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Abstract

In this work, we introduce and study an iterative algorithm independent of the operator
norm for approximating a common solution of split equality variational inequality prob-
lem and split equality fixed point problem. Using our algorithm, we state and prove a
strong convergence theorem for approximating an element in the intersection of the set
of solutions of a split equality variational inequality problem and the set of solutions of
a split equality fixed point problem for demicontractive mappings in real Hilbert spaces.
We then considered finite families of split equality variational inequality problems and
proposed an iterative algorithm for approximating a common solution of this problem and
the multiple-sets split equality fixed point problem for countable families of multivalued
type-one demicontractive-type mappings in real Hilbert spaces. A strong convergence re-
sult of the sequence generated by our proposed algorithm to a solution of this problem was
also established. We further extend our study from the frame work of real Hilbert spaces
to more general p-uniformly convex Banach spaces which are also uniformly smooth. In
this space, we introduce an iterative algorithm and prove a strong convergence theorem for
approximating a common solution of split equality monotone inclusion problem and split
equality fixed point problem for right Bregman strongly nonexpansive mappings. Finally,
we presented numerical examples of our theorems and applied our results to study the
convex minimization problems and equilibrium problems.
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Chapter 1

Introduction

1.1 Background of study

Let C be a nonempty subset of a real Hilbert space H and A : H — H be a nonlinear
operator, then the Variational Inequality Problem (VIP) is the problem of finding x € C
such that

(A(x),y —x) > 0Vy e C. (1.1.1)

The first problem in the form of a variational inequality problem was the Signorini problem
which was posed in 1959 by Signorini (see [9], [73]) and was solved in 1963 by Fichera [51].
In order to study the regularity problem for partial differential equations, Stampacchia
[111] studied a generalization of the Lax-Milgram theorem and called all problems involv-
ing inequalities of such kind, the VIPs. The VIP was later found to have applications in
many fields such as mechanics, optimization, nonlinear programming, economics, finance,
applied sciences, among others. As a result of this, the theory of variational inequalities
became an area of great research interest, thus great deal of research efforts were invested
to study the VIPs and their generalizations in both finite and infinite dimensional spaces
by numerous authors.

A useful and important generalization of the VIP is the Monotone Inclusion Problem
(MIP) which is the problem of finding a point # € H such that

0 € B(x), (1.1.2)

where B : H — 2" is a maximal monotone operator.

Various methods for solving VIPs and MIPs have been developed and studied by numer-
ous authors, these methods includes fixed point methods, proximal-like methods, auxiliary
principles, decomposition techniques, extra-gradient methods and normal map equations
(for example, see [0, 7, 66, 76, 77, 78, 121]). In recent years, these two problems have been
studied in diverse directions by using these methods. The fixed point methods are known
to be one of the most effective methods for finding solutions of VIPs and MIPs. As a result



of this, intensive research efforts have been devoted in developing different techniques for
finding solutions of VIPs and MIPs using the fixed point methods.

Let H be a real Hilbert space, a point x € H is called a fixed point of a nonlinear operator
T:H— Hif

T = x. (1.1.3)

If T is a multivalued mapping, then x € H is called a fixed point of T if x € Tux.
The fixed point theory is known to be one of the most flourishing areas of research in
nonlinear analysis and can be considered the kernel of the modern nonlinear analysis due
to the role it plays in diverse mathematical models arising from optimization problems
and differential equations. Recent development of efficient techniques for computing fixed
points has enormously increased the usefulness of the theory of fixed points for applications.
Thus, fixed point theory is increasingly becoming a powerful and effective tool in applied
mathematics. In a wide range of mathematical problems, the existence of a solution is
equivalent to the existence of a fixed point for a suitable map. The existence of a fixed
point is therefore of paramount importance in several areas of mathematics and other
sciences. For example, consider the following nonlinear ordinary differential equation

Z'(t) = f(t,z(t)), z(ty) = xo. (1.1.4)

Finding a solution of (1.1.4) is equivalent to finding a solution of the equation

x(t) = xo —I—/t f(s,z(s))ds. (1.1.5)

To establish the existence of solution of problem (1.1.4), we consider the operator T :
C(la,b]) — C([a,b]) defined by

Tx =x+ /t f(s,x(s))ds.

Then we have that any x which solves (1.1.5) is a fixed point of the operator 7. Thus
finding a solution of (1.1.4) is equivalent to finding a fixed point of 7. However, the exis-
tence theorems only involves the establishment of sufficient conditions under which a given
problem has a solution, but does not tell us how to find such solution (see [67, 71, 74] and
the references therein).

On the other hand, the iterative method is concerned with the approximation or compu-
tation of sequences which converges to fixed points of nonlinear operators and solutions
of (1.1.1) and (1.1.2). There are several of such approximations in literature, feasible
iterative algorithms for approximating solutions of (1.1.1), (1.1.2) and (1.1.3) have been
studied by many researchers. This method is our major concern in this dissertation and
it will be well treated in subsequent chapters.



1.2 Research motivation

Ansari et al. [0] introduced and studied the Split Hierarchical Variational Inequality
Problem (SHVIP) for two strongly nonexpansive operators in real Hilbert spaces, for
which one of the operators is in addition cutter. They proposed an algorithm for finding a
solution of the SHVIP and proved that the sequence generated by their algorithm converges
weakly to a solution of the SHVIP.

Censor et al. [33] introduced the general Common Solutions to Variational Inequality
Problem (CSVIP) which consists of finidng common solutions to unrealated variational
inequalities for finite number of sets in real Hilbert spaces.

Shehu [104] studied the Multiple-Set Split Equality Fixed Point Problem (MSSEFPP) for
infinite families of multivalued quasi-nonexpansive mappings in real Hilbert spaces and
established strong convergence result for the MSSEFPP using his proposed algorithm.

Chidume et al. [10] studied the Split Equality Fixed Point Problem (SEFPP) for demi-
contractive mappings in real Hilbert spaces. Using their proposed algorithm, they es-
tablished weak convergence result for the SEFPP and obtain strong convergence result by
imposing the demi-compactness condition on the demi-contractive mappings considered by
them. Chidume et al. [11] also studied the MSSEFPP for countable families of multivalued
demi-contractive mappings which are more general than mutivalued quasi-nonexpansive
mappings considered by Shehu [104].

Motivated by the works of Ansari et al. [0] and Chidume et al. [10], we study a split-type
problem by combining a Split Equality Variational Inequality Problem (SEVIP) and a
SEFPP for demi-contractive mappings. Also motivated by Zhoa [125], we introduce an

iterative algorithm independent of the operator norm to approximate a common solution
of the combined problem and obtained strong convergence result without imposing the
demi-compactness condition on the demi-contractive mappings.

Further motivated by the works of Censor et al. [33], Shehu [1041] and Chidume et al.
[11], we extend our result to finite families of SEVIPs and to MSSEFPP for countable
families of multi-valued type-one demicontractive-type mappings introduced by Isiogugu
et al. [65].

The idea of accretive operators introduced by Browder [19] in 1967 has proved to be very
useful in partial differential equations. Consider for example, an initial value problem of
the form

dx

yr + Az(t) =0, z(0) = x, (1.2.1)
which describes an evolution system where A is an accretive map from a Banach space E
into itself. At equilibrium state, fli—f = 0 and a solution of

Az =0 (1.2.2)

describes the equilibrium state of the system. Since generally A is nonlinear, there is
no closed form solution of equation (1.2.2). Thus to approximate a solution of (1.2.2),
Browder [19] converted (1.2.2) to a Fixed Point Problem (FPP). He called an operator

3



T = I — A pseudo-contractive, where A is accretive and [ is the identity map defined
on E. We then see that any zero of A is a fixed point of 7. Thus, finding a solution of
(1.2.2) amounts to finding a fixed point of 7" (see [37]). Riech and Sabach [96] studied
problem (1.2.2) in a case where A is a multivalued maximal monotone operator defined on
a reflexive real Banach space F and obtained strong convergence result. These motivates
our study on split equality monotone inclusion problems and SEFPPs in real Banach
spaces.

1.3 Statement of problem

In this dissertation, we studied the following problems in a unified manner:

e Let Hy, Hy, H3 be real Hilbert spaces and C, Cs be nonempty, closed and convex
subsets of H; and Hs respectively. Let T : C; — C7 and S : Cy — C5 be demicon-
tractive mappings with F(T) # () and F(S) # (. Let f; : C; — C; (i = 1,2) be
p-inverse strongly monotone operators (p > 0) and A : H; — Hs, B : Hy — Hj be
bounded linear operators. Find (z,y) € F(T') x F(S) such that

(f1(z), z—x) >0, Vz e,

(f2(9), y—19) 20, VyeC,
and

Az = By.

e Let Hy, Hy, H; be real Hilbert spaces and for  =1,2,...,N, r=1,2,...,m, let (]
and @), be nonempty, closed and convex subsets of H; and Hs respectively. Let T; :
H, — CB(H;), i=1,2,... and S; : Ho - CB(H>), j =1,2,... be two countable
families of multi-valued type-one demicontractive-type mappings with N2, F(T;) # ()
and M52, F'(S;) # 0. Let f;: C; — Cy, h, : Q. — @, be «y, (respectively, u,)-inverse
strongly monotone operators and A : H; — H3, B : Hy — H3 be bounded linear
operators. Find (7,7) € N2, F(T;) x N2, F(S;) such that

<fl(f), ZE—[E>20, Veel,1=1,2,...,N,
(ho(9), y—9) >0, VyeQ,, r=1,2,...,m, and Az = By.

e Let Ei, F», 3 be three real Banach spaces and A : Ey — FE3, B : E; — E3 be
bounded linear operators. Let M; : By — 287, M, : Ey — 22 be multivalued
maximal monotone mappings and T : Fy — Ei, S : Es — F5 be right Bregman
strongly nonexpansive mappings: Find (z,7) € F(T') x F(S) such that

0 € M(z),

0 € My(y) and Az = Bj.



1.4 Objectives

The main objectives of this work are to:

(i) review some known and useful results on VIPs, MIPs and SEFPPs,

(ii) introduce and study iterative algorithms for approximating solutions of the problems
stated in (i) above,

(iii) establish strong convergence results for these problems using our proposed algo-
rithms,

(iv) apply our results to some optimization problems and present numerical examples of
our results.

The rest of this dissertation is organized as follows: In Chapter 2, we recall some basic def-
initions, concepts, theorems and propositions that will be useful throughout this work and
that will serve as the bedrock for the formulation of our main results. Detailed literature
review on VIPs, MIPs and SEFPPs were also presented. We also gave some non-trivial
examples for better understanding of these concepts. In Chapter 3, a common solution
of SEVIP and SEFPP for demicontractive mappings with applications were studied in
real Hilbert spaces. Chapter 4 deals with an extension to finite families of SEVIP and
to MSSEFPP for countable families of multivalued demicontractive-type mappings in real
Hilbert spaces. Chapter 5 is concerned with the approximation of common solution of
SEMIP and SEFPP for right Bregman strongly nonexpansive mappings with applications
in real Banach spaces. We present in Chapter 6, our conclusion, contribution to knowledge
and possible future research.



Chapter 2

Literature Review

In this chapter, we provide definitions of basic terms and concepts that will be useful
throughout our work. We also present some useful results and give detailed literature
review of concepts that are relevant to our work.

2.1 Preliminaries and definitions

Throughout this section, we shall denote the real Hilbert space by H, the norm and inner
product in H by ||.|| and (. , .) respectively.

2.1.1 Nonlinear single-valued mappings

Definition 2.1.1. A mapping T : H — H is said to be

e L-Lipschitzian if there exists L > 0 such that
T2 — Tyl| < Lz — yll Va,y € H, (2.1.1)

nonexpansive if

|ITe — Tyl| < ||e -yl Va,y € A. (2.1.2)

e quasi-nonezxpansive if F(T) # 0 and
T2 — yll < |l — yll Vo € Hyy € F(T), (2.1.3)

firmly quasi-nonexpansive if F(T) # () and
1Tz —y|? < |lz = yl* — ||z — T||* Vo € H,y € F(T), (2.1.4)

directed (or cutter) if F(T) # () and
(Tx —y,Tx —x) <0Vx e H, ye F(T), (2.1.5)



o I-strictly pseudo-contractive if there exists a constant k € (0,1) such that
1Tz = Ty|[* < [l —y|* + kll(I = T)z — (I = T)y|[* Yo,y e H.  (2.1.6)
If k=1 1in (2.1.6), then T is called a pseudocontractive mapping.

Remark 2.1.2. [t is known that (2.1.5) is equivalent to
Tz -yl <|lz —y||* = ||Tx —=||*Vz € H, y € F(T). (2.1.7)

Thus, directed (cutter) mappings and firmly quasi-nonexpansive mappings coincide (see

[11])-

Definition 2.1.3. A mapping T : H — H is said to be strongly nonexpansive (SNE) if T
is nonexpansive and for all bounded sequences {x,} and {y,} in H, im, o0 (||zn — yn]| —
| Ty, — Tynl|) = 0 implies lim, o0 ||(z — Yn) — (T, — Tyn)|| = 0.

Definition 2.1.4. A mapping T : H — H s called a-inverse strongly monotone (or
a-cocoercive), if there exists o > 0 such that

(Tx — Ty, x —y) > o||Tx — Ty||* Va,y € H. (2.1.8)

If « = 1, then T s called a firmly nonexpansive (FNE) mapping, while T is called a
monotone operator if a = 0.

Definition 2.1.5. Let C' be a nonempty subset of H and T : C'— C' be an operator, T is
called hemicontinuous if it is continuous along each line segment in C'.

Remark 2.1.6. (i) Itis obvious that any a-inverse strongly monotone operator is mono-
tone and é-Lz’pschz’tz continuous.

(ii) Ewvery L-Lipschitz operator is %—mverse strongly monotone operator.

Definition 2.1.7. A mapping T : H — H 1is said to be averaged nonexpansive (ANE)
if Ve,y € H T = (1 — )l + oS holds for a nonexpansive operator S : H — H and
ae(0,1).

Remark 2.1.8. (i) In a real Hilbert space, T is firmly nonexpansive if and only if it is
averaged with o = 1 (see [91]).

(ii)) FNE C ANE C SNE C QNE, where QNE means quasi-nonezpansive.

Definition 2.1.9. A mapping T : H — H 1is called a demicontractive mapping if F(T) # )
and there ezists a constant k € (0,1) such that

T2 —y||* < ||z —y|* + kl|lz — Tz|]* Vo e H, yec F(T). (2.1.9)

It is known that (2.1.9) is equivalent to

1—

k
5 |z — Tz (2.1.10)

Tz —y,x—y) < |z —y|* -



Remark 2.1.10. If inequality (2.1.6) holds only for y € F(T), then T is called a quasi-
strictly pseudocontractive mapping. Therefore, the notion of quasi-strictly pseudocontrac-
tivity coincides with the notion of demicontractivity.

We now give some examples of demicontractive mappings.

Example 2.1.11. Let H = R be endowed with the usual metric and T : R — R be defined
by

T(x)=— (2&+1)m, Yo > 1

2 2
Then T is a demicontractive mapping with constant k = 4‘(‘22Jf§‘)§3.

Example 2.1.12. Let H = [3(R) and T : [3(R) — I5(R) be defined by

20+ 1 1
T(xl,.rg,xg,...):—< 5 )(x1,$2,$3,...),va>§.

Then T is a demicontractive mapping.

To see this, recall that Ir(R) := {z = (21,29, 23,...), i ER: Y o0 a7 < 00}
With this definition, we first show that T is well defined (that is, we show that for each

z € 1p(R), T(x) € I2(R)).
(

Now, for each x € I3(R), we have that

S ()] - () S

=1

Hence, T(x1,29,23,...) = — (20‘2—+1) (21,29, x3,...) € [o(R) and thus T is well defined.

Observe that F(T) = {0} and for x € [3(R), we have

Tz — o) = |!—(2a+1)m—0||2
= (2 o
= Hx—0|\2+(%#)||x—oy|? (2.1.11)
Also,
le—Tal? = Jfo+ 22
_ (2a;_3>2||x—0||2. (2.1.12)



Using (2.1.11) and (2.1.12), we have

402 + 40— 3
Tz —0]|> = ||z — 0| - - — Txl||?
72 = 0lP = lhe = olP + (%5352 e = i,
which implies that T is demicontractive with constant k = %.

Remark 2.1.13. By restricting [3(R) to R, one can use the same argument as in Example
2.1.12 to show that T" defined in Fxample 2.1.11 is a demicontractive mapping.

We now state the relationships that exists between demicontractive mappings and some
other nonlinear mappings in Hilbert spaces:

Firmly nonexpansive mappings (with nonempty fixed points set) C nonexpansive map-
pings (with nonempty fixed points set) C quasi-nonexpansive mappings C demicontractive
mappings.

Nonexpansive mappings (with nonempty fixed points set) C k-strictly pseudocontractive
mappings (with nonempty fixed points set) C Lipschiptz pseudocontractive mappings
(with nonempty fixed points set) C demicontractive mappings.

We give some examples to show that the above inclusions are proper.

Example 2.1.14. [85]. Let H = R?* with the usual norm and T : R* — R? be a function
defined by

T(z,y) = (~y,2), Y(z,y) € R”. (2.1.13)

Then T is a nonexpansive mapping, but 7" is not firmly nonexpansive. To see that T is
not firmly nonexpansive, take x = (1,2) and y = (4, 6).

Example 2.1.15. Let H = R with the usual norm and T : R — R be a function defined
by

B %cos(%), if  #£0,
T(x) = {O, =0 (2.1.14)

then T is a quasi-nonexpansive mapping but not nonexpansive.

Observe that F'(T') = {0}. Then, for all x € (—o0,0) U (0, 00), we have

Tz — 0] = |£cos(L) — 0] = 1|z — 0] < [# — 0. Hence, T is quasi-nonexpansive.
However, if we take x = % and y = QL we have that

|Tx — Ty| 3

cos(m) — £ cos(2m)| = .

— L

2

Also, | —y| = |% — =] = &= < 2. Hence, T is not nonexpansive.
? 27 4m ’

™ 21

Example 2.1.16. Let H = [3(R) and T : [3(R) — I5(R) be defined by
T(xy,z9,x3,...) = —(a+ 1) (21,29, 23,...), Ya > 0.

Then T is a demicontractive mapping but not quasi-nonexrpansive mapping.

9



Observe that F(T) = {0}, thus we can follow the argument in Example 2.1.12 to show
that T is a demicontractive mapping for any o > 0.
However, for arbitrary = € [5(R), we have

[Tz —0[]* = || = (a + 1)z — 0[]* = (a + 1)*||z — O],
which implies that T is not quasi-nonexpansive for any a > 0.

Example 2.1.17. [00]. Let H = R with the usual norm and C' = [-2,0]. LetT : C — C
be defined by

(2.1.15)

Then T is a demicontractive mapping with k = i. However, T is neither pseudocontractive
nor quasi-nonerpansive.

2.1.2 Nonlinear multivalued mappings

Definition 2.1.18. Let (X, d) be a metric space and 2% be the family of all subsets of X.
Let H denote the Hausdorff metric induced by the metric d, then for all A, B € 2%,

H(A, B) = max{supd(a, B), supd(b, A)}, (2.1.16)

a€A beB

where d(a, B) := infd(a,b).

beB

Definition 2.1.19. Let T : H — 27 be a multi-valued mapping, then Prx = {u € Tz :
||z — ul| = d(z, Tz)}.

Example 2.1.20. Let H = R (endowed with the usual metric) and T : R — 2% be defined

by
[—5:v, — ga:] , x €[0,00),
Ty =
[—2z, —5z], z€(—00,0),
then Proz = {—3z}. To see this, observe that d(z,Tz) = |z — (=9) z| = |z — u|, where
u= —%x cTxz.

Definition 2.1.21. A multi-valued mapping T : H — 27 is said to be L-Lipschitzian if
there exists L > 0 such that

H(Tx,Ty) < L||lx — yl||, Vz,y € H. (2.1.17)
In (2.1.17), if L € (0,1), then T is called a contraction while T is called nonexapansive if
L=1.
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Definition 2.1.22. A multivalued mapping T : H — 2" is said to be

e of type-one if

llu—v|| < HTx,Ty) Ve,y € H, v € Prx, v € Pry, (2.1.18)

e quasi-nonexpansive if F(T) # 0 and

H(Tz, Ty) < ||z —vyl||, Ve € H,y € F(T), (2.1.19)

e k-strictly pseudocontractive in the sense of Browder and Petryshyn[”0] if there exists
k € [0,1) such that Vx,y € H and u € Tx, there exists v € Ty satisfying ||u — v|| <
H(Tz, Ty) and

H2(Ta, Ty) <l — yl2 + Kl — u — (y — v)] (2.1.20)
If K =11n (2.1.20), then T is called a pseudocontractive-type mapping while T is called
a nonexpansive-type mapping if £ = 0.
Remark 2.1.23. [0/].

(i) Every multivalued nonexpansive mapping is a nonexpansive-type mapping.

(i1) Every multivalued nonexpansive-type mapping is k-strictly psuedocontractive-type map-
ping. However, the converse of this is not always true.

(111) Every k-strictly pseudocontractive-type mapping is pseudocontractive-type mapping.
The converse of this statement is not true always.

Definition 2.1.24. Let T : H — CB(H) be a multivalued mapping, then T is called
k-strictly pseudocontractive mapping in the sense of [35] if there exists k € (0,1) such that
Va,y € H one has

H:(Tx, Ty) < ||z —y|> + k||lz —u— (y —v)|]>, Vu € Tz, veTy. (2.1.21)

If k=1, then T 1is called a pseudocontractive mapping.

We now give the definition of multivalued demicontractive-type mappings which are more
general than the multi-valued quasi-nonexpansive mappings and are also related to the
multivalued k-strictly pseudocontractive and pseudocontractive-type mappings (see [39)]
for more information).

Definition 2.1.25. Let T : H — 28 be a multivalued mapping, then T is called demicon-
tractive in the sense of Hicks and Kubices [01] if F(T) # 0 and for ally € F(T), x € H,
there exists k € [0,1) such that

H*(Tx, Ty) < ||z — y||* + kd*(z, T), (2.1.22)

where H2(Txz, Ty) = [H(Tz, Ty)]> and d>(x,y) = [d(x, y)]>.
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Clearly, every multivalued quasi-nonexpansive mapping is a multivalued demicontractive
mapping. We give the following example to show that the converse of this statement is
not always true.

Example 2.1.26. Let H = R (endowed with the usual metric) and T : R — 2% be defined
by
[_(Oé—i_ 1)3:7 - %.’L’} , T E [07 00)7
Tx =

[~y —(a+1)z], @€ (—00,0), ¥a>0.
Then F(T) = {0}. For each x € (—00,0) U (0,00), we have
HX (T2, T0) = | — (a4 1)z — 0> = (a+1)*z -0
= |z 0P+ (o +2a)|z — 0.  (2.1.23)
Also,

2

Y

2
(x, Tx) = |z + 2a2—i—1x‘2 _ (2&2—i—3> o0

which tmplies

4
0= (2, Ta). 2.1.24
2= 0F = o gt @ ) (21.24)

Substituting (2.1.24) into (2.1.23), we obtain
4(a® + 2a)

*(Tz,T0) = |z — 0]?

d*(z, Tx),

4(a®42a)
(2a+-3)2 €
(0,1), ¥V o > 0. However, (2.1.23) implies that T is not a quasi-nonerpansive multi-
valued mapping. Hence, the class of quasi-nonexpansive multivalued mappings is properly

contained in the class of demicontractive multivalued mappings.

Remark 2.1.27. [61]. Let T : H — 2% be any multivalued mapping such that F(T) #
0. If Pr is k-strictly pseudocontractive-type mapping, then Pr is a demicontractive-type
mapping. However, the following example shows that the converse of this statement is not
always true.

