

Let X be a metric space and T : X — X be any nonlinear operator. We say that p € X is
a fixed point of T if

T(p) = p, (1.1)

and we denote by F(T') the set of all fixed point of T. However, if T is a multivalued map,
that is, from X to the collection of nonempty subsets of X, then a point p in X is called a
fixed point of T if p € T'p. Fixed point theory gives the conditions under which fixed point
problems of both single-valued and multi-valued mappings have solutions. The theory of
fixed point is a beautiful combination of analysis (real and functional), topology and geome-
try and its importance in functional analysis is due to its usefulness in the theory of ordinary
and partial differential equations. It is an area of intensive research as it has wide applica-
tion in establishing existence and uniqueness of solutions of diverse mathematical models
such as solutions to variational analysis, optimization problems and equilibrium problems.
These models represent various phenomena arising in fields such as steady temperature dis-
tribution, economic theories, optimal control of systems, radiation transfer, epidemics and
flow of fluids. For instance, in connection with a problem of radiation transfer, we are led
to the equation



where ¢ : C[0,1] — R. This system is an example of an integral equation of the form

y(x) = f(x) +/O K(x,s,y(s))ds, x€][0,1]. (1.2)

A special but important case of (1.2) is the nonlinear Fredholm equation

1
a) = Fa) £ 3 [ Klzisylo)ds,
0
where A € R is a given number. This system can be formulated into a fixed point problem

o =Tp.
(see Section 1.3, pg 22-23 of [] for details).

1.2 Fixed Point Iteration Procedure

Iterative algorithms plays a very important role in approximating solution of fixed point
problem and other related problems such as equilibrium problems, variational inequality
problems, optimization problems and so on. In this section, we give a brief introduction to
some of the iterative algorithms used in fixed point theory (for details, see [(]).

1.2.1 Picard Iteration

Let (X,d) be a complete metric space, U a closed subset of X and T': U — U a selfmap
possessing at least one fixed point p € F(T). For a given sequence xy € X, we consider the
sequence of iterates {z, }°°, determined by the successive iteration method

xp =T(xy1) =T"(x9), n=12,... (1.3)

The sequence defined by (1.3) is known as the sequence of successive approximations, or
simply Picard iteration. When the contractive conditions on T are slightly weaker, then
the Picard iteration need not converge to a fixed point of the operator T. As a result of
this, other iteration procedures must be considered.

Throughout this dissertation, we denote by E a real normed space.

1.2.2 Krasnoselskii

Let T: E — E be a selfmap, 2o € F and A € [0, 1]. The sequence {x,}>2, given by

Tpi1= (1= Nz, +\Tx,, n=0,1,2 .. (1.4)



is called the Krasnoselskii iteration. The Krasnoselskii iteration {z,}32, given by (1.4) is
exactly the Picard iteration corresponding to the averaged operation Ty = (1 — \)I + AT
where I is the identity operator and for A = 1, the Krasnolselskij iteration reduces to Picard
iteration. Moreover, we have F((T') = F(T)) for all A € (0, 1].

1.2.3 Mann Iteration Scheme

The Mann iteration process starting from xy € E, is the sequence {x,}32, € E defined by
Tpr1 = (1 —ap)xy, + Tz, n=0,1,2,.., (1.5)

where {a,}>°, C [0, 1] satisfies certain appropriate conditions.

Considering T,, = (1 — a,)I + @,/ T, then we have that F(T) = F(T,,), for all a,, € (0,1]. If
the sequence a,, = A (constant), then the Mann iterative process obviously reduces to the
Krasnoselskij iteration.

1.2.4 Ishikawa Iteration Procedure

The Ishikawa iteration was first used to establish the strong convergence of a fixed point for
a Lipschitzian and pseudo-contractive selfmap of a convex and compact subset of a Hilbert
space. It is defined as zy € X such that:

Tpi1 = (1 —ap)x, + a, T[(1 = by)x, + b,Tx,), n=01,2,.., (1.6)

where {a,}>,, {b,}5°, C [0, 1] satisfies certain appropriate conditions. Many authors have
used both Mann and Ishikawa iterative schemes to approximate fixed point problem of
various classes of operators in Hilbert spaces and Banach spaces (see [32, 54, 71] and the
references therein).

If we rewrite (1.6) in a system form, we have

(1.7)
Tpt1 = (1 - an)xn + anTyTw n=0,12,..

{yn = (1 —=by)x, + b, Tx,,
then we regard the Ishikawa iteration as a sort of two-step Mann iteration with two different
parameter sequences. Despite the similarities between the Mann and Ishikawa iteration, if
b, = 0, the Ishikawa iteration reduces to Mann iteration.

Replacing T by T™ in (1.7), we have the modified Ishikawa iterative scheme defined as
follows:

(1.8)

Yn = (1 - bn)wn + bnTnxny
Tor1 = (1 —ap)zn + ayT"y,, n=0,1,2, ..



1.2.5 Viscosity Iteration Procedure

The viscosity method has been successfully applied to various problems coming from calculus
of variations, minimal surface problems, plasticity theory and phase transition. It plays a
central role in the study of degenerated elliptic and parabolic second order differential
equations.

The viscosity iterative method was proposed by Moudafi [19]. Choose an arbitrary initial
xo € H, the sequence {z,}>°, is constructed by:

En 1
n) +
1 +5nf(x )

Tyl = Tz,,¥n>0, (1.9)

1+4+¢,

where 7" is a nonexpansive self-mapping and f is a contraction with a coefficient p € [0, 1)
on H, the sequence {¢,} in (0, 1), such that
(i) lim, o0&, = 0,

(i1) Y0 jen = 00,

cee . 1 1 .
(i) limy, oo el B 0.

Then lim,, o x, = x*, where z* € C' (C' = F(T)) is the unique solution of the variation
inequality

(I—fla*,x—2*)>0,VxeFT).

Many authors have considered the viscosity iterative algorithm to approximate solutions of
fixed point problem and other related problems (see [2, 14, 72, 79, 82] and the references
therein).

1.2.6 Other Important Fixed Point Iteration Procedures
The Kirk’s iteration procedure which is defined as zq € E and
Tpi1 = Ty + 1Tz, + asT?x, + ...+ oszkxn,
where k is a fixed integer, k > 1,a; > 0, for i = 0,1, ...k, ; > 0 and
ag+ o+ ...+ a = 1.

This iteration procedure reduces to Picard iteration if £ = 0 and to Krasnoselskij iteration
if k=1.

The Figueiredo iteration procedure is defined as zy € C, where C'is a closed, bounded and
convex subset of Hilbert space H containing 0 and

2
Tp=T" 2,1, n=12,.., where T,z =

Tx, n>1.

n+1



It is known that Figueiredo iteration converges strongly to a fixed point of nonexpansive
operators T': C' — C.
The Halphern iteration for approximation of fixed point 7" is given by xq € C"

Tpt1 = Qpxo + (1 — o) Ty,

where {a,}22, is a sequence in [0, 1].

1.3 Research Motivation

In 2015, Ma et al. [12] introduced a new algorithm for solving split equality mixed equilib-
rium problem and fixed point problem in the framework of infinite-dimensional real Hilbert
spaces. They stated and prove weak and strong convergence results for single-valued nonex-
pansive mappings. Also, Chidume and Okpala [23] introduced a new averaged algorithm for
finding a common fixed point of countably infinite family of generalized k-strictly pseudo-
contractive multi-valued mappings. Strong convergence theorems was established for this
class of mappings under some mild assumptions. Motivated by the works of Ma et al. [12],
Chidume and Okpala [23], we introduce an iterative algorithm for finding a common solution
of multiple-set split equality mixed equilibrium problem and fixed point problem for count-
able infinite families of generalized k;-strictly pseudo-contractive multi-valued mappings in
real Hilbert spaces. Using our iterative scheme, we obtain weak and strong convergence
results.

Recently, Kazmi and Rizvi [37] introduced an iterative algorithm to approximate a com-
mon solution of split equilibrium problem, a variational inequality problem and a fixed point
problem for a nonexpansive mapping in real Hilbert spaces. They proved a strong conver-
gence result for approximating a common solution of split equilibrium problem, variational
inequality problem and a fixed point problem for a nonexpansive mapping. Also, Deepho
et al. [31] considered an iterative scheme to approximate a common element of the set of
solutions of split variational inclusion problem and the set of common fixed point problem
of a finite family of k-strictly pseudo-contractive nonself mappings. They state and proved a
strong convergence result which also solves some variational inequality problem under some
suitable conditions in real Hilbert spaces. Lastly, Suantai et al. [09] presented an iterative
algorithm for solving split equilibrium problem and fixed point problem of nonspreading
multi-valued mappings in real Hilbert spaces and proved that the modified Mann iteration
converges weakly to a common solution of the considered problems. Motivated by the works
of Kazmi and Rizvi [37], Suantai et al. [69] and Deepho et al. [31], we introduce an itera-
tive algorithm that does not require any knowledge of the operator norm to approximate a
common solution of split equilibrium problem and fixed point problem for an infinite family
of multi-valued quasi-nonexpansive mappings. Using our iterative algorithm, we prove a



strong convergence result which solves some variational inequality in Hilbert spaces.

1.4 Statement of Problem

Let C be a nonempty, closed and convex subset of a Hilbert space H and F': C x C' - R
be a nonlinear bifunction. Then the Equilibrium Problem (for short, EP) is to find 2* € C
such that

F(z*,y) >0, VyeC. (1.10)

The set of solution of EP is denoted by EP(F).

The following assumptions was introduced by [7].

For solving EP, we assume that the bifunction F' : C' x C — R satisfies the following
assumptions:

(Al) F(z,x2) =0,V x € C;

(A2) F(z,y)+ F(y,z) <0,Y z,y € C;

(A3) For all z,y,w € C,limyo F(tw + (1 — t)x,y) < F(z,y);

(A4) For each z € C, the function y — F(z,y) is convex and lower semi-continuous;

Let » > 0 and x € H. Then there exists w € C such that

1
F(w,m)+;<y—x,x—w> >0,VyeCdC.

We now consider the following problems:

1. Let Hy, H, and Hj be real Hilbert spaces. Suppose C' and () are nonempty, closed
and convex subsets of H;, Hy respectively. Assume that F : C' x C — R and G :
Q X @ — R are bi-functions satisfying (A1) — (A4). Let a : C — R U {+o0} and
g Q — RU{+oo} be proper lower semi-continuous and convex functions such
that C Ndoma # 0 and Q NdomfB # 0. Let T; : H, — CB(H;), i = 1,2,... and
S; : Hy - CB(Hy), j = 1,2,... be two countable families of generalized strictly
pseudo-contractive multi-valued mappings with constants k; and k; respectively and
A : H — Hz, B: Hy — H3 be bounded linear operators. Let us consider the
following problem: find (z*,y*) € N2, F(T;) x N2, F(S;) such that

F(z*,z) +a(r) —alz®) >0,V €C,

G(y*,y)+By)—By") >0,Vy €Q,
(1.11)

and Az* = By* .



2. Let Hq, Hy be two real Hilbert spaces. Suppose C' and () be nonempty, closed and
convex subsets of H; and H, respectively. Let A : Hy — H, be a bounded linear
operator and D be a strongly positive bounded linear operator on H; with coefficient
7>0. Let T;, : C — K(C),i =1,2,3,... be an infinite family of quasi-nonexpansive
multi-valued mappings and F} : C'x C' — R, F5 : QQ X Q — R be bifunctions satisfying
(A1) — (A4), where F; is upper semicontinuous in the first argument. Let f be a
contraction mapping with a coefficient 1 € (0,1), then we consider the following
problem: find z* € N2, F(7;) such that

Fi(z*,z) >0V 2 € C,
and y* = Az" € Q solves Fy(y*,y) >0, Vye Q.

1.5 Objectives

The main objectives of the work reported in this dissertation are to:

(i) review some known and useful results on pseudo-contractive and quasi-nonexpansive
multi-valued mappings;

(ii) introduce an iterative scheme for approximating common solution of split equality mixed
equilibrium problem and fixed point problem for countable infinite families of generalized
k;-strictly pseudo-contractive multi-valued mappings in real Hilbert spaces;

(iii) introduce an iterative scheme for finding the common solution of split equilibrium
problem and fixed point problem for infinite family of multi-valued quasi-nonexpansive
mappings with no prior knowledge of the operator norm,;

(iv) present suitable applications of our main results;

(v) display our main result using numerical example.

1.6 Workplan

The rest of the dissertation is organized as follows:

Chapter 2:

We give some important definitions and concepts which are needed to obtain the results
in this dissertation. We also discuss some notions on fixed point problem, equilibrium
problems and variational inequality problems.



Chapter 3:

We introduce an iterative algorithm for finding a common solution of multiple-set split
equality mixed equilibrium problem and fixed point problem for countably infinite families
of generalized k;-strictly pseudo-contractive multi-valued mappings in real Hilbert spaces.
We state and prove weak and strong convergence results and also give applications of our
main result.

Chapter 4:

We present a new iterative algorithm that does not require any knowledge of the operator
norm for approximating a common solution of split equilibrium problem and fixed point
problem for infinite family of multi-valued quasi-nonexpansive mappings in real Hilbert
spaces. We state and prove a strong convergence theorem for the sequence generated by
our iterative algorithm. We also give application of our main result to convex minimization
problem and give a numerical example.

Chapter 5:

We give conclusion of our results obtained in Chapter 3 and Chapter 4. We also state the
contribution of our work to knowledge and give areas of further research of the work.



CHAPTER 2

Preliminaries

In this chapter, we aim to highlight some definitions on which the problems are formulated
and state some known results used in the subsequent chapters. This will include a brief
review on multi-valued pseudo-contractive mappings and quasi-nonexpansive mappings. We
will also discuss some related fixed point problems such as equilibrium problems, variational
inequality problems and so on.

2.1 Mappings of Interest

2.1.1 Nonlinear Single-Valued Mappings.

Definition 2.1.1. Let H be a real Hilbert space and C' be a nonempty, closed and convex
subset of H. A mapping T : H — H is said to be
(i) monotone if

(Tx —Ty,x—y) >0, VayeH,
(ii) a—strongly monotone, if there exists a constant o > 0 such that
(T — Ty, x —y) > allz —y||*>, Vaz,yeH,
(iii) a—inverse strongly monotone, if there exists a constant o > 0 such that

<TI'—Ty,:E—y>ZO!||TfL’—Ty||2, anyGHa



(iv) a strongly positive linear bounded operator, if there exists a constant o > 0 such that
(Tz,z) > ol|z||?, Vze H;

(v) k-Lipschitz continuous, if there exists a constant k > 0 such that

1Tz = Tyl| < kllx —yll, Vz,yeH;
(vi) nonexpansive, if

1Tz = Ty|| < |lx—yll, Va=zyeH;
(vii) firmly nonexpansive, if

(Tx — Ty,x —y) > ||Tx — Ty||*, Vx,ycH;
(viii) average nonexrpansive mapping, if
T=(1-a)l+aS, «oac(0,1),

where S : H — H is nonexpansive and I is an identity mapping;
(iz) quasi-nonexpansive, if F(T) # O and for any p € F(T), we have

|[Tx = Tpl| < [le—pll, VaxeH;
(z) firmly quasi-nonexpansive if F(T) # 0, and
Tz = pl|* < [le = pl* — ||z — T=|]*, Vpe F(T) andx € H;
(xi) nonspreading in the sense of Koshaka and Takahashi [79], if
2Tz — Ty|l? < [T — gl + Ty — 2l ¥ o,y € H;
(zii) k-strictly pseudo-contractive mapping in the sense of Browder and Petryshyn [9], if
T2 = Tyll? < o — I + kI - T — (= Thyll, ¥ o,y € H;

where k € [0,1). If k = 1 in the last inequality, we say that T is pseudo-contractive and if
k=0, then T 1s simply nonexpansive.

(ziii) k-demicontractive if F(T) # (0 and there exists a constant k € [0,1) such that for any
p € F(T), we have

1Tz —pl* < |lz —pl* + k[l — T2l|*, Vo €H;
(ix) hemicontractive mapping if F(T) # () and
[Tz —pl> < ||z —p||* + ||z —Tz||*, Va2 €H andpec F(T).

Remark 2.1.2. (i) It is easy to see that the class of demicontractive mappings properly
contains that of quasi-nonexpansive mappings. (Check Example 2.6 in [20] to see that the
inclusion is proper).

(ii) The class of pseudo-contractive mappings with nonempty fixed points is a subclass of
the class of hemicontraction. (Check Rhoades [07] to see that the inclusion is proper).

10



2.1.2 Nonlinear Multi-Valued Mappings

Given a real Hilbert space H, we denote by CB(H) the family of nonempty, closed and
bounded subsets of H. It is well known that the Hausdorff distance H defined by

H(A, B) := max { supd(a, B),supd(b, A) }, (2.1)

a€A beB

is a metric on CB(H). A subset K of H is called proximinal if for each « € H, there exists
an element k € K such that

d(z, k) = d(z, K) = inf {d(z,y);y € K }. (2.2)

We denote the family of all bounded proximinal subsets of a set K in H by P(K).
A mapping T : Dom(T) C H — CB(H) is said to be
(i) Lipschitzian if there exists L > 0 such that for each =,y € Dom(T),

H(Tz, Ty) < Ll|lz — yl|;
(ii) contraction, if there exists a constant k € [0, 1) such that for any z,y € Dom(T),

H(Tz, Ty) < k||lz — yll;
(iii) nonexpansive if for all z,y € Dom/(T),

H(Tw, Ty) < [l —yll;
(iv) k-nonspreading if for all x,y € Dom(T),

H(Tz, Ty)* < k(d(Tz,y)* + d(z, Ty)*); (2.3)
(v) quasi-nonexpansive if F(T) # @ and
H(Tz,Tp) < ||z —pl| Vp € F(T), x € Dom(T);

(vi) k-strictly pseudocontractive if there exists a constant k& € (0, 1) such that for all z,y €
Dom(T),

(H(T2,Ty))* <llz —yl> + klle =y — (u—v)|* VueTr,veTy; (2.4)

(vil) demicontractive if F(T) # () and there exists a constant k € (0,1) such that for all
x € Dom(T), pe F(T),

(H(Tx,Tp))? < ||z — p||* + k(d(x, Tx))>. (2.5)

Remark 2.1.3. If k = 1 in (2.3), (2.4) and (2.5), we have a new set of mappings called
nonspreading, pseudo-contractive and hemicontractive respectively.

