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ABSTRACT 

In this study, an investigation on an optimal lightweight design of a 3-phase CNT/fibre reinforced 

nanocomposite plate was conducted, subject to a frequency constraint. The design variables for 

the optimization process are, fibre volume fraction, CNT weight fraction, fibre stacking angle, 

and layer thickness ratio. A literature study was carried out to set the foundation to the key 

concepts and methods used to carry out the optimization process. The effective material properties 

were obtained using a 2-step process which were formulated with Halpin-Tsai equations and fibre 

micromechanics. The solution for the natural vibration of composite laminates was carried out 

using the Ritz method and Classical Laminate Plate Theories (CLPT). For the design of the weight 

optimization of the composite plate, the Sequential Quadratic Programming (SQP) algorithm was 

adopted, using MATLAB, to carry out the non-linear optimization problems with the design 

constraints. A verification of the vibration and optimization methods was conducted using FEM 

and ANSYS. Five optimization problems were defined to assess the parameters which affect the 

weight optimization. The solution to the optimization problems reached an optimal fibre stacking 

angle of 45° for square laminates and increasing towards 90° for rectangular laminates with aspect 

ratios greater than 1, up to 2. The use of CNTs in the composite plate was highlighted where the 

addition of CNTs have improved the minimum weight design for higher non-dimensional 

frequencies from 1.75 up to 2.5. An optimum design efficiency was achieved, showing a 52.7% 

weight improvement of the 3-phase laminate with the design variables assigned. Efficient material 

utilization was implemented optimally, which allocated higher amounts of reinforcement 

materials, CNTs and fibre, in the exterior layers. The weight optimization using non-uniform layer 

thicknesses resulted in the exterior layers to have a higher thickness than the interior layers, which 

contributed to an efficient minimum weight design. 
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CHAPTER 1 - INTRODUCTION 

1.1   Background to the Study 

Weight reduction and development of advanced composite materials have shown potential in 

composite engineering as there has been several engineering applications which can benefit by 

the use of extraordinary materials. Composite engineering focuses on utilizing materials 

effectively to meet the desired needs. This study investigates the lightweight design of an 

advanced composite laminate plate by the use of nanotechnology and optimization methods to 

optimize the materials and parameters while achieving the desired objective. 

Over the years, scientists and engineers have aimed to incorporate sustainable solutions 

into research and development, which promotes helping the environment and helping to grow 

society. The three pillars of sustainable development are social development, environmental 

development, and economic development, and these are known to be the key principles which 

uphold the values and ensures that sustainable development is met for all facets of life on this 

planet. 

 

“Sustainable development is development that meets the needs of the present without 

compromising the ability of future generations to meet their own needs” - (Bruntland, 1987) 

 

In the engineering industry, over the years, sustainability has been strived for by the 

efficient use of raw materials in engineering applications. The development of structures and 

materials from the efficient use of raw materials have led to new innovations and more enhanced 

composite structures and materials being developed. Composite materials have shown enhanced 

properties, which have been utilized in many high-performance applications. In modern day 

applications, such as in aircrafts, spacecrafts, boats and motor vehicles, composite materials have 

been tailored for their application and has helped reduced the amount of steel and other raw 

materials used. According to Jones (1998), some of the properties which are enhanced by forming 

composite materials are: 

• Attractiveness • Acoustic insulation 

• Corrosion resistance • Fatigue life 

• Stiffness • Strength 

• Temperature-dependant behaviour • Thermal insulation 

• Thermal conductivity • Weight 

• Wear resistance  
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Efficient and optimized use of materials and resourced is employed to ensure that there are 

sufficient materials being utilized, without excessive wastage and performance depreciation, 

which results in lower costs and optimal performances. However, the formulation of advanced 

composite materials and composite structures have now shown to be the future for modern day 

science and technological applications hence a greater need for improved optimization methods 

and materials. Nanotechnology has been researched extensively in the last decades and has then 

been widely used in the engineering industry. After being discovered in 1991 by Iijima (1991), 

nanomaterials such as carbon nanotubes (CNTs) and graphene have been shown to be suitable 

candidates as reinforcement alternatives in composite materials and laminates (Duc et al., 2017, 

Mehar et al., 2017). The use of nanomaterials in composites enhances its strength and reduces the 

overall weight of the structure. Such advanced composites are highly suitable for vibration, 

buckling and bending problems and has a high potential in many application which incorporates 

lightweight and versatile designs (Demiroglu et al., 2017, Nasrollahzadeh et al., 2019). This study 

strives to fully utilise the properties of CNTs in a multiphase multiscale nanocomposite design, 

by means of optimization techniques and vibration analysis methods. 

 

1.2   State of art 

In recent times, the lightweight design of structures has been greatly improved by using 

engineered materials and updated manufacturing processes and systems. Currently, with 

composite materials, carbon-based materials have been integrated in aerospace and aircraft 

engineering with applications such as carbon fibre panels on airplanes and graphene and CNT 

coating for lightning protection. According to Gohardani et al. (2014), several patents have been 

issued for CNTs in aerospace applications. The suitability of new materials such as CNTs is 

possible through extensive research and testing through computational mechanics and numerical 

solutions.  

In the present material engineering research, micromechanical modelling and simulations 

provide a higher understanding of new materials and composites, and their properties for relevant 

applications. Current micromechanics techniques help model failure systems in a structure using 

Representative Volume Elements (RVE) (Mccarthy and Vaughan, 2015). Natural vibration 

problems and modelling of structures are possible through state-of-the-art computer programs 

such as ANSYS, Abaqus and MATLAB, where optimization techniques suitable for engineering 

applications are being implemented.  
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1.3   Research Question 

What effect does the parameters and design variables of the composite plate have on achieving 

an optimum minimum weight design? 

1.4   Aims 

The aims of this study are to: 

• Research and understand the properties of carbon nanotubes and fibre reinforcement in a 

composite plate, 

• Successfully model the composite plate with effective material properties using 

micromechanics and Halpin-Tsai equations. 

• Investigate the vibration behaviour of the CNT/fibre reinforced composite plate with different 

amounts of CNT and fibre and provide solutions for the optimization of the weight of the 

reinforced laminate. 

• Evaluate results from numerical investigations and draw meaningful conclusions as well as 

provide recommendations. 

 

1.5   Objectives 

• Review on past literature to develop an understanding of the vibration behaviour of 

composites and acquire material properties. 

• Obtain effective material properties for the composite plate using micromechanics and 

MATLAB software. 

• Build numerical models using MATLAB software. 

• Test MATLAB code and compare results with similar investigations from past literature. 

• Use analytical methods to carry out the optimization of the weight of the composite plate 

according to the amount of CNT and fibre present, subject to different frequency constraints. 

• Investigate the vibration behaviour by changing the parameters and material quantities of the 

composite plate. 

• Evaluate and analyse results by means of graphs and figures and develop relationships which 

help draw conclusions for the study. 

• Provide recommendations for the materials used and different conditions for the composite 

plate which can be used for future research.   
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1.6   Structure of the Dissertation 

This dissertation comprises of five chapters followed by a list of references and appendices. These 

chapters give an overview on nanotechnology and the implementation of nanomaterials for an 

optimal weight design of a composite plate. The breakdown for the chapters to follow are 

provided below. 

• Chapter 1 - provides the background information and the state of art of this research. The 

research question, aims and objectives are defined which form as the purpose of the study. 

 

• Chapter 2 - reviews past literature on the topic to obtain greater knowledge on nanomaterials, 

modelling of composite structures, and optimization of composites structures under vibration. 

 

• Chapter 3 - entails a methodology which shows the derivation of the micromechanical 

equations used for the homogenisation of the 2 and 3-phase materials and the formulation for 

the different optimization problems is presented. This includes the design constraints and the 

design variables used in each optimization problem. The rationale for this chapter was based 

on plate vibration theories and optimization methods used in past literature. The verification 

of the vibration and optimization approach was also conducted. 

 

• Chapter 4 - this chapter presents the results for the optimization problems which were defined 

in the methodology. It provides a discussion of the results with detailed descriptions for each 

optimization problem and highlighting the innovation of this study by using carbon 

nanotubes. 

 

• Chapter 5 - presents the final conclusions of the study. The key findings from the optimization 

problems and the design parameters of the composite plate are addressed. The research 

question is answered, and the aims and objectives are discussed with reference to the findings 

from the study. 
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CHAPTER 2 - LITERATURE REVIEW 

2.1  Introduction 

This chapter presents the theoretical background and key concepts for this study. Important 

parameters are reviewed which help establish the methodology in Chapter 3. Nanotechnology and 

their applications are introduced, followed by material modelling and vibration of composite 

structures. Several optimization methods are reviewed and analysis techniques using finite 

element analysis and the finite element method. 

2.2  Nanotechnology in Africa 

Nanotechnology is one of the fields in science and technology which is still developing in Africa 

and has gained some traction in countries like South Africa, Egypt, Tunisia, Ethiopia, and the 

United Republic of Tanzania. Innovation through nanotechnology has helped develop and provide 

solutions to some of the current challenges being faced in Africa. African innovations such as 

nanofilters for water purification to nanocatalysts and nanosensors brought much attention to 

researchers and has enabled further research and development to be pursued in African countries 

(UN.ECA, 2020).  

According to Salamanca-Buentello et al. (2005), the impact of nanotechnology on 

sustainable development can be assessed by comparing the leading nanotechnology applications 

to the UN Millennium Development Goals. Prior to this, the Economic Commission of Africa 

(UN.ECA, 2020) identified the primary and secondary sustainable development goals on which 

the top 10 nanotechnology applications would have a significant impact on. Table 2-1 highlights 

the top 10 applications of nanotechnology which has the potential of generating business 

opportunities and providing economic growth to developing countries. 

Table 2-1: Top 10 applications of nanotechnology in developing countries (after United Nations. Economic 

Commission for Africa (2020)) 

  

  

  

  

  

  

  

  

  

  

  
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2.3  Nanomaterials in Engineering 

Research and development of nanomaterials have increased and improved through the years by 

means of updated scientific equipment and innovative technological solutions. Since the 

discovery of the extraordinary carbon based materials by Iijima (1991), nanomaterials such as 

graphene and carbon nanotubes have sparked interests in many engineering applications and 

industries. Nanotechnology refers to the restructuring and controlling of matter based on particle 

sizes from 0.1-100 nanometers (nm). This enables more flexibility of adapting the nanomaterial 

properties to suit the application for the material and to ensure that sustainable engineering 

solutions are acquired (Rao et al., 2015).  

 

2.3.1  Nanomaterials in Civil Engineering 

Considering the potential of such nanomaterials and its versatility, there have been several 

research topics in the different industries where nanotechnology and nanomaterials, such as 

graphene and carbon nanotubes, have been extensively researched and favoured for present and 

future innovative applications. A review study by Hossain and Rameeja (2015) showed that there 

are many beneficial uses of nanotechnology in the civil engineering industry.  

