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ABSTRACT 

The increase in temperature of developing concrete as a result of heat liberated by cementing reactions is the 

primary cause for thermally induced cracks in large concrete elements. It is very essential, in engineering to 

predict the temperature rises in order to be able to minimise the potential of crack formation. This thesis covers 

the experimental determination of the heat of hydration curve using the adiabatic calorimeter and experimental 

determination of transient heat transfer obtained from measurement of temperature variations in concrete at its 

early ages of hydration. The measured temperature profiles from a one-dimensional heat transfer scenario are 

then compared with the predicted temperature profiles. 

The adiabatic hydration curve of a concrete beam sample is used as input into a numerical technique known as 

the Green Element Method for the calculation of temperature profiles. Time-based boundary conditions are 

imposed on the equation governing the model and will be solved using the Green Element Method coded in 

Fortran Power Station 4.0. 
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ABBREVIATIONS 

SYMBOL DESCRIPTION 

t time variable. 

x space variable. 

k thermal conductivity of concrete. 

Q' rate of heat of hydration (heat rate). 

T temperatu re. 

p density of concrete. 

C specific heat capacity of concrete. 
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Chapter 1 -Introduction 

CHAPTER 1 . INTRODUCTION 

1.1 Background. 

The prediction of temperature variations that are likely to occur in a concrete structure becomes of 

great importance to their design. Research conducted by C.L.D Huang, N.A Gamal and D.L.Fenton1 

considers that understanding the phenomena of coupled heat transfer in concrete structures subject 

to high temperatures in short duration, has essential application in safety assessment of nuclear 

reactors and of tall buildings at elevated temperatures as a result of fire. The problem of mass and 

heat transfer in concrete that is subjected to high temperatures such as fire involves temperature 

and moisture content distribution, strong couplings of pressure, nonlinearly dependence of various 

material properties such as density, conductivity, and specific heat etc. on temperature, pressure 

and moisture. 

K van Breugel2 indicates that in order to enhance the quality and performance of concrete 

structures, control of temperature variations and of the associated thermal stresses is of paramount 

importance. It is apparent that temperature differentials are among the key-factors considered in 

thermal analysis of concrete structures. 

The knowledge of temperature prediction may be used in numerous applications such as 

development of strategies that may used to minimise the risk of thermal cracking of concrete. Early 

age thermal cracking, occurs when the restrained thermal contraction strain exceeds the tensile 

strain capacity of the concrete, and can be minimised by the understanding of the thermal behaviour 

of the structure. 

Harrison
3 

confirms the fact that early age thermal cracking is caused by the restraint to contraction 

on cooling from temperature peak, which is associated with the release of heat of hydration. In 

simple terms, as cements hydrates, it generates heat known as the heat of hydration. Some of this 

heat is retained in the concrete, resulting to a temperature rise in concrete. Once the rate of heat 

loss exceeds the rate of heat generation the concrete starts to cool and contract. 
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P Morait04 states that in order to minimise the risk of thermal cracking in concrete structures, 

knowledge of the expected temperature rise during hydration of cement is desirable. He gives 

factors controlling the rate of temperature rise such as, the rate of heat of hydration, proportion and 

composition of cement, environmental conditions temperature of concrete at placing, concrete mix 

proportions and aggregate type. 

In order to develop the transient temperature profiles of concrete it is necessary to obtain a measure 

of the rate of heat generation as well as the thermal conductivity of a particular concrete mix. 

Various methods (which are discussed in chapter 2) have been developed to determine the rate and 

the extent of heat generation of concrete mixes. Results from these tests are used in conjunction 

with numerical methods, to determine the transient temperature profiles. EAB Koenders and K van 

Breugel5 points out that several computer programs have been developed to evaluate thermal 

problems in hardening concrete. For most of these programs the adiabatic hydration curve of the 

concrete mix is an essential part of the input data. 

1.2 Objectives of the research. 

This research covers the adiabatic calorimeter test for a concrete beam to determine the rate of 

hydration curve that will be used to as an input to a Green Element Method will be used to achieve 

the following: 

• Prediction of time based temperature profiles. 

• Solving a governing equation that is defined by time dependent boundary conditions. 

• Provide a solution to a governing equation that contains time dependent recharge/source term, 

which in this case is the heat of hydration curve in this case. 

1.3 Methodology and approach to the research. 

The research consists of the following: 

• Literature review on previous and current researches undertaken . 

• Perform a Calorimeter test to determine the rate of heat of hydration curves . 
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• Perform a laboratory experiment for measuring temperatures at various positions of a concrete 

beam, at various times. 

• Apply the Green element method to predict the measured temperatures. 

• Coding of the Green element method solution in Fortran program. 

• Comparison of the experimental and predicted results. 

• Recommendations from this research. 

The methodology and approaches used in the study will be detailed in the relevant chapters that 

follow. 
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CHAPTER 2· LITERATURE REVIEW 

2.1 Introduction 

The data was collected through previous papers, journals and books obtained from various 

libraries, concrete institutions as well as from some researchers. 

The most important aspect of the research was to understand the topic of heat flow in concrete 

structures. Chapter 13 of the Fultrons' Concrete Technology6 provides basic information that may 

be required for understanding the subject of heat transfer in concrete. An extensive list of 

references covering most of the topics that are related to this research was obtained from this 

submission. Majority of the references deal mainly with the laboratory methods used to determine 

the heat hydration curves and measurement of temperature profiles of a developing concrete. 

Very few references describe numerical models that may be used to predict temperature profiles 

that are obtained from laboratory results. Previous research undertaken on studies that are related 

to heat transfer is discussed on the following sections. 

2.2 Heat of hydration 

Chapter 13 of the Fultrons' Concrete Technology6 provides description of three test methods that 

are used to determine the rate of heat liberated by reacting cement and extenders. Isothermal 

methods are used to measure heat generated by samples that are kept at constant temperature 

while the semi adiabatic methods monitor the rate of heat evolution while heat exchange with the 

surrounding environment is kept minimal. The problem with these two methods is that the rate of 

heat evolution is itself temperature dependent, and hence the heat lost to the environment is not 

available to increase the temperature of the sample and thus affect the rate of heat of hydration of 

the concrete sample. 

This problem has led to investigation of the third method known as the adiabatic calorimeter. The 

adiabatic calorimeter is described as a method in which heat exchange between the sample and 

its environment is largely eliminated. For a known specific heat capacity of a particular concrete 

mix, the results of the measured adiabatic calorimeter can be used determine the total amount of 

heat liberated by the hydrating cement over time. 
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Chapter 2 - Literature Review , 

P Morabito and F Barberis7 confirm problems that are encountered in the isothermal and semi­

adiabatic tests, They stated that isothermal tests do not reflect the real condition in the structure 

where the rate of heat of hydration changes with the changing temperature, The adiabatic 

calorimeter us considered to be an alternative and more reliable approach. Several adiabatic 

calorimeters have been developed in the past research, 

The Enel-Cris Adiabatic Calorimeter described by P Morabito and F Barberis7 is constituted of 

three parts, the calorimetric cell, a conditioning unit that regulates the temperature of an anti­

freeze, and an automatic data control system. A more detailed description of the system can be 

obtained from this paper. The Enel-Cris Adiabatic Calorimeter was designed to satisfy essential 

requirements. The dimensions of the sample are such that the integral massive concretes can be 

tested. The tests enable initial starting temperature to be varied in order to evaluate the influence 

on the rate of hydration. The equipment used is such that the non-adiabatic tests can also be 

performed. 

The research outlines the causes of error arising in an adiabatic calorimeter. The temperature 

rise of a concrete sample hydrating in an adiabatic calorimeter is affected from the residual heat 

losses that are mainly due to the defects of adiabatism and heat capacity of the calorimeter, 

regarded as the more significant error. The heat capacity of the calorimeter is considered to be 

the main source of error. This paper provides ways in which the two errors can be compensated. 

In order to minimise the errors that are caused by heat capacity of the cell a new technique was 

developed. It consists of in supplying additional heat to the sample while the test is in progress to 

compensate the hydration heat absorbed from the thermal capacity of the calorimeter. The 

procedure has been carefully verified by tests on different types of concrete exhibiting adiabatic 

temperature rise ranging from about 170C to 40oC. The adopted testing method allows to 

determine the adiabatic temperature rise and to measure the heat capacity of concrete with 

repeatability of 3% and 4% respectively, 

The research recommends use of an adiabatic calorimeter with an electrical heater that allows to 

perform an accurate calibration of equipment to measure the heat capacity of concrete and to 

compensate the heat capacity of the cell 

Numerical and Experimental Study of Transient Heat Transfer Through Concrete 
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G.Y. Gibbon, Y Ballim and G.R.H. Grieves investigated on the availability of adiabatic 

calorimeters suitable for the testing of concrete samples and found out that the cost of available 

calorimeters was expensive. The research demonstrated how a low-cost computer controlled 

adiabatic calorimeter test could be used to determine the heat of hydration of concrete. The paper 

described the design and operation of a low cost, computer controlled adiabatic calorimeter used 

for determination of heat of hydration of concrete mixes using small samples of concrete. The 

basis of the operation of the adiabatic was that water surrounding the test concrete sample is 

kept at the same temperature as the sample. 

A low cost calorimeter with a personal computer as the data control system was designed and 

manufactured. In a brief description, the adiabatic calorimeter consisted of the computer and 

power supply the temperature sensors used to measure the temperature of the sample and that 

of the tank filled with water, were the sample was kept. The heater was placed in the tank holding 

the sample to regulate the temperature of the water. This system enables the temperature of 

water in the tank to be kept the same as the temperature of the sample so as to minimise any 

heat transfer between the sample and water. This simply meant that no heat is lost from, or 

gained by the sample, implying that the heat measured during the test is the result of hydrating of 

the cement. 

Heat measurements were started at ten minutes after water was added to the concrete and a 

continuous plot of the rate of heat generation was obtained. The adiabatic calorimeter that 

performed appears to be a useful, low cost tool for the determination of heat development of 

concrete during the early ages of hydration. It allows for more engineering properties of concrete 

to be determined under conditions of temperature-matched curing. 

A paper submitted by P Morabit04 reviews various methods that are used to measure heat of 

hydration. He mentions that numerous laboratory techniques have been developed to measure 

the temperature rise in concrete, ranging from sophisticated calorimeters that, are used in 

monitoring temperature in small samples of cementto temperature measurements at the centre of 

large insulated block of concrete. An important point to note in addition to the description of 

isothermal methods is that they are applied to pure cement pastes and thus make them possible 

to measure the heat generated by samples kept at a constant temperature. The paper deals 

mainly with the review of various adiabatic methods. 
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Two adiabatic calorimeters were compared, one that uses air and the other that uses water as 

the insulating medium. Comparison was made on temperature measurements taken at the centre 

of a large insulated block. Measurements are taken at the centre of a large concrete block in 

order make the surrounding concrete act as an insulation medium. The result showed that the 

temperature rise measurements using water as an insulating material compared very well with 

that from the large block. The results obtained from the apparatus using air were lower when 

compared to the temperature measurement taken from the large block. 

From this comparison, adiabatic calorimeter that uses water as the insulating medium takes the 

preference. The adiabatic calorimeter that uses air as the insulating medium is easily constructed 

as opposed to the adiabatic calorimeter that uses water as the insulating medium. 

The other type is the adiabatic calorimeter that uses heated container as the insulating medium. 

Some of the problems encountered with this calorimeter are that it is sometimes difficult to 

construct particularly where the specimen holder is heated and this in turn heats any gap that 

may exist between it and the specimen. There are different types of heat insulated adiabatic 

calorimeters that have been developed. 

Comparison of temperature measurements taken using the adiabatic calorimeters and semi 

adiabatic calorimeters indicated that the measured curve of an adiabatic calorimeters is slightly 

lower than the corrected adiabatic curve, whereas opposed to the semi adiabatic calorimeters 

curve which is far lower. 

Errors that arise out of any adiabatic semi adiabatic calorimeters are mainly influenced by the 

design of the calorimeter, the thermal loss from adiabatic calorimeter and heat capacity of the 

calorimeter, the sensitivity of the temperature controller and the concrete sample size. 

P Morabit04 obtained a relationship that may be used for calibration of thermal losses and effects 

of the heat capacity, the expression is given as follows: 
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is the time. 

apparent heat capacity of the calorimeter. 

apparent heat capacity of the sample respectively. 

is the measured temperature rise. 

is the co-efficient of temperature loss. 

(2.1 ) 

If 6 s (t) is measured by an adiabatic calorimeter, then T ad (t ), represents the adiabatic 

temperature rise of concrete. If the test is performed by semi adiabatic calorimeter, then equation 

2.2.1 leads to a lower estimate of the adiabatic temperature rise. 

The challenge to note is that, in a concrete structure, temperature varies at different pOints and 

the rate of reaction at a pOint at any instant depends on the total amount of heat already liberated 

and the temperature at the time of consideration. In order to determine the rate of heat of 

hydration at any time in a concrete element, maturity of concrete, as opposed to the clock time 

should be used. This implies that from the heat rate vs. time curve obtained from the adiabatic 

test must be translated into a heat rate-maturity relationship. The most commonly used 

relationship, known as the Nurse-Saul relationship, uses a datum temperature of -1 DoC, being a 

temperature at which cement hydration is considered to cease. The function is given as: 

t 

M = L(T; +lO~t; (2.2) 
;=1 

where M is the maturity of concrete up to time t, and T; is the average temperature of concrete 

during the time interval M;. 
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Research reveals that various maturity functions developed are used to describe the relationship 

between the temperature and the engineering properties of concrete. The research by Wang and 

Dingler9 considers apparent that the total cement hydration heat of a concrete mix depends on 

the cement type and content. This implies that for a particular cement, the hydration rate at any 

moment depends on the total heat already released and this is known as the concrete maturity. 

One of the most commonly known maturity functions is known as the Arrhreneius Function. 

By studying the test results on adiabatic temperature rise with time for a concrete mix, the cement 

hydration rate at a standard temperature of 200C and any other temperature can be derived and 

applied to a computer model. The relationship between the rate of heat of hydration and concrete 

maturity at 200C for an ordinary Portland cement is given below: 

q = 0.5 + 0.54M 0.5 for M ::; 10 hours (2.3) 

q = 2. 2e [-a.0286(M -10)] for M ::-10 hours (2.4) 

where M is the maturity of concrete in hours and is determined using Arrhreneius Function for 

maturity. 

When the temperature is constantly 20oC, the concrete maturity equals its clock age, and when it 

is different from 20oC, it is given as: 

~ 

M = f H(t)dt (2.6) 
o 

where H (t) is the temperature function and t is the clock time. 

The research on various methods that are used to determine provides useful information that is 

required for the determination of heat of hydration curve. 
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2.3 Thermal Conductivity 

The study of factors influencing thermal conductivity of concrete is very useful in the analysis of 

heat transfer in concrete. Thermal conductivity plays a vital role as an input parameter when a 

numerical method is applied to predict temperature distribution in concrete. 

According to Chapter 13 of the Fultrons' Concrete Technology6, thermal conductivity is defined as 

a measure of ability of a material to conduct heat and indicates heat flow under a given 

temperature gradient. Thermal conductivity depends mainly on the moisture content of concrete, 

type of aggregates, density, and porosity of concrete. It also depends on the temperature of 

concrete but the effects are negligible over the range of temperatures that are commonly 

encountered. 

Typical values of thermal conductivities for concrete made with a range of aggregate types 

presented on Chapter 13 of the Fultrons Concrete Technology6, are given on the Table 2.1 

below: 

Table 2.1: Thermal conductivities of concrete made with a range of aggregate types. 

Type of Aggregate Thermal Conductivity of 

Concrete in (W/m.K) 

Quartzite 3.5 

Dolomite 3.2 

Limestone 2.6 - 3.3 

Granite 2.6 - 2.7 

Rhyolite 2.2 

Basalt 1.9 - 2.2 

It is also important to note that thermal conductivity will vary with the progress of cementing 

reactions. Previous researches reveal that the nature of variations for thermal conductivity may 

either decrease or increase as the reactions proceed. 

Numerical and Experimental Study of Transient Heat Transfer Through Concrete 
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More research has been undertaken to study the effects of the moisture content of concrete, type 

of aggregates, density, and porosity of concrete and limited research on the temperature effects 

on thermal conductivity. 

The paper written by 0 Campbell and C.P. Thorne1O covers the experimental work that deals with 

the effects of moisture content on the thermal conductivity of concrete made with various 

aggregates. Also presented from this paper is the theoretical derivation of the thermal 

conductivity expression used to calculate thermal conductivity of concrete as a function of the 

aggregates, mix proportions and the experimental values of the conductivity of mortar. The 

expression thermal conductivity of concrete is given as: 

(2.7) 

where: M =VI-P 

is the thermal conductivity of mortar. 

is the thermal conductivity of aggregate. 

P is the volume of mortar per unit volume of concrete. 

The experimental work consisted of the following: 

o The experimental determination of relation between thermal conductivity and the 

moisture content of mortar made from quartz sand and Portland cement 

capillary pores. 

The values of thermal conductivity of mortar for the sand and Portland cement 

were obtained experimentally. By substituting of k
m 

values into equation (2.3.1) 

enables the calculation of the relation between the thermal conductivity of 

concrete (k ) and the thermal conductivity of aggregate (k ,, ), for any given 

moisture content. 
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The agreement between experimental and predicted results obtained using the procedure given 

above, was satisfactory. The research presents the development of a theory for giving the 

thermal conductivity of concrete in terms of thermal conductivity of constituents. This theory 

consists of two parts, one that relates to conductivity of cement paste to that of hydrated cement 

and to the percentage by volume of free water. The second part describes the relation between 

the conductivity of cement paste and aggregates. 

Both the theories are said to show consistency with experimental results, and provide reliable 

indication of the relative importance of various factors that influence the thermal conductivity of 

concrete. 

The paper further concludes that the conductivity of any given concrete varies approximately 

linearly with the moisture content, for a higher concrete conductivity, the greater is the percentage 

drop in conductivity resulting from the loss of given percentage by volume of water. An increase 

in conductivity of aggregates causes a smaller decrease in concrete conductivity. For light 

aggregates the thermal conductivity of concrete will be higher, whereas for heavy aggregates the 

thermal conductivity of concrete will be lower. Generally, higher water/cement will yield cement 

pastes with low conductivities. 

A research on the effects of time on the thermally conductivity was submitted by G.J. Gibbon11
• 

This work presents development of a program from which mainly the heat of hydration data can 

be processed. The program also calculates the results of thermally conductivity from the specific 

heat and density of the sample. Three different types of cement were used and results compared. 

The results show that the effects of time on conductivity may be minimal as opposed to other 

effects that have been discussed above. 

2.4 Temperature Measurement Prediction 

Various models that enable the prediction of measured temperatures have been developed in the 

past. In order to allow predictions of time-based variation in temperature of concrete, it is very 

essential to develop the heat of hydration and conductivity measurements. 
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The good foundation in understanding the equation that governs the flow of heat in concrete is 

obtained in Chapter 13 of the Fultrons' Concrete Technology6. The flow of heat in concrete is 

governed by a Fourier equation in three dimensional form, and is given as: 

(2.8) 

Where: P is the density of concrete, 

t is time. 

k is thermal conductivity of concrete. 

Q is the rate of heat of hydration. 

C is the specific heat capacity of concrete. 

T is the temperature and 

x, y , z are coordinates at a particular point in a structure. 

Wang and Dinglers presented work that deals with development of a computer model to predict 

the temperature distribution in hardening concrete. They considered a two dimensional finite 

element thermal analysis which was used to model a transient heat transfer between concrete 

and the environment by taking into account the cement type and content, boundary and 

environmental conditions including the solar radiation and artificial heating. The work was limited 

to the two dimensional form of equation (2.4.1), as given below: 

(2.9) 

Two types of boundary conditions are defined for equation (2.9). The first is that the temperature 

along the boundary or portion of the boundary is known. The second states that the energy 

transfer through boundary is known. The expression for the latter conditions was given as: 
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k -n +-n +Qb =0 
[

dT dT) 
dx x dx y 

(2.10) 

where: are the direction cosines of the unit outward normal to the boundary 

surfaces. 

Qb total boundary heat gain or loss including solar radiation, thermal 

radiation and convection. 

It was noted at this point that the main difficulty in solving equation (2.9), was to establish the 

boundary heat transfer conditions that are time dependent. The heat transfer conditions takes up 

five forms: solar radiation, thermal radiation and convection, evaporation and condensation, 

where the last two are least significant and are neglected in this model. The amount of solar 

radiation that reaches the concrete surface can be estimated from the structures' geographical 

location, orientation, altitude and atmospheric conditions, time of the day and day of the year. The 

convection heat transfer is the heat loss to or gain from the surrounding sir as a result of the air 

environment and depends on speed and temperature difference between the concrete surface 

and bulk air. Thermal radiation is the heat radiation emission by the concrete body and is a 

function of surface temperature and thermal emissivity of concrete. 

They described a model in which temperature field of the cross section at each time step is 

obtained by the variational finite element method combined with Galerkin weighted residual 

method for time domain solution. The non-linearity problem of the thermal radiation heat transfer 

through the boundary is bypassed by converting the non-linear radiation heat transfer into quasi­

linear radiant convection. 

Changes that are undergone by concrete at early ages, which are, removal of formwork and/or 

insulation material and multi-lift casting, were accounted for by automatically transferring of 

element nodal temperature and concrete maturity data from the end of the previous stage to the 

beginning of the current stage. This analysis was carried out by a computer program known as 

FETAB and is coded in Fortran 77. An important factor to note is that the refinement of the 

program was made in order to account for the time varying boundary heat transfer conditions. It 

was further developed to handle the changes of boundary conditions, structure configurations and 

the prediction of maturity and strength development of the structure. 
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The basic input of the computer analysis included the cement content and type, thermal 

properties of each conduction material and boundary environmental conditions, initial concrete 

temperature and maturity as well finite element mesh of the structure. The time step length was 

chosen as one hour for the first two days and increased for the rest of the time. The computed 

temperature compared very well with measured temperature. The model and the program were 

subsequently used in the design and construction planning of the 13.5km long bridge. 

G.Y. Gibbon and Y Ballim12 made another valuable contribution into this field of study. The work 

presented results obtained from the laboratory tests that were developed to determine the heat of 

hydration and thermal conductivity of concrete samples were used to predict the temperature 

profile in a concrete structure. 

A simple heat model was developed to predict the temperature in an infinitively large concrete 

structure with one surface exposed to the ambient temperature conditions. The model was 

developed for structures with least dimensions between the exposed surfaces greater than 1,0 m 

as approximately adiabatic conditions are considered to exist at depths greater than 0,5 m, for a 

first few days after casting. Mat lab program was used to read the heat of hydration and thermal 

conductivity information determined during a test and plots temperature at each finite element 

node against time. The predicted temperature was found to be accurate to within 20C when 

compared with the measured temperature. 

Y Ballim13 presented further research on the prediction of temperature profiles in mass concrete. 

The work described the development and operation of a finite difference heat model for predicting 

time-based temperature profiles in mass concrete elements. The significance of this research 

was that the model represented a two dimensional solution to the Fourier heat flow equation 

which was simple enough to be run on a commercially available spreadsheet package. 

The model further resolves the complexity that the rate of heat of hydration at any point in the 

concrete element is dependent on mix parameters, time and location. This is achieved using, as 

input, the results of a rate of heat of hydration determination using low-cost adiabatic calorimeter 

together with Saul-Nurse maturity relationship to indicate the extent of heat of hydration at any 

time and position. 
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The paper presented the numerical solution for a rectangular block of concrete that has a z 

direction significantly larger than the x and y dimension. The final form of the finite difference 

equation for the different situations in the concrete block and associated boundary conditions was 

presented. The equation to be solved is similar to the two-dimensional Fourier heat flow equation 

(2.4.2), mentioned above. 

The modelling of the environmental ambient temperature that has been incorporated within the 

heat prediction model takes the form: 

where: ~ d is the clock time of day at which the prediction is being 

made (0-24 hours). 

is the time at which the minimum overnight temperature 

occurs. 

Tmax and Tmin are the maximum and minimum temperatures for the day 

under consideration. 

(2.11 ) 

From the finite difference equations for each condition of the nodes, i.e. internal, bottom surface, 

corner and exposed surface nodes, predicted temperature values were obtained. Generally the 

finite difference equation takes the form: 

T P+1 
- kl1t ()(T P T P P p ) ( 4kl1t)" p I1xI1tQ' 

m,lI - pCI1x2 m+I .1I + 1/I-I.n + Tm.n+1 + Tm.II _ 1 + 1- pCI1x2 J 1/1 .11 + pC (2.12) 

The predicted temperature profiles compared very well with the measured profiles. The early age 

drying from the surface of the concrete causes the model to over estimate the temperatures near 
the surface. 
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There is limited research that handles a three-dimensional analysis. A.B. Fernando, A Pedro and 

E. Mirambell14 are one of the few researchers that have looked into the solution of a three­

dimensional heat transfer problem. Their work entailed a numerical method that considers 

environmental interaction and concreting phases to obtain the hydration temperatures. They 

obtained a heat of hydration characteristics from a study in which insulated concrete cubes were 

tested. 

2.5 Conclusion 

Extensive work on the heat of hydration methods has been done in the past and most 

researchers seem to recommend the adiabatic calorimeter mainly because of its advantages. 

Previous researchers have properly documented these advantages. This gives an opportunity to 

a future research on the choice of the method to be used. 

Various numerical models have been used in the past to predict temperature profiles. It is evident 

that most researchers have preferred using the finite element method. There is limited research 

on other available numerical techniques that may be used for temperature predictions. 
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CHAPTER 3 - LABORATORY PROCEDURES 

3.1 Introduction 

In order to enable verification of the predicted temperature in a concrete, an adiabatic calorimeter 

test was performed. The temperatures of the concrete model at early ages of hydration are also 

measured. The verification of the predicted temperature is achieved by comparing them with the 

measured temperatures. 

The adiabatic calorimeter test was used in this research mainly because the adiabatic conditions 

approximately exist during the early ages of hydration. The test is performed to measure the heat 

of hydration of a mass concrete beam. The mass concrete beam was cast with temperature 

probes placed at various positions to monitor the temperature rise and decline as a result of the 

heat of hydration. 

3.2 Concrete Mix Design 

The concrete beam used in the laboratory test had a nominal compressive strength of 25Mpa, a 

maximum aggregate size of 13mm, a slump of 100mm and the binder consisted of plain Portland 

cement (220 kg/m3). The slump and aggregate size were selected to ensure that the thermal 

probes were not displaced during casting. 

The concrete constituents for the heat beam per cubic metre are as follows: 

Table 3.1: Concrete Beam mix proportions. 

Description Mass in kg or L 

Cement 340 

Granite Stone 750 

Granite Sand 1000 

Water 220 
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3.3 Adiabatic Calorimeter 

3.3.1 Introduction 

The calorimeter is similar to the one used by G.Y. Gibbon, Y Ballim and G.R.H. Grieve3.The control 

software was written by G.J. Gibbon7 and one calorimeter was constructed by the University of the 

Witwatersrand for routine laboratory test work. It was developed as an inexpensive alternative to 

commercially available adiabatic calorimeters. Mr Peter Graham and Mr T Mabuya performed the test 

under the supervision of Prof Bhallim. 

3.3.2 General Description 

A schematic arrangement of a calorimeter, showing the major components and their relationships is given 

in figure 3.1.The equipment was designed to measure heat of hydration temperature rises and, if required 

to carry out simultaneous temperature matched curing exercises. 

220V 

Sti rrer 

Sample Temperature Probe 

Small Tank Temperature Probe 

U.P.S. 

PERSONAL 
COMPUTER 

500L Tank 
Temperature 
Probe 

Interface 
Circuits & Relays 

500L Tank Heater 

-------- - ---------

SOL Tank Heater 

Sample Chamber 

Sample 

Fig.3.1 Schematic Arrangement 
of Adiabatic Calorimeter 
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The apparatus basically consists of two tanks, which are filled with water to appropriate levels during the 

test procedures. Each tank is equipped with a heater, which controls the temperature of the water in 

accordance with instructions received from the personal computer shown. When measuring temperature 

rises due to cement hydration, a concrete sample is cast in a light plastic mould and a thermal probe is 

embedded in the sample. The sample is then placed in the sample container, which in turn is placed in the 

50-litre tank so that the Perspex top of the sample container is well below the level of the water in the tank. 

The temperatures of the sample and the water are continuously measured and recorded by the personal 

computer. As hydration progresses the temperature of the sample increases and the computer responds 

by accurately matching the temperature of the water to the temperature of the sample. Adiabatic conditions 

are thus created at the sample because with a zero temperature difference between the sample and its 

environment, it is not possible for it to gain or lose heat. 

The SOO-litre tank is used for temperature matched curing and is not an essential part of the apparatus. 

The temperature of the water in this tank can be controlled to match the sample temperature to provide for 

curing of concrete test cubes under adiabatic conditions. The software also caters for other curing regimes, 

such as those obtained from site observations. 

The entire apparatus is housed in an air-conditioned room. Ambient conditions are kept constant in order 

to minimize heat losses or gains due changes in the environment. 

3.3.3 Components of the System 

The main components of the apparatus are detailed below. 

3.3.3.1 Sample Chamber 

The sample chamber is shown diagrammatically in Fig. 3.2 below which includes all of the 

pertinent dimensions. It consists of a plastic tube, which constitutes the walls of the chamber. The 

top and bottom ends of the tube are sealed by means of two thick square perspex plates, which 

are tightened against each other and the plastic tube by means of six long bolts (not shown). 
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Figure. 3.2: Sample chamber 

12 

270 

25 

Before assembly, the newly cast concrete sample in its plastic mould is placed in the chamber on 

top of a layer of insulation. The temperature probe is inserted into the sample and the wires are 

led from the container through a plastic sheath. 

The top and bottom perspex plates are then tightened against the plastic tube and the whole 

assembly is placed below the water level in the small tank. 

Because the concrete sample is appreciably smaller than the chamber, it is, with the exception of 

the insulation pad on which it rests, surrounded by an air space. 

This arrangement has proved effective in damping the transmission of heat from the small tank to 

the sample and vice versa. 
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3.3.3.2 Temperature Probes 

The temperatures of the sample, water in the 50 litre tank and water in the 500 litre tank are 

measured by means of temperature sensors manufactured by Pyrotemp (Pty) Ltd and have the 

following specification: 

Type: 

Containment: 

Guaranteed Accuracy 

Supply Voltage: 

PT100 

Copper tube 6mm diameter and 100mm long. 

0.5 DC with an output voltage of 10mV/DC 

4 to 30 Volts 

The length of the probes was chosen to be about half the sample length in order to enable an 

average temperature within the sample to be measured. The sample probe is smeared with 

petroleum jelly before insertion in the sample in order to facilitate removal on completion of the 

test. 

3.3.3.3 Signal Conditioning Units 

The signal conditioning units convert 0 to 100 DC from the temperature probes to a 0 to 10 volt 

output. This is accomplished by three commercially available Signal converters, the details of 

which are provided below: 

Manufacturer: 

Model: 

Supply: 

Input: 

Output: 

Quanta Instruments 

1100L 

220V 50Hz 

PT100; 0- 100DC; 3 Wire 

0-10 Volts 

3.3.3.4 Analogue to Digital Converter Board 

The output voltage from the Signal conditioning units is read by the computer using a digital to 

analogue converter board. The key specifications of this board are: 
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Manufacturer: 

Type: 

AiD Resolution: 

Non-linearity: 

AiD full scale input ranges: 

Number of AiD inputs: 

AiD throughput rate: 
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Eagle Technologies 

PC26 

12 bit 

Less than +/- -0.75 LSB 

o to + 10 V, -5 to +5 V and -10 to + 1 OV jumper selectable. 

16 single ended 

25KHz 

This AiD card gives a resolution of 0.024 DC. 

3.3.3.5 Personal Computer 

The computer is an IBM compatible PC with a 486 mother board, 640 K byte RAM, 1.44 M byte 

floppy disk drive and a 609 M byte hard disk drive. The analogue to digital card and the digital 

interface (I/O card), detailed in 3.2.4 and 3.2.6 respectively, were fitted into the computer. 

3.3.3.6 Interface circuits and Relays 

The heaters in both tanks are controlled by the computer via a PC36A digital I/O board. An in­

house designed interface is included in the circuitry to provide a buffer between the I/O board and 

two solid state relays which control the power supply to the tank water heaters. The system is 

designed to fail safe, in the off position, in the event of computer failure and also includes a 5 V 

power supply to monitor power failure conditions. 

3.3.3.6 Uninterruptible Power Supply 

Power to the PC and the signal conditioning units is supplied by means of a 950 W, 220V, 50Hz 

Uninterruptible Power Supply. This arrangement allows tests to continue through power failures of 

up to 45 minutes. Although the software provides for re-starts of tests after power failures of longer 

than 15 minutes, Gibbon's experience indicated that after long delays the temperature of the water 

in the tank dropped to the extent that conditions were no longer adiabatic and results had to be 

discarded. The unit has sufficient capacity to supply power for the systems of both calorimeters 

simultaneously. 
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3.3.3.8 50 Litre Tank 

The 50 litre or small tank is double walled and manufactured from stainless steel. The space 

between the walls is insulated to reduce heat loss. In addition the tank is mounted on a wooden 

platform to reduce heat loss to the floor. The tank is equipped with a 2.0 KW heater that is capable 

of heating the water in the tank at a rate of 120C per hour. An electric stirrer keeps the water in 

motion and minimises temperature variations in the tank. 

Evaporation losses are made up by means of a float valve, which controls the level of water in the 

tank and a 150mm thick polystyrene cover reduces heat and evaporation losses through the top of 

the tank. 

3.3.3.9 500 Litre Tank 

When required the large 500 litre tank can be used to cure concrete cubes at the same 

temperature as the sample in the small tank or at any other desired temperature. It is not insulated 

and made from a single thickness of galvanized mild steel sheeting. An expanded metal shelf, 

situated near the bottom of the tank is provided to ensure that the concrete cubes are completely 

surrounded by water at the required temperature throughout the curing period. 

The tank is equipped with a 2 KW heater and circulating pump, which minimises temperature 

variations in the tank. A 1 OOmm thick polystyrene cover reduces heat and evaporation losses. 

3.3.4 Software 

The software to control the calorimeter was developed by Gibbon. It was written in Turbo Pascal 6.0 and 

the menu system was based on libraries developed by the Software Engineering Applications Laboratory 

of the Department of Electrical Engineering at the University of the Witwatersrand. 

The program allows the operator to enter information about the sample being tested and to modify various 

test parameters and control constants. The test parameters can be altered while a test is being conducted. 

The program also provides for calibration of the calorimeter and setting of calibration parameters. 

The results can be plotted and are saved for further use. 
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The temperature of the water in the small and large tanks is matched to the temperature of the sample in 

the chamber by means a simple ON/OFF switching system. This would be described as an explicit 

steering algorithm because the temperature of the control medium is adjusted stepwise to meet the 

temperature at the core of the sample. It is recommended that the use of an implicit steering algorithm 

whereby the temperature of the water or control medium is adjusted gradually on the basis of the rate of 

temperature rise in the preceding time period, using extrapolation techniques. They have noted that heat 

losses to the environment are almost completely prevented by this method. 

Earlier versions of the calorimeter provided for proportional control of the heaters. Whilst developing this 

and earlier calorimeters, the proportional control is not necessary because of the slow rate of change in 

temperature of the concrete and the damping effect caused by the insulating air surrounding the sample 

and the water in the bath. 

3.3.5 Calibration 

Compatible results from the calorimeter were a pre-requisite. In order to achieve this it was necessary to a 

dual calibration method. In essence the calibration of the calorimeter is accomplished in three steps. In the 

first step the signal conditioners for each computer are calibrated to ensure equal response to temperature 

changes. The second step calibrates the temperature probes to ensure correct readings and accurate 

control of the calorimeters. When this has been achieved, the heater control system is adjusted to provide 

an adiabatic environment for the sample. 

3.3.5.1 Signal Conditioner Adjustment 

The three thermal probes for the calorimeter are connected to the personal computer via three 

individual signal conditioners and each unit has a facility for span adjustment. 

This part of the procedure is accomplished by placing all 6 probes (3 from each calorimeter) in a 

freezing pOint ice - water mixture and then adjusting the software factors for the computer to read 

ODC. The probes are then placed in water at a temperature 70DC, which is normally above the 

required operating temperature of the calorimeters. The spans of the individual signal conditioners 

are then adjusted to match the temperature reading on a thermometer placed in the water. 
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3.3.5.2 Thermal Probe Calibration 

In this procedure, the probes for measuring the temperature of the sample, small tank and large 

tank are tied together with a calibrating thermometer by means of elastic bands and placed in the 

small tank. They are positioned so that the extremities of the probes and the bulb of the 

thermometer are at the same depth in the water and the tops of the probes are just below the 

water level. The computer is then set to maintain a steady temperature in the tank. Then the 

temperature readings of the probes on the computer screen are compared with the calibration 

thermometer. The differences are determined and entered into the computer in order to equalise 

the readings for the three probes on the screen and simultaneously to align them with the actual 

temperature of the water in the tank. 

When the temperature probes have been satisfactorily correlated, the calorimeter is set in heating 

mode and the water in the small tank is heated to 70 DC to encompass its normal operating range. 

During this phase, the temperature readings from the probes are recorded by the computer for 

analysis. Since adiabatic control of the calorimeter is effected by the difference between sample 

and small tank readings, this parameter may require further adjustment to compensate for any 

measurement discrepancies related to temperature in the operating range of the apparatus. 

The data from the computer is extracted and the differences in temperature between the sample 

and the small tank probes are calculated. These results are then plotted against the sample 

temperature. Fig. 3.3 shows a typical result. 
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Figure. 3.3: Thermal Probe Calibration. 
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In the example shown above it can be noted that the readings have a characteristic fluctuation of 

about 0.02 DC and there is a slight negative drift in the probe temperature difference with 

increasing temperature. 

The software accommodates corrections for this drift when the slope and intercept from a simple 

straight line regression of the calibration data are entered into the computer. 

When the slope and intercept corrections have been made the calorimeter is again calibrated as 

per the foregoing procedure in order to check on the validity of these corrections. Figure 3.4 

shows the results obtained after making the corrections suggested by the regression of the data 

that was used for figure 3.3. 
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Figure 3.4: Corrected Thermal Probe Calibration 

3.3.5.1 Adiabatic Performance Calibration. 

The preceding procedure ensures that the temperatures in the calorimeter are measured 

accurately. In order to complete the calibration it is necessary to ensure that the calorimeter 

behaves adiabatically. This is accomplished by adjusting the switching parameters of the heaters 

until the calorimeter can maintain an inert sample a fixed temperature over a sustained period. 

This step is necessary because a number of external factors, which are difficult to quantify, can 

de-stabilize the temperatures of the system. Such factors include: 

• the temperature difference between ambient and the small tank. 

• heat induced to the tank water by the stirring mechanism. 

• heat losses from the sample via the thermal probe cable. 
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An inert sample of silica sand with a thermal probe is installed in the sample chamber that is in 

turn placed in the small tank. The system is then set to heat to a pre-determined temperature. 

When the sample reaches this temperature, the system is set in adiabatic mode. The 

temperatures of the tank water and the sample are then allowed to equalise. 

