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Abstract

We study exact solutions to the Einstein-Maxwell systemapfagions and relate them to com-
pact objects. It is well known that there are substantialydicedifficulties in the modelling of
self-gravitating, static fluid spheres when the pressupfi@aiy depends on the matter density.
Much simplification in solving the Einstein- Maxwell equats is achieved with the introduction
of electric charge and anisotropic matter. In this thesigyrder to obtain analytical solutions,
we consider the general situation of anisotropy in the presef electric charge satisfying a
barotropic equation of state. Firstly, a linear equatiorstate, secondly a quadratic equation
of state, and thirdly a polytropic equation of state are ys&d. For each of these equations of
state the Einstein-Maxwell equations are integrated amdtesolutions are found in terms of
elementary functions. By choosing specific rational fororsdne of the gravitational potential
and particular forms for the electric charge, new classesohftions in static spherically sym-
metric interior spacetimes are generated in the presenetediric charge. It is interesting to
note that, from our new class of solutions with an equatiostatie, we can regain earlier models.
A detailed physical analysis performed indicates that theses of solutions are physically rea-
sonable. We regain the current accurate observed masgbs fainary pulsars PSR J1614-2230
, PSR J1903+327, Vela X-1, SMC X-1 and Cen X-3.
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CHAPTER 1

Introduction

Compact relativistic stars are one of the most fascinatimgies known in the Universe. Par-
ticular astrophysical bodies such white dwarfs, quarksstagutron stars, hyperon stars, hybrid
stars and magnetars seem to be relics of big luminous stachahe born from extreme phe-
nomena such as in supernova explosions. To understand hlagiber of these objects, and to
explain how stars collapse under gravity, it seems reasenabnvestigate what is allowed by
the laws of astrophysics within the framework of the thedrseneral Relativity. Research in
the field of relativistic astrophysics has been investigaiace the first solution of Einstein’s
field equation for the interior of a compact object in hydadistequilibrium which was found by
Schwarzschild (1916a, 1916b). Since the inception of teerhof general relativity, a substan-
tial amount of exact solutions to the Einstein equationsthedcEinstein-Maxwell system have

been found. There are five notable exact solutions repregeminhdamental breakthroughs:

(a) The exterior Schwarzschild solution (Schwarzschildgk was the first exact solution to
the Einstein field equations discovered which describegtheitational field outside a

static spherically symmetric star. This solution is cruéa a discussion of the classical



(b)

(©)

(d)

(€)

tests of general relativity (d’Inverno 1992, Wald 1984, Mi®81). There have been many

attempts to find interior solutions which match to the exte8chwarzschild solution.

The Schwarzschild interior solution (Schwarzschild @8) was the first, and most famous
model, which describes the interior gravitational field ddtatic fluid body. It is a good
approximation of dense stars in which the pressures ar@adatge. The interior and ex-
terior Schwarzschild solutions together provided the Gicshplete relativistic description

of the matter distribution and spacetime geometry for acsssr.

The Reissner-Nordsim (Reissner 1916, Nordstn 1918) solution is the unique exterior
metric for a spherically symmetric charged star. In thetliofivanishing electromagnetic
field, this solution reduces to the Schwarzschild exterautson. The interior regular

charged perfect fluid solutions are not unique and have beestigated by different au-

thors.

Kerr (1963) surprisingly discovered an exact solutmran uncharged, rotating black hole,
called the Kerr metric. It has been proposed that this smiuie interpreted as describing
the exterior gravitational field arising from a spinning godNewman and Janis (1965)
discovered the natural extension to a charged, rotatirglblale, named the Kerr-Newman

metric.

Vaidya (1951) discovered the first radiating solutioth® Einstein field equations which
describes the radial flow of coherent null radiation in thespnce of a spherically sym-

metric gravitational field.

A significant number of interior static, spherically symnesolutions are known today. These

are given by Stephari al (2003), Finch and Skea (1998), Delgaty and Lake (1998), aston

others. Most of these solutions, however, do not satisfyhalltests of physical reality. Some

of the exact solutions, that satisfy all the physical regmients include those of Durgapal and

Bannerji (1983), Durgapal and Fuloria (1985), Finch andaSH®89), Tikekar (1990), Maharaj

and Leach (1996) and Lake (2003). Many researchers useeyvafitechniques to find exact

charged solutions. A comprehensive list of Einstein-Makselutions, satisfying a diversity
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of criteria for physical allowability, is provided by Ivanq2002). It is interesting to observe
that, in the presence of charge, the gravitational collgpsespherically symmetric distribution

of matter to a point singularity may be avoided (Krasinsk9Zp As pointed out by Delgaty

and Lake (1998), there are very few exact interior solutminthe field equations satisfying the
required general physical conditions inside the compact $herefore, the study of the interior
of a relativistic star is still an active field of research.

In the past years, many investigators have studied angotroatter where the radial and
tangential pressure components are different. Thesedadiwe studies of Bowers and Liang
(1974), Chaisi and Maharaj (2005, 2006a, 2006b), Dev an&16€2002, 2003), Herrera al
(2002, 2004), Maharaj and Chaisi (2006a, 2006b) and Mak aarttd4(2002, 2004), amongst
others. They showed that anisotropy may affect paramekerthe maximum equilibrium mass
and the surface redshift. Mak and Harko (2002) and Sharm&/aktherjee (2002) pointed out
that the anisotropic matter appears to be an essentialdiegitevhen studying boson stars and
strange matter with densities higher than neutron stare chiarged anisotropic fluid spheres
have been explored in general relativity since the piongesiork of Bonnor (1965). Solving the
Einstein-Maxwell system with anisotropic pressures isfiécdit problem.

In recent years, there have been attempts to investigat&niseein-Maxwell field equations
with a linear equation of state when the matter distribut®anisotropic. These include the
works of Ivanov (2002), Sharma and Maharaj (2007a), Thiamdsh and Maharaj (2008) and
Mafa Takisa and Maharaj (2013). Thirukkanesh and Ragel3R@iund a linear equation of
state for an uncharged anisotropic sphere. The simplificaif the field equations for a charged
perfect fluid with a linear equation of state was discusseti/agov (2002), who showed how
to reduce the system involving the most general linear eguatf state to a linear differential
equation for one metric function. Particular solutionshwatquadratic equation of state, relating
the radial pressure to the energy density, were found byzEemad Siddiqui (2011). Maharaj
and Mafa Takisa (2012) investigated the quadratic equatiatate which is important in brane
world models and the study of dark energy. A general appradatealing with anisotropic
charged matter with linear or nonlinear equations of statelfeen highlighted in the analysis

of Varelaet al (2010). Hitherto, the models with prescribed equation afestemain relatively
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unexplored.

Theoretical analytical solutions may play an importanénol the astrophysical analysis by
giving a deeper insight than numerical solutions. Furtlfeeenthey may be used as testing points
to check if the numerical scheme is accurate, and they arrghatep in comparison between
theory and observation. In this thesis, we are concerndu gaherating exact solutions to the
Einstein-Maxwell system. We impose symmetries on the gpaeananifold with isotropic and
anisotropic matter distributions in the presence of antedetagnetic field. We emphasize that it
is possible to generate a diversity of exact solutions whrehphysically acceptable. The linear,
guadratic and polytropic equations of state, modellingrmoey strange matter and quark matter,
are shown to be relevant to matter distributions with chargganisotropy.

The outline of our research is given by:
e Chapter 1: Introduction.

e Chapter 2: In this chapter we investigate a compact resaiivstar with anisotropic pres-
sures in the presence of an electric field and a linear equatistate. New exact solutions
of the Einstein-Maxwell equations are generated. A graglanalysis shows that the mat-
ter and electric field are well behaved. In particular thepprocharge density is regular
at the stellar centre contrary to earlier anisotropic medelthe presence of charge. We
demonstrate that the electric field affects the mass obstelijects and the observed mass
for a particular binary pulsar is regained. For special peter values our solutions con-

tain previous results of anisotropic charged model of Tkkemesh and Maharaj (2008).

e Chapter 3: Here we find new exact solutions to the Einsteinvidl system of equations
which are physically reasonable. We use an equation of staiteh is quadratic relating
the radial pressure to the energy density. Earlier modeseobze and Siddiqui (2011)
and Thirukkanesh and Maharaj (2008), are shown to be cadam our general class
of solutions. The new solutions to the Einstein-Maxwell &ipns are found in terms
of elementary functions. A physical analysis of the mattetd alectromagnetic variables

indicates that the model is well behaved and regular. Inquaatr there is no singularity in



the proper charge density at the stellar centre unlike pusvanisotropic solutions in the

presence of an electric field intensity.

e Chapter 4: The Einstein-Maxwell systems with anisotropiespures and electric field
intensity are examined with a polytropic equation of stalew exact solutions to the
Einstein-Maxwell field equations are found in terms of elataey functions. Special cases
of the uncharged models of Feroze and Siddiqui (2011) andakégtand Mafa Takisa
(2012) are regained. We also obtained from our generalniezat the exact solutions
for a neutral anisotropic gravitating stellar body for aypape. Graphically we indicate
that the radial pressure profiles are consistent with pteviovestigations which suggest

relevance in describing relativistic compact bodies.

e Chapter 5: In this chapter we apply the results of the chdpterobserved astronomical
objects. We chose particular parameter values which maiithrecent mass-radius es-
timates of five different uncharged compact objects. Therstwdy the effect of electric

field intensity on the stellar structure set that fits the ole=g stars.

e Chapter 6: Conclusion



CHAPTER 2

Compact models with regular charge distributions

2.1 Introduction

Solutions of the Einstein-Maxwell system of equations ftatis spherically symmetric inte-
rior spacetimes are important in describing charged cobmdgects in relativistic astrophysics
where the gravitational field is strong, as in the case ofroewtars. The detailed analyses of
lvanov (2002) and Sharma al (2001) show that the presence of an electromagnetic field af-
fects the values of redshifts, luminosities and maximumsmdsompact objects. The role of
the electromagnetic field in describing the gravitatiorethdwiour of stars composed of quark
matter has been recently highlighted by Mak and Harko (2@d) Komathiraj and Maharaj
(2007a, 2007b). In recent years, many researchers havepatte to introduce different ap-
proaches of finding solutions to the field equations. HaresrdjMaharaj (2006) found solutions
to the Einstein-Maxwell system with a specified form of thec#lic field with isotropic pres-
sures. These solutions satisfy a barotropic equation té atad regain the model due to Finch
and Skea (1989). Thirukkanesh and Maharaj (2008) found newat €lasses of solutions to the

Einstein-Maxwell system. They considered anisotropicguees in the presence of the electro-
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magnetic field with the linear equation of state of strangesstvith quark matter. Other recent
investigations involving charged relativistic stars unb¢ the results of Karmakat al (2007),
Maharaj and Komathiraj (2007) and Maharaj and Thirukkan@899). The approach of Es-
culpi and Aloma (2010) is interesting in that it utilises #astence of a conformal symmetry in
the spacetime manifold to find a solution. These exact swiatare relevant in the description
of dense relativistic astrophysical objects. Applicasiari charged relativistic models include
studies in cold compact objects by Sharaa:/ (2006), analyses of strange matter and binary
pulsars by Sharma and Mukherjee (2001), and analyses df-glicuark mixtures in equilibrium

by Sharma and Mukherjee (2002). Thomeas:! (2005), Tikekar and Thomas (1998) and Paul
and Tikekar (2005) modelled charged core-envelope stsftactures in which the core of the
sphere is an isotropic fluid surrounded by a layer of anigatribuid. To get more flexibility in
solving the Einstein-Maxwell system, Varelaal (2010) considered a general approach of deal-
ing with anisotropic charged matter with linear or nonlinegquations of state. Their approach
offers a fresh view of relationships between the equatiostate, charge distributions and pres-
sure anisotropy. A detailed physical analysis showed tealality of models with an equation
of state. However there are few models in the literature aittequation of state which satisfy
the physical criteria.

It is desirable that the criteria for physical acceptapibis given by Delgaty and Lake (1998),
be satisfied in a realistic charged stellar model. In padiciine proper charge density should be
regular at the centre of the sphere. This is an essentiairezgent for a well behaved electro-
magnetic field, and this important feature has been higtddjin the treatment of Varela al
(2010). In many models found in the past, including the cadrm@nisotropic solution with a lin-
ear equation of state of Thirukkanesh and Maharaj (2008)ptbper charge density is singular
at the centre of the star. For a realistic description thalisiting feature for the applicability
of the model. It is desirable to avoid this singularity if gdde. Our object in this chapter is to
generate new solutions to the Einstein-Maxwell system kvbkatisfy the physical properties: the
gravitational potentials, electric field intensity, chadjstribution and matter distribution should
be well behaved and regular throughout the star, in padictl the stellar centre. We find new

exact solutions for a charged relativistic sphere with @inegic pressures and a linear equation
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of state. Previous models are shown to be special cases geaeral result. In Sectidn 2.2, we
rewrite the Einstein-Maxwell field equations for a statibiepcally symmetric line element as
an equivalent set of differential equations using a tramsé&ion due to Durgapal and Bannerji
(1983). In Section 213, we motivate the choice of the grawiteal potential and the electric field
intensity that enables us to integrate the field equationsSelctior 2.4, we present new exact
solutions to the Einstein-Maxwell system, which contairliearesults. The singularity in the
charge density may be avoided. In Secfiod 2.5, a physicdysinaf the new solutions is per-
formed; the matter variables and the electromagnetic diesnare plotted. Values for the stellar
mass are generated for charged and uncharged matter fioupsrparameter values. The values
are consistent with the conclusions of Deyal (1998, 1999a, 1998b) for strange stars. The

variation of density for different charged compact stroesus discussed in Sectibn P.6.