11



2.1.3 Other Important Concepts
We give the following important definitions which are used in subsequent chapters.

Definition 2.1.4. Let D be a convex subset of a vector space X and f : D — R U {400}
be a map. Then,
(i) [ is convex if for each X € [0,1] and x,y € D, we have

fOz+ (1= Ny) <M(z)+ (1= N fy);

(i) f is called proper if there exists at least one x € D such that

f(x) # 4o00;

(1i3)f is lower semi-continuous at xg € D if

f(zo) < liminf f(x);

T—T0

(iv) f is upper semi-continuous at xy € D if

f(xo) > limsup f(z).

T—T0

Definition 2.1.5. Let C be a nonempty, closed and convex subset of a Hilbert space H. An
operator T : C' — H is Fejer monotone with respect to a subset V of C' if for all x € C and
z €V, we have

1Tz — 2| < [|lz — 2]].
If T is Fejer monotone with respect to F'(T'), then T is called quasi-nonexpansive.

Definition 2.1.6. Let C' be a nonempty, closed and convex subset of H. The sequence
{zk}i>1 is Fejer monotone with respect to C' if

llzko1 — 2|| < |lzx —2|| VE €N,z € C.

Definition 2.1.7. Let H be a real Hilbert space and A : H — H be a bounded linear map.
We define a map A* : H — H by the relation

(Az,y) = (z, A%y),
for all x,y € H. The map A* is called the adjoint/dual of A.

Definition 2.1.8. Let C' be a nonempty, closed and convex subset of a Hilbert space H and
let « > 0. An operator T : C' — H 1s said to be a-strongly Fejer monotone with respect to
a subset V' of C, or strongly Fejer monotone if

1Tz — 2|]* < ||z — 2|]* — af| Tz — 2||*.
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2.2 Spaces of Interest

2.2.1 Banach Spaces
Definition 2.2.1. Let V' be a vector space over a scalar field K (where K =R or C). A

norm on V is a map ||.|| : V' — R such that for all x,y in V and « in R, the following
conditions holds:

(a) [|x]] =0,

(b) ||z]] =0 & = =0,

(¢) [Jox]| = [e]]],

(d) llz +yll < ] + [lyll.
The pair (V. |].|]) is called a normed linear space.

Example 2.2.2. (i) Let X = Cla,b]. For f € X, let

HprZ(/ e \pdx) (1<p <o),

1 lloe = sup |f(x)].

x€|a,b|

Then ||.||, and ||.|| are norms on X.
(1i) Let X = C'a,b] be the space of all continuous and differentiable real valued functions
on [a,b]. For f € C'a,b],

df (x)

|| fI| = max |f(z)| + max -

a<x<b a<z<b

is a norm on C'[a,b].
Definition 2.2.3. A sequence {z,,}5°, in a normed space is called Cauchy if and only if
l|Zn — Zm]| = 0 as n, m — oo.

Definition 2.2.4. A normed vector space X s said to be complete if every Cauchy sequence
i X converges to a point in X, and a complete normed space is called a Banach space.

Example 2.2.5. The space X = Cla,b] is complete with the norm
1flleo = sup |f(z)] (f € Cla,b]),

z€la,b]

and incomplete with any of the norms

1111y = (/ab!f(x)lpdx) (1<p< o)

13



2.2.2 Hilbert Spaces

Definition 2.2.6. Let X be a linear space over a field F ( where F = C or R). An inner
product on X is a scalar-valued function (.,.) : X x X — F such that for all z,y,z € X
and for all o, B € F, we have

() (@, 2) = 0;

(17) (z,2) =0 =0

(1ii) (x,y) = (y,x)  (The bar denotes complex conjugation.);
(i) {aw,y) = oz, y);

(v) (& +y,2) = (z,2) + (y, 2).

The pair, (X, (.,.)) is called an inner product space.

An inner product space X is said to be complete if every Cauchy sequence in X converges
to a point of X. A complete inner product space is called a Hilbert space.

Example 2.2.7. (i) Finite Dimensional Vectors. CY is the space of N—tuples x =
(1, ...,xN) of complex numbers. It is a Hilbert space with the inner product

(@,y) =) Thyn. (2.6)

(ii) Square Integrable Functions on R. L?*(R) is the space of complex valued functions
such that

/R\f(x)|2d:v < 0. (2.7)

It is a Hilbert space with the inner product

(f.9) = / £ (@)g(x)d. (2.8)

(7i) Square Integrable Functions on R". Let Q be an open set in R™ (in particular, Q
can be the whole R™). The space L*(R)) is the set of complex valued functions such that

/Q |f(2)|?dr < oo, (2.9)

where © = (x4, ..., x,) € Q and dr = dxy...dzx,. It is a Hilbert space with the inner product

(f.9) = /Qf*(x)g(:v)d:v. (2.10)
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The easiest Banach space to work on is the real Hilbert space. This is because of the
simplicity of its geometry. Always available in a Hilbert space is the parallelogram identity

2 +ylI” + [lz = ylI* = 2(][=]]* + [y, (2.11)
this is equivalent to the polarisation identity
[l +yl* =[] + 2Re(z, y) + [lyl* (2.12)

The following equations also hold in Hilbert spaces,

|z —yl|* = ||=]]* = [|yl|* — 2(z — v, v), (2.13)
|z + yl)? < =] + 2(y, = + y), (2.14)

and
Az + (1= Nyl = Al[=]> + (1= N)|[yl]* = A1 = M|z — y|]%, (2.15)

for all z,y € H and A € [0, 1].

2.3 Multi-Valued Strictly Pseudo-Contractive Mappings

Fixed point theory for multi-valued mappings have been studied by many authors (see
(23, 32, 60, 69] and the references therein) and has attracted a lot of attention because
of its numerous applications in game theory, differential inclusions and constrained opti-
mization. They are also used in devising critical points in energy management problems,
optimal control problems, signal processing, image reconstruction and others. Existence of
Nash equilibria of a non-cooperative game can be proved using fixed point theory for multi-
valued mappings. However, the study of fixed point for strictly pseudo-contractive map-
pings helps in the study of fixed point theory for nonexpansive mappings and for Lipschitz
pseudo-contractive mappings, since every nonexpansive mappings are pseudo-contractive
and continuous but a pseudo-contractive mapping is not necessarily continuous.

In 1967, Browder [10] studied the operator equation Au = 0 (where the mapping A is mono-
tone). In the course of studying this operator, he introduced a new operator T defined by
T :=1— A, where I is the identity mapping on Hilbert space H. This operator was called
a pseudo-contractive mapping and the solutions of Au=0 are exactly the fixed points of the
pseudo-contractive mapping 7. The nonexpansive mappings is an important subclass of
the pseudo-contractive mappings.

In 1973, Markin [17] did the first work on fixed points for multi-valued nonexpansive map-
pings using the Hausdorff metric, followed by an extensive work by Nadler [51]. Since then,
several works have been done by many authors on the approximation of fixed points of
multi-valued nonexpansive mappings (see [1, 5, 38, 57] and the references therein ). Among
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the iterative schemes, Sastry and Babu [0] introduced the Mann and Ishikawa iteration as
follows:
Let T': H — P(H) and p be a fixed point of T". The sequence of Mann iterates is given by
Xg € H,

Tpi1 = (1 —ap)x, + anyn, n >0,

where y,, € Tx, is such that ||y, — p|| = d(Tx,,p) and «, is a real sequence such that
0<a,<land >~ a,=00.
The sequence of Ishikawa iterates is given by

Tor1 = (1 — apn)x, + apun,

(2.16)

where z, € Tw,,u, € Ty, are such that ||z, — p|| = d(p,Tx,),||u, — p|| = d(Tyn,p) and
{an},{Bn} are real sequences satisfying

(1) 0 < ay, B < 1,(i0) B — 0 as n — oo, (i14) Yo | an By = 00.

Nadler [51] gave the following useful result.

Lemma 2.3.1. Let A, B € CB(X) and a € A. if v > 0, then there ezists b € B such that
d(a,b) <H(A,B)+ 1. (2.17)

Using Nadler remark, Song and Wang [07] extended the result of Sastry and Babu [64] to
uniformly convex spaces and made an important observation that generating Mann and
Ishikawa sequences in [64] is in some sense depends on the knowledge of fixed point. They
gave their iterative scheme as follows

{yn = (1 - Bn)mn + 5nzn7

Tn4+1 = (1 - an)xn + apun,

where z, € Tx,,u, € Ty, satisfies ||z, — un|| < H(Txn, Tyn) + Yo, ||2ns1 — wnl|
H(Txns1, Tyn) + 7 and {a,}, {8} are real sequences in [0,1) satisfying lim, . 5n
0, apfy, = o0o.

Using the above iteration, they proved the following theorem.

I IA

Theorem 2.3.2. [07]. Let K be a nonempty, compact and convexr subset of a uniform
convex space X. Suppose that T : K — CB(K) is a multi-valued non-expansive mapping
such that F(T) # O and Tp = {p} for all p € F(T). Then the Ishikawa sequence defined

above converges strongly to a fixed point of T

Shahzad and Zegeye [05] observed that if E is a normed space and T : Dom(T) C E —
P(FE) is any multi-valued mapping, then Pr : Dom(T) — P(E) defined for each z by
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Pr(z) ={y € Tx : d(x,Tz) = ||z —y||} has the property that Pr(q) = {q} for all ¢ € F(T).
Using this idea, they removed the strong condition T'(p) = {p} for all p € F(T) introduced
by Song and Wang [67].

Recently, Chidume et al. [25] introduced a multi-valued strictly pseudo-contractive mapping
different from that of Browder and Petryshyn. They gave the following definition:

Definition 2.3.3. Let H be a real Hilbert space and D a nonempty, open and convezr subset
of H. Let T : D — CB(D) be a mapping. Then, T is called a multi-valued k-strictly
pseudo-contractive mapping if there exists k € (0,1) such that for all x,y € D(T), we have

H (T, Ty) < ||z —y|P + Kll(z —u) = (y = )%, (2.18)
for allu e Tx and v € Ty.

They proved a convergence theorem using a certain Krasnoselskii’s type algorithm for this
class of mapping as follows:

Theorem 2.3.4. [2)]. Let K be a nonempty, closed and convez subset of a real Hilbert space
H. Suppose T : K — CB(K) is a multi-valued k-strictly pseudo-contractive mapping such
that F(T) # 0. Assume Tp = {p} for allp € F(T) and T is hemicompact and continuous.
Let {x,} be a sequence defined iteratively from xo € K by

Tpi1 = (1 = AN)Tp + Ay,
where y, € Tz, and X\ € (0,1 — k). Then lim,,_,o d(z,, Tx,) = 0.

However, we noticed that none of the aforementioned authors proved their theorems without
imposing the condition that neither T" has a strict fixed point nor Pr satisfies any of the
contractive conditions studied so far by authors.

Isiogugu et al. [35], however suggested to approximate the fixed points of multivalued
mappings T directly instead of Pr and without imposing the strict fixed point set condition
on T'. This suggestion was also due to the fact that it has not been established that if a
multi-valued map 7" belongs to a class of maps, then Pr necessarily belongs to the same class
of maps and that of fixed point set of 7" need not be strict. Consequently, they obtained
a weak and a strong convergence results for the class of pseudo-contractive and strictly
pseudo-contractive mappings of Chidume et al.[25] respectively in Hilbert spaces. We first
define Isiogugu type-one mapping and state the weak convergence theorem.

Definition 2.3.5. [75]. Let E be a normed space and T : Dom(T) C E — 2F be a
multi-valued map. T is said to be of type one if given any pair r,g € Dom(T), we have

llu—v|| <H(Tr Tyg),

for all w € Ppr and v € Prg.
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Theorem 2.3.6. [70] Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Suppose that T : C' — P(C) is k-strictly pseudo-contractive mapping from C into the
family of all proziminal subsets of C with k € (0,1) such that F(T) # 0. If T is of type-one,
then the Mann- type sequence defined by

T'n+1 = (1 - ,Un)rn + nn,

weakly converges to q € F(T'), where g, € Try, with ||r, — g,|| = d(rn, Try) and p, C (0,1)
satisfying
(i) pon = p < 1=k, (it) p >0, and (iii) Y0~ 1 (1 — pn) = 00.

Chidume and Okpala [22] introduced a different class of multi-valued strictly pseudo-
contractive mapping called the generalized k-strictly pseudo-contractive mapping which
is more general than the class introduced in [25]. They gave the following definition for this
class of mapping.

Definition 2.3.7. [22]. Let H be a real Hilbert space and K a nonempty subset of H. Let
T: K — CB(K) be a multi-valued mapping. Then T is called generalized k-strictly pseudo-

contractive multi-valued mapping if there exist k € (0,1) such that for all z,y € D(T), there
holds

H(Tx, Ty) < ||z — y||” + kH*(Az, Ay), (2.19)
where A =1 —"T and I is the identity operator on K.

Using the definition above, the authors in [22] proved the following theorem and obtained
a strong convergence result under some additional conditions.

Theorem 2.3.8. [22]. Let K be a nonempty, closed and convex subset of a real Hilbert
space H. Let T : K — CB(K) be a generalized k-strictly pseudo-contractive mapping such
that F(T) # 0. Assume Tp = {p} V p € F(T). Define a sequence {x,} by xy € K, such
that

Tpi1 = (1 = Nzp + Ayn,
fory, € U™ and A € (0,1 —k). Then, d(z,,Tx,) — 0 as n — oo, where
1
U™ = {yn € Tz : H*({zn}, Txy) < ||z — val|* + ﬁ} (2.20)
Using the lemma stated below, they gave an example to show that this general class of

k-strictly pseudo-contractive multi-valued mappings exists and properly contains the class
studied by Chidume et al.[25] and a host of others.
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Lemma 2.3.9. [22]. Let a,b, c be real numbers such that 0 < a < be,c > 0. Then
-2
c

Proof. Since 0 < a < be, ¢ > 0. Then we have that

(a—1b)* < b+ (

= a? < abe
2
a
= —<ab
c
2
a
= ab > —
c
—2a?

C

= —2ab <

2

2
:>a2—2ab+b2§a2—i+b2
c

c—2
c

= (a—0)* < b+ ( )a’.

Example 2.3.10. [23]. Define a multi-valued mapping T; : [5(R) — CB(l2(R)) by

o [eble <ol =0
' {0}, x = 0.

_ _Ti L
Where o; = 5%, fori=1,2,...,. We say that

{yels:|ly— 27| < aillz|[}, z#0

r—Tx = {
{0}, z = 0.

Then, for arbitrary x,y € [5(R), we compute as follows:

H(Tiw, Ty) = |lv =yl + el l|=]] = Iyl

Y

and
H(z — Tiw,y — Ty) = 2|Jo — yl| + asll|z]] = ||yl
Now, set

a:=H(x—Tix,y — Tyy);b:= ||z —yl|
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Then, a — b= H(T;z,T,y) and

a = 2|z —y|| + ail||z]] = [|y]ll
< (24 ay)l|lz =y

So for each i, set 2 = a; = ¢; = ¢ in Lemma 2.5.9. We obtain the identity
applying the same lemma, we have that

Ci—Q _ (o7
¢ 2+4ay? and

(T, Tiy) < ||z — yI* + 5——H(x — T,y — Tiy).
AT, Ty) < lv =yl + 5 -H(w = Ty — Toy)

Hence, each T;,1 = 1,2, ..., is a generalized k;— strictly pseudo-contractive multi-valued map-
ping with k; = 57— € (0,1) and each k; < k := . Moreover, we have p € Typ if and only

T 13
if p=0. Hence, p € N2, F(T;p), Tip = {p}

Very recently, Chidume and Okpala [23] introduced the following iterative algorithm for
approximating a common fixed point of a countable infinite family of generalized k-strictly
pseudo-contractive multi-valued mappings.

xo € K, arbitrary,

G €TT,

Tyt = 00Tn + Yoy 0:CL,
bo € (k,1),> 2 0 =1,

(2.23)

where K is a nonempty, closed and convex subset of a real Hilbert space H, k € (0,1) and
i i i 1
Ly = {G € Tian = H2({wn}, Tiwn) < lzn = GIP + 5}

They obtained a strong convergence result under some mild assumptions using the iterative

scheme .

2.4 Quasi-Nonexpansive Mapping

The concepts of quasi-nonexpansive mapping was initiated by Tricomi [73] in 1941 for real-
valued functions. Since then many authors have studied and applied this class of mapping
to approximate solutions of fixed point problems and other related problems in both Hilbert
spaces and Banach spaces (see [50, 71, 77, 78] and the references therein). It is well-known
that every nonexpansive multi-valued map T with F(T) # () is quasi-nonexpansive, but
not all quasi-nonexpansive mappings are nonexpansive (check [33] and Example 4.1 in [63]
to see that the inclusion is proper). It is also known that if 7" is a quasi-nonexpansive
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multi-valued map, then F(T) is closed (see [33] for the proof). Several other mappings have
been defined in terms of quasi-nonexpansive mapping by adding one or two conditions. For
instance, Suantai et al. [69] introduced a class of nonspreading multi-valued mappings and
gave the following definition for this class of mappings.

Definition 2.4.1. Let C be a nonempty, closed and convex subset of a Hilbert space H,
then a mapping T : C — CB(C) is a k-nonspreading multi-valued mapping if there exists a
constant k > 0 such that

H(Tx, Ty)* < k(d(Tz,y)?* + d(z, Ty))?, (2.24)

for all z,y € C. Furthermore, they assumed that if 7' is a i-nonspreading and F(T') # 0,
then 7' is a quasi-nonexpansive mapping. Indeed for all z € C' and p € F(T'), we have

2H(Ta, Tp)* < d(Ta,p)* + d(z,Tp)
< H(Txz,Tp)* + ||z — pl>.

Hence, we have that
H(Tz,Tp) < ||z — pl|.

Suantai et al. [09] gave an example of %—nonspreading multi-valued mapping which is not
nonexpansive.