Concrete, being one of the most common construction materials, has been used in almost 

every construction works. In the construction industry, the significant impact of concrete can be 

seen by it occupying up to 70 percent of the materials by volume of most structures. Research and 

development have been carried out to address the disadvantages of using cement and to reduce 

the amount of cement being incorporated in concrete by means of nanotechnology. This also 

involves minimising crack propagation and to increase the lifespan and durability of concrete 

(Rao et al., 2015). Steel, also being one of the crucial materials used in construction, has its 

challenges and disadvantages under fatigue, corrosion, and failure. Through nanotechnology and 

incorporating copper nano particles into steel, studies have shown that fatigue, caused by cyclic 

loading can be reduced. Fire protection, and corrosion resistance have also shown promising 

results with nanotechnology by means of spray-on-cementitious coating processes (Hossain and 

Rameeja, 2015). 

According to Sanchez and Sobolev (2010), applications and advances of nanotechnology 

in the building environment has not been very smooth when introducing them on a commercial 

scale. This is due to; cost implications, quality, and quantity of nanomaterials from proper 

dispersion of nanoscale additives in the composite, and the manufacturing techniques of obtaining 

materials like graphene and carbon nanotubes.  
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2.3.2  Nanomaterials in Aerospace and other Engineering Industries 

In certain industries, like the biomedical, electronic and optical industries, carbon-based 

nanomaterials have been favoured compared to other organic materials and have been used in a 

number of applications (Wang and Blau, 2007). Shown in Figure 2-1, the trend and research 

interests of CNTs have grown since the discovery of this extraordinary material and the number 

of applications in the aircraft and aerospace industry have increased as engineers and scientists 

aim to fully utilise the extraordinary properties of CNTs. 

 

Figure 2-1:Carbon nanotube publications with the keywords aerospace and aircraft, between the years 2000 

and 2013 (Source: Gohardani et al. (2014)) 

 

According to Uppal (2020), the current potential of CNTs in aircraft and aerospace is vast as 

manufacturers strive to make components lighter, stronger, and tougher with a higher life span. 

Nanomaterials are utilized in the aerospace industry so that they can deliver multi-functional 

properties like lightweight conductive composites and exhibit improved mechanical and electrical 

performances. Currently, research and development of nanomaterials in aerospace is focused 

mainly on structural reinforcement of composites materials to be used as components in these 

aircrafts. This allows for development of  modern high-performance and multi-functional aircrafts 

which are more fuel efficient and cost-efficient due to the weight reduction and improved 

structural components. A summary of potential and prospective implementation of CNTs on next 

generation aircraft and space vehicles is shown in Table 2-2.  

 

Table 2-2: Potentials of CNTs in aeronautics and astronautics (after Gohardani et al. (2014)) 

 





 
 
 
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2.4  Properties of Carbon Nanotubes 

Carbon is one of the elements known to have many allotropes due to it having many hybridization 

states. Graphene being among the many allotropes of carbon makes up a 2-dimensional, single-

layered nanosheet and is formed by hexagonal lattice structure bonded by sp2 hydrogen bonds 

(Tserpes and Silvestre, 2014). It is known to be the building block to all the other allotropes of 

carbon which each have their own dimensions and distinctive properties. Shown in Figure 2-2, 

the different allotropes of carbon where graphite is formed by stacking of graphene nanosheets, 

fullerenes or bucky balls formed by wrapping graphene nanosheets, and carbon nanotubes formed 

by rolling of the graphene nanosheets. 

 

Figure 2-2: Graphene: The building blocks of carbon allotropes (Source:Garg et al. (2014)) 

 

Presently, carbon fibre is known to be one of the commonly used reinforcements in composites. 

It has microscale size characteristics and provides great strength and stiffness when used with 

polymers to form polymer matrix composites. Due to the impressive properties of carbon fibre, it 

is known that, for a specified volume fraction, as the diameter of the reinforcing fibres decrease, 

the interface between the reinforcement fibres and the matrix increases, resulting in a stronger 

multiphase and multiscale composite material (Boyer et al., 2012, Zhang et al., 2012).  

Carbon nanofibres (CNF) are known to be similar to CNTs, but have distinct properties 

which affect the overall performance, as the size of the reinforcement fibres reduce to the 

nanoscale. CNTs became a more promising material to be used in composites due to its ability to 

provide high strength and stiffness to composites. As mentioned above, CNTs are cylindrical 

tubes which are formed by rolling nanosheets of graphene around a certain axis. In Figure 2-3, 

configurations of nanotubes are presented, where single-wall carbon nanotubes (SWCNT) are 

arranged by rolling a single nanosheet of graphene and multi-wall carbon nanotubes (MWCNT), 

being formed by more than one layer of graphene nanosheets. 
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Figure 2-3 (A) Single-Wall CNT (SWCNT), (B) Multi-Wall CNT (MWCNT) (Source: Vidu et al. (2014)) 

 

The manufacturing of CNT nanocomposites is highly important in ensuring high quality material 

is obtained and it influences several factors in the CNT nanocomposite. In addition to 

hybridization, the dispersion and orientation of CNTs in the matrix is influenced by the 

manufacturing process. The properties of the composite materials are strongly affected by the 

interface between the matrix and the CNT reinforcement, where it is necessary to ensure a 

homogenous dispersion of CNTs is present within the matrix. Nonhomogeneous dispersion tends 

to result in crack initiation and possible failure of the material. The orientation of the CNT fibres 

affects the modulus and strength of the composite. Transversely isotropic composites are obtained 

by providing a uniform orientation of CNTs in the axial direction. This is to enable the modulus 

and strength to be higher in the axial direction compared to other directions of the element. 

Alternatively, isotropic composites are obtained by uniformly orientating the CNTs in all 

directions (x,y,z), which allows for equal moduli and strength in the composite (Bekyarova et al., 

2007, Seidi and Kamarian, 2017, Qiu and Yang, 2017) 

Chirality refers to the geometric property of a group of atoms in space or of a solid object, 

which results in it not being superimposable on its mirror image. The chiral vector hC  is 

composed of unit translational vectors 1a  and 2a , illustrated in Figure 2-4 and Figure 2-5, and is 

calculated as: 

1 2hC ma na= +  (2-1) 

where, m  and n  represents the number of hexagons covered by the unit vectors. The CNT axis is 

designated by vector T  which is perpendicular to vector hC  (Kalamkarov et al., 2006). The chiral 

angle θ is defined as the angle between hC  and 1a  which changes from 0° to 30°, and is calculated 

as: 
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Figure 2-4: Roll-up vector defining the structure of carbon nanotubes (Source: Kalamkarov et al. (2006)) 

 

 

Figure 2-5: Structure of single-wall SWCNT with different chiral angles between 0° and 30° (Source: Sanchez 

et al. (2005)) 

 

According to Cao (2014), the Youngs Moduli and Poisson’s ratio are not highly dependent on the 

chirality angles of the graphene sheets. Similarly, a study by Rajabpour et al. (2011) showed that 

this concept also applied to CNTs which resulted in a 0.25% difference in Youngs Modulus for 

chiral angles 0 to 30 degrees for carbon nanotubes.  

By looking at a comparison between CNTs and other reinforcement materials, CNTs show 

to have extraordinary mechanical, thermal, and electrical properties. This can be seen by the high 
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length to diameter ratio and the nature of the covalent bonds between the carbon atoms of the 

CNT. In Table 2-3, a comparison of the mechanical properties of CNT are shown with other 

materials used in engineering applications. CNTs have a much higher tensile strength than the 

other materials due to the covalent bonds and shows to be much stronger than steel. The incredible 

thermal and electrical conductivity shows why CNTs are so popular in the electronics industry. 

 

Table 2-3: Representative properties of nanomaterials and other common materials in composites (after (Gong, 

2018) and (Tserpes and Silvestre, 2014)) 

   

   

   

   

   

 

2.5  Fibre Reinforced Composites (FRC) 

2.5.1  The Development of Composite Materials 

The history of composite materials originated from as early as 1500 B.C. where strong and durable 

structures were developed by Egyptians and Mesopotamian settlers, utilizing mud and straw 

mixtures (Nagavally, 2017). Modern day engineered structures and building materials have 

greatly progressed from the common building materials like wood, stone, and mortar, owing to 

science and technological sophistication, which helped form advanced engineered materials. 

Composite materials are formed by using various other materials, with different properties and 

characteristics, which result in an enhanced material with improved properties as compared to its 

original constituents (Harris, 1991). 

 

2.5.2  Constituents of FRCs 

Fibre reinforced composites have been implemented in a wide range of engineering applications, 

from carbon fibre and fibreglass panels for vehicles and aircrafts, to retrofitting RC beams and 

structures using epoxy and fibre reinforcing. According to Cantwell and Morton (1991), carbon, 

glass and Kevlar fibres, which have been researched and examined extensively, have shown to 

possess high strength, stiffness, corrosion resistance, and improved fatigue properties. This was 

assessed through several applications which they have been put in. The fibres in composite 

structures are crucial for resisting the bulk of the applied loads and structural behaviour. The 

matrix material in the composite has equal importance as the reinforcing fibres used. It is 

responsible for ensuring there is an even distribution of the fibres in the layers and helps protect, 

align, and stabilize fibres to ensure that there is uniform stress transfer between the fibres in the 

composite. As with any type of composite, be it reinforced concrete elements or carbon fibre 
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laminates, the bonding between the matrix materials and the fibre reinforcement is the an 

important factor in determining the overall mechanical and physical performance of the material 

(Prashanth et al., 2017).  

Past studies have incorporated natural fibres in composites to adopt a green approach for 

new engineering materials. Velmurugan and Manikandan (2005) developed a glass fibre and 

palmyra natural fibre hybrid composite. The authors investigated the use of natural fibres as 

reinforcement with polymer materials, with results highlighting and showing the significant 

importance of being eco-friendly and contributing to sustainable solutions. The overall properties 

of the hybrid composite material were greatly improved by introducing high strength synthetic 

glass fibres to the palmyra fibre hybrid material.  

Other beneficial studies include the retrofitting and rehabilitation of structures. Dasgupta 

Dasgupta (2018) conducted a study which investigated the numerous applications of fibre 

reinforced polymers (FRP) in the repairing and retrofitting of concrete beams and structures. The 

purpose of retrofitting structures was to allow for an increased design life of the structure and to 

improve the durability of the structure against factors such as fatigue, corrosion, and seismic 

responses.  

 

2.5.3  Classification of Composite Materials 

Composite materials or composite structures are classified depending on the properties of the 

constituents of the material. This refers to the fibre reinforcement, the matrix material, and the 

interface between the two (Yang et al., 2012). Figure 2-6 shows the classification of composite 

materials determined from the reinforcement material and the matrix material used. According to 

Park and Seo (2011), there need to be various chemical and mechanical tests conducted on each 

element in order to obtain the overall properties of the composite material, and to determine the 

suitable application for it.  