2.2 Basic equations

In standard coordinates the line element for a static spalérisymmetric fluid has the form
ds? = —e2Mdt? + P dr? 4 12(d6? + sin? 0dp?). (2.2)

The Einstein-Maxwell equations take the form

1 _oan1/ Lo

Slr=e™] =p+5E (2:2)

2V 1
_ﬁu 2 TVefQ,\ — pp — §E2, (2.3)

/ )\ 1
=2 (V” +2 4 v VN — _) =p+ —EQ, (2.4)

T r 2

1 _

o= 7»_26 A(?”QE)/, (25)

where primes represent differentiation with respect.tdt is convenient to introduce a new

independent variabbeand introduce new functionsandZ:
v =Cr? Z(x)=e 20 A2 (2) = 20, (2.6)
whereA andC are constants. We assume a barotropic equation of state
pr=ap—p, (2.7)
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relating the radial pressuge to the energy density. The quantityp; is the tangential pressure,
E represents the electric field intensity, ants the proper charged density. Then the equations
governing the gravitational behaviour of a charged angutrsphere, with a linear equation of

state, are given by

1-27 . E?
g = —=-22-, (2.8a)
pr = ap—f, (2.8b)
p = prtA, (2.8¢)
A = 4022?20 [xZ P } v Ut59),
Y (1+a)|y (1+ )
C(1-2) 23
T T dra (2.8d)
E? 1-7 . g B
— = - 207 +477 + 2 2.8
2C x (1—1—04){& * y+0}’ (2.8¢)
2 AZ ;. 2
% - = (azEJrE) , (2.8)

where A = p, — p,. is called the measure of anisotropy. Dots represents difteation with
respect tac. The nonlinear system as given in (2.8a)-(2.8f) consisshohdependent equations
in the eight variableg, p,, p;, A, E, o, y andZ. To solve [2.8a)E(Z2.8f) we need to specify two of

the quantities involved in the integration process.

2.3 Choice of potentials

We need to solve the Einstein-Maxwell field equatidns (2@81) by choosing specific forms
for the gravitational potentidd and the electric field intensitly which are physically reasonable.
Then equatiori (2.8e) becomes a first order equation in thepaty which is integrable.

We make the choice

1 —-b
g le—be 2.9)
1+ax

wherea andb are real constants. The quant#fyis regular at the stellar centre and continuous

in the interior because of freedom provided by parametensdb. It is important to realise that

9



this choice forZ is physically reasonable and contains special cases whittaio neutron star
models. Whem, = b = 1 we regain the form of for the charged Hansraj and Maharaj (2006)
charged stars. For the value= 1 the potential corresponds to the Maharaj and Komathiraj
(2007) compact spheres in electric fields. The chdice (2e8) made by Finch and Skea (1989)
to generate stellar models that satisfy all physical aatéor a stellar source. If we set= 1,

b = —3/2 then we generate the Durgapal and Bannerji (1989) neutesmsidel. Whemn = 7,

b = 8 then we generate the gravitational potential of the supeselstars of Tikekar (1990). Thus
the form Z chosen is likely to produce physically reasonable modeisifi@rged anisotropic
spheres with an equation of state.

For the electric field we make the choice

E? k(3 + ax) + sa’x?
— 2.10
C (14 az)? ’ (2.10)

which has desirable physical features in the stellar ioteli is finite at the centre of the star and
remains bounded and continuous in the interior; for lardaesofx it approaches a constant
value. Whens = 0 then we regair¥ studied by Thirukkanesh and Maharaj (2008). However
their choice is not suitable as the proper charge densitgrbes singular at the origin as pointed
out by Varelaet al (2010). Consequently we have adapted the forni’ado that the proper
charge density remains regular throughout the stellariortgvith an equation of state. These

features become clear in the analysis that follows.

2.4 New models

On substituting[(Z19) and (2.110) intio (218e) we get the firdeo equation

v (I+a)b ab B(1 + ax)

vy Al+@—01 20 +a)i+(a—ba IC[1+(a=ba]
(1+ a)[k(3 + az) + sa*z?]
81+ ax)l+ (a—b)a] (2.11)

For the integration of equatioh (2]11) it is convenient tasider three case$:= 0,a = b and

a # b.
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2.4.1 Thecasé =0
Whenb = 0, (2.11) gives the solution

D (1 + az)"¢=290+0)/6a)

(1 +a)2k — saz(2 +ax)] Bz
8a(1 + ax) 4C'|°

y =
(2.12)

X exp
whereD is the constant of integration. The potentyain (2.12) generates a negative density

p = —£ which is physically undesirable.

2.4.2 The casé =«

Whena = b, (2.11) yields the solution
y = D (1 + ax)(4aa7(2k+s)(1+a))/(8a) exp [F(ZL‘)] : (213)
where we have let
o

F(z) = 60 2C(s — k) 1+ «a) — 48 — a(C(—4 + sx)(1 + ) + 282)], (2.14)

11



andD is the constant of integration. Then we can generate an exaa¢l for the systen (2.Ba)-

(2.81) in the form

s e (2.15a)
e — A?2D? (1 + ax)(?aa—k(1+a))/(2a) exp [2F(l‘)] ’ (215b)
P (2a—k) B+ ax)

c 2 (1+ax)? (2.15¢)
o= ap—=p, (2.15d)
pes ks (2.15€)

— ; 271.2 2 9
A = 16C (1 + ax)3 {C7E*((1 + @)"z(3 4+ ax)” + 2sz(1 + ax))

+4a’z(3 — 8+ 90” + a*(1 + @)?2” + 2ax(2 + 3a + 3a?))
—4k(12 + a*(1 + a)?*2® + a®2*(7 + 9a + 6a°)

+az(12 4 5a + 9a? + 4s))

+5*(2x(a*x® — 1)(2k — asz + 5) + a’2® — 6ax + 1)
—2s(ax (60 + 60 + 2a(20” 4+ 20+ 1) + k(7 — 2a — o?))
+a*2*(a? + 2a — 2a(1 + a + x) + 17) + a(a® — 2a)

—k(1+a)? +7)] — 4Cx(1 + az)?[(1 + a)(2a*x — 3k — 25)

—aB(k(1+ ) + sax(l+ a) — 6a — 4)] + 48%x(1 + ax)*}, (2.15f)
E* k(34 ax)+ sa*z?
T = e , (2.150)
o2 C (\/E(CLQ:L’Q + 3ax + 6) + 2v/saxv/3 + ax(2 + aa:)>2
A . (2.15h)
C (3 + ax)(1l + ax)®

The new exact solutiof (2.754)-(2.15h) of the Einstein-Meabksystem is presented in terms of
elementary functions. When = 0 we regain the first class of charged anisotropic models of

Thirukkanesh and Maharaj (2008). For our models the masditumis given by

M(ZL‘) _ 1 (4a2 _ 20,]{1)1’3/2 N 8(15 + 10az — 2&21’2)331/2
('3/2 a(l + ax) 3a(1 + az)
5sarctan(y/ax)
E } ' (2.16)
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The gravitational potentials and matter variables are tliaved in the interior of the sphere.
However, as in earlier treatments, the singularity in thargé distribution at the centre is still
present in general. In our new solution the singularity careliminated wherk = 0. Then

equation[(2.15h) becomes
0  4Csa’x(2 + ax)?

c (1+az)> (2.17)
At the stellar centre = 0 and the charge density vanishes.
2.4.3 Thecase # a
On integrating[(2.111), with # a we obtain
y = D(l+ax)"[1+ (a—b)x]"
X exp _azlCs(1 + o) + 20 : (2.18)

8C(a—b)
whereD is the constant of integration. The constamtandn are given by

S 4ab — (14 a)(s + 2k)
8b ’

1
8bC'(a — b)2[
—2b(1 + 5a)) + b*(3kC (1 + o) — 2bC (1 + 3a) + 20)].

a®C((1+ a)(s + 2k) — 4ab) — abC(5k(1 + )

Then we can generate an exact model for the system (2.8)-{2the form

13



1+ ax

e = Tr b (2.19a)
e = A’D*(1+4ax)®"[1+ (a — b)x]>

X exp —“x[Cig(z_o‘)b; 2811 (2.19Db)
R A 2199
pr = ap—0, (2.19d)
bt = pr+A, (2196)

¢ (1 +50) 28 Cz[l+ (a—b)1]
A= (1+ az) (1+0z)(1+ax)2+1+ozJr (1+ az)
a*m(m — 1) 2a(a — b)mn (a—b)*n(n —1)
< (e e o T e o)
_alCs(1 +a) +28](a(m +n)[1 + (a — b)z] — bn)
(a—=b)C(1+ azx)[l+ (a—b)z]
a2[05(1+a)+25]1 Al t+ax(2+(a—b)x)] - b5+ a)z
16C2(a — b)? 4(a—0)(1+ o)1+ az)?[1+ (a — b)z]

x[=8bC'n + a*z(—8C(m +n) + [Cs(1 + ) + 26]z)

+a*(8C(m +n)(2bx — 1) + [Cs(1 + a) + 28](2 — bx)x)

+a(—8b*C(m +n)z + [Cs(1 + a) + 23]

+b(8Cm + 16Cn — [Cs(1 + ) + 20]x))], (2.19f)
% _ k3 Eai)ai;a -, (2.199)
%2 = [1+ (a —b)z](Vk(a*2? + 3azx + 6)

+2v/saxV/3 + ax(2 + ax))?/[x(3 + az)(1 + ax)®]. (2.19h)

The exact solutiori (2.19a))-(2.19h) of the Einstein-Maxwystem is written in terms of elemen-

tary functions. For this case the mass function is given by

M(z) — 1 [(4ab— 2ak)2®?  s(15+ 10ax — 2a%x?)x/?
- 803/ a(l+ ax) 3a(l + ax)
bsarctan(y/ax)
S } . (2.20)
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This solutionis a generalisation of the second class ofygthanisotropic models of Thirukkanesh
and Maharaj (2008): When= 0 we obtain their expressions for the gravitational potésaad
matter variables. These quantities are well behaved andare the interior of the sphere.
However in general there is a singularity in the charge dgm@sithe centre. This singularity is

eliminated wherk = 0 so that

o?  4Csa’z[l + (a — b)z](2 4 ax)?
c- Aty - @21)

At the centre of the star = 0 and the charge density vanishes.

2.5 Physical features

In this section we show that the exact solutions found iniBe&.4, for particular choices of the
parameters, b ands, are physically reasonable. A detailed physical analysigé&neral values

of the parameters will be a future investigation. We usedptiogramming language Python to
generate these plots for case> b (a = 2.5, b = 2.0),a = 0.33, 8 = ap = 0.198,C = 1 and

s = 2.5, k = 0 wherep is the density at the boundary. The solid lines correspond-to0 and

the dashed lines corresponddc# 0 in the graphs. We generated the following plots: energy
density (Figuré_2]1), radial pressure (Figlrel 2.2), tatigepressure (Figure_2.3), anisotropy
measure (Figure 2.4), electric field intensity (Figure 2charge density (Figufe 2.6) and mass
(Figure[2.T). The energy densityis positive, finite and monotonically decreasing. The radia
pressure, is similar top sincep, andp are related by a linear equation of state. In Fiquré 2.2,
it is clear that the numerical values of the radiussare 0.85 for s = 0 andr = 0.72 for s # 0.
The values ofp andp, are lower in the presence of the electric fidld# 0. The tangential
pressure is well behaved increasing away from the centeghes a maximum and becomes
a decreasing function. This is reasonable since the caasamof angular momentum during
the quasi-equilibrium contraction of a massive body shdeddl to high values gf; in central
regions of the star as pointed out by Karmakan! (2007). The anisotropyA is increasing in
the neighbourhood of the centre, reaches a maximum valuthandgubsquently decreases. The

profile of A is similar to the profiles studied by Sharma and Maharaj (ap@nd Tikekar and
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Jotania (2009) for strange stars with quark matter.

The form chosen foE is physically reasonable and describes a function whichiiglily
small and then increases as we approach the boundary. Thgedensity in general is con-
tinuous, initially increases and then decreases. Notettieasingularity at the stellar centre is
eliminated sinc& = 0. The mass function is a strictly increasing function whisltontinuous
and finite. We observe that the mass, in the presence of ¢hiamgdower values than that of
the corresponding uncharged case. This is consistehit-A9) generates lower densities which
produces a weaker total field since the electromagnetic ielepulsive. Thus all matter vari-
ables, electromagnetic quantities and gravitationalng@ks are nonsingular and well behaved
in a region away from the stellar centre. We emphasize tleatlidctromagnetic quantities are all
well behaved close to the stellar centre since there are fialues for the charge density. This
is different from other treatments with an equation of state

The solutions found in this chapter can be used to modekteaditellar bodies. We introduce

the transformations:
a=aR? b=bR% B =08R% k=FkR? §=sR>

Using these transformations the energy density becomes

(2b — k) (3 + ay) — sa*y®
= : 2.22
P 2R*(1 + ay)? (2.22)
The mass contained within a radiugs given by

r3(6b— 3k +55)  §r(15—2ay?) 55Rarctan[y/ay]

M = 2.23
12R2(1 + ay) 24a(1 + ay) 8a3/2 ’ (2.23)
where we have s&t = 1 andy = ;—22. If =0,5=0(E = 0)then we have
b(3 + ay)
— 2.24
R2(1 + ay)?’ (2.24)
b
M = —W—/——. 2.25
2R?(1+ ay) (2.29)

In this case there is no charge and we obtain the expressidisaoma and Maharaj (2007a).
For the astrophysical importance of our solutions, we trgdmpare the masses corresponding
to the models of this chapter to those found by Sharma and Mp(2007a) and Thirukkanesh
and Maharaj (2008).
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We calculate the masses for the various cases with and withawnge. We set = 7.07 km,
R = 43.245 km, k = 37.403 and§ = 0.137. We tabulate the information in Table 2.1 Note
that whenk = 0, s = 0 we have an uncharged stellar body and we regain masses tgehieya
Sharma and Maharaj (2007a). Whiegz 0 ands = 0 we find masses for a charged relativistic
star in the Thirukkanesh and Maharaj (2008) models. We haladed those two sets of values
for consistency and to demonstrate that our general resuti®in the special cases considered
previously. Wherk = 0 ands # 0 the masses found correspond to new charged solutions, with
nonsingular charge densities at the origin. Whea 0 ands # 0 then we have the most general
case. In all cases, we obtain stellar masses which are pitlysieasonable. We observe that
the presence of charge generates a lower riwbabscause of the repulsive electromagnetic field
which corresponds to a weaker field. Observe that our masse®asistent with the results of
Dey et al (1998, 1999a, 1999b) with an equation of state for stranggema/VNhen the charge
is absent the masd/ = 1.434M); the presence of charge in the different solutions affects
this value. Deyet al (1999, 1999a, 1999b) have shown that these values are tnisigth
observations for the X-ray binary pulsar SAX J1808.4-385@&nsequently these charged general
relativistic models have astrophysical significance. Adren the masses is observable in Table
2.1. Itisinteresting to observe the smallest masses aieattwherk £ 0, s = 0 in the presence
of the electromagnetic field. When+#£ 0, s = 0 then the electric field intensity is stronger by
(2.10) which negates the attraction of the gravitationadi fieading to a weaker field. Note that
we have also included the value of anisotrapyn Table 2.1. We note that larger stellar masses

correspond to increasing values of anisotropy.