Example 2.4.2. [09] Let H =R and consider C' = [—3,0] with the usual norm.
Define T : C — CB(C) by

~J{o}, z € [-2,0],
To= {[x' 0], wel-3-2).

lz|+17

We have the following cases:

Case 1: If x,y € [-2,0], then H(Tz,Ty) = 0.

Case 2: If x € [-2,0] and y € [-3,—2), then Tx = {0} and Ty = [%,0]. This implies
that

2H(Txz,Ty)* = 2( i )2 <2< y* <d(Tw,y)? +d(z, Ty)>

[yl +1
Case 3: If x,y € [-3,—2), then Tx = [|;|E|1’ 0] and Ty = [@—_ﬁll, 0]. This implies that
( il i ) <2 <d(Tz,y)* + d(z, Ty)*.

lz[+1 |yl +1

Hence, T is not nonexpansive since x = —2 and y = —g, we have Tx = {0} and Ty =
[—2, 0]. This shows that H(Txz,Ty) =



Also, Sastry and Babu [(4] gave the definition of a generalized nonexpansive mapping and
showed that if 7" is a multi-valued generalized nonexpansive mapping, then it is a multi-
valued quasi-nonexpansive mapping.

Definition 2.4.3. Let C be a nonempty, closed and convex subset of a Hilbert space H, a
multi-valued mapping T : C — CB(C) is said to be generalized nonexpansive if

H(Tz,Ty) < allz —y|| + b(d(z, Tx) + d(y, Ty)) + c(d(z, Ty) + d(y, Tx)), for allz,y € C,
where a + 2b + 2¢ < 1.

Indeed, if p € F(T) and T is a generalized nonexpansive mapping, we obtain that for all
x € C,

H(Tz,Tp) < al|lz — pl[ + b(d(z, Tz) + d(p, Tp) + d(p, T'x))
< allz — pl| +b(|[x — pl| + d(p, Tz)) + c(d(x, Tp) + d(p, T'x))
< (a+b+c)llz —pl|| + (b+c)d(p, Tx)
<(a+b+)||lz—p||+ b+ c)H(Tz,Tp).

Hence, H(Tz, Tp) < 1“3?215 < 1, it follows that

H(Tx, Tp) < |l —pl|.
We give examples of single-valued and multivalued quasi-nonexpansive mappings.

Example 2.4.4. Let H = R endowed with the usual norm. Let C = @ =: [0,00), and

; . . _ x%49 _ z+8
define the mapping T : C = R and S : Q — R byTx—ﬁforalleC ande—%,
forall x € Q. Then T and S are quasi-nonexpansive mappings.

Proof. Trivially, F(T) = {3} and F(S) = {2}. Using the definition of a quasi-nonexpansive
mapping, we have that

249 x
Tx —3| = —3| = -3
Te=3l=1373 ‘ 308
<z -3
On the other hand,
8 r+8 8 1 8 8
Sr——| = ——|l==lz—=| < |v— =]
g A 8 7‘ s|” J—-x 7
Hence, we conclude that 7" and S are quasi-nonexpansive mappings. O
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Example 2.4.5. Let H = R (endowed with the usual metric) and T : R — 2% be defined

by
T, =
\

Observe that F(T) = {0}, for each x € (—00,0) U (0,00), we have

=)

5] w€0,00),
,0] x € (—00,0].

(S

1
H(Tz,0) = }g — 0] = 5le—0l <o~ 0],

for each i =1,2,.... Hence, T is quasi-nonexpansive.

2.5 Metric Projection

Let C be a nonempty, closed and convex subset of a real Hilbert space H. For every point
x € H, there exists a unique nearest point in C, denoted by Psz, such that

|z = Po(@)]| < [lz —yl|, Yy e C

Pe is called the metric projection of H onto C'. It is well known that Pg is a nonexpansive
mapping of H onto C' and satisfies:

|Pe(x) = Po(y)l| < (x —y, Po(x) = Pe(y)). (2.25)
Moreover, Po(z) is characterized by the following properties:
( — Po(z),y — Po(z)) <0, (2.26)
and
|z = yl* > [l = Pe(@)I]* +|ly = Pe(@)|]*, Vo € Hy € C. (2.27)

For all z,y € H, it is well known that every nonexpansive operator T': H — H satisfies the
inequality below

1
(@ —T@) = (y—T). T(y) - T(z)) < SI[(T(2) —2) = (T(y) =y, (2.28)
and therefore, we have that for all x € H and y € F(T),
1
(v =T(2),y = T(x)) < 5lIT(x) = | (2.29)
We now list some examples of metric projections in Hilbert spaces.
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Example 2.5.1. Let C' = [a,b] be a closed rectangle in R™, where a = (a1, as, ...,a,)" and

b= (by,ba,....0,)7T, then for 1 <i <n, we have
Qs T; < @y,
(ch)z =S8, ;€ [CLZ‘, bz],
bi, x> b
is the metric projection with the i coordinate.

Example 2.5.2. Let C' be the range of an m X n matriz with full column rank and A* be
the adjoint of A, then

Poxr = A(A*A) ' A*x

is the metric projection Po onto C.

2.6 Split Feasibility Problem

In 1994, Censor and Elfving [15] introduced the Split Feasibility Problem (SFP) in finite-
dimensional Hilbert spaces. This problem has been used for modelling inverse problems
which arise from phase retrievals and in medical image reconstruction. They gave the
following definition for the problem.

Definition 2.6.1. Let C' and Q) be nonempty, closed and convex subsets of real Hilbert
spaces Hy and Hy respectively and A : Hy — Hy be a bounded linear operator. The SFP is
formulated as follows:

find x* € C such that Az™ € Q. (2.30)
The SFP arises in many areas of applications such as computer tomography, image restora-
tion, phase retrieval and radiation therapy treatment planning, (see [15, 17, 16, 53, 66] and
the references therein). Some authors have proposed different methods of solving the SFP,
(see [I1, 14,61, 81] and the references therein) .
Suppose that SFP (2.30) is consistent i.e has a solution, then it can be easily seen that
2" = Po(l +yA*(Py — I)Ax™), VzeC, (2.31)

where Po and Py are the orthogonal projections onto C' and () respectively, v > 0 and A*
denotes the adjoint of A. This implies that z* solves SFP (2.30) if and only if * solves
fixed point equation (2.31).

Recently, Moudafi [15] introduced the following new SFP which is known as the general split
equality problem. This problem comprises of many applications, for instance, in decompo-
sition methods for PDE’S; game theory and in intensity-modulated radiation therapy. He
gave the following definition for this problem:
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Definition 2.6.2. Let Hy, Hy and Hs be real Hilbert spaces, C C Hy,QQ C Hy be two
nonempty, closed and conver sets, A : Hi — H3, B : Hy — H3 be two bounded linear
operators. The new split feasibility problem is to find

z*eC, y €@ suchthat Az = By". (2.32)

It is easy to see that problem (2.32) reduces to (2.30) if Hy = H3 and B = I, where [ is the
identity mapping Hy to Hs.

Many authors have introduced some useful methods to solve some kinds of general split
feasibility problem in real Hilbert spaces under some suitable conditions. Some strong
convergence theorems have been proved (see [21, 31] and the references there in).

2.7 Equilibrium Problems

In 1994, Blum and Oettli [7] introduced the equilibrium problem, this problem provides a
novel and unified treatment of a wide class of problems which arise in economics, finance,
image reconstruction, ecology, transportation, network, elasticity and optimization. Equi-
librium problems includes the variational inequality problem, Nash equilibrium and game
theory as special cases.

Let C be a nonempty, closed and convex subset of a Hilbert space H and F': C' x C' - R
be a nonlinear bifunction. Then the Equilibrium Problem (for short, EP) is to find 2* € C
such that

F(z*,y) >0, VyeC. (2.33)

The set of solution of EP is denoted by EP(F).
Let a: C' — RU {400} be a function. The Mixed Equilibrium Problem (for short, MEP)
is to find z* € C such that

F(z*y)+aly) —a(z*) >0, VyedC. (2.34)

The set of solution of MEP is denoted by M EP(F, «). The MEP includes several important
problems arising in engineering, physics, science, optimization, economics, transportation,
network and structural analysis.

If @ =0, then the MEP (2.34) reduces to (2.33). If F' = 0, then the MEP (2.34) reduces to
the following convex minimization problem:

Find z* € C such that a(y) > a(z*), VyeC. (2.35)

The set of solutions of (2.35) is denoted by CM P(«).
In 2013, Kazmi and Rizvi [37] introduced and studied the following split equilibrium prob-
lem:
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Let C' C Hy and Q C H, be nonempty, closed and convex sets. Let F} : C x C — R and
Fy : Q) x @ — R be nonlinear bifunctions and A : H; — Hs be a bounded linear operator,
then the Split Equilibrium Problem (SEP) is to find z* € C such that

F(z*,2) >0, VzeC, (2.36)
and such that
y*=Az" € Q solves G(y*,y) >0, yeQ. (2.37)

The inequalities (2.36) and (2.37) constitute a pair of equilibrium problems. The image
y* = Ax* of the solution of (2.36) in H; under a given bounded linear operator A, is also
the solution of (2.37) in Hy. We denote the solution set of (2.36) and (2.37) by EP(F) and
EP(G) respectively.

The solution set of SEP (2.36) and (2.37) is denoted by © := {p € EP(F): Ap € EP(G)}.
Recently, Kazmi and Rizvi [37] introduced the following iterative scheme to approximate
a common solution of SEP, a variational inequality problem and a fixed point problem for
nonexpansive mapping in real Hilbert spaces.

Up = JE (2 +yA (IS — 1) Az,);
Yn = Pe(tn — A Duy,);
Tpy1 = QU + ann + /Vnsyn;
where r,, C (0,00), A\, € (0,27) and v € (0, 7). L is the spectral radius of the operator A*A,

where A* is the adjoint of A and {«,}, {B.}, {7} are sequences in (0, 1). Furthermore, they
proved a strong convergence result. See theorem (3.1) in [37] for details.

Definition 2.7.1. Let F' : C x C = R, G : Q x Q@ — R be nonlinear bifunctions and
A: Hi — Hz, B: Hy — Hjs be two bounded linear operators. Then the Split Equality
Equilibrium Problem (SEEP) is to find x* € C and y* € Q such that

F(z*,2) >0 VYaxeC, Gy, y) >0, ye€Q and Ax* = By". (2.38)
The set of solutions of (2.38) is denoted by SEEP(F,G).

Very recently, Ma et al. [12] studied the following Split Equality Mixed Equilibrium Problem
(SEMEP).

Definition 2.7.2. Let Hy, Hy and Hs be real Hilbert spaces, C' and () be nonempty, closed
and convex subsets of Hy and Hy respectively. Let F: C x C = R and G : Q x Q — R
be nonlinear bifunctions and o : C — R U {+o0},5 : Q@ — R U {+oc} be proper lower
semi-continuous and convex functions such that C N doma # O and Q NdomfB # 0. Let
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A: Hy — Hz and B : Hy — Hj3 be two bounded linear operators, then the SEMEP is to find
x* e C and y* € Q) such that

F(z*,z) + a(z) —a(z") >0, Vo €C,

Gy y)+By) = By") >0, Vy €Q
and Az* = By”. (2.39)

The set of solutions of (2.39) is denoted by SEMEP(F,G,«,[5).

Using their algorithm, Ma et al. [12] obtained a weak and a strong convergence result for
SEMEP and fixed point problem for nonexpansive mappings in real Hilbert spaces.
They proved the following theorem.

Theorem 2.7.3. Let Hy, Hy and Hs be real Hilbert spaces, C' C Hy and () C Hy be
nonempty, closed and convexr. Assume that F': C' x C = R and G : Q x Q — R are
bifunctions satisfying (A1)-(A5). Let a: C — RU{+oo} and f: Q — RU{+o0} be proper
lower semi-continuous and convex functions such that CNdoma # O and QNdomf3 # 0. Let
T:H,— Hy{, S:Hy,— H, be two nonexpansive mappings and A : Hy — Hs, B : Hy — Hj3
be two bounded linear operators. Let (x1,y1) € C X Q and the sequence {(xn,yn)} be
generated by

F(up,u) + a(u) — a(u, )+Ti< — Up, Uy — Tpy) > 0, Yu € C;
G(vpn,v) + B(v) — B(v )—l—i( — Uy Up, — Yn) > 0, Yo € Q;
Tpt1 = Opty + (1 — ¢0)T (uy, — ppA*(Au,, — Buy,)),Vn > 1;
Ynt1 = OnUn + (1 — @) S (v, + pnB*(Aun Buvy,)), Vn > 1;

where Ag and \g are spectral radii of A*A and B*B respectively, {p,} is a positive real
sequence such that p, € (e, ﬁ —¢) (for € small enough), {¢,} is a sequence in (0,1)
and r, C (0,00) satisfies the following conditions:

(1) 0< o< ¢, <0 <1 (for some ¢,0 € (0,1)),

(ii) liminf, o r, > 0 and lim,_,o |71 — 70| = 0.

IfT = F(T)N F(S) N SEMEP(F,G,, §) # 0, then

(1) the sequence {(xn,yn)} converges weakly to a solution of (2.39).

(2) In addition, if S,T are semi-compact, then {(z,,yn)} converges strongly to a solution
of (2.39).

2.8 Variational Inequality Problems

Variational inequalities were formulated between the end of 60’ and the beginning of 70’
of previous century by an Italian mathematician named G. Stampacchia [68]. In recent
years, many authors have extended and generalized variational inequality theory in several
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directions using new powerful methods in a unified and general framework. The theory of
variational inequalities constitute a very natural generalization of the theory of boundary
value problems which permit us to consider new problems arising from many fields of applied
mathematics such as physics, mechanics, engineering, theory of convex programming and
theory of control. The theory of variational inequalities has its origin in the projection on
a convex set, this provides a general framework for a wide range of mathematical problems
such as optimization problems, EP, engineering sciences (EP in a traffic network) and in
the economic sciences (oligopolistic market EP). Many authors have studied and computed
the solutions of variational inequalities using iterative algorithms (see [37, &, 76, 59, 18, 28]
). The development of the finite-dimensional variational inequalities began in the mid-
1960s but followed a different path compared to its infinite-dimensional counterpart which
was conceived in the area of partial differential systems. The finite dimensional variational
inequality was born in the domain of mathematical programming and have its developments
in mathematical theory and a multitude of interesting connections to numerous disciplines.

Definition 2.8.1. Let H be a real Hilbert space and C' a monempty, closed and convex
subset of H, then the variational inequality problem (in short, VIP) is to find x € C such
that

(Dz,y —x) >0,V yeC, (2.40)

where D : C'— H is a nonlinear mapping. The set of solutions of problem (2.40) is denoted
by VIP(C, D).

Recently, Censor, Gibali and Reich [18] introduced a concept of Split Variational Inequality
Problem (SVIP), they gave the following definition to their problem:

Definition 2.8.2. Let H,; and Hs be two real Hilbert spaces, C' and ) be nonempty, closed
and convexr subsets of Hy and Hsy respectively. Let f : Hi — Hy, g : Hy — Hy be two
operators and A : Hi — Hy be a bounded linear operator, then the SVIP is formulated as
follows: find a point z* € C such that

(f(z"),2 —a") >0,V x € C, (2.41)
and such that the point y* = Ax* € @) solves

(9(y"),y—y") =20, VyeQ. (2.42)

A common solution to VIP and fixed point problem for nonexpansive mappings have been
studied extensively by numerous authors (see [13, 27, 49, 75] and the references therein). In
2000, Moudafi [19] proposed the viscosity approximation method for finding a fixed point
of a nonexpansive mapping. He proved that the sequences generated by both implicit and
explicit methods converges strongly to a unique solution of some variational inequality prob-
lem.
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Chugh and Rani [27] also introduced a new iterative algorithm for finding a common el-
ement of the set of fixed points of a nonexapnsive mapping and the set of solutions of a
variational inequality problem for an a-inverse strongly monotone mapping and obtained a
weak convergence theorem.

Very recently, Deepho et al. [31] considered an iterative scheme to approximate a common
element of the set of solutions of split variational inclusion problem and the set of common
fixed point of a finite family of k-strictly pseudo-contractive nonself mappings. Strong con-
vergence theorem was established under suitable conditions in real Hilbert spaces, which
also solves some variational inequality problem. They denote the solution set of the split
variational inclusion problem by T' and proved the following theorem.

Theorem 2.8.3. Let Hy and Hy be two real Hilbert spaces and let C' C Hy and (Q C Hs
be nonempty, closed and conver subsets. Let A : Hi — Hs be a bounded linear operator
and M a strongly positive bounded linear operator on Hy with a coefficient T > 0. Assume
that {T;}Y., : C — Hy is a finite family of k;—strict pseudo-contraction mappings such that
T :=NNE(T;) NT # (. Suppose f is a contraction on C with a coefficient p € (0,1) and
Zﬁil nt =1 for alln >0, for a given x¢ € C,a,, B, € (0,1) and 0 < 7 < E. Let {x,} be
a sequence generated in the following;

Uy = Jfl(xn +7A*(sz — 1) Ax,),
Yn = Bnun + (1 - Bn) sz\il 77?:1%“%7 (243)
Tpi1 = 0T f(2n) + (I — anD)yn,n > 1,

where A > 0,7 € (0, %), L s the spectra radius of the operator A*A, and A* is the adjoint
of A. The following control conditions are satisfied;

(C1) lim, ooy, =0, > 2 =00 and Y oy, — ay_q| < 00;

(C2) k; < B, <l<1, Iim2, B, =1andd> " |Bn — Bua| < 00

(C3) o0y 8, ™ =] < oo,

Then the sequence {x,} generated by the iterative scheme converges strongly to g € Y which
solves the variational inequality

(M—=7f)q,q—p)<0Vp € T.
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CHAPTER 3

Common Solution of Split Equality Mixed Equilibrium and Fixed
Point Problems for Countable Families of Generalized K- Strictly
Pseudo-Contractive Multi-Valued Mappings

3.1 Introduction

In this chapter, we introduce an iterative algorithm for finding a common solution of
multiple-set SEMEP and fixed point problem for countably infinite families of general-
ized k;—strictly pseudo-contractive multi-valued mapping in real Hilbert spaces. Using our
iterative algorithm, we obtain a weak and a strong convergence result for approximating a
common solution of multiple-set SEMEP and fixed point problem. As application, we uti-
lize our result to study split equality mixed variational inequality and split equality convex
minimization problems.