Taking graphene as an example; defects and grain boundaries with samples on a 

macroscopic level is dependent on the environment it is exposed to and the production process 

used. According to Li et al. (2008), some of the most commonly used techniques for preparing 

graphene include: exfoliation or separation, chemical vapour deposition (CVD) and the reduction 

of graphene oxide. Each of these methods can successfully produce graphene, but the quality and 

properties of the product obtained depending on each process (Kim et al., 2010). 
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Figure 2-6: Composite materials: (a) Based on matrix material; (b) Based on reinforcement material (Source: 

Yang et al. (2012)) 

 

As mentioned in section 2.4, the dispersion and orientation of the reinforcement fibres plays a 

huge role in determining the type of composite and the elastic properties that the composite tend 

to present. A study by Madeo (2015) investigated types of fibrous composite reinforcements. This 

study provided conclusive evidence that woven fibre reinforcements can be classified as materials 

with orthotropic elastic properties. This is due to the fibres being woven in two directions 

irrespective of the weave pattern or different types of fibres used.  
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2.6  Micro-scale Modelling 

Studies of elastic stress and displacement fields around dislocations, by Volterra (1907), initiated 

the theories and concepts of micromechanics. In recent years, with the increase of research and 

development in the material science industry, much attention has been given to the 

micromechanical modelling of solids. This is due to the fact that most materials have 

heterogeneous microstructures which influences the deformational behaviour of the 

macrostructure of the material (Sadd, 2014). For this, computational micromechanics have proven 

to yield a suitable framework in order to obtain detail predictions of local deformation 

mechanisms in heterogeneous materials, which result in the effective elastic properties of the 

composite material.  

Numerical investigations and structural analysis of composites are essential in order to 

evaluate the performance and parameters of the structure and the material used with it. This is 

made possible by numerical equations and relationships which help model the materials and the 

structure holistically. These are categorised under hierarchical multi-scale modelling (HMM), 

where nano and micro scale elements are performed with semi-continuum modelling, and meso 

and macro scale elements falling within micromechanical models (Rafiee and Eskandariyun, 

2019). Contained in Table 2-4 is the modelling methods and the involved parameters for 

multiscale modelling of CNT reinforced composites, with a representative volume element (RVE) 

defined for each scale. 

 

Table 2-4: Effective scales of involved parameters and modelling methods at each scale (after Rafiee and 

Eskandariyun (2019)) 




 

  
 

  
  

 

Sadd (2014) addressed micromechanical models based on linear elastic responses. For the 

dislocation modelling method, internal microstructural defects/imperfections were considered 

based on the atomic lattice structure of the material. This applies to edge and screw dislocations, 

which are two of the most common types of imperfections. For modelling which does not include 

imperfections like the edge and screw dislocations, elastic models are developed using singular 

stress states. This includes a variety of force and moment systems, which yields stress, strain, and 

displacement fields. Other models include materials with distribute cracks, materials with voids, 

micropolar and couple stress theory, and doublet mechanics. 

Micromechanical modelling is an essential tool for analysing failure in advanced composite 

materials. Mccarthy and Vaughan (2015) investigated failure criteria using micromechanical 
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models for the generation of failure surfaces from mechanical and thermo-mechanical loadings, 

and the bonding of composite joints. Material properties were easily modelled using 

micromechanics which enabled an interactive failure criterion. According to the authors, thermal 

residual stresses have a positive effect on the failure strength when subjected to tension-dominated 

loading and a slightly negative effect when subjected to shear dominated and compression-

dominated loading. For bonded composite joints, failure occurs mainly at the bond lines due to 

adhesive properties, and weak points which were formed from the debonding of the fibres. 

The fabrication technique and the quality of the constituent materials (fibre, CNT, matrix) 

greatly affects the abilities of the materials to bond with each other and the overall performance 

of the composite. According to Rafiee et al. (2018), there are two known procedures for 

manufacturing multiscale CNT/polymer nanocomposites. The first method is illustrated in Figure 

2-7, by dispersing CNTs in the polymer matrix, and thereafter infusing the fibre reinforcement 

within the CNT/polymer nanocomposite. The second method adopts a slightly different approach, 

where the CNTs are infused with the fibres and then infused with the matrix.  

 

Figure 2-7: Dispersion of CNTs in polymer matrix, thereafter fibres in CNT/polymer nanocomposite (Source: 

Rafiee et al. (2018)) 

 

In this study, the effective material properties of the multiscale CNT/polymer nanocomposite 

were obtained using the procedure in Figure 2-7. Halpin-Tsai equations were used for the 

CNT/polymer nanocomposite. and fibre micromechanics for the latter. The summary of equations 

used for the modelling of the 3-phase multiscale CNT/polymer nanocomposite are briefly 

explained in the sections 2.6.1 and 2.6.2  
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2.6.1  Two-phase CNT reinforced matrix Halpin-Tsai equation formulation 

The Halpin-Tsai equations for the Youngs modulus of the CNT reinforced matrix were calculated 

from Rafiee et al. (2018). where subscripts CNT/M and M denote the properties of the CNT 

reinforced matrix and unreinforced matrix respectively.  

( )
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In the preceding equations, CNTl , CNTd , CNTt  notates the length, diameter, and thickness of the 

carbon nanotubes respectively. The Poisson’s ratio and the shear modulus of the 2-phase CNT 

reinforced matrix is given by: 

/ (1 )CNT M CNT CNT M CNTv v V v V= + −  (2-6) 

( )
/

/

/2 1

CNT M
CNT M

CNT M

E
G

v
=

+
 (2-7) 

 

The volume content of carbon nanotubes CNTV  is given by the equation (2-8) with respect to the 

weight fraction of the carbon nanotubes by manipulation of mass and density units.  

( )( )1

CNT
CNT

CNT CNT M CNT

W
V

W W 
=

+ −
 (2-8) 

 

The density of the carbon nanotube reinforced matrix can be calculated using (2-8) and the 

elastic properties of the matrix. 

( )/ 1CNT M CNT CNT M CNTV V  = + −  (2-9) 
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2.6.2  Three-phase fibre/CNT reinforced matrix composite 

The elastic moduli and density of the three-phase laminate are defined using the fibre 

micromechanical equations for the overall composite model. (Rafiee et al., 2018, Gholami et al., 

2018) 

The overall density for the 3-phase multiscale CNT/fibre/polymer nanocomposite is given by 

( )1F F CNT CNT F CNT MV V V V   = + + − −  (2-14) 

 

2.7  Vibration of Composite Structures 

Structural vibration is a phenomenon that occurs very frequently on structures, depending on the 

environment they’re situated in. For example, buildings and skyscrapers are prone to vibrations 

caused by seismic, wind and other induced loads, whilst other structures like motor vehicle and 

aircrafts panels are subject to aerodynamic dynamic forces, and vibrations due to mechanical 

components. External forces, such as those mentioned above, prompt the structure to vibrate at 

its natural frequency. In simple terms, the nature of the vibration, or frequency, is influenced by 

the mass and stiffness of the system. For any structure to be within safe limits, the natural 

frequency of the structure would need to be relatively higher than the operating frequency when 

loads are being applied to it. Such considerations are made when designing structures and the 

materials they comprise of. The types of materials used play a crucial role in providing strength 

and stiffness in order to withstand and minimise the effects from external forces and vibrations. 

In several studies, CNTs have been investigated in composite structures under free and 

forced vibration responses and buckling resistance. The use of multiphase and multiscale 

composites has provided improved stiffness and flexural behaviour which resulted in higher 

natural frequencies and buckling loads. This was due to the improved mechanical and physical 
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properties from the synergistic effects of the constituents, and the combination of other physical 

characteristics in the composite (Díez-Pascual et al., 2014).  

Ebrahimi and Dabbagh (2019) conducted an analytical investigation on the vibration 

response on multi-scale hybrid nanocomposite plates based on a Halpin-Tsai homogenization 

model. Results showed that the natural frequency of the composite was amplified by adding either 

fibre material by volume fraction or increasing CNT by weight fraction.  

Ahmadi et al. (2018) conducted a free and forced vibrational analysis on a 3-phase, carbon 

fibre (CF)/CNT/reinforced polymer hybrid composite. Due to the covalent sp2 bonds between the 

carbon atoms in the CNTs, it resulted in an exceptionally high tensile strength and Youngs 

Modulus which makes the CNTs one of the strongest and stiffest materials available. These 

properties significantly improved the vibration behaviour of the CF/CNT/polymer hybrid 

composite. 

Bekyarova et al. (2007) noted a 30% improvement of the interlaminar shear strength with 

a 3-phase CNT/CF/epoxy laminate compared to a 2-phase CF/epoxy laminate. Other similar 

investigations where conducted in Ahmadi et al. (2017), Ebrahimi and Habibi (2018), Inam et al. 

(2010), Jamal-Omidi and Shayanmehr (2018), where CF/CNT reinforced laminates were 

modelled under vibration, and buckling, which showed the significant improvement of 

frequencies and buckling loads in multiphase, and multiscale composites  

 

According to Reddy (2003), the analysis of composite plates are formed on these approaches: 

• Equivalent single-layer plate theories (2D) 

• Three dimensional elastic theories (3D) 

• Multiple model methods (2D and 3D) 

The Equivalent single-layer plate theories (ESL) consist of the classical laminated plate theory 

and shear deformation plate laminate theories. The ESL theories are derived from 3D elastic 

theories using assumptions for the kinematics of deformations which allows a reduction of a 3d 

problem to a 2d problem. For the three-dimensional elastic theories, traditional 3D elasticity 

formulations and layer wise theories are implemented, where each layer or ply is modelled as an 

individual 3-dimensional element. 
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2.8  Optimization of Composite Structures 

2.8.1  Optimization Algorithms 

Optimization is a tool which is used in almost every engineering and production process in order 

to produce the best result. This can be achieved by trying to minimize factors such as materials, 

cost, and energy, which result in a maximised profit, performance, or output. For any optimization 

problem to function successfully, there needs to be a suitable optimization algorithm which uses 

an efficient numerical simulator and all of which supports the physical processes of the model 

and its constraints. The basic process for any optimization is shown in Figure 2-8. 

According to Yang (2013), the three main issues in optimization are, the efficiency of the 

algorithm, the efficiency and accuracy of the numerical solver, and the allocation of the suitable 

algorithm. Despite considering all these issues, it is still difficult in choosing the correct algorithm 

since the efficiency of the algorithm depends on several factors within the algorithm and the 

optimization problem. Some of optimization algorithms used in composite and structural 

applications are mentioned in this section. 

 

Figure 2-8: Design optimization process (Source: Maalawi (2018)) 

 

The Genetic Algorithm (GA) is one of the frequently used algorithms in composite optimization. 

It is a search and optimization algorithm which is based on Darwin’s evolution of biological 

systems, observed in nature. For each iteration, it determines a solution from the previous 

iteration, directing the optimal solution to converge after a certain number of iterations. The 

algorithm considers the initial parameters as parents, and thereafter calculates new parameters 

based on the initial ones, moving down generations until the entire population or many 

generations reaches an optimal solution. Like the GA, the Simulated Annealing (SA) optimization 
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algorithm is one of the metaheuristic methods. It is based on the simulation of thermal annealing 

of heated bodies. It conducts a random search using a Markov chain and accepts changes which 

improve the objective function and converges to an optimal solution when the prescribed 

tolerance is reached (Yang, 2013). The Particle Swarm Optimization (PSO) algorithm is similar 

to the GA, where it is formulated based on behaviour which occurs in nature such as fish schooling 

and insect swarms. The algorithm searches within the objective function by changing the 

trajectory of each particle, allowing it to follow the present optimal particle in each iteration. 