2.6 Density variation

From (2.22) we observe that
(20— k)(3+a¥y) — 52 %
PR = e i (2.26)
2R2(1 + G )?
is the density at the stellar surface. The density at theee@fthe star is

3(2b— k)
= ——). 2.27
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Figure 2.1: Energy density(r) versus radius.
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Figure 2.2: Radial pressuge(r) versus radius.
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Figure 2.3: Tangential pressusgr) versus radius.
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Table 2.1: Central density and mass for different anisatreggellar models for neutral and

charged bodies

b a a Pe e Pe i | A
(x10'° g cnr3) (x10 g cm3)
E= E= E+#0 E#0
30 23.681 | 0.401 2.579 1.175 0.971 0.433 | 0.039
40 36.346 | 0.400 3.439 1.298 1.831 0.691 | 0.054
50 | 48.307 | 0.424 4.298 1.396 2.691 0.874 | 0.072
54.34| 53.340 | 0.437 4.671 1.433 3.064 0.940 | 0.081
60 59.788 | 0.457 5.158 1.477 3.550 1.017 | 0.094
70 70.920 | 0.495 6.017 1.546 4.410 1.133| 0.119
80 81.786 | 0.537 6.877 1.606 5.269 1.231 | 0.146
90 92.442 | 0.581 7.737 1.659 6.129 1.314 | 0.177
100 | 102.929| 0.627 8.596 1.705 6.989 1.386 | 0.207
183 | 186.163| 1.083 15.730 1.959 14.124 1.759 | 0.593
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Then we can generate the ratio

o Do R)E+ag) - ng%, (2.28)
3(2b — k) (1 + a¥)?

called the density contrast. With the help[of (2.28) we cad ﬁiﬂ in terms ofe:

R —(2b — k)(6e — 1)

R? 2a(3¢(2b — k) + 3)
\/(246 +1)(20 — k)2 +125(20 — k)(1 — €)

_ (2.29)
2a(3¢(2b — k) + 3)
Then [2.2B) and (2.29) yield the quantity
M R*(6b— 3k +55) N FR(15 - 2a%)
R 12RY(1+aky)  24a(l+aly)
55R arctan| dRR—f]
- R , (2.30)

which is the compactification factor. Consequently our nhgdeharacterised by the surface den-
sity px, the density contrast and the compactification factgf in the presence of charge. These
two parameters produce information of astrophysical ficamce for specific choices of the pa-
rameters. The compactification factor classifies stellgeaib in various categories depending
on the range of;:

e for normal starsy ~ 107,

o for white dwarfsf ~ 1072,

e for neutron stargs ~ 10" to 1,

e for ultra-compact star§ ~ 1 to £,

e and for black hole% ~ 3.

The parametef‘% in the case of strange stars is in the range of ultra-compaxg with matter

densities greater than the nuclear density.
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Table 2.2: Variation of density

~ 7 M M
a b € R R A

16| 2 | 03| 830 | 0.073 | 0.60
(1.6)| (0.6)| (0.3)| (10.18)| (0.100)| (1.02)

24 | 28| 05| 10.67 | 0.093 | 0.99
(2.4)| (1.4)| (0.5)| (11.20)| (0.102)| (1.14)

6.0 | 6.4 | 0.1 | 1359 | 0.277 | 3.76
(6.0)| (5.0)| (0.1) | (15.83)| (0.329)| (5.20)

For particular choices of the parametérd, k, § and specifying the density contrastve
can find the boundart from (2.29). Note that the paramet®ris specified if we take the central
density to bep, = 2 x 10" g cm? in (Z.27). The compactification factd¢ then follows from
(2.30). For charged matter we take the valides 2.8 ands = 2, and for uncharged matter
k= 0ands = 0. Table 2.2 represents typical values foand % for charged matter and
uncharged matter; the first set of values are for chargedemaitd the bracketted values are
the corresponding values for neutral matter wher § = 0. For uncharged matter we regain
the values ot and% generated by Tikekar and Jotania (2005) for superdensensidels with
neutral matter. We observe that the presence of chargedaff¢iat of reducing both the raditis
and the compactificatioﬁ( to produce the same value of the density conwrashis is consistent
since the presence of the electric field intensity has thexetf leading to a weaker field. The
values that we have generated in Table 2.2 for neutral angietianatter permit configurations
typical of neutron stars and strange stars. Note that chgribe various parameters will allow
for smaller or larger compactification factors. Thus theslanodels found in this chapter allow

for stellar configurations which provide physically vialni®dels of superdense structures.
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CHAPTER 3

Regular models with quadratic equation of state

3.1 Introduction

The study of charged relativistic objects in general reiytis achieved by solving the Einstein-
Maxwell system of equations and imposing conditions forgitgl acceptability. This is not
easy to achieve because of the nonlinearity of the field st The exact solutions found
have many applications in relativistic astrophysics. Thmlels generated have been used in
the description of neutron stars and black hole formatiorRlay et al (2003) and de Felice
et al (1999). Particular models have also helped in the estabésih of the absolute stability
limit for charged spheres by Giuliami ! (2008) and Boehmer and Harko (2007). Several
models of charged relativistic matter have been used to/dtrdnge stars by Mak and Harko
(2002), Farhi and Jaffe (1984), Komathiraj and Maharaj f2)@nd Thirukkanesh and Maharaj
(2008). Charged models have been also used in the desorgftstrange quark matter by Discus
et al (2008), hybrid protoneutron stars by Nicowaal (2006), and bare quark stars by Usov
et al (2005). A geometric approach is to assume the existence i@fugp @f conformal motions

on spacetime; exact solutions have been found by Mak andoH@®04) for strange quark
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matter and Esculpi and Aloma (2010) for anisotropic relatie charged matter by assuming the
existence of a conformal Killing vector in static spherigalymmetric spacetimes.

Models with an equation of state are desirable in the desonipf realistic astrophysical
matter. However most explicit solutions of the EinsteinxwWall system that have been found
do not satisfy this property. There have been some attemgude mecently to find exact analytic
solutions of the Einstein-Maxwell system with a linear eifpraof state. These include the treat-
ments of lvanov (2002), Sharma and Maharaj (2007a), andukkémesh and Maharaj (2008).
Particular solutions with a quadratic equation of statkatireg the radial pressure to the energy,
were found by Feroze and Siddiqui (2011). This is an impdrda@vance since the complexity
of the model is greatly increased because of the nonliryeafithe radial pressure in terms of
the energy density. However the investigations mentiomed@all suffer from the undesirable
property of possessing a singularity in the proper chargesiteat the centre of sphere. An
essential requirement for a well behaved electromagnetit is regularity of the proper charge
density throughout the matter distribution, particulaatythe stellar centre. The importance of
this feature has been highlighted in the analysis of Vareld (2010) whose treatment offers a
general approach of dealing with anisotropic charged maifit# linear or nonlinear equations
of state. It is desirable to eliminate the singularity in gieper charge density for a detailed and
complete analysis of physical properties of charged cotgigects.

Our results may be helpful in the study of compact stars aaditgtional collapse relating
to neutron stars and black holes. In this regard we refer tbcp&ar papers some of which
have static spherical geometry and others are dynamicaikdi(1967) showed in the case of
spherical geometry that collapse of electrically chargatten may be replaced by expansion and
infinite densities are avoided. A general treatment of psilag charged matter was completed
by Bekenstein (1971) who showed that nonzero pressure plaignificant role. The analysis
of Raychaudhuri (1975) for charged dust distributions stebwhat conditions for collapse and
oscillation depend on the ratio of matter density to chargesdy. If this ratio is large, corre-
sponding to weakly charged dust spheres, then shell cgssannot be avoided in gravitational
collapse as proved by Ori (1991). Krasinski and Bolejko @0§howed that there exist initial

conditions for a charged dust sphere with finite radius soahfall cycle of pulsation can be
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completed by the outer layer with no internal singularityfull and comprehensive analysis of
charged, dissipative collapse is provided by Di Pristcal (2007) for the free-streaming and dif-
fusion approximations. A related and detailed analysiséngravitational collapse of a charged
medium was performed by Kouretsis and Tsagas (2010) wherel of Raychaudhuri equation
is highlighted. Exact solutions with an equation of stateshsas the quadratic case considered
in this chapter, are helpful in such studies.

The objective of this chapter is to find new exact solutionshef Einstein-Maxwell field
equations with a charged anisotropic matter distributioth @ quadratic equation of state. We
indicate that particular models found in the past with ana¢ign of state are part of our general
analytical framework. Previous solutions with a linear nadratic equation of state are regained
in our treatment. We ensure that the charge density is re@tilthe centre of the compact
body and the physical criteria are satisfied. In SedtiohB8egive the Einstein-Maxwell field
equations for a static spherically symmetric line elemarara equivalent system of differential
equations utilising a transformation due to Durgapal andriggi (1983). In Sectiof 3.3, we
present new exact solutions to the Einstein-Maxwell sysiéttm a quadratic equation of state.
The solution is regular at the centre of the compact objebts &nalysis extends the treatment
of Thirukkanesh and Maharaj (2008), and Feroze and Sidd&fiii1l). Known solutions with
an equation of state are presented in Sedtioh 3.4, as particases of our new results. In
Sectior 3.b, a physical analysis of the new solutions isgperéd; the matter variables and the

electromagnetic quantities are plotted.

3.2 Field equations

In standard coordinates the line element for a static spalrisymmetric spacetime, modelling

the interior of the relativistic object, has the form
ds? = e dt? + 20 dr? 412 (dh? + sin? 0dg?). (3.2)

We take the energy momentum tensor to be of the form
1

. 1 1 1
T;; = diag—p — §E27 Dr — §E2, P+ 532, Dt + QEQ), (3.2)
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where the quantity; is the tangential pressurg, is the radial pressure,is the density, and

is the electric field intensity. Then the Einstein-Maxwejlations can be written in the form

S e = gt B (3:33)

e Pen - e (3.3b)

e A (V" + %+ v V' — i,) = p+ EEQ, (3.3¢)
r r 2

o = r—lze_)‘(TZE)', (3.3d)

where primes represent differentiation with respeat.td’he quantitys represents the proper
charge density. We are utilising units where the couplingsl:antff—f = 1 and the speed of light

¢ = 1. The mass within a radiusof the sphere is

M(r) = 3 / w?p(w)dw. (3.4)
0
We now introduce a new independent variabbnd define new functionsandZ so that

r=Cr? Zz) = e M) A%y (z) = () (3.5)

whereA andC are constants. We assume an equation of state of the gemeral,f= p,.(p) for

the matter distribution. We take the quadratic form

pr=7p"+ap—p, (3.6)

relating the radial pressuge to the energy density. In the abovey, 3, andy are constants. Then

the Einstein-Maxwell equations governing the gravitagidmehaviour of a charged anisotropic
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sphere, with a quadratic equation of state, are represegted

1-2Z . E?
% = — -2z, (3.7a)
pr = ' +ap—B, (3.7b)
Pt = pT+A7 (370)
A j - ] -z ., E
Z = gzl pz 42212 —a |2 2z
G x y+ [xZ + ]y a[ ” e

(1-2) . E** . E2 3

Cv[ - 2 -5 ti-g5t 5 (3.7d)
g (1=-2)(+a) (Q+a)E* oZ B
y 47 8CZ 47  4CZ

Cy[(1-2Z . E?27]°

2 F - >_zz_%} , (3.7¢)
2 A 2
% _ ?( E+E) , (3.7f)

where dots denote differentiation with respect to the \deia. Equations[(3.1a)-(3.I7f) are simi-
lar to the field equations of Thirukkanesh and Maharaj (2008Never in this case the equation
of state is quadratic. The quantity = p, — p, is called the measure of anisotropy and vanishes
for isotropic pressures. The nonlinear system as givénajd3.7f) consists of six independent
equations in six variables involving the matter and eleotignetic quantitieg, p,, p;, A, E, o

and the two gravitational potentigysandZ. The nonlinearity of the Einstein-Maxwell system
B.78)(3.7f) has been increased, when compared with marigretreatments, become of the
appearance of the quadratic term[in (3.7b); when 0 then there is a linear equation of state. In
addition, equatiori{3.7e) now contains terms withincreasing the complexity of system since

~v # 0in general.