At this point the heater parameters are adjusted until the sample maintains a constant 

temperature. The temperatures in the system are then monitored over a period of 18 hours to 

ensure that the calorimeter can maintain the sample at the constant temperature. 

This process is repeated at every 10 degree interval in the operating range of the calorimeter. 

Fig.3.S shows the results of a typical test where the sample has been maintained at a temperature 

of approximately 60 ac. 
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Figure 3.5: Adiabatic Calibration. 

3.3.6 Discussions. 

-- -
-

15 20 

It was noted earlier that a comprehensive calibration and adjustment of the calorimeter is carried in 2 

steps. The first step being the calibration of the thermal probes and the calorimeter is adjusted for 

adiabatic performance in the second step. 

Accurate control of the calorimeter is dependent upon the readings from the sample and small tank 

probes being as close as possible to each other when exposed to the same temperature environment. 
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Fig. 3.3 shows an initial calibration of the difference between the two probes plotted against the sample 

probe temperature (or in this case the temperature of the water in the small tank) for most of the operating 

range of the calorimeter. 

As can be seen the readings have a very small, regular fluctuation which is probably a characteristic of the 

electronics of the system. This fluctuation has a spread of about 0.04 DC. It can also be noted that the 

differences between the probes show a small negative drift with increasing temperature. The statistics 

obtained from the regression and analysis of the readings is shown in Table 3.2 below. 

Calibration after correction for the regression parameters as shown in fig. 3.4 demonstrates that the 

negative drift is virtually cancelled by this step. The statistics obtained from the reading used for fig. 3.4 are 

also given in Table 3. 

Table 3.2: Effect of Regression Correction in Calibration. 

Initial Calibration After Correction for 

Regression Parameters 

Slope -0.00093 -0.0001 

Intercept 0.034312 0.015687 

r2 0.615836 0.016499 

r -0.78475 -0.12845 

Mean -0.008 0.11405 

Standard Deviation 0.1655 0.000283 

High 0.041 0.037 

Low -0.044 -0.011 

Range 0.085 0.048 

The value of r obtained from the regression of the initial calibration data indicates a reasonable correlation 

between the temperature being measured and the difference the two probes. However it is interesting to 

note that after correction the value for r is very low which implies that there is now little or no correlation 

between the measured temperature and the difference between the probes. It also suggests that the 

fluctuations are random and supports the conclusion that they are a characteristic of the system. More 

importantly the measured temperature has been removed as a variable. 
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It can also be noted that the regression correction considerably reduced the spread of the readings from 

0.085 DC to 0.048 DC, which now represents the characteristic fluctuation. The standard deviation is also 

significantly reduced to 0.000286 DC and the difference in temperature between the probe readings can be 

said to be 0.011405 +/- 0.0086 DC at 95% confidence. In terms of temperature measurement this is a very 

small error and is certainly well within the guaranteed accuracy of the probes. 

Figure. 3.5 demonstrates the capability of the calorimeter to perform adiabatically after suitable adjustment 

of the heater switching parameters. It can be seen that an inert sample was held at a constant temperature 

of about 60 DC for a period of 18 hours. At this temperature, close to the upper end of the operating range 

of the calorimeter, the temperature differential with ambient is high and potential heat losses from the 

system are near to maximum. 

Nevertheless under these conditions the calorimeter was able to maintain the sample at a virtually 

constant temperature. Over the 18-hour period the temperature only fell by 0.145 DC or 0.00856 DC per 

hour that can be accepted as adiabatic performance for the purposes of this work. When the inert sample 

was being heated for the adiabatic performance test, an overall coefficient of heat transfer between the 

water in the tank and the sample was calculated for steady state conditions. The mean value of this 

coefficient was found to be 726 J/DC hr. 

A typical cement sample of the size used here will generate about 264 KJ over a 90 hour period. If a worst­

case scenario is considered where a sample continuously loses temperature at the rate measured above 

for the period of 90 hours then the temperature loss would be: 

Temp. loss 

Mean temp. loss 

Heat loss 

Potential error 

= 0.00856 x 90= 0.7704 DC 

= 0.3852 DC 

= 0.3852 x 726 x 90= 25169 J 

= 25169 x 1 00/264000 

= 9.53% 

In practice the temperature loss would never be as large as indicated above because the temperature drift 

used in the calculation was for a tank temperature of 60 DC at the upper end of the calorimeter's range. 

When is operating at lower temperatures it is unlikely that the sample will lose heat in fact it is possible that 

it will experience a slight gain of heat, negating some of the heat loss that occurs at higher temperatures. 
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The 9.53% potential error should therefore be considered as the outer edge of the envelope of 

experimental error of the calorimeter. The output curves are discussed under section 3.5. Even though the 

calorimeter was developed as a low cost alternative to commercially available adiabatic calorimeters, it has 

been shown that it can be calibrated to read temperatures accurately and to respond to very small 

temperature differences. As a result it is able to maintain the sample in a very close to adiabatic 

environment for sustained periods and a such it is a suitable tool for measuring heats of hydration of 

cement. 

3.4 Temperature Profiles Readings 

3.4.1 Introduction 

This section describes the laboratory test procedure that was used for measuring temperature in a 
concrete beam. 

3.4.2 General description of the experiment 

A Concrete beam comprising 0, 135m3 of concrete was cast with dimensions as shown in Figure 

3.4.6. The block was cast onto a concrete floor in the laboratory and the formwork for the one 300 

x 300 mm surface (near the probe placed at 0 mm) was removed at 18 hours after casting. These 

surfaces were then coated with a wax-based curing compound. 
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Figure 3.6: Schematic representation of the heat concrete beam and arrangement of probes. 
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The block was insulated on the four opposite 300 x 1500mm faces and one 300 x 300 mm surface in order 

to ensure 1-dimensional heat flow. The outer insulation comprised of a12mm thick chipboard covering the 

five faces of the beam. The internal insulator, also covering five faces, was by means of a 150mm thick 

Styrofoam. 

Thermal probes were placed in the centre of the concrete at the node points shown in Figure 3.6. Concrete 

was cast to a depth of 150mm and temperature probes were put in place. The remaining portion of the 

beam was cast to a full depth of 300mm. This was done to ensure that the probes were placed in the 

required position. A probe was also placed on the outside of the concrete block to monitor the ambient 

temperature. 

The thermal probes were manufactured from inexpensive integrated circuits (ic) units which require a dc 

input voltage of 10V and have an output of 0-1V, representing a temperature of 0° to 100°C. The IC units 

were connected to doubly insulated telephone cables. The assembly was encased in epoxy, to form a 

probe measuring 6mm in diameter and approximately 1200mm long. 

The probes were all connected to an automatic data-logging facility and a constant voltage supply unit as 

shown on figure 3.7. 

Data Logger 

Thetmal Probes Connection Cable 

Figure 3.7: Schematic representation of temperature measurement experiment. 
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Temperatures at each of the probes were then recorded at 1-hour intervals up to 46 hours, 2 hours after 

casting. During this period, the ambient temperature varied between 16QC and 21 QC. The recording was 

stopped for 20 minutes to download the recorded temperature from the computer. The temperature 

recording was continued at 2-hour intervals up to 284 hours. The recording was again stopped for 20 

minutes to download the recorded temperature from the computer. Finally the temperature recording was 

continued at 2-hour intervals up to 475 hours. 

At the time of casting, a small sample of the concrete was obtained for the adiabatic calorimeter test, which 

was conducted at the same time as the heat monitoring of the test. The measured temperature curves are 

discussed under section 3.5. 

3.5 Discussion and Conclusions 

3.5.1 Adiabatic Calorimeter 

From the measured temperature readings of the calorimeter test, a plot of temperatures versus time is 

obtained as shown in Figure 3.8, below. 
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Figure 3.8: Temperature versus time 
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As expected the results show that, at early ages, concrete is subjected to rise in temperature. The 

derivative of the measured temperature values enables the temperature to be converted into the 

temperature rate. These results are shown in figure 3.9. 
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Figure 3.9: Temperature rate versus time. 
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The rate for the heat of hydration versus time curve is obtained by converting the temperature rate into 

heat rate and the results are shown on figure 3.1 0. 
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Figure 3.10: Heat rate versus time. 
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Using the Nurse-Saul and Arrhenius maturity function, the time is transferred into maturity by using Nurse­

Saul and Arrhenius equivalent hours to obtain the Heat Rate-Nurse/Saul maturity and Heat Rate-Arrhenius 

maturity curves, the results are presented in figure 3.11 and 3.12 respectively. 
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Figure 3.11: Heat rate vs Nurse-Saul Equivalent time. 
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Figure 3.12: Heat rate versus Arrhenius Equivalent time. 

For the purpose of this research, the heat rate versus Nurse-Saul maturity curve will be used as the input 

to the numerical model for prediction of the temperature profiles. 
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3.5.2 Temperature Measurements. 

The measured temperature values from the concrete beam were downloaded from the data logger. Figure 

3.13 gives the temperature versus time curves for thermal probe positions, Omm to 1000mm and the probe 

measuring the ambient temperature 
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Figure 3.13: Measured Temperature versus Time. 

The profiles indicate that at the position closest to the insulated surface (x=1000mm) the temperature 

reaches the highest peak as opposed to the exposed surface (x=Omm). The shape of the curves, except 

for the ambient temperature curve, show a steep temperature gradient at the start of temperature 

measurement i.e. at the initial time =0. 

The exposed position reaches a peak earlier than the insulated position, this is associated with the greater 

rate of heat loss at the exposed surface as opposed to the lesser heat loss at the position that is closer to 

the insulated surface. 

The shape of the curves shows a peak between 40 and 60 hours for various positions, the peak is 

associated with the effects of the heat of hydration. The peaks for these curves occur later than that of the 

heat rate curve observed in figure 3.10 that occurs at approximately 12 hours. The curves for positions 

x=1000mm and x=Omm will be used later as boundary conditions in the numerical model. This will be 

achieved by obtaining the analytical expression that best describes this relationship. 
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CHAPTER 4 - APPLICATION OF THE GREEN ELEMENT METHOD (GEM) 

4.1 Introduction. 

The theoretical development of the Boundary Element Method (BEM) can be traced back to the 

eighteenth century when the related theory of ideal flow and integral transforms was formulated. The 

technique involves subdividing the boundary of the problem domain into segments and obtaining 

system of discreet equations from the integral equation. The early research in BEM was done by 

Nardini and Brebbia15, Wrobel et a~6 , and Brebbia and Nardinj17. More detailed review of literature 

can be obtained from the research covering the topic of BEM submitted by Dargush and Banerjee18, 

Banerjee and Butterfield19, Brebbia et a/20, and Azevedo and Wrobel 21. 

Later the Finite Element method was developed to try and deal with problems involving non-linearity, 

heterogeneity and body force terms that the BEM could not handle. Some engineering problems are 

complex and very practical, and require both the BEM and FEM to be combined in order to obtain 

simple way to attain the solution. This led to the birth of the Green element Method (BEM) which is 

founded on the on the BEM theory of element-by-element approach to obtain solutions for a specific 

problem domain. This new theory has been given special attention by the works of Onyejekwe22.33 

Taigbenu and Onyejekwe34.37, Karama et aP8, and Teshome and Onyejekwe39 and have manage to 

obtain great success. 

The Green Element Method is a new approach of implementing in an element-by-element fashion, the 

singular Boundary Integral Theory, by enhancing the capabilities of the theory in terms of ease in 

solving non-linear and heterogeneous problems, and achieving sparseness in the global co-efficient 

matrix. 

The Green Element Method provides solutions to linear, non-linear, steady and transient engineering 

problems in one and two-dimensional domains. 

The next section describes the basic formulation of the GEM. 
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4.2 Basic Formulation of the Green Element Method. 

The one-dimensional second order Poisson's equation used in most engineering applications is given 

as: 

dr/J(x,t) + I(x,t) = K(x, h) d
2
r/J(:,t) 

dt dx 

where: ¢(x,t) 

x 
t 
K(x, h) 

I(x,t) 

is the primary variable which is a function of time 
and space. 
is the independent or space variable. 
is the time variable. 
is the hydraulic conductivity. 
is the external or internal recharge term. 

General properties of the equation (4.1) 

.:. The equation is linear if the conductivity K is not a function of the 

primary or dependent variable . 

• :. The equation is non linear if the conductivity K is a function of the 

primary or dependent variable . 

• :. The equation is homogeneous if the conductivity K is not a function of the 

independent or space variable . 

• :. The equation is heterogeneous if the conductivity K is a function of the 

independent or space variable . 

• :. The equation is steady if the primary variable ¢ is a function of the 

independent or space variable . 

• :. The equation is transient if the primary variable ¢ is a function of the 

independent or space variable and the time variable. 
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The procedure that the Green Element Method uses to solve differential equations is summarized in 

Figure 4,2, below, 

[ 

Description of the problem 
Governing Differential Equation (GDE) 

Description of the problem 
Initial and Boundary Conditions 

Integral Representation 
Complimentary Equation to the GDE , 

Introduce 
Green's Second Identity 

Convert 
Differential Equation to its Integral form 

, 

Figure 4.1: Schematic Representation of Green Element Procedure. 
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4.2.1 Steady Linear Homogeneous Equation 

For a domain that is steady and homogeneous, K is constant (neither a function of the 

independent nor primary variable), and primary variable is not a function 

of time, equation (4.1) reduces to: 

K d 2~ = f( x ) 
dx 

4.2.2 Boundary Conditions 

(4.2) 

These conditions describe the activity occurring at the start and end points of any given domain of a 

differential equation. The length of the domain, L, is obtained by subtracting the start point (xo), from 

the end point (XL)' i.e. L = XL - Xo . 

Conditions are imposed at these points on the primary variable, ¢ and/or its derivative d¢ , in order 
dx 

to obtain a unique solution of the differential equation. 

Three types of boundary conditions are described below: 

• Dirichlet or Essential Conditions 

This conditions specifies the value of the primary variable ¢ , at a boundary position as follows: 

(4.3) 

• Neumann or Flux Condition 

This conditions specifies the value of the flux or derivative of the primary variable ¢ , at a 

boundary position as follows: 

(4.4) 
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• Cauchy Condition 

This conditions specifies the value for a linear combination of the primary variable ¢ , and the 

flux, d¢ at a boundary position as follows: 
dx 

(4.5) 

where ao, bo, aL and bL are known co-efficients. 

4.2.3 Integral Representation 

In numerical computations, it is usually easier to work with an integral equation than a differential one. 

Therefore we shall try to formulate integral representation of equation (4.2). 

In order to derive an integral representation of equation (4.2) we shall first introduce a complimentary 

equation. Our complimentary differential equation is 

(4.6) 

Eq. (1.3) is called a Dirac-delta function and has the following properties 

o(x-x,) = {~' (4.7) 

(4.8) 

(4.9) 
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Dirac delta function has a symmetric shape, and the following relations hold 

J~ f Xi+E 1 
O(x-x;)dx= O(x-xj )dx=-

Xi Xi 2 
(4.10) 

IXi JXi 1 O(x-x;)dx= O(x-xj)dx= -
-00 Xi~ 2 (4.11 ) 

J~ JXi+E f(x .) 
f(x)o(x-x;)dx= f(x)o(x-x j )dx=--' 

~ ~ 2 
(4.12) 

4.2.4 Green' Second Identity 

The only information required now before deriving the integral representation of equation (4.2) is the 

statement of one of Green's identities. For any two functions, U and V, which are twice differentiable 

with respect to x, Green's identity states 

Setting U to <j> and V to G, and substituting equations (4.2) and (4.6) into eq. (4.13) yields 

We can now substitute the values of d2G/dx2 and d2<j>/dx2into eq. (4.14), thus resulting in 

f L(¢o(x-Xj )-G f(X)Jdx = ¢ dG XL -G d¢ XL 
Xo K dx Xo dx Xo 
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4.2.5 Numerical conversion of the governing equation. 

Using the definition for the Dirac delta function from equation. (4.9), eq. (4.15) becomes 

The parameter A =1 when Xi is within the domain [xo ' XL] and 

A =0.5 when Xi is at the end pOints Xo and XL' 

Equation (4.16) is the integral representation of eq. (4.2) 

The next step is the numerical implementation of eq. (4.16). 

In one dimension, solution to eq. (4.6) is given as 

( )
_IX-Xil+k 

Gx,x
i 

-~----=-.!.-
2 

In which k is an arbitrary constant 

dG(x, Xi) 1 [( ) ( )11 
dx ="2 H X-Xi -H Xi-X~ 

In which H is the Heaviside function which has the following representation 

{
l, 

H(x-x)= 
I 0, 

X>- Xi 

X -< Xi 

Introducing eqs. (4.16) and (4.17) into eq. (4.18) yields 

-U¢, + [H(xL -xJ-H(xi -xJ}JlCxL)-[H(xo -xJ-H(x
i 
-xo)}JlCx) 

-~XL -xii +k):I=x, +~Xo - Xii +k):I=x, + ('~X-Xii +k)f:) dx=O 

Or 
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(4.21) 

IXL ~ I )f(x) + ~X-X; +k --dx=O 
x; K 

In which <j>L=<j>(XI), <j>o=<j>(xo), </>L=d<j>(x=xL)/dx, </>o=d<j>(x=xo)/dx 

The Heaviside equation can be extended so that eq. (4.21) can be evaluated 

(4.22a) 

(4.22b) 

4.2.6 Discretization with respect to problem domain. 

The solution domain between Xo and XL is subdivided into subdomains or M elements. The integral 

representation can be expressed as a summation of the integral representation of eq. (4.21) in each 

element. That is 

M 

I. - 2).,(e) rp/e) + [H(xie) - x;(e» )_ H(x?) - xie) )~ie) - [H(x;e) - x;(e» )_ H(x;(e) _ x;e) )~l(e) 
e=l (4.23) 

-~xie) _x;e) l+k~Y) +~x;e) _x;e) l+k~l(e) + ~I;::) ~x -x;(e) l+k~(X)dx=O 

From eq. (4.23) there are 4 unknown quantities in the typical element - <j>1(e), </>1(e), <j>2(e) and </>2(e), which 

implies 2 degrees of freedom at each node. Eq. (4.23) can be split into 2 equations and by evaluating 
it with Xj(e) =X1(e) and Xj(e) =X2(e) 

(4.24) 

(4.25) 
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Eqs. (4.24) and (4.25) can be combined into a matrix equation of the form 

M [-1 1 ]{¢ie)} + [k - (k + fee) )J{q;~e) } + {FI(e) } = {OJ L 1 -1 ,+, (e) (k+ f(e» ) -k m(e) F (e) ° 
e=1 '1'2 ~ 't' 2 2 

(4.26) 

Or 

M 
~ R (,e) ,+, (e) + L(e) m(.') + F(e) = ° 
L.J IJ 'l'J IJ't' J I 

e=1 
(4.26) 

in which, 

[
-1 R (e) = 

IJ 1 (4.27) 

(4.28) 

1 IX(') F (e) =_ 2 f(x)( x -x(e) +k)dx 
I K X~') I (4.29) 

F (e) =~ rX~') f(x)(x (e) -x+k)dx 
2 K Jx~') 2 (4.30) 

For the choice of the value of k, the domain should be uniformly discretised so that 

k= f = f (4.31) 

where f =Iength of the longest domain. For a computational domain that is uniformly discretised 

L.. - L.. -(e) _ _ [1 -2] 
IJ IJ 2-1 

Evaluation of the recharge term for distributed source/sink iS
I 

F (e) = ~ rX~') f(X)(X - x (e) + t)dx 
I K Jx~') I 
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(4.34) 

and for concentrated source/sink 

N(e) ) 

F (e) =~ ~Q . (x . _x (e) +.e 
I K7:f ) ) I 

(4.35) 

N (r) ) 

F (e) =~ ~Q .(x (e) -x . +.e 
2 Kf,:: ) 2 ) (4.36) 

4.2.7 Global Matrix Assembly. 

A problem domain that consist of M elements will result in N =M=1 number of nodes and will need to 

compute 2N unknown quantities. Consider a typical problem domain below: 

Xe, Xe2 x', X'2 

1 
Ke 

BI 
Ke 

C 1 
~ 

A X 

r Ie 
>1< 

II 1 
Figure 4.2: Typical elements of the problem domain. 

Looking at node B, Xe2 = X11, this is because they appear at the same point, therefore the following can be 
concluded: 

(4.37) 
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where K e and K f are known as hydraulic conductivities of elements e and f respectively. For a 

homogeneous medium the following, K
e = K f holds. 

Element Number 

Global Node Number 

Source node number 

(1 ) 

(1 ) 

(2) 

(2 (3) 

2 3 

(3) 

(4 (5) 

Figure 4.3: Typical elements of the problem domain. 

4 5 

(4) (5) (6) 

(10) 

If we assume that the boundary condition prescribed at node 1 is the primary variable and the flux is 

specified at node 6 then the following is applicable: 

At node 1 

At node 2 

Then recalling equation (4.26), which is 

M 
~ R(,e) A, (e) + L(~) m (e) + F(e) = ° 
L.J 'J 'l' J IJ 't' J I 

e=1 

and can be written as follows: 

L II 12 '1'1 + II 12 't' l + I = M [R R ]{A, (e) } [L L ]{m(e)} {F(e)} {OJ 
e=1 R21 R22 ¢i') L21 L22 cpie) F2(e) ° (4.38) 
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Applying this equation to each element of the problem domain, For element 1 there are two equations 

and are as follows: 

I All R' All L' I L' I F' 0 R 11'f' I + 12'f' 2 + llf/J I + 12 f/J 2 + I = (4.39) 

(4.40) 

All the known terms can be moved to the right-hand side and the equations are written as: 

R' All L' I L' I R' Al l F' 12'f' 2 + Ilf/J I + 12 f/J 2 = - 11'f' I - I 

The same procedure will be followed for all nodes. For five elements, there will be 5 x 2 equations. 

The left-hand side of the equation consists of coefficient matrix multiplied by the unknown variable 

matrix. The right-hand side consists of known values. Hence the equation formed by matrices is given 

as: 

L'" RI12 LI1 2 0 0 0 0 0 0 0 f/JI RI1 2 +F,' 
LI21 RI 22 LI 22 0 0 0 0 0 0 0 ¢ 2 RI 21 +F21 

0 R 2 11 L 2 11 R 2 12 L 2 12 0 0 0 0 0 f/J2 0 
0 R2 21 L221 R 222 L 222 0 0 0 0 0 ¢ 3 0 
0 0 0 R 3 11 L 311 R

3
12 L

3
12 0 0 0 f/J3 0 

R
3

21 
= 0 0 0 L

3
21 R

3
22 L

3
22 0 0 0 ¢4 0 

0 0 0 0 0 R411 L 4 11 R412 L 4 12 0 f/J4 0 
0 0 0 0 0 R 42 1 L 42 1 R 422 L 422 0 ¢ S 0 
0 0 0 0 0 0 0 R S" L S" R

S
I2 f/Js R

S
I2 + F, S 

0 0 0 0 0 0 0 R
S

21 L
S

2' R
S

22 ¢ 6 R
S

' 2 + F 2
s 

The general form of the matrix is given by: 

[A~:} ={s} (4.41 ) 

Examples of problems solved by hand using the Green Element Method are obtained in appendix D. 
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4.3 Solution of the Governing Equation For a non transient case 

The GEM will now be used to solve a primary variable that is both space and time-dependent. As 

discussed in the section 4.1, the boundary conditions that will be used specify the primary variable T, 

at end nodes and are both time depended. The temperature-time curve that was obtained 

experimentally from the results produced from the temperature measurements experiment described 

in chapter 3 for positions Omm and 1 OOOmm will be converted into an analytical expression. Another 

condition that is required to solve the transient problem is known as the initial condition. This condition 

describes an earlier attained equilibrium state of the system at time=O and specifies the primary 

variable, which is the temperature in this case, everywhere in the domain. 

The recharge term which is represented by the F in the GEM notation is treated as the heat of 

hydration curve and will also obtained experimentally from the results produced from the calorimeter 

test in chapter 3 and will be converted into an analytical expression. 

The procedure for solving the transient problem is the same as the one described in section 4.2, 

except that it will be dealt in a slightly different manner to accommodate its transient nature. 

The transient one-dimensional second order equation is given as: 

dn. d 2n. 
_If' + f(x,t) = K_If' 
dt dx 2 

The equation is re-arranged to be: 

d
2
¢ 1 [d¢ ] -=- -+ f(x t) 

dx 2 K dt ' 

Applying the Greens' Second Identity to convert equation 4.31 into an integral form yields: 

fL(¢(x,t) d2~ _ G d2~ IflY = ¢(x,t) dG XL _ G d¢ XL 

Xo dx dx r dx Xo dx Xo 
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Our complimentary differential equation is 

d 2G 
-=o(x-x.) 
dx 2 I 

The solution to equation (4.44) is given as 

( ) 
IX-Xjl+k 

G x, Xj = !...-----.:...!..-

2 

In which k is an arbitrary constant which is given the value of the longest element length. 

The first derivative of G(x, Xj ), gives the Heaveside Function: 

IntroduCing eqs. (4.46) and (4.45) into eq. (4.43) and simplifying yields 

- 2A¢j + [H(XL - Xj )- H(x j - XJ}PL - [H(xo - xJ- H(xj - Xo )}Pj 

- ~XL - x·1 + k)PL + ~xo - x·1 + k)po +~ rXL~x - Xjl + k { d¢ + I(X,t)]dx= 0 ~ I ~ I K Jxo t dt 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

The terms within the integral are of great of concern and will be taken care of by approximating of the 

two terms, ¢(x,t) and I(x,t) using the linear interpolation as follows: 

¢(X, t) = Q; (~)¢t (t) + Q; (~)¢; (t) (4.48a) 

(4.48b) 

where Q; (~) and Q; (~) are linear element interpolating functions and ¢t (t), is for 

example the value of ¢ at node x; at time t. The temporal derivative of ¢ is given as: 

(4.49) 
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Note that the shape functions, n; (~) and n; (~) take care of the distance x component of ¢ and 

the derivative with respect to time is used in equation 4.47,Equations 4.48a and 4.48b are now 

implanted into equation 4.47 to get the following; 

- 2A¢i + [H(XL - Xi)- H(Xi - XJ}PL - [H(xo - x;)- H(Xi - Xo )}Pi 

- ~x, - x,l + k)P, + ~xo - x,l + k)po + ~ ('~x - x, l +kP:[ d!i + Ii ]dx=O 
(4.50) 

Equation 4.50. above is split into two equation by evaluating Xi = XI and Xi = x2 ' and using the £ 
co-ordinate system: 

_me +me +lme -(l+l)me +- r ne 
-j + f e l+l e ~ ~=O - - I I [d¢ 1- } 

'f'1 'f'2 't'l 't'2 K Jo 1 dt 1 (4.51a) 

(4.51 b) 

The tensor matrix form of equations is given by: 

(4.52) 

The matrices Rij and Lij have been defined in sections 4.2, the min concern is evaluating Tij 

d¢ . 
and the temporal derivative _1 . 

dt 

Tij is a matrix used in interpolation of functions that uses the ~ co-ordinate system and is given 

by: 

1';j' ) =~[jl+z e 3~+2l e ] 
6 3Z+ 2l e 3Z+ ze (4.53) 

There are various methods of evaluating the temporal derivative. The different approximation method 

for a two and a three level time schemes will be used. 
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For a two level time schemes, the temporal derivative becomes: 

dt 

= f/J; (tm + Ilt) - f/J; (tm) = f/J;.m+1 - f/J; .m 

Ilt Ilt 
(4.54) 

For a three level time schemes, the temporal derivative becomes: 

dt 

df/Jm 
= ~(f/J ~.no+ 1 - f/J ~'''') + _J_' (1 - a) 

Ilt J J dt 
(4.55) 

The two and a three level time schemes indicate that the temporal derivative will be evaluated at a 

time tm + Ilt ,where tno is the previous time level and Ilt = tm+1 - tm is the time step or temporal 

element size and t ",+1 is the current time level at which the numerical solution is desired. a is the 

time wheighing factor. The value of a positions the time level at which the temporal derivative has 

been evaluated at tIll + a1lt , it is reasonable to evaluate the other terms of equation 4.52 at that time 

level using the weighed average of the form. 

Two level time schemes is represented by: 

[ T
e

] [ T~ ] a R (.') n, (e) +L(e) rn (e) +.....!:!.... +(I-a) R (e) n, (e) +L(e) rn (e) +.....!:!.... 
'J 'f'J 'J 'f' J K IJ 'f'J IJ 'f' J K 

1=(".+1 1=1",+1 

[

T e (f/J e.m+1 _f/J e.m J] 
+.....!:!.... J J =0 

K Ilt 
1=lm +aLlt 

i.j = 1,2, (4.56) 

Three level time schemes is represented by: 

a R (e) f/J (e) + L(e) rp (e) +.....!:!.... +(I-a) R(e) n, (e) +L(e) rn (e) +---.!L [ r] [ T
e

] 
Ij J ,J J K IJ 'f'J Ij 'f' J K 

1=1",+ 1 1=1"' +1 

T/ [a df/J':' J +_v _(f/J ~.m+1 -f/J ~'no) +_J_ (I-a) = 0 
K Ilt J J dt 

t=t". +aI!J 

i.j = 1,2, 0$ a $1 (4.57) 
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The time scale is shown in the figure below: 

Figure 4.4: Graphical representation of time scale. 

Equations 4.34 and 4.36 can be written eliminating the (e) and replacing it by time levels as follows: 

Two level time schemes is represented by: 

+ ~ ) } = 0 [
r ( rjJe,nI+l - rjJ e, nI J] 
K M i.j = 1,2, (4.58) 
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Three level time schemes is represented by: 

[ 

Tlm +1 1 [ TIm 1 a RI~+ I /Iolm +1 + r.~+ 1 mlm+1 + _iJ_· - + (1- a) RI.m ¢JIm + r.~ ({JIm + _1)_ 
lJ 'f/J IJ 't' J K IJ J I} J K 

t= t m +J 

i.j = 1,2, O~a~1 (4.59) 

The obtained matrix equation is represented by: 

(4.60) 

The unknown vector is evaluated at the present time (tm+1) which then becomes the initial values for 

the evaluation of the unknowns in the subsequent time. Therefore the initial conditions will have to be 

specified in order to proceed with obtaining solutions at some desired time level which would be 

positioned by the value of Q . 
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CHAPTER 5 - CODING OF THE SOLUTION USING FORTRAN PROGRAM 

5.1 Governing Equation 

The Green element solution is coded in a general Fortran program that is designed to handle any 

one-dimensional transient diffusion equation_ The general form of the equation (equation 4.41) that 

the program has been designed to solve is described in chapter 4. The one dimensionality of the 

governing equation that describes the concrete beam was achieved by insulation of the beam in 

the y and the z directions to allow heat flow in the x direction only. 

The temperature distribution within a one dimensional concrete beam governed by the equation 

similar to equation 4.43 in chapter 4, where the primary variable ¢ , is converted to temperature T , 

and the recharge term f (x, t) to Q' , and is represented as: 

k[d
2

T + Q'] = pC dT 
dx 2 dt 

(5.1 ) 

Where: t is time. 

x is the space variable. 

k is thermal conductivity of concrete. 

Q' is the rate of heat of hydration (heat rate). 

T is the temperature. 

p is the density. 

C is the specific heat capacity. 

Re-arranging equation 5.1 yields: 

(5.2) 

The term :C' is known as the thermal diffusivity, D and is evaluated in section 5.3. 
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5.2 Alteration made to the Main Program 

Some alterations have been made to the main or original program to accommodate specific 

criteria. The new program known as "Heat Beam" is in appendix C. It consists of the main body 

and the subroutines. The program is executed using the input data and the output data which 

gives the predicted temperature and flux values. The input data is described in section 5.2.3, 

below. 

The subroutines are used to define the boundary and initial conditions, the line integral, the 

coefficient matrix and the recharge. The purposes of the alterations to the program subroutines for 

the boundary conditions and the heat rate (recharge) term of the governing equation are described 

in the sections below. 

5.2.1 Boundary Conditions Functions 

The chosen boundary conditions represent the temperature that varies with time. The alterations 

are made to account for the transient nature of the boundary conditions. 

The temperature versus time curves at nodes Omm and 1000mm obtained experimentally, are 

converted into analytical functions that are later introduced in the subroutine for boundary 

conditions. The analytical expressions are obtained using the Microsoft Excel. Each temperature 

versus time curve has been divided into four parts that subsequently yields into four analytical 

functions. 

This was done to enhance the highest degree of approximation of the curve resulting from the 

measured time base temperature profiles at the end nodes. The alterations to the main program 

are discussed in appendix C. 
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The time dependent Dirichlet boundary conditions have been considered in this case. The 

temperature time curves for the positions 0 and 1000mm are adopted to describe the boundary 

conditions of the problem domain. The curves at x=Omm and x=1000mm are obtained from figure 

3.13 of chapter 3. 

Figure 5.1 below gives the curves that describe the boundary conditions at the end nodes, i.e. 

positions, x=Omm and x=1000m. 
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Time (hours) - x=1000mm 

- x=Omm 

Figure 5.1: Boundary Conditions Curves. 

Having obtained the boundary conditions curve, the next step was to divide each curve to into four sub 

curves operating at particular times in order to simplify the analytical representation of the boundary 

curves. Each sub-curve is then expressed into the analytical expression that will be used in a sub-routine 

that defines the boundary conditions at the end nodes. The analytical expressions are obtained using the 

trend-line fitting tool available in a Microsoft spreadsheet. The trend line approximates the measured 

temperature versus time curve, and gives analytical expression that best describes the curve. The sub 

curves, analytical expressions and subroutine names are given below: 
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.:. Sub-routine Oata4. 

55 

50 

[ 45 
f! ~ .a 40 

./ " ~ 35 
Q. A'~ ~ 30 

-" I-
25 

20 
0 10 20 30 40 50 60 

Time (hours) 

Figure 5.2: Sub-Routine Oata4 Boundary Conditions Curve. 

The resulting analytical functions are: 

Atx=Omm, 

Temperature =0.00OO87*(TIME**3)-0.0137*(TIME**2)-+D.6793*TIME+25.454 

At x=1000mm, 

- x=1 000mm 

- x=Omm 

- - - Trend-line 
(x=10000mm) 

. . • Trend-
line(x=Omm) 

(5.3) 

Temperature =O.0001079*(TIME**3)-0.0196*(TIME**2)+1.1515 *TIME+25.325 (5.4) 

These functions will be used in the program when the time is greater than 0 and less or equals to 

50.6667 hours. This implies that the subroutine only operates between the said times . 

. :. Sub-routine OataS. 

60 

55 - x=Omm 
[ 50 
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• • Trend-line(x=Omm) 
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Figure 5.3: Sub-Routine Oata5 Boundary Conditions Curve. 
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Atx=Omm, 

Temperature =D.00OO044*(TIME**3)-0.0013*(TIME**2)+D.0874*TIME+34.267 (5.5) 

At x=1000mm, 

Temperature =D.00OO153*(TIME**3)-0.0045*(TIME**2)+D.3657*TIME+38.926 (5.6) 

These functions will be used in the program when the time equals or greater than 50.6667 hours 

and less or equals to 104.6667 hours . 

. :. Sub-routine Data6. 

47 ~--------------------------------------, 

~42 ~----------~~~=---------------------­
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:::J 
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Figure 5.4: Sub-Routine Data6 Boundary Conditions Curve. 

Atx=Omm, 

- 101 

- 106 

• • • Trend-line(x=Omm) 

- Trend-line 
(x=1000mm) 

Temperature =O.OOOO01*(TIME**3)-0.OO047*(TIME**2)+D.0151*TIME+36.437 (5.7) 

At x=1000mm, 

Temperature =0.OOO00115*(TIME**3)-0.OO0494*(TIME**2)-0.0326*TIME+52.79 (5.8) 

These functions will be used in the program when the time equals or greater than 104.6667 hours 

and less or equals to 194.6667 hours. 
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.:. Sub-routine Oata7. 
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Figure 5.5: Sub-Routine Oata7 Boundary Conditions Curve. 

Atx=Omm, 

Temperature =O.00OOOOO5*(TIME**3)-0.00006*(TIME**2)+O.006*TIME+29.398 (5.9) 

At x=1000mm, 

Temperature =-0.0000008*(TIME**3)+o.000916*(TIME**2)-0.3645*TIME+78.262 (5.10) 

These functions will be used in the program when the time equals or greater than 194.6667 hours 

and less or equals to 475.00 hours. 

5.2.2 Recharge Functions. 

An approach similar to the one in section 5.2.1 will be used to obtain analytical expressions. The 

Heat rate versus Nurse-Saul Equivalent time curve will be used to describe the heat of hydration 

and is obtained from figure 3.13 of chapter 3. The curve will be divided into three sub curves and 

the yielding analytical expressions will be inserted into the recharge subroutines that are used in 

the program. 
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The sub curves, analytical expressions and subroutine names are given below: 

.:. Sub-routine RechargeT1 
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Figure 5.6: Sub-routine RrechargeT1 heat rate curve. 

The resulting equation is, 

Heat Rate =(O.0003*(TIME**5)-O.01 06*(TIME**4 )+0. 1215*(TIME**3)-O.6175*(TIME**2) 

+1.4715*TIME-1 .0806)/2258704 (5.11) 

Note that the term dividing equation (5.11) is the product of the specific heat and density of the 

concrete beam. This equation defines the heat rate curve and will be used in the program when 

the time is greater than 0 hours and less or equals to 12.6669 hours. 
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.;. Sub-routine RechargeT2 
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Figure 5.7: Sub-routine RrechargeT2 heat rate curve. 

Heat Rate =(-0.0862*(TIME**5)+5.7354*(TIME**4)-151.84*(TIME**3)* 

+1998*(TIME**2)-13061*TIME+33920)/2258704 

15 15.5 

- Heat rate 

- - - Trend-line 

(5.12) 

This function will be used in the program when the time equals or greater than 12.6669 hours and 

less or equals to 15.3253 hours . 

. ;. Sub-routine RechargeT3 

90 110 130 150 170 190 210 230 250 270 

Nurse Saul Equivalent Hours 

Figure 5.8: Sub-routine RrechargeT3 heat rate curve. 

I - HeatRate 

l- - - Trend-line 

Heat Rate=(-0.OOOOOOOOO003*(T 1M E**5)+O.OOO000003*(T I ME**4)-0.00OOO 1 

*(TIME**3)+O.0003*(TIME**2)-0.0316*TIME+1.7307)/2258704 (5.13) 

This function will be used in the program when the time equals or greater than 15.3253 hours and 

less or equals to 267.7307 hours. 
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5.3 Input File to the Program 

The input file is formed by input variable that are determined in this section: 

5.3.1 Thermal Diffusivity. 

The thermal diffusivity is given by: 

D=~ 
pC 

(5.14) 

Where k = 2.7 J.s / m.K, and is obtained from a table presented in a paper by E.A.B Koenders 

and K van Breugel5is for concrete made up of granite as its aggregate. p = 2112kg / m3 
, Is the 

proportioned density of concrete beam constituents. The specific heat capacity 

C = 1069.5J / kg.K is obtained by proportioning the specific heat capacities of the concrete 

beam constituents. Now the thermal diffusivity can be calculated as follows: 

D=~ 
pC 

D = J.s / m.K x 3600s / hour 
2310kg / m3 

X 1069.5J / kg.K 

D = O.004303m 2 / hour. 