Let Hy, Hy and Hj be real Hilbert spaces, C' and () be nonempty, closed and convex subsets
of Hy, Hy respectively. Assume that F': C x C' = R and G : Q X Q — R are bifunctions
satisfying (A1) — (44), let a : C — R U {+oo} and 5 : @ — R U {+0o0} be proper lower
semicontinuous and convex functions such that C' N doma # ) and Q N domfB # ). Let
T,: HH — CB(Hy), i=1,2,... and S; : Hy - CB(H>), j = 1,2,... be two countable
families of generalized strictly pseudo-contractive multi-valued mappings with constants k;
and k; respectively and A : H; — Hs, B : Hy — Hs be bounded linear operators. We
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consider the following problem: find (z*,y*) € N2, F(T;) x N3, F'(S;) such that
F(z*,z) + a(r) —a(z") > 0,V €C,
Gy y)+By) —Bly") =20.Vy €,
(3.1)
and Ax* = By* .

Definition 3.1.1. Let H be a real Hilbert space.

(1) A multi-valued mapping T : H — CB(H) is said to be demi-closed if for any sequence
{z,} C H with z,, = z*, and d(z,,,T(z,)) — 0, we have z* € Tz*.

(2) A multi-valued mapping T : H — CB(H) is said to be semi-compact if for any bounded
sequence {x,} C H with d(z,,T(z,)) — 0 as n — oo, there exist a subsequence {x,,} of
{zn} such that {x,,} converges strongly to some x* € H.

3.2 Preliminaries

Throughout this chapter, we denote the weak and strong convergence of sequence {z,} to a
point x € X by x, — = and x, — x respectively. We also denote (H (A4, B))? by H?*(A, B)
for all A, B € CB(H) and the solution set of (3.1) by I' defined as:
= {(m*,y*) € N2 F(Th) x M52, F(S;) « (2%,y") € MEP(G, ) x MEP(M, j3)
and Az* = By*} # 0.

We now list some important results that we will need to prove our main result.

Lemma 3.2.1. [58] Let C be a nonempty closed convex subset of a Hilbert space H. Let
F be a bifunction from C x C to R satisfying (A1) — (A4), and let a: C — R be a proper
lower semi-continuous and convex function such that C Ndoma # (). Forr >0 and x € H,
define a mapping TF : H — C' as follows:

1
r

T (@) = {we C: Fluw,y) +aly) - a(w) +

Then
(1) For each x € H,TF(z) # 0;
(2) TF is single valued;
(3) TF is firmly nonexpansive, that is Yo,y € H,
1T = Tyl < (T e = Ty, o —y);

(4) F(TF) = MEP(F, );
(5) MEP(F,«) is closed and convex.

(y-wuw-2)20vyeCl  (32)
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Lemma 3.2.2. [70] Let H be a real Hilbert space and {u,} be a sequence in H such that
there exists a nonempty set W C H satisfying:

1. For every p € W, lim,, o ||ptn — p|| exists;
2. Any weak-cluster point of the sequence {iu,} belongs to W.
Then there exist w* € W such that {u,} converges weakly to w*.

Lemma 3.2.3. [29] Let H be a real Hilbert space and let {x;}ien be a bounded sequence in
H. For \; € (0,1), such that > ;2, X\; = 1, the following holds:

Il =Y Al = Y Al —
=1 =1

1<i<j<oo

Lemma 3.2.4. [70] Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

Ap+1 S an+5na n 2 07

such thaty .2, 6, < co. Then, lima,, exists. If in addition that {a,} has a subsequence that
converges to 0, then a, converges to 0 as n — oo.

Lemma 3.2.5. [22] Let K be a nonempty subset of a real Hilbert space H and T : K —
CB(K) be a generalized k-strictly pseudo-contractive multi-valued mapping. Then T is L-
Lipschitzian.

It follows from the Lemma 3.2.5 that,

H(Tz, Ty) < L||x —y], (3.3)
1+ Vk
1-vVk

Proof. Let x,y € Dom(T). Then, from definition of k-strictly pseudo-contractive multi-
valued mappings, we have that

Where L := (3.4)

MW (T, Ty) < |lv — ylI” + kH*(z — T,y — Ty)
< lz = ylI* + &(||lz — y|| + H(T=,Ty))?, by Lemma 3.2.6, (b), (c)
< (llz =yl + VEllz = yl| + VEH(Tz, Ty)).

Thus,

H(Txz,Ty) < (1 + VE)||z —y|| + VEH(Tz, Ty),

32



and hence

<LEVE L
Ve Y

H(Tx, Ty) <

]

Lemma 3.2.6. [22] Let E be a normed linear space, By, By € CB(E) and x,y € E arbi-
trary. Then the following hold;

((1) H(Bl, Bg) = H(ZL‘ + Bl,ﬂf + Bg)

(b) H(Bi, By) = H(—B1, —By).

(¢) H(z + Br,y + B2) = [z — y|| + H(By, Ba).

(d) H({r}. B1) = supycp, 1z b

(e) H({x}, By) = H(0,x — By).

Proof. (a) We prove Lemma 3.2.6 using the definition of the Hausdorff metric.

H(z + Bi,x+ Bs) : =max { sup d(z + by, z + By); sup d(z + by, z + By)}

bi1€B; baeB>

= max{ sup d(by, Bs), sup d(b2731)}
bi1eBy ba€B2

= H(Bl, BQ)

(b) We have
H(—Bi,—Bs) =max{ sup d(—b;,—Bs), sup d(—by,—Bi)}

—b1E—B; —boE—Bsg

=max { sup d(bi, By), sup d(bs, By)}
b1€By ba€B2

= H(Bl, Bg)

(c) It is known that for any set B C E, x,y € E arbitrary, the inequality
d(z,B) < ||z —y|| +d(y,B) holds.
Using this inequality, we have that

d(w + b1,y + By) < ||(2 +b1) = (y + 01| +d(y + b1,y + Ba)
= [l = yl[ + d(b1, By),

similarly,

d(y + by, x + By) < ||z = yl| + d(be, B1)
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Therefore, taking sup over By and B, respectively, we have

sup d(l’ + bl:y+ BQ) S ||ZE - yH + sup d(b17B2)7
b1€B; b1€B;

and

sup d(y + be,xz + By) < ||z — y|| + sup d(by, By).
ba€B2 ba€B2

Thus,
H(x + B,y + By) < ||z —y|| + H(B1, Ba).

(d) It is obvious that d(x, B1) = sup,e(, d(z, B1). On the other hand, for any b, € By, we
have

d(by, {z}) = [|by — x| = d(z, By).
Taking sup over By, we have

sup d(by,{z}) > d(z, By),

bi1€B;

and therefore

H({z}, By) :== max { sup d(bs,{z}), sup d(z,By)} = sup d(b;,{z}).

b1eB ze{x} b1€B1

H{z},By) : = max{ sup d(b, {x}),d(x, Bl)}

bi1€B;

=max { sup ||z — bi]]),
bi€B1 b
=max { sup d(0,z — By),d(0,2 — By)}

bi1€B;

=H({0},x — By).

inf ||z — b
inf [l — ba|}

Lemma 3.2.7. [/5] Let H be a real Hilbert space. Then for all z,y € H, we have

llz = yll* = [|=]* = [lyl]* = 2(z — 5, ).
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Lemma 3.2.8. [27] Let K be a nonempty and closed subset of a real Hilbert space H and let
T: K — CB(K) be a generalized k-strictly pseudocontractive multi-valued mapping. Then,
(I —T) is strongly demiclosed at zero.

Proof. Let {x,} be a sequence in K such that z,, — = and d(z,, Tx,) — 0. For each n € N,
take y,, € T'z,, such that ||z, — y,|| < d(z,,, Tz,) + . Then

d(x, Tx) < [ = @u|| + |[2n = yall + d(yn, T7)
1
< ||z — z,|| + d(xp, Txy,) + o H(Tz,, Tx)

1 1+Vk

<||lx —zn|| + d(zp, Tx)) + — + ——=
<l =l + dla, Ta) + 4

|z — 2| + d(2y, Ty,).

|2y — ||
.2
“1-Vk

Thus, taking limits on both sides as n — 0o, we have that d(z, Tx) = 0. Since Tz is closed,
reTx. O

Next, given a countably infinite families {7} };>; and {S;};>1 of generalized strictly pseudo-
contractive multi-valued mappings with constants k; and k; respectively. For an arbitrary
sequences {p,} and {g,} subset of C' and @ respectively, where C' and ) are nonempty,
closed and convex subset of a real Hilbert space H; and H,. Let U' and J7 denote the set
of inexact distal points of p,, and g, to the set T;p, and S;q, respectively, i.e

. . . 1
Up = {9 € Topn s H2{pa}, Tipn) < llpw = gilP+ 5 |, (3.5)

is nonempty.
Similarly,

A . , 1
\77{ = {Zgl S Sj‘]n : H2({Qn}a San) < ||Q7l - Z%HQ + ﬁ}v (3'6)

is nonempty.

Obviously, U and J7 is nonempty, closed and convex for each n > 1 due to Lemma 3.2.6(d).
In particular, if T;p and T;q are assumed to be proximinal and bounded for each p € C' and
q € Q, then T;p, and T;q, have two vectors say v’ and 7’ of maximum norm, i.e

pn — vill = H({pn}, Tipn) = sup |lpn — gill,
9n€Tipn

and,

lgn — 7l = H({an}, Sjgn) = sup lgn — 23|

Z%Equn
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3.3 Main Result

We now state the weak convergence theorem.

Theorem 3.3.1. Let Hy, Hy and H3 be real Hilbert spaces, C' and () be nonempty, closed and
convex subsets of Hy and Hy respectively. Assume that F': CxC =R and G : Q xQ — R
are bifunctions satisfying (A1) — (A4), let « : C' = RU {+o0} and f: Q — RU {+o0} be
proper lower semi-continuous and convex functions such that CNdoma # O and QNdom3 #
0. Let T, : H — CB(Hy), i = 1,2,3,..., and S; : Hy — CB(H,), j = 1,2,3,... be
two multivalued generalized strictly pseudo-contractive mappings with constants ki and ks
respectively and A : Hi — Hs, B : Hy — Hj3 be two bounded linear operators, let x1 € C
and y1 € Q be arbitrary and the sequence {(xn,yn)} be generated by

(F(tn,u) + a(u) = alup) + - (u =ty w4y — 20) > 0,V u € C

G(vn, v) + B(0) = B(n) + (V= Vn, v — Yn) > 0,Y v € Q;
Pn = Up — A (A, — Buy,);

Gn = Un + &, B*(Au,, — Buy,);

Tt = AoPn + D21 Nin;
(Ynt1 = Mo + D021 Ajzi, Vo > 1

(3.7)

2
€ Saton
denote the spectral radii of A*A and B*B respectively, where A*, B* are adjoint of A and
B respectively satisfying the following conditions:

where gt € Tipn, 22 € S;q, and &, € ( 8) (for € small enough), ¢ and ¢p

(i) k1 = sup;>1{ki}, ko = sup;s {k;} € (0,1) where k := max{ki, ko} and k € (0,1),
(it ) Xo € (k, 1), Aiy Aj € (0,1), 4,5 =1,2,..., such that 32 N\ =1 and 377, \; =1,
(iti) for each v € (2, F(T3), Tix = {x} and for each y € (N2, F'(S;), Sjy = {y}
Then the sequence {(Tn,yn)} converges weakly to a solution of problem (x*,y*) € T.

Proof. Taking (z,y) € T, it follows from Lemma 3.2.1 that x = Tflx and y = TTGny, we have

[fun = || = || @ = TE || < || — 2]l (3.8

n

o =yl = 1T v — TEY|| < |lyn — yl|-

Moreso, we show that the recursion formulas z, 1 = A\op, + Z;’il gl and Y, 11 = Aogn +

> 21 A7, in the iterative scheme (3.7) are well defined. Take x € N, F(T;) and y €
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o0

©,F(S;) arbitrary, we have

1Pn — Goll < H(pw, Tipn)-
= H(pn + x, 2+ Tip,).

Applying Lemma 3.2.6(c), we obtain:

P — gill < llpn — || + H(Tx, Tipy),

1+\/E|| !
n — T||.

=i

Applying the triangular inequality and taking limits, we have

< |lpn — =[] +

inf ||p, — z||.

sl [Pl Tk eont

It then follows that

2111 < Nollpall + Y Nillgall-

i=1
Therefore,
[ 41]] < Mollpall + Y AiRn < Ry
i=1

Following the same step as shown above,

[1gns1ll < Aollgall + Y AW < W,

Jj=1

Hence, x,,.1 and y,,, are well defined.
Since T; are generalized k;— strictly pseudo-contractive mapping, by applying Lemma 3.2.3,
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3.2.6(e) and identity (3.5), we have:

lzns = @[ = [[Aopn + Zkigi; —z|f?

=1

= [|Ao(pn — +Z)\ g —2)|)?

= Xollpn — z|* + Z&Ilgf; — 2P =) Nodillpn —gil? = > Adillgh — gl

i=1 i=1 1<i<j<o00

< Xollpn — || + Z NH?(Tipn, Tix) — Z Aoillpn — gl

< ollpn — 2l + 37l = ol + BH(0). o — Tipn)) = 3" Aoillpa — 4P

=1

= Z Aillpn = l[* + ZAz’k‘iHQ({pn}aﬂPn) - Z)\0M|pn — gull?
<ZA||pn || + Zm(npn Gl + ) - Zmnpn gilP

k :
< lpn =l + 55— 3000 = )l — 621 ) (3.10)
=1

But

Hpn - x||2 = ||un - gA*(Aun - an) - :)3||2
= ||up — z||* + E¢a||Auy — Buy||? — 26, (Au,, — Az, Au,, — Bu,)
= ||z, — x||2 + §i¢A||Aun — an||2 — 26, (Au,, — Az, Au, — Buy,). (3.11)

Substituting (3.11) into (3.10), we have

s =l < [, — 2+ E20al1Au, — B |2 = 26, (Au, — Av, Au, — Bu,) + 13
o k) S Ml — g2 (312)
=1
Similarly,
yns1 — yIIP < llyn — ylI> + E 05l Aun, — Bug||* + 26,(Buy — By, Au, — Buy,) + @
00— k)Y Al — =P 319
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Adding the last two inequalities, using k = max{ky, ko} and the fact that Az = By, we
have

k
[l2ns1 = 2[[* +1lgnsr = ll* < llwn —2l]* +1lga =yl + 5 + & [(¢A + ¢p)|[Au, — Buy||*

— 26| Aun — Bug|* — (Ao — k ZAHPn anll®

~ (- ZA lan — 231?
which also implies
k
st = 2l + s = 91 < o = 2l + llyn =yl + =5 = & (2 = €a(éa+ ¢5) ) || Aun — Bua?

—(do—k Z)\Hpn gull> = (o — & ZAH%—ZW
(3.14)

Suppose L'y (z,y) = ||z, — z||* + ||yn — yl|?, then from (3.14), we have

k
— (X — Z)\ llgn — 22| (3.15)

Since A\g € (k,1) and &, €
inequality (3.15) that

(5, m — 5), we have 2 — £,(¢pa + ¢p) > 0. it follows from

k
Coi(2,y) <Tu(z,y) + =

Using Lemma 3.2.4, we have that lim,, . I',(z,y) exist, this implies that {z,},{y.} are
bounded.

From inequality (3.15), we have

k
(Ao — [ZA [P — gil[? +ZA lan = 1P| < Dul,y) = Dusaay) + —.
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So for each 7 > 1 and j > 1, we have

Ao = B)[llpw = 64117] + 2500 = B)[llan = 2IP] < Talav) ~Tun(w9) + 25 =0 ns o0
Taking limits on both sides as n — oo, we conclude that lim,, . |[pn — ¢4 || = limy, o0 ||qn —

22|| = 0. Using the fact that d(p,, Tipn) < ||pn—g5l] and d(gn, Sijgn) < ||gn— 22|, we get that

imy, 00 d(Pn, Tipn) = limy, o0 d(gn, Sjgn) = 0. Hence, the sequence {I',(z,y)} is decreasing

and is lower bounded by 0, it converges to some finite limit say o(z,y). This implies that
Condition (1) of Lemma 3.2.2 is satisfied with wu, = (z,,yn), u* = (z,y). It follows from
inequality (3.15) and the convergence of the sequence {I',(z,y)} that

lim ||Au, — Buv,|| = 0. (3.16)
n—oo
Thus,
lim d(p,, Tip,) < lim ||p, — g.|| = 0, (3.17)
and
lim d(g,, Sjq,) = lim ||g, — 22|| = 0. (3.18)
n—oQ n—oo

Furthermore, as {I',(x,y)} converges to a finite limit and ||z, —z||*> < T,.(z,y), ||y —y||* <
[, (x,y) exists, we know that {z,} and {y,} are bounded, and limsup,,_, ||z, — z|| and
limsup,,_,. ||yn — y|| exist. From (3.8) and (3.9), we have that limsup,,_, ||u, — z|| and
limsup,,_,. ||vn — y|| also exist. Let z* and y* be the weak cluster points of sequences
{z,} and {y,}, respectively. Then, there exists a subsequence of {(z,,y,)} (without loss of
generality) still denoted by {(z,,y,)} such that z,, — z* and y,, — y*. Then, from Lemma
3.2.7, we have

Tn4+1 — Tn =|Tn+1 =T — Tp T T
| I* = + x|
= [|#ps1 — z[]* = |20 — 2[|* = 2(zp41 — T, 2 — )
= |zpns1 — z||” = ||zp — 2||° — 2{xpyq — 2%, 2, — @ Tp — X5, Ty — T).
| 12— 1| |I* —2( ’ )+ 2( ’ )
Therefore
lim sup ||xn+1 - an =0.
n—oo

Similarly, we obtain

lim sup |[yn41 — yal| = 0.