3.3 New solutions

To integrate the Einstein-Maxwell system we make the palgrcchoices

1+ bz
Z = 1+ ax’ (3.8)
E? k(34 aw) + sa’a? (3.9)
c (1+ax)? ' '
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The gravitational potenti&l is well behaved and finite at the origin. The electric fielcemgity
E is continuous, regular at the origin and approaches a aongiéue for increasing values &f
The constants, b, k ands are real. The general analytic functional forms ZoandE regain
particular cases studied in the past with an equation of .stat

On substituting[(318) and (3.9) intio (3]7e) we obtain the treler equation

i Qta)a=b) _ ala=b) _ (+a)kB+ar) + s
Yy 4[1 + bz 2(1+ ax)[1 + bz 8(1+ ax)[l + bzx]
B(1+ax) Cv[(3+ax)(2a —2b— k) — sa’z?)?
AC[1 + ba] 16(1 4 ax)(1 + bx) ’ (3.10)

for the metric functiory. In spite of complexity of equation_(3.110) it can be solvedyaneral.
On integrating[3.10) we get
y = D(1+ ax)™[1 + bx]" exp [F(x)], (3.11)

whereD is the constant of integration. The functib(x) is given explicitly by
Flo) = o - i |20 ot 020

(a— b)g(ai“(;r —2)19)_( ffz ;)28)(1 + a:c)}

—C'sy {@ — bk +;2)(Z Ezi:)(zb(; fc;)x; 3bs)(1 + a:c)]

[02327 —2Cs(1+ ) — 48. (3.12)

—C'sy [

16bC
The constantsn andn have the form
B (1 + a)(s + 2k)

- 8(b—a) + 2
b 1
+7[2(a — b) — {b_a (b_a)2+1]
+8(ac%b) [(a —b)[2s(a — b) + a + ] + 3ab(k — 2b) — b*k
+26°(2a — 1],
_ (1+q) (14+ @)k —2a(a—10b) [Ba—Db)
S N () e
2 b2 b 1 C'sa2(1+a)
+y[2(a — b) — K] {(b_CL)g TP +ﬂ SR )
+ﬁ [a* (s + 4b) + (k + 2b)(6a%V* — 24°b)] .
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Then we can generate an exact model for the Einstein-Masysiem|[(3.7a)-(3.7f) in the form

1+ ax

o= 3.13

c 1+bz’ (3.13a)

e = A2D*(1+4 azx)™™ [1 + bx]™ exp[2F (z)], (3.13b)
_9p — en22

P (2a — 2b—k)(3+ ax) — sa’x ’ (3.130)

2(1 + ax)?

pr = 9 +ap—p, (3.13d)

po= Dt A (3.13¢)

A Az(l+bx) [m(m — 1)a? 2mnab omal(z)

C  l+ax (1+ ax)? (14 ax)(1+ bx) 1+azx

V’n(n—1) 2nbF(z)
t+00?  1+bz
2(a—b)z  4(1+ bx) am bn
[_(1+CL$)2 (1+aaz)}[1+ax+1+bx
C(2(a—0b) — k)(3 + ax) — Csa’x? 2
—C”}/ |: 2(1 T CLSL’)z :|

+ F(z) + F(z)?

+ F(x)]

_Q(Tlax)?pc(a —b)+ k(34 azx) + sa’x? — %(1 + aa:)Q]
(2(a — b) = k)(3+ ax) — sa%s?

- { 2(1 + az)? } ) (3.13f)
E* E(3+ ax) + sa’x?
e (1+az)? 7 (3.139)
s Cl+ ] (VR + 00 +0) + 2y5ary5 T a(2 + ar))
¢ ., (3.13h)
¢ 2@ T an)(1 + az)

whereF(x) is given by [3.1R). We observe that the exact solufion (3-{34.3h) of the Einstein-

Maxwell system has been written solely in terms of elemgrfianctions. For this solution the

mass function is given by

M(z) = 1 [(12a(a — b) — 6ak)z + s(15 + 10ax — 2a2x?)|x!/?
TGP 3a(1 + ax)
ds arctan(+/ax
— a3/2(\/_)] : (3.14)

The gravitational potentials, matter variables and ebestignetic variables are well behaved and

regular in the stellar interior. However in general thera singularity in the charge density at
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the centre which is evident in (3.13h). This singularityusidable wherk = 0, so that we have

o?  4Csaz[l + bz](2 + az)?
c (1+ az)d ' (3.15)

At the centre of the star = 0 and the charge density vanishes.

3.4 Known solutions

We have found a general class of exact solutions to the Hirbtaxwell system with a quadratic
equation of state. It is interesting to observe that foripaldr parameter values we can regain
uncharged anisotropic and isotropic modgis= 0, s = 0) from our general solutior (3.13a)-

(3.13h). We regain the following particular cases of phakiisterest.

3.4.1 Feroze and Siddiqui model

This is a special case of our general solution with the quideguation of statg, = vp?+ap—j.

If we sets = 0, C = 1 andA%2D? = B, then we regain the line element

2
ds* = —B(1+ar®)™(1+ br®)" exp[2F (r)]dt* + 1 iz; dr?
+72(d6* + sin” d¢?), (3.16)
where
_ Bar? 2(2b—a)(1+ar?) + (b —a)
Flz) = - m +9[2(a —b) — kJ? [ 8(b— a)?(1+ ar?)? } ’
a (1+a)k v b1
m = 5 —m+7[2(a_b) _k]Q [(b—a)?’ + (b—a)2 +Z} )

(1+a) (14+ a)k —2a(a—>b) [a—Db)
no= g Bla=b) =4 ib—a) LT
+v[2(a — b) — k]? {(b E e + C _ba)2 + ﬂ .

The line element(3.16) was found by Feroze and Siddiqui 12®hich was the first model
with quadratic equation of state. Some minor misprints iroEe and Siddiqui (2011) have been

corrected in our result. This solution may be used to modehapact body.
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3.4.2 Thirukkanesh and Maharaj model

If we sety = 0 then we have the linear equation of state= ap — . Also settingC' = 1,s =0

andb = a — b, we get the line element

2 2 2 2\2m 7N,.212n —CLBTQ 2
ds* = —A°D*(1+ar®)™"[1+ (a — b)r°]"" exp | ———=| dt
2(a—0)
1 2
b O % 4 r2(d6P + sin® 0dg?), (3.17)
1+ (a—0b)r?
where
20b — (1 + o)k
m — = 9
4b
1

= m 2a*(k(1 + ) — 2ab) — ab(5k(1 + ) — 2b(1 + 5a)))

+0%(3k(1 4 a) — 2b(1 + 3a) +26)| .
The metric [[3.1l7) was found by Thirukkanesh and Maharaj20This solution may be used

to model realistic charged compact spheres and strangeveitirquark matter in the presence

of the electromagnetic field.

3.4.3 Sharma and Maharaj model

If we sety = 0, 8 = ap, then we regain the linear equation of state= a(p — p) wherep is
the density at the surface. By settihng= 0 s = 0,b=a — b, C = 1 andA2D? = B we find the

following form of the line element

2 22 7\..212 —apr? 2
ds® = —B(l1+ar®)*"[1+ (a — b)r*]”" exp — | dt
2(a —b)
1+ ar?
— ——dr?* + r3(dh* + sin® 0d¢?), 3.18
1+ (a—b)r? ( @) ( )
where
Q
m = —,
2 ~ ~ ~ ~ ~
S Saba — 2a%a — 3b%ar + ab — b? + b3

4(a — b)?
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The line element (3.18) represents an uncharged anisotsppiere and was found by Sharma
and Maharaj (2007a). It may be used to describe strangevgtara linear equation of state with

quark matter.

3.4.4 Lobo model

If we sety = 0, 5 = 0, then we obtain the linear equation of state= ap. On settingk = 0,

s=0,b=a—b,a=2bC=1andA2D? = B we regain the line element

- - 1+ 2br2
ds* = —(1420r*)*™(1 + br?)*dt* + i 7T
14 br?
+72(d6* + sin” d¢?), (3.19)
where
—
m = 5
11—«
n = .
4

The metric[(3.1B) was first found by Lobo (2006) which repnés@ncharged anisotropic matter.
This solution serves as a stellar interior with< —% and may be matched to the Schwarzchild

exterior for dark energy stars.

3.4.5 Isotropic models

We observe thaf\ # 0 in general and the model remains anisotropic. However, wesbaw
for particular parameter values that = 0 in the general solution (3.18d)-(3.13h). If we set
b=(a—1),k=0,s=0,a=0,then we obtain

m = %
1
n = E[ﬁx—(1+3a)0],
A = gl 30+ )08 - (1 3)C) (3.20)
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Two different cases arise froimn (3120) by setting= 0. Firstly, we observe that wheh= 0 and
a = —1thenA = 0. The equation of state becomg$= p,) = —p. We get the line element

ds® = — (1 + %22) dt? + (1 + %22) 1 dr? + r*(d6? + sin? 0dp?), (3.21)
where we have set = D = 1 andC = %. We mention that the metri€ (3.21) is the isotropic
uncharged de Sitter model. Secondly, we observe that when) anda = —% thenA = 0.
The equation of state becomgg= p;) = —3p with the line element

9\ —1
ds? = —A%d1® + (1 + %) dr? 4 r2(d6? + sin® 0de?), (3.22)

whereD =1 andC = ;. The metric[(3.2R) is the isotropic uncharged Einstein rhode
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3.5 Physical Analysis

We show that the exact solutions of the Einstein-Maxweltesysfound in Section 3.3 are well
behaved by generating graphical plots of matter and el@ctgmetic variables. We make the
particular choice€’ = 1,a = 2.5,b = 2,7 = 0.01, « = 0.33, s = 0.017andk = 5 = 0.
We used the programming language Python to generate trefptahe energy density (Figure
[3.1), radial pressure (Figure 8.2), electric field intgn@figure. 3.8), charge density (Figlrel3.4),
mass (Figuré_3]5), speed of sound (Figuré 3.6), tangentaispre (Figure_3.7) and the mea-
sure of anisotropy (Figuffe_3.8). The energy dengityg a finite and monotonically decreasing
function. The radial pressuge is similarly well behaved and continuous. The electric field
tensity F is initially small and approaches a maximum value as the Banis approached. The
proper charge density is nonsingular at the origin, increases and then decreftseseaching
a maximum value. The mass function is a strictly increasumgfion which is continuous and
finite. The speed of sound is less than the speed of light amshtity is maintained throughout
the stellar interior. The radial pressure is decreasingdmas reach a finite value of the radial
coordinate. The tangential pressure is also a decreasmgdn. The measure of anisotropy is
a decreasing function as the boundary is approached andn®fimate in the interior. Thus all
the matter variables, electromagnetic variables and thetgtional potentials are nonsingular
and regular in the region containing the stellar centre.drtigular the proper charge density
is finite at the centre unlike earlier treatments.

It is desirable to study comprehensively the stability of mew models; this is a objective for

the future reseach. The solutions generated may be matchied éxterior Reissner-Nordstrom

spacetilne
oM Q? oM Q*\ !
2 2 2
ds = —(1—T+F)dt+<1—7+r—2 dr
+12(d6* + sin? Od¢?), (3.23)

across the boundary= R. This generates the following conditions

1— = 4+ = = A%2(OR?), (3.24)
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and

LM QPN 14 aC®?
14+ bCR2’

m + 7 (3.25)
relating the constants, b, A, C,«a, g and~. There is a sufficient number of free parameters to
ensure the continuity of the metric coefficients across thenbary of the star. Also note that
the radial pressure vanishes at the boundary. It is podsilskeidy the astrophysical significance
of the exact solutions to the Einstein-Maxwell equationsbin this chapter. This is the object
of future research. We point out that for suitable parameséues we regain the magdg =
1.433M¢ of Deyet al (1998, 1999a, 1999b) corresponding to a strange star mduiad there is
no electromagnetic field. Therefore the solutions foundhis ¢hapter may be used to generalise
earlier results and to model charged relativistic stramgecuark stars.

Our aim in this chapter was to find new regular exact solutionge Einstein-Maxwell
system for spherically symmetric gravitational field with @quation of state. In particular we
selected a quadratic equation of state relating the enegsity to the radial pressure. The new
models presented in this chapter may be used to model iistaticompact objects in astro-

physics.
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CHAPTER 4

Some charged polytropic models

4.1 Introduction

In this chapter we are concerned with anisotropic, charggdsflin general relativity theory
satisfying the Einstein-Maxwell system. The canonicalrapph to study such a model is to
specify initially the properties of matter in terms of an atjon of state. Then the model may be
simplified by imposing symmetries on the spacetime manifdiich eases the task of solving
the field equations. The resulting family of solutions slhidog studied to confirm their physical
relevance. For neutral gravitating spheres, Delgaty ake (8998) discuss the relevant physical
requirements and they show that only a restricted family oflets satisfy the physical tests. In
our approach, we impose the requirement that the spacetistatic and spherically symmetric,
specify an equation of state relating the radial pressuteestdensity, and choose forms for one of
the metrics variables and the electric field. This line ofrapph is different from the canonical
approach but has the advantage of simplifying the integmgbrocess. It does produce exact
solutions which may be useful examples for stellar models.

The modelling of dense charged gravitating objects in gfignavitational fields has gener-
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ated much interest in recent times because of its relevanedetivistic astrophysics. Gupta and
Maurya (2011a, 2011b, 2011c), Kiess (2012), Maurya and &(8@11a, 2011b, 2011c) and
Pantet al (2011) have generated specific charged models with desiphlyisical features. These
investigations require an exact solution of the EinsteiaxMell system. The presence of charge
produces values for the redshift, luminosity and maximunssnahich are different from neu-
tral matter. Applications of dense charged gravitatingesps include describing quarks stars,
spheres with strange equation of state, hybrid protoneutiars, bare quark stars and the accret-
ing process onto a compact object where the matter is likefctjuire large amounts of electric
charge as pointed out by Esculpi and Aloma (2010), Sharmavaidhraj (2007a), Sharma and
Mukherjee (2001, 2002) and Sharmtaz! (2001) amongst others.