5.3.2 Initial temperature 

The initial temperature is obtained by taking the average of measured temperature values 

at the start of taking readings. 

The initial temperature, To = 26.0609°C. 
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5.3.3 Discretization 

The problem domain is discretized in relation to the position of the probes and is shown in 

figure 5.8 below. 
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Figure 5.9: Discretization of the beam domain. 

5.3.4 Input Data File 

The variables into the input data file shown in Figure 5.9 are describe in a typical input data file 

that represent the calculation of temperature using a Green Element Solution coded in Fortran. 

Other input data files are found in appendix C. The corresponding output data file in Figure 5.10 

prints the required solutions that were specified by the input file. 
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1-0. Diffusion-advection problem 

0 Key1, Key2 

0.004303 DIFF 

0.0 VELX 

0.0 DECAY 

Inat 

1 1 0 nsub, time, icond 

11 60 nwrite, tdiv, tlevel 

3 TIME SCHEME 

1.25 THETA 

3 NSEG 

0.0 0 X(1), NSP(1) 

0.1 0 X(IEND), NSP(M) 

0.252 X(1), NSP(1) 

1.0 0 X(IEND), NSP(M) 

0 NFINIT 
26.0609 POT 

0 NNODES 
0 NRECH 
0 RECH 

Figure 5.10: Sample of the Fortran Input Data File. 

The parameters in the input data file are explained as follows 

.:. KEY1 , KEY2 are the controls of how the title in the out put data file is arranged . 

• :. DIFF represent the diffusivity 0 and has a value of 0.004303 . 

• :. VELX is the velocity co-efficient and is zero since velocity term of the governing 

equation is not applicable . 

• :. DECAY represents the term for rate of first order decay, which is also not applicable . 

• :. INAT controls the state of the program, it takes the value 0 for a steady state problem and 

1 for the transient case. In this case INAT is 1 . 

• :. NSUB is the number of divisions of the time dimension . 

• :. TIME represent the initial time, which is 1 hour in this case. 
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.:. NWRITE gives the number of time divisions that will be skipped before the solution is 

printed . 

• :. TDIV is the length of each time division . 

• :. TLEVEL is the time at which the program should consider the last time coordinate of each 

time division . 

• :. TIME SCHEME is the value of the time levels, the two and the three time level 

scheme . 

• :. THETA is the time weighing factor . 

• :. NSEG is the number of segments into which the one dimensional problem domain is 

divided . 

• :. X{x) is the coordinate at node (x). X{I) it describe the value of the first coordinate and 

XIEND describe the value of the last coordinate node of the discritized domain . 

• :. NSP describe the number of nodes within the segment. 

.:. NTYPE{I) describe the boundary condition, it assumes the value of 1 if it is the flux type 

and 2 if is dirichlet type . 

• :. NFINIT tells the program where to read the initial condition value, it assumes 0 for a 

constant initial value and 1 for various positions of different initial values . 

• :. POT is the value assigned to a constant initial condition . 

• :. NNODES is the number of external nodes which the initial condition value should be 

specified. 
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1-D. Diffusion-advection problem 

...... NUMBER OF NODES = 6 

...... NATURE OF BOUNDARY CONDS. (STEADY=O; UNSTEADY=1) = 0 

INITIAL TIME = 1.0000; TIME LIMIT = 60.0000 

..... TIME ..... = 2.0000 

Node No. Location Primary Flux 

Variable 

.000 26.7585 -171.3985 

2 .100 23.8421 32.7244 

3 .250 25.8518 2.4305 

4 .500 26.5060 7.3381 

5 .750 20.8458 -91.8547 

6 1.000 27.5505 372.6140 

..... TIME ..... = 3.0000 

Node No. Location Primary Flux 

Variable 

.000 27.3709 6.9683 

2 .100 25.5170 -20.2794 

3 .250 25.6713 10.6021 

4 .500 25.6293 -18.1050 

5 .750 22.2755 21.0682 

6 1.000 28.6060 -30.4470 

Figure 5.11: Sample of the Fortran Output File. 
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5.4 Conclusions 

Having defined the input parameters, the next step is to run the program and obtain output files 

containing the temperature values at various positions. The output files are found in appendix B. 

Because the temperature reading were taken at different time intervals, the program requires that 

we have three input data files to account for the time as described in chapter 3. The temperature 

profiles resulting from the output data files will be presented in the next chapter for discussions. 

The program is a very powerful tool because of one of its advantages to mention a few, to print 

required solutions at specific time limit and frequency. It also user friendly as one can vary 

parameter or part of the main program for greater depth of analysis of the problem being solved. 

The output data file can easily be converted into a spreadsheet for graph plotting and into word 

processors to allow easy report writing or whatever the requirement may be. 

Numerical and Experimental Study of Transient Heat Transfer Through Concrete 5-14 



Chapter 6 - Discussion of Results 

CHAPTER 6 - DISCUSSION OF RESULTS 

6.1 Introduction 

This chapter deals with the comparison of the measured and predicted (calculated) temperature 

profiles. The results are discussed and comments will be made based on the observations. 

6.2 Comparison of Experimental and Numerical Results 

The calculated temperature profile data obtained from the Fortran output file was converted into a 

spreadsheet data. The temperature versus time curves for various distances along the concrete 

beam and the temperature versus distance for particular times are plotted using the spreadsheet. 

The measured temperature profiles obtained from the data logger were converted into a 

spreadsheet. The next sections provide the comparison of the two profiles. 

6.2.1 Temperature-Time Profiles 

The results for the predicted temperature profiles and the measured temperature profiles are 

presented at all six positions are presented below with the discussions. 
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.:. Distance x=Omm(boundary condition) 
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Figure 6.1: Comparison of measured and predicted temperature profiles at distance x=Omm. 

The predicted curve at this distance compares very well with the measured temperature curve as 

was expected of a position where the boundary condition have been imposed. This clearly 

indicates that the approximation of the analytical expression for the boundary condition curve and 

the numerical analysis were successful. 

An important aspect to note is that peak temperature at this boundary condition position is reached 

when temperature is approximately equal to 36.274°C at time of 43hours. Both temperature 

curves show a steep gradient at early ages and this is associated with the heat of hydration 

effects. The time and the value of the peak temperature will later be compared with the 

temperature peaks at other positions. 

After the peak, both curves show a gradual decrease in temperature values and this occurs as a 

result of two things, the decrease in the rate of heat of hydration curve and the fact that since this 

position is at the exposed surface, some of the concrete heat is lost to the environment. 
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Figure 6.2: Comparison of measured and predicted temperature profiles at distance x=100mm. 

The two curves compare well except that the predicted temperature curve is lower than the 

measured temperature curve between 10 and 60 hours. The difference in values between the two 

curves increases in value from time=10 hours and reaches its maximum at approximately 15 

hours. As the time increases, the difference gradually decreases until it reaches 0 at time = 60 

hours. The maximum error of the predicted curve values is 9.9331%. This error may be associated 

with various reasons mainly coming from the input parameters. 

The one parameter that may be the cause of the error is the initial temperature. It must be recalled 

that, during the laboratory testing, the measurement for temperature was taken almost 2 hours 

after concrete mixing. This indicates that the initial temperature value should have been taken 

immediately after the concrete was mixed. 

The value used in this analysis was obtained by taking the average of the first temperature reading 

at all positions, this may not have been the correct value. The correct value could have been 

higher than the value used as a result of the heat of hydration generated immediately when water 

combines with cement, immediately after mixing. 
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The other input parameter may have been the fact that the assumed value of thermal conductivity 

does not take account of other effects such as time and type of the cement and moisture content 

of the concrete. It was based on the aggregate type alone. The thermal conductivity could have 

been the main source of error as it also influences the thermal diffusivity of concrete. 

Another observation to make is that the peak temperature of the measured temperature curve 

occurs at 38 hours, which is earlier than that of the predicted temperature occurring at 66.667 

hours. The peak temperature has a value of 37.34°e that is higher than the value of 36.58 °e, for 

the predicted temperature curve . 
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Figure 6.3: Comparison of measured and predicted temperature profiles at distance x=250mm. 

Similar to the previous case, the two curves compare well except that the predicted temperature 

curve is lower than the measured temperature curve between 5 and 90 hours. The difference 

increases from time equals 5 hours and reaches its maximum at approximately 15 hours before it 

gradually decreases to ooe at the time of 60 hours. The maximum error computed is 21.5105%. 

This error may be associated with various reasons mainly coming form the input parameters as 

described in the previous case. 
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The maximum error experienced at this position is greater than the error experienced before at 

Omm. Also the length of the time at which the difference between the predicted and the measured 

temperature curves has increased from10-60 hours at position 100mm to 5-90 hours at position 

250mm. This is associated with the thermal conductivity error. 

The explanation to these observations is that the effects of thermal conductivity exhibit a vital role 

as we move away from the boundary conditions positions, hence the increase in error as well as 

the length of time at which the difference is experienced. 

The peak temperature of the measured temperature curve occurs at 42 hours, which is earlier than 

that of the predicted temperature occurring at 78.667hours. The peak temperature of the 

measured temperature curve has a value of 37.34°C that is higher than the value of 36.58 °C for 

the predicted temperature curve . 
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Figure 6.4: Comparison of measured and predicted temperature profiles at distance x=500mm. 

Similarly to the previous cases, the two curves compare well except for the fact that predicted 

temperature curve is lower than the measured temperature curve between 5 and 132.6667 hours. 

The difference increases from at time of 5 hours and reaches its maximum at approximately 19 

hours before it gradually decreases to almost nothing at the time of 132.6667 hours. The maximum 

error computed is 27.7377%. 
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A maximum error experienced at this position is greater than the error experienced in the latter 

cases. Also the length of the time at which the difference between the predicted and the measured 

temperature curves observed is between 5 and 132.667 hours at this position. The explanation to 

these observations is similar to the previous case. 

The peak temperature of the measured temperature curve occurs at 50.6667 hours, which is 

earlier than that of the predicted temperature occurring at 84.667hours. The peak temperature of 

the measured temperature curve has a value of 45.9081DC that is higher than the value of 

41 .2431 DC for the predicted temperature curve . 
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Figure 6.5: Comparison of measured and predicted temperature profiles at distance x=750mm 

The two curves compare well except that the predicted temperature curve is lower than the 

measured temperature curve between 0 and 154.6667 hours. The difference increases from a time 

of 0 hours and reaches its maximum at approximately 154.6667 hours before it gradually 

decreases to almost nothing at the time of 154.6667 hours. The maximum error computed is 

19.8466%. It is observed that the maximum error is less than the error observed at distances 250 

and 500mm. This confirms the expectations that the maximum error should be experienced at 

distance 500mm, which is the position that is furthest from the boundary conditions. 
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The peak temperature of the measured temperature curve occurs at 54.6667 hours, which is 

earlier than that of the predicted temperature occurring at 76.667hours. The peak temperature of 

the measured has a value of 48.149°C that is higher than the value of 44.3114°C for the predicted 

temperature curve . 
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Figure 6.6: Comparison of measured and predicted temperature profiles at distance x=1000mm. 

The predicted curve at this distance compares very well with the measure temperature curve as 

expected to be the case for the position where the boundary condition are imposed. 

An important aspect to note is that peak temperature at this boundary condition position is reached 

when temperature is approximately equal to 47.9817°C at time of 55 hours which is higher and 

later than the peak observed at the other position were the boundary condition have been imposed 

(at distance x=Omm). This is associated with the fact that this position is at insulated surface hence 

the rate and amount of heat loss is lesser than the exposed surface. This will be confirmed by the 

comparison of temperature versus distance profiles for various times. 
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6.2.2 Temperature-Distance Profiles 

The comparison of temperature versus distance profiles for various times is undertaken mainly to 

confirm the expectation that the rate of heat loss increases as we move away from the insulated 

surface towards the exposed surface. Three different times, namely at 15, 138.667 and 285 hours 

have been chosen arbitrarily . 
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Figure 6.7: Comparison of measured and predicted temperature profiles at time=15 hours. 

Because of the error occurring at early ages of concrete, the results presented for this time period 

do not meet the expectations. The predicted temperature curve indicates that that the rate of heat 

loss is defined by a parabolic function . This is not in agreement with the measured temperature 

curve that is defined by a linear function that indicates a decrease in temperature as we approach 

the exposed surface position. The results from the predicted temperature curve couldn't be used to 

confirm what is expected. 
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Figure 6.7: Comparison of measured and predicted temperature profiles at time=138.667hours. 

The results observed above show a good agreement between the predicted and the measured 

temperature curves. The shape of the curves indicated that a temperature decrease is 

experienced as we move towards exposed surface, at Omm. As indicated earlier, this is associated 

with the expected results indicating that the rate at which heat is lost to the atmosphere is greater 

at the exposed surface than the insulated surface . 
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Figure 6.9: Comparison of measured and predicted temperature profiles at time=285 hours. 

The observations at this time are similar to those indicated at the previous time. 
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6.3 General Comments 

The comparison between the measured and the predicted temperature profiles for both the temperature 

versus time and temperature versus distance curves have been discussed. At distances where the 

boundary conditions have been imposed the predicted and measured temperature curves agree very well. 

Similar agreements are observed at the other positions at greater times. The great concern is the error that 

is experienced at distances positions 100, 250, 500 and 750 mm for smaller times. Further analysis have 

been carried out to determine whether cause of the errors is not linked to the Green element method or the 

choice of the heat of hydration curve, which is the Heat rate versus Nurse-Saul equivalence hours. 

Three analysis were carried out. The first involved selection of the Heat rate versus normal time curve as 

an input describing the heat of hydration. The results obtained showed that the error increased by 1.2% for 

times less than approximately 60 hours, at times greater than 60 hours the results were unchanged. The 

Heat rate versus Arrhenius equivalence hours was selected for the second analysis and the results 

showed a negligible increase in error as compared to the results from the Heat rate versus Nurse-Saul 

equivalence hours input. These comparisons are given in figure 6.10 below for position, x= 750mm. 

The third analysis involved using the green element method approach of improving the results obtained 

from the Heat rate versus Nurse-Saul equivalence hours input. This approach is known as degridding. The 

degridding approach was achieved by increasing the number of nodes at distances where the errors are 

experienced. 
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Figure 6.10: Comparison of measured and predicted temperature profiles at x=750mm using 
various heat rate curves. 
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The results showed a decrease in error of 2% only for times less than approximately 184.667 hours. 

Similarly, for times greater than 184.667 hours the results were unchanged. The curves for other position 

are found in appendix B. 

The results confirm that the error may be associated mainly with the thermal conductivity and the value of 

the initial temperature as discussed earlier. 
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CHAPTER 7 - CONCLUSION 

The study on heat transfer and numerical prediction of temperature development in hardening concrete 

gives a indication that it is possible to predict with reasonable accuracy the temperature development in 

hardening concrete in the field. The work presented in this thesis can be of great use for estimation of 

temperature gradients caused by the hydration heat in developing concrete, which consequently results 

into crack formation. The avoidance of such cracks is developed mainly for concrete structures such as, 

large concrete dams, massive hydraulic structures, concrete walls subjected to fires and concrete nuclear 

power station. 

High accuracy performance is required for temperature predictions in hardening concrete and can only be 

achieved by both non-complicated and reliable test for determining hydration heat and numerical 

technique. It is more significant when the numerical model and hydration curve determination methods are 

used as a basis for numerical analysis of thermal cracking and for fire safety assessments in nuclear 

reactors and tall buildings. The adiabatic calorimeter used in this research demonstrates the ability to 

measure heat of hydration of a concrete with respect to time. In addition, it was manufactured from 

equipment that is of a low cost and easy to assemble. G.Y. Gibbon and Y Ballim8 describe improvements 

made to the adiabatic calorimeter to enable the determination heat of hydration and thermal conductivity 

with respect to time. 

The Green element method has the ability to solve most engineering problems that are more practically 

based and complex in nature without being combined with another numerical method. These engineering 

problems exhibit properties such as, non-linearity, transient nature and heterogeneity. Transformation of a 

Green element method solution procedure into computer based Fortran program, doubles the advantages 

that the method usually posses when the solution is obtained by hand. 

Combination of the adiabatic calorimeter and the computerized Green element method has been used in 

this thesis to predict the measured temperature profiles with acceptable practical accuracy. According to 

Wang and Dingler9, 20 - 30% of error is considered excellent accuracy in practical problems. The main 

source or error is from the input data variable. 
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It can thus be concluded that high levels of accuracy that is required for prediction of temperature 

distribution can be achieved by using a combination of the adiabatic calorimeter and the computerized 

Green element method incorporating carefully selected input data. Apart from fire safety assessments and 

nuclear power station temperature predictions and crack prevention, the results may also be used to help 

in construction planning. This refers to the design of curing measures that are required to prevent concrete 

from freezing in cold weather, or to achieve the desired strength at an early age and to maintain the 

specified temperature differential limits in a structure. 
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CHAPTER 8 - RECOMMENDATIONS 

The main source of error encountered in prediction of measured temperature distribution is undoubtedly 

the input data variables. Some of these variables have been mentioned in chapter 6. Many key 

parameters, such as the thermal conductivities of concrete and formworklinsulation materials, specific heat 

capacity, convection heat transfer coefficient, ambient air temperature, initial temperature etc, vary in wide 

ranges. 

Most researchers have brought the attention that thermal conductivity of concrete depends on numerous 

variables such as moisture content, aggregate type and content, porosity, density, temperature and time. 

To date, limited work has been done in developing an expression that relates the thermal conductivity with 

all these parameters. 

It must be appreciated that the thermal conductivity is one of the main input variables that are incorporated 

during the element by element analysis performed by most numerical technique, if not all. So an incorrect 

thermal conductivity can result in large errors in the output. To ensure that a reasonable thermal 

conductivity is used, the researcher is required to research on the thermal conductivity that take into 

consideration, the variables that have a greater effect on it, namely, the moisture content, type and content 

of aggregate and temperature. 

Also it is very important to note that special attention should be paid in the selection of the initial 

temperature. Heat is generated immediately when water reacts with cement, the temperature of the mix 

will also vary, hence it will be incorrect to wait until the beam or any sample is cast before the initial 

temperature is recorded. The initial temperature should be measured as soon as the mixing of the 

concrete constituents has been completed. 

Limited research has shown that the specific heat capacity is dependent on degree of hydration. It then 

becomes essential to incorporate such effect when selecting of the specific heat capacity is done. 

It is recommended that for future temperature prediction using the Green Element Method and Adiabatic 

Calorimeter or any other appropriate methods, the effects on the input variables mention above should be 

taken into consideration. 
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It is recommended that future research should consider case of a two and three-dimensional heat flow 

problem incorporating the effects of time on thermal conductivity of concrete using the Green Element 

Method and Adiabatic Calorimeter. The three-dimensional heat research describes a more realistic 

situation and will bear a great impact in the field of heat transfer. 
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Appendix A - Heat of Hydration Curves and Profiles 
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Smoothed Corrected 
Sample S. tank L. tank time dT/dt dT/dt T 

0 0 0 1 53 22.668 18.919 19.676 0.000277778 22.668 

0 1 34 51 43 22.78 22.761 19.729 1.580833333 0.07086116 0.07086116 22.78 

0 2 14 50 74 22.882 22.934 19.696 2.247222222 0.15306378 0.15306378 22.882 

0 3 9 29 30 22.983 23.105 19.56 3.158055556 0.11088747 0.11088747 22.983 
0 3 45 54 23 23.084 23 .097 19.717 3.765 0.16640732 0.16640732 23 .084 
0 4 15 49 64 23.185 23 .286 19.763 4.263611111 0.20256267 0.20256267 23.185 
0 4 37 3 91 23.286 23 .271 19.773 4.6175 0.28540031 0.28540031 23.286 
0 5 0 1 61 23.387 23.478 19.871 5.000277778 0.26386067 0.26386067 23.387 
0 5 18 26 93 23.488 23.476 19.883 5.307222222 0.32904977 0.32904977 23.488 
0 5 36 36 48 23 .588 23.648 19.87 5.61 0.33027523 0.33027523 23.588 
0 6 5 50 75 23 .788 23 .828 19.916 6.097222222 0.41049031 0.41049031 23.788 
0 6 31 32 7 23 .991 23.988 19.854 6.525555556 0.47392996 0.47392996 23 .991 
0 6 56 40 65 24.192 24.162 19.787 6.944444444 0.47984085 0.47984085 24.192 
0 7 19 30 0 24.396 24.509 19.748 7.325 0.53605839 0.53605839 24.396 
0 7 41 51 66 24.599 24.67 19.719 7.6975 0.54496644 0.54496644 24.599 
0 8 1 38 66 24.801 24.846 19.689 8.027222222 0.6126369 0.6126369 24.801 
0 8 21 43 83 25.001 25.032 19.635 8.361944444 0.59751037 0.59751037 25.001 
0 8 39 30 32 25.202 25.198 19.659 8.658333333 0.67816307 0.67816307 25.202 
0 8 59 5 78 25 .404 25.358 19.578 8.984722222 0.61889362 0.61889362 25 .404 
0 9 15 28 51 25.605 25.715 19.571 9.257777778 0.73611394 0.73611394 25 .605 
0 9 32 56 54 25 .807 25 .879 19.517 9.548888889 0.69389313 0.69389313 25 .807 
0 9 55 54 51 26.109 26.221 19.509 9.931666667 0.78896952 0.78896952 26.109 
0 10 16 26 93 26.415 26.388 19.436 10.27388889 0.89415584 0.89415584 26.415 
0 10 33 45 46 26.724 26.689 19.385 10.5625 1.07064485 1.07064485 26.724 
0 10 51 54 25 27.126 27.226 19.346 10.865 1.32892562 1.32892562 27.126 
0 11 10 45 0 27.628 27 .619 19.339 11.17916667 1.59787798 1.59787798 27.628 
0 11 26 12 31 28.03 27.97 19.275 11.43666667 1.56116505 1.56116505 28 .03 
0 11 45 11 90 28.432 28.521 19.271 11.75305556 1.27058824 1.27058824 28.432 
0 12 2 50 37 28.744 28.822 19.219 12.04722222 1.06062323 1.06062323 28.744 
0 12 19 16 83 28.944 28.942 19.186 12.32111111 0.73022312 0.73022312 28.944 
0 12 36 4 28 29.144 29.255 19.138 12.60111111 0.71428571 0.71428571 29.144 
0 12 53 55 5 29.345 29.357 19.083 12.89861111 0.67563025 0.67563025 29 .345 
0 13 12 40 31 29.546 29.621 19.068 13.21111111 0.6432 0.6432 29.546 
0 13 31 38 4 29.747 29.723 19.065 13.52722222 0.63585237 0.63585237 29.747 
0 13 50 43 95 29.947 30.019 18.997 13.84527778 0.62882096 0.62882096 29.947 
0 14 9 43 76 30.15 30.099 18.981 14.16194444 0.64105263 0.64105263 30.15 
0 14 29 7 47 30.35 30.368 18.917 14.48527778 0.6185567 0.6185567 30.35 
0 14 50 7 79 30.564 30.651 18.872 14.83527778 0.61142857 0.61142857 30.564 
0 16 52 12 43 31.872 31.967 18.686 16.87 0.64283959 0.64283959 31.872 
0 18 55 59 24 33 .125 33 .209 18.503 18.93305556 0.60735156 0.60735156 33.125 
0 21 6 22 11 34.364 34.465 18.803 21.10611111 0.5701649 0.5701649 34.364 
0 23 12 54 41 35.471 35.395 19.042 23 .215 0.52492097 0.52492097 35.471 
1 1 24 14 68 36.522 36.624 19.467 25.40388889 0.48015228 0.48015228 36.522 
1 3 24 27 5 37.371 37.402 19.843 27.4075 0.42373492 0.42373492 37.371 
1 5 35 26 51 38.277 38.283 20.031 29.59055556 0.41501463 0.41501463 38.277 
1 7 45 10 5 39.102 39.171 19.953 31.75277778 0.3815519 0.3815519 39.102 
1 9 47 30 96 39.856 39.945 19.844 33 .79166667 0.36980926 0.36980926 39.856 1 11 49 0 39 40.568 40.617 19.776 35.81666667 0.35160494 0.35160494 40.568 1 14 2 55 6 41.309 41.335 19.73 38.04861111 0.33199751 0.33199751 41.309 1 16 31 29 14 42.068 42.16 19.477 40.52472222 0.30652906 0.30652906 42.068 1 19 1 53 56 42.802 42.777 19.383 43.03138889 0.29281915 0.29281915 42.802 1 21 15 9 56 43.442 43.401 19.868 45.2525 0.28814407 0.28814407 43.442 1 23 44 31 42 44.108 44.07 20.18 47.74194444 0.26752957 0.26752957 44.108 2 2 18 50 76 44.767 44.874 20.612 50.31388889 0.25622637 0.25622637 44.767 2 4 51 53 70 45.405 45 .426 20.928 52.86472222 0.25011434 0.25011434 45.405 2 7 1 1 38 45.931 45 .844 20.909 55.01694444 0.24439855 0.24439855 45 .931 2 9 27 36 71 46.394 46.379 20.555 57.46 0.18951677 0.18951677 46.394 2 11 31 58 34 46.868 46.867 20.556 59.53277778 0.22867864 0.22867864 46.868 2 13 37 2 98 47.228 47.251 20.446 61 .61722222 0.17270789 0.17270789 47.228 2 15 44 5 26 47.679 47.603 20.335 63 .73472222 0.21298701 0.21298701 47.679 2 17 55 23 6 48 48.047 20.221 65 .92305556 0.14668698 0.14668698 48 2 20 14 31 29 48.46 48.376 20.494 68.24194444 0.19837087 0.19837087 48.46 2 22 53 44 16 48.896 48.95 20.758 70.89555556 0.16430441 0.16430441 48.896 3 0 57 53 59 49.198 49.155 21.183 72.96472222 0.14595248 0.14595248 49.198 3 3 7 16 82 49.527 49.625 21.648 75.12111111 0.15256988 0.15256988 49.527 3 5 46 19 63 49.991 49.901 21.771 77.77194444 0.1750393 0.1750393 49.991 3 7 53 19 39 50.301 50.231 21.741 79.88861111 0.14645669 0.14645669 50.301 3 10 11 32 20 50.612 50.593 21 .558 82.19222222 0.13500543 0.13500543 50.612 



3 12 32 58 96 50.936 50.948 21.453 84.54944444 0.13744992 0.13744992 50.936 

3 15 18 19 38 51.232 51.314 21.254 87.30527778 0.10740853 0.10740853 51.232 

3 17 46 29 73 51.596 51.5 20.996 89.77472222 0.14740157 0.14740157 51.596 

3 20 20 58 8 51.861 51.84 21.18 92.34944444 0.10292372 0.10292372 51.861 
3 22 33 17 67 52.146 52.273 21.439 94.55472222 0.12923542 0.12923542 52.146 
4 0 37 13 49 52.43 52.52 21.684 96.62027778 0.13749328 0.13749328 52.43 
4 2 44 22 80 52.753 52.672 21.859 98.73944444 0.1524184 0.1524184 52.753 
4 5 10 55 60 53.077 53.03 22.02 10 1.1819444 0.13265097 0.13265097 53.077 
4 7 40 39 22 53.304 53.253 21.316 103.6775 0.09096171 0.09096171 53.304 
4 10 5 27 83 53.578 53.645 21.153 106.0908333 0.11353591 0.11353591 53.578 
4 12 25 48 40 53.842 53.88 21.037 108.43 0.11286071 0.11286071 53 .842 
4 14 43 25 35 54.144 54.101 20.73 110.7236111 0.1316701 0.1316701 54.144 
4 17 14 50 30 54.334 54.33 20.427 113.2472222 0.07528894 0.07528894 54.334 
4 20 11 54 76 54.632 54.697 20.811 116.1983333 0.10097892 0.10097892 54.632 
4 22 36 4 97 54.877 54.942 21.122 118.6011111 0.10196532 0.10196532 54.877 
5 1 10 43 26 55.119 55.067 21.681 121.1786111 0.09388943 0.09388943 55.119 
5 3 14 35 56 55.351 55.386 21.773 123.2430556 0.1123789 0.1123789 55.351 
5 5 39 18 13 55.474 55 .484 21.255 125.655 0.0509962 0.0509962 55.474 
5 8 37 54 81 55.717 55 .685 21 .043 128.6316667 0.08163494 0.08163494 55 .717 
5 11 0 17 86 55.873 55.818 20.805 131.0047222 0.06573803 0.06573803 55.873 
5 13 6 11 99 56.076 55.98 20.487 133.1030556 0.09674345 0.09674345 56.076 
5 15 51 25 65 56.164 56.194 20.102 135.8569444 0.03195481 0.03195481 56.164 
5 18 28 51 35 56.368 56.304 19.814 138.4808333 0.07774719 0.07774719 56.368 
5 21 22 20 94 56.448 56.431 20.347 141.3722222 0.02766836 0.02766836 56.448 
) ZCl 2t1 15 7!i )0.)40 )O.M) ~.)jZ 14ClA7UtlClClCl U.U'tUu:t I JJ ~ 56.546 
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CEMENT TYPE Cern II B-V 
EXTENDER TYPE : 
SAND TYPE 1 Granite 
SAND TYPE 2 0 
STONE TYPE 1 Granite 
STONE TYPE 2 0 
ADMIXTURE TYPE: 0 Cp 
CEMENT CONTENT 0.748 kg 880 
EXTENDER CONTENT kg 880 
SAND 1 CONTENT 2.200 kg 750 
SAND 2 CONTENT o kg 750 
STONE 1 CONTENT 1.650 kg 750 
STONE 2 CONTENT o kg 750 
WATER CONTENT 0.440 kg 4187 
ADMIXTURE CONTENT o kg 4187 
SAMPLE MASS 5.038 kg 1069.5 Jlkg.K 
SAMPLE TEMPERATURE : 22 deg. C 

I I Factor: 7.203235 

Total Heat Nurse/Saul Arrhenius 
Sample time Heat Rate Maturity Maturity 

22.668 0.000277778 0 0 
22.78 1.580833333 0.806762353 0.142 1.72407 1.798638791 

22.882 2.247222222 1.541492353 0.306 2.453343787 2.560544935 
22.983 3.158055556 2.269019118 0.222 3.453211079 3.606783688 
23.084 3.765 2.996545882 0.333 4.121527722 4.307202187 
23.185 4.263611111 3.724072647 0.405 4.672235384 4.885279632 
23.286 4.6175 4.451599412 0.571 5.06429119 5.297476827 
23.387 5.000277778 5.179126176 0.528 5.489640236 5.74539376 
23.488 5.307222222 5.906652941 0.658 5.831755398 6.106239704 
23.588 5.61 6.626976471 0.661 6.170240769 6.463822053 
23.788 6.097222222 8.067623529 0.821 6.717358843 7.04452655 
23.991 6.525555556 9.529880294 0.948 7.201225593 7.559802845 
24.192 6.944444444 10.97773059 0.960 7.677243944 8.068362836 
24.396 7.325 12.44719059 1.073 8.112269685 8.53470045 
24.599 7.6975 13.90944735 1.090 8.540613644 8.995404881 
24.801 8.027222222 15.36450088 1.226 8.921992347 9.406964599 
25.001 8.361944444 16.80514794 1.196 9.311397023 9.828576538 
25.202 8.658333333 18.25299824 1.357 9.658186843 10.2053223 
25.404 8.984722222 19.70805176 1.238 10.04227041 10.62401389 
25.605 9.257777778 21.15590206 1.473 10.36542711 10.97748776 
25.807 9.548888889 22.61095559 1.388 10.71190755 11.35778817 
26.109 9.931666667 24.78633265 1.579 11.170705 11.86469448 
26.415 10.27388889 26.99052265 1.789 11.5843604 12.32417627 
26.724 10.5625 29.21632235 2.142 11.93617254 12.71709117 
27.126 10.865 32.11202294 2.659 12.30849962 13.13639717 
27.628 11.17916667 35.72804706 3.197 12.69991987 13.58174773 
28.03 11.43666667 38.62374765 3.124 13.02461879 13.95336205 

28.432 11.75305556 41.51944824 2.542 13.42781424 14.41818655 
28.744 12.04722222 43.76685765 2.122 13.80619102 14.85637803 
28.944 12.32111111 45.20750471 1.461 14.16082235 15.26798833 
29.144 12.60111111 46.64815176 1.429 14.52523302 15.69251611 
29.345 12.89861111 48.09600206 1.352 14.91440764 16.14759364 
29.546 13.21111111 49.54385235 1.287 15.32529827 16.62986743 
29.747 13.52722222 50.99170265 1.272 15.74305491 17.12204692 
29.947 13.84527778 52.43234971 1.258 16.1655069 17.62162421 
30.15 14.16194444 53.89460647 1.283 16.58824106 18.12346978 
30.35 14.48527778 55.33525353 1.238 17.02204662 18.64039061 

30.564 14.83527778 56.87674588 1.223 17.49404495 19.20520826 
31.872 16.87 66.29857765 1.286 20.28961764 22.68118881 



33.125 18.93305556 75.32423147 1.215 23.21217652 26.40148023 

34.364 21.10611111 84.24904 1.141 26.38081748 30.53366607 
35.471 23.215 92.22302147 1.050 29.53835137 34.73700271 
36.522 25.40388889 99.79362176 0.961 32.8943923 39.29765368 
37.371 27.4075 105.9091685 0.848 36.02980993 43.62360573 
38.277 29.59055556 112.4352997 0.830 39.50989156 48.51850158 
39.102 31.75277778 118.3779688 0.763 43.01914219 53.53544679 
39.856 33.79166667 123.8092082 0.740 46.38188163 58.41573553 
40.568 35.81666667 128.9379118 0.704 49.77119163 63.40662032 
41.309 38.04861111 134.2755091 0.664 53.5609217 69.07674556 
42.068 40.52472222 139.7427647 0.613 57.82713734 75 .564458 
42.802 43.03138889 145.0299394 0.586 62.2083729 82.33038253 
43.442 45.2525 149.64001 0.577 66.14136838 88.48226267 
44.108 47.74194444 154.4373647 0.535 70.60369755 95.56423609 
44.767 50.31388889 159.1842968 0.513 75.27070507 103.0762731 
45.405 52.86472222 163.7799609 0.500 79.95454524 110.7183724 
45.931 55.01694444 167.5688626 0.489 83.94820879 117.302252 
46.394 57.46 170.9039606 0.379 88.52181238 124.913957 
46.868 59.53277778 174.3182941 0.458 92.43459499 131.4938722 
47.228 61.61722222 176.9114588 0.346 96.39837455 138.2051947 
47.679 63.73472222 180.1601179 0.426 100.4536341 145.1446693 

48 65.92305556 182.4723565 0.294 104.6727043 152.4069592 
48.46 68.24194444 185.7858447 0.397 109.1736676 160.2419944 

48.896 70.89555556 188.9264553 0.329 114.363954 169.3615066 
49.198 72.96472222 191.1018324 0.292 118.4365568 176.5564157 
49.527 75.12111111 193.4716968 0.305 122.7035114 184.1508798 
49.991 77.77194444 196.8139979 0.350 127.983883 193.655764 
50.301 79.88861111 199.0470009 0.293 132.2275174 201.3366595 
50.612 82.19222222 201.2872071 0.270 136.8697929 209.7966578 
50.936 84.54944444 203.6210553 0.275 141.6450537 218.5620264 
51.232 87.30527778 205.7532129 0.215 147.2562978 228.9266681 
51.596 89.77472222 208.3751906 0.295 152.3115799 238.344543 
51.861 92.34944444 210.2840479 0.206 157.6093712 248.263859 
52.146 94.55472222 212.33697 0.259 162.1672026 256.852733 
52.43 96.62027778 214.3826888 0.275 166.4558467 264.9849059 

52.753 98.73944444 216.7093338 0.305 170.8772408 273.431209 
53.077 101.1819444 219.0431821 0.265 175.9995703 283.2865994 
53.304 103.6775 220.6783165 0.182 181.2560838 293.4430015 
53.578 106.0908333 222.6520029 0.227 186.3595598 303.3670623 
53.842 108.43 224.5536571 0.226 191.3271701 313.0824778 
54.144 110.7236111 226.7290341 0.263 196.2196719 322.7177175 
54.334 113.2472222 228.0976488 0.151 201.6234804 333.3952287 
54.632 116.1983333 230.2442129 0.202 207.966697 346.022097 
54.877 118.6011111 232.0090056 0.204 213.1530528 356.3977335 
55.119 121.1786111 233.7521885 0.188 218.7374643 367.6291919 
55.351 123.2430556 235.4233391 0.225 223.2265987 376.7034036 
55.474 125.655 236.3093371 0.102 228.4856426 387.3538709 
55.717 128.6316667 238.0597232 0.163 234.9941739 400.6177271 
55.873 131.0047222 239.1834279 0.132 240.1986802 411.2535891 
56.076 133.1030556 240.6456847 0.194 244.8132299 420.7295151 
56.164 135.8569444 241.2795694 0.064 250.8828011 433.2066607 
56.368 138.4808333 242.7490294 0.156 256.6786218 445.1852865 
56.448 141.3722222 243.3252882 0.055 263.0790002 458.4243791 
:>C>.:>4C> 14J.4/UKBJ 244.UJ1 lU:>j U.U!:/J 26'1.1 jU/lIC> 4C>lS.lJ()lS) Uo 



Appendix B - Measured and Predicted Temperature Profiles and 

Profiles 
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I JlmelHOUrS) IA=UlI:XPJ IA=UlNUm) lol:rror IA=UlNUm.nS) vfo I:rror 