For non-linear programming and constrained optimization, Sequential Quadratic 

Programming (SQP) is known to be the best technique in terms of accuracy and efficiency 

(Morshed and Asgharpour, 2014). Figure 2-9 outlines the flow of processes for the SQP method, 

where the calculation of the Hessian matrix and the quadratic sub-problems fall as the core 

structure in the whole process. Aktemur and Gusseinov (2017) investigated using different 

optimization algorithms to solve Golinski’s speed reducer problem. In Table 2-5, the GA and SA 

arrived at the optimal solution while, the SQP method solves the problem much faster. According 

to the authors, there are some pros and cons to using SQP since it is a local optimizer while the 

other methods being global optimizers. 

 

Figure 2-9: The flowchart of the SQP technique (Source: (Morshed and Asgharpour, 2014)) 

 

Table 2-5:Comparison of SQP, GA, SA and PSO optimization algorithms (after Aktemur and Gusseinov (2017) 

     

     

     

     

     
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2.8.2  Optimal Composite Design 

This current study investigates the lightweight design of advanced composites. This is an 

innovative approach containing multiscale, micro and nano, reinforcement material such as fibres 

and CNTs. The main objective is to minimize the weight of the composite whilst still being able 

to achieve high frequency resistances which is subject to a frequency constraint. This is achieved 

by optimizing the design variables such as stacking sequence, ply angles, thickness of plies and 

amount of reinforcement material in the composite. Nikbakt et al. (2018) stated that the type of 

optimization problem is based on the quality and quantity of the design variables and the objective 

functions. In composite lamina design, the lamina thickness and the angle are the common design 

variables used. Such considerations are based on the manufacturing precision and the feasibility 

of the optimal solution still being achieved after rounding off values to the nearest discrete 

manufacturable value (Akbulut and Sonmez, 2011). Mentioned below are a number of sources 

that used optimization for composite laminate design, using different techniques, variables, and 

analysis methods. 

The Genetic Algorithm (GA) was the optimization method used in several studies and has 

been one of the commonly used methods for the optimal design of composites. In a study by 

Lopez et al. (2009), a minimum weight and minimum material cost optimization was solved by a 

GA. The ply orientations, number of layers and the material in the layers were assigned as design 

variables. Cardozo et al. (2011) investigated three optimization problems using a GA, together 

with the Finite Element method (FEM) and Artificial Neural Networks (ANN), for a composite 

laminate plate. Results were obtained by comparing the two methods used with the GA. The two 

methods produced similar results when used with the GA however, the computational time for 

the GA-ANN was better than the GA-FEM.  

Assie et al. (2012), carried out an investigation for weight optimization using the GA and 

the Tsai-Wu failure criterion. This was achieved by optimizing the orientation angle and the 

thickness of the laminates in the composite plate. Pelletier and Vel (2006) presented a multi-

objective optimization study by employing a non-dominated sorting genetic algorithm (NSGA-

II) for laminate composite design. Liu et al. (2015) used the permutation genetic algorithm 

(permGA) by specifying the material volume as the objective function for an aircraft wing. The 

min weight design of the aircraft wing was achieved by a bi-level optimization strategy. The top-

level optimization was solved using the first order optimization method available in ANSYS. For 

the bottom level optimization, the stacking sequence was optimized from the calculated 

lamination parameters in the top-level optimization. The permGA was efficient for the bottom 

level optimization since no finite element simulation was needed.  

Almeida and Awruch (2009) used FEM and GA for two multi-objective optimization 

problems for the design of lightweight laminate structures. One problem involved the weight and 

the cost being the objective functions, and the other involving the weight and the deflection as the 
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objective functions. The performance of the optimization algorithm was assessed by means of 

reliability and computational cost.  

The genetic algorithm (GA) and simulated annealing (SA) optimization techniques were 

used by Karakaya and Soykasap (2011). The optimization was successfully achieved for each 

method however, results showed that the GA is better suited for optimization with many design 

variables and runs faster with more successful function evaluations obtained. Optimal laminate 

design was also accomplished in other studies using the feasible direction method (FDM) by Lin 

and Yu (1991), and adaptive elitist differential evolution (aeDE) algorithm in (Vo-Duy et al., 

2017).  

Giambanco et al. (1999) performed an optimal design of a laminate plate. The objective 

was to minimise the weight by optimizing the distribution of the thickness of the plies in the 

laminate. This was done by making the thickness of the plies as the design variable. From a more 

recent study, it was noted by Liu and Paavola (2016) that having the fibre volume fraction as a 

design variable had a significant effect on the weight of the laminate. (Park et al., 2003) carried 

out a multiple-constraint optimization study to minimise the weight of the composite laminate.  

In most cases, the geometry has an effect on the overall performance of the composite with 

optimal angles and optimal reinforcement materials. Adali and Verijenko (2001) investigated the 

optimum stacking sequence for hybrid laminates undergoing free vibration. Results showed that 

optimum material utilization was obtained by placing stronger material, with more reinforcement, 

in the surface layers and weaker material in the core layers. Another interesting result showed 

that the aspect ratio influences the optimal stacking sequence. For aspect ratios between 0.2 and 

0.6 the optimal stacking sequence was 0°, for aspect ratios between 0.7 and 1.4 was ±45°, and 1.5 

to 2 was 90°.  

A layer-wise optimization approach (LOA) was presented by Hansel and Becker (1999), 

using a heuristic optimization algorithm. A similar layer-wise optimization approach was carried 

out by Narita (2003). This was to optimize the fibre angles for the maximum fundamental 

frequency which was determined sequentially from the outermost layer to the innermost layer. A 

more recent study by An et al. (2019) solved the optimization of the laminate stacking sequence, 

which was by maximising the natural frequency and buckling load of a laminate cylinder and 

laminate plate. Wu and Viquerat (2017) optimized the natural frequency with respect to the fibre 

orientation angles and stacking sequences.  

In structural design and analysis of structures, there are several tests conducted on a 

structure to reach a final solution or to conclude with the appropriate application of the structure 

and the materials. In this study, only the vibration analysis was investigated for the composite 

design. Other analysis such as bending and buckling using optimization are highlighted in (Ehsani 

and Rezaeepazhand, 2016, Shin et al., 1991, Adali et al., 1995, Aymerich and Serra, 2008, Ho-

Huu et al., 2016).  
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2.9  Finite Element Analysis (FEA) 

Finite element analysis and the finite element method (FEM) are methods used for the verification 

of the vibration analysis method in this present study. The finite element method is a numerical 

method used for solving mathematical and engineering problems. It has been used in typical 

engineering applications such as structural analysis, fluid dynamics, heat transfer, and 

electromagnetic potential (Logan, 2007). The solutions for the FEM formulated using a system 

of algebraic equations, which differ from analytical solutions that use partial differential 

equations. FEA uses a process known as discretization, where the body or solid is divided into 

smaller equivalent bodies, or finite elements, those of which are interconnected to each other at 

common points known as nodes. The solutions are obtained by determining the unknowns at each 

node which can be in the form of displacements, stresses or even temperatures, depending on the 

type of problem being solved. The finite element solution is then developed using the summation 

of the finite element analysis of each body or element (Logan, 2007). The performance and 

accuracy of the finite element solution is highly dependent on the discretization process. The 

higher number of finite elements used, provides higher accuracy for the solution for the specified 

problem.  

According to (Logan, 2007), element stiffness matrices and element equations forms a 

background to any structure analysis problem. The element equations can be written in compact 

matrix form as shown in equation (2-15), and the global equations shown in equation (2-16). 

Element equation matrix: 

    f k d=  (2-15) 

where  f  is the element nodal force vector,  k  is indicated as the element stiffness matrix, 

and  d  being the element displacement vector for unknown nodal degrees of freedom. 

 

Global equation matrix: 

    F K d=  (2-16) 

Where  F  is the global nodal force vector,  K  is the global stiffness matrix, and  d  is the 

structure displacement vector of known or unknown nodal degrees of freedom. 
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2.10  Summary 

Nanotechnology is a way of the future as innovative methods of implementing it are formed. In 

Africa, nanotechnology has a great potential in addressing some of the greatest challenges and 

help achieve sustainability goals. Nanomaterials like graphene and CNTs have immense potential 

in engineering applications, especially in structural engineering of composites for aircraft and 

aerospace. They have an incredible enhancement of strength and weight reduction properties in 

composites, especially with multiphase and multi scale materials. 

Several publications have investigated the use of nanomaterials used in composite plates 

and being tested for vibration, buckling, and bending analysis. Micromechanics and Halpin-Tsai 

equations are used for modelling multiscale materials which help get the effective elastic 

properties of the composite material. Micromechanics are beneficial and there are multiple 

methods which can be used for different materials and to predict material failures.  

Structural analysis can be done using numerical methods or analytically. The finite element 

method shows to be a very successful method for the analysis of structures, by means of numerical 

methods and finite element analysis. For analytical methods, the Ritz method is highly suitable 

for modelling laminate composite plates with simply supported boundary conditions using the 

classical laminate plate theory  

Optimization algorithms have been very useful with providing the best design to reach the 

desired objective. Many optimization algorithms were assessed for the design of composite 

structures. From the list of algorithms, the genetic algorithm (GA) is the most efficient for 

composite laminate design, however for constrained optimization with linear programming, the 

sequential quadratic programming (SQP) method is known to be highly favourable. 
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CHAPTER 3 - METHODOLOGY 

3.1  Introduction 

In this chapter, the methodology of the optimal design of the composite plate is presented. The 

fundamental knowledge of composite engineering, vibration analysis and optimization techniques 

were required, and this was achieved through a literature study in chapter 2. The process 

highlighted in this chapter show the steps required for setting up the design problem. This begins 

with choosing the appropriate optimization algorithm. Next, micromechanics and modelling of 

the composite materials, followed by setting up the vibration analysis problem and the non-

dimensional quantities. The last step is the core of this study, where all these concepts are 

integrated by the formulation of the optimization problems. The verification of the analytical 

method is presented, which provides confidence in the chosen methodology and the results that 

follow in the next chapter. 

3.2  Sequential Quadratic Programming (SQP)  

In the present work, the design objective, or objective function, is to minimise the weight of a 

simply supported (SSSS) laminate plate, subject to a frequency constraint. The optimization 

strategy involves the execution of a sequential quadratic programming algorithm (SQP), used in 

MATLAB, by means of introducing design variables and constraints for the optimization 

problem. The SQP is an iterative method which models the nonlinear programming problem, at a 

given approximate solution, by a quadratic programming subproblem. The solution to the 

quadratic subproblem is used to construct a better approximation for the next iteration by means 

of Newton and quasi-Newton methods for constrained optimization problems (Boggs and Tolle, 

1995). From Bader (2009), the nonlinear problem involved in the optimization is shown as:  

i
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3.3  Composite Modelling 

This study entails the design of a 3-phase multiscale CNT/fibre/polymer nanocomposite. The 

crucial step starts with the modelling of the composite, by calculating the effective material 

properties from the CNTs, fibre and matrix elastic properties. The procedure is adopted from 

Rafiee et al. (2018), where the homogenization of the composite is conducted in two levels. First, 

a 2-phase CNT polymer matrix is formed using Halpin-Tsai equations mentioned in section 

(2.6.1). The final elastic properties are then obtained using the fibre micro-mechanic equations 

from section (2.6.2) which form the 3-phase multiscale CNT/fibre/polymer nanocomposite. 