A considerable number of exact solutions to the EinsteinaMal system has been gener-
ated by Ivanov (2002), Komathiraj and Maharaj (2007a, 20@n Thirukkanesh and Maharaj
(2008) by choosing a generalised form for one of the graeital potentials. The solutions are
represented as an infinite series in closed form in geneonpmial and algebraic functions
are possible for particular parameter values and prewdusdwn models are regained in the ap-
propriate limit. However these models do not satisfy a wapat equation of state, relating the
radial pressure to the energy density in general. The irapoetof an equation of state in a stellar
model has been emphasized by Varglal (2010) who provided a mechanism of dealing with
anisotropic matter in a general approach. Some solutiotteedEinstein-Maxwell system found
recently do in fact satisfy an equation of state. The modelfoukkanesh and Maharaj (2008),
Mafa Takisa and Maharaj (2013), Thirukkanesh and Ragel3Rpassess a linear equation of
state for a charged anisotropic sphere. The solution of tdaasd Maharaj (2006) satisfies
a complicated nonlinear barotropic equation of state watitropic pressures. The models of
Feroze and Siddiqui (2011) and Maharaj and Mafa Takisa (R8afsfy a quadratic equation
of state which is important in brane world models and thestfddark energy. Models with
a polytropic equation of state are rare. Thirukkanesh argkR2012) have recently obtained
particular uncharged models by specifying the polytropiteix leading to masses and energy
densities which are consistent with observations.

In this chapter we consider the general situation of arepitrmatter in the presence of an
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electromagnetic field satisfying a polytropic equationtats. Our objective is to find exact solu-
tions to the Einstein-Maxwell system. We ensure that thegehdensity is regular throughout the
sphere and finite at the centre. The gravitational potesékdcted has a functional form which
has produced physically viable models in the past. An adegnbf our approach is that we can
automatically produce a new uncharged anisotropic modéh, avpolytropic equation of state,

when the charge vanishes. In Secfion 4.2, we express thieeEirddaxwell system as an equiva-
lent set of differential equations using a transformatiae tb Durgapal and Bannerji (1983). In
Sectior 4.8, we motivate the choice of the gravitationaéptél and the electric field intensity
that allow us to integrate the field equations. The range bftfmpic indices are considered in
Sectior 4.4. We obtain a family of exact solutions to the tiimsMaxwell system for particu-

lar polytropic indices in this section. Uncharged modeks @so obtained. In Sectign 4.5, we

discuss the physical features of the model and generat@igedplots for the matter quantities.

4.2 Field equations

In standard coordinates the line element for a static spfiérisymmetric fluid in the stellar

interior has the form
ds? = —e® 1?2 + 22 gr? 4 r2(d6* + sin® Od¢?). (4.2)

We are considering an anisotropic fluid in the presence daftrelmagnetic field; the energy

momentum tensor is given by

, 1 1 1 1
T;; =diag|—p — §E27pr - §E2>pt + §E2>pt + §E2 ) (4.2)
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wherep is the energy density,. is the radial pressure; is the tangential pressure andis the

electric field intensity. The Einstein-Maxwell equatioagé the form

%[m —e ) = p B (4.32)

e Yen -y g (4.3b)

e 2 (V" +7 4+ v V' — i,) = p+ lEz, (4.3c)
r r 2

o = T—lze_)‘(TZE)', (4.3d)

where primes represent differentiation with respect &nd the quantity represents the proper
charge density.

The fundamental equations describing the underlying taimg model for an anisotropic
charged spherically symmetric relativistic fluid are gilwnthe system (4.3a)-(4.8d). When the
charge is absent theln (4138)-(4.3d) is a system of thregiegaan five unknownsv, A, p, p,, p;).
An uncharged solution may be generated by specifying foonsifo unknowns or supplement-
ing the system with two equations of state relating the matteables as pointed out by Barraco
et al (2003). In the presence of chardge (4.3a)-(#.3d) is a sysfeimuo equations in six un-
knowns ¢, A\, p, p,, p:, E Or o). Note that if we choose a form of the electric figkdthen the
system|[(4.3a)-(4.3d) becomes a system of three equatidosiirunknowns. A charged solu-
tion may be found by specifying forms for three unknowns oy eombination of unknowns

and equations of state relating the matter variables. Thatamns of state should be chosen on

physical grounds. We note that the equatidns {4 [3a)4(4n3ply

2 E /

o= =p) = r(p+ v + 5 (PE) (4.4)

which is the generalised Bianchi identity representingrbgthtic equilibrium of the charged
anisotropic fluid. Equatiori_(4.4) indicates that the ammwf and charge influence the gradient
of the pressure. These quantities may drastically affeahtjiies of physical importance such
as surface tension as established by Sharma and Mahargjb(2®0the generalised Tolman-
Oppenheimer equatioh (4.4). The specific formg0&nd £’ in particular models studied will

determine the nature of profiles gf.
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We assume a polytropic equation of state relating the radésisure, to the energy density
p given by
pr=Kp', (4.5)

wherel’ = 1 + (1/n) andn is the polytropic index.
It is convenient to introduce a new independent coordirated introduce new metric func-

tionsy andZ:
v =Cr? Z(x) =e 20 A2 () = 20, (4.6)

whereA and C are constants. Then the equations governing the gravitdtizehaviour of a

charged anisotropic sphere, with nonlinear polytropicagiqgu of state, are given by

p 1-Z . E?
= = — 27 — — 4.7a
C x 2C" (4.72)
pr = kpTU, (4.7b)
Pt = Pr + Au (47C)
A " . ) 1-2 FE?
A/ {1 + 2:#} + . (4.7d)
C Y Y x C

. 1—7 E2 cwa/m ]y ) E2? 1+(1/n)

vy _ _ 4B 97— , (4.7¢e)
Yy dzz  8CZ 47 x 2C

2 47 . 2
% = = (asb+E), (4.79)

whereA = p, — p, is called the measure of anisotropy. The analogue of thesy&t.78){(4.7f),

with a linear equation of state, was pursued by ThirukkaeshMaharaj (2008). The Einstein-
Maxwell equations, with a quadratic equation of state, wadied by Feroze and Siddiqui (2011)
and Maharaj and Mafa Takisa (2012). The system (4[7a))(4étfresenting gravitating matter
with a polytropic equation of state, is physically more velet, and the model is of importance
in relativistic astrophysics. However the polytropic etijpra of state is the most difficult to study
because of the nonlinearity introduced through the pobitrandexn. The transformed form of

the Einstein-Maxwell equations simplifies the integratioproduce exact solutions.
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4.3 Integration

We solve the Einstein-Maxwell field equations by choosingc#pc forms for the gravitational
potentialZ and the electric field intensiti which are physically reasonable. The model depends
on obtaining a solution td_(4.l7e). Equatidn (4.7e) beconfasteorder equation in the potential

y which is integrable.

We make the choice

1
7 = 1y (4.8)
1+ax

wherea andb are real constants. The quantifyis regular at the stellar centre and continu-
ous in the interior because of the freedom provided by tharpaters: andb. It is important

to realise that this choice for is physically reasonable and contains special cases of rknow
relativistic star models. The choide (4.8) was made by Marerd Mafa Takisa (2012) to gen-
erate stellar models that satisfy physical criteria foredlat source with a quadratic equation
of state. Charged stellar models were also found by John aaithMj (2011), Thirukkanesh
and Maharaj (2008), Maharaj and Komathiraj (2007), and #eend Siddiqui (2011) with this
form of Z. A detailed study of the Einstein-Maxwell system, for isgiic matter distributions,
was performed by Thirukkanesh and Maharaj (2009). Neutedbs models in general relativity
have been found for special cases of the potetidf we seta = 1, b = 1/2 then we generate
the Durgapal and Bannerji (1983) neutron star model. When7, b = —1 then we generate
the gravitational potential of Tikekar (1990) for superserstars. Thus the forid chosen is
likely to produce physically reasonable models for chag@dotropic spheres with a polytropic
equation of state.

For the electric field we make the choice

E? ex

= - == 4.9

2C (1+ ax)?’ (4.9)
which has desirable physical features in the stellar ioterit is finite at the centre of the star
and remains bounded and continuous in the interior; foelaajues ofr it approaches zero. A

similar form of the electric field was studied by Hansraj andhdraj (2006) which reduces to
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the uncharged Finch and Skea (1989) model. Finch and Skesasstigsfy all the requirements
for physical acceptability. Therefore the choi€e [4.9)ikely to produce charged anisotropic
models with a polytropic equation of state.

By substituting[(4.B) and (4.9) intb_(4]7e) we obtain thailes

g B a—>b B ET
y 41 +bx) 41+ ax)(1+ br)
kCHA/M (1 4 az) [(a — b)(3 + az) — ex] T

4(1 + bx) (1+ax)?

(4.10)

This is a first order equation but the presence of the polytriopdexrn makes it difficult to solve.
The right hand side of (4.10) and its first derivative must bstinuous to ensure integrability;
clearly this is possible for a wide range of the parameiebss andr. We can integraté4.10)
in terms of elementary functions for particular valueg @fs shown in the next section.
In summary the potential’ and the electric fieldz have been specified. Then the charge
density must have the form
0  2e(14 bx)(3 4+ 2ax)?

c? (1+ azx)® ' (4.11)

The energy density is given by

p (a—0b)(3+ax)—ex
[ (14 az)? ' (412)

On integrating[(4.10) we can find the gravitational potdntiadAs Z and £’ are now known quan-
tities, we can find the measure of anisotrapyy simple substitution i (4.7d). The tangential
pressurey; then follows from[(4.7lc). Thus we must find an analytic form §do complete the

integration.

4.4  Polytropic models

Newtonian polytropic models have been studied for over allethyears. Early results have
been extensively described by Chandrasekhar (1939). cBartipolytropic indices have been
shown to be consistent with neutron stars, main sequence stavective stellar cores of red

giants and brown dwarfs, and relativistic degenerate aafredite dwarfs. Whem = 5 then the
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polytrope has an infinite radius, and when the inglex oo the isothermal sphere is generated.
Polytropes have also been studied in the context of gersedivity. It is important to note that
in Newtonian theory polytropes with certain exponents &gpond to adiabates. The physical
interpretation of the distribution in relativity is moreffitult since the adiabates obey different
equations of state as indicated in treatment of Tooper (1¥&me numerical results have been
found by Tooper (1964) who studied the structure of polyitdipid spheres for, = 1,3/2,5/2
andn = 3. Pandeyet al (1991) presented an exhaustive study of relativistic popgs in the
rangel /2 < n < 3. de Felicest al (1999) considered the structure and energy of singulargéne
relativistic polytropes in the range< n < 4.5. Recently Thirukkanesh and Ragel (2012) found
uncharged exact solutions with a polytropic equation akestar = 1 andn = 2. Nilsson and
Uggla (2001) demonstrated numerically that general resditt perfect fluid models have finite
radius for the polytropic indeft < n < 3.339. Subsequently Heinzle al (2003) performed a
comprehensive dynamical systems treatment for perfedssfihiat are asymptotically polytropic.
The mass-radius ratio for anisotropic matter configuratisnbounded for a compact general
relativistic object as given by Boehmer and Harko (2006) Andreasson and Boehmer (2009)
for general matter distributions, and they are consequemplicable for polytropes. In this
chapter we consider the polytropic index ranging over the ftases; = 1/2,2/3,1,2 for
strong gravitational fields when anisotropy and the elestignetic field are present. The values
of n chosen produce finite models that correspond to physicatlg@able matter distributions

as shown in the analyses of Pandey:/ (1991) and Thirukkanesh and Ragel (2012).

44.1 Thecase =1

Whenn = 1, the equation of stat@l.5) becomes
P = Kp2. (4.13)
On integrating4.10) we get

y = B(1+ ax)*[1 + ba]' exp [F(2)], (4.14)
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whereB is the constant of integration. The varialfiézr), the constants and/ are given by

C?k[2(20 — a)(1 + ax) + (b — a)]

Flo) = 2 — a)?(1 + ax)?
C?reldala —b) +¢]  C*kel2a(a® — 2¢) + b(2ab — ¢))]
~8a2(a—0b)(14azx) 4a2(a — b)2(1 + az) ’
k= C%[2(a—0)? [(b f IR _ba)Q + ﬂ

_13\2 2
_2ella = b7 CPRae] oo 4 b4 — 80)],

a

(@=b) , [ ¥ b d
T+C’/~@[2(a—b)] {(b—a)3+(b—a)2+ﬂ
~2¢f(a— b)z + C?kbe] — 40%ke](a — b)(a — 3b)). (4.15)

The tangential pressure and the measure of anisotropy\ae gy

42C(1 + bx) {k(l{; —1)a? N 2klab
1+azx (I1+az)> (14 ax)(1+bx)
okaF(x) DA —1) 20bF(x)
1+ ax (1+bx)2  1+40bx

Pt

. ak

+F(x)+F(x)2}+2xcl 40 +F(x)]

l4ar 1+0bx
C(a — b)ax — 2ex RO [(a —b0)(3+ax) — ax} ?
(1+ax)? (1+ ax)? ’
A — 42C(1 + bx) {k(l{; —1)a? 2klab
1+ ax (14+azx)? (14 ax)(1+bx)
+2kaF’(:p) i(l—1) 20bF(x)
1+ax (1+bx)2  1+40bx
+F@>+F@f}+m@[1+ax+l+bx
C(a—b)ax — 2ex

p (4.16b)

(4.16a)

+ F(x)]

If we setA2B? = D andC = 1 then the line element has the form

1+ ar?
1+ br?
+72(df* + sin? Od¢?), (4.17)

ds = —D(1+ ar2)2k (1 + br*)* exp[2F (r?)]dt* + dr?

in this case.
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Therefore we have obtained a new charged anisotropic modelsponding to the polytropic
indexn. Observe that it is possible to set= 0 in this solution so that = 0 and there is
no charge. Thus our approach automatically generates drargedd model. The uncharged

polytrope withn = 1 is given by the metric

ds* = —-D (1 + arQ)QH[Q(a_b)]Q[ﬁ”Lﬁjﬁ]

x (1+ brz)w‘*—_bwﬂp(“_b)] [<b PERRC=LAR i)
k(2(20 — a)(1 + ax) + (b — a)) i

*exp (b—a)?(1 + az)?
1 2
. j; Z':? dr® + r*(df? + sin® 0dp?).