Example 2.1.28. Let H = R be endowed with the usual metric. Define T : [-1,1] —
2[=11 by

which tmplies that T is a demicontractive multivalued mapping with k =

(-1, 2zsing], € (0,1],

Tz = { {0}, r =0, (2.1.25)
[Fxsin 1], z € [—1,0).
Then F(T) = {0}. For each x € [—1,1], we have that
2,r6ind
Pro — {Fzsin}, o #0, (2.1.26)
{0}, r =0,

15 a demicontractive-type multivalued mapping but not k-strictly pseudocontractive-type
multivalued mapping (see, for example [(1]).
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2.1.3 The metric projection on Hilbert spaces

Definition 2.1.29. Let C' be a nonempty, closed and convex subset of H. The metric (or
nearest point) projection onto C' is the mapping Pc : H — C which assigns to each x € H
the unique point Pox in C such that

|z — Pox|| = inf{||z —y|| : yeC}. (2.1.27)

Example 2.1.30. Let z € R and C = [—a, «] for a > 0, we define a map Po : R — C
by

2L otherwise.

m7

o) = {x, ifx e C,

Then Pg is the metric projection onto C'.

To see this, observe that if x € C, then |z — Pox| =0 < |z — y| Yy € C.

Also observe that if = ¢ C, it implies that |z| > «, i.e., x < —a or z > a.
Now, for x < —a, we have
|z — Pea| = |z — il = |z — (—a)l.
Observe that for any y € [—a,al, v — (—a) > x —y. Also, since x — (—a) < 0, we have
that x —y < 0. Hence,
|z — (—a)| < |z — y|, which implies that |z — Pox| < |z —y| Vy € [—a, a].
Similarly, for > «, we have that
[e %4

|:E—ch|:{x—m =z —al<|z—y| Yy € [-a,q].

Hence, we obtain that |z — Pox| < |z —y| Yy € C, x € R. Thus, Pc is the metric
projection onto C.

Example 2.1.31. We now list some examples of metric projections in Hilbert spaces.

1. Let C ={x € H : ||z — xo|| < r}, that is C is a closed ball centered at xo € H with
radius r > 0, then

$0+T\(|§:§2\)|7 if ||z — zol| > 15

Pex = (2.1.28)

x, otherwise

is the metric projection onto C.

We note that if C' is a closed ball in R centered at the origin and r = «, then the
example above reduces to Example 2.1.30.
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2. Let C = [a,b] be a closed rectangle in R™, where a = (ay,as,...,a,)" and b =
(by, b, ..., b)Y, then for 1 < i <n, then
iy Ty < Ay,
(Pex)i = S iy x; € [ai, by, (2.1.29)
b, x;>b;
h

15 the metric projection with the ith coordinate.

3. Let C ={y € H : (a,y) < a} be a closed halfspace, with a # 0 and o € R, then

[y L SeEta. if (o) > a
T, if {a,7) <«

(2.1.30)

1s the metric projection onto C.

We note that if "<” is replaced with =" in the definition of C" above, then C becomes
a hyperplane and we have that

Pow =z — wa (2.1.31)
lal
is the metric projection onto C.
4. Let C be the range of an m x n matriz A with full column rank and A* be the adjoint
of A, then
Pox = A(A*A) 1 A*x (2.1.32)
is the metric projection Po onto C.
Proposition 2.1.32. (Characterization of metric projections, see [10]). Let x € H, then

(x — Pox,y — Pex) <0, Yy € C. (2.1.33)
The following are consequences of Proposition 2.1.32:

(i) The metric projection is firmly nonexpansive, that is || Pox — Poy||* < (z — vy, Pox —
Foy) Yo,y € H,

(i) ||z — Poz|)®* < ||z — y||* — ||y — Pcx||* Vo € H and y € C,

(iii) if C' is a closed subspace of H, then Pg coincides with the orthogonal projection
from H onto C; that is, Vo € H, x — Pcx is orthogonal to C.

Proposition 2.1.33. [77]. Let C' be a nonempty, closed and convex subset of H and
f+ H — H be an a-inverse strongly monotone operator on H. If X € (0,2«), then the
operator Po(I — \f) is averaged.

Remark 2.1.34. It follows from Remark 2.1.8 and Proposition 2.1.33 that Po(I — \f) is
firmly nonexpansive with o = %

We shall see in Chapter 3 and Chapter 4 that the operator Po(I — Af) plays crucial role
in establishing the proofs of our main theorems. Thus Remark 2.1.34 is very important to
our study.
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2.1.4 The resolvent of maximal monotone operators

Definition 2.1.35. A set-valued operator B : H — 28 is called mazimal monotone if B
18 monotone, i.e.,

(u—v,x—y) >0Ve,y € H, u€ B(x) andv € B(y),
and the graph G(B) defined by
G(B) :={(x,y) e Hx H: y € B(x)}
s not properly contained in the graph of any other monotone operator.

Definition 2.1.36. Let B : H — 2 be a mazimal monotone operator. The resolvent
of B with parameter A > 0 is denoted and defined by JP := (I + \B)™', where I is the
tdentity operator.

The resolvent operator is known to be very useful in the study of MIPs. We shall see
in Section 2.4 that the resolvent of a maximal monotone operator plays crucial role in
approximating solutions of MIPs, thus the algorithms proposed by the authors mentioned
in Section 2.4 depends heavily on resolvent operators. The following proposition brings
out the relationship between the fixed point of a resolvent operator and the solution set
of MIP (1.1.2).

Proposition 2.1.37. [25]. Let B : H — 2% be any set-valued operator and JP be the
resolvent of B with parameter A > 0. Then we have the following.

(i) If B is a mazimal monotone operator, then a point T € H is a fized point of J2 if
and only if t € B7*(0) :={x € H:0 € B(z)}.

1) B is monotone if and only if the resolvent JB s single-valued and firmly nonexpan-
A
sive.

(i) B is mazimal monotone if and only if J2 is single-valued, firmly nonexpansive and
dom(JP) = H.

2.1.5 Fejér monotone sequences

Definition 2.1.38. Let C' be a nonempty, closed and convexr subset of H. The sequence
{Zn}n>1 in H is said to be Fejér monotone with respect to C' if

[|Tne1 — || <||zn —z|| VR EN, z € C.

Example 2.1.39. [/2]. Let H =TR?* C = {0} x R and z,, = ((=1)",0), Vn > 1. Then
{n}n>1 is a Fejér monotone sequence with respect to C'.

In this case, we have that

lon — 2| = |Jzns — 2f| Vo € C.
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Example 2.1.40. [/7]. Let H =R?, C ={(0,0)}, yo = >_p_, + and z,, = cos(y,)(1,0) +
sin(y,)(0,1). Then {x,}n>1 is a Fejér monotone sequence with respect to C.

We now give some basic properties of Fejér monotone sequences which are widely used in
establishing convergence results in fixed point theory.

Proposition 2.1.41. [12]. Let {x,},>1 be a Fejér monotone sequence in H with respect
to C C H and Py be the metric projection onto C, then the following holds;

(i) the sequence {xp}n>1 is bounded,
(i1) for each x € C, the sequence {||z, — z||}n>1 converges,
(iii) the sequence { Poxy}n>1 converges strongly to a point in C,
() if int C # 0, then {x,}n>1 converges strongly to a point in H,
(v) every weak cluster point of {x,},>1 that belongs to C must be lim,,_,, Pox,,

(vi) the sequence {x,},>1 converges weakly to some point in C' if and only if all weak
cluster points of {x,}n>1 lie in C,

(vii) if all weakly cluster points of {xy,}n>1 lie in C, then the {x,},>1 converges weakly to
lim,, oo Pox,,.

Remark 2.1.42. We shall see in subsequent chapters that the sequences generated by our
algorithms are Fejér monotone sequences. Consequently, we apply Proposition 2.1.41(i)
to obtain the boundedness of these sequences.

2.2 Geometric properties of Banach spaces

The Hilbert space is known to have the most simplest and clearly discernible geometric
structure among all Banach spaces. Some of the geometric properties that character-
izes Hilbert spaces and makes problems in Hilbert spaces more manageable than those in
general Banach spaces includes (see [37]); the availability of the inner product, the non-
expansivity property of the nearest point map defined on a real Hilbert space H onto a
closed convex subset C' of H and the following two identities which holds for all x,y € H,
A e (0,1),

Iz +ylI* = llzl* + 2{z, y) + [lylI* (2.2.1)
and
1Az + (1= Nyll* = All=]]* + (1 = Myl = AL = M|z — yl[*. (2.2.2)
It follows from (2.2.1) that

2(z,y) = ll2l* + ly|I* = llo = ylI* = llz + yl* = ll=]]* = [lylI*, Vo,yeH (2.23)
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We note that the parallelogram identity ||z + y||* + ||z — y[|* = 2 (||=|]* + ||yl|?) is equiv-
alent to inequality (2.2.1). Also, we shall see in chapter 3 and chapter 4 that inequalities
(2.2.2) and (2.2.3) play important role in the proofs of our main results.

Observe that (2.2.1) does not make sense in a general Banach space due to lack of inner
product, this makes working in general Banach space more difficult than in Hilbert spaces.
However, most real life problems do not occur in Hilbert spaces. Therefore, to overcome
these challenges, researchers use the concept of the duality mappings which are considered
as one of the most important canonical operators in Banach spaces. The duality mapping
can be seen as a suitable analogue of the inner product in Hilbert spaces. Beside the
introduction of the duality mappings, the distance function A(.,.) (called the Bregman
distance, which was introduced by Bregman [18]) were used instead of the operator norm
to make computations in Banach spaces less difficult to handle. In Chapter 5, we shall use
the Bregman distance for our computations and we shall also see that the duality mapping
plays central role in establishing our result. In what follows, we give definitions of some
spaces more general than Hilbert spaces and the connections between them.

2.2.1 Uniformly convex spaces

Definition 2.2.1. A normed linear space E is said to be uniformly convex if for each
e € (0,2] there exists a d. > 0 such that, for all x,y € E with ||z|| = 1 = ||y|| and

e —yl] > e, then |22 < 15,

Equivalently, E is uniformly convex if for any € € (0,2] there exists § = §. > 0 such that
if v,y € E with ||zl <1, |lyl] <1 and ||z —y|| > €, then ||5(z +y)|| <1-0.

Example 2.2.2. [77]. The L, spaces, 1 < p < oo are uniformly convez.

Definition 2.2.3. Let dim E > 2, then the modulus of convezity of a normed linear space
E is the function
dg = (0,2] = [0,1]
defined by
r+y
2

0p(e€) = nf{1 — | =l = lyll = 1, e = Jlz = yl]}-

Definition 2.2.4. Let p > 1 be a real number. A normed linear space E is said to be
p-uniformly convex if there exists C, > 0 such that

dp(e) > Cpe?, for any e € (0,2].

Definition 2.2.5. A normed linear space E is called strictly convex if for all z,y € E, © #
y, lle]] = llyll = 1, we have [[Ax + (1 = Ny|| <1 VXr € (0,1).

Theorem 2.2.6. [77]. A normed linear space E is uniformly convez if and only if dp(e) >
0 for all € € (0,2].
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2.2.2 Smooth spaces

Throughout this work, we denote the paring (£, z) by the action of £ € E* at x € E, that
is, (€, z) = ¢().

Definition 2.2.7. A normed linear space E is called smooth if for every x € E with
||z|| = 1, there exists a unique x* € E* such that ||z*|| =1 and (z*,x) = ||z||.

Definition 2.2.8. Let E be a real Banach space and S(FE) = {z € E : ||z|| = 1}. Then
the norm of E is said to be Gateaux differentiable if

ety o]
t—0 t

exists for each x,y € S(E). In this case E is called smooth.

Definition 2.2.9. A normed linear space E is said to be uniformly smooth if for any given
€ > 0, there exists § > 0 such that for all x,y € E with ||z|| =1 and ||y|| < 6, then

[z +yll + [z = yll <2 +€llyl].

Definition 2.2.10. Let E be a normed linear space with dim E > 2, then the modulus of
smoothness of E is the function pg : [0,00) — [0,00) defined by

1
pi(t) = sup {5 (1l + yll + ll = ) 1+ lJal| < 1, Ilyll < ¢}, (2:2.4)
Proposition 2.2.11. [77]. A normed linear space E is uniformly smooth if and only if
tim 220 _
t—0 t

Definition 2.2.12. For ¢ > 1, a Banach space E is said to be q-uniformly smooth if there
exists Cy > 0 such that
pe(t) < C it for any t > 0.

2.2.3 Reflexive Banach spaces

Definition 2.2.13. Let E* and E** be the dual and the bidual of a Banach space E
respectively. Then there exists a canonical (or canonical embedding) mapping J : E — E**
defined, for each x € E by

J(z) =, € E™,
where

®,. : E* — R is defined by

(P, f) = (f,x), for each f € E*.

Thus, (J(x), fY = (f,x) for each f € E*. If the canonical mapping J is an onto mapping,
then E is called reflexive. Thus, a reflexive Banach space is a Banach space in which the
canonical embedding is onto.
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Remark 2.2.14. [90]. The canonical mapping J defined above have the following proper-
ties.

(i) J is linear,
(i1) J is an isometry, i.e., ||Jz|| = ||z|| Vz € E.

Remark 2.2.15. [77].

(i) Every uniformly convex space is strictly conver.
(i1) Every uniformly convex space is reflexive.
(111) Every uniformly smooth space is smooth.
(iv) E is uniformly smooth if and only if E* is uniformly convex.

(v) If the dual space E* is reflexive, then E is reflezive.

From Remarks 2.2.15 (iv), 2.2.15(ii) and 2.2.15(v), we have the following important re-
mark.

Remark 2.2.16. Every uniformly smooth space is reflexive.

We now study the notion of the duality mapping and some of it properties in the following
subsection.

2.2.4 The duality mapping

Definition 2.2.17. Let E be a real Banach space, then for each p > 1, the duality mapping
J, : E — 2F" s defined by

Jp(w) = {z" € E*: (x,2%) = ||| ||2"||, [|2*[] = [J2|["~"}.
If p=2, then J, = Jo = J and this is called the normalized duality mapping on E.

Definition 2.2.18. The duality mapping J, is said to be weak-to-weak continuous if x,, —
r = (Jyx,,y) = (Jyx,y) holds for any y € E.

We note that [, (p > 1) spaces has this property, but L, (p > 2) does not posses this
property. For 1 < ¢ <2 < p with % + % = 1, we have the following important remark.

Remark 2.2.19. [/] . It is known that E is p-uniformly convexr and uniformly smooth
if and only if E* is g-uniformly smooth and uniformly convex. In this case, the duality
mapping J, is one-to-one, single valued and satisfies J, = (J;)_l, where J; is the duality
mapping of E*.

Proposition 2.2.20. [77]. Let E be a normed linear space and J be the normalized duality
mapping on E, then the following holds.
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(1) J(x) is a nonempty, closed, conver and bounded subset of E*.
(1) J(Ax) = AJ(z), Ve € E, A € R.

(i5i) If E is a real uniformly smooth Banach space, then J is norm-to-norm uniformly
continuous on bounded subsets of E.

(iv) J is the identity map on E if E is a real Hilbert space.

In what follows, we discuss some notions in Banach spaces that are useful to our study.
For the rest of this section, we shall denote the real Banach space by E.

2.2.5 Some notions in Banach spaces

Definition 2.2.21. Let C' be a nonempty, closed and convex subset of E. Let f : E —
(—o0, +00| be any function, then the domain of f is defined as
dom f:={zx € E: f(x) < +oo}.
The function f is called proper if dom f # (.
Definition 2.2.22. Let f : D C E — (—o00,400| be any mapping. Then f is said to be
convez if D is a convex set and for each o € [0,1], x1, 29 € D, we have
flaz; + (1 —a)xs) < af(xy) + (1 — a) f(z2). (2.2.5)

Definition 2.2.23. Let f : D C E — (—00,400] be any mapping and for arbitrary
xo € E, let U(xg) be the set of all neighbourhoods of xo. Then f is called a lower semi-
continuous function at xq if and only if

VA € R suth that A < f(xo), 3V € U(zo) : f(z) > A Ve e V.

Proposition 2.2.24. A function f : E — (—00,400] is lower semi-continuous at xg € X
if whenever {x,} is a sequence in E such that x, — o, as n — oo, then

f(w0) < limsup f(z,).

n—oo

Definition 2.2.25. Let f : E — R be a Gateaux differentiable convex function, then the
Bregman distance with respect to f is defined as

Af(.%‘,y) - f(y) —f(l’) - (f’(a:),y—x}, vay € E,

where [’ is the Gateaux derivative of f.

Remark 2.2.26. [/00]. The duality mapping J, is the derivative of the function f,(x) =
(i)Hpr Given that f = f, in the definition above, the Bregman distance with respect to
fp now becomes

1 1
Ap(xvy) - _||x||p - <‘]Pw7y> + _||y||p
q p
1
= ]3(|!y||p— |[[|”) + (Jpz,z = y)
1
= 5(H1'||p —[yl[") = {Jpz = Jpy, y). (2.2.6)
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We note that the Bregman distance is not symmetric, therefore it is not a metric but it
has the following important properties for all x,y,z € E.

(i) Ap(z,z) =0,

(ii) Ap(z,y) =0,
(iil) Ap(z,y) = Bp(@,2) + Ap(z,y) + (2 =y, [z — Ly),
(iv) Ap(z,y) + Bp(y, @) = (x =y, [z — Jpy).

For any p-uniformly convex Banach space F, the metric and Bregman distance have the
following relation:
klle =yl < Ap(a,y) < (z =y, Jw — Jpy),

where k > 0 is a fixed number.

Definition 2.2.27. Let C' be a nonempty, closed and convex subset of int domf, where
int domf means interior domain of f. Let T : C'— C be any mapping, a point p € C' is
called a fized point of T if Tp = p. While p € C' is called an asymptotic fized point of T' if
C' contains a sequence {x,}>° | which converges weakly to p and lim,_, ||z, — Tx,|| = 0.
The set of fized points of T and asymptotic fixed points of T are denoted by F(T) and
F(T) respectively.

T:C — C is said to be
(i) right Bregman firmly nonexpansive if
(Jp(Tx) = Jp(Ty), Tx — Ty) < (Jp(Tz) — Jp(Ty),z —y), Vo,y € C,
equivalently,

Ay(Tx, Ty) + Ap(Ty, Tx) + Ap(z, Tx) + Ap(y, Ty) < Ap(x,Ty) + Ay(y, Tx),

(i1) right Bregman strongly nonexpansive (see [81]) with respect to a nonempty F(T) if
Ay(Tx,y) < Ay(x,y), Vo € C, y € F(T)
and if whenever {x,} C C is bounded, y € F(T) and

lim (Ap<$na y) - AP(Txna y)) = 07

n—oo

it follows that
lim Ay(z,, Tx,) = 0.

n—00

Remark 2.2.28. [51]. Every right Bregman firmly nonezrpansiwe mapping is right Breg-
man strongly nonexpansive mapping with respect to F(T) = F(T).
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Definition 2.2.29. A mapping B : E — 2F" is called monotone if
(—nz—y) >0Ve,yc E, £ € B(x),ne B(y). (2.2.7)

B is said to be mazimal if the graph of B denoted by G(B) is not properly contained in the
graph of any other monotone mapping. It is generally known that a monotone mapping B
is maximal if and only if (x —y,u —v) >0, for all (x,u) € E x E, (y,v) € G(B) implies
u € Bz.

The following are examples of monotone mappings.

Example 2.2.30. Let E be a real Banach space and f : E — (—o0,+0o0] be a proper,
convex and lower semi-continuous function. The subdifferential Of of f defined by

Of (x) ={& € E": (§,y —x) < f(y) — f(x) Vo € E},
is maximal monotone (see [100]).

Example 2.2.31. Let E be a real Banach space, then the duality mapping J is monotone.
Indeed for any z,y € E, u € J(z), v € J(y), we have
(@ —yu—v) = |zl + |yl = (z,v) = (y, )
>+ Hyll? = Hllllol] = [yl
= [l + [lylI* = 2{l=[llly]]
= (lzll = llylh)* > 0.

Example 2.2.32. Let A be an n X n matrixz with real entries. Consider the operator
f:R™ — R"™ defined by f(x) = Ax. Then f is mazimal monotone if f is a positive linear

operator (see [50]).

Definition 2.2.33. Let E be a p—uniformly convex Banach space and J, be the duality
mapping of . The resolvent of a mazimal monotone mapping B is the operator Resz);B :

E — 2% defined by
Res)P .= (J,+AB) ' oJ,, A>0. (2.2.8)

p

Remark 2.2.34. The resolvent operator ResﬁB 18 a Bregman firmly nonexpansive operator.
Furthermore, 0 € B(x) if and only if x = Res;B(a:) (see [90], for more details).

Definition 2.2.35. Let C' be a nonempty, closed and convex subset of E. The Bregman
projection [ [ is defined by

ch = argryrgg Ay(z,y), Vo e E, (2.2.9)

which 1s a unique minimaizer of the Bregman distance.

Definition 2.2.36. [100]. Let E be a p—uniformly convexr Banach space. The function
V,: E* x E — [0,+00) is defined by

1 1 .
Volw,y) := llall* = .y} + Iyl Vo € By € E. (2.2.10)
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V, is nonnegative and Vj(z,y) = A,(J;(z),y) for all z € E* and y € E. Also, by the
subdifferential inequality, we have

Vp(o*,z) + (y*, J; (z") —x) < V(2" +y",2), Vo € B, x%,y" € E" (see, [100]).(2.2.11)

Furthermore, V, is convex in the second variable. Thus for all z € E, we have

where {z;}¥, € E and {t;}}¥, C (0,1) with SN #; = 1 (see [4, 37, : , 106] for
more details).

2.3 Variational inequality problems

The theory of VIP is known to be very useful in solving diverse mathematical problems
which includes optimization problems, equilibrium problems, boundary valued problems,
among others. It is known that many mathematical problems can be posed as a VIP. In
particular, VIPs are known to be natural generalization of the theory of boundary value
problems and are considered in optimization theory as natural extension of minimization
problems (see [13]). We now give some examples of a VIP in the following subsection. To
do this, we first recall the definition of a VIP in a real Hilbert space H. Let A: H — H
be an operator and C' be a nonempty, closed and convex subset of H. The VIP is the
problem of finding z* € C such that

(Az*,x —x*) > 0 Vo € C. (2.3.1)

We denote by VIP(C, A) the solution set of the VIP (2.3.1). It is generally known that
VIP(C,A) is a closed and convex subset of C' (for example, see [112]).

2.3.1 Examples of variational inequality problems

1. Consider the following VIP. The mapping A and the set C' are defined by
31’1 - :v_11 + 31’2 -2
3I1 + 3ZE2
4.CE3 + 4.174
dws + 4ay — i -3

Ax) = and

C={reR"|oy+xs=1, z3+24 >0, 1 <x < h}, where [ = (0.1,0,0,1)7
and h = (10,10,10,10)7. Then the above nonlinear VIP has a unique solution
r* = (1,0,0,1)T (see [124]).

2. Let A and C associated with the VIP (2.3.1) be defined by
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22231 — 21‘2 + 61’3 —4
Ax) = 2wy — 214 and
2x3 + 611

C={zeR|o—2>1, =30 —a23> -4, 201 +205+23 =0, | <z < h},
where | = (—6,—6,—6)T and h = (6,6,6)". The above VIP is linear and has only
one solution z* = (2,1, —6)7 (see also [121]).

3. Consider the following problem of finding the minimal value of a differentiable func-
tion f over a closed interval I = [a,b]. For a* € I, we have the following three
possible cases,

(a) if a < 2* < b then f'(z*) =0,
(b) if 2* = a then f'(z*) > 0,
(c) if 2* = b then f'(2*) < 0.