n—o0
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We conclude that

lim ||zp41 — 20| =0 (3.19)
n—oo

and
im |[ynr1 — yal[ =0 (3.20)
n—oo

It follows from (3.12) and (3.13) that

Tpr — 2|? < |Juy — 2 2—1-@—1—52@5,4 Au,, — Buv,||* — 2¢,(Au,, — Az, Au,, — Bu,
n? "
— (Mo = k1) D Nllpn — gl (3.21)
i=1

and

k
|[Yns1 — yH2 <|lvn — yH2 + n_z + €EL¢BHAun - anHz + 2¢,(Bv, — By, Au,, — Buy,)
— (Mo —k2) Y Nllgn — 2% (3.22)
=1

By adding the last two inequalities, letting & = max{k;, k2} and Az = By, we have

k
|Wm1—ﬂP+H%H—yWfﬂwn—ﬂP+Wm—MP+———§(2—@A+¢@)Wmn—3%w

—(do—k ZAllpn gll” = (Ao — k ZAII%—ZJII2

(3.23)
where
|un — 2| * = |1z — T | |?
< (xy, —z,up, — )
= %(Hl’n—tzﬂLHUn—xHZ— |20 — unll?), (3.24)
and
o = yl® = 1T yn — Tyl
< (Y — Y0 —Y)
= 2 Ul = 911 + Il = — Ll — w0l ). (325)
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From (3.23), (3.24) and (3.25), we have that

||xn - Un||2 + ||yn - Un||2

<lzn = 2l* = llznr — 2l* + [y — yI*

g1 = 2 = & (2 = &a(0a + 95) ) 1A — Buy |
— (Ao —k ZAHpn gull? = (Mo =k ZAan—zJH?. (3.26)

From (3.19) and (3.20), we obtain

lim ||z, — u,|| =0, (3.27)
n—oo
lim ||y, — v,|| = 0. (3.28)
n—oo

It follows from (3.27) and (3.28) that u,, — x* and v,, — y*, respectively.
Since T; and S; are generalized k; strictly pseudo-contractive multi-valued mappings, let
g\ € Typ, be such that ||p, — ¢ || < d(pn, Tipn) + % Then,

A(Un, Tiun) < [t — pol| + |Ipn — g0l| + d(g},, Tiun)
1
<||wn = pul| + d(pn, Tipn) + — - + H(Tipn, Ty, )

1+\/_||
L

— = (= €0 A" (A, = B )| + d(pn, Tipa) + 5 +

1

1+Vk
1-Vk

2 1
< ———&.| |1A*|| |Aw,, — Bv,|| + d(pn, Tipn) + —.
—1—\/E|€||| 1] I+ d(pn, Tipn) +
From (3.16) and (3.17), we have that
lim d(u,, Tyu,) = 0. (3.29)
n—o0

Similarly, using the same approach as above for S}, we have
nh—glo d(vy, Sjv,) = 0. (3.30)
Since
d(xn, Tix,) < ||t — un]| + d(un, Tiu,) + H(Tyu,, Tiz,)
1+ VK
1-VK

Hxn - un” + d(unv Tzun)

< |20 — un|| + d(un, Tiu,) + [t — 2]

9
C1-VK
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It follows from (3.27) and (3.29) that

lim d(z,, T;z,) = 0. (3.31)

n—oo
Similarly, we have
d(Yn, Sjyn) < ||yn = vall + d(vn, Sjvn) + H(Sj0n, Sjynl|

LV ]
- = UTL_ n
1-vVvK Y

— V|| + d(vn, Sjvp).

< |lyn = vall + d(vn, Sjvn) +
<——
From (3.28) and (3.30), we have

lim d(yy, S;yn) = 0. (3.32)
n—oo

Since {x,} and {y,} converge weakly to z* and y*, respectively, then it follows from (3.31),
(3.32) and Lemma 3.2.8 that 2* € (2, F(T;) and y* € ()2, F'(S;). Since every Hilbert
space satisfies Opials condition, which guarantee that the weakly subsequential limit of
{(zn,yn)} is unique. We now prove z* € MEP(F,«) and y* € MEP(G, ). Since u,, =
TFx,, we have

F(un,u) + alu) — alu,) + l(u — Up, Uy — Tpy) >0, Vu €C. (3.33)
From (A2), we obtain
alu) — alu,) + %(u — Up, Uy — Tp) — Fuy,u) > F(u,u,), Vu €C. (3.34)
Hence,
a(u) — aluy,) + L(u — Uy s Upy, — Ty ) > F(Up, ), VueC. (3.35)

ng

’ank —lnk

From (3.27), we obtain w,, — z*. it follows from (A4) that limy =0, and from

proper lower semicontinuity of o that
F(u,z*) + a(z*) — a(u) <0,Vu € C. (3.36)

Put wy = tu + (1 —t)z* for all t € (0,1] and u € C. Then, we get w; € C' and hence
F(wg, x*) + a(z*) — a(w;) < 0. So from (Al) and (A4), we have
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0= F(wg,wy) — awy) + a(wy)
< tF(wg,u) + (1 —t)F(wy, 2%) + ta(u) + (1 — t)a(z") — a(w,)
< t[F(we, z) + a(u) — a(wy)]. (3.37)

Hence, we have

F(z*,u) + a(u) —a(z*) > 0,Vu € C. (3.38)

This implies that 2* € M EP(F,«). Using a similar argument, we also have y* € M EP(G, ).
Moreso, since the squared norm is weakly lower semicontinuous, we have

||[Az* — By*||* < liminf ||Au, — Bv,||* =0,
n—oo

so that Az* = By*. This means that (z*,y*) € SEMEP(F,G,«, (). Therefore, (z*,y*) €
I

Lastly, we conclude that for each (z*,y*) € T', lim,_oo(||zn — || + ||lyn — y*||) exists, and
each cluster point of the sequence ||(z*, y*)|| belongs to I'. Thus from Lemma 3.2.8, we know
that {(z,,yn)} converges weakly to (z*,y*). Therefore, the sequence {(x,,y,)} generated
by the iterative scheme (3.7) converges weakly to a solution of problem (3.1) in I O]

We now state and prove the following strong convergence theorem.

Theorem 3.3.2. Suppose that the statement of Theorem 3.3.1 hold with the addition that
T, i =1,2,3,... and S;, j = 1,2,3,... are semi-compact, then, the sequence {(x,,yn)}
generated by (3.7) converges strongly to a solution of problem (3.1) in .

Proof. Since T;,@ = 1,2,3,... and S;,j = 1,2,3, ... are semi-compact, then the sequences
{z,} and {y,} are bounded and T}Lr&d(xn,ﬂxn) = 0,nli_>r20d(yn, S;yn) = 0. Thus there exist
(without loss of generality) subsequences {x,, } of {x,} and {y,, } of {y,} such that {z,, }
and {y,, } converge strongly to some point u* and v*, respectively. This implies that z* = u*
and y* = v*. From Lemma 3.2.8, we have z* € (2, F(T;) and y* € (N2, F'(S;) and
limy, 00 [ (2%, y*) exists, therefore lim,, o, I'y(2*,y*) = 0. Hence we conclude that the

iterative scheme (3.7) converges strongly to a solution of problem (3.1). This ends the proof
of Theorem 3.3.2. |

Remark 3.3.3. (1) In (3.1), ifa =0, § =0, then the SEMEP reduces to the following
split equality Equilibrium Problem: find (z*,y*) € (N2, F(Ti) x (2, F'(S;) such that

F(z*,z) > 0Vz € C, Gly',y) >0Vy e @ and Az* = By". (3.39)
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Problem (3.39) is equivalent to finding

{(a",y") € (ﬂ F(T;) x ﬂ F(S))) : (¢*,y*) € (SEEP(F) x SEEP(G)) and Ax* = By*}.
’ (3.40)

(2) If F =0 and G = 0, then the SEMEP (3.1) reduces to the following split equality
convex minimization problem: find (z*,y*) € (2, F(T;) x (2, F(S;) such that

alz) > a(z"), Yaoel, Bly) > By ),Vye and  Az* = By*. (3.41)

Problem (3.41) is equivalent to finding

{(a*,y") € (ﬂ F(T}) x ﬂ F(S))) : (¢*,y*) € (SECMP(a) x SECMP(B)) and Az* = By*}.
. "~ (3.42)

(3) If F=0, G=0, Hy = Hy, B=1 and y* = Axz*, then the SEMEP (3.1) reduces to
the following split convex minimization problem: find (z*,y*) € (2, F(Ti) x (2, F'(S;)
such that

alz) > alz*)Vz e, and  y"=Ax" € Q, Bly) > L"), YyeQ. (3.43)

Problem (3.43) is equivalent to finding

{(z*,y") € (, F(T}) x ﬂ F(S))) : (z*,y%) € (SCMP(a) x SCMP(B)) and y* = Az*}.

(3.44)

(4) Ifa =0, =0, B=1, H3 = Hy and y* = Ax*, then the SEMEP (3.1) reduces to the
following split Equilibrium Problem: find (z*,y*) € (2, F(T;) x (\;2, F'(S;) such that

F(z*,2) >0V x € C,and such that y* = Az* € Q solves G(y*,y) >0,V y € Q. (3.45)

Problem (3.45) is equivalent to finding

{(z*,y") € (ﬂ F(T;) x ﬂ F(S))) : (z*,y") € (SEP(F) x SEP(G)) (and) y* = Az*}.

(3.46)

45



Taking @« = 0 and 8 = 0 in Theorem 3.3.2, we also have the following result.

Corollary 3.3.4. Let Hy, Hy and Hs be real Hilbert spaces, C' and @) be nonempty, closed
and convex subsets of Hy and Hy respectively. Assume that F : C x C — R and G :
Q x Q — R are bifunctions satisfying (A1)-(A4). Let T, : HL — CB(H,), i = 1,2,3,...,
and S; : Hy — CB(Hy), j = 1,2,3,... be two multivalued generalized strictly pseudo-
contractive mappings with constants k; and k; respectively and A : Hy — Hsz, B : Hy — Hj
be two bounded linear operators, let u,x; € C and v,y; € Q be arbitrary and the sequence
{(zn,yn)} be generated by

(F(upn,u) + %(u — Uy, Uy — Tp) > 0,V u € C;
G(vp,v) + %(v — Upy U — Yp) > 0,V v € Q;
Pn = Uy — EnA*(Au, — Buy,);

Gn = Vp + £, B*(Au, — Buy,);
Tnt1 = AP + D501 Aily
(Yn+1 = Ao + D52y Aj2d, ¥ om > 1

N\

where g, € Tip,, 2} € Sjq, and &, € (6,(%%% — 6) (for & small enough), ¢4 and ¢p
denote the spectral radii of A*A and B*B respectively, where A*, B* are adjoint of A and
B respectively, with conditions:

(i) k1 = sup;s1{ki}, ko = sup;s {k;} € (0,1) where k := max{ki, ko} and k € (0,1),
(i) Ao € (K, 1), Aiy Aj € (0,1), 4,5 =1,2,..., such that 37 N\ =1 and 3 72 \j =1,
(i1i) for each v € (2, F(T3), Tiz = {x} and for each y € (2, F'(S;), Sjy = {y}-

If T; and S; are semi-compact, then the sequence {(z,,yn)} converges strongly to a solution
of problem (3.39).

In Theorem 3.3.2 taking B = I, H3 = Hy, « = 0 and § = 0. Then we have the following
corollary.

Corollary 3.3.5. Let Hy and Hy be real Hilbert spaces, C' and () be nonempty, closed and
convex subsets of Hy and Hs respectively. Assume that F: CxC - R and G: Q xQ — R
are bifunctions satisfying (A1) — (A4). Let T; : Hy — CB(H;),i=1,2,3,..., and S; : Hy —
CB(Hs), j =1,2,3,... be two multivalued generalized strictly pseudo-contractive mappings
with constants k; and k; respectively and A : Hy — Hs, be a bounded linear operator, let
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u,x1 € C and v,y; € Q be arbitrary and the sequence {(x,,yn)} be generated by

(F(u,,u) + (U = U,y Uy — ) > 0,Y u € C
G(0n,0) + (0 = Uy U — ) > 0,¥ v € Q;
Pr = Un — §n A" (Aup — vp);

Gn = Vn + &n(Aup — )
Tnt1 = AP + D ioq Aily
(Yn+1 = Aoqn + Zjoﬁ )‘jz‘%av n =>;

where g, € Tipy,, ). € Sjq, and &, € (6, (%A —5) (for € small enough), ¢4 denote the spectral

radius of A*A where A* is the adjoint of A with conditions:

(i) k1 = sup;s1{ki}, ko = sup;s {k;} € (0,1) where k := max{ki, ko} and k € (0,1),
(i) Mo € (K, 1), Aiy Aj € (0,1), 4,5 =1,2,..., such that 37 N\ =1 and 3 72 \j = 1,
(iti) for each v € (2, F(Ti), Tiz = {x} and for each y € (2, F'(S;), Sjy = {y}-

If T, and S; are semi-compact, then the sequence {(z,,yn)} converges strongly to a solution
of problem (3.46).

3.4 Applications

3.4.1 Application to split equality mixed variational inequality
problem

Let H be a real Hilbert space and C be nonempty, closed and convex subset of H. Given
a nonlinear mapping A : C' — H, then the Variational Inequality Problem (VIP) is to find
x* € C such that

(Az*,z —2") >0, Vz € C. (3.47)

We will denote the solution set of VIP by VI(A,C).

A mapping A : C' — H is said to be v— inverse strongly monotone mapping if there exists
a constant v > 0 such that (Ar — Ay, x —y) > v||Az — Ay||?* for any z,y € C.

Let H; and H, be real Hilbert spaces, C and Q be nonempty, closed and convex subsets of
H; and H, respectively. Then the Split Variational Inequality Problem (SVIP) is to find
x* € C such that

(f(x*),r —2") >0V zeC,
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and
y* = Ax* € QQ solves gy )yy—y") >0V yeq, (3.48)

where f : Hi — Hy, g: Hy — Hj are nonlinear mappings and A : H; — Hy is a bounded
linear operator.

We now consider the split equality mixed variational inequality problem which is to find

(x*,y") € N2y F(T)) x N;2; F(S;) such that

(Bi(z"),z — ") + a(z) — a(z") > 0,Vz € C,
(Boy"),y = ") + By) = Bly") 20,y €@, (3.49)
and Ax* = By*,

where By : C'— H; and By : Q — H, are v— inverse strongly monotone mappings.
Problem (3.49) is equivalent to finding (2%, y*) € N2, F(Ti) x ;2 '(S;) such that

{(z*,y") € (ﬂ F(T;) x ﬂF(SJ)) :(2*,y") € (SEMVIP(By,a) x SEMVIP(B,, 3))},

(3.50)
and Az* = By*.

Setting F'(z,y) = (Bix,y — x) and G(z,y) = (Bax,y — x), it is easy to see that F and G
satisfy condition (A1)-(A4) since By : C' — H; and By : ) — Hy are v— inverse strongly
monotone mappings. Then from Theorem (3.3.2), the following result holds.

Theorem 3.4.1. Let Hy, Hy and Hs be real Hilbert spaces, C' and @) be nonempty, closed
and convex subsets of Hy and Hy respectively. Let By : C' — Hy and By : D — Hy be two v—
inverse strongly monotone mappings and o : C — RU{+o0}, 8 : Q — RU{+00} be proper
lower semi-continuous and convez functions such that C Ndoma # () and QNdom/3 # (). Let
T,: H — CB(H;),i=1,2,3,..., and Sj : Hy - CB(H),j = 1,2,3,... be two multivalued
generalized strictly pseudo-contractive mappings with constants k; and k; respectively and
A: Hy — Hy,B: Hy — Hs be two bounded linear operators, let u,xy € C' and v,y; € Q) be
arbitrary and the sequence {(xn,yn)} be generated by

((B1(tn), u — up) + a(u) — alu,) + (U = Uy Uy — ) > 0,Yu € C
(Ba(vp), v —vy,) + B(v) — B(v,) + %(v — Up, Up — Yn) > 0,V € Q;
Pn = Up — EA*(Au,, — Buy,);

Gn = Vp + £, B*(Au, — Buy,)
Tn1 = AP + D501 Ailly
(Ynt1 = AoGn + D50y Nz, Vn > 1;

Y
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where gt € Tipy, 2. € Sjq, and &, € (e, m —¢) (for € small enough), ¢4 and ¢p denote
the spectral radii of A*A and B*B respectively, where A*, B* are adjoint of A and B respec-
tively, satisfying the following conditions:

(i) ki = sup;s {ki}, ko = sup,>1{k;} € (0,1) where k := max{ky, ko} and k € (0,1),
(it) o € (k,1), Niy Aj € (0,1), 4,5 =1,2,..., such that 2, N\i =1 and 372 \; = 1,
(i) for each v € N2, F(T;), Tix = {x} and for each y € N2, F(S;), S;y = {y}.

If the mapping T;,1 = 1,2,3, ... and S;,j = 1,2,3,... are semi-compact, then, the sequence
{(xn,yn)} converges strongly to a solution of problem (3.50).

3.4.2 Application to split equality convex minimization problem

Problem (3.41) is called the split equality convex minimization problem. From Theorem
3.3.2, we obtain the following convergence result for problem (3.41).

Theorem 3.4.2. Let Hy, Hy and Hs be real Hilbert spaces, C' and @) be nonempty, closed
and convex subsets of Hy and Hy respectively. Let o : C — R U {+o0} and B : @ —
RU{+o00} be proper lower semi-continuous and convex functions such that CNdoma # 0 and
DndomfB #0. Let T, : H — CB(H,),i=1,2,3,..., and S; : Hy - CB(H,),j =1,2,3, ...
be two multivalued generalized strictly pseudo-contractive mappings with constants k; and k;
respectively and A : Hy — Hs, B : Hy — Hj3 be two bounded linear operators, let u,x, € C
and v, 1y, € Q be arbitrary and the sequence {(xn,yn)} be generated by

;

a(u) — a(u,) + %(u — Up, Uy — Tp) >0, YV u e C,
B(v) — Blvn) + %@ — Up, U = Yn) >0, Vv EQ;
Pn = Uy — E AT (Au, — Buy,);

In = Uy + &, B*(Au,, — Buy,);

Tt = AoPn + Doy N

(Ynt1 = Noln + D202 A

where g € Tipp, 2. € Sjq, and &, € (e, m —¢) (for € small enough), ¢4 and ¢p denote
the spectral radii of A*A and B* B respectively, where A*, B* are adjoint of A and B respec-
tively, satisfying the following conditions:

(i) ki = sup;s {ki}, ko = sup,>1{k;} € (0,1) where k := max{ky, ko} and k € (0,1),

(ii) Ao € (k,1), Niy Aj € (0,1), 4,5 =1,2,..., such that 2 \i =1 and 3772 A = 1,
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(ii) for each v € N2 F(T;), Tix = {x} and for each y € N2, F(S;), Sjy = {y}.