(4.18)

Note that the metridd.14), with ¢ = 0, is contained in the models of Feroze and Siddiqui
(2011) and Maharaj and Mafa Takisa (2012). They considdredjuadratic equation of state
pr=yp* +ap+ B. Ifwe sety =k, « = 0, 8 = 0 andE = 0 then we find that their solutions

are equivalent to our uncharged met@cl8).

4.4.2 The case = 2

Whenn = 2, the equation of stat@l.5) becomes
Pr = /{pg/Q_ (419)

On integrating[4.10) we obtain

B B[ + bx] G V2a +5—\/_\/3+a:1: —b) —ex e
[1+al‘ 4a(a b) \/ —|—€+\/_\/ 3—}—&1’ )—&‘SL’
x exp[G()], (4.20)
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whereB is the constant of integration. The variali¥¢z), the constants: andw are given by

C3Pr CPrey/(3+ax)(a—b) —ex

G@) = i da(a —b)(1 + ax)
S C32k[(a — b)(3b — a) + £]3/?
B 2v/b(a — b)
_ C%2k[2a*(a — b)(3a + 7b) — ae(3a + 5b)] — *(b — 3a)
v 4a3/%(a — b)\/2a(a — b) + ¢ '
(4.21)
The tangential pressure and measure of anisotropy havertims f
 4xC(1+bx) [d [ b((a—b)*+e) ag
be = 1+ ax {% (4b(a—b)(1+bx) B 4a(a — b)(1 + ax)
(m +w)vb(a(a — b)e) 7| Clb—a)
2T (\/2a(a —b) +e+VbT) )  v*| (1+ax)?
b((a—b)? +¢) as
X {1 e (4b(a 01 1 br)  dala—b)(1 + az)
o+ w)Vhlala ~ b)e)
2T (\/2a(a — b) + ¢ + VbT)
(a —b)(1+ ax) — 2ex a0 [(@=0)(3+ax) —cx 5/2
(1+ ax)? +rCY [ (14 ax)? ] ’ (4.222)
A 42C(1 + bx) [i( b((a—0)+¢e) ag
N 1+ ax de \4b(a —b)(1 +bzx) 4a(a —b)(1+ ax)
(m +w)vb(a(a — b)e) N | Clb—a)
2T (\/2a(a —b) + e +VbT) )  v*| (1+ax)?
b((a—b)? +¢) ae
X {1 2 (4b(a 01 1 br)  dala—b)(1 + az)
 (m+ w)v/b(a(a — b)e) (@ —0b)(1+ax)—2ex (4.22b)
2T (\/2a(a — b) + ¢ + VbT) (14 ax)? '

whereT = /(3 + ax)(a — b) — ex.
By settingA%2B? = D andC = 1 the line element takes the form
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72 V2a(a —b) +&—Vby/(3+ar?)(a —b) — er? 2
S =
V2a(a —b) + e+ Vby/(3+ ar)(a — b) — er?
(a—b)®+2¢
X (1 + bTQ) 2b(a—b) (1 + (M“Q) Za(a=b) exp[2G (r?)]dt?

1+ ar?
1+ br?

dr? + r*(d6? + sin® 0d¢?), (4.23)

for this case.
Settinge = 0 implies £ = 0 and we find the uncharged polytropic model with= 2. The

corresponding line element is given by

k(3b—a) (afb)(Sbfa)_’_n\/E(?)an?b)

V2a(a —b) — Vb\/(3 + ar?)(a — b) Ve V2a(a—b)
v/2a(a —b) +\/_\/3+a7’2 —b)
{a=b)?. —K
140 2\ 26(a—b) dt2
X ( + or ) exp li(l +ar2)}

1+ ar?
1+ br2

ds? =

dr® + r?(d6? + sin? 0d¢?), (4.24)

which is a new solution to the Einstein-Maxwell equationgwiiis polytropic index.

443 Thecase =2/3
Whenn = 2/3, the equation of stat@lL.5) is

P (4.25)
On integrating/4.10) we find

_ B[1+bx](ib<22b> V2a(a —b) + ¢ — Vby/(B3+ax)(a—b) —ex r
[1+ az]™@D V2a(a —b) + e+ vby/(3 + azr)(a —b) — ez

x exp[H (x)], (4.26)
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whereB is the constant of integration. The variatfgx), the constantgs andq are given by

H(z) =

C%?k(2a(a — b) + €)% A

~12a2(a — b)(1 + az)?
_05/2/{(2(1(61 —b) +¢)((a —b)(13a* — 25ab) + £(13a + 7b))A

48a2(a — b)?(1 + ax)?

_05/2/{[(a —0)(8a®(a® —€) + dac(e — 1))]A

32a%(a — b)3(1 + ax)

 C2K[—9a%b* + 2060°0° (a — b®) + T0aH* (b — ¢)] A

32a%(a — b)3(1 + ax)

_05/2/{[(13(3@6 —b®) — as(8a% — Te) A

32a%(a — b)3(1 4 ax) ’

C%2k\/b](a — b)(3b — a) + €]*/?

2(a —b) ’

C°?k[51a%b e + 30a°be? + 1468a°b°]

32a°2(a — b)3y/2a(a — b) + ¢

+C5/2/-@[(a + b)(498a*be + 15a%s + Sabe® — 5a® — 15a'e?)]

32a%2(a — b)*\/2a(a — b) + ¢

JrC":’/Zmz[—b(ZLQb + 75a) — £%(2a + 5b) + 6b*(a® — 3b%)]

16a'/2(a — b)*\/2a(a — b) + ¢

+C5/2/{[€3(a3 + %) + abe?(9b® + 15a%) + 535b*(a® + b°)]

32a%/2(a — b)*y/2a(a —b) + ¢

 C%Pk[a’b®(353ab — 1354) + a®b(166° — 85a%)]

9

32a%2(a — b)*\/2a(a — b) + ¢
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whereA = /(3 + az)(a — b) — ex. The tangential pressure and the measure of anisotropy are

given by
4201+ bx) {i ( b((a—b)*+¢) ae
b = 1+ azx dr \ 4b(a —b)(1 + bx) 4a(a —b)(1 + ax)
(p + ¢)Vb(a(a — b)e) |, Clb—a)
T(y/2a(a —b) + ¢ +/bT) y? (1+ax)?

b((a —b)* +¢) ae
X ll 2 <4b(a DI+ be)  da(a—b)(1 + az)

(p + ¢)vb(a(a — b)e)
2a(a — b) + ¢ + V0T (x))
(@ —b)(1+ ax) — 2¢ex 50 [(@—0)(3+azx) —ex 5/2
1T ar)? + KC¥ { 0T ao) } ,  (4.27a)
42C (1 + bx) {i ( b((a—b)*+¢) ae
1+ azx dr \ 4b(a —b)(1 + bx) 4a(a —b)(1 + ax)

(v +9)vh(a(a — b)e) ) L

y*|  (1+ar)?

b((a —b)? +¢) as
X {1 2 (4b(a DI+ be)  da(a—b)(1 + az)

v Cb—a)
2a(a — b) + € + V/bT)

 (p q)Vb(a(a — b)e) (a—0)(1+ax)—2ex (4.27b)
2T (\/2a(a — b) + & + VbT) (1 + ax)? '
If we setA2B? = D andC = 1 then the line element assumes the form
2
ds? V2a(a—b) +e—Vb/(3+ ar?)(a —b) — er? v
S —
2a(a —b) + ¢ +Vb\/(3 + ar?)(a — b) — er?
(a— b) +2¢
X (1 br?) @0 (14 ar?) %) exp[2H (r?)]dt?
1 2
1 i Z:Q dr® + r*(df? + sin® 0d¢?), (4.28)
in this case.

If we sete = 0 thenE = 0, and we get the uncharged polytropic model wjtk- 2/3. The

uncharged line element has the form

2
ds? D[1+b 2b( b) V2aa_b \/_\/3+ar2 b) e
S = I8 a—
V2a(a —b) + Vby/(3 + ar?)(a — b)
1+ ar?

x exp[2H (r?)]dt* + 57 ———dr® 4+ r*(d#* + sin® fd¢?), (4.29)
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which is another new model for the indgx= 2/3.

444 Thecase =1/2
Whenn = 1/2, the equation of stat@lL.5) is

Dr = ’%pg'
On integrating4.10) we find

y = B(1+ ax)’[1 4+ bx]" exp [I(z)],
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whereB is the constant of integration. The variabler), the constants, andu are given by

C3k(2a(a —b) +¢)*  C?k((a—b)(a—3b) —¢)?
C16a3(a —b)(1 +azx)t  4(a—b)*(1 + ax)
C3k(2a(a — b) + €)*[(a — b)(a(3a — 5b) — 2¢) — ag]
12a3(a — b)%(1 + az)3
C3k[6a*(a® + 6be) + 4a*b?(29a + 10b) + 3ae?]
8a3(a — b)?(1 + ax)?
C3rbe[bn? + 3a(e(b* + 3a?) + ab(b* — a?))]
a 8a3(a — b)3(1 + ax)?
C3k[36a*b?(a® — 1) + 12a%0* (e(ab — 1) — a®b?)]
8a3(a — b)3(1 + ax)?
C3ka®(3e(3a — b%) + 14b%)
8a?(a — b)3(1+ ax)?
el(a® — b*)? — 4b(a*(a — b) + b?)]
da(a — b)d
C3k[a?b?(a® + b*)(1360* + 11a?)]
4a(a — b)®
C3k[9ab® (3a® — 19b%) + 3b%e%(4a® + 3b)]
4(a — b)®
C3k[3ab’e(4a + 9b) + abe(a®b + %))
4(a — b)>
C3ka?bla® + 17ab® — 22b¢]
4(a — b)*
C3k[3a%be(a® + 1) + 40a®b* (a® — )]
4(a —b)> ’
(a® + b?)(4abs + 15a%b2) — e(a* + b*)
4b(a — b)®
(a® — b%) — 6ab(a* + b* + ab(3 + ¢))
4b(a — b)d
C3k[12a%0%(a? — b?) + b2e(6ab — £2)]
* (D)
C3k[2703 (1 + b*) + a®b?(a® — 4b°)]
* I(a —b)?
C3klab* (57a® + 108b?) — 3b%e*(1 + 3b) — 3ab®(21ab® + 22be)]
* h(a— D) ’

I(x)

s = —
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in this case. The tangential pressure and the measure otiapyg are given by
4zC(1 + bx) [s(s — 1)a? 2suab
1+ ax (14+ax)? (14 ax)(1+bx)
2sal(x) bPu(u—1) 2ubl(x)
1+azx (1 + bx)? 1+ bz

Dt

. . 9 as b .
+1(x) + I(x) } + 2zC {1—1-&:6 + T on +I(x)}
C’(a—b)ax—Zz—::zc_i_ﬁc,2 (a —0)(3+ax) —cx 3’
(1+ azx)? (1+ ax)?
4xC(1+ bx) [s(s — 1)a® 2suab
A —
1+azx (1+az)>  (1+az)(l+bx)
2sal(x)  bllu—1) 2IbI(x)
l+ar (1+4+0bx)2 1+0bx

. : b
Fo) + H(@)?| +2 @
(@) + (x)}jL xc[1+ax+1+bx
C(a—b)ax — 2ex

(1+ax)?

If we setA2B% = D andC = 1 then the line element is given by

+ (432&)

+1 (x)}

(4.32b)

1+ ar?
1+ br2
+72(d6* + sin” d¢?), (4.33)

ds* = —D(14 ar?)*(1 + br?)* exp[21 (r?)]dt* + dr?

for this case.
Settings = 0 impliesE = 0, and we generate the uncharged polytropic model with1 /2.
The corresponding line element is given by

1+ ar?
14 br?
+72(df* + sin” d¢?), (4.34)

dr?

ds* = —D(14 ar?)*(1 + br?)* exp[21 (r?)]dt* +

which is a new solution to the Einstein-Maxwell equations.

4.5 Physical Analysis

In this section we indicate that the exact polytropic solusifound in Section 4.4 are physically

reasonable. The gravitational potentials regular at the centre and well behaved in the inte-
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rior. The potentialg, presented for various cases in Secfiod 4.4 are given in tefrasnple
elementary functions. They are regular at the stellar eesntid continuous in the interior. The
potentials”Z andy reduce for particular values of parameters to relativisttlar models studied
previously which have been shown to possess desirableqgathysatures. Clearly the choice of
the electric fieldE in (4.9) is physically acceptable as shown by Hansraj and Mahar&6(20
The choice ofF leads to forms of charge densityin (4.11) and the energy densipyin (4.12
given in terms of rational functions. The quantiti€sc andp become decreasing functions for
large values of.