The above cases can be summarized as a VIP of finding «* € I such that f'(z*)(x —
x*) > 0Vz eI (see [I] for more details).

2.3.2 Previous works on variational inequality problems

VIPs have been extensively studied in both finite and infinite dimensional spaces by nu-
merous authors. The break through in the study of VIPs in finite dimensional spaces
happened in 1980 when Dafermos [17] identified that a certain traffic network equilibrium
conditions had a structure of variational inequalities under the monotonicity assumption.
Dafermos [47] used the techniques of the theory of variational inequalities to establish
existence of a traffic equilibrium pattern for which he developed an algorithm for the
construction of the pattern and derived estimates on the speed of convergence of the al-
gorithm. He also used his algorithm to estimate the user-optimized equilibrium pattern
for a simple network with two-way streets. His work attracted the interest of numerous
researchers, as a result of this, a lot of research efforts were devoted to the study of VIPs
in finite dimensional spaces (for example, see [18], [19], [75], [90]).

The study of VIPs was further extended to infinite dimensional spaces. There are several
monographs on VIPs in infinite dimensional spaces, however, we shall mention here a few.
Stampacchia [111] established the existence and uniqueness of the solution of problem
(2.3.1) under the assumption that A is a coercive and linear operator from a Hilbert
space H to its dual space H*. Lions and Stampacchia [79] further considered the case
where A is positive or semicoercive. Hatman and Stampacchia [59] worked on partial
differential equations using the VIP (2.3.1) as a tool, with applications to problems arising
from mechanics. They proved the existence and uniqueness theorem of the solution of
problem (2.3.1) in a reflexive real Banach space when A is assumed to be a monotone
hemicontinuous operator. In fact they proved the following theorem.

Theorem 2.3.1. Let X be a Banach space and X* be its dual. Let A : X — X* be a
monotone hemicontinuous operator and K be a bounded convexr subset of X. Then there
exists at least one solution of problem (2.3.1).
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As we mentioned earlier, there are different methods or ways of obtaining solutions of
problem (2.3.1) in infinite dimensional spaces. The methods used by the authors men-
tioned above has to do with the existence and uniqueness of solutions of VIPs (see [112]
for detailed information on different approaches for solving problem (2.3.1)). Unlike the
existence and uniqueness theorems which is only concerned with establishing conditions
under which problem (2.3.1) has solution, the iterative methods of finding solutions of
problem (2.3.1) is concerned with the actual computation or approximation of sequences
to a solution of problem (2.3.1). As we have stated earlier, this will be our focus in this
dissertation.

Let C' and ) be nonempty, closed and convex subsets of the real Hilbert spaces H; and
H, respectively. Let f : Hy — Hy, g : Hy — Hy be inverse strongly monotone operators
and A : Hy — H, be bounded linear operator. Consider the following problem which is
called the Split Variational Inequality Problem (SVIP): Find z* € C such that

(f(z"),z —a") >0Vx e C (2.3.2)
and such that y* = Ax* € @) solves

(9™ ),y—y") 2 0Vy € Q. (2.3.3)

If (2.3.2) and (2.3.3) are considered separately, we have that (2.3.2) is a VIP with its
solution set VIP(C, f) and (2.3.3) is a VIP with its solution set VIP(Q,g). The SVIP
was introduced and studied by Censor et al. [32]. They studied this problem as a pair
of VIPs in which they obtained a solution of one VIP in H; whose image under a given
bounded linear operator A is a solution of the second VIP in the second space Hs. They
considered two approaches for establishing the solution of the SVIP (2.3.2)-(2.3.3). In
each of these approaches they proposed an iterative algorithm and using their algorithms
they obtained strong convergence results of the SVIP (2.3.2)-(2.3.3).

In 2012, Censor et al. [33] introduced the general Common Solutions to Variational In-
equality Problem (CSVIP), which consist of finding common solutions to unrelated varia-
tional inequalities for finite number of sets. That is, find 2* € NY_,C; such that for eachi =
1,2,...,N,

(Ai(z"),z — 2%y >0, forallz € C;;, i =1,2,..., N, (2.3.4)

where A; : H — H is a nonlinear operator for each i = 1,2,..., N and C; is a nonempty,
closed and convex subset of H. They obtained the solution of problem (2.3.4) by con-
sidering first, a case where ¢ = 1,2 and later obtained the result of the problem for
1 = 1,2,...,N. They proposed the following algorithm and proved the corresponding
theorem.

2 € H,
{xk“ = [T, (P, (T = M) (). (2.3.5)

Theorem 2.3.2. Let H be a real Hilbert space and C; be nonempty, closed and con-
vexr subsets of H for each v = 1,2,...,N. Let A; : H — H be a;-inverse strongly
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monotone operators with A € (0,2a) and « := min;{e,}. Assume that N2,C; # 0 and
[ :=nY,SOL(Ci, A;) # 0. Then any sequence {x"}2, generated by Algorithm (2.3.5)
converges weakly to a point x* € I' and furthermore,

z* = lim Pp(z"). (2.3.6)
k—oo
Censor et al. [31] also considered problem (2.3.4) in the case where the operator A is

a multivalued mapping. More precisely, they studied the following problem which they
called Common Solutions to Variational Inequalities Problem (CSVIP):

Let H be a real Hilbert space and C; be a nonempty, closed and convex subset of H with
NY,C; # 0. Let A; - H — 2% be a multivalued mapping for each i = 1,2,..., N. The
CSVIP is the problem of finding a point z € N, C; such that for each i = 1,2,... N,
there exists u; € A;(x) satisfying

(ujpy—x) >0Vy e C;, i =1,2,..., N. (2.3.7)

Their motivation stems from the observation that if A; = 0, then the CSVIP (2.3.7)
reduces to the Convex Feasibility Problem (CFP) of finding a point z € NY,C;. Also
observe that if C; are the fixed point sets of a family of nonlinear operators defined on H,
then the CFP becomes the Common Fixed Point Problem (CFPP) (for example, see [33]
and [31]).

2.3.3 Variational inequality problems and fixed point problems

Fixed point problems are closely related to VIPs. As a result of this relationship, iterative
methods for finding common solutions to both problems have been widely studied by
numerous researchers. In 2005, liduka and Takahashi [02] established a strong convergence
result for approximating an element in the intersection of the set of solutions of a VIP and
the set of solutions of a FPP for nonexpansive mappings. They proposed the following
iterative algorithm:

eC,
= (2.3.8)
Tpr1 = pnTp + (1 — ) TPo(I — M\A)zp, n> 1,

where C' is a nonempty, closed and convex subset of a real Hilbert space H, P : H — C
is a metric projection, T': C' — (' is a nonexpansive mapping, A : C' — H is an a-inverse
strongly monotone mapping, {a,} C (0,1) and {\,} € (0, 2a).

A year later, Takahashi and Toyoda [113], introduced the following iterative algorithm for
approximating a common solution of VIP and fixed point problem:

eC,
o (2.3.9)
Tpr1 = pnTp + (1 — ) TPo(I — \yA)zp, n >0,

where C'is a nonempty, closed and convex subset of a real Hilbert space H, Po : H — C'is a
metric projection, A : C'— H is an a-inverse strongly monotone mapping and 7 : C' — C
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is a nonexpansive mapping. They proved that if I' := F(T) N VI(C, A) # (), then the
sequence generated by Algorithm (2.3.9) converges weakly to an element of T

The common solution to VIPs and FPPs for nonexpansive mappings were also studied
by Yao et al. [123]. In his study, he assumed that the operator associated with the VIP
is a monotone k-Lipschitzian continuous mapping. Under some suitable conditions, he
obtained strong convergence result using the following iterative scheme: For a fixed u € H
and arbitrary xo € H,

{xn—l—l = apu + 6nxn + rYnSPC(‘rn - /\”yn>’ (2 3 ].0)

Let T': H — H be an operator such that F(T) # () and f : H — H be an operator, then
the hierarchical variational inequality problem is to find z* € F(T') such that

(f(z"), x —2*) >0, Yoe F(T). (2.3.11)

Ansari et al. [0] introduced a split-type problem by combining a split fixed point problem
and a hierarchical variational inequality problem; thus, presenting the split hierarchical
variational inequality problem which is to find z* € F(T) such that

(f(x),x —a") >0, Ve e F(T) (2.3.12)
and such that Az* € F(S) satisfies
(h(Ax™),y — Ax™) > 0 Yy € F(S), (2.3.13)

where H;, H, are two real Hilbert spaces, T' : H; — H; is a strongly nonexpansive
operator such that F(T) # 0, S : Hy — H, is a strongly nonexpansive cutter operator
such that F(S) # (0, A : Hi — H, is a bounded linear operator with R(A) N F(S) # 0,
f(respectively h) is a monotone and continuous operator on H;(respectively Hy). With
these assumptions, they proposed the following iterative scheme for finding a solution of
problem (2.3.12)-(2.3.13):

\V/l’l < Hl,
Yn = xp — YA (L — S(I — Brh))Ax,, (2.3.14)
Tpi1 =T — anf)yn,

where 7 € (0, W), {an}, {B} C (0,+00). They proved that the sequence generated by
Algorithm (2.3.14) converges weakly to a solution of (2.3.12)-(2.3.13). See [68] and the
references therein for the works of other authors done in this direction.

Observe that the operator Po(I — AA) appears in most of the algorithms stated above.
Hence, we present the connection between the fixed points set of the operator Po(I — MA)
and the solution set of VIP:

Proposition 2.3.3. [77]. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C' — C' be an inverse strongly monotone operator. If VIP(C, A) is the so-
lution set of the VIP (2.3.1), then for any A > 0, we have that F' (Po(I — AA)) =VIP(C, A).
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Proof. Let A > 0 and y € C, then from the characterization of the metric projection (see
Proposition (2.1.32)), we have that

v € F(Po(I — \A))

Hence, F' (Po(I — AA)) =VIP(C, A). O

2.3.4 Variational inequality problems and related problems

The VIPs are deeply related to various mathematical problems, such as complementarity
problems, minimization problems, Minty variational inequality problems, inclusion prob-
lems, among others. We shall state some of these relationships below.

Complementarity problems:

Definition 2.3.4. Let H be a real Hilbert space and K be a nonempty subset of H. We
say that K is a convex cone if the following properties holds:

P K+ KCK,
P2 Mk C K, for A > 0.

If in addition, K satisfies K N (—K) = {0}, then K is called a pointed convex cone.

Definition 2.3.5. Let K be a pointed convex cone in H. Then the dual of K is defined
by
K ={yeH:(z,y) >0, Vo € K}. (2.3.15)

Remark 2.3.6. It is well known that for any pointed convexr cone K, the dual K* of K
15 always a closed and convex cone.

Definition 2.3.7. Let H be a real Hilbert space and K C H be a nonempty, closed and
pointed convex cone. Let f : H — H be any nonlinear mapping, then the Complementarity
Problem (CP) is to find x* € K such that

f(z*) e K* and {(f(z*),z*) =0. (2.3.16)
We denote the solution set of problem (2.3.16), by CP(f, K). The following result brings
out the connection between VIPs and CPs.

Theorem 2.3.8. [03]. Let H be a Hilbert space and C' be a nonempty, closed and convex
subset of H. Let K C H be a nonempty, closed and convexr cone. Then VI(C, f) and
CP(K, f) are equivalent if and only if C = K.
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Minty variational inequality problems:

Let C' be a nonempty, closed and convex subset of a real Hilbert space H and A: H — H
be a nonlinear operator. The Minty Variational Inequality Problem (MVIP) is the problem
of finding = € C such that

(Ay,y —z) > 0 Vy € C. (2.3.17)

We denote the solution set of problem (2.3.17) by MVIP(C, A). The minty variational
inequality problem was introduced and studied by Minty in 1967. Minty, in his study
states the relationship between VIPs and MVIPs under the continuity and monotonicity
assumption of the associated operator A.

Theorem 2.3.9. [5/]. Let H be a real Hilbert space and C be a nonempty, closed and
convex subset of H. Then MVIP(C,A) and VIP(C,A) are equivalent if and only if

A: H — H is a monotone and continuous operator.

Minimization problems:

Let H be a real Hilbert space and K be a nonempty, closed and convex subset of H. Let
f + H — R be differentiable on an open set containing K. Then the Minimization Problem
(MP) is the problem of finding a point 2* € K such that

f(z") = min f(z). (2.3.18)

rzeK

Consider the following VIP: Find z* € K such that
(f'(z*),x —2*) >0 Vx € K, (2.3.19)
where f’ is the gradient of f, then we have the following proposition.

Proposition 2.3.10. [/6]. Let K be a nonempty, closed and convex subset of a real Hilbert
space H and f: H — R be a differentiable function on an open set containing K, then

(i) if x* € K is a solution of MP (2.3.18), then x* is also a solution of VIP (2.3.19),

(ii) if f is conver and x* € K is a solution of VIP (2.3.19), then x* is also a solution
of MP (2.3.18).

2.4 Monotone inclusion problems

In the previous section, we reviewed some of the important works done on VIPs and we
also discussed their relationships with some related mathematical problems. In this section
however, we shall study a useful and important generalization of the VIPs, namely the
MIP. We begin by discussing some of the important works done in this area.
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2.4.1 Previous works on monotone inclusion problems

Like the VIPs, many mathematical problems such as optimization problems, equilibrium
problems, VIPs, saddle point problems, among others, can be modelled as a MIP. The MIP
has been widely studied by numerous researchers in both finite and infinite dimensional
spaces. Rockafellar [98] was the first to introduce and study the MIP, which he defined as
a problem of finding a point « € H such that

0 € B(z), (2.4.1)

where H is a real Hilbert space and B : H — 2 is a maximal monotone operator. The
solution set of problem (2.4.1) is denoted by B~'(0), which is known to be closed and
convex, see [98].

Byrne et al. [25] introduced and studied the following Split Monotone Inclusion Problem
(SMIP): Let B; : Hy — 21, 1 < i < pand F; : Hy — 22 1 < j < r be maximal
monotone mappings. Let A; : H; — Hy, 1 < j <1 be bounded linear operators,

find z € H; such that 0 € NY_, B;(7) (2.4.2)
and
y; = A;j(Z) € Hy such that 0 € N7_, Fj(y). (2.4.3)

They denote problem (2.4.2)-(2.4.3) by SCNPP(p, r) in order to emphasize the multiplicity
of the mappings B; and F};. In [25], Byrne observed that the SVIP introduced and studied
by Censor et al. [32] can be structurally considered as a special case of SCNPP(p,r), for
p=r = 1. Byrne et al. [25] proved strong convergence of their proposed algorithms to a
solution of problem (2.4.2)-(2.4.3) by first considering a case where p = r = 1. Then for
1<i<pand1l <j <r, they employed a product space formulation in order to transform
SCNPP(p, r) into SCNPP(1,1) and obtained a strong convergence result.

Inspired by the work of Byrne et al. [25], Kazmi and Rizvi [70] introduced the following
algorithm for finding a common solution of the SMIP and the FPP of a nonexpansive
mapping: Let 2o € H; and the sequences {u,} and {z,} be generated by

{un = JP (v, + AT — 1) Azy,), (2.4.4)

Tpr1 = o f(zn) + (1 — ) Suy,, n #0,
where S : H; — H; is a nonexpansive mapping. They proved that the sequences {u,}

and {z,} converges strongly to z € F(5)N{, where Q is the solution set of SMIP (2.4.2)-
(2.4.3).

Guo et al. [50] introduced and studied the Split Equality Monotone Inclusion Problem
(SEMIP) in real Hilbert spaces. They stated the problem as follows: Find

zeUN0)=F(J]), ye V'1(0) = F(J, ) such that Az = By, (2.4.5)

where H,, Hy, Hs are real Hilbert spaces, U : H; — 21 V . Hy — 22 are maximal
monotone mappings and A : Hy — Hs, B : Hy — Hj are two bounded linear operators.
They proved the following result.
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Theorem 2.4.1. [50]. Let Hy, Hy, H3 be real Hilbert spaces and U : Hy — 251V : Hy —
2H2 be mazimal monotone mappings. Let A : Hy — Hs, B : Hy — Hs be two bounded
fi
f2]’
where f;, © = 1,2 are contraction mappings on H; with constant k € (0,1) and {S,} a
sequence of nonexpansive mappings on Hy, D a strongly positive bounded linear operator
with coefficient v > 0. Assume that the solution set SEMIP (2.4.5) is nonempty

linear operators and A*, B* be the adjoints of A and B respectively. Let f = {

U
T = [“’} ,G=[4, —B], G'G= {

A*A —A*B]
JV

—-B*A DB*B

Let w,, be generated by

{un = S9N = 4G G)w,, (2.46)

Wpr1 = apo f(wy) + (1 — @, D)S, V.
Let F(S) = N2, F(S,) and S, satisfy the AKTT condition:

o0

ZSUp{HSn_HU — Syl 1v e C} < 0.

n=1
If F(S)NT is nonempty (where I is the solution set of problem (2.4.5)) and the following
conditions are satisfied
(i) ay € (0,1), lim, oo, =0, > 7, @, = 00,
(ii) 3 oneg lons1 — am| < 00,
(i) 3 [tnsr — un| < 00,
(in) 0<y< 5, 0<o<i

Then, the sequence {w,} convergences strongly to a point w*, where w* = Ppgyar (I — D — o f) (w*)
is a unique solution of the variational inequalities

(D—of)w",w*—2) <0, z€ F(S)NT.

Riech and Sabach [96] used the following algorithm to obtain strong convergence result
for problem (2.4.1) in a more general reflexive Banach space:

(20 € X,yi = Resf\c%Bi(xn +eb),

Ch,={z€ X : Dy(z,y,) < Dy(z, 0+ €},)},

C,:=n¥,Ct, (2.4.7)
Qn={2 € X : (Vf(zo) = Vf(xs),2 —x,) <0},

[ Tnt1 = Projénﬂ(xo), n > 0.

They proved the following theorem using Algorithm (2.4.7).
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Theorem 2.4.2. [96]. Let X be a reflexive real Banach space and X* be its dual space.
Let B; : X — 2%, i =1,2,...,N be N mazimal monotone operators such that 7 =
NN B;7Y0%) # 0. Let f: X — R be a Legendre function which is bounded, uniform
Frétchet differentiable and totally convex on bounded subsets of X. Suppose that V f* is
bounded on bounded subsets of X*. Then, for each xy € X, there are sequences {x, }nen
which satisfy Algorithm (2.4.7). If for each i = 1,2,..., N, liminf, ;oo A\ > 0 and the
sequence of errors {e }nen C X satisfies lim,, o €', = 0, then each such sequence {y, fnen

converges strongly as n — oo to P?"Ojé(![’()).

2.4.2 Relationships between monotone inclusion problems and
variational inequality problems

Definition 2.4.3. Let C be a nonempty, closed and convex subset of H. The normal cone
of C, Ng: H — 28 s defined as

Nez = {@’ iz, (2.4.8)
{de H:{d,y—2)<0, Yye(C}, ifzeC.

Observe that if H = R" and B(z) := T'(z) + N¢(z) Vx € R", where T is a maximal
monotone mapping and N¢ is a normal cone of C. Then we have that dom B = CN dom
T and int C' # () (where int means interior). Furthermore, we assume that dom 7N int
C # (), so that B = T+ N¢ is maximal monotone (see [17]). In this case, we have that the
MIP (2.4.1) is equivalent to the following generalized VIP of finding z € C' and v € T'(x)
such that

(v,y—x) >0, Vy e C. (2.4.9)

The solution set of problem (2.4.9) is denoted by GVIP(T,C'). It has been shown that if
C' = R™, then the generalized VIP (2.4.9) reduces to the MIP (2.4.1) (for more information,

see [17]).

We also note that if H = R™ and F' : R® — R" is a single valued, continuous and

monotone operator, then B = F'+ N¢ is a maximal monotone operator, since domB = C
and domF = R™. Thus, the MIP (2.4.9) reduces to the following VIP; find x € C such
that

(F(x),y—x) >0Vy e C. (2.4.10)

For an inverse strongly monotone operator A associated with a given VIP, we have the
following result.

Proposition 2.4.4. [09]. Let C' be a nonempty, closed and convex subset of H and A
be an inverse strongly monotone operator on C. Let Noz be the normal cone of C at the
point z € C and B : H — 2" be a set-valued operator defined by

By — {Az—l—ch, z e,

2.4.11
0, otherwise. ( )

Then B is a mazimal monotone operator. Furthermore, B~'(0) = VIP(C, A).
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2.5 On split equality fixed point problems

The SEFPP introduced and studied by Moudafi and Al-Shemas [35] is stated as follows:
Find x € C:=F(T), ye€ Q :=F(S) such that Az = By, (2.5.1)

where C C Hy, (Q C H, are two nonempty, closed and convex sets, A : Hy — Hs, B :
Hy, — Hj are two bounded linear operators, F(T) and F(S) denotes the sets of fixed
points of operators T" and S defined on H; and H, respectively. Moudafi and Al-Shemas
presented the following algorithm for solving the SEFPP:

{xnﬂ = T(2n — A*(Az,, — Byn)), (25

Ynt1 = S(Yn + WmB*(Az, — By,)), Vn>1,

where T': H; — Hy, S : Hy — Hy are two firmly quasi-nonexpansive mappings, A : H; —
Hs, B : Hy — Hj; are two bounded linear operators, A* and B* are the adjoints of A

and B respectively, {y,} C (e 2

" Aaratipp
of A*A and B*B respectively. They established the weak convergence result for problem
(2.5.1) using Algorithm (2.5.2).

— (—:) , Aaxa and Ap«p denote the spectral radii

The SEFPP is generally known to be a useful generalization of the Split Feasibility Problem
(SFP), which was introduced in 1994 by Censor and Elfving [28] and which has wide
applications in many fields, such as phase retrieval, medical image reconstruction, signal
processing and radiation therapy treatment planning (for example, see [23, 24, 27, 28,
, 83, 86, , , , , , | and the references therein). Observe that if
Hy, = Hy and B = I (where I is the identity map on H,) in problem (2.5.1), then the
SEFPP (2.5.1) reduces to the following SEP of Censor and Elfving [2&]: Find a point

b

x € C, such that Ax € Q, (2.5.3)

where C' and @) are nonempty, closed and convex subsets of R™ and R™ respectively and
A is an m x n real matrix. The SFP was later extended to Multiple-Sets Split Feasibility
Problem (MSSFP) by Censor et al. [29] which he defined as the problem of finding

z* € C =nNY,C; such that Az* € Q =N, Q;,

where N and M are positive integers, {C1,...,Cn} and {Q1,...,@n} are nonempty,
closed and convex subsets of real Hilbert spaces H; and Hs respectively and A : Hy — Hy
is a bounded linear map. Recently, researchers have started approximating solutions of
SFP in Banach spaces (for example, see [103, 114, 106] and the references therein).

Yaun-Fang et al. [52] presented the following algorithm (which is an extension of Algorithm
(2.5.2)) for solving SEFPP (2.5.1):

Vo, € Hy, y1 € Ho,
Tni1 = (1 — ap)x, + o, T(x, — 1 A*(Ax, — By,)), (2.5.4)
Ynt1 = (1 - an>yn + anS(yn + VnB*(Axn - Byn))v Vn > 1,
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where T : Hy — Hy, S : Hy — H, are two firmly quasi-nonexpansive mappings, A :

H, — Hs, B: Hy — Hj are two bounded linear operators, A* and B* are the adjoints of
A and B respectively. The sequences {v,} and {«,} are in (e, m — e) and [a, 1]
respectively, for a > 0 and for € small enough. A4-4 and Ag-p denote the spectral radii of
A*A and B*B respectively. They established a strong and weak convergence results using

Algorithm (2.5.4).