3.4  Vibration of laminate composites 

3.4 1 Formulation of the Analytical Approach 

For the vibration of the composite plate, a simply supported rectangular plate was considered. In 

Figure 3-1, the rectangular plate with total thickness h comprising of N orthotropic layers is 

shown. For this problem, the positive z-axis extends downwards from the midplane of the 

laminate and the kth layer is located between points zk and zk+1 along the thickness of the plate 

(see Figure 3-1 (right)). 

 

 

Figure 3-1: Coordinate system and layer numbering used for a laminate plate 

 

Governing equations to laminate theories can be solved using analytical or numerical solutions. 

For this study, the analytical approach was adopted using the classical laminate plate theory 

(CLPT). From the numerous analytical methods out there, the Ritz method was employed for the 

composite plate which develops approximate solutions for the simply supported boundary 

conditions. 

 

 

 



27 

 

For the vibration analysis problem, the governing equation for natural vibration is given by 

(Reddy, 2003, p. 282): 

( )
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0 0 0 0 0
11 12 6

2 2

0 2 26 22 04 2 22 4
02 2

w w w w w
D D D D I

x x y y x
w I

y

    
+ + + + +

    

 
− = 

 
 (3-3) 

 

where,  

( ) ( )

( ) ( )

0 0 1

1

3 3

2 0 1

1

1

3

L
k

k k

k

L
k

k k

k

I p z z

I p z z

+

=

+

=

= −

= −





 (3-4) 

 

The overall stiffness of the plate is denoted by: 
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And the transformed stiffness terms, ijQ  can be expressed as: 
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The plane stress-reduced stiffnesses for each layer is expressed as: 
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The solution for the natural frequency (fundamental frequency) for the plate can be expressed as 

equation (3-8), where there is a unique frequency and mode shape for different values of m and 

n. 

( )
4 24

2 4 2 2 4

11 12 66 224

0

2 2mn

b b
D m D D m n D n

I b a a




    
= + + +    

     

 (3-8) 

where, 

2 2

0 0 2

m n
I I I

a b

     
= + +    
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 (3-9) 

 

The contribution of rotary inertia is very small but has an effect of reducing the natural frequency 

for any values of m and n. For this study, the rotary inertia was neglected (
2 0I = ), which makes 

it more comprehensive when obtaining the maximum natural frequency of the composite plate. 

 

3.4.2  Formulation of the Non-Dimensional Solution 

A benchmark must be set to assess the performance of the composite plate. For this, an 

unreinforced isotropic plate was used to evaluate the frequencies and weight when changing 

parameters of the composite plate.  

The frequency of a reference unreinforced plate can be derived using the governing 

equations for free vibration of isotopic plates of uniform thickness. The exact vibration solution 

for rectangular plate with four edges simply supported is given from (Wang and Wang, 2013, 

p.141) using the exact vibration solution for thin isotropic plates. 
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where D is the flexural rigidity denoted by the equation (3-11) 
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(3-11) 

 

The utilization of these equations is discussed further in this chapter where the non-dimensional 

quantities are derived for the optimal design of the composite plate. 
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3.5  Formulation of the optimization problems 

Five optimization problems are evaluated for the design of the composite laminate plate. The 

dimensions of the composite laminate are shown in Figure 3-2, where a and b are the dimensions 

in the X-Y direction. H represents the total laminate thickness in the Z-direction. The total number 

of layers in the composite is denoted as N. The design variables are fibre volume fraction (VF), 

CNT weight fraction (WCNT), fibre orientation angles (θ), and ply thickness ratio (h/H). These 

design variables are implemented but are limited by constraints set for each of them. The 

formulation of each optimization problem is briefly explained in the next sections. 

 

 

Figure 3-2: Geometry of the composite plate 
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3.5.1  Problem 1: 2-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variable: VF) 

The first optimization problem involves the optimization of a 2-phase, fibre reinforced laminate, 

with uniform layer thickness along with non-uniform distribution of fibre in the layers. The 

volume of fibres in each layer is given by      =F i F iVol a b h V , where h is the layer thickness 

equivalent to H
N

. The total volume of fibres in the N-layer laminate is given by 

 

1 1

   
= =

= = 
N N

F Total Fi Fi

i i

Vol Vol a b h V . The maximum volume of non-uniformly distributed fibres 

in the laminate is given by max maxF FVol abHV= , where maxFV  is the total volume fraction of 

fibres in the laminate. For the present study, the optimization for an 8-layered laminate with fibre 

volume fraction as a design variable is defined with the design constraints. 

Equation (3-12) shows the objective function for the optimization problem. This is defined by the 

design variable VF and the design constraints in equations (3-13) to (3-16). The frequency 

representing the plate under investigation (𝝎𝟏𝟏) is calculated as a function of VF and θ, using 

equations (3-5) to (3-8). The frequency of the reference plate (𝝎𝒎𝒏) is defined by equations (3-10) 

and (3-11) and the ratio 
𝝎𝟏𝟏

𝝎𝒎𝒏
, representing the non-dimensional frequency, should be equal to the 

frequency constraint limit (𝒇𝟏), shown in equation (3-13). The maximum fibre volume maxFV  is 

constrained using equation (3-14). The limits for the fibre volume in each layer are defined, where 

the maximum fibre volume constraint for the overall laminate is still being satisfied. The upper 

and lower limits for the fibre angles are defined for every layer in the laminate. The optimal 

solution is assessed by analysing the parameters which contribute the minimum weight. This is 

8 8

1 1
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by introducing a design efficiency factor  , which is the ratio of the weights of the fibre 

reinforced composite plate WL, and the unreinforced reference plate W0. 

8
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0 0 1 0
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
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=

+ −

= =
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W H abHf
 

(3-17) 

H0 is derived considering the concept of the free vibration of isotropic plates by rearranging 

equation (3-10) in terms of the thickness H, and mn calculated from equation (3-8). 
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3.5.2  Problem 2: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variable: VF) 

This problem involves the optimization of a 3-phase, CNT/fibre reinforced laminate, with uniform 

layer thicknesses, uniform distribution of CNT and non-uniform distribution of fibre in the layers. 

The uniform distribution of CNT is assigned explicitly by the user whilst the distribution of fibre 

reinforcement in the layers are assigned optimally using the optimization algorithm. The 

optimization problem is defined as in problem 1 but with the addition of CNT as shown. 

The design efficiency factor   , with the addition of CNT in the problem is defined as 
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(3-24) 
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3.5.3  Problem 3: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF and WCNT) 

In this optimization problem, a second design variable is introduced. This involves the 

optimization of the 3-phase, CNT/fibre reinforced laminate, with uniform layer thicknesses and 

non-uniform distribution of fibre and CNT in the layers. The optimization problem is defined as 

in problem 2 but with the distribution of fibre and CNT being optimized throughout the laminate. 

The minimum weight design is defined in the objective function, in terms of the two design 

variables. The constrains of the optimization problem is also defined. 
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The design efficiency factor   , with the addition of CNT in the optimization problem is defined 

as 
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3.5.4  Problem 4: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF, WCNT, fibre angle) 

For this optimization problem, the fibre stacking angle is introduced as the third design variable.  

The optimization problem is defined as in problem 3, with the distribution of fibre and CNT being 

optimized throughout the laminate and the optimal fibre angle of each layer to be obtained. The 

layer thickness is uniform whilst the distribution of reinforcement throughout the composite is 

non-uniform. The minimum weight objective function is defined with respect to the design 

variables for this optimization problem. The constraints and linear inequalities to the optimization 

problem is defined.  
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The design efficiency factor   , with the three design variables is defined as 
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3.5.5  Problem 5: 3-Phase Non-Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF, WCNT, fibre angle, 

thickness ratio) 

This problem involves the optimization of a 3-phase laminate, with non-uniform layer thicknesses 

and non-uniform distribution of reinforcement in the laminate. The optimization problem is 

defined using four design variables, with the distribution of fibre and CNT being optimized 

throughout the laminate and the optimal fibre angle of each layer obtained. In the laminate, each 

layer thickness hi is determined optimally using the optimization strategy. The volume of fibres 

in each layer is given by      =F i i F iVol a b h V , where hi is the layer thickness. The total volume of 

fibres in the N-layer laminate is given by     

1 1

  
= =

= = 
N N

F Total F i i F i

i i

Vol Vol a b h V . Similarly, the 

weight of CNT in each layer is given by      =CNT i i CNT iW a b h W , where hi is the layer thickness 

and the total weight of CNT in the N-layer laminate is given by 

1 1= =

= = 
N N

CNTTotal CNTi i CNTi

i i

W W ab hW . The optimization problem for an 8-layered laminate with 

VF, WCNT, fibre angle, and thickness ratio as design variables is defined with the design 

constraints. 
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The design efficiency factor  , with the four design variables is defined as 
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3.6.  Verification  

In this section, the verification of the methodology for the vibration analysis is presented. This is 

accomplished by comparing the results from published literature to the results using the analysis 

method in this present study. These results are further analysed with the numerical results 

obtained, using commercial software (ANSYS), using the design parameters E1=60.7GPa, 

E2=24.8GPa, G12=12.0GPa and v12=0.23 for E-glass/epoxy specified in a study by Wang et al. 

(2012). The authors investigated the free vibration behaviour on a 3-layered simply supported 

anisotropic rectangular plate using the discrete singular convolution (DSC) algorithm. The non-

dimensional frequency was given by 𝜛 = 𝜔𝛼2√𝜌ℎ/𝐷0 and was used to rationalise the results 

from ANSYS and from the analysis method of this present study. The model of the simply 

supported composite plate using ANSYS is shown in Figure 3-3. The comparisons of the non-

dimensional frequency from using alternate methods are shown in Table 3-1 and shows that 

results from the methods are within close range of each other.  

 

 

Figure 3-3: ANSYS model of the simply supported composite plate 
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Table 3-1: Comparison of numerical results for a 3-layered SSSS square laminate 

 






 

 

 

 





 

 

 

 





 

 

 

 





 

 

 

 

 

For this study, CNT and glass fibres are used for the reinforcement of the composite plate, which 

makes it a 3-phase laminate plate using materials with and multi scale properties. The material 

properties for the carbon nanotubes, glass fibre and epoxy matrix are listed in Table 3-2 similar 

to those by (Gholami et al., 2018, Rafiee et al., 2018, Rafiee and Eskandariyun, 2019). The 

following dimensions are used for the CNTs: lCNT=25μm, dCNT=1.4nm, tCNT=0.34nm. The 

properties defined here are used in the Halpin-Tsai and fibre micromechanics equations to obtain 

the effective material elastic properties for the composite plate. 

 

Table 3-2: Material properties 

   ν 

    

    

    
 

The initial verification method involved verifying the vibration analysis method with results from 

published sources. Table 3-3 shows the verification of the present methodology using carbon 

nanotubes and glass fibres in the composite. The results using the commercial software (ANSYS) 

closely matches the results formulated with the methodology in the present study. This indicated 

that the accuracy of the solutions obtained are satisfactory and suitable for further analysis for the 

optimization problems hereafter. 
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Table 3-3: Comparison of Numerical results with commercial software for 3-ply CNT/Fibre reinforced laminate 

  

   




  

  

  

  




  

  

  

  




  

  

  

  

 

Furthermore, in order to verify an optimization problem, there would need to be a comparison to 

show what the likely solution would arrive to by using an alternative analysis method. In addition 

to the results in Table 3-3, simulations were conducted using an 8-layered laminate which is in 

context to this present study. Figure 3-4 presents the results using commercial software (ANSYS) 

for different amounts of reinforcement materials, resulting in a corresponding non-dimensional 

frequency and non-dimensional weight. The details to the verification using the 8-layered 

laminate is provided in Table 3-4. The trend in these results show that, as the non-dimensional 

frequency increases towards a given limit, the non-dimensional weight will decrease accordingly. 