0.00 26.84 26.01 3.11 26.01 3.11 
1.00 27.00 26.12 3.26 26.1 2 3.26 
2.00 25.60 26.76 4.53 26.76 4.53 
3.00 27.20 27.37 0.62 27.37 0.62 
4.00 27.53 27.96 1.57 27.96 1.57 
5.00 27.86 28.52 2.36 28.52 2.36 
6.00 28.39 29.06 2.33 29.06 2.33 
7.00 29.11 29.57 1.58 29.57 1.58 
8.00 29.54 30.06 1.76 30.06 1.76 
9.00 30.39 30.52 0.44 30.52 0.44 
10.00 30.97 30.96 0.01 30.96 0.01 
11 .00 31.46 31 .38 0.23 31 .38 0.23 
12.00 32.01 31 .78 0.70 31 .78 0.70 
13.00 32.48 32.16 0.99 32.16 0.99 
14.00 32.90 32.52 1.17 32.52 1.17 
15.00 33.27 32.85 1.25 32.85 1.25 
16.00 33.59 33.17 1.24 33.17 1.24 
17.00 33.84 33.47 1.10 33.47 1.10 
18.00 34.05 33.75 0.89 33.75 0.89 
19.00 34.22 34.01 0.62 34.01 0.62 
20.00 34.37 34.26 0.32 34.26 0.32 
21 .00 34.47 34.48 0.03 34.48 0.03 
22.00 34.64 34.69 0.16 34.69 0.16 
23.00 34.78 34.89 0.32 34.89 0.32 
24.00 34.92 35.07 0.44 35.07 0.44 
25.00 35.05 35.23 0.52 35.23 0.52 
26.00 35.19 35.38 0.56 35.38 0.56 
27.00 35.32 35.52 0.56 35.52 0.56 
28.00 35.43 35.64 0.60 35.64 0.60 
29.00 35.55 35.75 0.58 35.75 0.58 
30.00 35.63 35.85 0.61 35.85 0.61 
31.00 35.73 35.94 0.59 35.94 0.59 
32.00 35.81 36.01 0.55 36.01 0.55 
33.00 35.89 36.08 0.52 36.08 0.52 
34.00 35.96 36.13 0.47 36.13 0.47 
35.00 36.02 36.18 0.43 36.18 0.43 
36.00 36.08 36.21 0.38 36.21 0.38 
37.00 36.13 36.24 0.31 36.24 0.31 
38.00 36.19 36.26 0.20 36.26 0.20 
39.00 36.20 36.27 0.19 36.27 0.19 
40.00 36.16 36.27 0.31 36.27 0.31 
41 .00 36.14 36.27 0.36 36.27 0.36 
42.00 36.10 36.26 0.45 36.26 0.45 
43.00 36.05 36.25 0.56 36.25 0.56 
44.00 35.99 36.23 0.66 36.23 0.66 
45.00 35.95 36.21 0.72 36.21 0.72 
46.00 35.88 36.18 0.84 36.18 0.84 
46.33 35.90 36.17 0.77 36.17 0.77 
46.67 35.90 36.16 0.72 36.16 0.72 
48.67 35.97 36.09 0.35 36.09 0.35 
50.67 36.01 35.93 0.22 35.93 0.22 
52.67 36.00 35.91 0.27 35.91 0.27 
54.67 36.00 35.88 0.34 35.88 0.34 
56.67 35.99 35.85 0.41 35.85 0.41 
58.67 35.94 35.81 0.36 35.81 0.36 
60.67 35.85 35.77 0.23 35.77 0.23 
62.67 35.74 35.72 0.06 35.72 0.06 
64.67 35.54 35.67 0.38 35.67 0.38 
66.67 35.49 35.62 0.37 35.62 0.37 68.67 35.42 35.56 0.41 35.56 0.41 70.67 35.39 35.50 0.33 35.50 0.33 72.67 35.38 35.44 0.17 35.44 0.17 74.67 35.39 35.38 0.05 35.38 0.05 76.67 35.35 35.31 0.12 35.31 0.12 78.67 35.27 35.24 0.08 35.24 0.08 80.67 35.16 35.17 0.03 35.17 0.03 



82.67 35.14 35.09 0.13 35.09 0.13 
84.67 35.06 35.02 0.13 35.02 0.13 
86.67 34.90 34.94 0.12 34.94 0.12 
88.67 34.76 34.86 0.30 34.86 0.30 
90.67 34.60 34.78 0.52 34.78 0.52 
92.67 34.46 34.70 0.72 34.70 0.72 
94.67 34.35 34.62 0.81 34.62 0.81 
96.67 34.28 34.54 0.77 34.54 0.77 
98.67 34.26 34.46 0.59 34.46 0.59 
100.67 34.21 34.38 0.50 34.38 0.50 
102.67 34.13 34.30 0.48 34.30 0.48 
104.67 34.03 34.22 0.55 34.02 0.05 
106.67 33.90 33.91 0.03 33.91 0.03 
108.67 33.77 33.81 0.13 33.81 0.13 
110.67 33.63 33.71 0.24 33.71 0.24 
112.67 33.49 33.60 0.32 33.60 0.32 
114.67 33.37 33.50 0.39 33.50 0.39 
116.67 33.18 33.39 0.64 33.39 0.64 
118.67 33.01 33.28 0.81 33.28 0.81 
120.67 32.93 33.17 0.73 33.17 0.73 
122.67 32.90 33.06 0.50 33.06 0.50 
124.67 32.84 32.95 0.35 32.95 0.35 
126.67 32.77 32.84 0.21 32.84 0.21 
128.67 32.66 32.73 0.21 32.73 0.21 
130.67 32.51 32.62 0.32 32.62 0.32 
132.67 32.38 32.50 0.38 32.50 0.38 
134.67 32.23 32.39 0.49 32.39 0.49 
136.67 32.09 32.27 0.59 32.27 0.59 
138.67 31 .92 32.16 0.74 32.16 0.74 
140.67 31 .76 32.04 0.89 32.04 0.89 
142.67 31 .66 31 .93 0.83 31 .93 0.83 
144.67 31 .60 31 .81 0.66 31 .81 0.66 
146.67 31.57 31 .70 0.38 31 .70 0.38 
148.67 31 .52 31 .58 0.18 31 .58 0.18 
150.67 31 .46 31.46 0.01 31.46 0.01 
152.67 31 .37 31 .35 0.08 31 .35 0.08 
154.67 31.26 31 .23 0.09 31.23 0.09 
156.67 31.12 31 .11 0.04 31 .11 0.04 
158.67 31 .00 31 .00 0.01 31 .00 0.01 
160.67 30.82 30.88 0.20 30.88 0.20 
162.67 30.63 30.76 0.42 30.76 0.42 
164.67 30.48 30.64 0.53 30.64 0.53 
166.67 30.39 30.53 0.44 30.53 0.44 
168.67 30.34 30.41 0.24 30.41 0.24 
170.67 30.28 30.30 0.06 30.30 0.06 
172.67 30.18 30.18 0.01 30.18 0.01 
174.67 30.08 30.06 0.06 29.95 0.44 
176.67 29.98 29.95 0.10 29.84 0.48 
178.67 29.83 29.84 0.02 29.72 0.36 
180.67 29.65 29.72 0.23 29.61 0.15 
182.67 29.51 29.61 0.32 29.50 0.06 
184.67 29.36 29.50 0.44 29.38 0.06 
186.67 29.20 29.38 0.64 29.27 0.26 
188.67 29.07 29.27 0.71 29.16 0.33 
190.67 28.96 29.16 0.69 29.05 0.31 
192.67 28.85 29.05 0.70 28.66 0.65 
194.67 28.79 28.94 0.53 28.64 0.53 
196.67 28.76 28.64 0.44 28.61 0.52 
198.67 28.68 28.61 0.25 28.59 0.33 
200.67 28.59 28.59 0.00 28.57 0.08 
202.67 28.50 28.57 0.23 28.54 0.15 
204.67 28.41 28.54 0.45 28.52 0.36 
206.67 28.33 28.52 0.66 28.49 0.57 
208.67 28.24 28.49 0.90 28.47 0.81 210.67 28.13 28.47 1.20 28.44 1.11 212.67 28.05 28.44 1.41 28.42 1.32 214.67 28.02 28.42 1.41 28.39 1.31 



216.67 27.99 28.39 1.41 28.36 1.32 
218.67 27.94 28.36 1.51 28.34 1.41 
220.67 27.91 28.34 1.55 28.31 1.45 
222.67 27.88 28.31 1.56 28.28 1.46 
224.67 27.84 28.28 1.59 28.26 1.49 
226.67 27.82 28.26 1.57 28.23 1.47 
228.67 27.78 28.23 1.61 28.20 1.51 
230.67 27.73 28.20 1.71 28.18 1.61 
232.67 27.66 28.18 1.86 28.15 1.76 
234.67 27.58 28.15 2.06 28.12 1.96 
236.67 27.52 28.12 2.18 28.09 2.08 
238.67 27.49 28.09 2.18 28.06 2.08 
240.67 27.48 28.06 2.11 28.04 2.00 
242.67 27.46 28.04 2.08 28.01 1.98 
244.67 27.45 28.01 2.04 27.98 1.93 
246.67 27.43 27.98 1.99 27.95 1.88 
248.67 27.41 27.95 1.95 27.92 1.84 
250.67 27.40 27.92 1.89 27.89 1.79 
252.67 27.38 27.89 1.86 27.86 1.76 
254.67 27.35 27.86 1.86 27.83 1.75 
256.67 27.32 27.83 1.88 27.80 1.77 
258.67 27.27 27.80 1.93 27.77 1.82 
260.67 27.25 27.77 1.93 27.74 1.82 
262.67 27.24 27.74 1.85 27.71 1.74 
264.67 27.23 27.71 1.77 27.68 1.65 
266.67 27.24 27.68 1.62 27.65 1.50 
268.67 27.25 27.65 1.47 27.62 1.35 
270.67 27.26 27.62 1.31 27.59 1.20 
272.67 27.27 27.59 1.18 27.56 1.07 
274.67 27.26 27.56 1.09 27.52 0.98 
276.67 27.24 27.52 1.06 27.49 0.94 
278.67 27.20 27.49 1.06 27.46 0.95 
280.67 27.15 27.46 1.16 27.43 1.04 
282.67 27.08 27.43 1.28 27.40 1.16 
284.67 27.04 27.40 1.30 27.32 1.01 
285.00 27.04 27.39 1.29 27.39 1.29 
287.00 27.03 27.36 1.20 27.36 1.20 
289.00 27.04 27.33 1.07 27.33 1.07 
291 .00 27.03 27.30 0.97 27.30 0.97 
293.00 27.03 27.26 0.86 27.26 0.86 
295.00 27.03 27.23 0.73 27.23 0.73 
297.00 27.03 27.20 0.62 27.20 0.62 
299.00 27.01 27.16 0.56 27.16 0.56 
301 .00 26.97 27.13 0.59 27.13 0.59 
303.00 26.91 27.10 0.69 27.10 0.69 
305.00 26.85 27.07 0.79 27.07 0.79 
307.00 26.79 27.03 0.88 27.03 0.88 
309.00 26.74 27.00 0.97 27.00 0.97 
311.00 26.76 26.96 0.78 26.96 0.78 
313.00 26.77 26.93 0.61 26.93 0.61 
315.00 26.78 26.90 0.43 26.90 0.43 
317.00 26.79 26.86 0.27 26.86 0.27 
319.00 26.78 26.83 0.18 26.83 0.18 
321 .00 26.78 26.80 0.08 26.80 0.08 
323.00 26.77 26.76 0.04 26.76 0.04 
325.00 26.77 26.73 0.15 26.73 0.15 
327.00 26.76 26.69 0.24 26.69 0.24 
329.00 26.74 26.66 0.30 26.66 0.30 
331.00 26.73 26.62 0.38 26.62 0.38 
333.00 26.72 26.59 0.48 26.59 0.48 
335.00 26.71 26.55 0.60 26.55 0.60 
337.00 26.72 26.52 0.75 26.52 0.75 
339.00 26.74 26.48 0.95 26.48 0.95 
341 .00 26.74 26.45 1.10 26.45 1.10 
343.00 26.73 26.41 1.16 26.41 1.16 
345.00 26.69 26.38 1.16 26.38 1.16 
347.00 26.65 26.34 1.15 26.34 1.15 



349.00 26.59 26.31 1.06 26.31 1.06 
351 .00 26.50 26.27 0.86 26.27 0.86 
353.00 26.39 26.24 0.56 26.24 0.56 
355.00 26.26 26.20 0.23 26.20 0.23 
357.00 26.21 26.17 0.15 26.17 0.15 
359.00 26.19 26.13 0.21 26.13 0.21 
361 .00 26.17 26.10 0.30 26.10 0.30 
363.00 26.10 26.06 0.15 26.06 0.15 
365.00 26.02 26.03 0.01 26.03 0.Q1 
367.00 25.94 25.99 0.20 25.99 0.20 
369.00 25.83 25.95 0.49 25.95 0.49 
371 .00 25.70 25.92 0.83 25.92 0.83 
373.00 25.57 25.88 1.21 25.88 1.21 
375.00 25.46 25.85 1.54 25.85 1.54 
377.00 25.32 25.81 1.93 25.81 1.93 
379.00 25.21 25.78 2.23 25.78 2.23 
381.00 25.14 25.74 2.39 25.74 2.39 
383.00 25.11 25.70 2.38 25.70 2.38 
385.00 25.09 25.67 2.30 25.67 2.30 
387.00 25.08 25.63 2.21 25.63 2.21 
389.00 25.05 25.60 2.16 25.60 2.16 
391 .00 25.02 25.56 2.16 25.56 2.16 
393.00 24.98 25.52 2.18 25.52 2.18 
395.00 24.91 25.49 2.34 25.49 2.34 
397.00 24.79 25.45 2.68 25.45 2.68 
399.00 24.65 25.42 3.10 25.42 3.10 
401.00 25.69 25.38 1.21 25.38 1.21 
403.00 24.44 25.34 3.71 25.34 3.71 
405.00 24.41 25.31 3.70 25.31 3.70 
407.00 24.38 25.27 3.65 25.27 3.65 
409.00 24.38 25.24 3.51 25.24 3.51 
411 .00 24.36 25.20 3.43 25.20 3.43 
413.00 24.35 25.16 3.34 25.16 3.34 
415.00 24.34 25.13 3.25 25.13 3.25 
417.00 24.31 25.09 3.21 25.09 3.21 
419.00 24.50 25.06 2.27 25.06 2.27 
421.00 24.49 25.02 2.19 25.02 2.19 
423.00 24.47 24.98 2.10 24.98 2.10 
1425.00 24.46 24.95 2.02 24.95 2.02 
427.00 24.44 24.91 1.93 24.91 1.93 
429.00 24.43 24.88 1.85 24.88 1.85 
431.00 24.41 24.84 1.77 24.84 1.77 
433.00 24.40 24.81 1.68 24.81 1.68 
435.00 24.38 24.77 1.60 24.77 1.60 
437.00 24.37 24.73 1.52 24.73 1.52 
439.00 24.35 24.70 1.43 24.70 1.43 
441.00 24.34 24.66 1.35 24.66 1.35 
443.00 24.32 24.63 1.27 24.63 1.27 
445.00 24.31 24.59 1.18 24.59 1.18 
447.00 24.29 24.56 1.10 24.56 1.10 
449.00 24.27 24.52 1.02 24.52 1.02 
451.00 24.26 24.49 0.93 24.49 0.93 
453.00 24.24 24.45 0.85 24.45 0.85 
455.00 24.23 24.42 0.77 24.42 0.77 
457.00 24.21 24.38 0.69 24.38 0.69 
459.00 24.20 24.35 0.61 24.35 0.61 
461.00 24.18 24.31 0.52 24.31 0.52 
463.00 24.17 24.28 0.44 24.28 0.44 
465.00 24.15 24.24 0.36 24.24 0.36 
467.00 24.16 24.21 0.17 24.21 0.17 
469.00 24.15 24.17 0.08 24.17 0.08 
471.00 24.12 24.14 0.07 24.14 0.07 
473.00 24.08 24.10 0.08 24.10 0.08 
475.00 24.06 24.07 0.02 24.07 10.02 
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Time(Hours) X-100(Exp) X-100(Num) % Error X-100(Numnsl % Error X-100(Num.deg) % Error 
0.00 25.66 24.53 4.41 26.65 3.88 24.53 4.41 
1.00 26.01 23.69 8.94 24.51 5.77 26.08 0.24 
2.00 26.11 25.22 3.40 25.83 1.07 26.28 0.65 
3.00 26.34 26.00 1.29 26.51 0.63 26.61 1.03 
4.00 26.71 26.53 0.69 26.97 0.97 26.99 1.05 
5.00 27.15 26.96 0.69 27.36 0.77 27.39 0.89 
6.00 27.73 27.36 1.34 27.72 0.03 27.80 0.24 
7.00 28.48 27.74 2.59 28.07 1.41 28.20 0.96 
8.00 30.24 28.11 7.05 28.42 6.03 28.60 5.43 
9.00 31 .12 28.48 8.49 28.77 7.56 29.00 6.83 
10.00 31 .74 28.85 9.11 29 .11 8.26 29.38 7.43 
11 .00 32.26 29.21 9.46 29.46 8.68 29.76 7.76 
12.00 32.84 29.56 9.99 29.80 9.27 30.12 8.28 
13.00 33.36 29.92 10.32 30.14 9.66 30.48 8.63 
14.00 33.81 30.26 10.49 30.47 9.88 30.82 8.83 
15.00 34.19 30.60 10.50 30.80 9.93 31 .16 8.87 
16.00 34.52 30.93 10.39 31 .12 9.86 31.48 8.80 
17.00 34.78 31 .26 10.13 31.43 9.64 31 .80 8.58 
18.00 35.02 31.57 9.84 31 .73 9.38 32.10 8.34 
19.00 35.21 31 .87 9.49 32.02 9.06 32.39 8.03 
20.00 35.38 32.17 9.08 32.31 8.68 32.66 7.68 
21 .00 35.49 32.45 8.55 32.59 8.18 32.93 7.20 
22.00 35.67 32.72 8.25 32.85 7.89 33.19 6.95 
23.00 35.79 32.99 7.83 33.11 7.50 33.43 6.60 
24.00 36.05 33.24 7.79 33.35 7.48 33.66 6.61 
25.00 36.20 33.48 7.51 33.58 7.22 33.88 6.39 
26.00 36.34 33.71 7.23 33.81 6.95 34.09 6.17 
27.00 36.46 33.93 6.95 34.02 6.69 34.29 5.96 
28.00 36.58 34.14 6.67 34.23 6.44 34.48 5.74 
29.00 36.69 34.34 6.42 34.42 6.19 34.65 5.54 
30.00 36.79 34.52 6.15 34.60 5.94 34.82 5.34 
31 .00 36.88 34.70 5.90 34.77 5.70 34.98 5.15 
32.00 36.96 34.87 5.67 34.93 5.49 35.12 4.98 
33.00 37.05 35.02 5.47 35.09 5.30 35.26 4.84 
34.00 37.12 35.17 5.25 35.23 5.09 35.38 4.67 
35.00 37.18 35.30 5.04 35.36 4.89 35.50 4.51 
36.00 37.23 35.43 4.84 35.48 4.70 35.61 4.37 
37.00 37.27 35.55 4.63 35.60 4.50 35.70 4.21 
38.00 37.32 35.66 4.46 35.70 4.33 35.79 4.09 
39.00 37.34 35.76 4.25 35.80 4.13 35.87 3.93 
40.00 37.34 35.85 4.00 35.89 3.88 35.95 3.73 
41.00 37.33 35.93 3.76 35.97 3.65 36.01 3.54 
42.00 37.30 36.01 3.48 36.04 3.38 36.07 3.30 
43.00 37.27 36.07 3.20 36.11 3.11 36.12 3.07 
44.00 37.22 36.13 2.91 36.17 2.82 36.17 2.82 
45.00 37.18 36.19 2.66 36.22 2.58 36.21 2.61 
46.00 37.11 36.24 2.36 36.27 2.28 36.24 2.35 
46.33 37.11 36.24 2.34 36.30 2.1 7 36.20 2.46 
46.67 37.10 36.25 2.27 36.25 2.27 36.26 2.25 
48.67 37.12 36.32 2.15 36.32 2.15 36.30 2.20 
50.67 37.14 36.35 2.14 36.35 2.14 36.31 2.25 
52.67 37.14 36.38 2.04 36.38 2.04 36.32 2.21 
54.67 37.13 36.43 1.89 36.43 1.89 36.35 2.10 
56.67 37.11 36.47 1.71 36.47 1.71 36.38 1.97 
58.67 37.06 36.51 1.49 36.51 1.49 36.40 1.79 60.67 37.00 36.54 1.25 36.54 1.25 36.41 1.58 62.67 36.90 36.56 0.93 36.56 0.93 36.42 1.30 64.67 36.72 36.57 0.41 36.57 0.41 36.42 0.81 66.67 36.66 36.58 0.24 36.58 0.24 36.42 0.67 68.67 36.57 36.57 0.00 36.57 0.00 36.41 0.45 70.67 36.52 36.56 0.12 36.56 0.12 36.39 0.36 72.67 36.49 36.55 0.16 36.55 0.16 36.36 0.34 74.67 36.47 36.52 0.14 36.52 0.14 36.33 0.38 76.67 36.42 36.49 0.18 36.49 0.18 36.30 0.35 78.67 36.35 36.46 0.29 36.46 0.29 36.26 0.27 80.67 36.25 36.42 0.46 36.42 0.46 36.21 0.10 



82.67 36.19 36.37 0.50 36.37 0.50 36.16 0.08 
84.67 36.12 36.32 0.55 36.32 0.55 36.11 0.04 
86.67 35.98 36.27 0.80 36.27 0.80 36.05 0.20 
88.67 35.84 36.21 1.02 36.21 1.02 35.99 0.40 
90.67 35.69 36.15 1.27 36.15 1.27 35.93 0.65 
92.67 35.54 36.08 1.53 36.08 1.53 35.86 0.90 
94.67 35.42 36.02 1.70 36.02 1.70 35.79 1.06 
96.67 35.32 35.95 1.78 35.95 1.78 35.72 1.13 
98.67 35.27 35.87 1.72 35.87 1.72 35.65 1.07 
100.67 35.20 35.80 1.71 35.80 1.71 35.57 1.06 
102.67 35.12 35.73 1.74 35.73 1.74 35.49 1.08 
104.67 35.02 35.65 1.80 35.65 1.80 35.42 1.14 
106.67 34.90 35.50 1.71 35.50 1.71 35.23 0.93 
108.67 34.76 35.35 1.71 35.35 1.71 35.10 0.98 
110.67 34.62 35.24 1.79 35.24 1.79 34.99 1.07 
112.67 34.48 35.13 1.88 35.13 1.88 34.89 1.16 
114.67 34.35 35.03 1.97 35.03 1.97 34.78 1.25 
116.67 34.20 34.92 2.11 34.92 2.11 34.67 1.39 
118.67 34.03 34.81 2.30 34.81 2.30 34.56 1.57 
120.67 33.92 34.70 2.30 34.70 2.30 34.45 1.58 
122.67 33.85 34.59 2.18 34.59 2.18 34.34 1.46 
124.67 33.77 34.47 2.09 34.47 2.09 34.23 1.37 
126.67 33.69 34.36 1.99 34.36 1.99 34.12 1.27 
128.67 33.59 34.25 1.95 34.25 1.95 34.00 1.23 
130.67 33.45 34.13 2.02 34.13 2.02 33.89 1.30 
132.67 33.32 34.01 2.07 34.01 2.07 34.12 2.40 
134.67 33.18 33.89 2.16 33.89 2.16 34.01 2.50 
136.67 33.03 33.77 2.25 33.77 2.25 33.89 2.60 
138.67 32.88 33.65 2.36 33.65 2.36 33.78 2.73 
140.67 32.72 33.53 2.49 33.53 2.49 33.66 2.88 
142.67 32.60 33.41 2.50 33.41 2.50 33.54 2.90 
144.67 32.51 33.29 2.39 33.29 2.39 33.42 2.80 
146.67 32.45 33.17 2.20 33.17 2.20 33.30 2.63 
148.67 32.39 33.04 2.02 33.04 2.02 33.18 2.45 
150.67 32.32 32.92 1.85 32.92 1.85 33.06 2.30 
152.67 32.24 32.80 1.73 32.80 1.73 32.94 2.19 
154.67 32.13 32.67 1.68 32.67 1.68 32.82 2.14 
156.67 32.01 32.55 1.69 32.55 1.69 32.70 2.16 
158.67 31 .88 32.42 1.69 32.42 1.69 32.58 2.17 
160.67 31 .72 32.30 1.81 32.30 1.81 32.45 2.30 
162.67 31.55 32.17 1.98 32.1 7 1.98 32.33 2.48 
164.67 31 .39 32.05 2.10 32.05 2.10 32.21 2.61 
166.67 31 .28 31 .92 2.06 31.92 2.06 32.08 2.57 
168.67 31.20 31 .80 1.92 31 .80 1.92 31 .96 2.43 
170.67 31.13 31.67 1.73 31 .67 1.73 31 .84 2.26 
172.67 31.03 31 .55 1.66 31 .55 1.66 31 .71 2.19 
174.67 30.94 31.43 1.58 31 .43 1.58 31.59 2.11 
176.67 30.84 31.30 1.51 31 .30 1.51 31.47 2.05 
178.67 30.70 31.18 1.55 31 .18 1.55 31.34 2.10 
180.67 30.54 31.05 1.68 31 .05 1.68 31.22 2.23 
182.67 30.39 30.93 1.77 30.93 1.77 31 .10 2.32 
184.67 30.25 30.81 1.84 30.81 1.84 30.98 2.40 
186.67 30.09 30.69 1.98 30.69 1.98 30.86 2.54 
188.67 29.95 30.57 2.05 30.57 2.05 30.73 2.61 
190.67 29.84 30.44 2.02 30.44 2.02 30.61 2.59 
192.67 29.72 30.32 2.03 30.32 2.03 30.49 2.60 194.67 29.64 30.20 1.90 30.20 1.90 30.37 2.47 196.67 29.59 30.02 1.46 30.02 1.46 30.20 2.07 198.67 29.52 29.88 1.23 29.88 1.23 30.06 1.83 200.67 29.42 29.79 1.26 29.79 1.26 29.96 1.84 202.67 29.33 29.72 1.34 29.72 1.34 29.89 1.90 204.67 29.24 29.66 1.43 29.66 1.43 29.82 1.97 206.67 29.16 29.60 1.53 29.60 1.53 29.76 2.07 208.67 29.06 29.55 1.65 29.55 1.65 29.70 2.19 210.67 28.96 29.49 1.83 29.49 1.83 29.64 2.36 212.67 28.87 29.44 1.98 29.44 1.98 29.59 2.49 214.67 28.81 29.39 1.99 29.39 1.99 29.53 2.50 



216.67 28.78 29.34 1.94 29.34 1.94 29.48 2.44 

218.67 28.72 29.29 1.96 29.29 1.96 29.43 2.45 

220.67 28.68 29.24 1.96 29.24 1.96 29.38 2.44 

222.67 28.64 29.19 1.93 29.19 1.93 29.33 2.40 

224.67 28.60 29.15 1.91 29.15 1.91 29.28 2.38 

226.67 28.57 29.10 1.87 29.10 1.87 29.23 2.33 

228.67 28.52 29.05 1.86 29.05 1.86 29.18 2.31 

230.67 28.48 29.01 1.86 29.01 1.86 29.14 2.31 

232.67 28.42 28.96 1.93 28.96 1.93 29.09 2.37 

234.67 28.34 28.92 2.06 28.92 2.06 29.04 2.49 

236.67 28.27 28.88 2.14 28.88 2.14 29.00 2.57 

238.67 28.23 28.83 2.13 28.83 2.13 28.95 2.55 

240.67 28.21 28.79 2.06 28.79 2.06 28.90 2.48 

242.67 28.18 28.75 2.01 28.75 2.01 28.86 2.41 
244.67 28.16 28.70 1.94 28.70 1.94 28.82 2.34 
246.67 28.13 28.66 1.87 28.66 1.87 28.77 2.26 
248.67 28.11 28.62 1.81 28.62 1.81 28.73 2.19 
250.67 28.09 28.58 1.73 28.58 1.73 28.68 2.11 
252.67 28.07 28.53 1.67 28.53 1.67 28.64 2.04 
254.67 28.04 28.49 1.62 28.49 1.62 28.60 1.99 
256.67 28.01 28.45 1.59 28.45 1.59 28.55 1.96 
258.67 27.96 28.41 1.60 28.41 1.60 28.51 1.96 
260.67 27.93 28.37 1.58 28.37 1.58 28.47 1.93 
262.67 27.91 28.33 1.51 28.33 1.51 28.43 1.85 
264.67 27.89 28.29 1.41 28.29 1.41 28.38 1.75 
266.67 27.89 28.25 1.28 28.25 1.28 28.34 1.61 
268.67 27.89 28.21 1.13 28.21 1.13 28.30 1.45 
270.67 27.90 28.17 0.97 28.17 0.97 28.26 1.29 
272.67 27.90 28.13 0.82 28.13 0.82 28.22 1.14 
274.67 27.89 28.09 0.71 28.09 0.71 28.18 1.02 
276.67 27.87 28.05 0.63 28.05 0.63 28.13 0.93 
278.67 27.85 28.01 0.58 28.01 0.58 28.09 0.88 
280.67 27.80 27.97 0.61 27.97 0.61 28.05 0.91 
282.67 27.74 27.93 0.68 27.93 0.68 28.01 0.97 
284.67 27.70 27.89 0.69 27.89 0.69 27.97 0.99 
285.00 27.68 27.90 0.78 27.90 0.78 27.90 0.78 
287.00 27.67 27.86 0.69 27.86 0.69 27.86 0.69 
289.00 27.67 27.83 0.58 27.83 0.58 27.83 0.58 
291 .00 27.66 27.79 0.49 27.79 0.49 27.79 0.49 
293.00 27.65 27.76 0.39 27.76 0.39 27.76 0.39 
295.00 27.65 27.72 0.27 27.72 0.27 27.72 0.27 
297.00 27.64 27.69 0.16 27.69 0.16 27.69 0.16 
299.00 27.63 27.65 0.07 27.65 0.07 27.65 0.07 
301 .00 27.60 27.61 0.06 27.61 0.06 27.61 0.06 
303.00 27.55 27.58 0.10 27.58 0.10 27.58 0.10 
305.00 27.49 27.54 0.18 27.54 0.18 27.54 0.18 
307.00 27.44 27.50 0.23 27.50 0.23 27.50 0.23 
309.00 27.38 27.47 0.31 27.47 0.31 27.47 0.31 
311.00 27.38 27.43 0.20 27.43 0.20 27.43 0.20 
313.00 27.38 27.39 0.05 27.39 0.05 27.39 0.05 
315.00 27.39 27.36 0.11 27.36 0.11 27.36 0.11 
317.00 27.39 27.32 0.26 27.32 0.26 27.32 0.26 
319.00 27.39 27.28 0.38 27.28 0.38 27.28 0.38 
321 .00 27.38 27.25 0.48 27.25 0.48 27.25 0.48 
323.00 27.37 27.21 0.60 27.21 0.60 27.21 0.60 
325.00 27.37 27.17 0.71 27.17 0.71 27.17 0.71 
327.00 27.36 27.14 0.81 27.14 0.81 27.14 0.81 
329.00 27.34 27.10 0.89 27.10 0.89 27.10 0.89 
331.00 27.33 27.06 0.97 27.06 0.97 27.06 0.97 
333.00 27.32 27.03 1.06 27.03 1.06 27.03 1.06 
335.00 27.31 26.99 1.18 26.99 1.18 26.99 1.18 
337.00 27.31 26.95 1.32 26.95 1.32 26.95 1.32 
339.00 27.32 26.92 1.49 26.92 1.49 26.92 1.49 
341 .00 27.33 26.88 1.63 26.88 1.63 26.88 1.63 
343.00 27.31 26.84 1.73 26.84 1.73 26.84 1.73 
345.00 27.29 26.80 1.76 26.80 1.76 26.80 1.76 
347.00 27.26 26.77 1.79 26.77 1.79 26.77 1.79 



349.00 27.21 26.73 1.75 26.73 1.75 26.73 1.75 
351 .00 27.14 26.69 1.64 26.69 1.64 26.69 1.64 
353.00 27.04 26.66 1.43 26.66 1.43 26.66 1.43 
355.00 26.93 26.62 1.16 26.62 1.16 26.62 1.16 
357.00 26.87 26.59 1.04 26.59 1.04 26.59 1.04 
359.00 26.83 26.55 1.05 26.55 1.05 26.55 1.05 
361 .00 26.81 26.51 1.12 26.51 1.12 26.51 1.12 
363.00 26.75 26.48 1.04 26.48 1.04 26.48 1.04 
365.00 26.69 26.44 0.94 26.44 0.94 26.44 0.94 
367.00 26.61 26.40 0.78 26.40 0.78 26.40 0.78 
369.00 26.52 26.37 0.59 26.37 0.59 26.37 0.59 
371 .00 26.41 26.33 0.30 26.33 0.30 26.33 0.30 
373.00 26.29 26.30 0.01 26.30 0.01 26.30 0.01 
375.00 26.19 26.26 0.28 26.26 0.28 26.26 0.28 
377.00 26.06 26.22 0.61 26.22 0.61 26.22 0.61 
379.00 25.95 26.19 0.90 26.19 0.90 26.19 0.90 
381 .00 25.87 26.15 1.08 26.15 1.08 26.15 1.08 
383.00 25.82 26.12 1.13 26.12 1.13 26.12 1.13 
385.00 25.79 26.08 1.11 26.08 1.11 26.08 1.11 
387.00 25.77 26.04 1.05 26.04 1.05 26.04 1.05 
389.00 25.75 26.01 1.01 26.01 1.01 26.01 1.01 
391 .00 25.72 25.97 1.00 25.97 1.00 25.97 1.00 
393.00 25.68 25.94 1.01 25.94 1.01 25.94 1.01 
395.00 25.62 25.90 1.10 25.90 1.10 25.90 1.10 
397.00 25.52 25.86 1.33 25.86 1.33 25.86 1.33 
399.00 25.40 25.83 1.67 25.83 1.67 25.83 1.67 
401 .00 25.17 25.79 2.47 25.79 2.47 25.79 2.47 
403.00 25.19 25.76 2.24 25.76 2.24 25.76 2.24 
405.00 25.14 25.72 2.31 25.72 2.31 25.72 2.31 
407.00 25.10 25.69 2.31 25.69 2.31 25.69 2.31 
409.00 25.09 25.65 2.23 25.65 2.23 25.65 2.23 
411 .00 25.07 25.61 2.16 25.61 2.16 25.61 2.16 
413.00 25.05 25.58 2.09 25.58 2.09 25.58 2.09 
415.00 25.04 25.54 2.02 25.54 2.02 25.54 2.02 
417.00 25.01 25.51 1.98 25.51 1.98 25.51 1.98 
419.00 24.99 25.47 1.92 25.47 1.92 25.47 1.92 
421.00 24.96 25.44 1.90 25.44 1.90 25.44 1.90 
423.00 24.90 25.40 1.99 25.40 1.99 25.40 1.99 
425.00 24.84 25.37 2.14 25.37 2.14 25.37 2.14 
427.00 24.78 25.33 2.21 25.33 2.21 25.33 2.21 
429.00 24.76 25.30 2.15 25.30 2.15 25.30 2.15 
431 .00 24.76 25.26 2.02 25.26 2.02 25.26 2.02 
433.00 24.76 25.22 1.89 25.22 1.89 25.22 1.89 
435.00 24.76 25.19 1.75 25.19 1.75 25.19 1.75 
437.00 24.76 25.15 1.60 25.15 1.60 25.15 1.60 
439.00 24.76 25.12 1.44 25.12 1.44 25.12 1.44 
441 .00 24.76 25.08 1.30 25.08 1.30 25.08 1.30 
443.00 24.76 25.05 1.17 25.05 1.17 25.05 1.17 
445.00 24.75 25.01 1.04 25.01 1.04 25.01 1.04 
447.00 24.74 24.98 0.96 24.98 0.96 24.98 0.96 
449.00 24.70 24.94 0.95 24.94 0.95 24.94 0.95 451.00 24.68 24.90 0.89 24.90 0.89 24.90 0.89 453.00 25.15 24.87 1.1 3 24.87 1.13 24.87 1.13 455.00 25.33 24.83 1.96 24.83 1.96 24.83 1.96 457.00 25.11 24.80 1.25 24.80 1.25 24.80 1.25 459.00 24.70 24.76 0.24 24.76 0.24 24.76 0.24 461 .00 24.73 24.73 0.01 24.73 0.01 24.73 0.01 463.00 24.76 24.69 0.26 24.69 0.26 24.69 0.26 465.00 24.78 24.66 0.51 24.66 0.51 24.66 0.51 467.00 24.80 24.62 0.71 24.62 0.71 24.62 0.71 469.00 24.79 24.58 0.83 24.58 0.83 24.58 0.83 471.00 24.77 24.55 0.89 24.55 0.89 24.55 0.89 473.00 24.74 24.51 0.91 24.51 0.91 24.51 0.91 475.00 24.71 24.48 lO}:lfi 24.48 O.qfi 24.48 Ojlli 



E 
E 
0 
&() 
N 
II 
>< .., 
CO 
t/) 
CU -; 
0 
'-
Q. 

~ 
::s .., 
CO 
'-
CU c. 
E 
CU .... 

o 
~ 
o 
CO 

o 
o 
LO 
IJ') 

o o 
a 
IJ') 

~ 
::J en 
m 
~ 

I 

OJ 
E :; ~-g-g .- "0 

Jl~ t:.s (/)"0_ 
ro u $ .2 ~ ~.~ E .-... -g ... -g :; ~~ o ... ::J ... 
ze.. ze.. zoe.. 