Based on the work of Moudafi and Al-Shemas [38], Chidume et al. [10] proposed the
following algorithm for solving the SEFPP for demi-contractive mappings:

VIL'l c Hl, ‘v’y1 < HQ,
Tpr1 = (1 —a) (x, — yA*(Ax,, — Byn)) + oT (x, — yA*(Ax,, — Byn)), (2.5.5)
Ynt1 = (1 — @) (yn + yB*(Ax, — By,)) + aS (y, + vB*(Ax, — By,)), Vn>1,

where T' : H — H;, S : Hy — H, are two demi-contractive mappings. Chidume et
al. [10] proved weak and strong convergence theorems of the iterative scheme (2.5.5) to a
solution of the SEFPP in real Hilbert spaces.

The approximation of fixed point of multi-valued mappings with respect to the Hausdorrf
metric has been an area of great research interest due to its numerous applications in
various fields such as game theory, mathematical economics, optimization theory, among
others. Thus, it is ideal to extend the known results on SEFPP for single-valued mappings
to multi-valued mappings. Wu et al. [116] studied the Multiple-Set Split Equality Fixed
Point Problem (MSSEFPP) for finite families of multi-valued mappings. They stated the
problem as follows: Find

reC= ﬂ;vle(R{) and y € Q = mj.Vle(R;) such that Az = By, (2.5.6)

where N is a positive integer, A : Hy — H3 and B : Hy, — Hj3 are two bounded linear
operators, Rf : H — CB(H;), i = 1,2, j = 1,2,...,N is a family of multi-valued
quasi-nonexpansive mappings. They established strong convergence result to a solution of
problem (2.5.6).

Shehu [101] also studied the MSSEFPP for infinite families of multi-valued quasi-nonexpansive
mappings: Find

r € NZLF(S;) and y € N2, F(T;) such that Az = By, (2.5.7)

where A : Hy — Hjz and B : Hy — Hj are bounded linear operators, S; : H; — CB(H;)
and T; : Hy — CB(H3), ¢ = 1,2,... are two infinite families of multi-valued quasi-
nonexpansive mappings. With these assumptions, he proposed the following algorithm for
finding a solution of problem (2.5.7):

Uy, = Ty, — Y A*(Az,, — Byy),
Tnt1 = tou + (a'O,n - tn)un + Z?; Q; pnWin, Win € Siuna

2.5.8
Un:yn_'YnB*(Axn_Byn)a ( )

)
Yn+1 = t,v + (Clo,n - tn)vn + Ei:1 UinZin, Zin € Eun;
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2|| Az, — Bya||?
where {y,} € (67 TA*(Azn—Byn) >+ B* (Azn—Byn

any nonegative value), where the set of indexes Q = {n : Az, — By, # 0}. Shehu [101]
established a strong convergence result for problem (2.5.7) using Algorithm (2.5.8).

T 6) ,n € Q, otherwise v, = 7 (v being

Based on the works of Chidume et al. [10] and Wu et al. [L10], Chidume et al. [!1]
introduced the following algorithm for solving the MSSEFPP for countable families of
multi-valued demi-contractive mappings which are more general than the mappings con-
sidered by the authors above:

Tpt1 = Qg (xn — fyA* (Axn — Byn)) -+ 221 OéiZ;, (2 5 9)
Yn+1 = Qo (yn - VB*(AJ:H - Byn)) + Zjil ajw%vvn > 1;

where 2! € S; (z, — yA*(Az, — By,)), w) € T;(y, — vB*(Ax, — By,)), A : Hi — H;
and B : Hy — Hj are bounded linear maps, S; : Hy — CB(H;), ¢ = 1,2... and T :
Hy, — CB(H;y), j =1,2,... are two families of multi-valued demi-contractive mappings.
Chidume et al. [11] proved weak and strong convergence results for problem (2.5.7) using
Algorithm (2.5.9).
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Chapter 3

Split Equality Variational Inequality
Problem and Split Equality Fixed
Point Problem

3.1 Introduction

In this chapter, we study the following problem which we call SEVIP and SEFPP: Let
H,, Hy, H3 be real Hilbert spaces and C', C5 be nonempty, closed and convex subsets of H;
and Hy respectively. Let T : C; — Cy and S : Cy — Cy be mappings with F(T') # () and
F(S) # 0. Let f; : C; — Cy, (i =1,2) be p-inverse strongly monotone operators (p > 0)
and A : Hy — Hi, B: Hy, — Hj be bounded linear operators. Find (z,y) € F(T) x F(S)
such that

(A(@), 2 —7) >0 Ve, (3.1.1)
(f2(9), y—9) 20 Vy € Cy (3.1.2)

and such that
Az = By. (3.1.3)

Furthermore, we propose an iterative scheme and using the iterative scheme, we state and
prove a strong convergence result for the approximation of a solution of (3.1.1)-(3.1.3). We
apply our result to study other related problems. In what follows, we give the following
definitions which will be very useful throughout this chapter.

Definition 3.1.1. Let H be a real Hilbert space and T : H — H be a nonlinear mapping.
Then (I —=T) is said to be demi-closed at 0 if for any sequence {x,} C H such that z,, — x*
and (I —T)x, — 0, we have that x* = Tz*.
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Definition 3.1.2. A mapping T : C — C is said to be demi-contractive if F(T) # () and
there exists a constant k € (0,1) such that

1Tz — y|)? < llz -yl + kl|z — Tx|* Vz € C, ye F(T). (3.1.4)

In a real Hilbert space H, it is known that (3.1.4) is equivalent to
1—
2

Example 3.1.3. [00]. Let H = R with the usual norm and C = [—2,0]. Let T : C — C
be defined by

k
|z — T[] (3.1.5)

Tz —y,x—y) < |lz—y|* -

Tx 1 if v =-3, (3.1.6)

Then T is a demicontractive mapping with (I —T') been demiclosed at 0.

3.2 Preliminaries

We state some known and useful results which will be needed in the proof of our main
theorem. We denote the strong and weak convergence by ”—” and ”—" respectively and
the solution set of (3.1.1)-(3.1.3) by I" defined by

I''={(z,9) € F(T)xF(S): (f1(z),z—z) > 0,Vz € C4, (fa(y),y—7) > 0,Vy € Cy and AT = By}.
Lemma 3.2.1. Let H be a real Hilbert space, then

2, y) = l2ll* + [lylI* = llo = yll* = llz + ylI* = ll=[]* = [lylI*, ¥ 2,y€H.
Proof.

lz+yllP = (@+y,2+y) = (Br+y) +y,z+y)
= (z,2) +(z,y) + (y,2) + (¥, y)
= =P + (z, y) + (z,y) + [ly]]?
= =]+ 2{z, y) + [lylI* (3.2.1)

Similarly, we have
llz = yll* = [l=]* — 2z, y) + Iy I*. (3.2.2)
From (3.2.1) and (3.2.2), we obtain

2z, y) = llzll* + [lyl* = llz = ylI* = [l + ylI* = ll=[]* = [lylI*, V=2,yeH
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Lemma 3.2.2. [77]. Let H be a real Hilbert space, then ¥V z,y € H and o € (0,1), we
have

loz + (1 = a)yll* = aflz]* + (1 = a)lyl* — a(l — &)z — y[|*.

Lemma 3.2.3. [119]. Assume that {a,} is a sequence of nonnegative real numbers such
that

Any1 S (]— - Vn)an + ’Yn(sn» n Z 07 (323)

where {v,} is a sequence in (0,1) and {0,} is a sequence in R such that
(1) 35° gy = 00, or equivalently, [[°_,(1 —v,) =0,

n=1
(71) lim sup,, .. 0, < 0 or X2 4|0,7n| < o0,
Then lim,,_,o a, = 0.

Proof. Let € > 0 be given and let N be an integer big enough such that
0p < €, Yn>N.

Then, from (3.2.3) and by induction we obtain, for n > N that

Ani1 S ( (1 — ’}/k)> an + (1 — H (1 — ’Vk)) (Sk

k=N

< (ﬁ (1— 7k)> an + (1 1 (1— ’Yk)) €. (3.2.4)

k=N

Using condition (ii) in (3.2.4), we obtain

limsup a,, < 2,
n—oo

which implies lim,, ., a,, = 0. ]

3.3 Main result

Theorem 3.3.1. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cs be monempty, closed
and convex subsets of Hy, Hy respectively. Let T : C; — C1 and S : Cy — Cy be demi-
contractive mappings with constants ki and ko respectively such that I —T and I — S are
demi-closed at 0. Let f; - C; — C; be p;-inverse strongly monotone operators (i = 1,2)
and A : Hy — Hs, B : Hy — H3 be bounded linear operators. Assume that the solution
set T' £ () and that the stepsize sequence 7, is chosen in such a way that for some e > 0,

Yo € | € 2| Awn — B[ —€e]l,nen
" " A" (Aw, — Bzo)||? + || B*(Awy, — Bz,)|? ’ ’

otherwise, v, = v (v being any nonegative value), where the set of indexes Q@ = {n :

Aw,, — Bz, # 0}.
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Let u,xg € C1, v,yo € Cy be arbitrary and the sequence {(x,,y,)} be generated by
(w, = (1 — )z, + ou,
Zn = (1 — an)yn + an;
un, = Po,(I = pfr)(wn, — 7 A" (Aw, — Bz,)),

= Pey(5 = pfo) e + 7 (A, — B,), -
Tpa1 = (1 = Bo)un + BnTuy,
 Ynt1 = (1 = Xp)v, + A Sy, n >0,
0 < p < 2u; for each i = 1,2, with conditions
(i) {an}, {Bn} and {\,} are sequences in (0,1),
(ii) lim, ooy, =0, > 07, = 00,
(i1i) B, € (a,1 — k1) C(0,1) for some a >0,
(iv) A\ € (b,1 —ky) € (0,1) for some b> 0.
Then {(zn,yn)} converges strongly to (z,y) in T.
Proof. First we show that -, is well defined. For any (z,y) € I', we have
(A*(Aw,, — Bz,),w, — z) = (Aw,, — Bz,, Aw,, — Az), (3.3.2)
and
(B*(Aw,, — Bz,),y — zp) = (Aw, — Bz,, By — Bz,). (3.3.3)

Adding (3.3.2) and (3.3.3) and noting that Az = By, we obtain Vn € Q,
[|[Aw,, — Bz,||? = (A*(Aw, — Bz,),w, — x) + (B*(Aw, — Bz,),y — zp)
< |[A"(Awy = Bzy)|[[[wn — || + || B*(Awn = Bzn)|[|ly = zall

Therefore, for n € Q, that is, ||[Aw, — Bz,|| > 0, we have ||A*(Aw, — Bz,)|| # 0 or
||B*(Aw,, — Bz,)|| # 0. Thus, =, is well defined.
Let (z*,y*) € I', we have from (3.3.1) that
lun —2I* = |[Pe, (I = pfi) (wn — 1 A™(Aw, — Bz,)) — 27|
< |lw, — A (Aw, — Bz,) — z*||?
= ||wn — 2*|* = 29w, — z*, A*(Aw,, — Bz,))
+7al|A*(Aw, — Bz,)|>. (3.3.4)

From Lemma 3.2.1 and noting that A* is the adjoint of A, we have

— 2(w, —z*, A*(Aw,, — Bz,)) = —2(Aw, — Azx", Aw, — Bz,)
= —||Aw, — Az*|]* — ||Aw, — Bz,||?
+||Bz, — Ax*|*. (3.3.5)
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Substituting (3.3.5) into (3.3.4), we have

lun —2*(* < Jlwn — 2| =yl Aw, — Az*|* — 75| Aw,, — Bz, |[?

+ allBza — Ax*|[2 4 72| A* (Aw, — Bz)| % (3.3.6)

Similarly, from (3.3.1), we have

lon =9I < lzn =y II* = Wl Bzn — By'|I* — yall Awy — Bz [*

+ ullAw, — By |2 + 4211 B* (Aw, — Bz, (3.3.7)

Adding inequality (3.3.6) and (3.3.7), and using the fact that Az* = By*, we obtain

[l =21+ lon =7 II* < Nlwn — 27 + [[z0 = y7I1* — v [2]|Awn — Bz |[?

— Y ([|A*(Awy, — Bz,)||* + || B*(Aw, — Bz,)|?) ]
< w, — 2P + |20 — ¥ (3.3.8)

From (3.3.1) and the fact that 7" is demi-contractive, we obtain

|Zns1 — 2"

<

(1 = Bn)un + BnTuy, — x*HQ

(1 = Bn) (un — %) + Bu(Tur, — %)

(1= B0)?|lun — @|* + Bal|Tun — 27| * + 26,(1 — B,) {up — 2™, Ty, — 2%)
(1= Bo)*|un — &*[|* + B2 [[un — 2*|]* + Fal[un — Tunl]?]

. 1—-k
+26,(1 = Ba) ||un — 27| * — B :
(1-28, +512L)||Un - :L‘*||2 +/83L|:||un - C5*“2 + Ky l|un — Tun”ﬂ
+280 [ty — x*HQ - 262Hun - x*HQ = Bn(1 = Bu) (1 — kp)|u, — TUnHQ
|[un — :17*||2 + ﬁn[kl + Bn — 1]||un - TUnH2
||tn —x*H2. (3.3.9)

[t _TUHHQ

Similarly, we have that

Ny = y*|° < [lva — 1% (3.3.10)

Adding (3.3.9) and (3.3.10), and using (3.3.8), we obtain

[z = 2| + o =y 117 < Jlun — 2717 + [lvn — 57|
<

lfwn — 2*|]* + [|20 — v*| % (3.3.11)
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From (3.3.1), (3.3.11) and Lemma 3.2.2, we obtain

|2ni1 = 212 + g —9* 17 < (11— an)zn + anu — 2P +[|(1 = an)yn + o — |
= [|(1 = an)(@n — ") + an(u — )|
(1 = ) (Y — ¥*) + an(v — )|
< (1= an)llzn — 2% + anlfu — 2*]]?
+(1 = an)llyn — v 11> + anllo — y*I?
= (1 —aw) [llzn — 2% + llyn — v*17]
+an [[lu— 2P + [lv = y*?]
max { ||z, — 2> + |lyn — v*|°, [lu — 2*|] + [Jo — y*[1*}

IN

max {||zo — (1> + llyo — ", [Ju — 2”|]* + [[v — y”|I} .

Therefore, {||z, — z*||* + ||yn — ¥*||*} is bounded. Consequently {z,.}, {yn}, {wn}, {za},
{un}, {vn}, {Az,} and {By,} are bounded. From (3.3.8), (3.3.11) and Lemma 3.2.2, we

obtain

1201 = 2| +lyonr =71 < Nwa = 2717 + [lzn = ¥ = [2]|Awy — Bz|[*
—n (||A*(Awn - an)||2 + ||B*(Awn - BZn)HQ) ]
(1= an) [llzn = 2" + llya — y"II°]
o [[lu =[] + [Jo = y*|P] = [2]|Aw, — Bz
_'Vn(HA*(Awn - an)||2 + ||B*(Awn - an)HQ”

IN

Let P, = ||A*(Aw, — Bz,)||> + || B*(Aw,, — Bz,)||?, then we have (by the condition on ~,)
P < (1= an) [[lon — 2| +lyn — ¥ I1P] + an [llu— 2" + [Jv - y*|]°]
— [z = 211 + lynss — y711%]- (3.3.12)
We now consider two cases to establish the strong convergence of {(z,,y,)} to (Z,7).
Case 1: Assume that {||z, — z*||> + ||y, — y*||*} is monotone decreasing, then
{l|1zn — 2*||> + ||lyn — y*||*} is convergent, thus
Tim [([lensr = 2| + Iy = 9*112) = (2 = 27| + |lya — y°I1%)] = 0.
From (3.3.12), we have
(J|A*(Aw,, — Bz,)||* + || B*(Aw, — Bz,)||*) — 0, as n — oc.
Since Aw,, — Bz, =0, if n ¢ Q, we have
lim [|A*(Aw, — Bz,)||* = lim ||B*(Aw, — B*z,)||* = 0. (3.3.13)
n—oo

n—oo
From (3.3.1), we have
Hwn - $n|’2 = ||(1 - O‘n)xn + apu — xn||2

= au|lu—z,||* =0, as n — oo,
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which implies

lim ||w, — z,|]> = 0. (3.3.14)
n—oo
Similarly, we have
lim ||z, — ya||> = 0. (3.3.15)
n—oo

Also, from (3.3.1), Lemma 3.2.1 and Lemma 3.2.2, we have that

lun — 2*|> = ||Pe, (I = pfi) (wn — 1A (Aw, — Bz,)) — a*|?
(up — 2", Wy — VA" (Aw,, — Bz,) — z¥)

1
o
—[Jtn — 2" = (wn — 1w A" (Aw, — Bz,) — a)||’]

IN

[t — &7 |* + [Jwn — 30 A™(Awy — Bz,) — 2"

< Sl — 2+l — 2[4 221 A% (Aw, — Bz
123, — 2|14 (Aw, — Bz,)|
(=l + 214" (A — B2)|F — 250t — i, A (A — Bz,))
= Ll = I+ [ — 2|+ 2yl — 2] 4" (Au, — B,)
— ||t — W |* + 275 (U, — Wy, A*(Aw, — B2,))]
< gl — I o — 21 4 2yl — [ 4" (Aw, — Bz,)
o = wall? + 2yl — wall|A° (A, — B
< gl =+ (= )l — I+l — 2|
23, — 2 A" (Aw, — Bzo)l| — [l — o,
25, — wnl [ 4° (A, — Bz
< gl =21 1o — I + a7
23, — 2|14 (Aw, — Bz,)|
At = 1] P+ 230l 1 — 1A (Aw, — B )] (33.16)

which implies

lun = "I < |2 — 27| + al[u — (] + 270 [wn — 27[|[| A" (Awy — Bza)|
|ty — Wa| [ + 27|t — w, ||| A*(Aw, — Bz,)|]. (3.3.17)

From (3.3.9) and (3.3.17), we have

||xn-|—1_x*||2 < ||xn_"E*||2+an||u—m*||2+27n||wn_m*H”A*(Awn_an)H
||t — wa | 4 290 [t — ||| A*(Aw,, — Bzy,)]]. (3.3.18)

Similarly, we have

Wynir = o117 < lyn = 4117 + anllo =y 11 + 29|20 — ¥ || B* (Aw, — Bz,)]|
—[|vn = 2| > 4+ 27Vnl|vn — 2a||| B* (Aw,, — Bzy)||. (3.3.19)
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Adding (3.3.18) and (3.3.19), we have

ons =2l + gt — 1B < llon — "I+ g — 971 + aallla — I + [fo — 27|
+2m||wn — 2™[[||A*(Awn — Bzy)|
+llzn =y || B*(Awn — Bzy)||]
_[||Un_wn||2+"vn_zn||2]
+29n[lJun — wl[|| A" (Aw, — Bzy)|
+|vn — zu|||| B* (Aw,, — Bz,)]|]- (3.3.20)

Using (3.3.13) together with the fact that oy, — 0, as n — oo in (3.3.20), we have
lHm [||un, — wal | + |Jvn — 24| )] =0,
n—oo

which implies

. _ 2 _
nh_g)loHun wy|]© =0 (3.3.21)
and
lim ||v, — 2,]|* = 0. (3.3.22)
n—oo

Observe that since T is demicontractive and z* € F(T'), we have

ITe =P < o= 2P + Falle — T
— Tz —2*,Tr —2*) < (v—a% 02+ kv —Tz|]?
= Tz —2*,Te —2) + (Te —a*, v —2*) < (z—2%20—2%) +k|lz - Tx|?
— (To—2"Tr—z) < {(v—Tx,xz—2")+ k||lz — Tz|]?
— To—z,Tz—2)+{z—2"Tr—z) < {(v—Tr,z—2%)+k|lz - Tz|]?
Tz — 2| < (v—2a2*2—Tx)
—(z — 2", Tz — 2) + k||z — Tx||?
= (1—k)||Tx —2|* < 2{z—a*,0—Tz). (3.3.23)
From (3.3.1) and (3.3.23), we have
1201 — 27 = [|(1 = Bu)un + BuTun — 27|

= |’un_$*+6n(Tun_UN)H2

= lup — :L‘*||2 + BTQLHTUn - un||2 — 2B (un — 2% up — Tup)

< — 2| + B2l Tun = un| = (1 = k1) Bal| T — u?

[t — 2|1 + Ba(B — (1 = k)| [tn — T (3.3.24)

Similarly, we have that

Hyn-i-l - y*HZ < an - ?J*H2 + An(An — (1 — Ko)|[vn — SvnHz' (3.3.25)

43



Adding (3.3.24) and (3.3.25), we have

znsr — 2|1 + [lyner = 07117 < N — 272+ [Jon = 47112 + BB — (1 = k)| Tty — ual®
FAn (A (1 = k2))[|vn — SUHHZ

< hwn = 27+ 2w = y7 11 + Bu(Ba — (1 = ko)) T — ||
A — (1= K)o — S [?
< (1= an)[[len = 27| + {lgn = v"|I"]

Fa [|lu— 2|+ |lv — 7 |°]
+Bu (B — (1= ka))lJun — T
XA — (1= E))||vn — Sva|[%. (3.3.26)

Let K, = Bu((1 = k1) — Bo)| [t — Tn||* + A ((1 = k) — Ap)|[vn — Swa|[?, then
K, < (=ap) [[lzg =21+ [lyn = ' 1P] = [llzner = 271 + [lyarr — y7I]
+a, [|[ul? + [|v|]*] = 0, as n — oo, (3.3.27)

which implies
iy — Tup||* + [|on — Sv,||* = 0, as n — 0.

Hence,
Tim s, — Tu,||> =0, (3.3.28)
and
nh_g)lo v, — Sv,||* = 0. (3.3.29)
From (3.3.28), we have
Tim [z — ] = lim Bl — Tu|| = 0. (3.3.30)

Similarly, from (3.3.29), we have
lm ||yni1 —onl] = lim A\,||v, — Sv,|| =0. (3.3.31)
n—oo n—oo

From (3.3.14) and (3.3.21), we have
|20 = un| < len — wal| + |lwn — un|| = 0, as n — oo,
which implies that

nh—>nolo ||n — un|| = 0. (3.3.32)

Similarly, from (3.3.15) and (3.3.22), we have

lim ||y, — v,|| = 0. (3.3.33)
n—o0
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Also, from (3.3.30) and (3.3.32), we have
||xn+1 - xn“ < ||xn+1 - un” + ||un - xn“ — 0, a8 n — 00,
which implies that

lim ||z41 — 2a]| = 0. (3.3.34)
n—oo
Similarly, from (3.3.31) and (3.3.33), we have

Since {z,} is bounded, there exist a subsequence of {z,} (without loss of generality, still
denoted by {z,}) such that {z,} converges weakly to z € C,. By (3.3.32) and (3.3.14),
we have that {u,} and {w,} converges weakly to & and by the demi-closeness of I — T at
0 and (3.3.28), we have that £ € F(T'). Since {y,} is bounded, there exist a subsequence
of {y,} (without loss of generality, still denoted by {y,}) such that {y,} converges weakly
to y € Cy. By (3.3.33) and (3.3.15), we have that {v,} and {z,} converges weakly to y
and by the demi-closeness of I — S at 0 and (3.3.29), we have that y € F(5).

Also, since A and B are bounded linear operators, we have that { Aw,} converges weakly
to Az and {Bz,} converges weakly to By.

Next, we show that Az = By.

|Az - By||* = (Az - By, Az — By)

= (Ar — By, Az — By + Aw,, — Aw,, + Bz, — Bz,)

= (Az — By, Az — Aw,,) + (Az — By, Aw,, — Bz,)
+(Az — By, Bz, — BY)

= (Az — By, AT — Aw,,) + (Az, Aw,, — Bz,)
—(By, Aw,, — Bz,) + (A% — By, Bz, — BY)

= (Az — By, Az — Aw,,) + (z, A*(Aw,, — Bz,))
—(y, B*(Aw,, — Bz,)) + (Az — By, Bz, — By)

< (Az — By, Az — Aw,,) + ||Z||||A" (Aw, — Bz,)||

HIGlIIB*(Aw, = Bz,)|
+ (Az — By, Bz, — By) — 0,n — o0,
which implies that ||AZ — By|| = 0. Hence Az = By.