This can be seen where the non-dimensional weight decreases towards 0.64 for a frequency 

reaching towards 1.69, hence reaching the similar optimal solution at the given limit when 

evaluated with using the methodology of this present study. 

 

Figure 3-4: Verification of the weight optimization methodology 
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Table 3-4: Comparison of Numerical results with commercial software for 8-layer CNT/Fibre reinforced 

laminate 


   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   



   
   

 

3.7  Summary  

The sequential quadratic programming (SQP) algorithm has been chosen for the weight 

optimization of the composite plate. Fibre micromechanics and Halpin-Tsai equations are used to 

obtain effective material properties for the 3-phase CNT/fibre reinforced nanocomposite. Five 

optimization problems were defined in this chapter. The formulation of the vibration analysis 

method was presented using the Ritz method. The first 4 problems were defined using uniform 

thickness of the layers in the composite. The first problem specified the optimization of a 2-phase 

composite with fibre volume fraction as the design variable. The second problem introduced the 

optimization of a 3-phase composite, which included CNT, using the fibre volume fraction as the 

design variable. In the third optimization problem, two design variables were defined, fibre 

volume fraction and CNT weight fraction. The next optimization problem has 3 design variables, 

the fibre volume fraction, CNT weight fraction, and the fibre stacking angle. For the last design 

problem, the thickness of the layers in the composite were defined to be non-uniform and 

determined optimally. The problem was defined with 4 design variables, fibre volume fraction, 

CNT weight fraction, fibre stacking angle and the layer thickness ratio. The verification of the 

Ritz method for the vibration of the composite plate was conducted by comparing results with 

past literature and ANSYS. For the optimization technique, the accuracy of the solutions was 

compared using solutions from ANSYS. 
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CHAPTER 4 - RESULTS AND DISCUSSION 

4.1  Introduction 

This chapter presents the results for the optimization problems defined in chapter 3. Firstly, 

analysis results are presented which provide the motivation for the optimization study. This is 

followed by the detailed optimization results of the 8-layered laminate. The weight optimization 

problem for a simply supported plate is investigated for multiple design variables, subject to a 

frequency constraint using four parameters chosen as design variables. These variables were 

chosen since they have greater influence in improving the topology and stiffness of the composite, 

compared to parameters such as number of plies and shape of the plate. The results are obtained 

using MATLAB and the SQP optimization algorithm by varying the parameters and the design 

constraints mentioned previously. Weight optimization is conducted on both uniform and non-

uniform layer thicknesses, and non-uniform distribution of reinforcement material in the 

composite. The use of carbon nanotubes and fibres in the composite is highlighted, where the 3-

phase laminate motivates the aims of the research conducted. A discussion on the relationships 

between the parameters of the composite plate is made further in this chapter. 

4.2  Analysis Results 

Before introducing the optimization problems, an analytical investigation was carried out for the 

2 and 3-phase composite plate. In Figure 4-1, the effect of adding CNTs to the composite is 

shown. Here the amounts of CNTs and fibre are assigned explicitly to show the influence of the 

reinforcement in the composite. A significant decrease in the non-dimensional weight is observed 

which indicates a more improved design for the composite plate. CNTs have showed to reduce 

the non-dimensional weight for all fibre angles and has provided a more consistent stiffness and 

non-dimensional weight as the fibre angle increased.  

For a vibration response problem, and in this weight optimization problem in particular, 

the frequency plays a role in defining the problem and the performance potential for the composite 

plate. Shown in Figure 4-2 is the non-dimensional frequency, which is also used as the frequency 

constraint for the optimization problems. The results show a higher frequency response for every 

addition of CNT in the laminate and the optimal fibre stacking angle is closely to those achieved 

in Table 4-1, Table 4-2, and Table 4-3, which are presented later in this chapter. Essentially, the 

CNT reduces the difference between the non-dimensional weight for each fibre angle and gives a 

more consistent result/frequency for the different fibre angles. Table 4-1 provides the optimal 

fibre angles for the laminate with predefined values for CNT and fibre. Here, it also shows the 

maximum frequency and minimum weight which is found at those optimal points. 
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Figure 4-1: Non-dimensional weight vs fibre angle for a composite plate showing the addition of CNT reinforcement incrementally (Left: 30%fibre+0%CNT; Centre: 

30%fibre+1%CNT; Right: 30%fibre+5%CNT) 
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Figure 4-2:Non-dimensional frequency vs fibre angle for a composite plate showing the addition of CNT reinforcement incrementally (Left: 30%fibre+0%CNT; Centre: 

30%fibre+1%CNT; Right: 30%fibre+5%CNT) 
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Table 4-1:Non-dimensional quantities showing results for CNT and fibre assigned explicitly 

      






 

    

     

     

     

     



 

    

     

     

     

     



 

    

     

     

     

     
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4.3  Optimization results 

4.3.1  Problem 1: 2-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variable: VF) 

In this optimization problem, the minimum weight is optimized using the fibre volume content as 

the single design variable and a graph of the optimal weight with respect to each fibre stacking 

angle and aspect ratio for the laminate is developed. Thus, Figure 4-3 shows the relationship 

between the fibre angle for different aspect ratios which indicated the optimal minimum weight 

for the laminate. As illustrated in Figure 4-3, the optimal stacking angle for all layers is 45° for a 

square laminate (aspect ratio=1) and increases towards 90° as the aspect ratio (a/b) reaches closer 

to 2. Table 4-2 provides the optimal solution for the distribution of fibre in the laminate and the 

optimal fibre angle for all the layers, with 1.3 as the frequency constraint and a constant thickness. 

 

Figure 4-3: Optimal Non-Dimensional weight vs Fibre stacking angle for a 2-Phase laminate H=0.01; 

0≤Vf≤0.6; Aspect ratio= a/b; f=1.3 

 

Table 4-2: Optimal fibre angle and optimal Non-dimensional weight for 2-Phase laminate. H=0.01; 0≤Vf≤0.6; 

Aspect ratio= a/b; f=1.3 








  




     
     
     
     
     
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According to the results presented for the 2-Phase laminate, the optimal fibre stacking angle is 

dependent on the aspect ratio and correlates with the results from previous literatures as well 

(Adali and Verijenko, 2001, Ehsani and Rezaeepazhand, 2016, Narita, 2003). For the distribution 

of the fibre content in the laminate, the optimal design is achieved by assigning a greater 

percentage of fibre/reinforcement material in the outer layers in order to satisfy the desired 

frequency constraint. The exterior layers contribute more to the overall stiffness of the laminate 

compared to the interior layers. This ensured that the required stiffness is achieved by 

simultaneously considering the stacking angles for each ply. 

4.3.2  Problem 2: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variable: VF) 

For the next optimization problems, the carbon nanotubes are introduced in the composite which 

showed to have a high impact on the design efficiency factor. The high strength to weight ratio 

of the carbon nanotubes have a high influence on the minimum weight satisfying a frequency 

constraint, as indicated by the comparison of the optimal weight of the reinforced plate and the 

unreinforced reference isotropic plate. This comparison, results in a lower ratio which indicated 

a more efficient optimal weight design. This is illustrated in Figure 4-4.  

A clear comparison can be made with Figure 4-3 and Figure 4-4 when CNTs are added to 

the weight optimization problem. For a frequency constraint for 1.3, which is used in both cases, 

the optimal non-dimensional weight is improved by adding CNT to the design. This reduces the 

amount of fibre reinforcement in the composite plate, which provides a lower weight while having 

the same frequency resistence. In Figure 4-4 (right), no solution was found for a/b=1 since the 

frequency constraint (=1.3) was not satisfied by the addtion of 2% CNT to the composite design. 

  
Figure 4-4: Optimal Non-dimensional weight vs Fibre stacking angle for a 3-Phase laminate H=0.01; 0≤Vf≤0.6; 

Aspect ratio= a/b; f=1.3; WCNT=1%(LEFT) ; WCNT=2%(RIGHT) 
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The design parameters comprise of a frequency constraint being 1.3, a constant thickness H=0.01, 

an upper limit of 60% fibre volume fraction for each layer in the composite plate, and CNT weight 

fractions assigned explicitly for the respective solutions presented. The addition of CNTs in the 

composite has added extra stiffness and has enhanced the overall properties of the laminate, as 

mentioned earlier. This enhancement resulted in a higher design efficiency and has also affected 

the optimal fibre angle for the respective aspect ratios for the laminate in context. Table 4-3 

highlights the detailed results for the 3-phase laminate consisting of 1% CNT in the overall 

laminate. By comparing the results from Table 4-2 and Table 4-3, the addition of CNT has 

reduced the volume fraction of fibre needed, which reduced the overall weight of the plate. The 

optimal fibre angle has reduced for some aspect ratios due to the smaller amount of fibre present 

from the optimization process. 

 

Table 4-3:Optimal fibre angle and optimal Non-dimensional weight for 3-Phase laminate. H=0.01; 0≤Vf≤0.6; 

Aspect ratio= a/b; f=1.3; WCNT=1% 











 





      

      
      
      
      

 

Table 4-4 includes the optimal quantities for the 3-phase laminate consisting of 2% CNT in the 

overall laminate. This shows a similar improvement of the design efficiency and fibre angles as 

mentioned previously. The main objective for the optimization problem is to ensure that the 

weight optimization is carried out with the design constraints introduced and all constraints being 

satisfied. This is successfully achieved for the frequency constraint of 1.3 using the fibre volume 

content as the design variable and it has shown that the optimal solution is improved by adding 

CNTs to the design. 

 

Table 4-4:Optimal fibre angle and optimal Non-dimensional weight for 3-Phase laminate. H=0.01; 0≤Vf≤0.6; 

Aspect ratio= a/b; f=1.3; WCNT=2% 





 


  





      

      
      
      
      
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4.3.3  Problem 3: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF and WCNT) 

In this optimization problem, there are 2 design variables which will be used to determine the 

minimum weight of the composite. Due to the increase in design variables, there would be 

multiple optimal values for the minimum weight due to the combined effects of CNT and fibre 

and the varying amounts of the two reinforcement materials when used in the composite.  

In Figure 4-5, multiple optimal values are achieved for a square laminate (aspect ratio=1). 

From previous results, it is known that the optimal fibre angle is 45° for square laminates hence, 

45° was used for all the layers in the figure below. Here, the values in the surface layer are shown 

since these layers gives a higher contribution to the stiffness of the plate. A frequency constraint 

of 1.75 was specified for this solution with a constant laminate thickness H=0.01. At 0% fibre 

volume fraction in the surface layer, multiple minimum values are achieved, for CNT weights of 

2% to 5% in the surface layers. This is due to the interior layers being optimized and adjusting 

the amount of reinforcement in the layers to provide the same optimal solution using the fixed 

frequency constraint. For the surface layers with CNT content below 2% and fibre below 10%, 

the weight is higher. This is a result of the surface layers not being adequately reinforced, hence 

having more reinforcement in the interior layers of the laminate so that the design constraints are 

met for the optimization. 