I I I 

000 000 
~ ~ ~ 0 ~ 0 
IJ') 0 IJ') a IJ') a 
~ ~ M M N N 

sn!sla:> saaJ6ea u! aJnJeJawdal 

9S17 

S2:17 

L6£ 

99£ 

S££ 

SO£ 

CII 
~ 

::I 
0 

17172: ::r:: 
.5 
QI 
E 

£~2: i= 

2:B~ 

~u 

~6 

09 

~£ 

0 
0 0 0 0 
~ 0 ~ 0 
IJ') a IJ') a .- .-



Time(Hours) X-250lExp) X-250(Num) % Error X- 250(Num.ns) % Error X-250JNum.deg) % Error 

0.00 26.42 27.03 2.31 27.03 2.31 27.03 2.31 

1.00 24.87 25.84 3.90 27.04 8.72 26.06 4.80 

2.00 26.70 25.62 4.05 26.74 0.13 26.08 2.31 

3.00 25.42 25.63 0.83 26.65 4.84 26.14 2.85 

4.00 25.96 25.70 0.98 26.64 2.62 26.25 1.13 

5.00 26.68 25.80 3.30 26.67 0.06 26.39 1.08 

6.00 27.57 25.93 5.92 26.73 3.01 26.57 3.61 

7.00 28.65 26.10 8.90 26.84 6.30 26.77 6.55 

8.00 30.74 26.29 14.47 26.99 12.20 27.00 12.18 
9.00 31.74 26.52 16.45 27.17 14.40 27.24 14.17 
10.00 32.73 26.77 18.23 27.37 16.37 27.50 16.00 
11.00 33.49 27.04 19.28 27.61 17.57 27.76 17.10 
12.00 34.27 27.32 20.27 27.86 18.70 28.05 18.16 
13.00 35.05 27.63 21 .17 28.1 3 19.74 28.33 19.15 
14.00 35.71 27.94 21 .75 28.41 20.43 28.63 19.82 
15.00 36.33 28.27 22.19 28.71 20.97 28.93 20.36 
16.00 36.89 28.60 22.48 29.01 21 .35 29.24 20.74 
17.00 37.36 28.93 22.56 29.33 21 .51 29.55 20.91 
18.00 37.76 29.27 22.47 29.64 21.50 29.86 20.92 
19.00 38.11 29.61 22.30 29.96 21 .40 30.17 20.83 
20.00 38.46 29.95 22.11 30.28 21 .26 30.49 20.73 
21.00 38.72 30.29 21.76 30.60 20.97 30.80 20.46 
22.00 38.94 30.63 21 .35 30.92 20.61 31 .11 20.13 
23.00 39.09 30.96 20.78 31 .23 20.09 31 .41 19.64 
24.00 39.40 31.29 20.57 31 .55 19.93 31 .71 19.51 
25.00 39.58 31 .62 20.13 31.85 19.53 32.01 19.13 
26.00 39.77 31.93 19.70 32.16 19.14 32.30 18.78 
27.00 39.94 32.24 19.26 32.45 18.73 32.59 18.40 
28.00 40.38 32.55 19.39 32.75 18.90 32.87 18.60 
29.00 40.38 32.84 18.66 33.03 18.20 33.14 17.93 
30.00 40.38 33.13 17.95 33.31 17.52 33.40 17.28 
31 .00 40.50 33.41 17.49 33.58 17.09 33.66 16.87 
32.00 40.60 33.68 17.04 33.84 16.65 33.91 16.47 
33.00 40.69 33.94 16.58 34.09 16.22 34.16 16.06 
34.00 40.77 34.20 16.13 34.33 15.80 34.39 15.66 
35.00 40.84 34.44 15.67 34.57 15.36 34.62 15.24 
36.00 40.90 34.67 15.23 34.80 14.93 34.83 14.84 
37.00 40.96 34.90 14.80 35.01 14.52 35.04 14.45 
38.00 41 .01 35.11 14.39 35.22 14.12 35.24 14.07 
39.00 41 .06 35.32 13.98 35.42 13.73 35.43 13.70 
40.00 41 .10 35.51 13.59 35.61 13.36 35.61 13.35 
41 .00 41 .13 35.70 13.20 35.79 12.99 35.79 12.99 
42.00 41 .15 35.88 12.81 35.96 12.60 35.95 12.62 
43.00 41 .16 36.05 12.42 36.13 12.22 36.11 12.26 
44.00 41.15 36.20 12.02 36.28 11.84 36.26 11.89 
45.00 41 .14 36.35 11 .62 36.42 11.45 36.40 11 .52 
46.00 41 .11 36.50 11.23 36.56 11 .07 36.53 11 .15 
46.33 41 .10 36.51 11.17 36.65 10.83 36.35 11 .56 
46.67 41 .05 36.55 10.94 36.55 10.94 36.61 10.80 
48.67 40.99 36.80 10.23 36.80 10.23 36.84 10.12 
50.67 40.94 37.01 9.61 37.01 9.61 37.04 9.52 
52.67 40.89 37.19 9.07 37.19 9.07 37.21 9.01 
54.67 40.84 37.34 8.56 37.34 8.56 37.36 8.51 
56.67 40.77 37.49 8.05 37.49 8.05 37.50 8.02 
58.67 40.70 37.63 7.55 37.63 7.55 37.63 7.54 
60.67 40.62 37.75 7.08 37.75 7.08 37.75 7.08 
62.67 40.53 37.85 6.59 37.85 6.59 37.85 6.61 
64.67 40.35 37.95 5.96 37.95 5.96 37.94 5.98 
66.67 40.28 38.02 5.61 38.02 5.61 38.01 5.64 
68.67 40.15 38.09 5.12 38.09 5.12 38.07 5.16 
70.67 40.01 38.14 4.68 38.14 4.68 38.12 4.72 
72.67 39.88 38.18 4.27 38.18 4.27 38.16 4.32 
74.67 39.77 38.21 3.92 38.21 3.92 38.19 3.97 
76.67 39.67 38.23 3.63 38.23 3.63 38.21 3.68 
78.67 39.56 38.23 3.35 38.23 3.35 38.21 3.40 
80.67 39.43 38.23 3.05 38.23 3.05 38.21 3.10 



82.67 39.30 38.22 2.74 38.22 2.74 38.20 2.80 

84.67 39.17 38.20 2.47 38.20 2.47 38.18 2.53 

86.67 39.04 38.17 2.22 38.17 2.22 38.15 2.27 

88.67 38.90 38.14 1.95 38.14 1.95 38.12 2.00 

90.67 38.75 38.10 1.67 38.10 1.67 38.08 1.72 

92.67 38.58 38.05 1.38 38.05 1.38 38.03 1.42 

94.67 38.42 38.00 1.08 38.00 1.08 37.98 1.13 

96.67 38.25 37.94 0.81 37.94 0.81 37.93 0.85 

98.67 38.11 37.88 0.58 37.88 0.58 37.87 0.63 

100.67 37.97 37.82 0.40 37.82 0.40 37.80 0.44 

102.67 37.84 37.75 0.24 37.75 0.24 37.73 0.28 

104.67 37.71 37.68 0.08 37.68 0.08 37.66 0.12 

106.67 37.57 37.59 0.04 37.59 0.04 37.57 0.01 
108.67 37.43 37.48 0.15 37.48 0.15 37.46 0.09 
110.67 37.28 37.37 0.25 37.37 0.25 37.35 0.20 
112.67 37.12 37.26 0.38 37.26 0.38 37.25 0.33 
114.67 37.05 37.15 0.28 37.15 0.28 37.14 0.24 
116.67 36.98 37.04 0.18 37.04 0.18 37.03 0.14 
118.67 36.63 36.93 0.81 36.93 0.81 36.92 0.77 
120.67 36.46 36.82 0.97 36.82 0.97 36.80 0.93 
122.67 36.31 36.70 1.08 36.70 1.08 36.69 1.05 
124.67 36.16 36.58 1.16 36.58 1.16 36.57 1.12 
126.67 36.03 36.46 1.20 36.46 1.20 36.45 1.17 
128.67 35.89 36.34 1.24 36.34 1.24 36.33 1.22 
130.67 35.76 36.21 1.28 36.21 1.28 36.20 1.25 
132.67 35.61 36.09 1.35 36.09 1.35 36.31 1.98 
134.67 35.45 35.96 1.43 35.96 1.43 36.20 2.10 
136.67 35.30 35.83 1.51 35.83 1.51 36.08 2.21 
138.67 35.23 35.71 1.35 35.71 1.35 35.96 2.08 
140.67 35.06 35.58 1.47 35.58 1.47 35.84 2.23 
142.67 34.81 35.44 1.82 35.44 1.82 35.72 2.61 
144.67 34.72 35.31 1.71 35.31 1.71 35.59 2.52 
146.67 34.57 35.18 1.76 35.18 1.77 35.47 2.60 
148.67 34.38 35.05 1.94 35.05 1.94 35.34 2.80 
150.67 34.26 34.91 1.91 34.91 1.91 35.22 2.80 
152.67 34.14 34.78 1.87 34.78 1.87 35.09 2.78 
154.67 34.02 34.64 1.84 34.64 1.84 34.96 2.76 
156.67 33.89 34.51 1.83 34.51 1.83 34.83 2.77 
158.67 33.75 34.37 1.83 34.37 1.83 34.69 2.80 
160.67 33.61 34.23 1.85 34.23 1.85 34.56 2.83 
162.67 33.46 34.10 1.91 34.10 1.91 34.43 2.90 
164.67 33.29 33.96 2.00 33.96 2.00 34.30 3.02 
166.67 33.12 33.82 2.11 33.82 2.11 34.16 3.14 
168.67 32.98 33.68 2.13 33.68 2.13 34.03 3.17 
170.67 32.83 33.55 2.19 33.55 2.19 33.89 3.25 
172.67 32.70 33.41 2.18 33.41 2.18 33.76 3.25 
174.67 32.59 33.27 2.08 33.27 2.08 33.62 3.16 
176.67 32.43 33.13 2.18 33.13 2.18 33.49 3.28 
178.67 32.33 33.00 2.04 33.00 2.04 33.35 3.15 
180.67 32.14 32.86 2.23 32.86 2.23 33.22 3.34 
182.67 32.04 32.72 2.13 32.72 2.13 33.08 3.25 
184.67 31 .89 32.59 2.19 32.59 2.19 32.95 3.33 
186.67 31 .66 32.45 2.50 32.45 2.50 32.81 3.65 
188.67 31 .49 32.31 2.62 32.31 2.62 32.68 3.77 
190.67 31 .32 32.18 2.72 32.18 2.72 32.54 3.89 
192.67 31 .17 32.04 2.80 32.04 2.80 32.41 3.97 
194.67 31 .02 31.91 2.86 31 .91 2.86 32.27 4.04 
196.67 30.99 31 .77 2.49 31 .77 2.49 32.13 3.68 
198.67 30.88 31.61 2.37 31 .61 2.37 31.99 3.58 
200.67 30.65 31.47 2.69 31.47 2.69 31 .84 3.90 
202.67 30.53 31.35 2.69 31 .35 2.69 31 .71 3.89 
204.67 30.40 31.24 2.74 31 .24 2.74 31 .60 3.92 
206.67 30.35 31.13 2.57 31 .13 2.57 31.49 3.74 
208.67 30.30 31 .03 2.42 31 .03 2.42 31 .38 3.57 
210.67 30.04 30.94 2.99 30.94 2.99 31 .28 4.13 
212.67 29.92 30.85 3.11 30.85 3.11 31 .19 4.24 
214.67 29.80 30.76 3.23 30.76 3.23 31 .09 4.35 



216.67 29.69 30.68 3.31 30.68 3.31 31 .00 4.41 

218.67 29.60 30.59 3.37 30.59 3.37 30.92 4.46 

220.67 29.59 30.51 3.12 30.51 3.12 30.83 4.19 

222.67 29.59 30.44 2.88 30.44 2.88 30.75 3.93 

224.67 29.51 30.36 2.89 30.36 2.89 30.67 3.93 

226.67 29.26 30.29 3.52 30.29 3.52 30.59 4.54 

228.67 29.18 30.21 3.53 30.21 3.53 30.51 4.54 

230.67 29.11 30.14 3.55 30.14 3.55 30.43 4.54 

232.67 29.03 30.07 3.58 30.07 3.58 30.36 4.55 

234.67 28.95 30.00 3.64 30.00 3.64 30.28 4.60 
236.67 28.87 29.94 3.71 29.94 3.71 30.21 4.65 
238.67 28.78 29.87 3.78 29.87 3.78 30.14 4.71 
240.67 28.70 29.80 3.83 29.80 3.83 30.07 4.75 

242.67 28.64 29.74 3.86 29.74 3.86 30.00 4.76 
244.67 28.58 29.68 3.85 29.68 3.85 29.93 4.74 
246.67 28.52 29.62 3.85 29.62 3.85 29.86 4.72 
248.67 28.46 29.55 3.83 29.55 3.83 29.80 4.69 
250.67 28.41 29.49 3.82 29.49 3.82 29.73 4.67 
252.67 28.36 29.43 3.80 29.43 3.80 29.67 4.63 
254.67 28.30 29.37 3.78 29.37 3.78 29.61 4.60 
256.67 28.25 29.32 3.77 29.32 3.77 29.54 4.57 
258.67 28.20 29.26 3.77 29.26 3.77 29.48 4.56 
260.67 28.14 29.20 3.76 29.20 3.76 29.42 4.54 
262.67 28.09 29.15 3.76 29.15 3.76 29.36 4.53 
264.67 28.04 29.09 3.74 29.09 3.74 29.30 4.49 
266.67 28.00 29.04 3.70 29.04 3.70 29.24 4.44 
268.67 27.96 28.98 3.64 28.98 3.64 29.19 4.37 
270.67 27.93 28.93 3.56 28.93 3.56 29.13 4.28 
272.67 27.91 28.88 3.47 28.88 3.47 29.07 4.18 
274.67 27.88 28.82 3.37 28.82 3.37 29.02 4.07 
276.67 27.85 28.77 3.29 28.77 3.29 28.96 3.98 
278.67 27.82 28.72 3.22 28.72 3.22 28.91 3.89 
280.67 27.78 28.67 3.19 28.67 3.19 28.85 3.85 
282.67 27.74 28.62 3.16 28.62 3.16 28.80 3.81 
284.67 27.69 28.57 3.16 28.57 3.16 28.75 3.81 
285.00 27.59 28.58 3.58 28.58 3.58 28.58 3.58 
287.00 27.52 28.54 3.72 28.54 3.72 28.54 3.72 
289.00 27.51 28.50 3.62 28.50 3.62 28.50 3.62 
291.00 27.50 28.46 3.51 28.46 3.51 28.46 3.51 
293.00 27.50 28.42 3.37 28.42 3.37 28.42 3.37 
295.00 27.49 28.38 3.23 28.38 3.23 28.38 3.23 
297.00 27.49 28.34 3.09 28.34 3.09 28.34 3.09 
299.00 27.49 28.30 2.94 28.30 2.94 28.30 2.94 
301 .00 27.49 28.26 2.79 28.26 2.79 28.26 2.79 
303.00 27.49 28.22 2.64 28.22 2.64 28.22 2.64 
305.00 27.49 28.18 2.49 28.18 2.49 28.18 2.49 
307.00 27.49 28.14 2.34 28.1 4 2.34 28.14 2.34 
309.00 27.49 28.10 2.19 28.10 2.19 28.10 2.19 
311.00 27.44 28.05 2.22 28.05 2.22 28.05 2.22 
313.00 27.39 28.01 2.26 28.01 2.26 28.01 2.26 
315.00 27.36 27.97 2.23 27.97 2.23 27.97 2.23 
317.00 27.35 27.93 2.11 27.93 2.11 27.93 2.11 
319.00 27.35 27.89 1.99 27.89 1.99 27.89 1.99 
321 .00 27.33 27.85 1.91 27.85 1.91 27.85 1.91 
323.00 27.31 27.81 1.83 27.81 1.83 27.81 1.83 
325.00 27.28 27.77 1.80 27.77 1.80 27.77 1.80 
327.00 27.26 27.73 1.70 27.73 1.70 27.73 1.70 
329.00 27.25 27.68 1.61 27.68 1.61 27.68 1.61 
331.00 27.20 27.64 1.65 27.64 1.65 27.64 1.65 
333.00 27.17 27.60 1.59 27.60 1.59 27.60 1.59 
335.00 27.16 27.56 1.49 27.56 1.49 27.56 1.49 
337.00 27.15 27.52 1.37 27.52 1.37 27.52 1.37 
339.00 27.15 27.48 1.24 27.48 1.24 27.48 1.24 
341 .00 27.06 27.44 1.41 27.44 1.41 27.44 1.41 
343.00 27.02 27.41 1.42 27.41 1.42 27.41 1.42 
345.00 27.00 27.37 1.35 27.37 1.35 27.37 1.35 
347.00 26.99 27.33 1.24 27.33 1.24 27.33 1.24 



349.00 26.99 27.29 1.12 27.29 1.12 27.29 1.12 

351.00 26.98 27.25 0.99 27.25 0.99 27.25 0.99 

353.00 26.98 27.21 0.85 27.21 0.85 27.21 0.85 

355.00 26.78 27.17 1.45 27.17 1.45 27.17 1.45 

357.00 26.69 27.14 1.69 27.14 1.69 27.14 1.69 

359.00 26.64 27.10 1.73 27.10 1.73 27.10 1.73 

361 .00 26.61 27.06 1.69 27.06 1.69 27.06 1.69 

363.00 26.60 27.02 1.59 27.02 1.59 27.02 1.59 

365.00 26.59 26.99 1.48 26.99 1.48 26.99 1.48 

367.00 26.59 26.95 1.36 26.95 1.36 26.95 1.36 

369.00 26.29 26.91 2.35 26.91 2.35 26.91 2.35 

371 .00 26.26 26.88 2.34 26.88 2.34 26.88 2.34 

373.00 26.09 26.84 2.87 26.84 2.87 26.84 2.87 

375.00 26.06 26.80 2.86 26.80 2.86 26.80 2.86 

377.00 25.94 26.77 3.19 26.77 3.19 26.77 3.19 
379.00 25.92 26.73 3.12 26.73 3.12 26.73 3.12 
381.00 25.84 26.69 3.32 26.69 3.32 26.69 3.32 
383.00 25.82 26.66 3.24 26.66 3.24 26.66 3.24 
385.00 25.76 26.62 3.34 26.62 3.34 26.62 3.34 
387.00 25.75 26.59 3.24 26.59 3.24 26.59 3.24 
389.00 25.71 26.55 3.27 26.55 3.27 26.55 3.27 
391.00 25.70 26.52 3.16 26.52 3.16 26.52 3.16 
393.00 25.67 26.48 3.14 26.48 3.14 26.48 3.14 
395.00 25.58 26.44 3.36 26.44 3.36 26.44 3.36 
397.00 25.53 26.41 3.45 26.41 3.45 26.41 3.45 
399.00 25.40 26.37 3.82 26.37 3.82 26.37 3.82 
401 .00 25.34 26.34 3.93 26.34 3.93 26.34 3.93 
403.00 25.28 26.30 4.05 26.30 4.05 26.30 4.05 
405.00 25.16 26.27 4.39 26.27 4.39 26.27 4.39 
407.00 25.09 26.23 4.57 26.23 4.57 26.23 4.57 
409.00 24.95 26.20 4.99 26.20 4.99 26.20 4.99 
411 .00 24.89 26.16 5.10 26.16 5.10 26.16 5.10 
413.00 24.86 26.13 5.12 26.13 5.12 26.13 5.12 
415.00 24.79 26.09 5.26 26.09 5.26 26.09 5.26 
417.00 24.76 26.06 5.24 26.06 5.24 26.06 5.24 
419.00 24.74 26.02 5.18 26.02 5.18 26.02 5.18 
421.00 24.71 25.99 5.19 25.99 5.19 25.99 5.19 
423.00 24.69 25.95 5.11 25.95 5.11 25.95 5.11 
425.00 24.68 25.92 5.01 25.92 5.01 25.92 5.01 
427.00 24.67 25.88 4.93 25.88 4.93 25.88 4.93 
429.00 24.63 25.85 4.97 25.85 4.97 25.85 4.97 
431.00 24.62 25.81 4.85 25.81 4.85 25.81 4.85 
433.00 24.62 25.78 4.72 25.78 4.72 25.78 4.72 
435.00 24.56 25.74 4.80 25.74 4.80 25.74 4.80 
437.00 24.50 25.71 4.92 25.71 4.92 25.71 4.92 
439.00 24.48 25.67 4.86 25.67 4.86 25.67 4.86 
441.00 24.45 25.64 4.84 25.64 4.84 25.64 4.84 
443.00 24.44 25.60 4.74 25.60 4.74 25.60 4.74 
445.00 24.43 25.57 4.66 25.57 4.66 25.57 4.66 
447.00 24.42 25.53 4.54 25.53 4.54 25.53 4.54 
449.00 24.40 25.49 4.48 25.49 4.48 25.49 4.48 
451 .00 24.37 25.46 4.46 25.46 4.46 25.46 4.46 
453.00 24.37 25.42 4.32 25.42 4.32 25.42 4.32 
455.00 24.36 25.39 4.21 25.39 4.21 25.39 4.21 
457.00 24.34 25.35 4.13 25.35 4.13 25.35 4.13 
459.00 24.34 25.31 3.98 25.31 3.98 25.31 3.98 
461 .00 24.34 25.28 3.85 25.28 3.85 25.28 3.85 
463.00 24.33 25.24 3.73 25.24 3.73 25.24 3.73 
465.00 24.33 25.20 3.58 25.20 3.58 25.20 3.58 
467.00 24.32 25.16 3.48 25.16 3.48 25.16 3.48 
469.00 24.23 25.13 3.72 25.13 3.72 25.13 3.72 
471 .00 24.21 25.09 3.64 25.09 3.64 25.09 3.64 
473.00 24.19 25.05 3.55 25.05 3.55 25.05 3.55 
475.00 24.14 25.01 13.59 25.01 3.59 25.01 3.59 
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Time(Hours) X-500(Exp) X-500(Num) % Error X-500(Num.ns) % Error X-50IllNum.deg) % Error 

0.00 25.81 27.73 7.46 27.73 7.46 27.73 7.46 

1.00 25.89 26.50 2.35 27.74 7.15 26.06 0.66 

2.00 25.95 25.66 1.14 26.90 3.64 26.06 0.44 

3.00 26.18 25.14 3.98 26.35 0.66 26.08 0.41 

4.00 26.67 24.87 6.74 26.05 2.34 26.10 2.14 

5.00 27.36 24.78 9.44 25.90 5.35 26.15 4.43 

6.00 28.26 24.80 12.25 25.86 8.49 26.23 7.20 

7.00 29.41 24.91 15.31 25.91 11.90 26.33 10.45 

8.00 31.58 25.07 20.62 26.02 17.62 26.47 16.17 

9.00 32.65 25.28 22.57 26.17 19.84 26.65 18.40 

10.00 33.61 25.53 24.04 26.37 21.54 26.85 20.13 
11 .00 34.57 25.82 25.33 26.61 23.04 27.07 21 .69 
12.00 35.49 26.13 26.38 26.87 24.28 27.33 22.99 
13.00 36.38 26.46 27.27 27.16 25.35 27.60 24.13 
14.00 37.21 26.81 27.96 27.47 26.19 27.90 25.03 
15.00 37.99 27.18 28.47 27.80 26.84 28.21 25.75 
16.00 38.71 27.56 28.81 28.14 27.30 28.54 26.28 
17.00 39.35 27.95 28.97 28.50 27.58 28.88 26.63 
18.00 39.94 28.35 29.01 28.87 27.72 29.23 26.83 
19.00 40.47 28.76 28.94 29.25 27.74 29.58 26.90 
20.00 41.00 29.18 28.84 29.63 27.73 29.95 26.95 
21.00 41.44 29.59 28.59 30.02 27.55 30.32 26.84 
22.00 41.85 30.01 28.28 30.41 27.32 30.69 26.65 
23.00 42.20 30.43 27.90 30.81 27.00 31.07 26.39 
24.00 42.59 30.85 27.57 31 .20 26.73 31.44 26.17 
25.00 42.91 31 .26 27.15 31.60 26.36 31.82 25.85 
26.00 43.20 31.67 26.69 31 .99 25.96 32.19 25.49 
27.00 43.48 32.08 26.22 32.38 25.54 32.56 25.12 
28.00 43.72 32.48 25.71 32.76 25.07 32.92 24.70 
29.00 43.94 32.87 25.19 33.14 24.59 33.28 24.26 
30.00 44.16 33.26 24.68 33.51 24.12 33.64 23.83 
31.00 44.35 33.64 24.14 33.87 23.62 33.99 23.36 
32.00 44.53 34.01 23.62 34.23 23.13 34.33 22.91 
33.00 44.69 34.38 23.08 34.58 22.62 34.66 22.44 
34.00 44.84 34.73 22.55 34.92 22.11 34.99 21 .96 
35.00 44.99 35.07 22.04 35.25 21.63 35.31 21.52 
36.00 45.11 35.40 21.52 35.58 21 .14 35.62 21.05 
37.00 45.22 35.73 21.00 35.89 20.64 35.91 20.58 
38.00 45.34 36.04 20.51 36.19 20.18 36.20 20.14 
39.00 45.42 36.34 20.00 36.48 19.69 36.48 19.68 
40.00 45.50 36.63 19.50 36.76 19.21 36.75 19.22 
41 .00 45.58 36.91 19.04 37.03 18.76 37.01 18.80 
~2.00 ·45.65 37.17 18.57 37.29 18.31 37.26 18.37 
43.00 45.71 37.43 18.12 37.54 17.87 37.50 17.95 
44.00 45.77 37.67 17.69 37.78 17.46 37.73 17.56 
45.00 45.81 37.91 17.25 38.00 17.04 37.95 17.15 
46.00 45.85 38.13 16.84 38.22 16.63 38.16 16.76 
46.33 45.85 38.16 16.78 38.34 16.38 37.88 17.38 
46.67 45.90 38.23 16.71 38.23 16.71 38.30 16.56 
48.67 45.91 38.62 15.87 38.62 15.87 38.67 15.76 
50.67 45.91 38.97 15.10 38.97 15.10 39.01 15.03 
52.67 45.88 39.28 14.38 39.28 14.38 39.31 14.31 
54.67 45.84 39.58 13.66 39.58 13.66 39.59 13.63 
56.67 45.78 39.84 12.97 39.84 12.97 39.84 12.96 
58.67 45.71 40.08 12.33 40.08 12.33 40.07 12.34 
60.67 45.63 40.28 11 .71 40.28 11 .71 40.27 11.74 
62.67 45.54 40.47 11.14 40.47 11 .14 40.45 11 .18 
64.67 45.44 40.63 10.58 40.63 10.58 40.61 10.63 
66.67 45.33 40.77 10.07 40.77 10.07 40.74 10.12 
68.67 45.19 40.88 9.52 40.88 9.52 40.86 9.59 
70.67 45.06 40.98 9.04 40.98 9.04 40.95 9.11 
72.67 44.91 41 .06 8.57 41.06 8.57 41 .03 8.64 
74.67 44.77 41.13 8.12 41.13 8.12 41.10 8.19 
76.67 44.62 41 .18 7.71 41.18 7.71 41.15 7.78 78.67 44.47 41 .21 7.32 41 .21 7.32 41 .18 7.39 80.67 44.32 41.24 6.95 41.24 6.95 41.20 7.02 



82.67 44.16 41.25 6.59 41.25 6.59 41 .21 6.66 

84.67 43.99 41 .24 6.25 41.24 6.25 41 .21 6.32 

86.67 43.85 41 .23 5.97 41.23 5.97 41 .20 6.04 

88.67 43.68 41.21 5.67 41.21 5.67 41 .18 5.74 

90.67 43.52 41 .17 5.38 41 .17 5.38 41.15 5.44 

92.67 43.34 41 .13 5.09 41.13 5.09 41.11 5.15 

94.67 43.18 41 .08 4.85 41 .08 4.85 41 .06 4.91 

96.67 42.99 41.03 4.57 41 .03 4.57 41 .00 4.63 

98.67 42.82 40.97 4.34 40.97 4.34 40.94 4.39 

100.67 42.65 40.90 4.10 40.90 4.10 40.87 4.16 

102.67 42.47 40.82 3.87 40.82 3.87 40.80 3.92 
104.67 42.29 40.74 3.66 40.74 3.66 40.72 3.70 
106.67 42.12 40.66 3.45 40.66 3.45 40.64 3.50 
108.67 41 .95 40.57 3.27 40.57 3.27 40.55 3.33 
110.67 41 .77 40.47 3.11 40.47 3.11 40.44 3.18 
112.67 41 .59 40.36 2.98 40.36 2.98 40.33 3.04 
114.67 41 .41 40.24 2.84 40.24 2.84 40.21 2.90 
116.67 41 .23 40.11 2.70 40.11 2.70 40.09 2.76 
118.67 41 .05 39.98 2.60 39.98 2.60 39.96 2.65 
120.67 40.86 39.85 2.48 39.85 2.48 39.83 2.52 
122.67 40.68 39.72 2.36 39.72 2.36 39.70 2.40 
124.67 40.49 39.58 2.24 39.58 2.24 39.57 2.28 
126.67 40.32 39.44 2.17 39.44 2.17 39.43 2.21 
128.67 40.13 39.30 2.07 39.30 2.07 39.29 2.10 
130.67 39.95 39.16 1.97 39.16 1.97 39.15 2.00 
132.67 39.78 39.02 1.91 39.02 1.91 39.33 1.12 
134.67 39.59 38.87 1.82 38.87 1.82 39.20 0.99 
136.67 39.42 38.72 1.77 38.72 1.77 39.07 0.89 
138.67 39.23 38.57 1.67 38.57 1.67 38.93 0.75 
140.67 39.05 38.42 1.61 38.42 1.61 38.80 0.66 
142.67 38.88 38.27 1.55 38.27 1.55 38.66 0.57 
144.67 38.70 38.12 1.48 38.12 1.48 38.52 0.46 
146.67 38.52 37.97 1.44 37.97 1.44 38.37 0.38 
148.67 38.34 37.81 1.37 37.81 1.37 38.23 0.29 
150.67 38.17 37.66 1.34 37.66 1.34 38.08 0.23 
152.67 37.99 37.50 1.28 37.50 1.28 37.94 0.14 
154.67 37.82 37.35 1.26 37.35 1.26 37.79 0.10 
156.67 37.66 37.19 1.25 37.19 1.25 37.64 0.06 
158.67 37.48 37.03 1.19 37.03 1.19 37.49 0.02 
160.67 37.32 36.87 1.20 36.87 1.20 37.34 0.03 
162.67 37.16 36.72 1.19 36.72 1.19 37.18 0.06 
164.67 36.99 36.56 1.17 36.56 1.17 37.03 0.11 
166.67 36.82 36.40 1.14 36.40 1.14 36.88 0.15 
168.67 36.64 36.24 1.09 36.24 1.09 36.72 0.23 
170.67 36.48 36.08 1.09 36.08 1.09 36.57 0.24 
172.67 36.31 35.92 1.08 35.92 1.08 36.41 0.27 
174.67 36.14 35.76 1.06 35.76 1.06 36.25 0.31 
176.67 35.98 35.60 1.06 35.60 1.06 36.10 0.32 
178.67 35.81 35.44 1.04 35.44 1.04 35.94 0.36 
180.67 35.66 35.28 1.06 35.28 1.06 35.79 0.35 
182.67 35.50 35.13 1.06 35.13 1.06 35.63 0.36 
184.67 35.33 34.97 1.03 34.97 1.03 35.47 0.40 
186.67 35.17 34.81 1.01 34.81 1.01 35.32 0.43 
188.67 35.01 34.65 1.02 34.65 1.02 35.16 0.43 
190.67 34.85 34.49 1.01 34.49 1.01 35.00 0.45 
192.67 34.67 34.34 0.96 34.34 0.96 34.85 0.50 
194.67 34.51 34.18 0.96 34.18 0.96 34.69 0.52 
196.67 34.35 34.03 0.94 34.03 0.94 34.54 0.55 
198.67 34.20 33.87 0.97 33.87 0.97 34.38 0.53 
200.67 34.03 33.71 0.95 33.71 0.95 34.22 0.57 
202.67 33.88 33.54 1.00 33.54 1.00 34.06 0.53 
204.67 33.74 33.38 1.07 33.38 1.07 33.90 0.47 
206.67 33.59 33.23 1.07 33.23 1.07 33.75 0.46 
208.67 33.45 33.08 1.10 33.08 1.10 33.59 0.43 210.67 33.30 32.94 1.09 32.94 1.09 33.44 0.43 212.67 33.16 32.80 1.08 32.80 1.08 33.30 0.42 214.67 33.02 32.67 1.08 32.67 1.08 33.16 0.41 



216.67 32.88 32.53 1.06 32.54 1.06 33.02 0.41 

218.67 32.74 32.41 1.02 32.41 1.02 32.88 0.44 

220.67 32.61 32.29 1.01 32.29 1.01 32.75 0.43 

222.67 32.49 32.17 0.99 32.17 0.99 32.63 0.43 

224.67 32.36 32.05 0.96 32.05 0.96 32.50 0.43 

226.67 32.25 31.94 0.96 31.94 0.96 32.38 0.42 

228.67 32.13 31 .83 0.93 31 .83 0.93 32.26 0.42 

230.67 32.02 31 .72 0.93 31 .72 0.93 32.15 0.40 

232.67 31.91 31.61 0.92 31.61 0.92 32.03 0.39 

234.67 31 .79 31 .51 0.89 31.51 0.89 31.92 0.40 

236.67 31.68 31 .41 0.86 31.41 0.86 31 .81 0.41 

238.67 31 .59 31 .31 0.88 31 .31 0.88 31.70 0.37 
240.67 31 .48 31.21 0.85 31 .21 0.85 31 .60 0.39 
242.67 31 .37 31.12 0.82 31 .12 0.82 31 .50 0.39 
244.67 31 .29 31.02 0.84 31 .02 0.84 31.40 0.35 
246.67 31 .19 30.93 0.81 30.93 0.81 31.30 0.36 
248.67 31 .09 30.84 0.80 30.84 0.80 31 .20 0.35 
250.67 31 .00 30.76 0.79 30.76 0.79 31 .11 0.35 
252.67 30.92 30.67 0.82 30.67 0.82 31 .02 0.30 
254.67 30.84 30.59 0.81 30.59 0.81 30.92 0.29 
256.67 30.75 30.50 0.80 30.50 0.80 30.84 0.28 
258.67 30.67 30.42 0.81 30.42 0.81 30.75 0.25 
260.67 30.59 30.34 0.81 30.34 0.81 30.66 0.24 
262.67 30.52 30.26 0.83 30.26 0.83 30.58 0.19 
264.67 30.44 30.19 0.84 30.19 0.84 30.49 0.18 
266.67 30.36 30.11 0.84 30.11 0.84 30.41 0.16 
268.67 30.29 30.04 0.85 30.04 0.85 30.33 0.13 
270.67 30.23 29.96 0.87 29.96 0.87 30.25 0.09 
272.67 30.17 29.89 0.91 29.89 0.91 30.18 0.03 
274.67 30.11 29.82 0.95 29.82 0.95 30.10 0.02 
276.67 30.05 29.75 0.98 29.75 0.98 30.03 0.07 
278.67 30.00 29.68 1.07 29.68 1.07 29.95 0.16 
280.67 29.94 29.62 1.09 29.62 1.09 29.88 0.20 
282.67 29.89 29.55 1.13 29.55 1.13 29.81 0.25 
284.67 29.83 29.48 1.15 29.48 1.15 29.74 0.29 
285.00 29.78 29.51 0.91 29.51 0.91 29.51 0.91 
287.00 29.73 29.46 0.91 29.46 0.91 29.46 0.91 
289.00 29.66 29.41 0.86 29.41 0.86 29.41 0.86 
291 .00 29.61 29.36 0.84 29.36 0.84 29.36 0.84 
293.00 29.55 29.31 0.83 29.31 0.83 29.31 0.83 
295.00 29.51 29.26 0.86 29.26 0.86 29.26 0.86 
297.00 29.47 29.21 0.89 29.21 0.89 29.21 0.89 
299.00 29.42 29.16 0.89 29.16 0.89 29.16 0.89 
301 .00 29.38 29.11 0.92 29.11 0.92 29.11 0.92 
303.00 29.34 29.06 0.95 29.06 0.95 29.06 0.95 
305.00 29.29 29.01 0.96 29.01 0.96 29.01 0.96 
307.00 29.24 28.96 0.98 28.96 0.98 28.96 0.98 
309.00 29.20 28.91 0.98 28.91 0.98 28.91 0.98 
311.00 29.15 28.86 0.98 28.86 0.98 28.86 0.98 
313.00 29.10 28.81 0.98 28.81 0.98 28.81 0.98 
315.00 29.06 28.76 1.02 28.76 1.02 28.76 1.02 
317.00 29.00 28.71 1.00 28.71 1.00 28.71 1.00 
319.00 28.96 28.67 1.03 28.67 1.03 28.67 1.03 
321 .00 28.94 28.62 1.10 28.62 1.10 28.62 1.10 
323.00 28.89 28.57 1.09 28.57 1.09 28.57 1.09 
325.00 28.87 28.53 1.18 28.53 1.18 28.53 1.18 
327.00 28.81 28.48 1.15 28.48 1.15 28.48 1.15 
329.00 28.79 28.43 1.23 28.43 1.23 28.43 1.23 
331 .00 28.75 28.39 1.26 28.39 1.26 28.39 1.26 
333.00 28.71 28.34 1.28 28.34 1.28 28.34 1.28 
335.00 28.69 28.30 1.36 28.30 1.36 28.30 1.36 
337.00 28.64 28.26 1.34 28.26 1.34 28.26 1.34 
339.00 28.62 28.21 1.42 28.21 1.42 28.21 1.42 
341 .00 28.59 28.17 1.47 28.17 1.47 28.17 1.47 
343.00 28.56 28.13 1.51 28.13 1.51 28.13 1.51 
345.00 28.53 28.09 1.55 28.09 1.55 28.09 1.55 
347.00 28.50 28.05 1.59 28.05 1.59 28.05 1.59 



349.00 28.48 28.00 1.67 28.00 1.67 28.00 1.67 

351.00 28.45 27.96 1.72 27.96 1.72 27.96 1.72 

353.00 28.42 27.92 1.75 27.92 1.75 27.92 1.75 

355.00 28.38 27.88 1.76 27.88 1.76 27.88 1.76 

357.00 28.34 27.85 1.74 27.85 1.74 27.85 1.74 

359.00 28.29 27.81 1.71 27.81 1.71 27.81 1.71 

361 .00 28.26 27.77 1.73 27.77 1.73 27.77 1.73 

363.00 28.21 27.73 1.69 27.73 1.69 27.73 1.69 

365.00 28.16 27.69 1.65 27.69 1.65 27.69 1.65 
367.00 28.12 27.66 1.65 27.66 1.65 27.66 1.65 
369.00 28.07 27.62 1.61 27.62 1.61 27.62 1.61 
371 .00 28.02 27.58 1.57 27.58 1.57 27.58 1.57 
373.00 27.97 27.54 1.53 27.54 1.53 27.54 1.53 
375.00 27.91 27.51 1.44 27.51 1.44 27.51 1.44 
377.00 27.85 27.47 1.34 27.47 1.34 27.47 1.34 
379.00 27.80 27.44 1.29 27.44 1.29 27.44 1.29 
381 .00 27.72 27.40 1.14 27.40 1.14 27.40 1.14 
383.00 27.65 27.37 1.04 27.37 1.04 27.37 1.04 
385.00 27.59 27.33 0.93 27.33 0.93 27.33 0.93 
387.00 27.53 27.30 0.84 27.30 0.84 27.30 0.84 
389.00 27.46 27.26 0.72 27.26 0.72 27.26 0.72 
391.00 27.40 27.23 0.61 27.23 0.61 27.23 0.61 
393.00 27.34 27.19 0.54 27.19 0.54 27.19 0.54 
395.00 27.27 27.16 0.40 27.16 0.40 27.16 0.40 
397.00 27.22 27.13 0.37 27.13 0.37 27.13 0.37 
399.00 27.17 27.09 0.29 27.09 0.29 27.09 0.29 
401.00 27.09 27.06 0.11 27.06 0.11 27.06 0.11 
403.00 27.04 27.02 0.08 27.02 0.08 27.02 0.08 
405.00 26.98 26.99 0.04 26.99 0.04 26.99 0.04 
407.00 26.91 26.96 0.18 26.96 0.18 26.96 0.18 
409.00 26.85 26.92 0.28 26.92 0.28 26.92 0.28 
411 .00 26.78 26.89 0.42 26.89 0.42 26.89 0.42 
413.00 26.72 26.85 0.50 26.85 0.50 26.85 0.50 
415.00 26.67 26.82 0.56 26.82 0.56 26.82 0.56 
417.00 26.60 26.79 0.68 26.79 0.68 26.79 0.68 
419.00 26.57 26.75 0.70 26.75 0.70 26.75 0.70 
421 .00 26.52 26.72 0.76 26.72 0.76 26.72 0.76 
423.00 26.45 26.68 0.88 26.68 0.88 26.68 0.88 
425.00 26.41 26.65 0.89 26.65 0.89 26.65 0.89 
427.00 26.36 26.61 0.95 26.61 0.95 26.61 0.95 
429.00 26.31 26.58 1.01 26.58 1.01 26.58 1.01 
431 .00 26.26 26.54 1.09 26.54 1.09 26.54 1.09 
433.00 26.22 26.51 1.12 26.51 1.12 26.51 1.12 
435.00 26.17 26.47 1.16 26.47 1.16 26.47 1.16 
437.00 26.13 26.44 1.17 26.44 1.17 26.44 1.17 
439.00 26.08 26.40 1.25 26.40 1.25 26.40 1.25 
441.00 26.06 26.37 1.19 26.37 1.19 26.37 1.19 
443.00 26.01 26.33 1.22 26.33 1.22 26.33 1.22 
445.00 25.98 26.29 1.21 26.29 1.21 26.29 1.21 
447.00 25.95 26.26 1.19 26.26 1.19 26.26 1.19 
449.00 25.92 26.22 1.1 5 26.22 1.15 26.22 1.15 
451 .00 25.88 26.18 1.16 26.18 1.16 26.18 1.16 
453.00 25.85 26.14 1.12 26.1 4 1.12 26.14 1.12 
455.00 25.82 26.10 1.10 26.10 1.10 26.10 1.10 
457.00 25.79 26.06 1.05 26.06 1.05 26.06 1.05 
459.00 25.77 26.02 1.01 26.02 1.01 26.02 1.01 
461.00 25.74 25.98 0.94 25.98 0.94 25.98 0.94 
463.00 25.72 25.94 0.89 25.94 0.89 25.94 0.89 
465.00 25.70 25.90 0.79 25.90 0.79 25.90 0.79 
467.00 25.67 25.86 0.74 25.86 0.74 25.86 0.74 
469.00 25.67 25.82 0.60 25.82 0.60 25.82 0.60 
471 .00 25.64 25.78 0.52 25.78 0.52 25.78 0.52 
473.00 25.63 25.73 0.39 25.73 0.39 25.73 0.39 
475.00 25.62 25.69 '0.29 25.69 10.29 25~ 10.29 
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Time(Hours) X 750(Exp) X-750(Num) % Error X-750(Num.ns) % Error X_750(Num.deg) % Error 