We now show that z € VI(Cy, f1), that is z satisfies (f;(z),x — z) > 0 Vz € C; and
y € VI(Cy, f2), that is g satisfies (fo(y),y — y) > 0 Vy € Cs.

Let N¢,z be the normal cone of C; at a point z € Cp, then we define the following
set-valued operator B : C — 2¢1 by

M fiz+ Ne,z, z€C)
@, Z¢Cl.

Then, M is maximal monotone. Let (z,w) € G(M), then w — fiz € N¢,z. For u, € C},
we have

(z — up,w — f12) > 0. (3.3.36)
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Let a, = w, — v, A*(Aw,, — Bz,).
Then, ||a, — w,||* = ¥2||A*(Aw, — Bz,)||*> = 0, as n — co.
and

||t — anl| < [Jun —wy]| + ||wn, — anl] = 0, as n — oco. (3.3.37)

From u, = P, (a, — pfia,), we have (z — un, un, — (@, — pfia,)) >0,
which implies (z — u,,, % + fia,) > 0.
From (3.3.36), we get
(z —up,w) > (2—uy, f12)
> (2= Un, f12) — (2 — Un, B + f1an)

Up, — Qp,

= <Z—un,f12—f1an—

Up — Qp

)

). (3.3.38)

- <z—un,f1z—f1un> + <Z_un7f1un_f1an> - <Z_um

Up — Qp

> (2 — Up, fru, — fra,) — (z — Uy,

Since f; is Lipschitz continuous (by Remark 2.1.6), we have from (3.3.37) that
lim ||fiu, — fia,|| = 0. (3.3.39)
n—oo

Using (3.3.39) together with the fact that {u,} converges weakly to Z, we obtain from
(3.3.38), that (z —z,w) > 0. Also, B is maximal monotone, this gives us that z € M ~1(0)
which implies 0 € M (z). Hence, & € VI(CY, f1), that is (fi1(z),z —z) > 0,Vz € Cy. In
the same manner, we obtain that (f2(y),y — ) > 0,Vy € Cs.

So far, we have succeeded in showing that (z,7) € T'. Next, we show that {(x,,y,)}
converges strongly to (Z,7).
From (3.3.11), we have

i1 — Z| + (o1 — 917 < Jwn — 2| + |20 — I

= (I —an)?||lzn —2|> + 2 ||u — Z|* + 2(1 — o) (T, — T, u — T)
+(1 - an)2”yn - QH2 + O‘i”“ - gH2 +2(1 — an)an(Yn — 7,0 — )
(1 - O‘N) [Hxn - j||2 + ||yn - g”ﬂ + an[an”u - j||2
+2(1 — ap){wy — T, u — T) + apl|v — g2
+2(1 — an)(Yn — 9, v — gj)} (3.3.40)

IN

Since x,, = ¥ and y,, — ¥, then (z, — Z,u — %) — 0 and (y, — §,v —y) — 0, as n — 0.
Thus, applying Lemma 3.2.3 to (3.3.40), we have that {(z,,y,)} converges strongly to
(7,9).

Case 2. Assume that {||z, — z*||*> + |lyn — v*||*} is not monotone decreasing. Set
L, = ||lzn — =*||* + ||lyn — ¥*||* and let 7 : N — N be a mapping defined for all n > ny (for
some large ng) by

7(n) :=max{k e N: k <n,I'y <y}
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Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and
P7'(n) < F’T(n)-‘rluvn > Ng.
From (3.3.12), we have
€ (”A*(Aw'r(n) - BZT(n))H2 + ||B*(AwT(n) - BZT(n))||2) < [HxT(n) - :E*||2 + ||yT(n) - y*||2]
~[llzr@yer = 2*|° + [[yryr1 — ¥ ]

i [llu — 2] + [Jo = y*|?]
oyl lu — 2*])? + [|v — y*]|*)(3.3.41)

IN

Therefore,
([|A*(Awr(ny — Bze)||* + [|B* (Aws(my — Bzrw))||?) — 0, as n — oo.

Note that Aw; ) — Bzypm) = 0, if 7(n) & Q.

Hence,

lim || A" (Awr () — Bzz)l|* =0, (3.3.42)
and

Jim [|B*(Awe(n) — Bzr(m))||* = 0. (3.3.43)

Using the same argument as in case 1, we have that {(z(n), yrm))} converges weakly to
(z,y) €T
Now for all n > ny,

0 < [lzrmer — 21 + Yremysr = ¥ 1] = ey — 21 + yr@m) — v ]
< (1 - O“r(n))[HxT(n) - j||2 + ||y7'(n) - gHQ] - [“wﬂ'(n) - m*||2 + ||y7'(n) - y*HQ]
e [ [[[u = Z|° + (v = g1 + 201 = ar) (@rm) = T 0 = ) + (Yr) — G, = 3))];
which implies
|2y = Z? + yrmy — 0lI° < g lllu = 2112 + [Jo — []?]
+2(1 — OéT(n))(<IBT(n) —Z,u— .@) + <y7(n) — Y,V — Q)) — 0.
Hence
T (I — I + 9oy — 51 = 0.
Therefore,

iz T = Jim T =0

Moreover, for n > nyg, it is clear that I';,) < I'zny41 if n # 7(n) (that is 7(n) < n) because
[>T for 7(n) +1<j <n.
Consequently for all n > ng,

0TI, < maX{FT(n)a FT(”)JFI} = FT(”)+1'

Thus, lim,, . I, = 0. That is {(z,,y,)} converges strongly to (z,y). ]
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Corollary 3.3.2. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cy be nonempty, closed and

convex subset of Hy and Hy respectively. Let T : C; — Cy and S : Cy — Cy be ky-strictly

pseudocontractive and ko-strictly pseudocontractive mappings respectively. Let f; : C; — C;

be p;-inverse strongly monotone operators (i = 1,2) and A : Hi — Hs, B : Hy — Hj

be bounded linear operators. Assume that the solution set I' # () and that the stepsize
2|| Awn, — Bzy||?

sequence {v,} € (6, A (Awn =B EFB (Aun—Ba)E 6) ,n €,

otherwise, ~, = (v being any nonegative value), where the set of inderes Q = {n :

Aw, — Bz, # 0}.

Let u,xy € Cy and v,yy € Cy be arbitrary and the sequence {(x,,y,)} be generated by

Algorithm (3.3.1), with conditions

(1) {an}, {Bn} and {\.} are sequences in (0,1),
(ii) lim, ooy, =0, > 07, = 00,
(i1i) Bn € (a,1 —ky) C(0,1) for some a >0,

(iv) N\ € (b,1 —ky) € (0,1) for some b > 0.

Then {(zn,yn)} converges strongly to (z,y) in T.

Corollary 3.3.3. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cy be nonempty, closed

and convex subset of Hy and Hy respectively. Let T : C7 — Cy and S : Cy — Cy be quasi-

nonezpansive mappings such that (I —T) and (I —S) are demiclosed at 0. Let f; : C; — C;

be p;-inverse strongly monotone operators (i = 1,2) and A : Hi — Hs, B : Hy — Hj

be bounded linear operators. Assume that the solution set I' # () and that the stepsize
2|| Awy, — Bz ||?

sequence {v,} € <e, T Ao B P15 Ao BoE — e> ,n € Q,

otherwise, v, = (v being any nonegative value), where the set of inderes Q = {n :

Aw,, — Bz, # 0}.

Let u,xy € Cy and v,yy € Cy be arbitrary and the sequence {(x,,y,)} be generated by

Algorithm (3.3.1), with conditions

(i) {an}, {Bn} and {\,} are sequences in (0,1),
(ii) lim, oo, =0, > 07 0y, = 00,
(i1i) B, € (a,1) € (0,1) for some a >0,

(iv) A\, € (b,1) C (0,1) for some b > 0.

Then {(xn,yn)} converges strongly to (Z,7y) in T.

Corollary 3.3.4. Let Hy, Hy, H3 be real Hilbert spaces and Cp, Cy be nonempty, closed
and conver subset of Hy and Hsy respectively. Let T : Cy — Ci and S : Cy — Cy be
directed mappings such that (I —T) and (I — S) are demiclosed at 0. Let f; : C; — C;
be p;-inverse strongly monotone operators (i = 1,2) and A : Hy — Hs, B : Hy — Hj
be bounded linear operators. Assume that the solution set I' # () and that the stepsize
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21| Awn— B2 _
sequence {y,} € (6, T Ao B[P B (Awn— B — €)M €5

otherwise, v, = (v being any nonegative value), where the set of inderes Q = {n :
Aw, — Bz, # 0}.

Let u,zg € Cy and v,yy € Cy be arbitrary and the sequence {(x,,yn)} be generated by
(3.3.1), with conditions

(1) {an}, {Bn} and {\.} are sequences in (0,1),
(ii) imy, ooy, =0, > 07 v, = 00,
(i1i) B, € (a,1) € (0,1) for some a >0,

(iv) A\, € (b,1) C (0,1) for some b > 0.

Then {(zn,yn)} converges strongly to (z,y) in T.

3.4 Applications and numerical example

3.4.1 Split equality convex minimization problem

Let Hy, Hy, H3 be real Hilbert spaces and C, C5 be nonempty, closed and convex subset
of H; and H, respectively. Let T : C; — C;, S :(Cy — C5 be demi-contractive mappings
and A : Hy — Hs, B: Hy — Hj be bounded linear operators. Let ¢; : C; - R, (i = 1,2)
be convex and differentiable functions. Consider the following problem which we call the
split equality fixed point convex minimizing problem (SEFPCMP): Find z* € F(T') and
y* € F(S) such that

= i 4.1

2" = argmin ¢ (), (3.4.1)

Yy =arg micn ¢2(y) and Ax™ = By*. (3.4.2)
yela

We can formulate the SEFPCMP (3.4.1)-(3.4.2) as follows: Find 2* € F(T) and y* € F(5)
such that

(Vor(z"),xz —x*) >0, Vo e (Y, (3.4.3)

(Vpo(z¥),x — %) >0, Yy e Cy and Az* = By~ (3.4.4)

where V¢, and V¢, are the gradient of ¢ and ¢o respectively (see for example [0]). If
we assume that V¢, and V¢, are Ly (respectively Ls)-Lipschitz continuous function, then
we have from Remark 2.1.6 that V¢; and V¢, are L% (respectively L%)—inverse strongly
monotone operators. Therefore, if we let I" to be the solution set of SEFPCMP (3.4.1)-
(3.4.2), we have the following result.
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Theorem 3.4.1. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cy be monempty, closed
and convex subsets of Hy, Hy respectively. Let T : C; — C and S : Cy — Cy be demi-
contractive mappings with constants ki and ko respectively such that I — T and I — S
are demi-closed at 0. Let ¢; : C; — R, (i = 1,2) be conver and differentiable functions
such that Vo;, (i = 1,2) are L;-Lipschitz continuous functions. Let A : Hy — Hj and
B : Hy — Hj be bounded linear operators. Assume that the solution set I' # () and that
the stepsize sequence {v,} is chosen in such a way that for some e > 0,

Yo € | € 2| Awn — Bz —€e]l,nen
"\ A (Aw, = Bz)|]? + || B (Aw, — Bz,)||? ’ ’

otherwise, v, = v (v being any nonegative value), where the set of indexes Q@ = {n :
Aw, — Bz, # 0}.
Let u,xg € C1, v,yo € Cy be arbitrary and the sequence {(x,,y,)} be generated by

w, = (1 — ap)x, + anu,

zn = (1 — an)yn + anu,

Uy, = Po, (I — pVé1)(w, — 1 A*(Aw,, — Bzy,)),
vy, = Po,(I — pVé2) (2 + v B*(Aw, — Bz,)),
Tni1 = (1 = Bn)un + BT uy,

(Unt+1 = (1 = Ap)vn + A Sy,

(3.4.5)

with conditions

(i) {an}, {Bn} and {\.} are sequences in (0,1),
(ii) lim, ooy, =0, > 07y, = 00,
(111) Bn € (a,1 —ky) € (0,1) for some a >0,

(iv) A\ € (b,1 —kg) C(0,1) for some b > 0.

Then {(zn,yn)} converges strongly to (z,y) in T

3.4.2 Monotone inclusion problem and variational inequality prob-
lem

Let H be a real Hilbert space and f : H — H be an a-inverse strongly monotone mapping.
Let M : H — 27 be a maximal monotone operator. Consider the following monotone
variational inclusion problem: Find x* € H such that

0€ f(z") + M(x"). (3.4.6)

Let SOL(f, M) be the solution set of problem (3.4.6), then for ¢ > 0 and A € (0, 2a), it
is known that F(JM(I — \f)) =SOL(f, M) and that the operator J™ (I — \f) called the

50



resolvent of M with parameter o is a single valued and an averaged nonexpansive operator
(see for example [6, 92]). Tt is also generally known that every averaged nonexpansive
mapping with nonempty fixed point set is quasi-nonexpansive, which is in turn a demi-
contractive mapping. Hence, we present the following result.

Theorem 3.4.2. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cy be nonempty, closed and
convex subset of H; and Hy respectively. Let M; : H; — 28, (1 =1,2) be mazximal mono-
tone operators and f; : H; — H;, (i = 1,2) be p;-inverse strongly monotone operators.
Let JM(T — \f1) : Hi — Hy and JM2(I — \fy) : Hy — Hy be two average nonexpansive
mappings such that (I — JM (I — Xf1)) and (I — JM2(I — \fy)) are demiclosed at 0. Let
A: Hy — Hsz and B : Hy — Hj3 be two bounded linear operators. Assume that the solution
set ' # 0 and that the stepsize sequence {v,} is chosen in such a way that for some € > 0,

2|| Awrn, — B2y || N
Tn € (E’ A" (Awn =B P B (Aun—Bz? — €)1 € &

otherwise, ~v, = (v being any nonegative value), where the set of inderes Q = {n :
Aw, — Bz, # 0}.
Let u,xo € Hy and v,yo € Hy be arbitrary and the sequence {(z,,yn)} be generated by

(1w, = (1 — )2, + anu,

Zn = (1 = ) yn + anv,

up = Po,(I — pfi)(wn, — mA*(Aw, — Bz,)),

v = Po,(I — pf2)(zn + 7 B*(Aw, — Bzy)),

Tpi1 = (1= Bo)ug + BudM (I — Nf1)uy,
\Yn+1 = (1 - )‘n)vn + )‘n‘]é\/b ([ - )‘f2>vn>

(3.4.7)

0 < p < 2p; for each i = 1,2, with conditions

(i) {an}, {Bn} and {\,} are sequences in (0,1),
(ii) lim, oo, =0, > 07y, = 00,
(111) Bn € (a,1 —ky) € (0,1) for some a >0,

(iv) A\ € (b,1 —ky) C(0,1) for some b > 0.

Then {(xn,yn)} converges strongly to (Z,7y) in T.

3.4.3 Equilibrium problem and variational inequality problem

Let C' be a nonempty, closed and convex subset of a real Hilbert space H and T : C'xC — R
be a bifunction. The Equilibrium Problem (EP) is to find z € C such that

T(x,y) >0VyeC. (3.4.8)
We denote the solution set of EP (3.4.8) by EP(C,T). It has been proved in [11] that T’

satisfies the following conditions:
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Cy: T(x,x) =0Vz € C,
Cy: T is monotone, i.e., T(z,y) + T(y,x) > 0 Vz,y € C,
Cs: for each x,y € C, limy_,oT(tz + (1 — t)z,y) > T(x,y),

Cy: for each x € C, y — T(x,y) is convex and lower semicontinuous
and for any r > 0, z € H, we have that
1

where JT is the resolvent operator of T' with parameter r.

Furthermore, J is singled valued, firmly nonexpansive and F(J!) = EP(C,T) (see [15]).
Using these facts, we can give the following theorem.

Theorem 3.4.3. Let Hy, Hy, H3 be real Hilbert spaces and Cy, Cs be nonempty, closed
and convex subset of Hy and Hs respectively. Let Ty : C7 x C; — R, Ty : Cy x Cy — R
be two bifunctions and f; : C; — C;, (i = 1,2) be p;-inverse strongly monotone operators.
Let JTTl1 - H — (O, JZ;Q . Hy — C5 be two firmly nonexpansive mappings and A :

H, — Hs, B: Hy — Hj3 be two bounded linear operators. Assume that the solution set
I' # () and that the stepsize sequence {v,} is chosen in such a way that for some e > 0,

2|| Awyn, — B2y, || i
Tn € (67 A =B P15 (A —Be P~ €) 0 7 € &

otherwise, v, = (v being any nonegative value), where the set of inderes Q = {n :
Aw, — Bz, # 0}.
Let u,xg € Cy and v,y € Cy be arbitrary and the sequence {(x,,yn)} be generated by

(1w, = (1 — )y + anu,

2n = (1 — )y + v,
un, = Po,(I = pfi)(wn, — 7 A" (Aw, — Bz,)),
vy, = Po,(I — fo)(zn + v B*(Aw,, — Bz,)),
Tns1 = (1 = Bo)tn + Bud  y,

(Yni1 = (1= Xp)vy 4+ A J 20y,

(3.4.9)

0 < p < i, for each i = 1,2, with conditions

(i) {an}, {Bn} and {\,} are sequences in (0,1),
(ii) lim, oo, =0, > 07y, = 00,
(111) Bn € (a,1 —ky) € (0,1) for some a >0,
(iv) A\ € (b,1 —ky) C(0,1) for some b > 0.

Then {(xn,yn)} converges strongly to (Z,7y) in T.
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3.4.4 Numerical example

We give a numerical example in R (with the usual metric) to support our main result.
Let Hi = Hy = H3 =R. WedefineT:R — R and S : R — R as follows:

T(@) = -5, Sla) = -
Also, we define A, B : R — R as follows:
A(z) = 2, B(z) = 6z, So that A*(z) = 2z and B*(x) = 6.

Let C; = [-1,1] and Cy = [—%,%] Let fi : C; — Cy and fy : Cy — C5 be given
as
hilz) =%, faz) =5
We define the metric projections Pr, and P, as
, itz e Oy , ifxed:
Pe,(x) = S ! and Po,(z) = xx b 2 respectively.
Tl otherwise Sl otherwise

_ 2|| Aw, — Bz |2 _
Take oy = 527, B = 2+1 and \, . Let~, € <e, T Ao —Be P15 (Awn—BaE — €)1 €

Q, otherwise 7, = v(v belng any nonegatlve value), where the set of indexes 2 = {n :
Aw,, — Bz, # 0}.

It is not difﬁcult to see that T" and S are demicontractive mappings with constants k; =
and ky = 2 respectlvely, thus ay,, (5, and A, satisfies the conditions in Theorem (3.3. 1)

Obviously, fi, fo are inverse strongly monotone operators and A, B are bounded linear
operators. Hence for zg, yo € R, u =2, v =3, our Algorithm (3.3.1) becomes:

(

Wn = (272:5-1)1'71 + 2n2+17
n = ( 7)Yn 2n+17
(f pf1) (W, — (4w, — 122,,)),
Un = Poy (I = pf2) (20 + (12w, — 362,)), (3.4.10)

Ca
2
Tpt1 = <4 2>un7
2 n

Yn+1 = <8+ >Una n>0

\

The following initial points can be used in Algorithm (3.4.10): xy = %, Yo = 1 and
p = 0.0001; xg = 0.1, yo = 0.002 and p = 0.0001 with appropriate tolerance levels.
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Chapter 4

Systems of Split Equality Variational
Inequalities and Multiple-sets Split
Equality Fixed Point Problem

4.1 Introduction

In the previous chapter, we studied the SEVIP and SEFPP for single valued demicontrac-
tive mappings. In this chapter, we extend this study to systems of VIPs and SEFPP for
countable families of multivalued type-one demicontractive-type mappings. Precisely, we
study the following problem which we call SSEVIPs and MSSEFPP:

Let Hy, Hy, H3 be real Hilbert spaces and for each l = 1,2,...,N, r=1,2,...,m, let C}
and (), be nonempty, closed and convex subsets of Hy, H, respectively. Let T; : Hy —
CB(Hy), i=1,2,... and S; : H, - CB(H;), j = 1,2,... be two countable families of
multi-valued mappings with N2, F(T;) # 0 and N2, F(S;) # 0. Let fi : Cr — Cy, h,
Q. — Q, be oy, (respectively, u,)-inverse strongly monotone operators, and A : H; —
Hj, B : Hy — Hjz be bounded linear operators: Find (7,7) € N, F(T;) x N5, F'(.S;) such
that

(filz), x—2)>0, Yeel), l=1,2,...,N, (4.1.1)

(h.(9), y—19) >0, YVyeQ,, r=1,2,...,m, and such that Az = By.  (4.1.2)
Problem (4.1.1)-(4.1.2) is equivalent to finding (7, y) € N2, F(T;) x N2, F(S;) such that

(z,9) € N VI(C, fy) x "™, VI(Q,, h,), and AZ = Bj. (4.1.3)

Furthermore, we propose an iterative scheme and using the iterative scheme, we state and
prove a strong convergence result for the approximation of a solution of (4.1.3). Finally,
we applied our result to study some related problems.
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4.2 Preliminaries

We recall some definitions that are very important in this chapter.

Definition 4.2.1. Let (X,d) be a metric space and 2% be the family of all subsets of X.
Let H denote the Hausdorff metric induced by the metric d, then for all A, B € 2,

H(A, B) = max{supd(a, B), supd(b,A)}, (4.2.1)

a€A beB

where d(a, B) := infd(a, b).

beB

Definition 4.2.2. Let C' be a nonempty, closed and convexr subset of a real Hilbert space
H. Assume that T : C — 2¢ is a multi-valued mapping, then Prx = {u € Tz : ||x —u|| =
d(xz,Tx)}.

Definition 4.2.3. Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Let T : C — 2% be a multi-valued mapping, then T is said to be a demicontractive-type
in the sense of [65] if F(T) # 0 and

H* (T, Ty) < ||v —y||* + kd*(z, Tx), Vo € C,y € F(T) and k € (0,1).

Definition 4.2.4. Let H be a real Hilbert space and T : H — 2 be a multi-valued
mapping. Then T is said to be demi-closed at 0 if for any sequence {x,} C H such that
xn, — 2% and d(x,, Tx,) — 0 as n — oo, we have that x* € Tx* (i.e. z* € F(T)).

The following lemmas will be needed in the proof of our main result, thus we reproduce
their proofs as follows.

Lemma 4.2.5. [77]. Let H be a real Hilbert space, then ¥ x,y € H and a € (0,1), we
have

loz + (1 =)yl = aflz* + 1 = a)[lylI* — a(l — a) ||z — y[*.

Lemma 4.2.6. [70]. Let H be a real Hilbert space and {x;, i = 1,...,m} C H. For
a; €(0,1), i=1,...,m such that >_."  a; = 1, the following identity holds:

m m
1Y awmll” =) aillnlP = Y oyl — ). (4.2.2)
i=1 i=1 1<i<j<m

Proof. (By mathematical induction).
Since ¢ < j, then for m = 2 we have that

lorzy + aoms||* = au|za||* + col|z2]]* — arqs||zy — 2o %,

which holds by Lemma 4.2.5.
Assume that (4.2.2) is true for some k > 2, that is

k k
1) il =) ailleill’ = ) aaylle - (4.2.3)
i=1 i=1
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Then, we show that (4.2.2) is true for m = k + 1

Now,
k+1 k+1
| Z%‘%HQ = |lonzr + ZaixiHZ
i—1 i=2
k+1
= oz + (1 —an) Y |
- K3
= (1-a)
k41 k41

= aflnf[+ (1 -a ||Z 93z||2—041 (1-o ||Z

= |zl + (1 = )| Zozi;ﬂmllz
i=1

Qi
—on(1— )| Y afyy (21 — 21|’ where of =
Using (4.2.3) in (4.2.4), we have

k+1 k

i=1 1<i<j<k
k

(1 — Oél).