If the mapping T;,1 = 1,2,3,... and S;,j = 1,2,3, ... are semi-compact, then, the sequence
{(xn,yn)} converges strongly to a solution of problem (3.41).

In Theorem 3.4.2 taking B = I and H; = H,, we obtain the following convergence theorem
for split convex minimization problem (3.44) SCM P(a, f3).

Corollary 3.4.3. Let Hy and Hy be real Hilbert spaces, C' and () be nonempty, closed and
convex subsets of Hy and Hy respectively. Let o : C'— RU{+o00} and 5 : Q — RU{+o00} be
proper lower semi-continuous and convexr functions. Let T; : Hy — CB(Hy),i = 1,2,3, ...,
and S; : Hy — CB(H3) be two multivalued generalized strictly pseudo-contractive mappings
with constants k; and k; respectively and A : Hy — Hy be a bounded linear operator. Let
u,x1 € C and v,y € Q be arbitrary and the sequence {(xn,y,)} be generated by

(o (u) — a(uy,) + %(u — Up, Uy, — Tp) >0, YV ueC,

B(U) - ﬂ(vn) + %<'U = Un, Un — yn) > 0, Ve Q;

Dn = Uy — En A (Auy, — vy);

Tnp1 = NoPn + D ioq Nigh;

L YUn+1 = )‘OQH + Z;}il )‘qu]ﬁ

where g, € Tipn, 23 € S;q, and &, € (e, %A —¢) (for e small enough), ¢4 denote the spectral
radius of A*A, where A* is adjoint of A satisfying the following conditions:

(i) k1 = sup;si{ki}, ko = sup;s1{k;} € (0,1) where k := max{ky, ko} and k € (0,1),
(it) Ao € (k,1), Niy Aj € (0,1), 4,5 =1,2,..., such that 37, N\ =1 and 372, \j = 1,
(ii) for each v € N2, F(T;), Tix = {x} and for each y € N2, F(S;), Sjy = {y}.

If the mapping T;,i = 1,2,3,... and S;,j = 1,2,3... are semi-compact, then, the sequence

{(xn,yn)} converges strongly to a solution of problem (3.44).

Remark 3.4.4. Prototypes of the recursion formula > ;> X, =1 and Z;io Aj =1 consid-

ered in this paper are:

A i=0,1,2,3, ...,

:%’
A= L ) =0,1,2,3
J_]2+3]+27j_ 9 Ly Ay Dy e
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CHAPTER 4

Common Solution of Split Equilibrium Problem and Fixed Point
Problem with no prior knowledge of operator norm.

4.1 Introduction

In this chapter, we introduce an iterative algorithm that does not require any knowledge of
the operator norm for finding a common solution of split equilibrium problem and fixed point
problem for infinite family of quasi-nonexpansive multi-valued mappings in real Hilbert
spaces. Using our iterative algorithm, we state and prove a strong convergence result for
approximating a common solution of split equilibrium problem and fixed point problem
for infinite family of quasi-nonexpansive multi-valued mappings which also solves some
variational inequality problem in real Hilbert spaces. we give an application and an example
of our main result.

Let Hy, Hy be two real Hilbert spaces, C' and () be nonempty, closed and convex subsets
of Hy and H, respectively. Let A : Hy — Hy be a bounded linear operator and D be
a strongly positive bounded linear operator on H; with coefficient 7 > 0. Let T; : C —
K(C),i=1,2,3,..., be an infinite family of quasi-nonexpansive multi-valued mappings and
Fi:CxC—R, Fy:Q xQ — R be bifunctions satisfying (A1) — (A4), where F is upper
semicontinuous in the first argument. Let f be a contraction with coefficient p© € (0, 1),
then we solve the following problem: find x* € N2, F(T;) such that

Fi(z*,2) >0V 2z € C,

and y* = Az" € Q solves Fy(y*,y) >0, Vye Q.
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Where the set of solution Y := N, F(T;) N O # () and ¢ € T also solves some variational
inequality problem

(D=71f)g,q—p) <0,¥p € T.

4.2 Preliminaries

In this chapter, we state some well known results which will be used in the sequel. Through-
out this paper, we denote the weak and strong convergence of a sequence {z,} to a point
x € H by z, — z and x, — x respectively. We also denote by CB(C), K(C) and P(C)
the families of nonempty, closed and bounded subsets, nonempty and compact subsets and
nonempty proximinal subsets of C' respectively.

Let H be a real Hilbert space, then the following inequalities holds

[lu— o[> = [Jul]* = []v]]* = 2(u— v, v), (4.1)
[+ ] * < [|ul]? + 2(v,u + ), (4.2)

and
[[Au+ (1= No|* = XJul]? + (1 = N)[Jo]]> = A1 = N)||u— | *, (4.3)

for all u,v € H and A € [0, 1].

Lemma 4.2.1. [70] Let C' be a nonempty, closed and convex subset of a real Hilbert space
H and F: C x C — R be a bifunction satisfying (A1) — (A4). Forr >0 and x € H, define
a mapping TF - H — C as follows:

1
T e = {ZGC’:F(Z,y)—k;(y—z,z—x) >0,y € C}.
Then the following hold:

(i) T is nonempty and single-valued;
(it) T is firmly nonexpansive, that isV x,y € H,

Tz = TFy||? < (TFa — T y,x — y);

(iii) F(TY) = EP(F);
(i) EP(F) is closed and convex.

Lemma 4.2.2. [/0] Assume D is a strongly positive bounded linear operator on a Hilbert
space H with a coefficient 7> 0 and 0 < p < ||D||™*. Then ||I — puD|| <1 — u7.
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Lemma 4.2.3. [70] Every Hilbert space H satisfies the Opial condition that is, for any
sequence {x,} with x, — x, the inequality iminf, . ||z, — z|| < liminf, . ||z, — y||,
holds for every y € H with y # x.

Lemma 4.2.4. [50] Assume {a,} is a sequence of nonnegative real numbers such that

Gp41 S (1 - Un)an + Un6n7 n > 07

where {0, } is a sequence in (0,1) and {0,} is a real sequence such that

(i) >0 0y = 00,
(i) limsup,, . 0, <0 or > 7 |0,0,] < oo.
Then lim,,_,~ a, = 0.

Lemma 4.2.5. [/0] Let C be a nonempty, closed and convex subset of a Hilbert space H.
Assume that f : C — C is a contraction with coefficient p € (0,1) and D is a strongly
positive linear bounded operator with a coefficient @ > 0. Then, for 0 < o < %,

(t—y,(D—0cf)x—(D—0af)y) =@ —oullr—yl*, xyeH
That is, D — o f is strongly monotone with coefficient & — op.

Lemma 4.2.6. [19] Let E be a uniformly convex real Banach space. For arbitrary r > 0,
let B.(0) :={z € E : ||z|| <r}. Then, for any given sequence {x;}5°, C B.(0) and for any
given sequence {\;}52, of positive numbers such that Y .o, \; = 1, there exists a continuous
strictly increasing convex function

g:[0,2r] = R, ¢(0) =0,
such that for any positive integers i, j with i < j, the following inequality holds:
1> dallP =Y Aillall® = Mgl — 1)
i=1 i=1

Lemma 4.2.7. [/0](Demiclosedness principle) Let C be a nonempty, closed and convex
subset of a real Hilbert space H and T : C — K(C) be a quasi-nonexpansive multi-valued
mapping . Let {x,} be a sequence in C such that x, — p and lim,,_,, d(x,, Tz,) = 0, then
p € Tp.

4.3 Main result

Theorem 4.3.1. Let H; and Hy be two real Hilbert spaces, C and ) be nonempty, closed
and convex subsets of Hy and Hy respectively. Let A : Hy — Hy be a bounded linear op-
erator and D be a strongly positive bounded linear operator on Hy with coefficient T > 0.
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Let T; : C — K(C),1 = 1,2,3, ..., be an infinite family of quasi-nonexpansive multi-valued
mappings and F; : C x C — R, F», : Q x Q — R be bifunctions satisfying assump-
tions (Al) — (A4), where Fy is upper semi-continuous in the first argument. Suppose
T = NX,F(T;) N© # 0 and f a contraction mapping with coefficient p € (0,1). Let
the sequences {u,},{yn} and {x,} be generated by

un, = T (@, 4+ E A (T — 1) Axy,);
Yn = /\Oun + Zfil AiZ;; (44)
Tpt1 = VT f(xn) + (I — Y D)yn, n > 1;

where zfl € Tiup, r C (0,00) and step size &, be chosen in such a way that for some

e >0,
e (e B DA )
! AT = 1) A ’

for all TTZ 2 Az, # Ax, and &, = £ otherwise (€ being any nonnegative real number) satisfy-
ing the following conditions;
(i) imy, o0 v = 0 and Y07 v, = 00;

(i1) v € (0,1) and 0 < 7 < E;
(#i) liminf, oo m, >0 and 0 < 7, < 2u;

(iv) N; € (0,1) for i > 0 such that Y .og\; = 1 and T;p = {p}. Then the sequence {z,}
generated by (4.4) converges strongly to ¢ € T which solves the variational inequality

(D—-1f)g,q—p) <0, VpenT.

Proof. We first show that {x,} is bounded. For any z,y € C, we need to show that I —~vD
is nonexpansive.
Now since 2 > v, we have

(I = vaD)z — (I = wD)yl* = ||(x — y) — v (Dz — Dy)]|?
<|lz — ylI* = 29 {z — y, Dz — Dy) 4+ ~2|| Dz — Dy||?
< ||z = y||* = 2pynl| Dz — Dyl||* +~2||Dx — Dy|”
= ||z — ylI* = (21 — 7)||Dz — Dy||?
< |z =yl
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Thus the mapping I — 7, D is nonexpansive.
Let p € T, we have Tfllp =p, Ap = Tf:pr, then

lun = pll = |1, (0 + &A™ (T2 = I)Azn) — pl|?
<l + & A™(T,? — I) Az, — plf?
<l = pII* + GIANT,? = I Az * + 260 (20 — p, AN(T,? = D) Azy).  (4.5)

Where

2€n<xn - D A*(Tff - ])Axn> €n<A(xn - p)7 (va? - ])Axn>
EnlA(xy —p) + (T2 — ) Az, — (TP — 1) Ax,,, (T — 1) Azy,)

& (T A, — Ap, (T — 1) Az, — (T — ) Ax, |}

2
2
2

1
<26 {75 = DAw|[* = (T3 = D Awa|[*}
< —&ll(T5? — 1) Awy||*. (4.6)

Hence,

[l = pI* < llwn = pl* + SIANT? — DAz = &l|(T72 — T) A |*
= ||z = pII* = &lll(T77 — DAz|* = &llA(T? — DAz|7]. (4.7)

Tn

F:

: T2 —1)Azy||? .

Since &, € | ¢ (Tr,y L — ¢ |, we obtain
&n T NIA*(T,52 =) Az |2 '

[l = pII* < [l2n — pII* (4.8)

Since T; : C' — K(C) is an infinite family of a quasi-nonexpansive multi-valued mapping,
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we have that

g — pll = [[o(u +ZA 2= p)

< olfun — pll +ZM\ZZ; —7l|

=1

< Nollun = pll + Y \id(2h, Tip)

i=1

< Nolfun = pll + > AH(Tiw, Tip)

=1
[e.e]
< Nollun = pll + Y Nillun — p|
=1
= |[un — pl|
<|lza —pl|- (4.9)

Moreso, by Lemma 4.2.2, we have

|Zni1 = pll = [l f(20) = Dpl + (I = 7.D)(yn — p)|
< (1 =%Dyn = pll + wll7f(20) — Dpl|
< (X = )yn = pll +Wlllmf (@) = 7f W] + [|I7f(p) — Dpll]
<[1 = F = 7p)valllzn = pll +vall7f(p) — Dpll.

It follows from induction that

oA = Dol w10

e — pl| < max {]lz0 - pll, -

Hence {x,} is bounded and consequently, we deduce that {u,} and {y,} are bounded.
Applying Lemma 4.2.2 and (4.7), we have that

|2nt1 = plI* = l1al7f (2n) = Dpl + (I = D) (yn — p)II?
< (L =97)?|yn — pII? + %27 f (20) = Dpl|> + 270 (1 — 3 T)|7f (2n) — Dpl| ||yn
< (1= 3T ?[Jun = plI* + 2| |7 f (2n) = Dpl|* + 29 (1 = 3|7 f (2n) — Dpl| [Iyn
< (1= 3T ?[Nln — pIPP + ENANTE — D) Ay|]? — & [(T72 = 1) Az |?]
+ 9ll7 f (2n) — Dpl| + 29 (1 = D7 f (20) — Dpl| ||y — pll
< (1 =) |l2n = plI? + &€l | AT — DAz, |]” = [[(TF2 = 1) Ay |[’]
+52lI7f (2n) = Dpl1? + 29 (1 = 377 f (20) — Dpl| ym — pl|- (4.11)

o6
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. (T2 =D Azn [ _
It follows from (4.11) and the condition &, € <€, A~ (LD A 5) that

lzn1 = plI* < (1= 737)*|lzn — plI* — el|[A%(T,2 — 1) Az,
+ll7f (@n) = Dpll* + 290 (1 = % D)7 f (@a) = Dpl| [lyn —pll-  (4.12)

We now consider two cases.
CASE A: Assume that {||z,—p||} is a monotonically decreasing sequence. Then {||z,—p||}
is convergent and clearly,

lim ||z, —p|| = lim ||z,1 — pll.
n—00 n—00

F:
Since {z,} is bounded and &, € (5, H!Sjpgi)l‘;jnl\i? — 5), then we deduce from (4.12) that

el| AT — Az, |)? < (1 = 77|z — plI? = |01 — plI? + 7217 f (2n) — Dpl|?
+ 290 (1 = D)7 f (zn) — Dpl| ||yn — pll-
Hence,

lim [|A*(TF — I)Az,|| = 0. (4.13)

n—oo

Furthermore, from (4.11) and (4.13), we have

Enl| (T2 = D) Ay | < (1 = 77?2 = plI? = ||Zng1 — pI|* + GIA(T2 — 1) Az, ||

L B " (T2 =D Azn|2
Therefore, since lim,, o 7, = 0, from (4.13) and the condition &, € (6, A= (72— 1) Ay |2 5),

we have that

lim [|(T/* — I)Az,|]> = 0. (4.15)

n—o0
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Next, we show that ||u, — x,|| — 0 as n — oo. Since p € T, we obtain

[t = pl* = || T} (w0 + EAN(T,? — I) Ay — pl?

§(un—p,a:n—i—fA*(Tf—I)A.rn—p)

1
= 5 {llwn = I + llo +6A"(T)2 — D Az, — pl?
(= p) = o + EAT(TS? = 1) Az, — pl|}

1 *
< S{llun = pIP + [l = pII* + (LA = DAz — ([T —

_‘|un_p_(xn+5A*(T£2_ Axn || }

1 *
< 5 {llun =PI + llen = plI* = [llwn — zal* + €114 (T2 —

— 28(uy — p, A*(TTZQ — ])Amnﬂ}

1 k
< S {llun =PI+ {lan = pII” = llun — 2" + AT, -

+ 26| A(up — 2)|| (T3> — I) Az}

Hence, we obtain

||
From (4.11)

||xn+1 _p||2

which gives

= pl* < [len = pII* = llun — zall* + 26[| Alun — @)l [I(T2 —

and (4.16), we have

< (1= 77)?||un = plI> + 72|17 f (0) — Dpl|* + 27,(1 —

I)Az,||)
I)Ax,|?
I)Az,| |2
I)Ax,||. (4.16)

TS (n) —

Dpl| ||y

< (1= %) [llzn = pI* = [lun — zall* + 26/ A(wn — za)l| [[(T5,? — I) Aza]]

+ 9l f (@n) — Dpl|? + 29, (1 — )7 f (@) — Dpl| [|yn
= (1 =277 + (WT))zn — plI> = (1 = 77)? || ttn — @
+26(1 = YT A(un — )] (T2 — 1) Ay

+ el f (2n) — Dpl? + 29, (1 — w7 f (2n) — Dpl| [|yn
< zn = plI> + () wn = plI* = (1= 707)? ||t — 24|?
+ 26(1 — 7 T)?|[Alun — )| (T2 — 1) Az, |

+ 3l f () = Dpl)? + 29 (1 = v TII7 f (@) — Dpl| |1yn

il

il

_p||7

(1 = %)l = 2all* < Nlwn — plI* = ll2nsr = pII* + (37)? |20 — plI*
+26(1 = 7T [ Aun — )| (172 = 1) A

+llTf(@n) = DpII* + 29 (1 = % ?)|7f (20) —

o8

Dpl| |yn

—pl.

(4.17)
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Since {z,}, {yn} are bounded and from condition (i) of (4.21), (4.15), we have that

lim ||u, — x,|| = 0. (4.18)

n—oo

Since T; is an infinite family of a quasi-nonexpansive multi-valued mapping, then applying
Lemma 4.2.6 we have

o — 2112 = Potn + 3" Acsh — |2
=1

< Nollun = pIIP + Y Xild(z,, Tip))* = Aodig(llun = 23]])
i=1

<ol = pl* + 3 N(H (T, Tip))* — Modig(llu — 24])

i=1

< Nolfun = pl* + Y Nillun = pIF = AoAig([fun — 2,1)

i=1
= [|un = pII* = XoXig(||un — 2,]])?
<l = pIIP = Aodig(||un — 2, 1])*.