0.00 26.40 21.72 17.73 21 .72 17.73 21 .72 17.73 

1.00 25.70 20.94 18.52 22.03 14.28 26.08 1.47 

2.00 25.70 22.21 13.58 23.19 9.76 26.13 1.68 

3.00 26.86 23.18 13.71 24.08 10.36 26.25 2.27 

4.00 27.38 23.96 12.47 24.80 9.41 26.45 3.38 

5.00 28.13 24.64 12.41 25.42 9.63 26.71 5.03 

6.00 29.10 25.25 13.24 25.98 10.71 27.03 7.13 

7.00 30.35 25.82 14.91 26.52 12.62 27.38 9.78 

8.00 32.67 26.38 19.25 27.04 17.24 27.76 15.01 

9.00 32.92 26.93 18.20 27.55 16.32 28.17 14.42 

10.00 33.17 27.47 17.18 28.05 15.42 28.60 13.77 

11.00 34.10 28.01 17.87 28.56 16.26 29.04 14.84 

12.00 35.13 28.54 18.76 29.06 17.28 29.50 16.04 

13.00 36.08 29.08 19.41 29.57 18.05 29.96 16.97 
14.00 36.99 29.61 19.94 30.08 18.69 30.43 17.73 
15.00 37.83 30.14 20.32 30.58 19.17 30.91 18.31 
16.00 38.62 30.67 20.57 31 .08 19.51 31 .38 18.74 
17.00 39.34 31 .20 20.71 31.58 19.73 31.86 19.03 
18.00 40.01 31 .71 20.74 32.08 19.83 32.33 19.20 
19.00 40.63 32.23 20.69 32.57 19.85 32.80 19.28 
20.00 41 .21 32.73 20.57 33.05 19.79 33.27 19.27 
21 .00 41.74 33.23 20.39 33.53 19.67 33.73 19.20 
22.00 42.24 33.72 20.18 34.01 19.50 34.18 19.08 
23.00 42.60 34.20 19.73 34.47 19.10 34.63 18.72 
24.00 43.15 34.67 19.65 34.92 19.07 35.07 18.73 
25.00 43.56 35.13 19.35 35.37 18.81 35.50 18.51 
26.00 43.94 35.58 19.03 35.80 18.53 35.92 18.26 
27.00 44.30 36.02 18.70 36.23 18.22 36.33 17.99 
28.00 44.63 36.44 18.35 36.64 17.90 36.73 17.70 
29.00 44.93 36.85 17.98 37.04 17.57 37.12 17.40 
30.00 45.22 37.25 17.62 37.43 17.23 37.49 17.08 
31.00 45.49 37.64 17.25 37.81 16.89 37.86 16.77 
32.00 45.73 38.02 16.88 38.1 7 16.54 38.21 16.44 
33.00 45.97 38.38 16.51 38.52 16.20 38.56 16.12 
34.00 46.18 38.72 16.15 38.86 15.86 38.88 15.81 
35.00 46.38 39.06 15.80 39.19 15.52 39.20 15.49 
36.00 46.57 39.38 15.45 39.50 15.19 39.50 15.18 
37.00 46.75 39.68 15.11 39.80 14.86 39.80 14.87 
38.00 46.91 39.98 14.78 40.09 14.55 40.07 14.57 
39.00 47.06 40.26 14.45 40.36 14.24 40.34 14.28 
40.00 47.20 40.52 14.14 40.62 13.94 40.59 13.99 
41.00 47.33 40.78 13.84 40.87 13.65 40.83 13.72 
42.00 47.44 41 .02 13.55 41.10 13.37 41 .06 13.45 
43.00 47.55 41 .25 13.26 41.32 13.10 41 .28 13.19 
44.00 47.65 41.46 12.99 41.53 12.83 41.49 12.93 
45.00 47.73 41.66 12.72 41.73 12.57 41.68 12.68 
46.00 47.81 41 .85 12.46 41 .92 12.32 41 .86 12.44 
46.33 47.83 41 .88 12.45 41.90 12.40 41 .62 13.00 
46.67 47.95 41.94 12.55 41.94 12.55 41 .98 12.47 
48.67 48.04 42.27 12.02 42.27 12.02 42.29 11 .97 
50.67 48.10 42.54 11 .55 42.54 11 .55 42.58 11.48 
52.67 48.14 42.89 10.90 42.89 10.90 42.89 10.91 
54.67 48.15 43.17 10.34 43.17 10.34 43.16 10.36 
56.67 48.14 43.40 9.84 43.40 9.84 43.39 9.86 
58.67 48.11 43.60 9.37 43.60 9.37 43.59 9.41 
60.67 48.06 43.77 8.94 43.77 8.94 43.75 8.97 
62.67 48.00 43.91 8.53 43.91 8.53 43.89 8.57 
64.67 47.88 44.02 8.06 44.02 8.06 44.00 8.11 
66.67 47.83 44.12 7.78 44.12 7.78 44.09 7.82 
68.67 47.73 44.19 7.42 44.19 7.42 44.16 7.47 
70.67 47.62 44.24 7.08 44.24 7.08 44.22 7.14 
72.67 47.49 44.28 6.77 44.28 6.77 44.26 6.82 
74.67 47.37 44.30 6.47 44.30 6.47 44.28 6.52 
76.67 47.23 44.31 6.19 44.31 6.19 44.29 6.24 
78.67 47.10 44.31 5.93 44.31 5.93 44.28 5.98 
80.67 46.95 44.29 5.67 44.29 5.67 44.26 5.73 



82.67 46.80 44.26 5.43 44.26 5.43 44.23 5.49 

84.67 46.64 44.21 5.21 44.21 5.21 44.19 5.26 

86.67 46.48 44.16 4.99 44.16 4.99 44.14 5.04 

88.67 46.32 44.10 4.78 44.10 4.78 44.08 4.83 

90.67 46.15 44.03 4.58 44.03 4.58 44.01 4.63 

92.67 45.97 43.96 4.38 43.96 4.38 43.94 4.43 

94.67 45.79 43.87 4.19 43.87 4.19 43.85 4.23 

96.67 45.61 43.79 3.99 43.79 3.99 43.77 4.03 

98.67 45.42 43.69 3.81 43.69 3.81 43.67 3.85 

100.67 45.23 43.59 3.63 43.59 3.63 43.57 3.66 

102.67 45.04 43.49 3.45 43.49 3.45 43.47 3.49 

104.67 44.85 43.38 3.28 43.38 3.28 43.37 3.31 

106.67 44.66 43.27 3.10 43.27 3.10 43.24 3.17 
108.67 44.46 43.12 3.02 43.12 3.02 43.10 3.07 
110.67 44.26 42.97 2.91 42.97 2.91 42.95 2.96 
112.67 44.06 42.82 2.80 42.82 2.80 42.80 2.84 
114.67 43.85 42.67 2.69 42.67 2.69 42.65 2.73 
116.67 43.64 42.51 2.59 42.51 2.59 42.50 2.63 
118.67 43.44 42.35 2.49 42.35 2.49 42.34 2.52 
120.67 43.23 42.19 2.39 42.19 2.39 42.18 2.42 
122.67 43.02 42.03 2.30 42.03 2.30 42.02 2.33 
124.67 42.81 41 .86 2.21 41 .86 2.21 41 .85 2.24 
126.67 42.61 41.70 2.13 41 .70 2.13 41.69 2.16 
128.67 42.40 41 .53 2.06 41 .53 2.06 41 .52 2.08 
130.67 42.19 41.36 1.98 41 .36 1.98 41.35 2.00 
132.67 41 .99 41.19 1.90 41 .19 1.90 41 .45 1.27 
134.67 41.77 41.01 1.82 41 .01 1.82 41 .29 1.16 
136.67 41 .56 40.84 1.74 40.84 1.74 41 .12 1.05 
138.67 41.35 40.66 1.67 40.66 1.67 40.96 0.95 
140.67 41 .15 40.49 1.60 40.49 1.60 40.79 0.86 
142.67 40.94 40.31 1.53 40.31 1.53 40.62 0.76 
144.67 40.73 40.13 1.46 40.13 1.46 40.45 0.67 
146.67 40.52 39.95 1.39 39.95 1.39 40.28 0.58 
148.67 40.31 39.78 1.33 39.78 1.33 40.11 0.50 
150.67 40.11 39.60 1.27 39.60 1.27 39.94 0.42 
152.67 39.90 39.42 1.22 39.42 1.22 39.76 0.35 
154.67 39.70 39.24 1.17 39.24 1.17 39.59 0.28 
156.67 39.50 39.06 1.12 39.06 1.12 39.41 0.21 
158.67 39.29 38.87 1.06 38.87 1.06 39.24 0.14 
160.67 39.09 38.69 1.02 38.69 1.02 39.06 0.08 
162.67 38.89 38.51 0.97 38.51 0.97 38.88 0.02 
164.67 38.69 38.33 0.92 38.33 0.92 38.71 0.05 
166.67 38.48 38.15 0.87 38.15 0.87 38.53 0.11 
168.67 38.28 37.97 0.83 37.97 0.83 38.35 0.17 
170.67 38.09 37.79 0.79 37.79 0.79 38.17 0.22 
172.67 37.89 37.61 0.76 37.61 0.76 37.99 0.27 
174.67 37.70 37.43 0.72 37.43 0.72 37.81 0.31 
176.67 37.51 37.25 0.70 37.25 0.70 37.64 0.35 
178.67 37.31 37.07 0.67 37.07 0.67 37.46 0.39 
180.67 37.12 36.89 0.64 36.89 0.64 37.28 0.42 
182.67 36.93 36.71 0.61 36.71 0.61 37.10 0.46 
184.67 36.74 36.53 0.57 36.53 0.57 36.93 0.51 
186.67 36.55 36.35 0.54 36.35 0.54 36.75 0.55 
188.67 36.36 36.17 0.50 36.17 0.50 36.57 0.59 
190.67 36.17 36.00 0.46 36.00 0.46 36.40 0.64 
192.67 35.98 35.82 0.43 35.82 0.43 36.22 0.68 
194.67 35.79 35.65 0.40 35.65 0.40 36.05 0.72 
196.67 35.61 35.47 0.37 35.47 0.37 35.88 0.76 
198.67 35.43 35.28 0.41 35.28 0.41 35.69 0.74 
200.67 35.25 35.10 0.43 35.10 0.43 35.50 0.72 
202.67 35.07 34.91 0.44 34.91 0.44 35.32 0.71 
204.67 34.89 34.73 0.46 34.73 0.46 35.14 0.71 
206.67 34.72 34.56 0.46 34.56 0.46 34.96 0.71 
208.67 34.55 34.39 0.46 34.39 0.46 34.79 0.70 
210.67 34.38 34.22 0.46 34.22 0.46 34.62 0.70 
212.67 34.21 34.05 0.45 34.05 0.44 34.45 0.71 
214.67 34.04 33.89 0.43 33.89 0.43 34.28 0.72 



216.67 33.88 33.74 0.41 33.74 0.41 34.12 0.73 
218.67 33.72 33.59 0.39 33.59 0.39 33.97 0.73 
220.67 33.56 33.44 0.37 33.44 0.37 33.81 0.74 
222.67 33.41 33.29 0.34 33.29 0.34 33.66 0.76 
224.67 33.26 33.15 0.32 33.15 0.32 33.51 0.76 
226.67 33.11 33.01 0.29 33.01 0.29 33.37 0.77 
228.67 32.97 32.88 0.27 32.88 0.27 33.22 0.78 
230.67 32.83 32.75 0.25 32.75 0.25 33.09 0.79 
232.67 32.69 32.62 0.22 32.62 0.22 32.95 0.80 
234.67 32.55 32.49 0.19 32.49 0.19 32.82 0.81 
236.67 32.42 32.37 0.15 32.37 0.15 32.69 0.84 
238.67 32.21 32.25 0.11 32.25 0.11 32.56 1.09 
240.67 32.01 32.13 0.38 32.13 0.38 32.44 1.34 
242.67 32.38 32.01 1.12 32.01 1.12 32.31 0.19 
244.67 32.08 31 .90 0.56 31 .90 0.56 32.20 0.36 
246.67 31 .78 31.79 0.02 31 .79 0.02 32.08 0.94 
248.67 31 .66 31 .68 0.05 31 .68 0.05 31 .96 0.95 
250.67 31 .37 31.57 0.63 31 .57 0.63 31 .85 1.52 
252.67 31 .26 31 .47 0.68 31.47 0.68 31.74 1.55 
254.67 31 .14 31 .37 0.72 31 .37 0.72 31.64 1.58 
256.67 31.03 31 .27 0.77 31 .27 0.77 31 .53 1.61 
258.67 31 .11 31.17 0.18 31 .17 0.18 31.43 1.01 
260.67 31 .01 31 .07 0.21 31 .07 0.21 31 .33 1.02 
262.67 30.91 30.98 0.24 30.98 0.24 31 .23 1.04 
264.67 30.59 30.89 0.96 30.89 0.96 31 .13 1.75 
266.67 30.49 30.80 1.00 30.80 1.00 31 .04 1.78 
268.67 30.62 30.71 0.30 30.71 0.30 30.94 1.07 
270.67 30.30 30.62 1.05 30.62 1.05 30.85 1.81 
272.67 30.22 30.54 1.07 30.54 1.07 30.76 1.82 
274.67 30.13 30.46 1.09 30.46 1.09 30.68 1.82 
276.67 30.04 30.38 1.10 30.38 1.10 30.59 1.82 
278.67 30.20 30.30 0.33 30.30 0.33 30.51 1.03 
280.67 30.01 30.22 0.70 30.22 0.70 30.43 1.40 
282.67 29.91 30.14 0.77 30.14 0.77 30.35 1.45 
284.67 29.87 30.07 0.68 30.07 0.68 30.27 1.35 
285.00 29.84 30.10 0.85 30.10 0.85 30.10 0.85 
287.00 29.82 30.03 0.72 30.03 0.72 30.03 0.72 
289.00 29.69 29.97 0.97 29.97 0.97 29.97 0.97 
291 .00 29.62 29.91 0.98 29.91 0.98 29.91 0.98 
293.00 29.59 29.85 0.89 29.85 0.89 29.85 0.89 
295.00 29.57 29.79 0.74 29.79 0.74 29.79 0.74 
297.00 29.56 29.73 0.57 29.73 0.57 29.73 0.57 
299.00 29.56 29.67 0.38 29.67 0.38 29.67 0.38 
301 .00 29.55 29.61 0.20 29.61 0.20 29.61 0.20 
303.00 29.44 29.55 0.37 29.55 0.37 29.55 0.37 
305.00 29.39 29.50 0.36 29.50 0.36 29.50 0.36 
307.00 29.36 29.44 0.26 29.44 0.26 29.44 0.26 
309.00 29.35 29.39 0.12 29.39 0.12 29.39 0.12 
311 .00 29.34 29.33 0.02 29.33 0.02 29.33 0.02 
313.00 29.25 29.28 0.08 29.28 0.08 29.28 0.08 
315.00 29.21 29.22 0.04 29.22 0.04 29.22 0.04 
317.00 29.16 29.17 0.04 29.17 0.04 29.17 0.04 
319.00 29.12 29.12 0.00 29.12 0.00 29.12 0.00 
321.00 29.09 29.07 0.08 29.07 0.08 29.07 0.08 
323.00 29.04 29.02 0.08 29.02 0.08 29.02 0.08 
325.00 29.02 28.97 0.17 28.97 0.17 28.97 0.17 
327.00 28.97 28.92 0.15 28.92 0.15 28.92 0.15 
329.00 28.94 28.88 0.24 28.88 0.24 28.88 0.24 
331 .00 28.91 28.83 0.26 28.83 0.26 28.83 0.26 
333.00 28.87 28.78 0.29 28.78 0.29 28.78 0.29 335.00 28.85 28.74 0.37 28.74 0.37 28.74 0.37 337.00 28.80 28.69 0.35 28.69 0.35 28.69 0.35 339.00 28.77 28.65 0.43 28.65 0.43 28.65 0.43 341 .00 28.75 28.61 0.48 28.61 0.48 28.61 0.48 343.00 28.71 28.57 0.51 28.57 0.51 28.57 0.51 345.00 28.69 28.53 0.56 28.53 0.56 28.53 0.56 347.00 28.65 28.48 0.59 28.48 0.59 28.48 0.59 



349.00 28.64 28.44 0.67 28.44 0.67 28.44 0.67 

351.00 28.61 28.40 0.72 28.40 0.72 28.40 0.72 

353.00 28.58 28.37 0.74 28.37 0.74 28.37 0.74 

355.00 28.54 28.33 0.74 28.33 0.74 28.33 0.74 

357.00 28.49 28.29 0.72 28.29 0.72 28.29 0.72 

359.00 28.45 28.25 0.68 28.25 0.68 28.25 0.68 

361.00 28.41 28.22 0.69 28.22 0.69 28.22 0.69 

363.00 28.36 28.18 0.65 28.18 0.65 28.18 0.65 

365.00 28.31 28.14 0.60 28.14 0.60 28.14 0.60 

367.00 28.27 28.11 0.59 28.11 0.59 28.11 0.59 

369.00 28.23 28.07 0.54 28.07 0.54 28.07 0.54 

371 .00 28.18 28.04 0.49 28.04 0.49 28.04 0.49 

373.00 28.13 28.00 0.44 28.00 0.44 28.00 0.44 

375.00 28.07 27.97 0.35 27.97 0.35 27.97 0.35 

377.00 28.00 27.94 0.23 27.94 0.23 27.94 0.23 

379.00 27.95 27.90 0.17 27.90 0.17 27.90 0.17 

381 .00 27.87 27.87 0.02 27.87 0.02 27.87 0.02 
383.00 27.81 27.84 0.10 27.84 0.10 27.84 0.10 
385.00 27.74 27.80 0.22 27.80 0.22 27.80 0.22 
387.00 27.68 27.77 0.32 27.77 0.32 27.77 0.32 
389.00 27.62 27.74 0.44 27.74 0.44 27.74 0.44 
391 .00 27.55 27.71 0.56 27.71 0.56 27.71 0.56 
393.00 27.50 27.67 0.64 27.67 0.64 27.67 0.64 
395.00 27.42 27.64 0.79 27.64 0.79 27.64 0.79 
397.00 27.38 27.61 0.83 27.61 0.83 27.61 0.83 
399.00 27.32 27.58 0.92 27.58 0.92 27.58 0.92 
401.00 27.24 27.54 1.10 27.54 1.10 27.54 1.10 
~03 .00 27.20 27.51 1.14 27.51 1.14 27.51 1.14 
405.00 27.13 27.48 1.27 27.48 1.27 27.48 1.27 
407.00 27.06 27.45 1.42 27.45 1.42 27.45 1.42 
409.00 27.00 27.41 1.52 27.41 1.52 27.41 1.52 
411 .00 26.93 27.38 1.67 27.38 1.67 27.38 1.67 
413.00 26.88 27.35 1.75 27.35 1.75 27.35 1.75 
415.00 26.83 27.31 1.81 27.31 1.81 27.31 1.81 
~17.00 26.76 27.28 1.94 27.28 1.94 27.28 1.94 
419.00 26.72 27.25 1.96 27.25 1.96 27.25 1.96 
421 .00 26.67 27.21 2.02 27.21 2.02 27.21 2.02 
423.00 26.61 27.18 2.14 27.18 2.14 27.18 2.14 
425.00 26.57 27.14 2.16 27.14 2.16 27.14 2.16 
427.00 26.52 27.11 2.21 27.11 2.21 27.11 2.21 
429.00 26.47 27.07 2.27 27.07 2.27 27.07 2.27 
431 .00 26.41 27.03 2.34 27.03 2.34 27.03 2.34 
433.00 26.37 27.00 2.38 27.00 2.38 27.00 2.38 
435.00 26.33 26.96 2.41 26.96 2.41 26.96 2.41 
437.00 26.29 26.92 2.41 26.92 2.41 26.92 2.41 
439.00 26.23 26.88 2.48 26.88 2.48 26.88 2.48 
441 .00 26.21 26.84 2.42 26.84 2.42 26.84 2.42 
443.00 26.17 26.80 2.43 26.80 2.43 26.80 2.43 
445.00 26.13 26.76 2.41 26.76 2.41 26.76 2.41 
447.00 26.10 26.72 2.38 26.72 2.38 26.72 2.38 
449.00 26.07 26.68 2.33 26.68 2.33 26.68 2.33 
451.00 26.04 26.64 2.32 26.64 2.32 26.64 2.32 
453.00 26.01 26.60 2.26 26.60 2.26 26.60 2.26 
455.00 25.97 26.55 2.22 26.55 2.22 26.55 2.22 
457.00 25.95 26.51 2.16 26.51 2.16 26.51 2.16 
459.00 25.92 26.46 2.09 26.46 2.09 26.46 2.09 
461.00 25.90 26.42 2.00 26.42 2.00 26.42 2.00 
463.00 25.87 26.37 1.92 26.37 1.92 26.37 1.92 
465.00 25.85 26.32 1.80 26.32 1.80 26.32 1.80 
467.00 25.83 26.27 1.72 26.27 1.72 26.27 1.72 
469.00 25.82 26.22 1.54 26.22 1.54 26.22 1.54 
471.00 25.80 26.17 1.43 26.17 1.43 26.17 1.43 
473.00 25.79 26.12 1.27 26.12 1.27 26.12 1.27 
475.00 25.77 26.06 1.13 26.06 1.13 26.06 1.13 
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Illme\HOurSJ I A:-:lUUU\CXPJ IA=1000{Num) 1"10 t:.rror ~:.:~ UUU\NUm.nS) "10 t:.rror 

0.0000 25.2360 26.4001 4.6127 26.4001 4.6127 
1.0000 26.5835 26.457 0.4760 26.457 0.4760 
2.0000 26.6941 27.5505 3.2082 27.5505 3.2082 
3.0000 26.9697 28.606 6.0672 28.606 6.0672 
4.0000 27.4497 29.6243 7.9223 29.6243 7.9223 
5.0000 28.1506 30.606 8.7223 30.606 8.7223 
6.0000 29.0768 31 .5517 8.5116 31 .5517 8.5116 
7.0000 30.2380 32.4621 7.3553 32.4621 7.3553 
8.0000 32.5231 33.3378 2.5051 33.3378 2.5051 
9.0000 33.6767 34.1796 1.4933 34.1796 1.4933 
10.0000 34.6487 34.9879 0.9790 34.9879 0.9790 
11.0000 35.6207 35.7635 0.4010 35.7635 0.4010 
12.0000 36.6402 36.5071 0.3632 36.5071 0.3632 
13.0000 37.5874 37.2192 0.9795 37.2192 0.9795 
14.0000 38.4910 37.9005 1.5340 37.9005 1.5340 
15.0000 39.3351 38.5517 1.9915 38.5517 1.9915 
16.0000 40.1212 39.1734 2.3623 39.1734 2.3623 
17.0000 40.8521 39.7662 2.6581 39.7662 2.6581 
18.0000 41 .5320 40.3309 2.8920 40.3309 2.8920 
19.0000 42.1557 40.868 3.0547 40.868 3.0547 
20.0000 42.4447 41.3782 2.5126 41.3782 2.5126 
21 .0000 42.7336 41 .8622 2.0392 41.8622 2.0392 
22.0000 42.7298 42.3205 0.9579 42.3205 0.9579 
23.0000 43.1424 42.7539 0.9006 42.7539 0.9006 
24.0000 43.6254 43.163 1.0598 43.163 1.0598 
25.0000 43.5480 43.5484 0.0009 43.5484 0.0009 
26.0000 43.6870 43.9109 0.5126 43.9109 0.5126 
27.0000 43.8259 44.2509 0.9697 44.2509 0.9697 
28.0000 44.1565 44.5692 0.9345 44.5692 0.9345 
29.0000 44.4667 44.8665 0.8992 44.8665 0.8992 
30.0000 44.7568 45.1433 0.8635 45.1433 0.8635 
31.0000 45.0313 45.4003 0.8194 45.4003 0.8194 
32.0000 45.2880 45.6383 0.7736 45.6383 0.7736 
33.0000 45.5303 45.8577 0.71 90 45.8577 0.7190 
34.0000 45.7580 46.0593 0.6584 46.0593 0.6584 
35.0000 45.9721 46.2437 0.5909 46.2437 0.5909 
36.0000 46.1737 46.4116 0.5153 46.4116 0.5153 
37.0000 46.3625 46.5636 0.4338 46.5636 0.4338 
38.0000 46.5392 46.7003 0.3461 46.7003 0.3461 
39.0000 46.7056 46.8224 0.2501 46.8224 0.2501 
40.0000 46.8590 46.9306 0.1528 46.9306 0.1528 
41 .0000 47.0036 47.0255 0.0465 47.0255 0.0465 
42.0000 47.1366 47.1077 0.0612 47.1077 0.0612 
43.0000 47.2601 47.1779 0.1 738 47.1779 0.1738 
44.0000 47.3737 47.2368 0.2889 47.2368 0.2889 
45.0000 47.4770 47.2849 0.4047 47.2849 0.4047 
46.0000 47.5702 47.323 0.5196 47.323 0.5196 
46.3333 47.6006 47.3335 0.5612 47.2964 0.6391 
46.6667 47.7540 47.3431 0.8605 47.3064 0.9374 
48.6667 47.8762 47.3802 1.0360 47.3462 1.1070 
50.6667 47.9713 47.8928 0.1637 47.8928 0.1637 
52.6667 48.0411 47.9393 0.2120 47.9393 0.2120 
54.6667 48.0854 47.9691 0.2419 47.9691 0.2419 
56.6667 48.1096 47.983 0.2632 47.9830 0.2632 
58.6667 48.1124 47.9817 0.2716 47.9817 0.2716 
60.6667 48.0966 47.966 0.2715 47.9660 0.2715 
62.6667 48.0634 47.9365 0.2640 47.9365 0.2640 
64.6667 47.9365 47.8941 0.0884 47.8940 0.0886 
66.6667 47.9495 47.8393 0.2299 47.8393 0.2299 
68.6667 47.8712 47.7731 0.2049 47.7731 0.2049 
70.6667 47.7808 47.6961 0.1772 47.6961 0.1772 
72.6667 47.6817 47.609 0.1525 47.6090 0.1525 74.6667 47.5743 47.5126 0.1297 47.5126 0.1297 76.6667 47.4598 47.4076 0.1100 47.4076 0.1100 78.6667 47.3394 47.2948 0.0942 47.2948 0.0942 80.6667 47.2114 47.1749 0.0773 47.1749 0.0773 



82.6667 47.0754 47.0486 0.0570 47.0485 0.0572 
84.6667 46.9343 46.9166 0.0376 46.9166 0.0376 
86.6667 46.7890 46.7797 0.0198 46.7797 0.0198 
88.6667 46.6380 46.6387 0.0016 46.6387 0.0016 
90.6667 46.4796 46.4942 0.0314 46.4942 0.0314 

92.6667 46.3167 46.347 0.0655 46.3470 0.0655 
94.6667 46.1472 46.1978 0.1097 46.1978 0.1097 
96.6667 45.9740 46.0474 0.1596 46.0474 0.1596 
98.6667 45.7977 45.8965 0.2157 45.8965 0.2157 
100.6667 45.6204 45.7458 0.2749 45.7458 0.2749 
102.6667 45.4416 45.5961 0.3400 45.5961 0.3400 
104.6667 45.2601 45.4481 0.4153 45.2846 0.0541 
106.6667 45.0767 45.0877 0.0244 45.0877 0.0244 
108.6667 44.8886 44.8898 0.0026 44.8897 0.0024 
110.6667 44.6959 44.6908 0.011 4 44.6908 0.0114 
112.6667 44.4993 44.491 0.0187 44.4910 0.0187 
114.6667 44.3004 44.2904 0.0226 44.2903 0.0228 
116.6667 43.6950 44.0889 0.9015 44.0889 0.9015 
118.6667 43.6921 43.8868 0.4455 43.8867 0.4453 
120.6667 43.6893 43.6839 0.0124 43.6839 0.0124 
122.6667 43.4845 43.4804 0.0094 43.4804 0.0094 
124.6667 43.2795 43.2764 0.0071 43.2764 0.0071 
126.6667 43.0743 43.0718 0.0059 43.0718 0.0059 
128.6667 42.8698 42.8668 0.0069 42.8668 0.0069 
130.6667 42.6636 42.6614 0.0052 42.6614 0.0052 
132.6667 42.4548 42.4557 0.0022 42.4557 0.0022 
134.6667 42.2437 42.2496 0.0139 42.2496 0.0139 
136.6667 42.0321 42.0434 0.0268 42.0433 0.0266 
138.6667 41 .8227 41.8369 0.0339 41 .8369 0.0339 
140.6667 41.6119 41 .6303 0.0442 41 .6303 0.0442 
142.6667 41.4004 41.4237 0.0563 41.4236 0.0560 
144.6667 41.1897 41 .217 0.0663 41 .2170 0.0663 
146.6667 40.9798 41 .0104 0.0746 41.0104 0.0746 
148.6667 40.7707 40.8039 0.0815 40.8038 0.0813 
150.6667 40.5659 40.5975 0.0780 40.5974 0.0778 
152.6667 40.3618 40.3913 0.0731 40.3913 0.0731 
154.6667 40.1584 40.1854 0.0672 40.1854 0.0672 
156.6667 39.9541 39.9798 0.0644 39.9798 0.0644 
158.6667 39.7494 39.7746 0.0635 39.7745 0.0632 
160.6667 39.5471 39.5698 0.0574 39.5698 0.0574 
162.6667 39.3447 39.3655 0.0529 39.3654 0.0526 
164.6667 39.1421 39.1617 0.0501 39.1617 0.0501 
166.6667 38.9382 38.9585 0.0522 38.9585 0.0522 
168.6667 38.7380 38.756 0.0466 38.7560 0.0466 
170.6667 38.5395 38.5542 0.0381 38.5541 0.0379 
172.6667 38.3439 38.3531 0.0240 38.3531 0.0240 
174.6667 38.1492 38.1528 0.0095 37.9534 0.5132 
176.6667 37.9566 37.9534 0.0083 37.7549 0.5313 
178.6667 37.7647 37.755 0.0256 37.5575 0.5486 
180.6667 37.5731 37.5575 0.0416 37.3610 0.5646 
182.6667 37.3812 37.361 0.0539 37.1656 0.5766 
184.6667 37.1885 37.1657 0.0613 36.9714 0.5838 
186.6667 36.9969 36.9715 0.0685 36.7784 0.5905 
188.6667 36.8042 36.7784 0.0701 36.5866 0.5913 
190.6667 36.6131 36.5867 0.0721 36.3962 0.5924 
192.6667 36.4239 36.3962 0.0759 36.1164 0.8441 
194.6667 36.2363 36.2071 0.0805 35.9205 0.8714 
196.6667 36.0516 35.9205 0.3637 35.7282 0.8971 
198.6667 35.8711 35.7282 0.3985 35.5394 0.9248 
200.6667 35.6924 35.5395 0.4284 35.3541 0.9479 
202.6667 35.5162 35.3542 0.4562 35.1723 0.9683 
204.6667 35.3401 35.1723 0.4749 34.9938 0.9800 
206.6667 35.1661 34.9938 0.4900 34.8187 0.9879 
208.6667 34.9939 34.8187 0.5005 34.6469 0.9915 
210.6667 34.8231 34.6469 0.5061 34.4784 0.9899 
212.6667 34.6538 34.4784 0.5062 34.3131 0.9832 
214.6667 34.4860 34.3131 0.5012 34.1511 0.9710 



216.6667 34.3220 34.1511 0.4980 33.9922 0.9610 
218.6667 34.1617 33.9922 0.4962 33.8364 0.9523 
220.6667 34.0040 33.8364 0.4929 33.6837 0.9420 

222.6667 33.8480 33.6838 0.4851 33.5341 0.9273 
224.6667 33.6972 33.5341 0.4840 33.3875 0.9191 
226.6667 33.5498 33.3875 0.4838 33.2439 0.9118 
228.6667 33.4045 33.2439 0.4808 33.1032 0.9020 
230.6667 33.2626 33.1032 0.4792 32.9654 0.8935 
232.6667 33.1226 32.9654 0.4745 32.8305 0.8818 
234.6667 32.9829 32.8305 0.4619 32.6984 0.8624 
236.6667 32.8457 32.6984 0.4483 32.5691 0.8420 
238.6667 32.7089 32.5691 0.4274 32.4425 0.8145 
240.6667 32.5762 32.4425 0.4105 32.3186 0.7908 
242.6667 32.4459 32.3186 0.3924 32.1974 0.7660 
244.6667 32.3188 32.1974 0.3756 32.0789 0.7423 
246.6667 32.1949 32.0789 0.3602 31 .9629 0.7205 
248.6667 32.0737 31.9629 0.3454 31 .8495 0.6989 
250.6667 31 .9546 31 .8495 0.3288 31 .7386 0.6758 
252.6667 31 .8393 31 .7386 0.3162 31.6301 0.6570 
254.6667 31 .7239 31 .6301 0.2957 31 .5241 0.6298 
256.6667 31 .6120 31 .5241 0.2781 31.4205 0.6058 
258.6667 31 .5009 31.4206 0.2549 31.3193 0.5765 
260.6667 31 .3923 31.3193 0.2326 31 .2204 0.5476 
262.6667 31.2859 31 .2204 0.2094 31 .1238 0.5182 
264.6667 31 .1820 31 .1238 0.1867 31 .0294 0.4895 
266.6667 31 .0814 31.0294 0.1674 30.9372 0.4640 
268.6667 30.9836 30.9372 0.1497 30.8472 0.4402 
270.6667 30.8887 30.8472 0.1343 30.7594 0.4185 
272.6667 30.7969 30.7594 0.1216 30.6736 0.4002 
274.6667 30.7091 30.6736 0.1155 30.5899 0.3881 
276.6667 30.6241 30.5899 0.11 15 30.5082 0.3783 
278.6667 30.5396 30.5082 0.1027 30.4284 0.3640 
280.6667 30.4559 30.4284 0.0901 30.3506 0.3456 
282.6667 30.3730 30.3507 0.0735 30.2748 0.3233 
284.6667 30.2908 30.2748 0.0529 30.1948 0.3170 
285.0000 30.2209 30.2623 0.1370 30.2623 0.1370 
287.0000 30.1820 30.1886 0.0218 30.1886 0.0218 
289.0000 30.1432 30.1167 0.0877 30.1167 0.0877 
291 .0000 30.1043 30.0466 0.1916 30.0466 0.1916 
293.0000 30.0654 29.9782 0.2900 29.9782 0.2900 
295.0000 30.0265 29.9115 0.3830 29.9115 0.3830 
297.0000 29.9876 29.8465 0.4706 29.8465 0.4706 
299.0000 29.9488 29.7831 0.5531 29.7831 0.5531 
301.0000 29.9099 29.7213 0.6305 29.7213 0.6305 
303.0000 29.8710 29.6610 0.7030 29.6610 0.7030 
305.0000 29.8321 29.6023 0.7703 29.6023 0.7703 
307.0000 29.7932 29.5450 0.8332 29.5450 0.8332 
309.0000 29.7544 29.4892 0.891 1 29.4892 0.8911 
311 .0000 29.7155 29.4348 0.9445 29.4348 0.9445 
313.0000 29.6766 29.3817 0.9937 29.3817 0.9937 
315.0000 29.6377 29.3299 1.0386 29.3299 1.0386 
317.0000 29.5988 29.2794 1.0792 29.2794 1.0792 
319.0000 29.5600 29.2302 1.1155 29.2302 1.1155 
321 .0000 29.5211 29.1821 1.1482 29.1821 1.1482 
323.0000 29.4822 29.1353 1.1766 29.1353 1.1766 
325.0000 29.4433 29.0895 1.2017 29.0895 1.2017 
327.0000 29.4044 29.0448 1.2230 29.0448 1.2230 
329.0000 29.3656 29.0012 1.2407 29.0012 1.2407 
331.0000 29.3267 28.9586 1.2551 28.9586 1.2551 
333.0000 29.2878 28.9170 1.2660 28.9170 1.2660 
335.0000 29.2489 28.8763 1.2739 28.8763 1.2739 
337.0000 29.2100 28.8365 1.2788 28.8365 1.2788 
339.0000 29.1712 28.7976 1.2805 28.7976 1.2805 
341.0000 29.1323 28.7594 1.2799 28.7594 1.2799 
343.0000 29.0934 28.7221 1.2762 28.7221 1.2762 
345.0000 29.0545 28.6855 1.2701 28.6855 1.2701 
347.0000 29.0156 28.6496 1.261 5 28.6496 1.2615 



349.0000 28.9768 28.6144 1.2505 28.6144 1.2505 
351.0000 28.9379 28.5798 1.2374 28.5798 1.2374 
353.0000 28.8990 28.5458 1.2222 28.5458 1.2222 
355.0000 28.8601 28.5123 1.2052 28.5123 1.2052 
357.0000 28.8212 28.4794 1.1860 28.4794 1.1860 
359.0000 28.7824 28.4469 1.1655 28.4469 1.1655 
361 .0000 28.7435 28.4148 1.1435 28.4148 1.1435 
363.0000 28.7046 28.3832 1.1196 28.3832 1.1196 
365.0000 28.6657 28.3519 1.0947 28.3519 1.0947 
367.0000 28.6268 28.3209 1.0687 28.3209 1.0687 
369.0000 28.5880 28.2903 1.0412 28.2903 1.0412 
371 .0000 28.5491 28.2598 1.0132 28.2598 1.0132 
373.0000 28.5102 28.2296 0.9842 28.2296 0.9842 
375.0000 28.4713 28.1995 0.9547 28.1995 0.9547 
377.0000 28.4324 28.1696 0.9244 28.1696 0.9244 
379.0000 28.3936 28.1397 0.8940 28.1397 0.8940 
381 .0000 28.3547 28.1099 0.8632 28.1099 0.8632 
383.0000 28.3158 28.0801 0.8324 28.0801 0.8324 
385.0000 28.2769 28.0503 0.801 4 28.0503 0.8014 
387.0000 28.2380 28.0204 0.7707 28.0204 0.7707 
389.0000 28.1992 27.9904 0.7403 27.9904 0.7403 
391 .0000 28.1603 27.9603 0.7101 27.9603 0.7101 
393.0000 28.1214 27.9300 0.6806 27.9300 0.6806 
395.0000 28.0825 27.8995 0.6517 27.8995 0.6517 
397.0000 28.0436 27.8687 0.6238 27.8687 0.6238 
399.0000 28.0048 27.8377 0.5965 27.8377 0.5965 
401 .0000 27.9659 27.8063 0.5706 27.8063 0.5706 
403.0000 27.9270 27.7745 0.5460 27.7745 0.5460 
405.0000 27.8881 27.7423 0.5228 27.7423 0.5228 
407.0000 27.8492 27.7097 0.5010 27.7097 0.5010 
409.0000 27.8104 27.6766 0.4809 27.6766 0.4809 
~11.0000 27.7715 27.6429 0.4630 27.6429 0.4630 
~13.0000 27.7326 27.6087 0.4467 27.6087 0.4467 
415.0000 27.6937 27.5739 0.4326 27.5739 0.4326 
417.0000 27.6548 27.5385 0.4206 27.5385 0.4206 
419.0000 27.6160 27.5023 0.4115 27.5023 0.4115 
421 .0000 27.5771 27.4655 0.4046 27.4655 0.4046 
423.0000 27.5382 27.4279 0.4005 27.4279 0.4005 
425.0000 27.4993 27.3895 0.3993 27.3895 0.3993 
427.0000 27.4604 27.3503 0.4010 27.3503 0.4010 
429.0000 27.4216 27.3102 0.4061 27.3102 0.4061 
431.0000 27.3827 27.2692 0.41 44 27.2692 0.4144 
433.0000 27.3438 27.2272 0.4264 27.2272 0.4264 
435.0000 27.3049 27.1843 0.4417 27.1843 0.4417 
437.0000 27.2660 27.1403 0.4611 27.1403 0.4611 
439.0000 27.2272 27.0953 0.4843 27.0953 0.4843 
441 .0000 27.1883 27.0492 0.5115 27.0492 0.5115 
443.0000 27.1494 27.0019 0.5433 27.0019 0.5433 
445.0000 27.1105 26.9535 0.5791 26.9535 0.5791 
447.0000 27.0716 26.9039 0.6196 26.9039 0.6196 
449.0000 27.0328 26.8529 0.6653 26.8529 0.6653 
451 .0000 26.9939 26.8007 0.7156 26.8007 0.7156 
453.0000 26.9550 26.7472 0.7709 26.7472 0.7709 
455.0000 26.9161 26.6923 0.8315 26.6923 0.8315 
457.0000 26.8772 26.6360 0.8975 26.6360 0.8975 
459.0000 26.8384 26.5782 0.9693 26.5782 0.9693 
461 .0000 26.7995 26.5190 1.0466 26.5190 1.0466 
463.0000 26.7606 26.4582 1.1300 26.4582 1.1300 
465.0000 26.7217 26.3959 1.2193 26.3959 1.2193 
467.0000 26.6828 26.3320 1.3148 26.3320 1.3148 
469.0000 26.6440 26.2664 1.4170 26.2664 1.4170 
471 .0000 26.6051 26.1992 1.5255 26.1992 1.5255 
473.0000 26.5662 26.1302 1.641 1 26.1302 1.6411 
475.0000 26.5273 26.0595 1.7635 26.0595 1.7635 
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Appendix C - Fortran Program 

APPENDIX C - FORTRAN PROGRAM 

0.1 The Main Program. 

PROGRAM HEAT BEAM 
IMPLICIT REAL *4(A-H,O-Z) 
INTEGER*l NTYP 
INTEGER*2 NWRITE 
CHARACTER*80 TITLE 
CHARACTER*12 FNAME 
PARAMETER (MXELN=200,MXNODES=201 ,MXROW=400,MXCOL=5) 

C This program solves the time dependent diffusion and transport equations 
C in 1-D spatial dimension by the Green Element Method. 
C The computational domain is discretized by piece-wise linear elements. 