 

Figure 4-5: Surface plots for the 3-Phase square laminate showing the volume fraction and weight fraction of 

CNT and glass fibres in the surface layers; H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; a/b= 1; f=1.75 
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The solution in Figure 4-5 is a single solution showing the optimal results for a frequency 

constraint of 1.75 with a constant laminate thickness H=0.01. To gain a wider understanding of 

the optimization problem, and the way in which the solution is gained, many optimization 

problems had to be solved with each having updated input parameters and constraints. In Figure 

4-6, several optimization problems with increasing values of the frequency constraint are solved, 

with 2 design variables, the fibre and CNT content. In this figure, the optimal quantities of the 

reinforcement materials are shown per layer as the frequency constraint increases. The fibre 

volume content was constrained at 60% per layer and the CNT weight content limited at 5% per 

layer. The diagrams indicate that for low frequencies, until the value of 1.65, no fibres are 

introduced, and the target of minimum weight is achieved by using non-zero CNT reinforcement. 

This is due to the optimization algorithm which optimizes the quantities of reinforcement material 

according to the ability of it to converge to the optimum solution more easily. To achieve higher 

frequency constraints, fibre reinforcement is added in the surface layer and the CNT content 

remains at maximum for the surface layer. 

 

 

Figure 4-6: Fibre and CNT reinforcement per layer versus non-dimensional frequency 
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In the figure that follows, the relationships between the non-dimensional frequency and the weight 

variables of composite plate and the reference plate is presented. Figure 4-7 shows 3 graphs: a) 

Optimal non-dimensional weight (=design efficiency factor) vs frequency, b) Optimal weight vs 

frequency, and c) Optimal weight of reference plate vs frequency. Diagram a) shows the decrease 

of the optimal non-dimensional weight for increased frequencies. Diagram b) shows an increase 

of optimal weight for increased frequency, and diagram c) shows increase of optimal weight for 

the reference plate for increased frequency. Ideally, it would be expected that the increase of the 

frequency would result in an increase of the optimal non-diimensional weight (reduced design 

efficiency), since higher frequencies results in higher amounts of reinforcement for the composite. 

But, the formulation of the non dimensioal quantities is very interesting with respect to the 

reference plate. For the reinforced composite plate with a constant thickness (H), as the frequency 

increases, the weight of the composite also increases, as more reinforcement is added. However, 

for the reference isotropic plate, for the specified frequency constraint, there is no reinforcement 

in the plate therefore, the thickness of the isotropic plate increases. The added thickness increases 

the weight of the isotropic plate in order to satisfy the frequency contraint and therefore meeting 

the optimization requirements. The figure summarises that as the frequency constraint increases, 

the expected weight of the laminate should also increase but not as much as the weight of the 

reference plate. Hence the improvement in the design by adding CNT and fibre reinforcement. 

 

Figure 4-7: Graphs showing the optimized quantities for the specified frequency constraints for an 8-layered 

laminate subject to H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; a/b= 1; 𝜃=45° 
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Next, in Figure 4-8 an attempt is made to provide the influence of stacking sequence, on the min-

weight optimization problem. Several optimization problems with frequency constraint = 1.5 are 

solved for a square laminate, with one design variable, the CNT content. The fibre content is 

considered equal for every layer and varies along the x axis of each diagram. Figure 4-8 (a to d) 

are obtained for different stacking sequence, with fibre angles equal to 0, 15, 30, and 45 degrees, 

for every layer in each subfigure respectively. Figure 4-8 shows that although for zero fibre 

reinforcement the same non-dimensional min-weight is obtained, for gradually increased fibre 

content, the increase of fibre angle from a to d results in the clear decrease of the optimal weight, 

expressing the influence of the stacking sequence. Thus, as fibre angles of every layer approach 

45 degrees, the optimal weight decreases respectively. 

 

 

Figure 4-8: Optimum Non-dimensional weight vs %Vol. Fibre Content for 3-phase laminate 
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Table 4-5 shows the representative solutions for the optimization problems which have been 

solved to produce diagrams of Figure 4-8. According to Table 4-5, as the fibre content is increased 

explicitly (outside optimization) for every layer, the CNT content which arises from the 

optimization solution decreases in order to meet the frequency constraint and the optimal weight 

increases. Thus, more fibre content and less CNT content results in increased weight, indicating 

that CNT has a greater effect on the weight minimization problem, compared to fibres. Regarding 

the fibre angle, this graph verifies the results in Figure 4-1, Figure 4-3, and Figure 4-4, which says 

that the Minimum ratio or Optimum Non-dimensional weight is achieved at 45° degrees for a 

square plate.  

 

Table 4-5: Detailed solution to the diagrams in Figure 4-8 


  


  




      

      

      

      

      

      

      

      

      

      

      

      

      

      

      

 

Next, the advantage of the 3-phase CNT/fibre reinforced laminate in comparison to traditional, 2-

phase fibre reinforced composite is highlighted, for optimization problems of different stacking 

sequences. Figure 4-9 provides the optimal solution for symmetric and anti-symmetric angled and 

cross ply stacking sequences subject to a frequency constraint of 1.75, for 2-phase and 3-phase 

square laminates. According to Figure 4-9, the optimal non-dimensional weight is significantly 

reduced for the 3-phase laminate, for every stacking sequence. This reduction indicates that the 

design efficiency is increased respectively, for 3-phase laminates, comparing to 2-phase fibre 

reinforced composites. The quantities of fibre and CNT in each layer were limited to 60% volume 

fraction and 5% weight fraction respectively. 
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Figure 4-9: Optimum Minimum Weight vs Different Stacking sequences for 2-Phase and 3-Phase laminate; 

subject to H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; WCNTmax=1.25%; a/b=1; f=1.75 

 

Table 4-6 gives the optimal design quantities for the 2-phase and 3-phase laminate results using 

a frequency constraint of 1.75 as illustrated in Figure 4-9. As expected, there are higher amounts 

of reinforcement in the surface layers and a more improved design efficiency factor for the angled 

ply stacking configuration. The fibre volume fraction was limited to 60% per layer and the CNT 

weight fraction was limited to 5% per layer whilst having an overall CNT limit of 1.25% for the 

entire laminate. According to Table 4-6, the non-dimensional weight which represents the design 

efficiency factor is improved by [(0.7131-0.5870)/0.7131]x100 = 17.6% for cross-ply and 

[(0.6283-0.5812)/0.6283]x100 = 7.5% for angle ply laminates. 

 

Table 4-6: Minimum weight design for 2-Phase and 3-Phase laminate with 8-layeres subject to H=0.01; 

0≤Vfi≤0.6; 0≤WCNTi≤0.05; WCNTmax=1.25%; a/b=1; f=1.75 for different stacking sequences 



    



     

     

     

     



 

    



     

     

     

     
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Considering the 3-phase 8-layered square laminate with uniform layer thickness, the effect from 

using CNTs in the composite is investigated further. From previous results, it is known that CNTs 

influence the overall stiffness in the laminate and allows for high design efficiency factors to be 

achieved. Looking at Figure 4-10, the surface plot shows how the total amount of CNT affects 

the overall stiffness of the laminate for fibre angles 0° to 90°. The frequency constraint of 1.75 

was assigned so that a transparent solution could be shown for the 3-phase laminate. For 0% CNT 

in the overall laminate, a 2-phase laminate exists and the variation of optimum non-dimensional 

quantities at different fibre angles are very high. As the total amount of CNT is increased 

incrementally, up to 5% per layer, a significant reduction is observed in the difference of 

optimized weight values for every fibre stacking angle and they all show an optimum fibre value 

of 45°, which is expected for a square laminate. As noted from previous results, the addition of 

CNT to the 2-phase laminate improved the design efficiency on all levels and gave a more 

consistence result at all fibre angles.  

 

 

Figure 4-10: Surface plots for the 3-Phase square laminate showing the total weight % of CNT and the optimal 

fibre angle in all layers; subject to H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; WCNTmax=as shown; a/b= 1; f=1.75 
 

 

  



53 

 

4.3.4  Problem 4: 3-Phase Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF, WCNT, fibre angle) 

In this section, the optimization algorithm is carried out by introducing another design variable 

for the optimal design of the 3-phase hybrid composite plate. The fibre angle is the additional 

design variable for this optimization problem, and this is optimized along with the fibre content 

and CNT content in the composite plate.  

From previous results, using one and two variables, the fibre stacking angle was constant 

for every layer and the results showed an optimal fibre angle of 45° for square laminates. This is 

taken a step further by finding the optimal fibre angle in each layer which then results in the 

optimal stacking sequence for the 8-layered laminate. To highlight the sensitivity of the results in 

respect to the frequency constraint, results of the problem with 3 design variables are presented 

in Table 4-7 for an increasing frequency constraint. For a proper indication of the outcome of 

these simulations, the optimal weight instead of the optimal non-dimensional weight is used. 

According to Table 4-7, for low frequency constraints, there are small to minimal amounts of 

fibres present in all the layers of the composite and the need to satisfy the frequency constrained 

is covered by CNT reinforcement only. As the frequency constraint increases, the amount of fibre 

reinforcement also increases with more reinforcement placed in the surface layers of the laminate. 

Results also showed that the outer layers of the laminate contributed most to the stiffness of the 

laminate. Using this information, the optimal fibre angle in the outer layers is 45°, which 

corresponds to the optimal fibre angle for square laminates. For the inner layers, the optimal 

values increase towards 45° as the frequency constraint increases as well.  

To highlight the advantage of the optimization with 3 design variables, a comparison with 

results obtained with one design variable (fibre content) given in Table 4-3 is considered, for 

increasing aspect ratios. An increase in the design efficiency, translated as decrease of the optimal 

non-dimensional weight is observed in Table 4-8, in comparison to Table 4-3. This increase varies 

between 0.4% and 3.5% for the different aspect ratios. The benefit of using the model with 3 

design variables is better highlighted, if it is noticed that for all aspect ratios, Table 4-8 depicts 

significantly lower content of fibres comparing to Table 4-3, with the same total amount of CNT. 

Thus, the reduction of the weight is accompanied by a reduction in the cost, resulting in a cost-

effective design.  
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Table 4-7: Minimum weight design for 3-Phase laminate with 8-layers subject to 3 design variables  H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; WCNTmax=1.25%; -90≤𝜃≤+90; a/b=1 

























   


  

      

      

      

      

      

      

      

 

Table 4-8: Optimal fibre angle and optimal Non-dimensional weight for 3-Phase laminate. H=0.01; 0≤Vf≤0.6; 0≤WCNTi≤0.05; WCNTmax=1%; -90≤𝜃≤+90; Aspect ratio= a/b; f=1.3 

 




















      

      

      

      

      
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4.3.5  Problem 5: 3-Phase Non-Uniform Layer Thickness and Non-Uniform 

Distribution of Reinforcement Material (Design variables: VF, WCNT, fibre angle, 

thickness ratio) 

This set of numerical results presents the optimal design for the 3-phase hybrid composite plate 

using four design variables in the optimization algorithm. For this problem, the non-uniform layer 

thickness is investigated for all the layers in the composite plate. The layer thickness ratio is taken 

as the ratio of the thickness of each layer (h) and the thickness of the overall plate (H). For this 

final investigation, the optimal quantities of fibre content, CNT content, fibre angles and thickness 

ratios are shown in Table 4-9 for a square laminate for multiple frequency constraints. 