Which also implies that
0 < Aoig(||un = 2 |1) < lln = pI* = llyn —

hence lim,, o g(||u, — 2.||) = 0. By property of g (see Lemma 4.2.6), we have lim,, . ||u, —
21| = 0. Since {z,} and {y,} are bounded, we have that

lim d(un, Tiu,) < lim ||u, — 2%]| = 0. (4.19)
n—oo

n—oo

From (4.12), we have that

oo
19— all = [Aottn = D Aizp, = ual|

=1

= [ Ao(tn = wa) + D Ailzl — )|
i=1

<M~ wll (4:20)
i=1
From (4.19), we have that
Tim |y, — un|[ = 0. (4.21)
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Also, we have
[Yn = zall < My — uall + |lun — 24]|- (4.22)

From (4.18) and (4.21), we have that

From (4.3.1), we have
Znt1 — Zol| = ||Tns1 — Unl| + |y — 22]|
T f(2n) + (I = 1 D)yn — Ynl| + |yn — 2al|
S'YnHTf(xn) _Dyn||+||yn_‘rn|| (4'24)

From condition (i) of (4.3.1) and (4.23), we have that
JLH;O ||Tns1 — zn|] = 0. (4.25)

Now, we need to show that w(z,) C T, where w(x,,) :={z € Hy : x,, — x,{x,, } C {x,}}.
Since {z,} is bounded and H; is reflexive, w(x,) is nonempty. Let ¢* € w(x,) be an
arbitrary element, then there exists a subsequence {z,, } of {z,} which converges weakly
to ¢*. From (4.18), we have that u,, — ¢* as k — co. By the demiclosedness principle and
(4.19), we obtain ¢* € N2, F(T;).

Let us show that ¢* € EP(Fy). Since w,, = T (z, + EA*(TF> — I) Az,,, we have

1
Fi(un,y) + —(y — up, up — x, — EA*(TTFH"’ — I)Ax,) >0,

TTL
for all y € C, which implies that

1 1
Fl(una y) + 7’_<y — Up, Up — xn> - 7’_<y - un,fA*(Trig - I)Axn> 2 Oa

n n

for all y € C. From (A2), we have:

1 1 «
_<y = Uny,, Uny, — $nk> - _<y - unmgA (Ti}k - [>Axnk> = F1<y7unk)’

Nk Nk

for all y € C. From liminf, . r, > 0, (4.15), (4.18) and (A4), we have that

Fi(y,q") <0,Vqg* € C.Forany 0 <t <1landy e C, lety =ty+ (1—1t)g" Since
y € C,q" € C,we get y, € C and hence Fi(y;,q*) < 0. Therefore from (Al) and (A4), we
have that

0= Fi(ye,ye) <tF 1 (ye,y) + (1 =) Fi(ye, ¢) < tF1(ye, y)-
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Hence 0 < Fi(y:,y). Applying (A3), we have that
0 < Fi(¢*,y). This implies that ¢* € EP(F}). Since A is a bounded linear operator, Az,, —
Ag*. From (4.15), we have that

TjiAxnk — Aq*, (4.26)

as k — oo. By the definition of Tii Az, , we have

1
(T2 Agy,y) + —(y — T2 Ay, — Awp,) >0,

Nk

for all y € C. Since F» is upper semi-continuous in the first argument and from (4.26), it
follows that
Fy(Ag*y) =20,V y € C.

Which implies that A¢g* € EP(F») and hence ¢* € ©.
We now show that limsup,_,. (D — 7f)q,q — x,) <0, where ¢ = Py(I — 7f + D)q.
Indeed, we can choose a subsequence {z,, } of {z,} such that

limsup((D = 7f)g, 2, — q) = lim (D = 7f)q, Zp, = q). (4.27)

n—oo

We also assume that z,, — ¢*. Therefore

limsup((D — 7f)q,z, — q) = lim (D —7f)q, xn, — q)

n—oo N —r00

(Dg—71f(q),q" — a)
(I—=7f+D)g—q,4" —q)
(I—=7f+D)g—Px(I-7f+D)q,q —Pr(I —7f+ D)q)

(
{
0

IN

Furthermore, we show the uniqueness of a solution of the variational inequality
(D—=71f)z,x—q) <0, qeT. (4.28)
Suppose ¢ € T and ¢* € T, both are solutions of (4.28), then

(D—=7f)g, ¢—q") <0, (4.29)

and

(D=7, ¢ —q) <0. (4.30)
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Adding (4.29) and (4.30), we have

(D=71fla—= (D —=7f)a", ¢—¢) <0.
By Lemma 4.2.5, the strong monotonicity of D — 7f, we have that ¢ = ¢*. Hence the

uniqueness is proved. Lastly, we prove that =, — ¢ as n — oo. From (4.3.1) and (4.9), we
have that

|n1 = gl = (w7 f(20) + (I =% D)o — ¢ Tng1 — q)
= {7 f(2n) = f(@), 21 — @) + {({ = %D)(Yn — @), Tnt1 — @)
< VT (@) = [(@), Trs1 — @) + 7l7f(q) — Dg, Tpi1 — q)
+ (1 =5 yn — all 201 — 4l
< Yarpl|zn = qll |1zns1 — all + W7 f(@) — Dg, Tpi1 — q)
+ (1 =y Dzn — ql| |01 — ]
=[1 = 7 = m)vallln — qlll|Znsr — al| + (T f(q) — Dq, Tns1 — q)

1 - F_T,u Tn
< 2T T R+ (o = all2) + e F(@) — Dy st — )

- 2
< LT gl 4 S i — a4 (7 (0) — Dt 2 — )
Then, it follows that
2(1f(q) — Dq,xps1 — q
lens — gl < [L = (7 = 7]l n — a2 + (7 — ) 2L S0 (431

(7 —7n)
From 0 <7< = ; condition (i) of (4.3.1) then we conclude that lim,, ,« ||z, — ¢|| = 0 using
Lemma 4.2.4.
CASE B: Assume that {||z,, — p||} is not a monotonically decreasing sequence. Then, we
define an integer sequence {o(n)} for all n > ngy (for some ngy large enough) by

o(n) :=max{k € Nk <n: ||z —p|| <||lzrs1 — ||}

Clearly, o is a nondecreasing sequence such that o(n) — oo as n — oo and for all n > ny.
From (4.12), we have
ga(n)H(T?(n) - I)A$o(n)||2 < (1 — Yo(n)T _)2”330(71) - p||2 - ||xo(n+1) - p”2
+ &AL = DAz |+ 7omI7f (@ow) — Dpll?

+ 2’70(71)(1 — Yo(n) )||7—f($a(n)> - Dp|| Hya(n - p|| (432)

o(n)

2
) O'(n)H .

Therefore, since lim,, o Yo(n) = 0, from (4.13) and the condition &) € <5 ::;*(T Ry

5), we have that

lim [[(T,72  —I)Azqm)|[* = 0. (4.33)

n—oo
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Following the same argument as in CASE A, we conclude that there exist a subsequence
{z,(n)} which converges weakly to p € T. Now for all n > ng, we have

0 < |[Zomrr) — alI* = [|Zom) — alf?
< (1= Yo Zom) = alI* + Y2 |7 f (2am) — Dyll®
+ 29 () (1 = Yo7 (To@m)) = Dall [|To@m) — all = oy — all’
= Yo |Totm) = ql1> + V2 1T f (Zom) — Dyl
+ 2% (n) (1 = Vo) TUTf (To(m) — DG, Tomir) — q)-
Thus

2(1 - Va(n)?)<
T

P)/O' n
|Zom) — al? < %HTJ"(%@)) — Dq|]* + Tf(@om) — Dq, Tpp1 — q)-

Since lim, o v, — 0 as n — oo and lim sup(7 f (2o(n) — Dp, 41 —q) < 0, then we conclude
that {x,} converges strongly to ¢q. This complete the proof. O

Corollary 4.3.2. Let Hy and Hy be two real Hilbert spaces, C and () be nonempty, closed
and convex subsets of Hy and Hy respectively. Let A : Hi — Hy be a bounded linear operator
and D be a strongly positive bounded linear operator on Hy with coefficient T > 0. Let
T,:C — K(C),i =1,2,3,..., be an infinite family of nonexpansive multi-valued mappings
and F} : Cx C = R, Fy : Q x Q — R be bifunctions satisfying (Al) — (A4), where Fy
is upper semi-continuous in the first argument. Suppose T := N2, F(T;)NO # () and [ a
contraction with a coefficient € (0,1). Let the sequences {u,}, {y,} and {z,} be generated
by

up, = TP (@, + E A (T — 1) Axy,);

Tp41 = ’Yan(xn) + (I - ’VnD>yn> n > 1;

where 2 € Tiu,, 7, C (0,00) and step size &, be chosen in such a way that for some ¢ > 0
and

[[(Tr2 —1) Az || P _ : :
&n € | € — ¢ for all T,? Az,, # Az, and &, = &, otherwise (£ being any

T |A (T2 D) A2
nonnegative real number) satisfying the following conditions;
(i) lim,, 00 7 = 0 and ZZO:L% = o0;
(it) Y € (0,1) and 0 <7 < 7
(i4i) liminf, o7, >0 and 0 < 7, < 2u;
(iv) Ao, Ai € (0,1) such that Y 2o i =1 and T;p = {p}.
Then the sequence {x,} generated by (4.34) converges strongly to ¢ € T which solves the
variational inequality

(D=7f)g,q—p)y <0, YpeT.
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4.4 Application and Numerical example

4.4.1 Application to Optimization problem

Let Hq, Hy be two real Hilbert spaces, C' and () be nonempty, closed and convex subsets of
H, and H, respectively. Let f: C — R, g: @ — R be two operators and A : H; — Hs be
a bounded linear operator, then the optimization problem is to find:

x* € C such that f(z*) < f(x), Ve,
and y* = Az* such that g¢(y*) <g(y), VyeQ. (4.35)

We denote the set of solutions of (4.35) by  and assume that Q # (). Setting Fy(z,y) =
f(y) — f(z) for all z,y € C and Fy(z,y) = g(y) — g(z) for all x,y € @Q respectively. Then
Fi(z,y) and Fy(z,y) satisfy conditions (A1) — (A4) provided f and g are convex and lower
semi-continuous on C' and @) respectively, Clearly, © = ().

By Theorem (4.3.1), we have the following iterative algorithm which converges strongly to
g € T and solves the optimization problem (4.35).

= TF1 (, + §nA*(TF2 — I)Ax,);
= Nolp + D ooq NiZl (4.36)
Tp41 = P)/an(mn) (I - fYnD)yna n Z 1;

where 2! € Tju,, , C (0,00) and step size &, be chosen in such a way that for some & > 0
and

(T DAl Py _ : .
&n € ||A*( “ 1) Azn|? e | for all T'2Ax, # Ax, and §, = ¢, otherwise ({ being any

nonnegative real number) satisfying the following conditions;
(1) imy, ooy = 0 and Y07, v, = 00;
ii) v, € (0, )and0<T<—

(
(iii) hm inf,, oo > 0 and O < Yn < 2u;
(iv) Ao, A; € (0,1) such that Y 2 )\ = 1.

4.4.2 Numerical Example

Let H = Hy =R and C = Q = R. Let Fi(u,v) = —3u?® + uv + 2v%. We see that F(u,v)
satisfies assumptions (A1) — (A4) as follows:

(A1) Fy(u,u) = =3u® +u® +2u? =0 for all u € C.
(A2) If Fy(u,v) = (u —v)(—=3u —2v) > 0, then

Filv—u) = (v—u)(=3v—2u) = (v—u)((=3u—2v) — (v—u)) = —Fi(u,v) — (v—u)? <0
for all u,v € C, i.e., Fi(u,v) is pseudomonotone, while F} (u v) is not monotone.
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(A3) If u, — w and v,, — U, then
Fi(tn,vp) = =302 + uyv, + 202 — =30 + uv + 20* = Fy(u,v), i.e., Fi(u,v) is jointly
weakly continuous on C' x C.

(A4) Let 6 € (0,1). Since

Fy(u, 0vy + (1 — 0)vy) = —3u® + u(fvy + (1 — 0)va) + 2(0vy + (1 — 0)vy)?
< 0202 + uvy — 3u?) + (1 — 0)(202 + uvy — 3u?)
=0F (u,v1) + (1 — 0)F1(u,vs),

So Fi(u,v) is convex, also, liminf, 5 F}(u,v) = Fi(u,7),

hence Fi(u,v) is lower semi-continuous. Since 0F(u,v) = u + 4v, thus Fi(u,v) is
subdifferentiable on C for each u € C.
Now, we derive our resolvent function 7T)/* using Lemma 4.2.1 as follows:

1
Fi(u,v) + —(v —u)(u — 2) = =3ru?® + ruv + 2rv® + wv — vz — u? + ux
r

= 2rv% + ruv + uwv — vr — 3ru® — u® + ux
= 2rv* + (ru +u — x)v — (3ru® + u® — ux)

Let Q(v) = 2rv? + (ru+u—x)v — (3ru? +u? —uz) with coefficients a = 2r,b = ru+u—x,c =
—3ru? — u? + ux. We compute the discriminant of Q(v) as follows:

A=V —dac= (ru+u—z)(ru+u—x) —4(2r)(=3ru* — u* + ux)
= r2u? 4+ ru® — rux + ru? + v — ur — rur — vz + 2% + 247%0® + 8ru® — Srux
= 25r2u? 4+ 10ru® — 10rux — 2uzx + u? + 2°
= 2% — 10ruz — 2ux + 25r%u® + 10ru® + u?
=12 —2((5r + Du)z + u® + 257°u? + 10ru?
=1 —2((5r + Du)z + ((57 + 1)u)?
= (z — (5r + Du)* > 0.

Thus, A > 0V y € R and it has at most one solution in R, then A <0, Tf;l(:v) = 5y

Let Fy(u,v) = —5u?® + uv + 4v*, Az = x and A*x = z. Following the same process used in
deriving T,"*, we have T,'2(z) = 5%
Furthermore define 7; : R — K(R), (i = 1,2,3,---) by:

Tix:{{ 3 weoo),
5, 0] x € (—o00,0],

Oy O
o

where K (R) is the family of nonempty, closed and bounded subset of R. Clearly, T; for each
i is a multivalued quasi-nonexpansive mapping. Let f : R — R be given as; f(z) = %:1:,
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then p = % is a contraction constant for f. Take D(x) = 2z with constant 7 = 1. On the

other hand, we take 7 = 2 which satisfies 0 < 7 < E

Furthermore, we take v, = &t r, = 2 X\g = 3, \; = 57,2, € Tu, and let the step
F

: : (Try D) Azn||*
size &, be chosen in such a way that for some € > 0, &, € (8, 1A (L5 1) A P 6) for all

T Az, # Az, and &, be any positive real number otherwise, in iterative scheme (3.1) we

Tn

obtain

Un =507 T o)) OrndD)?

Yn = %un + 221 gz%quw
n Tn n+1
Tn+l = (%)(I) + (1 - (4_—;))%1-

F 2
Case 1: 2o =1 and &, € (5 H(TT’?F_I)A%H — 5) for all TT%Axn #+ Az, and &, = 0.0003

T |AS(T,2 = 1) Az |2
otherwise.

F:
Case 2: 7p =2 and &, € (5, HL\‘(:?;fF;i);)‘z"HTP _5> for all T."> Az, # Az, and &, = 0.0000021

otherwise.
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CHAPTER b

Conclusion, Contribution to Knowledge and Future Research

In this chapter, we give our conclusion, contribution to knowledge and future research.

5.1 Conclusion

In this dissertation, as set out in the objectives, we have been able to established a weak
and a strong convergence results for approximating common solutions of SEMEP and fixed
point problem for generalized k;—strictly pseudo-contractive multi-valued mappings in real
Hilbert spaces. We utilized our result to study split equality convex minimization and
split equality mixed variational inequality problems as applications. Also, using iterative
algorithm (4.4) which does not require the knowledge of the operator norm, we proved a
strong convergence result for approximating a common solution of SEP and fixed point
problem for infinite family of quasi-nonexpansive multi-valued mappings in real Hilbert
spaces and applied our result in chapter 4 to convex minimization problem. A numerical
example was displayed in chapter 4 in real Hilbert spaces and we showed how the sequences
are affected by the number of iterations.

5.1.1 Contribution to Knowledge

We briefly discuss our own contribution in this dissertation as follows:

Motivated by the works of [31, 37, 412, (9] and other authors, Theorems 3.3.1 and 4.3.1
improves and extends some recent results in the following sense:

(i) Theorem 3.3.1 extends the result of Ma. et al. [12] in the sense that the authors in [12]
considered nonexpansive single-valued mappings, whereas in this dissertation we considered
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generalized strictly pseudo-contractive multi-valued mappings.

(ii) Our iterative algorithm (4.4) improves (2.43) presented by Deepho.et al. [31] in the
sense that (4.4) does not require a prior knowledge of the operator norm.
(iii) In [31], the authors considered a finite family of k-strictly pseudo-contractive non-

self mapping and obtained a strong convergence result under some suitable conditions in
real Hilbert spaces. However, in Theorem 4.3.1 we considered an infinite family of quasi-
nonexpansive multi-valued mappings and prove a strong convergence result without impos-
ing any condition.

(iv) In [69], the authors proved that the modified Mann iteration converges weakly to a
common solution of SEP and fixed point problem of non-spreading multi-valued mappings.
However, we prove a strong convergence result for approximating a common solution of SEP
and fixed point problem for infinite family of quasi-nonexpansive multi-valued mappings in
real Hilbert spaces.

(v) Our result holds for nonexpansive multi-valued mappings.

5.2 Future Research

In this section, we briefly discuss some problems we intend solving for our future research.
Firstly, we will consider the problem solved in chapter three of this dissertation, the com-
pactness condition imposed on our main theorem will be removed and we will prove a new
convergence result without imposing the compactness condition. In addition, we will give
a numerical example to improve on our former work.

Secondly, we intend to study and solve another problem based on the following contribu-
tions by authors.

In 2006, Marino and Xu [10] considered the following implicit iterative algorithm for a
nonexpansive mapping T.

xy =tyf(zy) + (I —tB)Txy,

where f is a contraction mapping with constant a and B : H; — H; is a strongly positive
bounded linear self adjoint operator, i.e, if there exist a constant 7 > 0 such that

(Bx,z) > 7l|z||*,# € Hy, with 0 < v < 2 and t € (0,1). They proved that the net ()

converges to the unique solution of the variational inequality
<(B—’}/f)2,.§(}—2>20, xEF(T)7

which is the optimality condition for the minimization problem

min %(Bw, h(z)),

z€F(T)
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where h is the potential function for ~f.
In 2008, Plubtieng and Punpaeng [59] introduced and studied the following implicit iterative
scheme to prove a strong convergence theorem for fixed point problem.