561 — ;)|

(4.2.4)

| Z%%HQ = o[z’ + (1 — ) [Z Q||Tiga]|* = Z 10 |[Tins — xj+1‘|2]
i=1

—ai(l —aq) [Z Qi ||21 — zip|* - Z 04§+104;'+1H95i+1 - $j+1HQ]

i=1 1<i<j<k
k+1 k+1

= ZainiW—ZalaiH(xl—:vi)l\z— Z o[z
=1 =2 2<i<j<k+1
k+1

= Y allwllP- > gl —
i=1 1<i<j<k+1

Hence, by induction we have that (4.2.2) is true.

— a;|?

]

Lemma 4.2.7. [/2]. Let H be a real Hilbert space and {x;};>1 be a bounded sequence in

H. For a; € (0,1) such that Y2, a; = 1, the following identity holds:

o0 oo
1 awlP =Y ailled? = 3 awaylle — a2
=1 =1

1<i<j<oo

Proof. Since {x;};>1 is a bounded sequence in H, then there exists M > 0 such that

;|| < M, Vi > 1 and since > o, a; = 1, we have that > - ay||z;||?

Zl§i<j<oo aga||z; — a4]|* < oo,

Moreover,

Zal—l— Zaz.

1=n+1

o6

< oo and



Thus setting

o -
all = = , then, we have that al = 1. (4.2.5)
1= Zz:;

Hence, from Lemma 4.2.6, we have

(e.0) n
||2:%‘$i||2 = ||T}Lngozaﬁi||2
i=1 i=1
n
= lim ||Za;‘xz||2
n—0o0
i=1

n
= lim Za?HxiW— Z afaf||z; — ;|
=1

1<i<j<n
o

= D aillwlP = D |z — ) (4.2.6)
i=1 1<i<j<o0

]

Lemma 4.2.8. [/1]. Let K be a nonempty subset of a real Hilbert space H and let
T : K — CB(K) be a multi-valued k-demicontractive mapping. Assume that for every
p € F(T), Tp={p}. Then

1+VE
H(Tx, Tp) < x—rp|l, Vee K, pe F(T).
(Tx, Tp) 1—\/E” ol pe F(T)
Proof.
H*(Tx,Tp) < |lz—p||* + kd*(z,Tx)
< |z = pl)* + kH* ({2}, Tx)

IN

2
(Il = pll+ VEH ({2}, T2)
which implies

H(Tz, Tp) |z — pl| + VE (||z — p|| + H (T, Tp))

|z — pl| + VE||z — p|| + VEH(Tx, Tp). (4.2.7)

VARIVAN

From (4.2.7), we have
H(Tx, Tp) — VEH(Tz, Tp) < ||z — p||(1 + Vk),

which implies

LEVE
1—Vk Pll-

H(Tx,Tp) <

57



Lemma 4.2.9. Let H be a real Hilbert space, then
2(z,y) = |l=[1* + lyll* = |z = ylI* = lle + ylI* = [l2]* = [lyll*, ¥ =2,y€H.

Lemma 4.2.10. [119]. Assume that {a,} is a sequence of nonnegative real numbers such
that

ani1 < (1 —=n)an + Ynon, n >0, (4.2.8)

where {y,} is a sequence in (0,1) and {3, } is a sequence in R such that
(i) X2 gn = 00, or equivalently, [[°—,(1 —,) =0,

(ii) im sup,,_,,, 0 < 0 or X22,|0, 7| < 00,
Then lim,,_,o a, = O.

4.3 Main result

Theorem 4.3.1. Let Hy, Hy, H3 be real Hilbert spaces and for each | = 1,2,...,N, r =
1,2,...,m, let Cy and Q, be nonempty, closed and convexr subsets of H, and Hy respec-
tively. Let T; : Hi — CB(Hy), i = 1,2,... and S; : Hy — CB(H,), j = 1,2,...
be two countable families of multi-valued type-one demicontractive-type mappings with
constants k; and k; respectively such that T; and S; are demi-closed at 0. Let f; :
Cy— Cy, hy : Qr — Q, be py (respectively v, )-inverse strongly monotone operators and
A: Hy — Hs, B: Hy — Hjs be bounded linear operators. Assume that the solution set
I' # () and that the stepsize sequence {v,} is chosen in such a way that for some ¢ > 0,

Yo € | € 2| Awn — Bz —€e]l,nen
"N AT (Aw, — Bz)|]? + || B (Aw, — Bzy)||? ’ ’

otherwise v, = (v being any nonegative value), where the set of indexes Q@ = {n :
Aw, — Bz, # 0}.
Let u,x1 € Hy and v,y; € Hy be arbitrary and the sequence {(z,,yn)} be generated by

w, = (1 — o)z, + anu,

2n = (1 — )y + v,

Uup = Poy(I — Afn) © Poy (I —Afn-1) © ... o Po,(I —Mf1)(w, — v A*(Aw, — Bz,)),
vn = Pg, (I — Ahy) o Pg, (I — A1) o ... o Py, (I —Xh)(zn +vB*(Aw, — Bz,)),
Tny1 = Bottn + Y Bigh,

(Ynt1 = Bovn + D272, Bihd,, ¥n > 1,

where 0 < A < min{2u,2v}, p:=min{y, [ =1,2,...,N}, v:=min{v,, r=1,2,...,m}
and A*, B* are the adjoint of A and B respectively. i € Pru,, 2] € Ps,v,, and Pryu, =
{9, € Tiun : [|g,, — unll = d(un, Tiun)},

with conditions

(4.3.1)

(i) {an} is a sequence in (0,1) such that lim, e, =0 and Y7, o, = 00,
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(ii) k € (0,1), where k := max{ky, k2}, k1 = sup{k:}, k2 =sup{k;} € (0,1),
i>1 j>1
(iti) Bo € (k,1), B;, B € (0,1), 4,5 =1,2,... such that 377, 8; =1 and 372, 8; = 1.
(iv) for each x* € M2, F(T;); Tiz* = {x*} and for each y* € N2, F(S;); Sjy* = {y*}.
Then {(xn,yn)} converges strongly to (Z,7y) in T.

Proof. First, we show that for each i = 1,2,..., {g"} is bounded. Using Lemma 4.2.8, we

have
1+ vk
1=V

Hence {g’}i>1 is bounded. Similarly, {h?},>1 is bounded.

g = 2"l < H(Tyun, Tia") < ltn = 27| := P,

Let (z*,y*) € T, &V = Peo(I — Afy) o Poy (I —Afx-1) o ... o P (I —Af1),
where ®° = [
and U™ = Py, (I — Ahy,) o Pg,, (I —Ahypm—1) o ... o Py, (I —Ahy), where v =7,

then we have from (4.3.1) that

lun = "I = |2 (wn — A" (Aw, — Bz,)) — 2*|?
||PCN(I - )‘fN) ((DN_l (wn - 'VnA*(Awn - an))) - x*||2
127" (wn — A" (Awy — Bzy)) — 2*|?

IN

|[wy, — 1 A" (Aw,, — Bz,) — $*||2
l[wn — 2*|]* — 27 (w,, — 2%, A*(Aw, — Bz,))
9 [ A" (Aw, — By )||*. (4.3.2)

From Lemma (4.2.9) and noting that A* is the adjoint of A, we have

— 2w, — 2z, A*(Aw, — Bz,)) = —2(Aw, — Ax", Aw, — Bz,)
= Aw, — A — || Aw, — Bz,
+|| Bz, — Ax*||?. (4.3.3)

Substituting (4.3.3) into (4.3.2), we have

||Un - x*||2 < ||wn - x*||2 - ’Yn“Awn - Ax*||2 - VHHAwn - anH2
ol B — Az|? 4+ 2| A% (A, — B2 (13.4)

Similarly, from (4.3.1), we have

|[vn — y*HZ < |lzn — y*H2 — Ynl|Bzn — By*HQ — Vol [Aw,, — an|’2
ol A — By I[P+ 211 B (Aw, — Ba) (43.5)
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From (4.3.1), Lemma 4.2.5 and adding inequality (4.3.4) and (4.3.5) together with the fact
that Az* = By*, we obtain

ltn —2*(* +lvn =9I < lwn = 2|+ [Jz0 — y*|* — 1 [2]|Awy — B2nl[?
~Yn (|[A*(Awn = Bz,)|[? + || B*(Aw, — Bz,)|*) ]
||wn — 2*[[* + 20 — y7|
||(1_an)xn+anu_x*||2+||(1_an)yn+anv_y*||2
= |I(1 = an) (@ — 2%) + ap(u — z")[|?
H(1 = ) (Yo = ¥°) + an(v — 3|
(1 = ap)lfzn — 2*|]” + agju — 2"
+(1 = an)llyn — ¥ IP + anllo =y
= (1= an) [llan = 2|+ [lyn — v"|°]
+ap [|Ju—2*| + [Jv — y*| ] - (4.3.6)

IN

IN

From (4.3.1), Lemma 4.2.7 and the fact that T is of type-one demi-contractive-type map-
ping, we obtain

oo
s —2*|P = ||Boun+ ) Bigh — 27|

=1
= [|Bo(tn — %)+ Y _ Bilgl — 27)I|”
=1
= Bollun — 2P+ Billgs — %I = BoBillun — gi|?
=1 =1
- > BBllgh - glP

1<i<j<oo

< Bollun — 2%+ BHA (T, Tix®) = > BoBillun — ghll”
=1 =1
o0 o
< Bollun — 22+ Bi [llun — 271* + kad®(un, Trwn)]| = > BoBillun — gi|I?
i=1 =1
= Bollun — 217+ D B [llun — 2*|* + kallun — gLl1P] =D BoBillun — gl
=1 =1
= un — 21> + (k1 = Bo) D> _ Billun — g3 |I?
=1
< un — 2% (4.3.7)

Similarly, we have that

ynt1 — 117 < o, — 7|2 (4.3.8)
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Adding (4.3.7) and (4.3.8), and using (4.3.6), we obtain

|nt1 = 2P+ [y = 9P < Mg — 27| 4 [|on — 7|2
< (1= an) [[[en — 2| + [l — v]1%]
+ag [[Ju— 2| + (v = y7| ]
< max{Ha:n—a:*HQ‘i'Hyn—y*Hz,HU—x*H2+HU—Q*HQ}
< max {||lzo — 2*I]* + [lyo — v, [Ju — 2*[|* + [Jv — y*|I*} .

Therefore, {||z, — 2*||* + ||y — y*||*} is bounded. Consequently {z,}, {yn}, {wn}, {2.},
{un}, {vn}, {Az,} and {By,} are all bounded.

We now consider two cases to establish the strong convergence of {(x,,y,)} to (z,y) € T.
Case 1: Assume that {||z, — z*||* + ||y» — v*||*} is monotone decreasing, then
{|zn — 2*||> + |lyn — y*||*} is convergent, thus

tim (a1 — 217 + e = 9°12) = (lan — 2|2+ g — *l12)] =0, (439)

n—oo

From (4.3.6) and (4.3.9), we obtain

nr = 2+ lynir = ¥ (17 < Nwn — 212+ |20 — o[ = [2]|Aw, — Bz,|?
Y ([[A*(Aw,, — Bz,)|[* + || B*(Aw, — Bz,)|P) ]
< (1= ap) [[Jen = 2P + lyn — v'[1?] (4.3.10)
+ay [[[u = 2|7 + v = y*|[*] = 7 [2]|Aw, — Bz,|[?
—%u ([|A*(Aw, — Bz,)||* + || B*(Aw, — Bz,)|[?)]

which implies (by the condition on ~,,)

e (||A"(Aw, — Bz,)|I* + [|B*(Awy = Bz,)II*) < (1= o) [[lwn — 2" [1* + [y — ¢7[]°]
o [[Ju—27|* + |lv — 57| I”]

= [z = 27| + llynss — vI1°]
From (4.3.9) and the fact that a,, — 0, as n — oo, we have
lim (||A*(Aw, — Bz,)||* + ||B*(Aw, — Bz,)|[*) = 0.
n—00
Since Aw,, — Bz, =0, if n ¢ Q, we have

lim ||A*(Aw, — Bz,)||*> = lim ||B*(Aw, — Bz,)||* = 0. (4.3.11)
n—oo n—oo

From (4.3.1), we have

lim ||w, — z,|]* = lim o2||u — z,|]* = 0, (4.3.12)
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and

lim ||z, — ¥a||? = lim a2|v — y,||* = 0. (4.3.13)

Let a, = w, — v, A*(Aw, — Bz,) and b, = z, + v, B*(Aw, — Bz,). Then,

lim ||a, — wy|[* = lim 72||A*(Aw, — Bz,)||* = 0, (4.3.14)
n—oo n—oo

and
lim ||b, — 2,||* = lim ~72||B*(Aw, — Bz,)||* = 0. (4.3.15)
n—oo n—oo

From (4.3.12) and (4.3.14), we have

. . 2 _
nll_>nc}o\|an z,||* = 0. (4.3.16)

Also, from (4.3.13) and (4.3.15), we obtain

lim ||b, — yn||* = 0. (4.3.17)
n—oo

From (4.3.1) and Lemma 4.2.9, we have that

un = 12 = [Py (I = M)V a, — 2| (4.3.18)
< {u, —z*,®""la, — z*)
1
= 5 [llwn =27 IP + (197 an = 27[]” = Jlun — @¥ a7,
which implies
[, — N La,|? < || @Y ta, — 2|)? — ||un — 2| (4.3.19)
Similarly, we have that
[[on = @™ 0|2 < U710, — |2 = [lvn — y7[% (4.3.20)

Adding (4.3.19) and (4.3.20), we have

ltn = @Y an|* + [Jvn — O™ 0[P < (1Y @y — 2+ ([0 0, — o
= (Jun = 2" + [Jon — y7[*)

< lan = 2|2 + b — 7|
— (Jun = 2*|* + [Jon — y*[]?) (4.3.21)
< lan = 2|2+ |[on — 7|2

— (lzngr = 212+ l[gnr1 — v*11%)
= Nlan — 2*)? = [|lzn — 2*|* + [|bn — "]
—lgm = 1P + | — 271 + [lyn — v°|
— (Nzps1 = 2 + [|yns1 — ¥*])?) = 0, as n — oo,
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which implies

lim ||[®Va, — " a,|| = lim ||[¥™b, — ™ 'b,|| = 0. (4.3.22)
n—oo

n—oo

By the same argument as (4.3.18)-(4.3.21), we obtain that

0V ay — B2, |2 4+ [0 1y — U202 < [lan — 2|2+ 1B — 5°]°
— (1~ ay, — )% + [0 b, — y7[?)

< law = 2" + []bn — v
= (llun = 217 + [l — y711%)
< lan = 271" + [1ba — y7[”
— (o = 2P + |y — y7[1?) 46.23)
which implies
lim ||[®Y ', — @V %a,|| = lim [|¥" b, — U2, || = 0. (4.3.24)
n—oo n—oo
Continuing in the same manner, we have that
lim ||[®Y2a, — ®"2a,|| = - = lim ||®%a, — P a,|| =0, (4.3.25)
n—00 n—0o0
and
lim || 2b, — U™ 3, || =--- = lim ||¥?, — U'b,|| = 0. (4.3.26)
n—oo n—oo

From (4.3.22), (4.3.24), (4.3.25) and (4.3.26), we conclude that

lim ||®'a, — &' 'a,||=0,1=1,2,...,N, (4.3.27)
n—oo
and
lim ||U"b, — U™ 1b,|| =0, r=1,2,...,m. (4.3.28)
n—oo

Since f; and h, are Lipschitz continuous (by Remark (2.1.6)), we have from (4.3.27) and
(4.3.28) that

Tlim || fi®la, — i a,|| =0, (4.3.29)
and

Jim [[h, &7y, — h, U™ 1h,|| = 0. (4.3.30)
Also,

||un - an“ < Jlu, — (DN_lanH + ||@N_1an - (I)N_2an|| + ||¢N_2an - CI)N_ganH

oo+ || @ray — an|| = 0, as n — oo,
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which implies

lim ||u, — a,|| = 0. (4.3.31)
n—oo

Similarly, we have
Tim vy, = ba[| = 0. (4.3.32)

From (4.3.14) and (4.3.31), we have
nh_)rgo [|un — w,| = 0. (4.3.33)
Also, from (4.3.15) and (4.3.32), we have
lim ||v, — z,|| = 0. (4.3.34)
n—00
From (4.3.12) and (4.3.33), we have

lim ||z, —u,|| < lm [||z, — w,|| + ||w, — u,||]] = 0. (4.3.35)
n—oo n—oo

Similarly, from (4.3.13) and (4.3.34), we have

lim ||y, — v,|| = 0. (4.3.36)
n—oo
From (4.3.7), we have
> BilBo = k)llun = galP < [fun — 27| — |Jeng — 27| 1% (4.3.37)
i=1
Similarly, we have
> BiBo = k)l = BAIP < lon =3I = [lynsr = v7II* (4.3.38)
j=1

Adding (4.3.37) and (4.3.38), and from (4.3.6) we have

> BilBo = k)llun = gal P+ Bi(Bo — k)llow = WIIP < luw — 2717 + [Jon =y

i=1 j=1

— (llznsr = 2| + [y — )
(1= an) [llzn = 2" + |lya — y"II°]
ta [[lu =27 + [jo = y*|[]

— (llznsr = 2| + Mlyonr — )

IN

and for each 7,5 = 1,2,..., we have

Bi(Bo = k)lun — gnl* + B;(Bo — ke)llvn — WII* < (1 — o) [[Jan — 27[1* + [l — 7| I?]
o [[[u— 2" +[Jo =y ]
= (llensr = 2"|1* + lynir — y7|*) — 0.
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Hence, . A
Tim 5;(Bo — k)l[un — gy |[* = lim 8;(Bo — ka)||vn — h)[[* = 0.
By condition (iii), we have

Tim (Juy, — gy |* = lim [jo, — hy)|[* = 0.

Hence, we have

Tim d(up, Tiun) = lim [lu, — g, || =0, (4.3.39)
and
nll_g)lod(vn,Sjvn) JLIIOlOHUH RL|| = 0. (4.3.40)

Since {z,} is bounded, there exist a subsequence of {z,} (without loss of generality, still
denoted by {z,}) such that {z,,} converges weakly to z € NJY,C;. By (4.3.35) and (4.3.12),
we have that {u, } and {w, } converges weakly to Z and by the demi-closeness of T; at 0 and
(4.3.39), we have that z € F(T;) for each i = 1,2,.... Similarly, since {y,} is bounded,
there exist a subsequence of {y,} (without loss of generality, still denoted by {y,}) such
that {y,} converges weakly to y € N,Q),. By (4.3.36) and (4.3.13), we have that {v,}
and {z,} converges weakly to y and by the demi-closeness of S; at 0 and (4.3.40), we have
that y € F'(S;), for each j = 1,2,.... Hence, (Z,9) € N2, F(T;) x N5, F(S;).

Next, we show that Az = By.
Since A and B are bounded linear operators, we have that Aw, — Az and Bz, — By.
Using the condition on {~,} and (4.3.11) in (4.3.10), we obtain

7g&W%m—B%W:0. (4.3.41)
By weakly semi continuity of the norm, we have
||Az — By|| < ligiorc}fHAwn—anH =0. (4.3.42)
That is,

Az = By. (4.3.43)

We now show that (z,7) € N, VI(C), f;) x "™, VI(Q,, h,), that is T satisfies (f(Z),x —
z) > 0 Vo € NI, C), and j satisfies (h,(),y — 7)) > 0 Vy € N, Q,.

Let N¢,z be the normal cone of C; at a point z € Cj, [ =1,2..., N, we define the following
set-valued operator M; : C; — 2¢ for each [ =1,2,..., N by

MZZ = le + NCZZ.

Then, M; is maximal monotone for each [ = 1,2,...,N. Let (z,w) € G(M,), then
w — fiz € Ng,z. For ®la,, € C), we have

(z — ®lay,w— f1z) >0, 1=1,2,...,N. (4.3.44)
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From ®la, = Pg,(I — \f;)®'1a,, we have (z — ®la,, ®'a, — (' 1a, — \fi®'ta,)) > 0,
foreachl=1,2,..., N,

which implies (z — ®la,,, %w + fi®"ta,) >0, for each [ = 1,2,..., N.

From (4.3.44), we get

<Z - (I)l@na ’LU> > <Z - (Dlam flz>
(I)l = (I)l_l "
> (2= ¥lay, fiz) = (2 = Vay, — "+ fi0'\a,)
(I)l n — (I)lfl "
= <Z — (Plan, le — fltbl_lan — a4 b\ ¢ >

= <Z - (I)lana flz - flq)lan> + <Z - (I)lana flq)lan - fl(bl_lan>
dla, — ' la,

—(z — dlq,
> (z—da,, fid'a, — ;9" a,)
(I)l . — (-I)l—l "
—(z - ¥la,, — ; sy, (4.3.45)

Using (4.3.27) and (4.3.29) together with the fact that {u,} = {®'a,} converges weakly
to z, we obtain from (4.3.45) that (z — z,w) > 0. Also, M; is maximal monotone for each
| = 1,2,...,N, this gives us that € M, '(0), which implies that 0 € M;(z) for each
Il =1,2,...,N. Hence, z € N, VI(C), f;), that is (f}(Z),z — z) > 0,Vz € N¥,C;. In
the same manner, we obtain that (h.(y),y —y) > 0,Vy € N,Q,. Hence, we have that
(z,y) e I.

Next, we show that {(x,,y,)} converges strongly to (z,7).
From (4.3.6), we have

|znsr = Z* + |y — 911 < Nwn — 2| + ||z — 7l

= (1 —an)?||lzn —2|)> + 2 ||u — Z|]* + 2(1 — o)z — T, u — T)
+(1 — an)QHyn - QHQ + aiHU - g’lz +2(1 — an)n(yn — 4,0 — 4)
(1 - O‘ﬂ) [Hxn - 57“2 + ||yn - QHQ} + O‘n[an”u - j”Q
F2(1 — ap) @y — 7, u — &) + anllv — |2
+2(1 - an)<yn - ?j, v — ZJ)] . (4346)

IN

Applying Lemma 4.2.10 to (4.3.46), we have that {(x,,y,)} converges strongly to (z,7).

Case 2. Assume that {||z, — z*||*> + |lyn — v*||*} is not monotone decreasing. Set
L, = |z, — 2*||* + ||yn — v*||* and let 7 : N — N be a mapping defined for all n > nq (for
some large ng) by

7(n) :=max{k e N: k <n,I'y <y}

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and

Uiy < oy, Y 2> ng.
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From (4.3.11), we have
’YTQL (HA*(AwT(n) - BzT(n))H2 + HB*(AQUT(H) - BZT(n))HZ) < [||x7(n) - x*HQ + Hy‘r(n) - y*||2]

~[lzrr = 217 + [1grer — 117

o [[Ju — 2" [* + [Jo — y7|]7]
aurylllu — 277 + [lv — |-

IN

Therefore,
73(71) (||A*(Aw7(n) - BZT(H))H2 + ||B*(Awr(n) - Bz‘r(n))||2) — 0, asn — oo.
By the condition on {7}, we have
(||A*(Aw7(n) — BZT(n))HQ + ||B*(Aw7(n) — BZT(n))||2) — 0, asn — oo.
Note that Aw, ) — Bzym) = 0, if 7(n) & Q.