COMMON IAJ H(MXROW,MXCOL) 
DIMENSION X(MXNODES),CHI(MXNODES),CHIO(MXNODES),CHN(MXNODES) 
DIMENSION CHNO(MXNODES),RHS(MXROW),NTYP(2),OLDDSDT(MXNODES) 
DIMENSION SIZE(MXELN),RECH(MXNODES) 
DIMENSION TDIV(5), TLEVEL(5),NWRITE(5),NSP(1 0) 

C MXBAND = Half bandwidth of the set of discrete equations 
C NGLOBE = Total number of nodes in the computational domain 
C NCOL = 2*MXBAND+ 1 MXROW >= NGLOBE; 
CHis the coefficient matrix 
C X is a row vector of the x-coordinate of the nodes 
C CHI is a row vector of the dependent variable at the nodes 
C CHN is a row vector of the derivative of the dependent variable in the flow 
C direction. 
C CHIO is a row vector of the dependent variable at the nodes at initial 
C time 
C CHNO is a row vector of the derivative of the dependent variable in the flow 
C direction at the initial time. 
C OLDDSDT is a row vector of the temporal derivative at each node at initial 
C time 
C RHS is the right-hand side of the matrix equation 

C **************** Format Statements HH*H***H*H*H**HHHH 

1000 FORMAT(/~ 
2000 FORMATe ...... NUMBER OF NODES =',13~ 
2055 FORMATe ...... DIFFERENCE SCHEME =',F5.~ 
2150 FORMATe ...... NATURE OF BOUNDARY CONDS. (STEADY=O; UNSTEADY=l) =' 

1 ,13/,7X,'INITIAL TIME =',F9.4,'; TIME LIMIT =',F9.4~ 
2450 FORMAT(5X,13,4X,F10.2,6X,F12.4) 
4300 FORMAT(5X,'NODE',7X,'X-COOD.',8X,'PRIMARY VAR.') 
2800 FORMAT(/, ..... TIME ..... =',F9.4) 
3111 FORMAT(/' ..... STEADY STATE SOLUTIONS .... .') 
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PIE = 4.0*ATAN(1.0) 
WRITE(*,'(A)')' Supply input file name: ' 
READ(*,'(A)') FNAME 
OPEN(5,FILE=FNAME,STATUS='OLD') 
WRITE(*,'(A)')' Supply output file name: ' 
READ(*,'(A)') FNAME 
OPEN(6,FILE=FNAME,STATUS='UNKNOWN') 

READ (5,'(A),) TITLE 
WRITE (6,'(A)')TITLE 
READ (5,*) KEY1 ,KEY2 

T1=12.6669 
T2=15.3253 
T3=267.7307 
T4=50.6667 
T5= 104.6667 
T6=194.6667 
T7=475 

C DIFF = Diffusivity of the flow medium 
READ(5,*) DIFF 

C VELX = Uniform velocity in the x-direction 
READ(5, *) VELX 

c velxO = velx 

C DECAY = Rate of first-order decay 
READ(5, *) DECAY 

C INAT = 1 if it is a time-dependent problem; = 0 if it is steady 
READ(5,*) INAT 
IF(INAT .EO. 1) THEN 

C NSUB = Number of divisions of the time dimension; TIME = Initial time; 
C ICOND = 1 if the boundary data change with time; = 0 if boundary data are 
C steady 

READ(5,*) NSUB,TIME,ICOND 

C NWRITE is the number of time steps to skip before solution is printed 
C TDIV is the time step of each time subdivision 
C TLEVEL if the time limit of each time subdivision 

READ(5,*) (NWRITE(I),TDIV(I),TLEVEL(I),1=1 ,NSUB) 
TLiMIT = TLEVEL(NSUB) 

C ISCHEME = 2 for the 2-level time scheme; = 3 for the 3-level time scheme 
READ(5, *) ISCHEME 

C THETA = Finite difference time weighing factor; it takes any value 
C between 0.0 and 1.0 for the 2-level scheme and between 1.0 and 2.0 for 
C the 3-level scheme. 
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READ(5,*) THETA 
IF(ISCHEME .EO. 2) THEN 

TSCALE = 1.0 
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ELSE IF(ISCHEME .EO. 3) THEN 
TSCALE = THETA 
THETA = 1.0 

END IF 
ELSE IF(INAT .EO. 0) THEN 

NSTEP = 1 
NSUB = 1 
THETA = 1.0 
NWRITE(1) = 1 

END IF 
TMINUS = 1.-THETA 

C NSEG = Number of segments into which the 1-0 spatial dimension is divided 
READ(5,*) NSEG 
IBEG = 1 

C X is the x-coordinate of the beginning node of the segment 
C NSP = Number of additional nodes generated excluding the end nodes 

READ (5,*) X(1),NSP(1) 
XA=X(1) 
DO 1=1,NSEG 

IPANELS=NSP(I)+ 1 
lEND = IPANELS+IBEG 
M = 1+1 
READ (5,*) X(IEND),NSP(M) 
XB = X(IEND) 

C GENERATE EXTRA BOUNDARY NODES BETWEEN END NODES 
IF (NSP(I) .GT. 0) THEN 

DXO = (XB-XA)/REAL(IPANELS) 
KB = IBEG+ 1 
KN = IEND-1 
DO K=KB,KN 

X(K) = X(K-1 )+DXO 
END DO 

END IF 
XA=XB 
IBEG = lEND 

END DO 
C NGLOBE = total number of nodes 

NGLOBE = lEND 
IF(NGLOBE .GT. MXROW) THEN 

WRITE(*,'(A,13)')' **** Error - Too many nodes ****',NGLOBE 
STOP 

END IF 
WRITE (6,2000) NGLOBE 
IF(INAT .EO. 1) WRITE(6,2150) ICOND,TIME,TLlMIT 

C NELEM = Number of Elements 
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NELEM = NGLOBE-1 
MXBAND=2 
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C MXBAND = Half bandwidth of the coefficient matrix 
C NCOL = Bandwidth of coefficient matrix 

NCOL = 2*MXBAND+ 1 
C Input Boundary Data 
C CALL DATA(CHI,NTYP,MXNODES,CHN,NGLOBE) 

IF(INAT .EO. 1) THEN 
C Initialize the solution at initial time 

DO 1=1,NGLOBE 
CHIO(I) = 0.0 
CHNO(I) = 0.0 

END DO 
C NFINIT = 1 if initial data are input at each node, or are given by a 
C functional relationship; = 0 if the data at initial time are uniform. 

READ(5,*) NFINIT 
C Input data at the initial time 

CALL INITRAN(NFINIT,CHIO,CHNO,NGLOBE,MXNODES) 
c do i=1 ,nglobe 
c chiO(i) = exp(-(x(i)-0.)**2/(2'*0.1 **2)) 
c chnO(i) = -(x(i)-0.0)/(0.1 **2)*chiO(i) 
c end do 

IF(NTYP(1) .EO. 1) THEN 
CHI(1) = CHI0(1) 
CHNO(1) = CHN(1) 

ELSE 
CHI0(1) = CHI(1) 
CHN(1) = CHNO(1) 

END IF 
IF(NTYP(2) .EO. 1) THEN 

CHI(NGLOBE) = CHIO(NGLOBE) 
CHNO(NGLOBE) = CHN(NGLOBE) 

ELSE 
CHIO(NGLOBE) = CHI(NGLOBE) 
CHN(NGLOBE) = CHNO(NGLOBE) 

END IF 
OLDDSDT(1) = 0.0 
OLDDSDT(NGLOBE) = 0.0 
DO 1=2,NELEM 

OLDDSDT(I) = 0.0 
CHI (I) = CHIO(I) 
CHN(I) = CHNO(I) 

END DO 
END IF 

C Input recharge data 
C NRECH = 1 if the recharge data are input at each node, or given by a 
C functional relationship.; = 0 if the recharge data are uniform. 

READ(5,*) NRECH 
CALL RECHARGE(NRECH,RECH,MXNODES,NGLOBE) 

C Integrations on the elements 
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CALL INTG(SIZE,NELEM,X,MXNODES,MXELN) 
XMAX = SIZE(1) 
DO M=2,NELEM 

IF(SIZE(M) .GT. XMAX) XMAX = SIZE(M) 
END DO 

IF (KEY1 .EO. 1) THEN 
IF(INAT .EO. 1) WRITE(6,20SS) THETA*TSCALE 

C Nodal data information 
WRITE(6,4300) 
DO SOO 1=1 ,NGLOBE 

WRITE(6,24S0)I,X(I),CHI(I) 
SOO CONTINUE 

ENDIF 

NEND = 2*NELEM 
DO 1=1,NSUB 

MT= 1 
IF(INAT .EO. 1) THEN 

DEL T = TDIV(I) 
NSTEP = (TLEVEL(I)-TIME)/DELT +O.S 
WEIGHT = TSCALE 
TSCALE = 1.0 

END IF 
DO J=1 ,NSTEP 

IF(INAT .EO. 1) THEN 
IF(J .EO. 2) TSCALE = WEIGHT 
TIME = TIME+DEL T 

c velx = 4.*sin(4.*pie*time) 
END IF 

C The boundary conditions are time dependent 

C The recharge function is time dependent and uses three functions 
IF(TIME .LE. T1) THEN 
CALL RECHARGET1 (RECH,TIME,MXNODES,NGLOBE) 
END IF 

IF(TIME .GT.T1.AND.TIME.LE.T2) THEN 
CALL RECHARGET2(RECH,TIME,MXNODES,NGLOBE) 
END IF 

IF(TIME .GT.T2.AND.TIME.LE.T3) THEN 
CALL RECHARGET3(RECH, TIME,MXNODES,NGLOBE) 
END IF 
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C The boundary conditions are time dependent and divided into four analytical equations 

IF(TIME .LE. T4) THEN 
CALL DATA4(CHI,NTYP ,MXNODES,CHN,NGLOBE,TIME) 
END IF 

IF(TIME .GT.T4.AND.TIME.LE.TS) THEN 
CALL DATAS(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
END IF 

IF(TIME .GT.TS.AND.TIME.LE.T6) THEN 
CALL DATA6(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 

END IF 

IF(TIME .GT.T6.AND.TIME.LE.T7) THEN 
CALL DATA7(CHI,NTYP ,MXNODES,CHN,NGLOBE,TIME) 

END IF 

C ASSMBL does the matrix assembly 
C RIGHT computes the right hand side of the matrix equation 
C SOLVE decomposes and solves for the nodal unknowns 
C SORT assigns the computed solution to the proper node. 

DO L=1,NEND 
RHS(L) = 0.0 
DO K=1,NCOL 

H(L,K) = 0.0 
END DO 

END DO 
CALL ASSMBL(H,NTYP,THETA,TSCALE,DEL T,NELEM,MXROW,MXCOL, 

1 MXELN,INAT,MXBAND,DIFF,VELX,NEND,SIZE,DECAY, 
2 XMAX) 

CALL RIGHT(RHS,NTYP,THETA,TSCALE,DEL T,MXNODES,CHI,CHIO, 
1 CHN,CHNO,OLDDSDT,NELEM,MXROW,MXELN,INAT, 
2 TMINUS,DIFF, VELX,NGLOBE,NEND,SIZE,DECAY, RECH, 
3 XMAX) 

IF(KEY2 .EO. 1 .AND. J .EO. 1) THEN 
WRITE(*,'(//A)')' H & RHS matrices' 
DO L=1,NEND 

WRITE(* ,'(13,1 X,S(1 X,F11 .3),2X,F12.4),) 
L,(H(L,K),K=1,NCOL),RHS(L) 

END DO 
END IF 
KKK=O 
CALL SOLVE (KKK,H,RHS,NEND,MXBAND,MXROW,MXCOL) 
CALL SORT(CHI,CHN,RHS,NELEM,MXROW,MXNODES,NTYP, 

NGLOBE,NEND) 
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IF(J/NWRITE(I) .EO. MT) THEN 
MT = MT+1 
IF(INAT .EO. 1) THEN 

WRITE (6,2800) TIME 
ELSE 

WRITE(6,3111 ) 
END IF 

C Output of solutions 
write(6,2) 
do 1=1 ,nglobe 

write(6,1) l,x(I),chi(I),chn(l) 
c write(6,1) x(I),chi(l) 

end do 
END IF 

1 format(3x,i4,3x,f12.3,3x,f12.4,4x,f12.4) 
c 1 format(1 x,f8.3,2x,e14.8) 
2 format(1x,'Node NO.',5x,'Location',5x,' Primary ',7x,'Flux', 

1 129x,' Variable') 

C Update data at initial time level 
c velxO = velx 

IF(INAT .EO. 1) THEN 
DO L=1 ,NGLOBE 

OLDDSDT(L) = TSCALEIDEL T*(CHI(L)-CHIO(L))+ 
(1.0-TSCALE)*OLDDSDT(L) 

CHIO(L) = CHI(L) 
CHNO(L) = CHN(L) 

END DO 
END IF 

END DO 
END DO 
END 

SUBROUTINE DATA4(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,0-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1) =0.000087*(TIME**3)-0.0137*(TIME**2)+O.6793*TIME+25.454 

END IF 
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C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 
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CHI(NGLOBE)=0.0001 079*(TIME**3)-0.0196*(TIME**2)+ 1.1515 
* *TIME+25.325 

END IF 
RETURN 
END 

SUBROUTINE DATA5(CHI,NTYP,MXNODES,CHN,NGLOBE, TIME) 
IMPLICIT REAL *4(A-H,O-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1) =0.0000044*(TIME**3)-0.0013*(TIME**2)+0.OB7 4*TIME+34.267 

END IF 

C READ(5, *) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI(NGLOBE) =0.0000153*(TIME**3)-0.0045*(TIME**2)+0.3657 
* *TIME+3B.926 

END IF 
RETURN 
END 

SUBROUTINE DATA6(CHI,NTYP,MXNODES,CHN,NGLOBE, TIME) 
IMPLICIT REAL *4(A-H,O-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP(1)=2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
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CHI(1 )=0.000001 *(TIME**3)-0.00047*(TIME**2)+0.01S1 *TIME+36.437 

END IF 

C READ(S,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI (NG LOBE)=0.0000011S*(TI ME**3)-0.000494 * (TIME**2)-0.0326 
* *TIME+52.79 

END IF 
RETURN 
END 

SUBROUTINE DATA7(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,0-Z) 
INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP(1)=2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1 )=0.00000005*(TIME**3)-0.00006*(TIME**2)+0.006*TIME+29.398 

END IF 

C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CH I (NG LOBE)=-O. 0000008* (TI M E**3 )+0.000916* (TI M E**2 )-0 .3645* 
*TIME+78.262 

END IF 
RETURN 
END 

SUBROUTINE INITRAN(NFINIT,CHIO,CHNO,NGLOBE,MXROW) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION CHIO(MXROW),CHNO(MXROW) 
IF(NFINIT .EO. 0) THEN 

READ(5, *) POT 
DO 100 1=1,NGLOBE 

CHIO(I) = POT 
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100 CONTINUE 
ELSE IF(NFINIT .EO. 1) THEN 

READ(S,*) (CHI0(1),1=1 ,NGLOBE) 
END IF 

C NNODES = No. of external of nodes at which initial flux values should 
C be specified 

READ(S,*) NNODES 
IF(NNODES .GE. 1) THEN 

C Specify node number, and initial flux value the NNODES 
DO 1=1,NNODES 

C J = Node number; U = flux Value 

c 

READ(S,*) J,U 
CHNO(J) = U 

END DO 
END IF 
RETURN 
END 

SUBROUTINE RECHARGE(NRECH,RECH,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
IF(NRECH .EO. 0) THEN 

READ(S,*) RAIN 
DO 1=1,NGLOBE 

RECH(I) = RAIN 
END DO 

ELSE IF(NRECH .EO. 1) THEN 
READ(S,*) (RECH(I),1=1 ,NGLOBE) 

c do i=1 ,nglobe 
c rech(i) = x(i)*O.S 
c end do 

END IF 
RETURN 
END 

SUBROUTINE RECHARGET1 (RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
DO 1=1,NGLOBE 
RECH(I)=(0.0003*(TIME**S)-0.01 06*(TIME**4)+0.121S*(TIME**3) 
*-0.617S*(TIME**2)+ 1.471S*TIME-1 .0806)/242SS00 

END DO 
RETURN 

END 

SUBROUTINE RECHARGET2(RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
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DO 1=1,NGLOBE 
RECH(I) =(-0.0862*(TIME**5)+5.7354*(TIME**4)-151 .84*(TIME**3) 
* + 1998*(TIME**2)-13061 *TIME+33920)/2425500 

END DO 
RETURN 

END 

SUBROUTINE RECHARGET3(RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
DO 1=1 ,NGLOBE 
RECH(I)=(-0.000000000003*(TIME**5)+0.000000003*(TIME**4)-0.000001 
**(TIME**3)+0.0003*(TIME**2)-0.0316*TIME+ 1.7307)/2425500 

END DO 
RETURN 

END 

SUBROUTINE INTG(SIZE,NELEM,X,MXNODES,MXELN) 
IMPLICIT REAL *4(A-H,0-Z) 
DIMENSION SIZE(MXELN),X(MXNODES) 

DO M=1,NELEM 
DELX = X(M+ 1)-X(M) 
SIZE(M) = DELX 

C Boundary integrations for the diffusion term (Evaluate limits) 
c RLN(M,1,1) = 1.0 
c RLN(M,1 ,2) = -(1.0+DELX) 
c RLN(M,2,2) = -RLN(M, 1,1) 
c RLN(M,2,1) = -RLN(M,1 ,2) 

C Performing line integration to account for the temporal term 
c W(M,1, 1) = DELX*(DELX+3.0)/6.0 
c W(M,1 ,2) = DELX*(2.0*DELX+3.0)/6.0 
c W(M,2,2) = W(M,1,1) 
c W(M,2,1) = W(M,1 ,2) 

C Accounting for the advective term 
c WX(M,1, 1) = -(2.+DELX)/2. 
c WX(M,1 ,2) = (2.+DELX)/2. 
c WX(M,2,1) = -WX(M,1 ,2) 
c WX(M,2,2) = -WX(M,1, 1) 

END DO 
RETURN 
END 
SUBROUTINE ASSMBL(H,NTYP,THETA, TSCALE,DEL T,NELEM,MXROW,MXCOL, 
1 MXELN, INAT,MXBAND,DIFF, VELX,NEND,SIZE,DECAY, 
2 XMAX) 
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IMPLICIT REAL *4(A-H,0-Z) 
INTEGER*1 NTYP 
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DIMENSION NTYP(2),SIZE(MXELN),H(MXROW,MXCOL) 

NENM = NEND-1 
DO M=1 ,NELEM 

DO L=1,2 
1= 2*(M-1)+L 
J = MXBAND-L 
DO K=1,2 

J = J+1 
R = ABS(REAL(L-K)) 
RN = (-1.)**(L+K-1) 
RLN = (-1.)**(K+ 1 )*(XMAX+R*SIZE(M)) 
WT = SIZE(M)/6'*(3.*XMAX+SIZE(M)*(1 .+R)) 
H(I,J) = (DIFF*RN+DECAY*WT)*THETA 
IF(INAT .EO. 1) H(I,J) = H(I,J)+ TSCALEIDELT*WT 
J = J+1 
H(I,J) = (DIFF*RLN+VELX*WT)*THETA 

END DO 
END DO 

END DO 
IF(NTYP(1) .EO. 1) THEN 

H(1 ,MXBAND+ 1) = H(1 ,MXBAND) 
H(2,MXBAND) = H(2,MXBAND-1) 

END IF 
IF(NTYP(2) .EO. 2) THEN 

H(NEND,MXBAND+ 1) = H(NEND,MXBAND+2) 
H(NENM,MXBAND+2) = H(NENM,MXBAND+3) 

END IF 
H(1 ,MXBAND) = 0.0 
H(2,MXBAND-1) = 0.0 
H(NENM,MXBAND+3) = 0.0 
H(NEND,MXBAND+2) = 0.0 
RETURN 
END 

SUBROUTINE RIGHT(RHS,NTYP,THETA,TSCALE,DELT,MXNODES,CHI,CHIO, 
1 CHN,CHNO,OLDDSDT,NELEM,MXROW,MXELN,INAT, 
2 TMINUS,DIFF,VELX,NGLOBE,NEND,SIZE,DECAY,RECH, 
3 XMAX) 
IMPLICIT REAL *4(A-H,0-Z) 
INTEGER *1 NTYP 
DIMENSION SIZE(MXELN),NTYP(2) 
DIMENSION CHI(MXNODES),CHIO(MXNODES),RHS(MXROW),RECH(MXNODES) 
DIMENSION CHN(MXNODES),CHNO(MXNODES),OLDDSDT(MXNODES) 

NENM = NEND-1 
IF(NTYP(1) .EO. 2) THEN 

DO L=1 ,2 
R = ABS(REAL(L-1)) 
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RN=(-1.)**L 
WT = SIZE(1 )/6'*(3.*XMAX+SIZE(1 )*(1.+R)) 
RHS(L) = -(DIFF*RN+DECAY*WT)*CHI(1 )*THETA 
IF(INAT .EO. 1) THEN 

RHS(L) = RHS(L)-TSCALE/DEL T*WT*CHI(1) 
END IF 

END DO 
ELSE IF(NTYP(1) .EO. 1) THEN 

DO L=1,2 
R = ABS(REAL(L-1)) 
RLN = XMAX+R*SIZE(1) 
WT = SIZE(1 )/6'*(3.*XMAX+SIZE(1 )*(1.+R)) 
RHS(L) = -(DIFF*RLN+VELX*WT)*CHN(1 )*THETA 

END DO 
END IF 
IF(NTYP(2) .EO. 2) THEN 

DO L=1,2 
1= NENM+L-1 
R = ABS(REAL(L-2)) 
RN = (-1.)**(L+1) 
WT = SIZE(NELEM)/6'*(3. *XMAX+SIZE(NELEM)*(1.+R)) 
RHS(I) = -(DIFF*RN+DECAY*WT)*CHI(NGLOBE)*THETA 
IF(INAT .EO. 1) THEN 

RHS(I) = RHS(I)-TSCALE/DEL T*WT*CHI(NGLOBE) 
END IF 

END DO 
ELSE IF(NTYP(2) .EO. 1) THEN 

DO L=1,2 
1= NENM+L-1 
R = ABS(REAL(L-2)) 
WT = SIZE(NELEM)/6.*(3.*XMAX+SIZE(NELEM)*(1.+R)) 
RLN = -(XMAX+R*SIZE(NELEM)) 
RHS(I) = -(DIFF*RLN+VELX*WT)*CHN(NGLOBE)*THETA 

END DO 
END IF 
DO M = 1,NELEM 

DO L=1,2 
I = 2*(M-1 )+L 
DO K=1,2 

J = M+K-1 
R = ABS(REAL(L-K)) 
WT = SIZE(M)/6.*(3.*XMAX+SIZE(M)*(1.+R)) 
RHS(I) = RHS(I)-WT*RECH(J) 
IF(INAT .EO. 1) THEN 

RN = (-1.)**(L+K-1) 
RLN = (-1.)**(K+1)*(XMAX+R*SIZE(M)) 
DSDT = TSCALEIDEL T*CHIO(J)-(1.0-TSCALE)*OLDDSDT(J) 
RHS(I) = RHS(I)-((DIFF*RN+DECAY*WT)*CHIO(J)+ 
(DIFF*RLN+VELX*WT)*CHNO(J))*TMINUS+WT*DSDT 

ENDIF 
END DO 
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END DO 
END DO 
RETURN 
END 
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SUBROUTINE SORT(CHI,CHN,RHS,NELEM,MXROW,MXNODES,NTYP, 
1 NGLOBE,NEND) 
IMPLICIT REAL *4(A-H,0-Z) 
INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),RHS(MXROW),NTYP(2) 

IF(NTYP(1) .EO. 1) THEN 
CHI(1) = RHS(1) 

ELSE 
CHN(1) = RHS(1) 

END IF 
IF(NTYP(2) .EO. 1) THEN 

CHI(NGLOBE) = RHS(NEND) 
ELSE 

CHN(NGLOBE) = RHS(NEND) 
END IF 
DO M=2,NELEM 

1=2*(M-1) 
CHI(M) = RHS(I) 
CHN(M) = RHS(I+ 1) 

END DO 
RETURN 
END 
SUBROUTINE SOLVE(KKK,C,R,NNP,IHALFB,MAXNP,MAXBW) 

C Subroutine SOLVE 
C Purpose:-
C (1) Decompose the coefficient matrix 
C (2) Modify the right hand side of the equations 

IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION C(MAXNP,MAXBW),R(MAXNP) 

C KKK = 0; Decompose and back-substitute, KKK = 2 Back-substitute only 
IHBP = IHALFB+1 

C Decompose matrix C by banded Gaussian elimination for Non-symmetric 
C matrix. 

IF(KKK .EO. 2) GO TO 50 
NU=NNP-IHALFB 
DO 20 NI=1 ,NU 

IF(ABS(C(NI,IHBP)) .L T. 1.E-30) THEN 
WRITE(6,'(/A,IA,F9.4,A,13),)' The matrix is singular', 

Pivot element =',C(NI,IHBP),' Row =',NI 
STOP 

END IF 
Numerical and Experimental Study of Transient Heat Transfer Through Concrete 
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PIVOTI=1.0/C(NI,IHBP) 
NJ=NI+1 
IB=IHBP 
NK = NI+IHALFB 
NK=NI+IHALFB 
DO 10 NL=NJ,NK 

IB=IB-1 
A=-C(NL,IB)*PIVOTI 
C(NL,IB)=A 
JB=IB+1 
KB=IB+IHALFB 
LB=IHBP-IB 
DO 55 MB=JB,KB 

Appendix C - Fortran Program 

NB=LB+MB 
C(NL,MB)=C(NL,MB)+A*C(NI,NB) 

55 CONTINUE 
10 CONTINUE 
20 CONTINUE 

NR=NU+1 
NU=NNP-1 
NK=NNP 
DO 40 NI=NR,NU 

IF(ABS(C(NI,IHBP)) .L T. 1.E-30) THEN 
WRITE(*,'(/A,/A,F9.4,A,13)')' The matrix is singular', 

Pivot element =',C(NI,IHBP),' Row =',NI 
STOP 

END IF 
PIVOTI=1 .0/(C(NI,IHBP)) 
NJ=NI+1 
IB=IHBP 
DO 30 NL=NJ,NK 

IB=IB-1 
A=-C(NL,IB)*PIVOTI 
C(NL,IB)=A 
JB=IB+ 1 
KB=I B+I HALFB 
LB=IHBP-IB 
DO 65 MB=JB,KB 

NB=LB+MB 
C(NL,MB)=C(NL,MB)+A *C(NI,NB) 

65 CONTINUE 
30 CONTINUE 
40 CONTINUE 

IF(KKK-1) 50,44,50 
44 RETURN 

C .. ... UPDATE RIGHT-HAND SIDE VECTOR, R 

50 NU=NNP+1 
IBAND=2*IHALFB+ 1 
DO 70 NI=2,IHBP 
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IB=IHBP-Nlt 1 
NJ=1 
SUM=O.O 
DO 60 JB=IB,IHALFB 

SUM=SUMtC(NI,JB)*R(NJ) 
NJ=NJt1 

60 CONTINUE 
R(NI)=R(NI)tSUM 

70 CONTINUE 
IB=1 
NL=IHBPt1 
DO 90 NI=NL,NNP 

NJ=NI-IHBPt 1 
SUM=O.O 
DO 80 JB=IB,IHALFB 

SUM=SUMtC(NI,JB)*R(NJ) 
NJ=NJt 1 

80 CONTINUE 
R(NI)=R(NI)tSUM 

90 CONTINUE 

C .. ... BACK SOLVE 

R(NNP)=R(NNP)/C(NNP,IHBP) 
DO 110 IB=2,IHBP 

NI=NU-IB 
NJ=NI 
MB=IHALFBtIB 
SUM=O.O 
DO 100 JB=NL,MB 

NJ=NJt1 
SUM=SUMtC(NI,JB)*R(NJ) 

100 CONTINUE 
R(NI)=(R(NI)-SUM)/C(NI,IHBP) 

110 CONTINUE 
MB=IBAND 
DO 130 IB=NL,NNP 

NI=NU-IB 
NJ=NI 
SUM=O.O 
DO 120 JB=NL,MB 

NJ=NJt1 
SUM=SUMtC(NI,JB)*R(NJ) 

120 CONTINUE 
R(NI)=(R(NI)-SUM)/C(NI,IHBP) 

130 CONTINUE 
RETURN 
END 
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0.2 Alteration to the Main Program. 

This appendix deals with the Alteration that have been made to the main program as they appear 

in D.1. The alterations are given in the following sections. 

0.2.1 Alteration to the program to account for the time dependent boundary conditions and 
splitting of the curves 

T4=SO.6667 
TS=104.6667 
T6=194.6667 
T7=47S 

T4, TS, T6 AND T7, are times at which subroutines are called when ever program reaches a time 
domain at which that particular subroutine operate under. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
The boundary conditions are time dependent and divided into four analytical equations 

IF(TIME .LE. T4) THEN 
CALL DAT A4(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
END IF 

IF(TIME .GT.T4.AND.TIME.LE.TS) THEN 
CALL DATAS(CHI,NTYP ,MXNODES,CHN,NGLOBE,TIME) 
END IF 

IF(TIME .GT.TS.AND.TIME.LE.T6) THEN 
CALL DATA6(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 

END IF 

IF(TIME .GT.T6.AND.TIME.LE.T7) THEN 
CALL DATA7(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 

ENDIF 

The statements above assist in identifying the subroutine that is required by the program during 
particular time limits where that subroutine is operational. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
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SUBROUTINE DATA4(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,O-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1) =0.000087*(TIME**3)-0.0137*(TIME**2)+0.6793*TIME+25.454 

END IF 

C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI(NGLOBE)=0.0001 079*(TIME**3)-0.0196*(TIME**2)+ 1.1515 
* *TIME+25.325 

END IF 
RETURN 
END 

SUBROUTINE DATA5(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,O-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1) =0.0000044 *(TIME**3)-0.0013*(TIME**2)+0.087 4*TIME+34.267 

END IF 

C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI(NGLOBE) =0.0000153*(TI ME**3)-0.0045* (TIM E**2)+0.3657 
* *TIME+38.926 
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END IF 
RETURN 
END 

Appendix C - Fortran Program 

SUBROUTINE DATA6(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,O-Z) 

INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1 )=0.000001 *(TIME**3)-0.00047*(TIME**2)+0.0151 *TIME+36.437 

END IF 

C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI(NGLOBE)=0.00000115*(TIME**3)-0.000494*(TIME**2)-0.0326 
* *TIME+52.79 

END IF 
RETURN 
END 

SUBROUTINE DATA7(CHI,NTYP,MXNODES,CHN,NGLOBE,TIME) 
IMPLICIT REAL *4(A-H,O-Z) 
INTEGER *1 NTYP 
DIMENSION CHI(MXNODES),CHN(MXNODES),NTYP(2) 

NTYP (1) = 2 
NTYP (2) = 2 
TMP = 0.0 

IF(NTYP(1) .EO. 1) THEN 
CHN(1) = TMP 

ELSE IF(NTYP(1) .EO. 2) THEN 
CHI(1 )=0.00000005*(TIME**3)-0.00006*(TIME**2)+0.006*TIME+29.398 

END IF 
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C READ(5,*) NTYP(2),TMP 
IF(NTYP(2) .EO. 1) THEN 

CHN(NGLOBE) = TMP 
ELSE IF(NTYP(2) .EO. 2) THEN 

CHI(NGLOBE)=-O.0000008*(TIME**3)+O.000916*(TIME**2)-O.3645* 
*TIME+78.262 

END IF 
RETURN 
END 

The subroutines above that describe the time depended boundary conditions and operate at 
particular times indicated above. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
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0.2.2 Alteration to the program to account for the time dependent recharge function and splitting 
of the heat rate curve. 

T1=12.6669 
T2=15.3253 
T3=267.7307 

T1, T2, AND T3, are times at which subroutines are called when ever program reaches a time 
domain at which that particular subroutine operate under. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

c The recharge function is time dependent and uses three functions 
IF(TIME .LE. T1) THEN 
CALL RECHARGET1 (RECH,TIME,MXNODES,NGLOBE) 
END IF 

IF(TIME .GT.T1.AND.TIME.LE.T2) THEN 
CALL RECHARGET2(RECH,TIME,MXNODES,NGLOBE) 
END IF 

IF(TIME .GT.T2.AND.TIME.LE.T3) THEN 
CALL RECHARGET3(RECH,TIME,MXNODES,NGLOBE) 
END IF 

The statements above assist in identifying the subroutine that is required by the program during 
particular time limits where that subroutine is operational. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

SUBROUTINE RECHARGET1 (RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
DO 1=1,NGLOBE 
RECH(I)=(0.0003*(TIME**5)-0.01 06*(TIME**4 )+0.1215*(TIME**3) 
*-0.6175*(TIME**2)+ 1.4715*TIME-1.0806)/2425500 

END DO 
RETURN 

END 
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SUBROUTINE RECHARGET2(RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
DO 1=1,NGLOBE 
RECH(I) =(-0.0862*(TIME**5)+5.7354*(TIME**4)-151.84*(TIME**3) 
* + 1998*(TIME**2)-13061 *TIME+33920)/2425500 

END DO 
RETURN 

END 

SUBROUTINE RECHARGET3(RECH,TIME,MXROW,NGLOBE) 
IMPLICIT REAL*4 (A-H,O-Z) 
DIMENSION RECH(MXROW) 
DO 1=1,NGLOBE 
RECH(I)=(-0.000000000003*(TIME**5)+0.000000003*(TIME**4)-0.000001 
**(TIME**3)+0.0003*(TIME**2)-0.0316*TIME+ 1.7307)/2425500 

END DO 
RETURN 

END 

The subroutines above describe the time depended recharge functions and operate at particular 
times indicated above. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
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0.3 Input Data Files. 

0.3.1 Input Data File For Time Between 0 and 46 hours. 

1-0. Diffusion-advection problem 
00 
0.004303 
0.0 
0.0 
1 
150 
11 60 
3 
1.25 
3 
0.0 0 
0.1 0 
0.252 
1.0 0 
o 
26.0609 
o 
o 
o 

Key1, Key2 
DIFF 
VELX 
DECAY 
Inat 
nsub, time, icond 
nwrite, tdiv, tlevel 
TIME SCHEME 
THETA 
NSEG 
X(1), NSP(1) 
X(IEND), NSP(M) 
X(1), NSP(1) 
X(IEND), NSP(M) 
NFINIT 
POT 
NNODES 
NRECH 
RECH 

0.3.2 Input Data File For Time Between 46.6667 and 284.6667 hours. 

1-0. Diffusion-advection problem 
00 
0.004303 
0.0 
0.0 
1 
146.66671 
1 2284.6667 
3 
1.25 
3 
0.0 0 
0.1 0 
0.252 
1.0 0 
o 
26.0609 
o 
o 
o 

Key1 , Key2 
DIFF 
VELX 
DECAY 
Inat 
nsub, time, icond 
nwrite, tdiv, tlevel 
TIME SCHEME 
THETA 
NSEG 
X(1), NSP(1) 
X(IEND), NSP(M) 
X(1), NSP(1) 
X(IEND), NSP(M) 
NFINIT 
POT 
NNODES 
NRECH 
RECH 
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0.3.3 Input Data File For Time Between 285 and 475 hours. 