[
xy=tf(x) + (I — S)s_/ T(s)zeds,
t Jo
where (z;) is a continuous net and (s;) is a positive real divergent net.
Recently, Cianciaruso et al.[29] introduced and studied the following implicit iterative
scheme and obtained a strong convergence result for EP and fixed point problem.

F(Ut,y) + %<y — U, Ut — xt>avy € 07
xy =tyf(zy) + (I — tB)é o T(s)uyds,

where (s;) and (r;) are the continuous nets in (0,1). Motivated by the works of the afore-
mentioned author and by the ongoing research in this direction, we will construct an implicit
iterative algorithm for approximating a common solution of split equality fixed point prob-
lem and MEP for a nonexpansive semigroup in real Hilbert spaces. Moreso, we will also
prove that the nets generated by the proposed iterative scheme converges strongly to a
common solution of MEP and split equality fixed point problem. A numerical example will
be use to justify our main theorem.

Lastly, many researchers have studied the scalar EP defined in chapter 2 of our dissertation.
Based on the ongoing research on vector EP, we intend studying the vector EP and fixed
point problem for certain multi-valued mappings.

69



Bibliography

[1] M. Abbas, Y. J. Cho, Fixed pont results for multi-valued nonexpansive mappings on
an unbounded set, An. St. Univ. Ouvidus Constanta, 18, (2010), 5-14.

2] K. Aoyama, F. Kohsaka, A viscosity approximation process for a sequence of quasi-
nonexpansive mappings, Fized Point Theory Appl., (2014), 870-1192.

[3] I. M. Artinescu, A note of the strong convergence of Mann iteration for demicontrac-
tive mappings, Appl. Math. Sci., 10, (2016), 255-261.

[4] H. H. Bauschke and J. M. Borwein, On Projection Algorithms for Solving Convex
Feasibility Problems, STAM, 38, (1996), 367-426.

[5] T. D. Benavides, P. L. Ramirez, Fixed point theorems for multi-valued nonexpansive
mappings satisfying inwardness conditions, J. Math. Anal. Appl. , 291, (2004), 100-
108.

[6] V. Berinde, Iterative Approximation of Fixed Points, Springer-Verlag Berlin Heidel-
berg, 2nd Edition, (2007).

(7] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium
problems, Math. Stud. 63, (1994), 123-145.

[8] A. Bnouhachem, A modified projection for a common solution of a system of varia-
tional inequalities, a split Equilibrium Problem and a hierachical fixed-point problem.
Fized point Theory Appl. 2014, Article ID 22, (2014).

9] F. E. Browder, W. V. Petryshyn, Construction of fixed points of nonlinear mappings
in Hilbert spaces, J. Math. Anal. Appl., 20, (1967), 197-228.

70



[10]

[11]

[12]

[13]

[14]

F. E. Browder, Nonlinear mappings of nonexpansive and accretive type in Banach
spaces, Bull. Amer. Math. Soc. , 73, (1967), 875-882.

C. Bryne, Iterative Oblique projection onto convex sets and the split feasibility prob-
lem, Inverse Propl., 18, (2002), 441-453.

C. Byrne, A unified treatment for some iterative algorithms in signal processing and
image reconstruction, Inverse Probl., 20, (2004), 103-120.

A. Bunyawat and S. Suantai, Strong convergence theorems for variational inequalities
and fixed points of a countable family of nonexpansive mappings, Fized Point Theory
Appl., 4, (2011), 1687-1812.

L. C. Ceng, Q. H. Ansari, J. C. Yao, Relaxed extragradient methods for finding
minimum-norm solutions of the split feasibility problem, Nonlinear Anal., 75, (2012),
2116-2125.

Y. Censor, T. Elfving, A multipleprojection algorithm using Bregman projections in
a product space, Numer. Algorithms, 8, (1994), 221-239.

Y. Censor, T. Elfving, N. Kopf, T. Bortfield, The multiple-sets split feasibility problem
and its applications for inverse problems, Inverse Probl., 21, (2005), 2071-2084.

Y. Censor, T. Bortfeld, B. Martin, A. Trofimov, A unified approach for inversion
problems in intensity modulated radiation therapy, Phys. Med. Biol, 51, (2006), 2353-
2365.

Y. Censor, A. Gibali, S. Reich, Algorithms for the split variational inequality problem,
Umer Algor., 59, (2012), 301-323.

S. Chang, J. K. Kim, X. R. Wang, Modified Block iterative algorithm for solving
convex feasibility problems in Banach spaces, J. Ineq. Appl., (2010); Article ID 869684,
14 pages.

S. S. Chang, H. W. Joseph Lee, C. K. Chan, A new method for solving equilibrium
problem and fixed point problem and variational inequality problem with application
to optimization, J. of Nonlinear Anal., 70, (2009), 3307-3319.

R. D. Chen, J. Wang, H. W. Zhang, General split equality problems in Hilbert spaces,
Fized Point Theory Appl., 35, (2014).

C. E. Chidume, M. E. Okpala, On a general class of multi-valued strictly pseudocon-
tractive mappings, J. Nonlinear Anal. Optim. Theory Appl., 2,(2014), 7-20.

71



[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

C. E. Chidume, M. E. Okpala, Fixed point iteration for a countable family of multi-
valued strictly pseudo-contractive mappings, SpringerPlus, 506, (2015), DOI 10.1186.

C. E. Chidume, APPLICABLE FUNCTIONAL ANALYSIS, TETFund Book Project,
University of Ibadan, Press, 2014.

C. E. Chidume, C. O. Chidume, N. Djitte, M. S. Minjibir, Convergence theorems for
fixed point multivalued strictly pseudocontractive mappings in Hilbert spaces. Abstr.
Appl. Anal., 2013, (2013), Article ID 6294468, 10 pages.

C. E. Chidume, A. U. Bello, P. Ndambomve, Strong convergence and A-convergence
theorems for common fixed points of a finite family of multi-valued demi-contractive
mappings in CAT(0) spaces, Abstr. and Appl. Anal., (2014), Article ID 805168.

R. Chugh, R. Rani, A new iterative scheme for nonexpansive and inverse strongly
monotone mappings, International J. of Math. Sci. and Eng., 8:1, (2014), 189-205.

R. Chugh, R. Rani, Variational inequalities and fixed point problems: a survey, In-
ternational J. of Appl. Math. Research, 3, (2014), 301-326.

F. Cianciaruso, G. Marino, L. Muglia, Iterative methods for equilibrium problem and
fixed point problems for nonexpansive semigroups in Hilbert space, J. Optim. Theory
Appl., 146, (2010), 491-509.

P. L. Combettes, S. A. Histoaga, Equilibrium programming in Hilbert spaces, J.
Nonlinear Conver Anal., 6, (2005), 117-136.

J. Deepho, P. Thounthong, P. Kuman, S. Phiangsungneon, A new general iterative
scheme for split variational inclusion and fixed point problems of k-strict pseudo-
contraction mappings with convergence analysis, J. of Comp. and Appl. Math. (2016),
http://dx.doi.org/10.1016/j.cam.2016.09.009.

N. Djitte, M. Sene, Convergence Theorems for Fixed Points of Multivalued Mappings
in Hilbert Spaces, Inter. J. of Anal, (2014), DOI: 10.1155./2014/2014/269786.

W. G. Dotson, Fixed point of quasi-nonexpansive mappings, J. of Australian Math.
Soc., 13, (1972), 167-170.

M. Eslamian, A. Latif, General split feasibility problems in Hilbert spaces, Abstr.
Appl. Anal., (2013), Article ID 805104.

F. O. Isiogugu, P. Pillay, M. O. Osilike, On approximation of fixed points of multi-
valued quasi-nonexpansive mappings in Hilbert spaces, J. of Nonlinear and Conv.
Anal., 17, (2016), 1303-1310.

72



[36]

[37]

[43]

[44]

[45]

[46]

[47]

[48]

F. O. Isiogugu, On approximation of fixed points of multi-valued pseudocontractive
mappings in Hilbert spaces, Fized Point Theory and Appl., (2016), 2016:59.

K. R. Kazmi, S. H. Rizvi, Iterative approximation of a common solution of a split
Equilibrium Problem, a variational inequality problem and a fixed point problem, J.
Egypt. Math.Soc., 21, (2013), 44-51.

S. H. Khan, I. Yildirim, Fixed points of multi-valued nonexpansive mappings in Ba-
nach spaces Fized Point Theory and Appl., (2012), 2012:73.

F. Koshaka, W. Takahashi, Fixed point theorems for a class of nonlinear mappings
relate to maximal monotone operators in Banach spaces, Arch. Math. 91, (2008),

166-177.

S. Lemoto, W. Takahashi, Approximating common fixed points of nonexpansive map-
pings and nonspreading mappings in a Hilbert space, Nonlinear Anal. Theory, Meth-
ods and Appl. , 71, (2009), 2082-2089.

H. B. Liu, Convergence theorems for a finite family of nonspreading and nonexpansive
multi-valued mappings and Equilibrium Problems with application, Theor. Math.
Appl., 3, (2013), 49-61.

Zhaoli Ma, Lin Wang, Shih-sen Chang and Wen Duan, Convergence theorems for split
equality mixed equilibrium problems with applications. Fized point Theory And Appl,
31, (2015), DOIT 10.1186.

P. E. Mainge, Strong convergence of projected subgradient methods for nonsmooth
and nonstrictly convex minimization, Set-Valued Analysis 16, (2008),899-912.

P. E. Mainge, The viscosity approximation process for quasi-nonexpansive mappings
in Hilbert spaces, Comp. and Math. with Appl., 59, (2010), 74-79.

G. Marino, H. K. Xu, Weak and strong convergence theorems for strict pseudocon-
tractions in Hilbert space, J. Math. Anal. Appl., 329, (2007), 336-346.

G. Marino, H. K. Xu, A general iterative method for nonexpansive mappings in Hilbert
spaces, J. Math. Anal. Appl., 318, (2006), 43-52.

J. T. Markin, Continuous dependence of fixed point set, Proceedings of the Amer.
Math. Soc., 38, (1973), 545-547.

A. Moudafi, A relaxed alternating CQ-algorithm for convex feasibilty problems, Non-
linear Anal., 79, (2013), 117-121.

73



[49]

[50]

[51]

[52]

[53]

[54]

[59]

[60]

[61]

[62]

A. Moudafi, Viscosity approximation methods for fixed point problems, J. of Math.
Anal. and Appl., 214, (2000), 46-55.

A. Moudafi, A note on the split common fixed point problem for quasi-nonexpansive
operators, Nonlinear Anal., 74, (2011), 4083-4087.

S. B. Nadler Jr., Multi-valued contraction mappings, Pacific J. of Math., 30, (1969),
475-488.

F. U. Ogbusi, O. T. Mewomo, On split generalized mixed equilibrum problem and
fixed point problem with no prior knowledge of operator norm, J. Fixed Point Theory
Appl., (2017), 1-20. DOI:10.1007./s11784-016-0397-6.

F. U. Ogbuisi, O. T. Mewomo, Convergence analysis of common solution of certain
nonlinear problems, Fized Point Theory and Appl., (2016), (to appear).

F. U. Ogbuisi, O. T. Mewomo, Iterative solution of split variational inclusion in real
Banach space, Afrika Mathematika, 28, (2017), 295-309.

M. O. Osilike and F. O. Isiogugu, Weak and strong convergence theorems for
nonspreading-type mappings in Hilbert spaces, Nonlinear Anal. Theory, Methods and
Appl. 74, (2011), 1814-1822.

7. Opial, Weak convergence of the sequence of successive approximations for nonex-
pansive mappings, Bull. Am. Math. Soc., 73, (1967), 591-597.

B. Panyanak, Endpoints of multi-valued nonexpansive mappings in geodesic spaces,
Fized Point Theory and Appl., (2015), 2015:147.

J. W. Peng, Y. C. Liou, J. C. Yao, An iterative algorithm combining viscosity method
with parallel method for a generalized Equilibrium Problem and strict pseudocontrac-
tions, Fized Point Theory Appl., 2009, Article ID 794178, (2009).

S. Plubtieng, R. Punpaeng, Fixed point solutions of variational inequalities for non-
expansive semigroups in Hilbert spaces, Math. Comput. Model, 48, (2008), 279-286.

T. Puttasontiphot, Mann and Ishikawa Iteration Schemes for Multivalued Mappings
in CAT(0) Spaces, Appl. Math. Sci., NO. 61, 4, (2010), 3005-3018.

B. Qu, N. Xiu, A note on the CQ algorithm for the split feasibility problem, Inverse
Probl., 21, (2005), 1655-1665.

B. E. Rhoades, Comments on two fixed iteration procedures, J. Math. Anal. Appl.,
56, (1976), MR 55:3885.

74



[63] K. Samanmit, B. Panyanak, Remarks on multi-valued quasi-nonexpansive mappings
in R-Trees, J. of Nonlinear and Convex Anal., (2014).

[64] K. P. R. Sastry, G. V. R. Babu, Convergence of Ishikawa iterates for a multi-valued
mapping with a fixed point, Czechoslov. Math. J., 55, (2005), 817-826.

[65] N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued
mappings in Banach spaces, Nonlinear Anal. , 71:(3-4), (2009), 838-844.

[66] Y. Shehu, O. T. Mewomo, F. U. Ogbuisi, Further investigation into approximation of
a common solution of fixed point problems and split feasibility problems, Acta. Math.
Sci. Ser. B, Engl. Ed., 36, (3), (2016), 913-930.

[67] Y. Song, H. Wang, Erratum to Mann and Ishikawa iterative processes for multi-valued
mappings in Banach spaces,[ Comput. Math. Appl., 54, (2007), 872-877], Comp. Math.
Appl., 55, (2008), 2999-3002.

[68] G. Stampaccha, Formes bilineaires coercitives sur les ensembles convexes, C. R. Acad.
Sci. Paris, 258, (1964), 4413-4416.

[69] Suantai S, Choamijak P, Cho Y. J., Cholamajik W, On solving split Equilibrium
Problems and fixed point problems of nonspreading multi-valued mappings in real
Hilbert spaces, Fized Point Theory Appl., 35, (2016), DOI 10.1186/s13663-016-0509-
4,

[70] K. K. Tan, H. K. Xu, (1993) Approximating fixed points of nonexpansive mappings
by the Ishikawa Iteration process, J Math. Anal. Appl., 178, 2, (1993), 301-308.

[71] X. Tian, L. Wang, Z. Ma, On split equality common fixed point problem for quasi-
nonexpansive multi-valued mappings in Banach spaces, J. Nonlinear Sci. Appl., 9,
(2016), 5536-5543.

[72] M. Tian, X. Jin, A general iterative method for quasi-nonexpansive mapping in Hilbert
spaces, J. of Ineq. and Appl., 2012:38, (2012).

[73] F. Tricotomi, Un teorema sulla convergensa delle successioni formate delle successive
iterate di una funzione di una variable reale, Giorn Math. Battlaglini, 54, (1916), 1-9.

[74] K. Ullah and M. Arshad, On different results for new three step iteration process in
Banach spaces, Springerplus, (2016), 5(1): 1616.

[75] H. Wang and Y. Song, An iteration scheme for nonexpansive mappings and variational
inequalities, Bull. Korean Math. Soc., 48(5), (2011), 99-1002.

75



[76]

[77]

78]

[79]

[80]

[81]

[82]

R. Wangkeree, R. Wangkeree, A general iterative methods for variational inequal-
ity problems and mixed equilibrium problems and fixed point problems of strictly
pseudocontractive mappings in Hilbert spaces, Fized Point Theory Appl., 32, (2007),
(Article ID 519065).

Y.Wu, R. Chen, L. Y. Shi, Split equality problem and multiple-sets split equality
problem for quasi-nonexpansive multi-valued mappings, Journal of Ineq. and Appl.,
2014:28.

Y. J. Wu, R. D. Chen, L. Y. Shi, Split equality problem and multiple-sets split equal-
ity problem for quasi-noexpansive multi-valued mappings, J. Inequal. Appl., 2014,
(2014), 8 pages.

H. K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math.
Anal. Appl., 298, (2004), 279-291.

H. K. Xu, Iterative algorithms for nonlinear operators, J. Lond. Math. Soc., 2, (2002),
240-256.

Q. Yang, The relaxed CQ algorithm for the split feasibility problem, Inverse Probl.,
20, (2004), 103-120.

C. Zhang, Y. Wang, General Viscosity iterative method for a sequence of quasi-
nonexpansive mappings, J. Nonlinear sci. Appl., 9, (2016), 5672-5682.

76



	Title Page
	Abstract
	Acknowledgements
	Dedication
	Declaration
	Introduction
	General Introduction
	Fixed Point Iteration Procedure
	Picard Iteration
	Krasnoselskii
	Mann Iteration Scheme
	Ishikawa Iteration Procedure
	Viscosity Iteration Procedure
	Other Important Fixed Point Iteration Procedures

	Research Motivation
	Statement of Problem
	Objectives
	Workplan

	Preliminaries
	Mappings of Interest
	Nonlinear Single-Valued Mappings.
	Nonlinear Multi-Valued Mappings
	Other Important Concepts

	Spaces of Interest
	Banach Spaces
	Hilbert Spaces

	Multi-Valued Strictly Pseudo-Contractive Mappings
	Quasi-Nonexpansive Mapping
	Metric Projection
	Split Feasibility Problem
	Equilibrium Problems
	Variational Inequality Problems

	Common Solution of Split Equality Mixed Equilibrium and Fixed Point Problems for Countable Families of Generalized Ki- Strictly Pseudo-Contractive Multi-Valued Mappings
	Introduction
	Preliminaries
	Main Result
	Applications
	Application to split equality mixed variational inequality problem
	Application to split equality convex minimization problem


	Common Solution of Split Equilibrium Problem and Fixed Point Problem with no prior knowledge of operator norm.
	Introduction
	Preliminaries
	Main result
	Application and Numerical example
	Application to Optimization problem
	Numerical Example


	Conclusion, Contribution to Knowledge and Future Research
	Conclusion
	Contribution to Knowledge

	Future Research
	REFERENCE