Hence,

T | 4°(Awrry = Bl =0, (4.3.47)
and

lim || B*(Awr () — Bzrm)|I* = 0. (4.3.48)

Following the same line of argument as in case 1, we can show that

: l _Hl-1 — 1 r -1 — — —_
Y}LIEOHCI)QT(”) P aT(n)|| 1115{.10“\11 bf(n) \\J bT(n)H O,Z 1,2,...,N,7’ 1,2,...,m,

lim d(uT(n), ’_EUT(”)) = lim d(UT(n), SjUT(n)) =0

n—oo n—oo
and {(@-(n), Yr(n))} converges weakly to (z,y) € I'.
Now for all n > ng, we have from (4.3.46) that
0 < [[lermy+1 — z*|” + Yrmy+1 — y* P - 7y — z*|]” + [ Yr(n) — y*|I°]
< (= ar)llzre = 21 + yr) = 911 = e — 217 + 1yre) — v 1]

+arlorlllu = 2l + [l = 711°] + 21 = o) (@) = Ty 1 = T) + (Yrw) — F:0 = D)),

which implies
o) = 21 + ey = 911 < arlllu = 2|7 + [Jv — g]]’]
+2(1 - 047'(71))((‘757(71) - j7 U — f) + <y’f(”) - gj,v - ﬂ)) — 0.

Hence
i ||y — Z[|* + [|yrm) — 3l1*) = 0.

n—oo
Therefore,
lim FT(n) = lim FT(n)—i-l = 0.

n—oo n—oo
Moreover, for n > ny, it is clear that I';(,,) < I'zy41 if n # 7(n) (that is 7(n) < n) because
[>T form(n)+1<j<n.
Consequently for all n > ny,

o<r, < maX{I’T(n), Ff(n)+1} = Lrmyt1-
Thus, limy, o T, = 0. That is {(2n,yn)} converges strongly to (z, 7). -
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Corollary 4.3.2. Let Hy, Hy, H3 be real Hilbert spaces and C, ) be nonempty, closed
and convex subsets of Hy and Hy respectively. Let T, : H — CB(Hy), i = 1,2,...
and S; : Hy — CB(H,), j =1,2,... be two countable families of multi-valued type-one
demicontractive-type mappings with constants k; and k; respectively, such that fori,j =
1,2,..., T; and S; are demi-closed at 0. Let f: C — C, h: Q — Q be p (respectively,
v )-inverse strongly monotone operators and A : Hy — Hsz, B : Hy — Hj be bounded linear
operators. Assume that the solution set I'* := {(z,y) € N2 F(T;) x N2, F(S;) : (7,9) €
VI(C, f) x VI(Q,h) and AT = By} # 0 and that the stepsize sequence {7y,} is chosen in
such a way that for some € > 0,

2|\Awn—anH2
Vo € \& A e Bz PHIB* (Aun—BonE 6) n e,
otherwise v, = (v being any nonegative value), where the set of indexres Q@ = {n :

Aw, — Bz, # 0}.
Let u,x1 € Hy and v,y; € Hy be arbitrary and the sequence {(z,,yn)} be generated by

(1w, = (1 — )2y + anu,

Zn = (1 — an)yn + a;
U, = Po(I — \f)(w, — 7 A*(Aw,, — Bz,)),
vy, = Po(I — M) (2, + v B*(Aw,, — Bz,)),
Tni1 = Botin + Doy Bibh,

(Ynt1 = Bovn + 2252, Bihd,, ¥n > 1,

(4.3.49)

where 0 < A < min{2u,2v} and A*, B* are the adjoint of A and B respectively. ¢ €
PTiuna Z% € PSjvm PTiun = {g; € Tzun : Hgfz - un” = d(unaj-'iun>}7
with conditions

(i) {an} is a sequence in (0,1) such that lim, o, =0 and Y7 | o, = 00,

(ii) k € (0,1), where k := max{ky, k2}, k1 = sup{k:}, k2 =sup{k;} € (0,1),
i>1 j>1

(iti) Bo € (k,1), B;, B € (0,1), 4,5 =1,2,... such that 37, 8; =1 and 372, 8; = 1.
(iv) for each x* € N2, F(T;); Tiz* = {x*} and for each y* € N2, F(S;); Sjy* = {y*}.

Then {(xn,yn)} converges strongly to (Z,7y) in T*.

Corollary 4.3.3. Let Hy, Hy, H3 be real Hilbert spaces and for each | =1,2,..., N, r =
1,2,....m, let C; and @, be nonempty, closed and convex subsets of Hy and Hs respec-
tively. Let T, : Hi — CB(Hy), i =1,2,... and S; : Hp - CB(H,), j =1,2,... be two
countable families of multi-valued type-one quasi-nonexpansive mappings, such that T; and
S; are demi-closed at 0. Let f; : C; — Cj, hy : Q — @, be py (respectively, v, )-inverse
strongly monotone operators and A : Hy — Hs, B : Hy — H3 be bounded linear operators.
Assume that the solution set T' # 0, and for each x* € N2, F(T;); Tx* = {x*}, for each
Y € N2 F(S;); Siy™ = {y*}. Let the stepsize sequence {yn} be chosen in such a way that

c (e 2|| Awy,— B2y ||
Tn ' JA (Awn—Bzn) [P B*(Awn—Bzn)|2

—e),nEQ,
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otherwise v, = (v being any nonegative value), where the set of inderes Q@ = {n :
Aw, — Bz, # 0}.
Let u,xy € Hy and v,y; € Hy be arbitrary and the sequence {(z,,yn)} be generated by

wy, = (1 — ap)x, + apu,

zZn = (1 — @) yn + an;

Up = Po (I — Afy) 0 Poy_ (I = Afn-1) 0 ... 0 Po,(I — Af1)(w, — 7 A*(Aw,, — an))(4.3.50)
vy, = Pg, (I — Ahy,) 0 Py, (I —Ahpm—1) 0 ... 0 Po,({ — Ahy)(2n, + v B*(Aw,, — Bz,)),

T = Bottn + Yo Bigh,s

(Ynt1 = Bovn + D272, Bib, Vn > 1,

where 0 < A < min{2u, 2v}, p:=min{y, 1 =1,2,...,N}, v:=min{v,, r=1,2,...,m}
and A*, B* are the adjoint of A and B respectively. g' € Pru,, z € Ps,v,, and
Pru, = {g. € T, : ||lg, — un|| = d(un, Tju,)}. Suppose {a,} is a sequence in (0,1)
such that lim, ., o, =0 and Y " oy, = 00. Let 3;, 5; € (0,1), 4,7 =0,1,2,... such that
>0 5= 1 and Y B = 1

Then {(zn,yn)} converges strongly to (z,y) in T.

4.4 Applications

4.4.1 Multiple-sets split equality convex minimization problem.

Let Hqi, Hy and Hj3 be real Hilbert spaces and for each I = 1,2,...,N, r =1,2,...,m,
let C; and @, be nonempty, closed and convex subsets of H; and H, respectively. Let
T,: H — CB(H;), i=1,2,... and S; : Hp - CB(H,), j =1,2,... be two countable
families of multi-valued type-one demicontractive-type mappings with N2, F(7;) # 0 and
N2, F (S;) #0. Let fi: C; — Cy, hy = Qr — @, be convex and differentiable functions and
A: Hy — H3, B: Hy — Hj; be bounded linear operators. Consider the following problem
which we call the Multiple-Sets Split Equality Fixed Point Convex Minimization Problem
(MSSEFPCMP): Find (z,y) € N2, F(T;) x N2, F(S;) such that for each | =1,2,..., N,
and r=1,2,...,m,

T = i 4.4.1
T = argmin fi(z), (4.4.1)

y= arg mgl h.(y) and Az = By. (4.4.2)
yeLr

We can formulate the MSSSEFPCMP (4.4.1)-(4.4.2) as follows: Find (z,y) € N, F(T;) x
N%2, F(S;) such that for each [ =1,2,...,N,and r = 1,2,...,m,

<Vfl(i‘), T — [f> >0, Vxe ), (443)

(Vhe(§),y —9) >0, ¥y € Q, and A7 = By, (4.4.4)
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where V f; and Vh, are the gradient of f; and h, respectively. If we assume that for
each [ = 1,2,...,N, r = 1,2,...,m, Vf; and Vh, are Lipschitz continuous functions,
then by Remark 2.1.6, we can apply Algorithm (4.3.1) to obtain the solution of MSSSEF-
PCMP (4.4.1)-(4.4.2). Furthermore, by applying Theorem 4.3.1, we have that the sequence
{(zn,yn)} converges to a solution of MSSSEFPCMP (4.4.1)-(4.4.2).

4.4.2 Systems of split equality variational inequality problem
and monotone variational inclusion problem.

Let H be a real Hilbert space and f; : H — H be qq-inverse strongly monotone mappings.
Let M, : H — 2" be maximal monotone mappings for [ = 1,2,..., N. We consider the
following System of Monotone Variational Inclusion Problem (SMVIP) which is to find
Z € H such that foreach [ =1,2,..., N

° ?

0 € fi(z) + M(z). (4.4.5)

Let SOL(f;, M;) be the solution set of SMVIP, then for ¢ > 0 and A € (0,2q), we
have that F(JYi(I — \f;)) =SOL(f;, M), 1 =1,2,...,N and J¥(I — \f;) are averaged
nonexpansive operators, where JM (I — \f;) is the resolvent of M; for each [ =1,2,... N,
with parameter o (see for example [0, 92]).

Let us consider the following Systems of Split Equality Variational Inequality Problem
(SSEVIP) which is to find (z,y) € SOL(f;, M;)x SOL(h,, K,), (I = 1,2,...,N, r =
1,2,...,m) such that

(filz),r—2) >0, Vz e, (4.4.6)

(he(9),y —9) 20, Vy € Q, and AT = By. (4.4.7)

We know that every averaged nonexpansive mapping with nonempty fixed point set is
quasi-nonexpansive. Thus by using this fact and adding the assumption that the resolvent
operators are of type-one, we can apply Algorithm (4.3.50) and Corollary 4.3.3 to obtain
a solution of problem (4.4.6)-(4.4.7).
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Chapter 5

Split Equality Monotone Inclusion
Problem and Split Equality Fixed
Point Problem

5.1 Introduction

Our study in the last two chapters has been in the frame work of real Hilbert spaces. In
this chapter however, we shall extend our study from real Hilbert spaces to more general
p—uniformly convex Banach spaces which are also uniformly smooth. Precisely, we study
the following problem which we call the SEMIP and SEFPP:

Let E1, 5 and E3 be p—uniformly convex Banach spaces which are also uniformly smooth
and A : By — E3, B : E; — E5 be bounded linear operators. Let M; : By — 281, M, :
Ey, — 2F2 be multivalued maximal monotone mappings and T : E; — Ey, S : Ey — E,
be right Bregman strongly nonexpansive mappings: Find (z,y) € F(T) x F(S) such that

0 € My(2), (5.1.1)

0 € My(y) and Az = By. (5.1.2)

Furthermore, we propose an iterative algorithm and using the algorithm, we state and
prove a strong convergence result for the approximation of a solution of problem (5.1.1)-
(5.1.2). In what follows, we shall denote the solution set of problem (5.1.1)-(5.1.2) by I'
defined by

I':'={(z,9) € F(T) x F(S) such that 0 € M,(z), 0 € My(y) and Az = By}.

5.2 Preliminaries

We state some known and useful results which will be needed in the proof of our main
theorem.
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Lemma 5.2.1. [100]. Let x,y € E. If E is q-uniformly smooth, then there exists C; > 0
such that

[l = yl|* < Jl2]|” = a{J7 (x), y) + Cyllyl|". (5.2.1)

Lemma 5.2.2. [119]. Assume that {a,} is a sequence of nonnegative real numbers such
that

Ap+1 S (1 - fyn)an + fyn(sn; n Z 07

where {y,} is a sequence in (0,1) and {3, } is a sequence in R such that
(Z) E;:O:O,Yn = 00,

(1) limsup,,_,. 6, < 0 or X2 |6,7n| < 00,

Then lim,,_, a, = 0.

Lemma 5.2.3. [50]. Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} with an; < an,41 ¥j € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following properties are satisfied by all
(sufficiently large) numbers k € N:

Uy < Qg1 and ag < Ayt

In fact, m = max{i < k:a; < a;11}.

5.3 Main Result

Theorem 5.3.1. Let Fy, Ey and E3 be three p-uniformly convex real Banach spaces which
are also uniformly smooth and A : F1 — E3, B : E5 — E3 be two bounded linear opera-
tors. Let My : By — 251, My : Ey — 252 be multivalued mazimal monotone mappings and
T:FE — Ei, S: Ey — Ey be right Bregman strongly nonexpansive mappings such that
F(T) = F(T) and F(S) = F(S). Suppose that T # 0 and {on,}, {B.}, {1} are sequences
in (0,1) such that o, + By, + v = 1. Let u,xg € Ey and v,yo € Ey be arbitrary and the
sequence {(zn,yn)} be generated by

Up = Res™ g1t [T (2) — t, A JE3 (A, — By,)],

p p
U = Ress™M2 0% [ TP (y,) + t,B* JF(Ax, — By,)] (5.1
Tpar = Jot [ JE (u) + B, J P (un) + Y JE (Tun)] o
Yngp1 = JqE2 [aan2 (v) + Bn JE2(vn) + ’ynJEQ Svn)] ., n>0,

with conditions

(i) lim, o v, =0,

(i) fo;l Qp, = OO,
1 1

q E (R
(i) 0 <t <ty <k < <2cquAuq> ’ <2Dq||Bllq> ’
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() (1 —an)a<ym, an <b<1, ac(0,1).
Then {(zn,yn)} converges strongly to (z,y) € I.

Proof. Let (z*,y*) € I, from (5.4.8) and Lemma 5.2.1, we have
Ap(up,z*) = Ap(ResI]JM1 Jff [JpEl(xn) — tnA*Jf3(A:Bn - Byn)] , ")
< Ap(Jff [J];El(:vn) — tnA*Jf3 (Ax, — Byn)] , )

1 . .
= gllJfl(fcn) — tn A" I (A — Byn)||" — (J)7 (), %)

1
(A", I (Ao = Bya)) + - [la” |

< P Gt I (A — By + LA g, —
U ) a”) + | + (A", TE (A, = By)
= énxnup — P @), a") + Sl + b Ao = Az, I Az, ~ By)
A2 a, — By
= Ap(xn, )+ tn<Jf3 (Az,, — By,), Az* — Ax,)
+Cq(tn||A||)qHAxn — By,|]. (5.3.2)

Similarly, from (5.4.8) and Lemma 5.2.1, we have

Ap(vn,¥") < Ap(Yns y*) — ta(J* (Azy, — By,), By* — Bys)

tn||Bl])?
—I—MHA% — By, |P. (5.3.3)

Adding (5.3.2) and (5.3.3) and using the fact that Az* = By*, we have
Ap(“m l‘*> + Ap(vna y*) S Ap(xn) ) + A (ym ) tn(t]pE3 (Amn - Byn)a Axn - Byn>

C,(ta]|A D, (t,||B|])?
SOl g, DaltalIBI)

= Bp(@n, @) + Bp(Yn, y7)
— |:tn_< (I(thAH) + q(tnjleH)q)] HAZ‘n—Byan(5-3-4)

q

|| Az, — Bya|[”

Using condition (iii) in (5.3.4), we have
Ap(tn, %) + Ap(vn, y*) < Ap(@n, ™) + Ap(Yn, y"). (5.3.5)
From (5.4.8), we have
Ap<wn+1’ ZL‘*)

Ay (JFT [an I () + Bud P (un) + i d T (Tuy)] )
(U, %) + BnAp(Un, ) + Y0y (U, )
(u, %) + (1 — o) Ap(tp, 7). (5.3.6)

IA
Q

nAp
A

I
Q

n=p
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Similarly, from (5.4.8), we have

Ap(Yn+1,¥7) < (v, 47) + (1 — ) Ap(va, 7). (5.3.7)
Adding (5.3.6) and (5.3.7) and using (5.3.5), we have
Ap(@ni1,27) + Bp(Yni1,¥") < am [Dp(u,27) + Ap(0,y7)] + (1 — o) [Ap(un, 27) + By (vn, )]
<o [Ap(u, %) + Ay (0,y7)] + (1 = an) [Ap(@n, 27) + Ap(yn, y7)]
< max{A(u, 2*) + A, (v, ¥"), Ap(n, ) + Ap(yn, y*)}
< max{A,(u,z") + A,(v,y"), Ap(zo, ") + Ap(vo,y")}. (5.3.8)
Therefore {A,(z,,, 2*)+A,(yn, y*) } is bounded and consequently, {A,(w,, 2*)+A, (v, y*) },

{zn}, {yn}, {un}, {vn}, {Az,} and {By,} are all bounded.

Let w, = JII (l_ﬂ—ganl () + 72 (Tun)> and 2, = J& (
then

* /671 1 ’771
Ay(wy,x*) = AP(J(fl( . Jf n—l—l_a s
< . fn nAp(un,x*) + jn nAp(Tun,x*)
< b Ap(tpn, z*) + In_ A (Un, T¥)
= 1_ o, p\Un, 1— N p\Un,
i Ap(tp, ")
= Ay(upy, x)

Similarly, we have
Ap(zn,y") < Ap(vn,y").
Adding (5.3.9) and (5.3.10), we have

Ap(wa,a®) + Ay(z ") < Al
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From the definition of w,,, we have

Ap(wng1, ) = A, (JF
A( [anJEl(u) + (1
Vp(OénJEl() (

V, (o () + (

—(—an (L, (u) —

IN

+ozn<JE1(U) Iy (=
= A, (JI [on I (2%) +

+ozn(JE1(u) Jfl(
< apAp(zt, )+ (1 —

+an(JpEl(u

Similarly, we have

ApYns1,y) < (1= an)Ap(vn, y*) + o (2 (v) —

Adding (5.3.12) and (5.3.13), we have

Ap(l'n+1, I*) + Ap(yn—i-la y*) S

IN

1 —ay)
1 —ay,)
J2(a*)), I [on I (u) + (1 —
n)JEl(wn) x*)
"), Tnar — T)

(1-— ozn)Jfl (wn)] , 2*)
")s Tnp1 — 27)

) A1, 2")

V, (a7 (2*) + (1 — «

[O‘nJEI (u) + BnJEl (un) + 'VnJE (Tun)} » & )

Ozn)JpEl(wn)] ,x*)
JE1 (wn), %)
P (wn) — an (I (u) —

- JEl (I*)vxn-l—l - CB*>

)=y
< (1= o) Ap(tn, %) + (S (u) —

JPN(a"), Tpin — ). (5.3.12)

J;;E2(?J*)a Yni1 —y"). (5.3.13)

P
o (S (u) — TP ("), Tpgy — 37)
+an (L2 () = T2 (Y")s Y1 — )
(1 = o) [Ap(@n, 2°) + Dy (yn, )]
o (S (u) — TP ("), Tpyy — 37)
+an (L2 () = 2 Y)Y — y7). (5.3.14)

We now consider two cases to establish the strong convergence of {(z,,y,)} to (Z,9).

Case 1. Suppose that {A,(z,,
Ap(yna Y

) +Ap(Yn,
*)} is convergent. Thus,

lim [(Ap<xn+la

From (5.4.8), (5.3.5)
(un, ") +
(

) + Ap(Yns1,Y7)) — (Ap(an, v

and (5.3.11), we have

y*)} is monotone non-increasing, then {A,(x,,, *)+

)+ Ap(yn, y7))] = 0.

0 < (4 Ap(vn, y")) = (Ap(wn, 27) + Ap(2n, ¥7))
= (Ap(tn, ") + Bp(vn,¥")) = (Bp(@ni1, %) + Bp(Yni1,¥7))
+ (Ap(xn+1: ) +A (yn+1>y*)) - (Ap(wmx*) + Ap(znvy*>>
< (Ap(@n, ) + Ap(Un, ¥7)) — (Ap(@ntr, 27) + Bp(Yn+1,¥7))
+a, (Ap(u, %) + Ap(v,47)) + (1 — o) (Ap(wn, ) + Ap(2n, ¥7))
— (Ap(wn, %) + Ap(2n,y")) — 0, as n — oo,
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which implies

lim (A, (up, ") — Ap(wy, %)) = lm (A, (vn, ¥") — Ap(2n,y")) = 0. (5.3.15)

n—o0 n—00

Also, from the definition of w,,, we have

Ap(wn,a*) = A, (Jff (iJf%unHLJfl(T“”))’x*)

ﬁn * 7n *

<

< 7o &nAp(un,m )+ = OénAp(Tun,a: )

= Ap(up, ™) —1— F Ay (Up, ") + In (A, (Tuy, x™))
P 1— oy, P l—a, V"

= AU, ) + — L (A (Tum, %) — Ap(tn, 7)) (5.3.16)

which implies

Tn
1—oa,

(Ap(tn, %) = Ap(Tup, %)) < Ap(ty, %) — Ap(wp, ") — 0, as n — 00.(5.3.17)

By condition (iv), we have

lim (Ap(up, 2*) — Ap(Tuy, %)) = 0. (5.3.18)
n—oo
Similarly, we have
lim (A,(vn, y*) — Ap(Svn,y*)) = 0. (5.3.19)
n—oo

Since T" and S are right Bregman strongly nonexpansive mappings, then from (5.3.18) and
(5.3.19), we have
lim Ay (Tuy,u,) =0

n—oo

and
lim A,(Svy,v,) =0

n—o0

respectively, which implies

lim ||Tu,, — uy|| =0 (5.3.20)
n—oo

and
lim ||Sv, —v,|| = 0. (5.3.21)
n—o0
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From (5.3.4), we have

1

M—CM%W“+DNﬂm”ﬂwmﬁBmw
p(Tn, %) + Ap(Yn, y7)) — (Ap(un, %) + Ap(vn, y7))
p(Tns 7) + Bp(Yn, y7)) = (Ap(@ns1, 27) + Ap(Yns1,47))
(Ap(Tptr, @ ) + Ap(Ynt1,Y")) — (Ap(tn, ) + Ap(vn, y7))
p(Tns ) + Bp(Yns y)) = (Bp(Tns1, 27) +Ap(yn+1,y*))

P

IA
>

(

+(1 = an) (Ap(un, ) + Bp(vn, ¥7)) = (Ap(tn, ) + Ap(vn, y7))
+an [(JEI(“) JEl( ) Tngr — ) + <J;;E2( ) — JE2( )y Ynt1 — y*ﬂ
= ( (.Z’n, *) +A (yny )) - (Ap($n+17x*) +A (yn+17 *))
+an(<‘]1§1 (U) JEl( )>-Tn+1 - ZE*> - Ap(una ZU*))
+Ozn((JfQ(v) JEQ(y*), Ynt1 — Y") — Dp(vn,y")) — 0, as n — oo.
That is,
t.|lAINT D, (t,||B|])?
i [f - (LAY PGBy oo
Since 0 < ¢ (1 - (CEIAD | DIIBINY) < (5, (St | Daes)) e
have
lim ||Az, — By,||’ = 0. (5.3.22)

Let a, = Jg* [JP(2,) — t, A" JF3(Ax, — By,)] and b, = Jg* [JP(y) + t,B* 5 (Az, — By,)].
Then,

B B _ B * 1B B
[, an — ) | = ||, (20) — 6, A" T2 (A, — Byyn) — J, (24)]|

< tall A7y (Azn — Bya)|
(ot ) 1A, Bl 0

< * Tn — By,|| = 0, n — oo.