We used the programming language Python to generate twookgtets for the radial
pressurep,, the tangential pressupg, and the anisotropyA for the polytropic indices; =
1/2,2/3,1,2. These represent profiles for charged anisotropic mattéranvi“ 0 for a = 5.5,

b =3.0,e =1, the boundary- = 4, C' = 1 andx given by the causality conditioﬁ’j’; < 1 for
each case. In the first set of figures, we have plotteg, and A against the radial coordinate
r: Figure 4.1 represents the radial pressure, Figure 4.2septs the tangential pressure, and
Figure 4.3 represents the anisotropy. The radial pressuadinite and decreasing function in
Figure 4.1. The tangential pressure in Figure 4.2 initialigreases, reaches a maximum and
then decreases. The anisotropy in Figure 4.3 also reachexianom in the interior and then
decreases. These profiles are similar to other studies. ifhevalues ofp; in central regions of

a star is reasonable as pointed out by Karmakai (2007) because of conservation of angular
momentum in quasi-equilibrium contraction of a compactbdthe profile ofA is similar to the
profiles generated in studies of strange stars with quarkemay Sharma and Maharaj (2007a)
and Tikekar and Jotania (2009). In the second set of figure$iawve plotteg,., p; andA against
the densityp: Figure 4.4 represents radial pressure, Figure 4.5 remietee tangential pressure,
and Figure 4.6 represents the anisotropy. The various pidigure 4.4 appear to be straight
lines; this arises because of the interval chosen. We hdisedtthe forms fop,., p, andA from
Section 4.4. The radial pressure remains an increasindifumin Figure 4.4. The tangential
pressure, increases to a maximum and then becomes a decreasing funci@ure 4.5. This
feature is to be expected as we commented above about thetedegher values gf; in the

central regions. In the same way, in Figure 4.6, the anipgtreaches a maximum in the interior
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and then decreases. Our profiles are similar to those giv&apyt ol (2003) who showed that
the presence of electric charge has a significant effect @phienomenology of compact stars
with intense gravitational fields. Observe that the profiethe radial pressurg, increases as
a function of the energy density in Figure 4.4 for each polyit index. The gradient is larger
as the polytropic index increases; the behaviour is carsistith the physical requirements of
Pandeyet al (1991). We observe the same behaviour for the profilepf@and A. Finally in
Figure 4.7 we have plotted the speed of so%d This quantity is always less than unity and
the causality is maintained which is a requirement for a jlay®bject as indicated by Delgaty
and Lake (1989).

In this chapter we have generated new exact solutions to ithetefin-Maxwell system of
equations with a polytropic equation of state. These smhgtimay be used to model compact
objects which are anisotropic and charged. Note that thetieak are expressed in terms of
elementary functions which facilitate a physical study.rAghical analysis shows that the grav-
itational potentials and matter variables are regularet#ntre and well behaved in the interior.
It would be interesting to relate these new solutions toi@aer astronomical objects such as
SAX J1804.4-3658 as was done by Dey:/ (1998, 1999a, 1999b), in the absence of charge, and
Mafa Takisa and Maharaj (2013), in the presence of chargeh &study will reinforce the astro-
physical significance of the models in this chapter. We poutthat our approach automatically

leads to new uncharged anisotropic solutions when thergléield £ = 0.
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CHAPTER 5

Charged compact objects in the linear regime

5.1 Introduction

Exact solutions of the Einstein-Maxwell system are of vitaportance in relativistic astro-
physics. Bonnor (1965) demonstrated that the electricgghplays a crucial role in the equi-
librium of large bodies which can possibly halt gravitaaboollapse. The challenge in astro-
physics is to find stable equilibrium solutions for chargebfspheres, and to construct models
of various astrophysical objects of immense gravity by aering the relevant matter distribu-
tions. Such models may successfully describe the chaistaterof compact stellar objects like,
neutron stars, quark stars, etc.

Astrophysical compact stars are generally considered teebé&on stars. Over the past two
decades, there has been considerable development in atiges\of the compact stars. Although
the mass of many of the compact stars are determined withr @riagision, the main problem
comes in determining its radius. In some recent papersavegrtechniques give accurate mass
and radius of a few compact stars. The improved observatioimamation about such compact

stars have invoked considerable interest about the irteongposition and consequent geometry
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of such objects.

As an alternative to neutron star models, strange starslies@ suggested in the studies of
compact relativistic astrophysical bodies. Similar totn@u stars, strange stars are considered
likely to form from the core collapse of a massive star duargupernova explosion, or during a
primordial phase transition where quarks clump togethaotAer hypothesis is that an accreting
neutron star in a binary system, can accrete enough mastuca phase transition at the centre
or the core, to become a strange star. In the literatureg irernumerous models of neutron stars
and strange stars. In this chapter we use the most wideljeststtange star model, namely the
MIT Bag model. Studies of strange stars have been mostlppeed within the framework of
the Bag model as the physics of high densities is still nog eerar. Chodosgt al (1974) used the
phenomenological MIT Bag model, where they assumed thajubek confinement is caused by
a universal bag pressure at the boundary of any region comgaguarks, namely the hadrons.
The equation of state describing the strange matter in tgentiadel has a simple linear form
(Witten 1984). Weber (2005) have shown that for a stablelqoaatter, the bag constat is
restricted to a particular range.

It is remarkable to note that a strange matter equation té seems to explain the observed
compactness of many astrophysical bodies such as Her X-1820-30, SAX J 1808.4-3658,
4U 1728-34, PSR 0943+10, and RX J185635 as pointed out bynRaha al (2012). Dey
et al (1998) studied a new approach for strange stars by assumimgesquark vector potential
originating from gluon exchange and a density dependeidrspatential which restores chiral
symmetry at a high density. In the Dey al (1998) formulation, the equation of state can also
be approximated to a linear form. If pulsars are modelledii@hge stars, the linear equation
of state appears to be a feature in the composition of su@ttsfSharma and Maharaj 2007a).
For a given central density or pressure, the conservatioatems can be integrated to compute
the macroscopic features like the mass and radius of the star

In situations where the densities inside the stars are lokywmiclear matter density, the
anisotropy can play a crucial role, as the conservation teansare modified. Usov (2004)
suggested the consideration of anisotropy in modellingngge stars in the presence of strong

electric field. The analysis of static spherically symnueamisotropic fluid spheres is important
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in relativistic astrophysics. Since the first study of Bosvand Liang (1974) there has been much
research in the study of anisotropic relativistic matteg@ameral relativity. It has been pointed
out that nuclear matter may be anisotropic in high densitgea of ordern0'°g cm 3, where
nuclear interactions have to be treated relativisticdlyderman, 1972). It has been noted that
anisotropy can arise from different kinds of phase tramsgi(Sokolov, 1980) or pion condensa-
tion (Sawyer, 1972). The role of charge in a relativistic gustar was considered by Mak and
Harko (2004).

In the present work we review the regular exact model of Makisa and Maharaj (2013)
by testing the consistency and compatibility with obseaoret of this model. We use this model
to find the maximum mass and physical parameters of obseomgact objects, namely PSR
J1614-2230, PSR J1903+327, Vela X-1, SMC X-1 and Cen X-3¢chvhas been recently iden-
tified by Gangopadhyagt al (2013) to be strange stars. In Section 5.2, Einstein-Mabdiedd
equations are briefly reviewed and the Mafa Takisa and Mafi2043) model is revisited. Re-
cent observations are presented in Sedtioh 5.3. In Sechmg present and discuss our results
obtained for the uncharged case and compare them to valueassies derived from current ac-
curate observations of compact objects. In Sedtioh 5.5,ppéy/dinite charge to the uncharged
systems presented in Sectlonl|5.4, and observe the changedistMss and conclude our results

in Sectior 5.5.

5.2 The model

The metric of the static spherically symmetric spacetimeuirvature coordinates reads
ds* = —e?dt* 4 e*dr® + r*(d6? + sin® 0d¢?), (5.1)

wherer = v(r) and\ = \(r). The energy momentum tensor for an anisotropic chargedrimpe

fect fluid sphere is of the form
- 1, 1, 1, 1,
TV = dlaq_p - §E yPr — §E P+ QE Pr + §E )7 (52)

wherep, p,, p; and E are density, radial pressure, tangential pressure anttielgeld intensity

respectively. For a physically realistic relativistic rstae expect that the matter distribution
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should satisfy a barotropic equation of state= p,.(p); the linear case is given by

pr=ap—p, (5.3)

wherefs = ap.. The constanty is determined by the sound speed causality condition=(

dr < 1) andp. represents the density at the surface . The total energy momentum tensor
dr P

T is the sum oM andE for a charged gravitating fluid. This is given by
TV = MY 4+ EY.

The gravitational interactions on matter and electromagfields are governed by a relevant set

of field equations. These interactions are contained in thet&n-Maxwell system

GY = 8nT¥
= 87(MY + EY), (5.4a)
Fijk + Figq + Friy = 0, (5.4b)
F7, = 4rnJ', (5.4c)

where the coupling constaht= 87 (G = ¢ = 1) in geometrized units. The system above is a
highly nonlinear system of coupled, partial differentigliations governing the behaviour of the
gravitating system in the presence of an electromagnelit fie

For static, charged anisotropic matter with the line elenfgd), the Einstein-Maxwell sys-

tem takes the form

8mp + %EQ = r_lz [T(l — 6_2’\)],, (5.5a)
8mp, — %EQ = —%2 (1 — 6_2)\) + 27V/e_2’\, (5.5b)
8mp; + %EQ = 2 <1/" + %+ V?/X — A?/ — 1/) , (5.5¢)

— 47rlr2€A(r2E)’, (5.5d)

wheres = o(r) is called proper charge density and primes denote diffeton with respect to
r. We note that equations (515a)-(5.5d) imply

dp, 2

I _ _ /
dr T(pt pr) = rptpv + 4mr?

(rE), (5.6)
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which is the Bianchi identity representing hydrostatic iglgium of the charged anisotropic
fluid. Equation[(5.6) indicates that the anisotropy and ghanfluence the gradient of the pres-
sure. These quantities may drastically affect quantitfigshgsical importance such as surface
tension as established by Sharma and Maharaj (2007b) iretieralised Tolman-Oppenheimer
equation[(5.6). We define the gravitational mass to be

m(r) = dr /0 ' (p(w) + SE—;) o, (5.7)

in the presence of charge.

In this Chapter, we utilise the results of Chapter 2, withreedir equation of state. The
motivation for this is that those results were consisternhhe observed X-ray binary pulsar
SAX J1808.4-3658. It is likely that the exact solutions ofater 2 may be applicable to other

observed astronomical bodies. With the equation of staf®,(fhe Einstein-Maxwell system
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(5.82)-(5.8i) can be written as

1+ ar?
2
e” = 7 Pyl (5.8a)
2
e = A*(14ar®)®[1 + (a — b)r*]*" x exp & [s(1 + @) + 2] (5.8b)

4(a —b) ’
20(3 + ar?) — sa’r*

= 5.8c

P 167(1 + ar2)2 (5-8¢)

a[2b(3 + ar?) — sa®r?]

b= 167 (1 + ar?)? -5 (5.8d)
pe = prtA, (5.8e)
SrA — -b b1 +5a) 28 r*1+ (a—0b)r?
= (14+ar?) (I+a)(l+ar?)? 1+« (1+ar?)
><{4aQt(t —1) 8a(a — b)tn

(I+ar?)?2  (1+ar®)[1+ (a—b)r?
—a[s(1 + )+ 28](a(t +n)[1 + (a — b)r?] — bn)
(a—=0b)(1+ar?)[1+ (a — b)r?]
a’[s(1+a)+ 26>  4(a—0)>n(n—1)
16(a — b)? 14 (a— b)r?)?

Al 4 ar’2+ (a = b)r*)] = b(5 + a)r?
4(a —b)(1 4+ a)(1 + ar?)3[1 + (a — b)r?]

x[—8b*n + a*r*(—=8(t +n) + [s(1 + a) + 28]r?)

[

s(14a) +28](2 — brH)r?)

+a(—8b*(t +n)r? + [s(1 + a) + 28]

}

+a*(8(t +n)(2br* — 1) +

+b(8t + 161 — [s(1 + ) + 28]r?))], (5.8f)
B — _satrt (5.89)
(14 ar?)?’ '
2,2 2 22
s sa’r’[l+(a—b)r’](2+ar?)
7 = (1 + ar?)? ’ (5.8h)
(r) = 1 |s(=15— 10ar? + 2ar*)r N bsarctan(var?)
=g 3a(1 + ar?) a3
4br3 .
+(1 + arQ)} ’ (5.8

which has been adopted to the conventions of this Chapteofwistency. In the above equations
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the constantenandn are given by

dab— (1+a)s
t = :
8b
1 2

2ab*(1 + 5a) + b*(—2b(1 + 3a) + 20)].

The constants, b, s have the dimension dfength] 2. We make the following transforma-

tions for simplicity in numerical calculations:
a=aR? b=0R?, 5= sR%

where is a parameter which has the dimensiorjlefigth]. For physical reasonableness, fol-
lowing Delgaty and Lake (1998), we impose particular restsns on our model. The values of

a, b, s should be chosen so that
¢ the energy density remains positive inside the star,
e the radial pressurg,. should vanish at the boundary of the stan(§) = 0),
e the tangential pressuge should be positive within the interior of star,
¢ the gradient of pressu@; < 0 in the interior of the star,
e Atthe centrep,.(r = 0) = p,(r = 0) andA(r = 0) = 0,

e The metric functions?}, ¢? and the electric field intensity should be positive and

nonsingular in the interior of the star
e The density(r = 0) = p. must be finite

e across the boundary= ¢:

2
e o 2M &
5 g2’
2 1
26— (M@
£ g2 ’
m(e) = M



5.3 Recent observations

For a pulsar in a binary system, Jacebial (2005) and Verbiestt al ( 2008) used detection of
the general relativistic Shapiro delay to infer the masd$dsoth the neutron star and its binary
companion to high precision. Based on this approach Dereted (2010) presented radio
timing observations of the binary millisecond pulsar PSB132230, which showed a strong
Shapiro delay signature. The implied pulsar mas§lof7 + 0.08 M) is by far the highest yet
measured with accurate precision.