From observation, zero fibre content is obtained for low frequency constraints and higher 

CNT content appears in interior layers. For higher frequency constraints, higher content of fibre 

and CNT reinforcement as well as higher thickness ratios are obtained for the outer layers. The 

thicker outer layers at high frequencies are suitable to provide the necessary stiffness to the overall 

composite plate which satisfies the frequency constraint.  

The benefit of using a varying thickness on weight optimization is highlighted, by a comparison 

of Table 4-7, with 3 design variables (fibre and CNT content, fibre angle) and uniform thickness, 

and Table 4-9, with 4 design variables and varying thickness for a square plate. The design 

efficiency as expressed by the optimal non-dimensional weight, is gradually improved for 

increasing frequency constraints in the problem with 4 design variables. For the first three values 

of frequency constraint, the same design efficiency is obtained from the problem of 3 and 4 design 

variables, attributed to the zero-fibre content. However, for higher frequency constraints, the 

optimization problem with 4 design variables(Table 4-9), depicts an increase in the design 

efficiency comparing to the problem with 3 design variables(Table 4-7), equal to 1.2%, 1.7%, 

2%, 3.1% and 6.9% for increasing values of the frequency constraint 1.75 to 2.5. Thus, as the 

need for higher frequency constraints appears, the benefit from lower weight increases when non-

uniform thickness is considered in the optimization process. 

Finally, comparison between Table 4-7 and Table 4-9 indicates that for the last (and 

highest) frequency constraints, the quantity of the fibre content is lower for the case of 

optimization with non-uniform thickness. This results in the cost-effective design of the laminate, 

which simultaneously satisfies the minimum weight criterion. The use of multiple design 

variables allow for a better optimized result since many parameters of the composite is being 

assigned optimally.  
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Table 4-9: Minimum weight design for 3-Phase laminate with 8-layers subject to 4 design variables, H=0.01; 0≤Vfi≤0.6; 0≤WCNTi≤0.05; WCNTmax=1.25%; -90≤𝜃≤+90; 0.01≤h/H≤0.15; 

a/b=1; 

8
i

i 1

1
H=

=
h

 































       

       

       

       

       

       

       

       
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4.4  Summary 

In this chapter, the results for the weight optimization were presented. The motivation for using 

nanomaterials as reinforcement in the composite plate was shown. The optimization problems 

defined in chapter 3 were successfully conducted using MATLAB and the SQP algorithm, with 

the respective design variables and constraints. For each optimization problem, the weight 

optimization was achieved, and optimal parameters of the composite plate were shown. The effect 

of CNTs in the 3-phase laminate was investigated and the benefits of using optimization to 

minimise material use was highlighted. 

From the results for the optimization problems, the optimal fibre angles for square 

laminates were found to be at 45°. As the aspect ratio of rectangular plates increase towards 2, 

the optimal fibre angle increases towards 90°. There showed to be a higher design efficiency for 

high frequency constraints, showing up to 51.2% improvement (=1-0.488) in the non-dimensional 

weight at a frequency constraint of 2.4, by incorporating CNTs and optimization parameters with 

two and three design variables. The design variables influenced the weight optimization results 

as the number of design variables increased, which showed to be 52.7% improvement (=1-0.4727) 

in the non-dimensional weight for composites with non-uniform layer thickness, using four design 

variables at a frequency constraint of 2.4. The inclusion of the fibre stacking angle and the layer 

thickness ratio as design variables in the optimization problem has improved the weight 

optimization approach. This allowed for more parameters of the composite plate to be determined 

optimally, which resulted in an overall efficient design.  
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CHAPTER 5 - CONCLUSION & RECOMMENDATIONS 

5.1  Conclusion 

In this study, the optimal lightweight design of a hybrid, CNT/fibre reinforced composite 

laminate, subject to a frequency constraint, was presented. The use of multi-scale and multiphase 

reinforcements was applied to the 8-layered composite plate and weight optimization problems 

were developed. 

A literature review was successfully conducted by gathering relevant research which 

formed a foundation to the theoretical background to this study. Material science and engineering 

methods, using the Halpin-Tsai equations and fibre micromechanics were implemented, to obtain 

the effective properties of the 3-phase composite plate. Past research and mathematical equations 

helped formulate the natural vibration problem, which were solved analytically using the Ritz 

method, for the simply supported (SSSS) boundary condition. A review on optimization 

algorithms and applications provided great insight on the optimization techniques used for 

composite designs. The optimization design of the composite plate was effectively implemented 

using a Sequential Quadratic Programming (SQP) algorithm which was modelled using 

MATLAB software, integrating the micromechanics and the vibration analysis problem for the 

lightweight design of the composite plate.  

A verification of the vibration analysis method was conducted by comparing against 

numerical results from published sources and commercial software (ANSYS), resulting in an 

exceptional agreement in results for this present study. The verification process also gave great 

confidence with the optimization algorithm and implementation of the optimum design. This was 

conducted by comparing results with numerical methods (FEM and ANSYS), which showed a 

good trend of results that complimented the optimization methods used for the composite design. 

From the discussions made, the aims and objectives of this study has been successfully achieved. 

The purpose of this study was to gain sufficient knowledge to provide answers to the 

research question: 

 

What effect does the parameters and design variables of the composite plate have on 

achieving an optimum minimum weight design? 

 

For the optimization of the 3-phase laminate, five optimization problems were defined 

subjected to a frequency constraint, and design variables used were fibre volume content, CNT 

weight content, fibre stacking angle and thickness ratio of the individual layers of the composite 

plate. The main objective of this study was to achieve the optimal minimum weight design for the 
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composite plate. This was achieved by introducing a design efficiency factor to assess the optimal 

minimum solution for each optimization problem. The design efficiency factor was successfully 

implemented by integrating the vibration of an unreinforced isotropic plate and the natural 

vibration of a 3-phase CNT/fibre reinforced nanocomposite plate. The reference plate formed the 

baseline for the weight and frequency parameters, which helped achieve non-dimensional 

quantities and the design efficiency factor. 

• (Problem 1) The first problem comprised of the optimization of a 2-phase fibre reinforced 

laminate with fibre as the design variable. Numerical results for the optimal fibre angles were 

shown for different aspect ratios. For square plates (aspect ratio=1), the optimal fibre angle 

was 45° and for aspect ratios greater than 1, optimal fibre angle increased towards 90°. For 

the specified frequency constraint, the increase in aspect ratio of the laminate plate results in 

a decrease in the required stiffness, hence an increase in the optimal fibre angle for each layer. 

The reinforcement in the composite was optimized, giving higher amounts in the exterior 

layers and less concentrated amounts in the interior layers. This result correlated with results 

from past literature and promoted the use of effective material utilization in the composite. 

 

The remaining optimization problems were formulated on the 3-phase CNT/fibre reinforced 

laminate. 

 

• (Problem 2) In the second design problem, the effect of a 3-phase CNT/fibre reinforced 

laminate compared to a 2-phase laminate was presented. The 3-phase CNT/fibre reinforced 

laminate resulted in an improvement of the design efficiency factor and a better minimum 

weight design for the composite plate. The carbon nanotubes have shown to provide a better 

design efficiency whilst also giving more consistent results for all fibre angles, compared to 

the 2-phase fibre reinforced laminate. 

• (Problem 3) In the third design optimization problem, two design variables (fibre and CNTs) 

were successfully modelled with the optimization algorithm together with the design 

constraints. Carbon nanotubes have shown to have a higher effect in providing stiffness to the 

plate due to its high tensile strength and low weight. Numerical results showed that by 

increasing the amount of CNTs in the laminate, this reduced the amount of fibre required, and 

simultaneously providing a more lightweight composite. This is a good result, but this can be 

very costly to incorporate high amounts of nanomaterials like CNTs in the laminate, thus 

assigning a limit for the amount of CNTs allowed in overall composite plate and also in a 

limit for each layer. For high frequency constraints, up to 2.4, a 51.2% reduction in the overall 

weight of the composite is achieved, compared to a reference unreinforced isotropic plate. 
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This optimized result highlights the innovation to this study by using nano reinforcement like 

CNTs and by modelling them using efficient optimization and material science techniques. 

• (Problem 4) A further optimization problem involving the stacking sequence of the laminate 

was presented. An optimal minimum weight was obtained, with an improved design 

efficiency factor, using an angled ply stacking sequence compared to the traditional cross ply 

stacking sequence. For different aspect ratios, ranging from 1 to 2, an increase of 0.4% to 

3.5% was noted. The benefit of using multiple design variables in the optimization was 

highlighted since more improved results were obtained. 

• (Problem 5) Prior to the non-uniform reinforcement and uniform layer thickness optimization 

problems, an additional optimization problem involving non-uniform layer thickness was 

solved. Optimal values comprised of outer layers having a higher thickness to the inner layers. 

This was also subject to the reinforcement present in those layers which also contributed to 

the minimum weight design. The overall improvement of the non-dimensional weight was 

noted to be 52.7% for the composite plate with non-uniform reinforcement and non-uniform 

layer thickness. As mentioned previously, the added design variables allowed for a better 

design, where more parameters are being optimized in the composite, which resulted in a 

better design efficiency for the weight optimization problems. 

5.2  Recommendations and future work 

This study has provided a great understanding of structural engineering with composites. The 

implementation of CNTs in a 3-phase multiscale composite has highlighted its potential for 

further research in other applications which shall aim to fully utilise its incredible properties. In 

future efforts, this weight optimization approach can be extended using various other structural 

analysis methods such as buckling, bending, fractures and incorporating multiple boundary 

conditions to the composite plate. It would also be interesting and innovative to apply this research 

to a real-life scenario, possibly by means of designing an aircraft panel using nanomaterials and 

optimization, providing a lightweight and cost-effective design. The vibration problem of the 

composite plate can also be extended using with a functionally graded nanocomposite plate, 

incorporating optimization and multiple objective functions. 

The use of CNTs and nanomaterials shows to be beneficial in most industries as research 

and development continues to improve. CNTs and the weight optimization problem with the 

composite plate and materials can be further researched and applied to the retrofitting of 

structures. The applications for it could apply to damaged structures, from seismic loadings, or 

even ancient structures which needs to be rehabilitated to increase its strength and durability. The 

further research on structures with nanocomposites and retrofitting would widen the opportunities 

of using CNTs and other nanomaterials in the civil engineering industry.  
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APPENDIX A - EFFECTIVE PROPERTIES 

 

 

 

 

 

Table A-0-1: Effective layer material properties 

    ν  

      

      

      

      

      

      

      

      

      

      

      

      

      

      

      

      

      

 

  



69 

 

APPENDIX B – ANSYS RESULTS 

 

 

 

Table B-0-1: Optimal weight quantities determined using ANSYS 
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Table B-0-2: Optimal Frequency quantities determined using ANSYS 
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