Col Al
Since Jf ! is norm to norm uniformly continuous on bounded subsets of EY, we have

nll_)IIC}o llan — xn|| = 0. (5.3.23)

Similarly, we have

lim |[|b, — y.|| = 0. (5.3.24)
n—,oo
Since Res’\M1 is a Bregman firmly nonexpansive mapping (see Remark 2.2.34), we have

Ay(z*, Resp™ay) + Ap(RespMan, o) + Ap(z*, 2%) + Ap(an, Resp™a,,)
< A, (x7, R(es.>‘M1 n) + Ay(an, ),
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which implies

Ap(an, Res)Ma,) < Ap(an, z*) — Ay(Res) M a,, 2%). (5.3.25)
Similarly, we have

Ap(bn, Resp™b,) < Ap(by, y*) — Ap(Res) 2b,, y7). (5.3.26)

Adding (5.3.25) and (5.3.26), we have

Ap(an, Resp™a,) + Ay (b, Res)2b,,)
< (Ap(an, ")+ Ap(bn, y")) — ( o Res’\Mlan, )+ Ap(Res?)Man,y*))
< (Ap(zp, ") + Ap(Yn, ")) — ( o Res)‘Mlan, )+ Ap(Reng%n,y*))
= (Dp(@n, 77) + Bp(Yn, ¥7)) — (Bp(un, %) + Bp(vn,y7))
= (Ap(@n, 2") + Ap(yn, ¥7)) = (Ap(@nt1, %) + Bp(Ynt1.¥7))

+ (Ap(Tnt1, @ )+A (Un+1:47)) = (Bp(un, %) + Ap(vn, y"))
< ) = (Bp(@ni1, 27) +Ap(yn+17y*))

(Ap(zn, 27) + Ap(Yn, y")
(1= an) (Bp(un, %) + Ap(0n, 47)) = (Bp(un, 27) + Ay
o [(J (1) = L7 (27), @nar — 27) + (2 (v) = T, (y7)
= (Bp(@n, @) + Bp(Un, y7)) = (Bp(Tni1,27) + Bp(Unt1,y7)
) =
) =

Uns "))

y Yn+1 — y*ﬂ
)
+an(<‘]£1< JEl( ) Tng1 — 7)) — Ap(tn, 7))

+an((JfQ( ( Vo Unt1 —Y) — Ap(vn,y")) = 0, asn — o0, (5.3.27)

which implies

lim ||a, — Res;MlanH = lim ||b, — Res;Mzan =0. (5.3.28)
n—00 n—o00
That is,
nh_}rrolo llan —un|| =0 (5.3.29)
and
lim ||b, — v,|| = 0. (5.3.30)
n—oo

Since Jfl and J]DE2 are uniformly continuous on bounded subsets of E; and Es respectively,
we have

. E Ey _
nh_)nolo [, an — J,  un|] =0 (5.3.31)
and
lim ||J2b, — J20,|| = 0. (5.3.32)
n—oo
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From (5.3.23) and (5.3.29), we have

lim ||z, — u,|| = 0. (5.3.33)
n—oo

Similarly, we have
lim ||y, — v,|| = 0. (5.3.34)
n—oo

Since {z,} is bounded in E; and FE is reflexive, there exists a subsequence {z,,} of
{z,} that converges weakly to Z. By (5.3.20) and (5.3.33), we have that = € F(T)
since F(T) = F(T). Also since {y,} is bounded in E, and E, is reflexive, there exists a
subsequence {y,,} of {y,} that converges weakly to y. By (5.3.21) and (5.3.34), we have

that y € F(S) since F(S) = F(95).
Next, we show that 0 € M;(Z) and 0 € My (7).

Let (z,n) € G(M;), then n € M;z. From u,, = Res;Mlan, we have that

Iy, € (I + AMy) up,

which implies

1

3 (S an — I uy) € Myuy,.
By the monotonicity of M;, we have

1
(n— X (Jflan — Jflun) 2 — Up) > 0.

This implies
1
N,z —uy) > <X (Jflan — Jflun) 2 — un> )

Since {x,} converges weakly to Z, we have from (5.3.31) and (5.3.33) that
(n,z—1x) > 0.

Hence, by the maximal monotonicity of M;, we have that 0 € M;(Z).
By similar argument, we obtain that 0 € My(7).

We now show that Az = By.

Since A and B are bounded linear operators, we have that {Azx,} and {By,} converge
weakly to {Az} and {By} respectively. Also, by weakly semi-continuity of the norm, we
have

||Az — By|| < liminf ||Az,, — By,|| = 0. (5.3.35)
n—oo
That is, Az = By. Therefore (z,y) € T
We now show that {(z,,y,)} converges strongly to (z, 7).
sty t) = Ayl [P (u) + BT () + 0T (Tn)] s 00)

< anAp (U, up) + Brlp(tn, un) + Y Ap(Ty, uy) — 0, as n — oo,
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which implies

lim ||zp41 — un|| = 0. (5.3.36)
n—,oo

Similarly, we have
lim ||yp41 — vnl|| = 0. (5.3.37)
n—oo

From (5.3.33) and (5.3.36), we have

lim ||z,41 — 2,|] = 0. (5.3.38)
n—oo

Similarly, we have
nh_{go Yn+1 — ynl| = 0. (5.3.39)

From (5.3.14), we have

A;D(xn—&-la j) + AP(Z/n—Ha g)
S (1 - an) [Ap(xm 3_3) + Ap(ymg)]
+ an [(JF (W) = JEE), s — B) + (W) = JEG) g — )] - (5.3.40)

Using Lemma 5.2.2 in (5.3.40), we conclude that {(x,,y,)} converges strongly to (Z, ).

Case 2: Suppose that there exists a subsequence {n;} of {n} such that
Ap(Tnis @) + Bp(Ynis ¥7) < Bp(Tnis1,27) + Bp(Ynit1,y7) Vi € N

By Lemma 5.2.3, we can find a nondecreasing sequence {my} C N such that m; — oo
and for all £ € N, we have

Ap<l’mk, I*) + Ap<ymk7 y*) S Ap(a;'rmc—l-la l’*) + Ap(:ymk—i-l; y*)

and

Ap(xlﬁx*) + Ap(yk7y*) < Ap(xmk+17:p*) + Ap(ymk-‘rl)y*)' (5341)

Then, by the same arguments as in (5.3.11), (5.3.15), (5.3.16) and (5.3.17), we have that

lim [|T Uy, — tm, || =0 (5.3.42)
k—o0

and
lim ||Svpm, — vm, || = 0. (5.3.43)
k—o0
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From (5.3.14), we have

Ap(xkarl? j) + Ap(ymk+17 27)
< (1= o) (Bp(my, T) + Bp (Y- 7))
+ Qmy, (<‘]pE1 (u) - Jfl (f), Tmp+1 — i‘> + <Jf2 (U) - ‘];52 (g)a Ymp+1 — g>) 7(5344)

which implies

Ay, (Ap (T, ) 4 Ap(Ym,, )

(Ap(@my, Z) + Ap(Ymy, §) = (Bp(@my41, F) + Ap(Ymy 41, 7))

oy, (T} (@) = TN (@), @1 — T) + (T2 (0) = T2 (9), Y1 — )
Uy, (T (1) = TN (E), Tipger = T) + (T2 (0) = T2(G)s Y1 — 7)) -

IN 4+ IA

That is

(A (@ )+ Dp (Y, ) < (L7 (W) = T (2), Ty = T) + (2 (0) = L2 (), Y1 — 7)) -

Which implies

Im (Ap(Tm,, ) + Ap(Ym,, 7)) = 0. (5.3.45)

k—o00

From (5.3.41) and (5.3.45), we have
A;D('rkwf) + Ap(ykvg) S Ap(xmk—i-la j) + Ap(ymk-i-la g) — 07 as k — o,

which implies that {(zy,yx)} converges strongly to (z,y). Thus, {(z,,y,)} converges
strongly to (Z,7) € T O

From Remark 2.2.28, we obtain the following corollary.

Corollary 5.3.2. Let E;, Fy and E3 be three p-uniformly convez real Banach spaces which
are also uniformly smooth and A : 1 — FE3, B : Ey — FE3 be two bounded linear oper-
ators. Let My : By — 2F1 M, : By — 282 be multivalued mazimal monotone mappings
and T : By — Ey, S : Es — FEy be right Bregman firmly nonexpansive mappings. Suppose
that T # O and {a,}, {Bn}, {7} are sequences in (0,1) such that o, + By + v = 1. Let
u,xg € By and v,yo € Ey be arbitrary and the sequence {(x,,y,)} be generated by

Up = RenglJ V[P () — t, AT P (Ax, — By,)]
(Yn) +tn B*JE3 (Az, — Byn)
)

P
= Res)‘MZJq [JfQ } ,
5.3.46
+ Bud,! (un) + Yy (Tun) | ( )

]

Tpi1 = Jff [ JE (u
Yns1 = Jo2 [ JE2(0) + B, T2 (v,) + 1 JF2 (Sv,)], n >0,

with conditions
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(1) lim,, o o, = 0,

(i) D oy an = 00,
1 1

(227/) 0 < t S tn S k S <20qﬁAHq> ) <2Dq|q|B||‘1> ,
(iv) (1—ay)a <, a, <b<1, ac€(0, %)
Then {(xn,yn)} converges strongly to (z,y) € T.

If we let My = M, = 0 in Theorem 5.3.1, then from Remark 2.2.19 we have that Res;}Ml =

I, and Res;M2 = I, (where I and I, are identity maps on EF; and Fj respectively). Thus,
we obtain the following corollary.

Corollary 5.3.3. Let Ey, Ey and E3 be three p-uniformly convexr real Banach spaces
which are also uniformly smooth and A : By — E3, B : Ey — FE3 be two bounded lin-
ear operators. Let T : By — FEy, S : Ey — FEy be right Bregman strongly nonexpansive
mappings such that F(T) = F(T) and F(S) = F(S). Suppose that T* = {(z,7) €
F(T) x F(S) such that Ax = By} # 0 and {an,}, {Bn}, {1} are sequences in (0,1) such
that o, + B + v = 1. Let u,xg € Ey and v,yg € Ey be arbitrary and the sequence
{(zn,yn)} be generated by

Tm— [JE (20) — t, A* JE3 (A, — Byn)]

U = Jg [T (ya) + t, B* TP (Az,, — By,)] ,

Tnpr = Ji 0 [ TP () + B B (u) + 1 d P (Tuy)]

Yt = Jo 2 [an P2 (0) + B2 (0,) + 4T B2 (Sv,)] , 1 >0,

(5.3.47)

with conditions

(i) lim, o v, =0,

(ii) 300 ay, = 00,

s e
q— P
<1<k (o) )
() (1 —ap)a <y, a, <b<1, ac(0, %)

Then {(xn,yn)} converges strongly to (z,y) € I'*.

5.4 Applications and numerical example

5.4.1 Application to convex minimization problem

Let F, Es and E5 be three p-uniformly convex real Banach spaces which are also uniformly
smooth and f : By — (—00,4+00], g : Fs — (—o0,+00] be proper, convex and lower
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semi-continuous functions which attains their minimum over E; and Fs respectively. Let
A: F, - E3, B: Ey; — FE3 be two bounded linear operators and 7" : F;, — FEi,
S : Ey — FEs be right Bregman strongly nonexpansive mappings such that F(T') = F (T)
and F(S) = F(S). Consider the following problem which we call the Split Equality Fixed
Point Convex Minimization Problem (SEFPCMP): Find z* € F(T) and y* € F(S) such
that

F(a*) = min f(x). (5.4.1)
g(y*) = grlrelglg(y), and Az" = By". (5.4.2)

It is generally known that the above SEFPCMP can be formulated as follows: Find z* €
F(T) and y* € F(S) such that

0€af(z"), (5.4.3)

0€dg(y*), and Az* = By", (5.4.4)

where df and Og are the subdifferentials of f and ¢ respectively. We know that the
subdifferentials Jf and 0g are maximal monotone operators whenever f and g are proper,
convex and lower semicontinuous functions. Hence, by applying Algorithm (5.4.8), we
obtain the solution of the SEFPCMP (5.4.1)-(5.4.2).

5.4.2 Application to a common solution of monotone inclusion
and equilibrium problem

Let E be a p-uniformly convex real Banach space which is also uniformly smooth and C
be nonempty, closed and convex subset of E. Let f : C' x C — R be a bifunction, then
the Equilibrium Problem (EP) is to find « € C such that

flz,y) > 0Vy € C. (5.4.5)

We denote the solution set of EP (5.4.5) by EP(f). Suppose f satisfies the following
conditions:

Ci: f(z,x) =0Vz € C,
Cy: f is monotone, i.e., f(z,y) + f(y,z) > 0Vz,y € C,
Cs: for each x,y € C, limy_o f(tz + (1 — t)z,y) > f(z,v),

Cy: for each x € C, y — f(z,y) is convex and lower semicontinuous. Then
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F(Res)) = EP(f).

We know that the resolvent operator Res£ is single-valued and Bregman firmly nonexpan-

sive operator, hence a Bregman strongly nonexpansive operator with F' (Resf; )=F (Resﬁ )
(see for example [109]).

Consider the following problem, which we call Split Equality Monotone Inclusion and
Equilibrium Problem (SEMIEP): Find = € F (Resg ) and y € F(Res)) such that

0€ M), (5.4.6)

0 € My(y) and Az = By, (5.4.7)

where M, : By — 281, M, : B, — 272 are maximal monotone operators and A : E; — FEj,
B : E5 — Ej5 are bounded linear operators. Let the set of solutions of problem (5.4.6)-
(5.4.7) be Q, then by setting T = Resj; and S = Res) in Theorem 5.3.1, we obtain the
following result.

Theorem 5.4.1. Let Fy, Fy and E3 be three p-uniformly convex real Banach spaces
which are also uniformly smooth and C, ) be nonempty, closed and convexr subsets of
E1, By respectively. Let A : By — FE3, B : Ey — FE3 be two bounded linear operators
and M, : By — 2F1 M, : Ey — 252 be multivalued mazimal monotone mappings. Let
f:CxC—=Randg:Q xQ — R be bifunctions satisfying conditions (Cy) — (Cy). Sup-
pose that Q # O and {an,}, {Bn}, {1} are sequences in (0,1) such that o, + B+ v = 1.
Let u,xo € Ey and v,yo € Ey be arbitrary and the sequence {(xn,yn)} be generated by

|
=
D
CIJ
SIS
=
&
T
&

() — tnA*Jf3(Axn — Byn)} ,

- Res’\M2 JE2 [JE2 Yn) + taB* I (Az, — Byn)]

+ Banl(un) + %Jfl (Resﬁ(un))} ,

Ynt1 = Jq [anJEZ () + BudF2(vn) + 2 (Resi(v,))] , n >0,

(5.4.8)

&
3
+
=
K(
ﬁ@
—~
<
~—

with conditions

(1) lim,, o v, =0,

(“)Z —1 On = 00,

1
-1 q—1
(i) 0 <t<t,<k< (W) ) <2Dq|q|B||q> )

(w) (1 —an)a <yn, a, <b<1, ac(0,3).

Then {(xn,yn)} converges strongly to (Z,7y) € Q.
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5.4.3 Numerical example

We give a numerical example in (R?]|.||2) to support our main result.
Let B, = By = B3 = R%2. We define A : R? = R? and B : R? = R? by

Alz) = E ﬂ Bj and B(x) = { ° zﬂ Bj respectively.

Let M; : R? — R? and M, : R? — R? be defined by
M (z) = (z1 + xa, 2 — x1) and My(x) = (z3, — x1) respectively.
Then, by Proposition 2.2.20 (iv), we have that
Res*™ (z) = [(J, + AMy) "o J)] () = (I + M) (z) = T

o = ([ +[A0]) [
R
- e [

o (1—|—>\)ZE1—)\1‘2 )\I'1+(1—|->\)232
a T4H22042X2 7 1422 +2X2 )

So that

Similarly, we have that

L) = (58 45

2n
3(n+1)

and v, = ﬁ Then «,, B, and 7, satisfy the conditions

Take o, = n+r1, B, =
in Theorem 5.3.1.

Since Res™” and Res™2 are Bregman firmly nonexpansive mappings, then they are both
right Bregman strongly nonexpansive mappings satisfying F (Res™) = F(Res™) and
F(Res™2) = F(Res™").

Therefore, we can take T = Res*' = T){V[ Uand S = Res™2 = T){W 2 as defined above.
Hence, for zg, yo € R?, our Algorithm (5.4.8) becomes:
u, = Ty (zn — to AT (Azy, — By,)) |
Uy = T/{wz (yn +t. BT (Az, — Byn)) ,
Tnt1 = g T 3(511)“71 + 3(n7:-1) (Tiwlun) ’

_ v 2n n M:
Yn+1 = n+l + 3(n+1)vn + 3(n+1) (T)\ 2vn) ) T > 0.

(5.4.9)

We can make different choices of xg,yo, u,v and t, with appropriate tolerance levels in
Algorithm (5.4.9).
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Chapter 6

Conclusion, Contribution to
Knowledge and Future Research

6.1 Conclusion

This dissertation presented a systematic and comprehensive study of the approximation of
common solutions of VIPs and FPPs in Hilbert spaces, and the approximation of solutions
of MIPs and FPPs in p—uniformly convex Banach spaces which are also uniformly smooth.
We have presented our study in a coherent manner, first by giving a brief background of our
study for which we defined the subject matters and reviewed some of the important works
done in this direction. We then recalled a number of theorems, propositions, lemmas and
remarks that are very important to our study. As seen in chapter 3, chapter 4 and chapter
5, our main results extends many existing concepts and provides important insight of our
contribution to existing ideas in this area. We also saw that chapter 3 and chapter 4 were
devoted to the study of the approximation of common solutions of VIPs associated with
inverse strongly monotone mappings and FPPs for both single-valued and multivalued
demicontractive mappings in Hilbert spaces. The algorithms presented in both chapters
are independent of the operator norm and were inspired by Zoa [125]. We ended chapter
3 by giving numerical example for the convergence speed of our algorithm. Chapter 5
extended the results in chapter 3 and chapter 4 to spaces more general than the Hilbert
spaces in which we studied MIPs (which is a generalization of the VIP) and FPPs for
right Bregman strongly nonexpansive mappings. Our computational technique makes use
of the Bregman distance and were inspired by Bregman [I8]. We also saw that strong
convergence results were established in chapter 3, chapter 4 and chapter 5. These results
are original results and they extend and complement some recent results in literature.

6.2 Contribution to knowledge

Our results generalizes and extends some recent results in literature (in particular, results
that serves as motivation to our study) by making the following contributions, among
others:
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. It is generally known that the class of demicontractive mappings is more general

than the class of quasi-nonexpansive mappings. We saw that the example of the
single-valued demicontractive mapping considered in Example 2.1.16 is not quasi-
nonexpansive and the example of the multivalued demicontractive mapping consid-
ered in Example 2.1.26 is not multivalued quasi-nonexpansive. Hence, the class of
quasi-nonexpansive mappings considered in [104] is a proper subclass of the class of
demicontractive mappings considered in this work.

. In [10], the author imposed the demi-compactness condition on the single-valued

demicontractive mappings to obtain strong convergence result. Also, in [11], the au-
thor imposed the hemi-compactness condition on the multi-valued demicontractive
mappings to obtain strong convergence result. However, we obtained strong conver-
gence results without imposing these conditions on the mappings considered in our
study. Hence, our results show that these conditions can be dispensed with.

In [0], the author proved weak convergence result for split hierarchical variational
inequality problem, while in chapter 3 and chapter 4 of this dissertation, we obtained
strong convergence results for both SEVIP and systems of SEVIP. Furthermore, the
class of mappings considered in this work is more general than the class of mappings
considered in [(].

. In [33], the author obtained a general common solution to VIPs, while in chapter 4,

we obtained a common solution to both MSSEFPP and systems of SEVIP. Hence,
our result in chapter 4 extends the result in [33].

Our example of a multivalued demicontractive mapping given in chapter 2 of this
dissertation (i.e., Example 2.1.26) generalizes the example of a multivalued demi-
contractive mapping given in [41]. In particular, if we take a = 2 in Example 2.1.26,
then Example 2.1.26 reduces to the example in [11].

Our result in Chapter 5 extends results for SEMIP and SEFPP from the frame work
of Hilbert spaces to the more general p-uniformly convex Banach spaces which are
also uniformly smooth.

The results obtained in chapters 3, 4 and 5 have been submitted for possible publications
as follows:

(1)

C. Izuchukwu, F. U. Obguisi and O. T. Mewomo, A solution to split equality vari-
ational inequality problem and split equality fixed point problem independent of
operator norm. Submitted to Dynamics of Continuous Discrete and Impulsive Sys-
tems, Series B (Applications and Algorithm), (Scopos indexed Journal in Canada).

C. Izuchukwu, C. C. Okeke and O. T. Mewomo, Systems of variational inequality
problem and split equality fixed point problem. Submitted to Ukrainian Mathemat-
ical Journal (Scopos indexed Journal).

C. Izuchukwu, F. U. Obguisi and O. T. Mewomo, A common solution of split equality
monotone inclusion problem and split equality fixed point problem in real Banach
spaces. Submitted to Acta Mathematica Vietnamica (Scopos indexed Journal).
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6.3 Future research

As stated in the previous section, the results obtained in this work extends and generalizes
some important results in this direction. However, there are lots of works to be done in this
area and many researchers are developing new ideas for solving different problems in this
direction. We are looking forward to study the problems considered in this dissertation
and some other optimization problems in an interesting space, called the fuzzy normed
space. Our future plan is to study some of the results we have in Hilbert spaces in the
fuzzy normed spaces. To give the definition of a fuzzy normed space, we first define the
following.

Definition 6.3.1. [77]. A binary operation x : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm

iof x satisfies the following conditions:

(i) * is commutative and associative,
(ii) * is continuous,
(iii) ax1=a, Ya € [0,1],

(iv) axb < cxd, whenever a < ¢ and b < d for all a,b,c,d € [0,1]. For examples of
continuous t-norms see [1].

Definition 6.3.2. [101]. A Fuzzy Normed Space (FNS) is a triple (X, N, ), where X is

a vector space over a scaler field F (or R), x is a continuous t-norm and N : X x (0,00) —
0,1] is a fuzzy set (fuzzy norm) such that, for all x,y € X and t,s > 0, the following
condition are satisfied:
(i) N(x,t) >
(i1) N(z,t) =1 if and only if x = 0,
(iii) N(cz,t) = N(z,5) for all c #0,
(i) N(z,s)* N(y,t) < N(z+y,s +1),
(v) N(z,.) is a continuous function of Rt and

lim N(z,t) =1, limN(x,t)=0.
t—o0 t—0

The theory of fuzzy normed space is relatively recent in the field of fuzzy normed linear
analysis, as a result of this, studies on fixed point theory and certain optimization problems
in fuzzy normed spaces are still in the embryonic stage. Thus, there are ample scope of
further works in this direction. For example, one may attempt to obtain the results in
chapter 3 and chapter 4 of this dissertation in complete fuzzy normed spaces. For detailed
information on fuzzy normed spaces, see [1, 2, 13, 55, 101] and the references therein.

We also intend to study the following monotone variational inclusion problem in a reflexive
real Banach space X: Find v € X such that

0 € A(u) + B(u), (6.3.1)
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where A : X — X* is a Bregman inverse strongly monotone operator and B : X — 2% is
a maximal monotone operator. The resolvent operator Res]; 5+ X — 2% with respect to a
maximal monotone operator B and A > 0 is defined by (see [09, 90])

Res{B = (Vf+AB) oV,

where f is uniformly Frétchet differentiable and bounded on bounded subsets of X. Also,
the anti-resolvent operator Af\l : X — X with respect to a Bregman inverse strongly
monotone operator A is defined by (see [69])

Al =V f* o (Vf—\A).

We state here that a point u € X is a solution of problem (6.3.1) if and only if u is a
fixed point of the composition Res§ B © A{. Hence, the operator Resj\f B © Af\c would be of
paramount importance in the study of problem (6.3.1). Therefore, we shall continue our
research in this direction to study those properties of this operator that will enable us
obtain the solution of problem (6.3.1). In addition, we hope to extend other useful results
from the frame work of real Hilbert spaces to more general Banach spaces.
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