1-D. Diffusion-advection problem 
00 
0.004303 
0.0 
0.0 
1 
1 2851 
12475 
3 
1.25 
3 
0.0 0 
0.1 0 
0.252 
1.0 0 
o 
26.0609 
o 
o 
o 

Key1, Key2 
DIFF 
VELX 
DECAY 
Inat 
nsub, time, icond 
nwrite, tdiv, tlevel 
TIME SCHEME 
THETA 
NSEG 
X(1), NSP(1) 
X(IEND), NSP(M) 
X(1), NSP(1) 
X(IEND), NSP(M) 
NFINIT 
POT 
NNODES 
NRECH 
RECH 
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0.4 Output File 

The out file for temperature have been converted to Excel Spreadsheet and are found on appendix 
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Linear Equations Examples 

Part 1 : Linear equation without a source term 

In Section 1 Part 1 we developed a Green Element model that we shall use in this 

chapter to solve linear problems through a homogeneous domain. 

Our first example is a 1-D Poisson equation with no recharge. The example is given by 

d 2¢ 
-=0' 
dx 2 ' 

¢(x = 0) = 0 and ¢(x = 1) = 1 

The exact solution to the problem is given by 

¢ = x, and 

Solution 

d¢ 
-=qJ=1 
dx 

We shall discretize the computational domain over which the differential equation is 

valid into 4 equal elements, so that the spatial element size is uniform, that is 

f = f = 0.25 . As shown below 

Elementl 

o 
x=O 

o 
x=0.25 

Element2 

o 
x=0.5 

Element3 

o 
x=0.75 

Element4 

o 
x =1 

Green Element equation for this problem is obtained from eq. (1.24) in Section 1 and 

restated below 

M 
~ R (,e) Ell ~e) + L (e) rn (e) + F(e) = 0 
LJ IJ 'f'J IJ't'J I 

i, j = 1,2 
e=l 

Since there is no recharge, F/e
) = 0 and the third term of the above equation 

becomes O. 

Eight equations are required to solve eight unknowns. 



Step 1: Calculate the values of the coefficients, Ri)e) and L~;) 

According to equations (1.25) and (1.26), repectively. 

R (,e) =[-1 1] 
Ij 1-1 

and [
1 -2] L (e) = 0.25 

I) 2 -1 

Step 2: Fornulate elementary equations 

Element 1: 

Element 2: 

(1 ) 

x-a 
¢. =0 

rp. 

R •• ¢. + R.2¢2 + L •• ({J. + L.2({J2 = 0 

¢2 + 0.25rp. - 0.5rp2 = 0 

R2.¢. + R22 ¢2 + L2.¢. + L22 ¢2 = 0 

- ¢2 + 0.5rp . - 0.25rp2 = 0 

(2) 

R I1 ¢2 + R12¢3 + L •• ({J2 + L.2({J3 = 0 

- ¢2 + ¢3 + 0.25rp2 - 0.5rp3 = 0 



Element 3: 

Element 4: 

(3) 

(4) 

- ¢4 + 1 + 0.25qJ4 - 0.5qJ5 = 0 

- ¢J4 + O.2Sip4 - O.Sips = -1 

X= 0.75 

¢4 

qJ4 

R21 ¢J4 + R22¢J5 + ~lrp4 + ~2rp5 = 0 

¢4 -1 + O.5qJ4 - O.25qJs = 0 

¢J4 + O.5rp4 - O.25rp5 = 1 



Step 3: Assemble qlobal matrix from the equations obtained in Step 2 and solve. 

1 0.25 -0.5 0 0 0 0 0 ¢2 0 

-1 0.5 -0.25 0 0 0 0 0 rp, 0 

-1 0 0.25 1 -0.5 0 0 0 rp2 0 

1 0 0.5 -1 -0.25 0 0 0 ¢3 0 
= 

0 0 0 -1 0.25 1 -0.5 0 rp3 0 

0 0 0 1 0.5 -1 -0.25 0 ¢4 0 

0 0 0 0 0 -1 0.25 -0.5 rp4 -1 

0 0 0 0 0 1 0.5 -0.25 rps 1 

Step 4: Tabulate the results obtained from Step 3 and compare against exact solution 

and Gem solutions obtained by using a domain that is discretized into 4 elements. 

Solution Exact Solution GEM Solution 

Of ¢ at x=0.25 0.25 0.25 

x=0.5 0.5 0.5 

x=0.75 0.75 0.75 

Of rp at x=O 1 1 

X=0.25 
1 1 

X=0.5 
1 1 

x=0.75 1 1 

X=1 1 1 



Part 2 : Linear equation with a Distributed Source Term 

Our second example is a 1-D Poisson equation with a distributed source, and is 

obtained from The Green Element Method text book by A.E.Taigbenu, Exercise 2.4(b) 

and is given by the following equation 

d 2 ¢J 
-+1=0· 
dx 2 ' 

¢J(x = 0) = 1 and ¢J(I) = 0 

The exact solution to the above problem is given by 

X x2 

¢J=I----
2 2 

and 
d¢J 1 
-=---x 
dx 2 

Solution 

We shall discretize the computational domain over which the differential equation is 

valid into 4 equal elements, so that the spatial element size is uniform, that is 

f = f = 0.25 . Green Element equation for this problem is obtained from eq. (1.24) in 

Section 1 and restated below 

M 

'" R (.e) ,1, (e) + L (e) m (e) + F.(e) = 0 
L.J I] or] I] 't'] I i, j = 1,2 
e= l 

Eight equations are required to solve eight unknowns. 

Step 1: Calculate the values of the coefficients, R (.e) and L(~) 
I] -- I] 

According to equations (1 .25) and (1.26), repectively 

RJ" =[ ~1 ~1] and L~' =H~ =~] 
and F/e

) in accordance with eqs. (1.31) and (1.32) for distributed source/sink 

F (e) =_r 2 
f(x) x-x(e) + f dx 1 x(e) ( -J 

I K Jxfe) I 

F (e) =_r 2 
f(x) x(e)-x + f 1 x«) ( -r 

2 K Jxf<) 2 



Noting that K=1 and f(x)=-1, we can now compute the values of F1 and F2 for each 

element. 

Substituting the values of x1 and x2 for each element into the above equations yield the 

following results 

F, (l ) - F(I) - F, (2) - F(2) - F, (3) - F (3) - F, (4) - F (4) - -0 0938 
1- 2 -1 - 2 -1- 2 - 1 - 2 -' 

Step 2: Fornulate element equations 

Element 1: 

-1 + ¢2 + 0.25CPI - 0 .5CP2 - 0.0938 = 0 

¢J2 + 0.25<PI - 0.5<p2 = 1.0938 

R21 ¢1 + R22¢2 + ~I¢I + ~2¢2 + F2 = 0 

1- (A + 0.5<PI - 0.25<P2 - 0.0938 = 0 

- ¢J2 + 0.5<PI - 0.25<P2 = -0.9062 

Element 2: 



Element 3: 

Rt /P3 + R12¢J4 + LJP3 + ~2({J4 + F; = 0 

- ¢3 + ¢4 + 0.25qJ3 - 0.5qJ4 = 0.0938 

Element 4: 

Rll¢J4 + Rt2¢J5 + ~t({J4 + ~2({J5 + F; = 0 

- ¢4 + 0 + 0.25qJ4 - 0.5qJ5 - 0.0938 = 0 

- ¢J4 + 0.25({J4 - 0.5({J5 = 0.0938 

¢4 - 0 + 0.5qJ4 - 0.25qJ5 - 0.0938 = 0 

¢J4 + 0.5({J4 - 0.25({J3 = 0.0938 

Step 3: Assemble global matrix from the equations obtained in Step 2 and solve. 

1 0.25 -0.5 0 0 0 0 0 ¢J2 1.0938 

-1 0.5 -0.25 0 0 0 0 0 ({Jt -0.9062 

-1 0 0.25 1 -0.5 0 0 0 ({J2 0.0938 

1 0 0.5 -1 -0.25 0 0 0 ¢J3 0.0938 
= 

0 0 0 -1 0.25 1 -0.5 0 ({J3 0.0938 

0 0 0 1 0.5 -1 -0.25 0 ¢J4 0.0938 

0 0 0 0 0 -1 0.25 -0.5 ({J4 0.0938 

0 0 0 0 0 1 0.5 -0.25 ({J5 0.0938 



Step 4: Tabulate the results obtained from Step 3 and compare against exact solution 

and Gem solutions obtained by using a domain that is discretized into 3 elements. 

Solution Exact Solution GEM Solution 

Of ¢ at x=0.25 0.8438 0.8438 

x=0.5 0.625 0.6251 

x=0.75 0.3438 0.3438 

Of rp at x=O -0.5 -0.4997 

X=0.25 
-0.75 -0.7499 

X=0.5 
-1 -1 

x=0.75 -1.25 -1.251 

X=1 
-1.5 -1.5003 



Part 3 : Linear equation with a Distributed Source Term 

Our second example is a 1-0 Poisson equation with a distributed source, and is obtained 

from The Green Element Method text book by A.E.Taigbenu , Exercise 2.4(c) and is given 

by the following equation 

d 2¢J 
-= (x2 -1)' 
dx 2 ' 

¢J(x = 0) = 0 and ¢J(I) = 0 

The exact solution to the above problem is given by 

¢J = 0.0833x4 -0.5x2 +04167x rp = 0.3333x3 - X + 04167 

Solution 

We shall discretize the computational domain over which the differential equation is valid 

into 4 equal elements, so that the spatial element size is uniform, that is f. = f. = 0.25 . 

Green Element equation for this problem is obtained from eq. (1.24) in Section 1 and 

restated below 

M 
~ R~e) ,1, (e) + L(~)m (e) + F(e) = 0 
L.J I) or) I) 't' ) I 

i, j = 1,2 
e=1 

Eight equations are required to solve eight unknowns. 

Step 1: Calculate the values of the coefficients, R (e) and L(e) 
I) -- I) 

According to equations (1.25) and (1.26), repectively 

R,\') ~ [~1 ~1] and L\;' ~H~ =~] 
and F/e

) in accordance with eqs. (1 .31) and (1 .32) for distributed source/sink 

F (e) =~JX\') f(X)(x-x (e) + flAy 
I K X~') I r 

F (e) =_f 2 f(x) x(e)-x+f. dx 1 xl,) ( -) 

2 K x~,) 2 

Noting that K=1 and f(x)=-1, we can now compute the values of F and F for each 
1 2 

element. 



Substituting the values of x, and x2 for each element into the above equations yield the 

following results 

F;(l) = -0.0915 

F; (3) = -0.0549 

F
2
(l ) = -0.0921 

F? =-0.0584 

Step 2: Fornulate element equations 

Element 1: 

F;(2) = -0.0791 

F; (4) = -0.0193 

0+ ¢2 + 0.25qJl - 0.5qJ2 - 0.09915 = 0 

(A + 0.25<1'1 - 0.5<1'2 = 0.0915 

R21¢1 + R22¢2 + Ll.l¢1 + ~2¢2 + F2 = 0 

0- ¢2 + 0.5<1'1 - 0.25<1'2 - 0.0938 = 0 

- ¢2 + 0.5<1'1 - 0.25<1'2 = -0.9062 

Element 2: 

Element 3: 

R11¢3 + R12¢4 + ~ 1<1'3 + ~2<1'4 + F; = 0 

- ¢3 + ¢4 + 0.25qJ3 - 0.5qJ4 = 0.0549 

R21¢3 + R22¢4 + ~1<1'3 + ~2<1'4 + F2 = 0 

¢3 - ¢4 + 0.5qJ3 - 0.25qJ4 = 0.0584 

F
2
(2) = -0.0811 

F
2
(4) = -0.0238 



Element 4: 

R,/A + R,iPs + ~/P4 + ~iP5 + F; = 0 

- ¢4 + 0 + 0.25tp4 - 0.5tp5 - 0.0193 = 0 

- ¢J4 + 0.25IP4 - 0.5IP5 = 0.0193 

R2,¢J4 + R22¢J5 + L2IIP4 + ~2IP5 + F2 = 0 

¢4 - 0 + 0.5tp4 - 0.25tp5 - 0.0238 = 0 

¢J4 + 0.5IP4 - 0.25IP5 = 0.0238 

Step 3: Assemble qlobal matrix from the equations obtained in Step 2 and solve. 

1 0.25 -0.5 0 0 0 0 0 ¢J2 0.0915 

-1 0.5 -0.25 0 0 0 0 0 IP, 0.0921 

-1 0 0.25 1 -0.5 0 0 0 IP2 0.0791 

1 0 0.5 -1 -0.25 0 0 0 ¢J3 0.0811 
= 

0 0 0 -1 0.25 1 -0.5 0 IP3 0.0549 

0 0 0 1 0.5 -1 -0.25 0 ¢J4 0.0584 

0 0 0 0 0 -1 0.25 -0.5 qJ4 0.0193 

0 0 0 0 0 1 0.5 -0.25 qJ5 0.0238 

Step 4: Tabulate the results obtained from Step 3 and compare against exact solution 

and Gem solutions obtained by using a domain that is discretized into 3 elements. 

Solution Exact Solution GEM Solution 

Of ¢ at x=0.25 0.0732 0.0733 

x=0.5 0.0886 0.0866 

x=0.75 0.0576 0.0576 

Of tp at x=O 0.4167 0.4168 

X=0.25 0.1719 0.1 720 

X=0.5 -0.416 -0.416 

x=0.75 -01927 -0.1927 

X=1 -0.2500 -0.2502 



Part 4 : Linear equation with a Concentrated Source Term 

We shall solve a 1-D Poisson equation with a concentrated source given by the 

following relationship 

tPex = 0) = 0 and tPex = 1) = 0 

Exact Solution 

The above problem is similar to a case of a simply supported beam which is 

subjected to a point load with magnitude of 1 acting at position 0.5. (Le. 

d2~ can be considered as a loading equation, where dtP is the shear force at 
dx dx 

any point x and ¢ is the bending moment at any point x). (Please note that load 

acting downwards will be assigned a positive sign and bending above the 

neutral axis will be considered to be positive) 

x= 0.0 0.25 0.50 0.75 1.0 

Moments at A=O: Rb = 1 xO.6 = 0.6 upwards 

Sum of vertical Forces=O: Ra= 1-0.6 = 0.4 upwards 

From the simple mechanics theories with can determine the Bending Moment 

(¢) and Shear Force (cp) at points x=O, 0.25, 0.5, 0.75 and 1.0. 



¢(x = 0) = ¢(x = 1) = 0 

¢(x = 0.25) = -0.4 * 0.25 = -0.1 

¢(x = 0.5) = -0.4 * 0.5+ = -0.2 

¢(x = 0.75) = -0.6 * 0.25 = -0.15 

rp(x = 0) = rp(x = 0.25)rp = (x = 0.5) = -0.4 

rp(x = 0.75) = rp(x = 1) = 1- 0.4 = 0.6 

GEM Solution 

We shall discretize the computational domain over which the differential 

equation is valid into 4 equal elements, so that the spatial element size is 

uniform, that is f = f = 0.25. 

Node Number 1 2 3 4 5 
Element Number • (1) • (2) • (3) • (4) • 
x= 0.0 0.25 0.50 0.75 1.0 

¢= ¢l =0 ¢2 ¢3 ¢4 ¢s = 0 

rp rpl rp2 rp3 rp4 rps 

Green Element equation for this problem is obtained from eq. (1.24) in Chapter 

1 and restated below 

M 

~ R (.e) rII (e) + L (e) m (e) + F (e) = 0 
L.J IJ 'PJ IJ 'r J I i, j = 1,2 
e=l 

Eight equations are reqiured as there is eight unknowns. 

Step 1: Calculate the values of the coefficients, R (e) and L (e) , according to 
IJ IJ 

equations (1.25) and (1.26), repectively 

R;,) ~[~l ~1] and LV) ~H~ =~] 



and F/e
) in accordance with eqs. (1 .33) and (1.34) for point source/sink 

N(e) 

F (e) =~ ~Q . ( x . _ x(e) +f) ( Kf:t J J ( 

Noting that K=1, we can now compute the values of F1 and F2 for each element. 

F( (I) = F2(1 ) = F( (2) = F?) = 0 

F (3) = 1(0.6 -0.5 + 0.25)= 0.35 

F?) = F
2
(4) = 0 

and 

Step 2: Formulate element equations 

Element 1: 

F
2
(3) = 1(0.75 - 0.6 + 0.25)= 0.4 

R2(¢( + R22 ¢2 + L2(¢( + L22 ¢2 + F2 = 0 

¢J2 + 0.5qJ( - 0.25qJ2 = 0 

Element 2: 

Element 3: 



Element 4: 

Step 3: Assemble global matrix from the equations obtained in Step 2 and solve. 

1 0.25 -0.5 0 0 0 0 0 ¢J2 0 

-1 0.5 -0.25 0 0 0 0 0 ({Jl 0 

-1 0 0.25 1 -0.5 0 0 0 ({J2 0 

1 0 0.5 -1 -0.25 0 0 0 ¢J3 0 
= 0 0 0 -1 0.25 1 - 0.5 0 ({J3 -0.35 

0 0 0 1 0.5 -1 - 0.25 0 ¢J4 -0.4 

0 0 0 0 0 -1 0.25 -0.5 ({J4 0 

0 0 0 0 0 1 0.5 -0.25 ({Js 0 

Step 4: Tabulate the results obtained from Step 3 and compare against exact solution 

and Gem solutions obtained by using a domain that is discretized into 4 elements. 

Solution Exact Solution GEM Solution 

Of ¢ at x=0.25 -0.1 -0.1 

x=0.5 -0.2 -0.2 

x=0.75 -0.15 -0.15 

Of rp at x=O -0.4 -0.4 

X=0.25 -0.4 -0.4 

X=0.5 -0.4 -0.4 

x=0.75 0.6 0.6 

X=1 0.6 0.6 



Applications of Green Element to a Linear Heterogeneous 

Problems 

The heterogeneous problem to be solved is one which is governed the following 

expression 

~[Kd¢]=O' 
dx dx ' 

¢(x = 0) = 0 ¢(x = 1) = 1 

where K =l+x 

Exact Solution 

The exact solution to the governing equation is given below 

¢(x) = In(l + x) 
In2 

1 
rp(x) = (1 + x)ln2 

Green Element Solution 

We shall discretize the domain into 4 equal elements so that f = f = 0.25 as shown 

below: 

Node Number 1 2 3 4 5 
Element Number • (1) • (2) • (3) • (4) • 
x= 0.0 0.25 0.50 0.75 1.0 

¢= ¢t =0 ¢2 ¢3 ¢4 ¢s = 1 
_ (I) _ (2) _ (3) 

GESNH-1 (cp) 
K rpi t

) K rpi2) K rp?) 
CPt _ (2) _ (3) _ (4) CPs 

=K rpt(2) =K rp?) =K rpt(4) 

GESNH-2 & 3 (cp ) CPt CP 2 CP3 CP4 CPs 



Part 1 : First Green Element Model (GESHN-1) 

The system of discrete element equations is given by eq. (2.13) and restated 
below 

R (,e) AI (e) + L~~)m (e) +~F(e) =0; 
IJ 'f'J IJ 't' J - I i,j =1,2 e = 1,2,3,4 

K 

Since there is no recharge, F/e
) = Oand thus the 3rd of the equation becomes 0 

Step 1: Calculate the values of the coefficients, R j}e) and L~;) , according to 

equations (1.25) and (1.26), repectively. 

R,\') ~[~1 ~1] and Ll;' ~H~ =~] 

Step 2: To account for the heterogeneous nature of the problem, we must 

compute K for each element, note that K = 1 + x, 

At 

x=O; K=1+0=1 

_ (I) 
1 + 1.25 X=O.25 K = 1 + 0.25 = 1.25 K = = 1.125 

2 

_ (2) 
1.25 + 1.5 X=O.5 K = 1 + 0.5 = 1.5 K = = 1.375 

2 

_ (3) 
1.5 + 1.75 X=O.75 K = 1 + 0.75 = 1.75 K = = 1.625 

2 

_ (4) 
1.75 + 2 X=1.0 K=1+1=2 K = = 1.875 

2 

For shared nodes Compatibility requires that: 

thus 
_ (I) _ (2) 

K f/J~ = K f/J,2 

hence 
_ (2) _ (I ) 

f/J~ = K / K f/J,2 = 1.222f/J,2 = f/J2 

Similarly: 

f/J; = f/J,3 = CfJ3 



thus 
_ (2) _ (3) 

K f/Ji = K f/J? 

hence 
_ (3) _ (2) 

f/Ji = K / K f/J13 
= 1. 182f/J13 

= f/J3 

and 

f/J{ = f/J14 = ({J4 

thus 
_ (3) _ (4) 

K f/J{ =K f/J14 

hence 
_ (4) _ (3) 

f/J{ = K / K f/Jt = 1. 154f/J14 
= f/J4 

Step 3: Formulate element equations 

Element 1: 

( 

- (2) J 
R" ¢, + R,,¢, + L" '1', + L" ~ '" '1', = 0 

0+ ¢2 + O.25qJl - O.5(1.222)qJ2 = 0 

¢2 + O.25qJl - O.61qJ2 = 0 

( 

- (2) J 
R,,¢, + R,,¢, + L,,¢, + L" ; u' ¢, = 0 

- f/J 2 + O.5({J1 - 0.25 (1.222 )({J2 = 0 

Element 2: 

( 

- (3) J 
R,,¢, + R,,¢, + L" qJ, + L" ; (3' '1', = 0 



Element 3: 

Element 4: 

- ¢4 + 1 + 0.25qJ4 - 0.5qJ5 = a 
- ¢4 + 0.25<1'4 - 0.5<1'5 = -1 

¢4 -1 + 0.5qJ4 - 0.25qJ5 = a 
¢4 + 0.5<1'4 - 0.25<1'5 = 1 

Step 4: Assemble global matrix from the equations obtained in Step 3 and 

solve. 

1 0.25 -0.61 a a a a a ¢2 a 
-1 0.5 -0.305 a a a a a <1'1 a 
-1 a 0.25 1 -0.591 a a a <1'2 a 
1 a 0.5 -1 -0.296 a a a ¢3 a 

= a a a -1 0.25 1 -0.577 a <1'3 a 
a a a 1 0.5 -1 -0.289 a ¢4 a 
a a a a a - 1 0.25 -0.5 <1'4 -1 

a a a a a 1 0.5 -0.25 <1'5 1 



Part 2 : First Green Element Model (GESHN-2) 

The system of discrete element equations is given by eq. (2.33) and restated 

below 

i, j, n = 1,2 

Since there is no recharge, F/e
) = 0 and thus the 3rd of the equation becomes 0 

Step 1: Calculate the values of the coefficients 

(e) = [-1 1] R.. 
'J 1-1 

6 n == In K = In(1 + x) 

x=O 

Oil) = In(1 + 0) = 0 

and 

oil) = In(1 + 0.25) = 0.22314 

x =0.25 

O?) = In(1 + 0.25) = 0.22314 

O?) = In(1 + 0.5) = 0.40547 

x =0.75 

01(3) = In(I + 0.5) = 0.40547 

02) = In(1 + 0.75) = 0.55962 

x=I 

01(4) = In(1 + 0.75) = 0.55962 

Oi4
) = In(1 + 1) = 0.69315 

[1 -2] L(e) = 0.25 
IJ 2-1 

Vi~;> are calculated according to eq (2.37) 

v.(e) = .!.[-I -1.25] 
InJ 6 1 1.25 

v(e) = .!.[-1.25 -1] 
2nJ 6 1.25 1 



Step 3: Calculate the values of Vj~;)ey) 

Element i n j V " Vlnl" 

1 1 1 -0.1667 0.00000 0.00000 

1 1 2 -0.2083 0.00000 0.00000 

1 2 1 0.1667 0.22314 0.03719 

1 
1 2 2 0.2083 0.22314 0.04649 

2 1 1 -0.2083 0.00000 0.00000 

2 1 2 -0.1667 0.00000 0.00000 

2 2 1 0.2083 0.22314 0.04649 

2 2 2 0.1667 0.22314 0.03719 

1 1 1 -0.1667 0.22314 -0.03719 

1 1 2 -0.2083 0.22314 -0.04649 

1 2 1 0.1667 0.40547 0.06758 

2 
1 2 2 0.2083 0.40547 0.08447 

2 1 1 -0.2083 0.22314 -0.04649 

2 1 2 -0.1667 0.22314 -0.03719 

2 2 1 0.2083 0.40547 0.08447 

2 2 2 0.1667 0.40547 0.06758 

1 1 1 -0.1667 0.40547 -0.06758 

1 1 2 -0.2083 0.40547 -0.08447 

1 2 1 0.1667 0.55962 0.09327 

3 
1 2 2 0.2083 0.55962 0.11659 

2 1 1 -0.2083 0.40547 -0.08447 

2 1 2 -0.1667 0.40547 -0.06758 

2 2 1 0.2083 0.55962 0.11659 

2 2 2 0.1667 0.55962 0.09327 

1 1 1 -0.1667 0.55962 -0.09327 

1 1 2 -0.2083 0.55962 -0.11659 

1 2 1 0.1667 0.69315 0.11553 

4 1 2 2 0.2083 0.69315 0.14441 

2 1 1 -0.2083 0.55962 -0.11659 

2 1 2 -0.1667 0.55962 -0.09327 

2 2 1 0.2083 0.69315 0.14441 
2 2 2 0.1667 0.69315 0.11553 



Step 4: Formulate element equations 

Element 1: 

Rll¢1 + R12 ¢2 + [Lll - (V11161 + VI2I62 )}PI + [L12 - (VI 1261 + V12262 )}P2 = 0 

0+¢2 + [0.25- (0+0.03719)}P1 + [-0.5 - (0+0.04649)}P2 = 0 

f/J2 +0.21281qJl -0.54649qJ2 = 0 

R2I ¢1 + R22 ¢2 + [L21 - (V211 61 + V221 62 )}PI + [L22 - (V2I261 + V22262 )}P2 = 0 

0+ ¢2 + [0.5 - (0 + 0.04649 )}PI + [- 0.25 - (0 - 0.03719 )}P2 = 0 

- f/J2 + 0.45351qJl - 0.28719qJ2 = 0 

Element 2: 

Rll ¢2 + R12 ¢3 + [LII - (V11161 + VI21 62 )}P2 + [L12 - (V11261 + V12262 )}P3 = 0 

-¢2 +¢3 + [0.25-(-0.03719-0.06758)}P2 + [-0.5-(-0.04649 + 0.08447)}P3 =0 

- f/J2 + f/J3 + 0.21961qJ2 - 0.53798qJ3 = 0 

R21 ¢2 + R22 ¢3 + [L21 - (V211 61 + V221 62 )}P2 + [L22 - (V21261 + V22262 )}P3 = 0 

¢2 - ¢3 + [0.5 - (- 0.04649 + 0.08447 )}P2 + [- 0.25 - (- 0.03719 + 0.06758 )}P3 = 0 

f/J2 - f/J3 + 0.46202qJ2 - 0.28039qJ3 = 0 

Element 3: 

Rll ¢3 + R12 ¢4 + [LII - (V11161 + VI2I 62 )}P3 + [L12 - (VI 1261 + V12262 )}P4 = 0 

- ¢3 + ¢4 + [0.25 - (- 0.06758 + 0.09327)}P3 + [- 0.5 - (- 0.08447 + 0.11659 )}P4 = 0 

- f/J3 + f/J4 + 0.22431qJ3 - 0.53212qJ 4 = 0 

R21 ¢3 + R22 ¢4 + [L21 - (V211 61 + V22I62 )}P3 + [L22 - (V2I261 + V22262 )}P4 = 0 

f/J3 - f/J4 + [0.5 - (- 0.08447 + 0.11659 )}P3 + [- 0.25 - (- 0.06758 + 0.09327 )}P4 = 0 

f/J3 - f/J4 + 0.46788qJ3 - 0.27569qJ4 = 0 



Element 4: 

RII ¢4 + R12 ¢5 + [LII - (V11161 + VI21 62 )}P4 + [L12 - (VI 1261 + V12262 )}P5 = 0 

- ¢4 + 1 + [0.25 - (- 0.09327 + 0.11659 )}P4 + [- 0.5 - (- 0.11553 + 0.14441)}P5 = 0 

- (A + 0.22668<P4 - 0.52888<P5 = -1 

R21 ¢4 + R22 ¢S + [L21 - (V211 61 + V221 62 )}P4 + [L22 - (V212 61 + V222 62 )}Ps = 0 

¢4 -1 + [0.5 - (- 0.11659 + 0.14441)}P4 + [- 0.25 - (- 0.09327 + 0.11659 )}Ps = 0 

¢4 + 0.47218<P4 - 0.27332<P5 = 1 

Step 5: Assemble global matrix and solve 

1 0.21281 -0.54649 0 0 0 0 0 ¢2 0 

-1 0.45351 - 0.28719 0 0 0 0 0 fPI 0 

-1 0 0.21961 1 -0.53798 0 0 0 fP2 0 

1 0 0.46202 -1 .,.-0.28039 0 0 0 ¢3 0 
= 

0 0 0 -1 0.22431 1 -0.53212 0 <P3 0 

0 0 0 1 0.46788 -1 -0.27569 0 ¢4 0 
0 0 0 0 0 -1 0.22668 -0.52888 <P4 -1 

0 0 0 0 0 1 0.47219 -0.27332 fP5 1 



Example 4.3 

Implementation of GESNH-3 

The system of discrete element equations is given by eq. (2.44) and restated 

below 

i, j ,m, n = 1,2 

Since there is no recharge, f ~e) = Oand the 3rd term of the equation becomes O. 

Step 1: Calculate the values of the coefficients 

K? ) = e-3 

K
(2) - K(I ) - -2.5 
I - 2 -e 

K
(3) - K (2) - e-2.O 
I - 2 -

K
(4) - K (3) _ -1.5 
I - 2 -e 

'1'1(1) = e 3 

tTJ (2) _ tTJ (l) _ e2.5 
II - I2 -

tTJ (3) _ tTJ (2) _ 2.0 
II -I2 -e 
tTJ (4) _ tTJ (3) _ e1.5 
II - I 2 -

and L(e)=.!.[1 -2] 
IJ 3 2 -1 

K ( I ) - -2.5 
2 - e 

K~2) = e-2.O 

K?) = e-1.5 

K~4) =e-1.0 

'¥il ) =e 2.5 

'¥i2
) =e 2.O 

\TJ (3) _ 1.5 
I 2 -e 

'¥t) = e1.0 

Si~~~j can be calculated using eqs. (2.49) and (2.50) 

1] 

il 



Step 3: Calculate the values of Si~~j K~hI'~e) 

Element I m n I S K \}' S imnj K m \}' n 

1 1 1 1 -0.1041 0.0498 20.08554 -0.1041 

1 1 1 -0.0625C 0.0498 20.0855~ -0.0625C 

1 1 1 -0.0625C 0.0498 12.1824E -0.03791 

1 1 2 -0.1458 0.0498 12.1824E -0.0884: 

1 2 1 1 -0.1041 0.0821 20.0855 -0.1717~ 

1 2 1 2 0.0625C 0.0821 20.0855 0.1030: 

1 1 0.0625C 0.0821 12.1824E 0.0625C 

1 
1 2 0.1458 0.0821 12.1824E 0.1458 

1 1 1 -0.1458 0.049S 20.0855 -0.1458 

2 1 1 2 -0.0625C 0.049S 20.08554 -0.0625C 

2 1 1 -0.0625C 0.049S 12.1824E -0.03791 

2 1 , 2 -0.1041 0.049S 12.1824 -0.0631E 

2 < 1 1 0.1458 0.0821 20.0855 0.24044 

2 1 2 0.0625C 0.0821 20.0855 0.1030: 

1 0.0625C 0.0821 12.1824 0.0625C 

2 < 2 0.1041 0.0821 12.1824E 0.1041 

1 1 1 1 -0.1041 0.0821 12.1824E -0.1041 

1 1 1 2 -0.0625C 0.0821 12.1824E -0.0625C 

1 1 1 -0.0625C 0.0821 7.38905( -0.03791 

1 1 2 -0.1458 0.0821 7.38905( -0.0884: 

1 2 1 1 -0.1041 0.1352 12.1824E -0.1717~ 

1 1 0.0625C 0.135 12.1824E 0.1030: 

1 , 1 0.0625C 0.135 7.38905( 0.0625C 

2 1 2 0.1458 0.1353 7.38905€ 0.1458 

1 1 1 -0.14583 0.0821 12.1824E -0.14583 

1 1 , -0.06250 0.0821 12.1824E -0.06250 

1 1 -0.06250 0.0821 7.38905€ -0.03791 

1 2 -0.1041 0.0821 7.38905€ -0.06318 

< 1 1 0.14583 0.135 12.18249 0.2404 

< 1 < 0.0625( 0.135 12.18249 0.103m 

< 2 1 0.0625( 0.135 7.389056 0.0625( 

2 2 2 0.1041 0.135 7.389056 0.1041 
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Element I m n I S K '¥ SimnjKm '¥n 

1 1 1 1 -0.10417 0.135 7.389056 -0.1041 

1 1 1 ~ -0.06250 0.135 7.389056 -0.06250 

1 1 • 1 -0.06250 0.135 4.481689 -0.03791 

1 1 -0.14583 0.1353 4.481685 -0.08845 

1 2 1 1 -0.1041 0.2231 7.38905€ -0.17174 

1 2 1 0.0625C 0.2231 7.38905€ 0.10305 

1 2 1 0.0625C 0.2231 4.481685 0.0625C 

3 
1 2 0.1458 0.2231 4.481685 0.1458< 

2 1 1 1 -0.1458 0.1 35 7.38905€ -0.1458 

2 1 1 2 -0.0625C 0.135< 7.38905€ -0.0625C 

1 1 -0.0625C 0.135 4.481685 -0.03791 

2 1 -0.1041 0.135 4.481685 -0.0631€ 

2 1 1 0.1458< 0.2231 7.38905€ 0.24044 

1 2 0.0625C 0.2231 7.389056 0.10305 

1 0.0625C 0.2231 4.481685 0.0625C 

2 • 2 0.1041 0.2231 4.481685 0.1041 

1 1 1 1 -0.1041 0.2231 4.481685 -0.1041 

1 1 1 2 -0.0625C 0.2231 4.481685 -0.0625C 

1 1 1 -0.0625C 0.2231 2 .71828~ -0.03791 

1 1 2 -0.1458< 0.2231 2.71828 -0.08845 

1 • 1 1 -0.1041 0.3675 4.481685 -0.1717 

1 1 2 0.0625C 0.3675 4.481685 0.10305 

1 1 0.0625C 0.3675 2.71828 0.0625C 

4 
1 2 0.1458< 0.3675 2.71828 0.1458 

2 1 1 1 -0.1458 0.2231 4.481685 -0.1458 

2 1 1 2 -0.0625C 0.2231 4.481685 -0.0625C 

1 ~ 1 -0.0625C 0.2231 2.71828 -0.03791 

2 1 2 -0.1041 0.2231 2.71828~ -0.0631S 

2 • 1 1 0.1458 0.3679 4.481685 0.24044 

2 • 1 0.0625C 0.3675 4.481685 0.10305 

2 • 1 0.0625C 0.3679 2.71828. 0.06250 

2 2 • 0.1041 0.3679 2.71828. 0.1041 
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Step 4: Formulate element equations 

Element 

R11¢1 + R12¢2 + [L11 - (SI11 IKl'¥l + S1121 Kl'¥2 + S12 11 K2 '1'1 + S1 221 K2 '1'2 )}Pl 
1 : 

[L21 - (S21 11 1 K1'¥1 + S2121 Kl'¥2 + S121 1K2 '1'1 + SI221 K2 ,¥J}Pl = 0 

0+ ¢2 + [0.25 - (0.5 - 0.41667)}Pl + [- 0.5 - (0.625 - 0.52083 )}P2 = 0 

¢J2 + 0.16667qJl - 0.60417qJ2 = 0 (1) 

R21¢1 + R22 ¢2 + [L21 - (V21161 + V221 62 )}Pl + [L22 - (V212 61 + V22262 )}P2 = 0 

0+ ¢2 + [0.5 - (0.625 - 0.52083 )}Pl + [- 0.25 - (0.5 - 0.41667 )}P2 = 0 

- ¢J2 + 0.39583qJl - 0.33333qJ2 = 0 (2) 

Element 2: R11 ¢2 + R12¢3 + [L11 - (VI 11 61 + V12l 62 )}P2 + [L12 - (V11261 + V12262 )}P3 = 0 

- ¢2 + ¢3 + [0.25 - (0.41667 - 0.33333)}P2 + [- 0.5 - (0.52083 - 0.41667)}P3 = 0 

- ¢J2 + ¢J3 + 0.16667qJ2 - 0.60416qJ3 = 0 (3) 

R21 ¢2 + R22¢3 + [L21 - (V211 61 + V22162 )}P2 + [L22 - (V21261 + V2226J}P3 = 0 

¢J2 - ¢J3 + [0.5 - (0.52083 - 0.41667)}P2 + [- 0.25 - (0.41667 - 0.33333 )}P3 = 0 

¢J2 - ¢J3 + 0.39584qJ2 - 0.33334qJ3 = 0 (4) 

Element 3: R11 ¢3 + R12 ¢4 + [L11 - (Vl1 161 + V12162 )}P3 + [L12 - (V11261 + V12262 )}P4 = 0 

- ¢3 + ¢4 + [0.25 - (0.33333 - 0.25)}P3 + [- 0.5 - (0.41667 - 0.3125)}P4 = 0 

- ¢J3 + ¢J4 + 0.16667qJ2 - 0.60416qJ3 = 0 (5) 

R21¢3 + R22¢4 + [L21 - (V21161 + V22162 )}P3 + [L22 - (V21261 + V22262 )}P4 = 0 

¢J3 - ¢J4 + [0.5 - (0.41667 - 0.3125)}P3 + [- 0.25 - (0.33333 - 0.25)}P4 = 0 

¢J3 - ¢J4 + 0.39583qJ3 - 0.33333qJ4 = 0 (6) 

4 



- ¢4 + 1 + [0.25 - (0.25 - 0.16667)}P4 + [- 0.5 - (0.3125 - 0.20833 )}P5 = 0 

-¢4 +0.16667lP2 -0.60416lP3 =-1 (7) 

R21¢4 + R22¢5 + [L21 - (V21 161 + V22162 )}P4 + [L22 - (V21261 + V2226J}P5 = 0 

¢ -1 + [0.5 - (0.3125 - 0.20833 )}P4 + [- 0.25 - (0.25 - 0.16667)}P5 = 0 

¢4 + 0.39583lP3 - 0.33333lP4 = 1 (8) 

Step 5: Assemble global matrix and solve 

0.161 1 -0.604 0 0 0 0 0 lPl 0 

0.396 -1 -0.333 0 0 0 0 0 ¢2 0 

0 -1 0.167 1 -0.604 0 0 0 lP2 0 

0 1 0.396 -1 -0.333 0 0 0 ¢3 0 
= 

0 0 0 -1 0.167 1 -0.604 0 lP3 0 

0 0 0 1 0.396 -1 -0.333 0 ¢4 0 

0 0 0 0 0 - 1 0.167 -0.604 lP4 -1 

0 0 0 0 0 1 0.396 -0.333 lP5 1 

5 
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