Freireet al (2011) utilised the Arecibo and Green Bank radio timing obstons and in-
cluded a full determination of the relativistic Shapiroalgla very precise measurement of the
apsidal motion and new constraints of the orbital orientabf the system. Through a detailed
analysis, they derived new constraints on the mass of treapahd its companion and deter-
mined the accurate mass for PSR J1903+032567 + 0.02M,).

Recently Rawlset al (2011) have found an improved method for determining thesnods
neutron stars such as (Vela X-1, SMC X-1, Cen X-3) in ecligsfaray pulsar binaries. They
used a numerical code based on Roche geometry with varidinsipgrs to analyze the published
data for these systems, which they supplemented with neetrggeopic and photometric data
for 4U 1538-52. This allowed them to model the eclipse daratnore accurately, and they
calculated an improved value for the neutron star masseir @erived values arél.77 +
0.08 M) for Vela X-1,(1.29 £ 0.05M,,) for LMC X-4 and(1.29 + 0.08 M) for Cen X-3.

There has been similar observations for other stars alsdobaur present work, we restrict

ourselves to these five stars only.

5.4 Uncharged stars

In this section, we use the analytical solutions (b.8a3#{50 calculate the mass and radius of
five different compact stars (PSR J1614-2230, PSR J1903W&2¥ X-1, SMC X-1, Cen X-3),
and compare the output to the recent accurate maximum mhss\as mentioned in previous

section. We consider the equation of state of strange statlaoose the central density
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Table 5.1: Mass and radius of different stars in the uncltbegse(s = 0.0)

STAR a b e | e | R Pe
(km) | (x10%gcm3)

PSR J1614-22300.33| 40.11| 1.97 | 0.191| 10.30 3.45

PSR J1903+327 0.33| 36.48| 1.667| 0.170| 9.82 3.14

Vela X-1 0.33|37.77| 1.77 | 0.177| 9.99 3.25

SMC X-1 0.33| 31.68| 1.29 | 0.141| 9.13 2.72

Cen X-3 0.33| 34.29| 1.49 | 0.157| 9.51 2.95

in the range of2.2 x 10'°g cnm3 < p. < 5.5 x 10%g cm3, @ = 53.34, R = 43.245 km,

a = 0.33, p- = 0.5 x 10'°g cm~3. Then the model yields the above stars which are represented
in Table 5.1. We regain the accurate mass and corresponddigsrfor each star. For PSR
J1614-2230, withp, = 3.45 x 10'°g cm3, leads toM = 1.97M, and R = 10.30 km. For

PSR J1903+327;. = 3.14 x 10'°g cm3 and we obtain\/ = 1.667M, and R = 9.82 km.

By takingp. = 3.25 x 10*g cnm3, we get the mass and radius of Vela Xt = 1.77M, and

R = 9.99 km. The value2.72 x 10'® g cm leads toM = 1.29M, and R = 9.13 km which
corresponds to SMC X-1. Finally for Cen X-3, we take= 2.95 x 10 g cm3, and obtain the
accurate mass and the radidg & 1.49M, andR = 9.51 km).
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5.5 Charged stars

The parameters used in Sectlon|5.4. have generated residis are consistent with observa-
tional data. Consequently, we use these values to studgethdrodies. We take the central
density in the range of.2 x 10°gcm™ < p < 5.5 x 10°gecm 3, a = 53.34, R = 43.245 km,
a=0.33, p. = 0.5 x 10°g cn3, 5 = 0.0, 7.5, 14.5 and M, = 1.477. Then the corresponding
results are given in Table 5.2. It is clear that the presehedeatric charge leads to a consid-
erable increase in the mass of a stellar object obeying tieadiequation of state. On the other
hand the radius of different charged conguratichs=(7.5, 14.5) is smaller than the maximum
radius of the uncharged case £ 0.0). A similar situation arises in the analysis of Mak and
Harko (2004).

To illustrate the behavior of physical parameters at theriot of different stars, we have plot-
ted the energy density, radial pressure,., tangential pressung and the measure of anisotropy
A. Figures 5.1, 5.2, 5.3, 5.4, 5.5 represent PSR J1614-223C, %1, PSR J1903+327, Cen
X-3 and Vela X-1 respectively. The density profiles are pesiand well behaved inside all
stars. The effect of electric charge is more significant tiearsurface of stars; this situation is
consistent with the form of the electric field of Mafa TakisaldMaharaj (2013) in(5.8e) which
vanishes at the cent&(0) = 0. We note that the interior profile of radial presspretangen-
tial pressurep, and the measure of anisotropyprofiles of PSR J1614-2230, PSR J1903+327,
Vela X-1, SMC X-1 and Cen X-3 stars are completely unaffedtedhe electric charge layer,
since the latter is located in a thin, spherical shell clbgesurface. A similar statement has also
been made by Negreirad al (2009). The tangential pressupe profiles for all studied stars
are well behaved, increasing in the vicinity of the centeaches a maximum, and becomes a
decreasing function. This is reasonable since the consamwaf angular momentum during the
guasi-equilibrium contraction of a massive body should leahigh values op; in central re-
gions of the star, as pointed out by Karmakaial (2007). The anisotropy is increasing in the
neighborhood of the centre, reaches a maximum value, thets siecreasing up to the boundary.

The density profile is similar to Sharma and Maharaj (2007a).
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Figure 5.1: Matter variables p,, p; for uncharged and charged cases of PSR J1614-2230.
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Table 5.2: Mass and radius of different stars for the chacgsé § # 0). Fors = 0.1, the results
are similar to the uncharged case- 0.0. A small difference appears at= 7.5 and the effect

of charge becomes significantat 14.5.

Charge parameter ~ STAR o b i R De
(km) | (x10% gcmr3)

PSR J1614-22300.33| 40.11| 1.97 | 10.30 3.45

PSR J1903+327 0.33| 36.48| 1.667| 9.82 3.14

s=0.1 Vela X-1 0.33|37.77| 1.77 | 9.99 3.25
SMC X-1 0.33| 31.68| 1.29 | 9.13 2.72

Cen X-3 0.3334.29| 149 | 951 2.95

PSR J1614-22300.33| 40.11| 1.98 | 9.67 3.45

PSR J1903+327 0.33| 36.48| 1.674| 9.24 3.14

s=17.5 Vela X-1 0.33|37.77| 1.78 | 9.39 3.25
SMC X-1 0.33| 31.68| 1.30 | 8.62 2.72

Cen X-3 0.33| 34.29| 1.50 | 8.96 2.95

PSR J1614-22300.33| 40.11| 2.13 | 9.21 3.45

PSR J1903+327 0.33| 36.48| 1.81 | 8.82 3.14

s=14.5 Vela X-1 0.33| 37.77| 1.92 | 8.96 3.25
SMC X-1 0.33| 31.68| 1.40 | 8.25 2.72

Cen X-3 0.33| 34.29| 1.62 | 8.57 2.95
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5.6 Discussion

We have used the Mafa Takisa and Maharaj model (2013) to noodebact stars. In our inves-
tigation, we have considered a constant slope 1/3 in the equation of state, and the surface
densityp, = 0.5 x 10'%g cm 3. The surface density chosen in this work is approximatedgel
to 4B = 0.45 x 10%g cnmr? of Alcock et al (1986). It shows that, for particular parameters
values, the model can be used to describe the observed costpec (PSR J1614-2230, PSR
J1903+327, Vela X-1, SMC X-1, Cen X-3). The recent measurg¢mmithe mass of PSR J1614-
2230 provides one of the strongest observational conséramthe equation of state so far. In
our present result we have found the mass valuk/of 1.97M, p. = 3.45 x 10'°g cm~2 and

R = 10.30 km as corresponding radius for the pulsar PSR J1614-223acé&gate and reliable
radius measurements of this star are not yet available hearétical result may be useful in fu-
ture investigations. From the general relativistic stnoetequations and according to Buchdahl
(1959), the maximum allowable compactness (mass-radiiag far an uncharged star is set by
% < g The compactness values for all stars shown in Table 5.lyskiwe acceptability of
our model. Unlike others models (Thirukkanesh and Mahab@B2 Mafa Takisa and Maharaj
2013), the masses for charged casg 0 increases. For the maximum charge case 14.5,

it has been observed that our class of solutions gives us anmaaxmass of PSR J1614-2230
M = 2.13M,, with electric fieldE = 4.91059 x 10?° V/m which leads to a 1% increase. Our
results are in agreement with the work done by Negrestad (2009), who have demonstrated
that the presence of electric fields of similar magnitudeggated by charge distributions located
near the surfaces of strange quark stars, may increaseettae stass by up to I%; this helps in
the interpretation of massive compact stars, with massasooindM = 2.0M.. We conclude
by pointing out that such solutions may be used to constrsttitable model of a superdense

object with both uncharged and charged matter.
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CHAPTER O

Conclusion

The main goal of this dissertation was to generate new exdatiens to the Einstein-Maxwell
equations with different equations of state, which may befulsn modelling uncharged and
charged anisotropic compact stars. Specifically we considénear, quadratic and polytropic
equations of state relating the energy density to the rgmedsure. We showed that the new
solutions to the Einstein-Maxwell systems generated aysipally relevant. Earlier models are
shown to be special cases of our general results. We behevatdetailed physical analysis of
solutions found could be helpful in modeling realistic bexdin general relativity.

We now offer an overview of the principal results obtainedmyithe course of our probes:

¢ In Chapter 2 we made specific choices of the gravitationamial and the electric field
intensity that enabled us to integrate the field equation® nvdde the choice for the

gravitational potentiall and the electric field intensiti:

7 _ 1+ (a—0b)z
14+ ax
E?* k(34 ax) + sa’z®
c (14 azx)2
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We used the linear equation of state

pr = ap—p3,

in this Chapter. For specific values of b, we recover the models of Finch and Skea
(1989), Durgapal and Bannerji (1983), Tikekar (1990), Hapand Maharaj (2006), and
Maharaj and Komathiraj (2007). The electric field intendithas been adapted so that the
proper charge density remains nonsingular within the stharged relativistic solutions
to the Einstein-Maxwell equations were presented. A giagtanalysis showed that the
matter and electromagnetic variables are physically aglevNote that whet = 0 the
proper charge density becomes regular at the centre of @heBhis is an improvement
on previous models which possessed a singularity at thiarsteigin. The presence of
anisotropy has a significant effect on stellar masses asrsimowable 2.1. The values
that we have generated in Table 2.2, for neutral and chargagempermit configurations
typical of neutron stars and strange stars. We obtain steléss values generated by
Tikekar and Jotania (2005) for superdense stars modelsneititral matter. Therefore
the class of solutions found in this chapter allow for stetlanfigurations which provide

physically feasible models of superdense structures.

In chapter 3 we presented a general framework for the Em#tieixwell equations with a
guadratic equation of state that models the interior of ade&ompact star with anisotropic

charged stellar matter. To investigate the system we madassumptions

7 1+ bx7
1+ ax
E? k(B34 ax) + sa’x?
c (14 az)?

The quadratic equation of state chosen was of the form

pro= " tap—p

A general class of exact solutions to the Einstein-Maxwedtam with the quadratic equa-

tion of state was found. Particular models found previougtye regained. In particular
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we extended the treatment of Thirukkanesh and Maharaj (288 Feroze and Siddiqui
(2011) which are contained in our general class of solutidhgse solutions may be used

to model charged relativistic strange and quark stars.

The purpose of Chapter 4 was to generate new exact models Eiribtein-Maxwell sys-

tem with a polytropic equation of state. We made the choices

1
7 4—()3:7
1+ ax
E? ex

2C (14 ax)?’

The polytropic equation of state was of the form

We chose the polytropic index ranging over the four cages 1/2,2/3, 1,2 for strong
gravitational fields when anisotropy and the electric figitknsity are present. Several
families of exact solutions to the Einstein-Maxwell systemre presented. For= 1 and

e = 0, we regained the models of Feroze and Siddiqui (2011) ancakdphnd Mafa Takisa
(2012). Therefore it is possible to relate these new saigtio particular astronomical
objects such as SAX J1804.4-3658, as was done byeDe}(1998, 1999a, 1999b) in the
uncharged case, and Mafa Takisa and Maharaj (2013) for drgett case. This can also
be extended to other compact relativistic objects. Suctmaestigation will reinforce the
astrophysical significance of the models in this chapter. paiat out that our approach
automatically leads to new uncharged anisotropic solstieith a polytropic equation of

state when the electric fieldl = 0.

In chapter 5 we reinforced the astrophysical significanciefsolutions of chapter 2 by
considering particular astronomical objects. We obtaitedaccurate value of the mass

and radius of five compact stars:

— For PSR J1614-2230Q¢/ = 1.97M, andR = 10.30 km.

— For PSR J1903+321Y = 1.667M andR = 9.82 km.
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— For Vela X-1: M = 1.77M, and R = 9.99 km.
— For SMC X-1M = 1.29M, andR = 9.13 km.

— For Cen X-3:M = 1.49M; andR = 9.51 km.

Since reliable radius measurements of these stars are hawg#able, our theoretical
model may be useful in future surveys. Note that the preseficharge leads to an in-
crease in the stellar mass by%0 This increase is comparable to the surveys done by
Negreiroset al (2009), who showed that electric fields of this magnitudenegated by
charge distributions located near the surfaces of strangekcstars, can increase the stel-

lar mass by up to 1%.
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