
Spectral methods for nonlocal wave problems

by

Marc Pillay

June, 2019

Submitted in fulfilment of the academic

requirements for the degree of

Master of Science in Applied Mathematics,

University of KwaZulu-Natal (UKZN),

School of Mathematics, Statistics and Computer Science,

Westville Campus,

Durban, 4000.

As the candidate’s supervisors we have approved this thesis for submission.

Signature: Name: Dr. S.K.Shindin Date: 23 \07\2019

Signature: Name: Dr. N.Parumasur Date: 23 \07\2019



Preface

The work described in this dissertation was carried out in the School of

Mathematics, Satistics and Computer Science at University of KwaZulu-

Natal, Durban, from January 2018 to June 2019, under the supervision of

Dr S.K. Shindin and Dr N. Parumasur.

This study represents original work by the author and has not otherwise

been submitted in any form for any degree or diploma to any other tertiary

institution. Where use has been made of the work of others, it is duly ac-

knowledged in the text.

Marc Pillay

i



Declaration 1 - Plagiarism

I, Marc Pillay , declare that

1. The research reported in this thesis, except where otherwise indicated,

is my original research.

2. This thesis has not been submitted for any degree or examination at

any other university.

3. This thesis does not contain other personal data, pictures, graphs or

other information,

unless specifically acknowledged as being sourced from other persons.

4. This thesis does not contain other persons’ writing, unless specifically

acknowledged as being sourced from other researchers. Where other

written sources have been quoted, then:

a. Their words have been re-written but the general information at-

tributed to them has been referenced

b. Where their exact words have been used, then their writing has

been placed in italics and inside quotation marks, and referenced.

5. This thesis does not contain text, graphics or tables copied and pasted

from the Internet, unless specifically acknowledged, and the source be-

ing detailed in the thesis and in the References sections.

Signed

ii



Abstract

In this dissertation, we show that the Christov orthogonal basis allows for

rapid and accurate approximations of functions, whose Fourier images de-

velop integrable singularities at the origin. Using this result, we present

an efficient Christov-type spectral method to solve the fractional nonlin-

ear Schrödinger equation posed in the real line. The latter problem has

seen a lot of development in recent years, specifically in periodic settings

[4, 7, 12, 21, 38]. However, known numerical schemes do not behave well

in unbounded domains. Accurate transparent boundary conditions are not

available, while the only known global Hermite spectral scheme suffers from

slow convergence [24]. We demonstrate that our numerical scheme has a

potential to converge spectrally, provided that the Fourier images of exact

solutions do not propagate singularities away from the origin. Several aspects

related to the practical implementation of our scheme are discussed, its com-

putational efficiency is demonstrated in a series of concrete simulations.
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Chapter 1

Introduction

Partial differential/pseudo-differential equations in unbounded domains play

an important role in modeling of various physical phenomena arising in sci-

ence and engineering. In many realistic situations, exact solutions to such

equations are difficult or impossible to obtain in a closed form, therefore it

is natural to seek solutions numerically. This has led to the development of

various numerical techniques to solve such problems. In the dissertation, we

focus on one of them, commonly known in the special literature as spectral

methods.

The idea of a spectral method was originally introduced in 1969 by Steven

Orzag, see [9, 10, 14, 18, 31]. Spectral methods are a group of techniques

which seek to write a solution of a differential equation as a finite linear

combination of globally defined basis functions. The coefficients in the sum

are chosen in order to satisfy the differential equation as closely as possi-

ble. The core ingredient of a spectral method is an appropriate choice of

a computational basis. The latter is dictated by the concrete form of the

differential equation, by its initial and boundary data and by an associated

spatial domain. In many realistic applications, properly chosen computa-

1



tional basis yields geometric or a sub-geometric (spectral) convergence rates

for the resulting spectral scheme.

In this dissertation, we focus on the study of spectral methods in context

of the fractional nonlinear Schrödinger equation posed in the real line R. The

latter is given by

iut = βD2αu+ ν|u|2pu, x ∈ R, t ∈ R+, u(0) = u0, (1.0.1)

where D2α is the pseudo-differential operator, associated with the Fourier

symbol |ξ|2α, 0 < α < 1 and p > 0. The equation appears in a number of

plasma physics and quantum mechanics applications [13, 20, 22] and, apart

from the classical case of α = 1, has no closed form solutions. Some results re-

lated to the theoretical well-posedness analysis of model (1.0.1) are provided

in [16, 22], while the numerical treatment can be found in [4, 7, 12, 21, 24, 38].

Despite some progress, problem (1.0.1) represent significant challenge from

both theoretical and numerical perspectives. In [4, 7, 12, 21, 38], several

methods are developed for the numerical treatment of (1.0.1). However,

these methods are not suitable for simulations in the real line as, due to

the non-smoothness of the Fourier symbol |ξ|2α at the origin, exact solu-

tions decrease at most algebraically at infinity and simple domain truncation

techniques become inefficient. In many practical situations use of transpar-

ent boundary conditions, combined with an appropriate domain truncation,

yields cheap and robust numerical schemes. However, such boundary condi-

tions are not available for fractional wave equations even in a simple linear

case.

The only computational algorithm that treats (1.0.1) globally in R is the

Hermite function based spectral scheme, discussed in [24]. Unfortunately,

this method cannot be very efficient for fractional values of 2α, for it is a

classical fact that the Hermite expansions converge rapidly if and only if
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functions under consideration decay exponentially fast at infinity (see [9]).

The latter observation is the main motivation for the research, presented

in this dissertation. Instead of the Hermite basis, we propose to use Christov

functions (see, e.g. [8, 11, 19, 23, 33, 36, 37] and references therein). They are

intimately connected (via Fourier transform) with the classical Laguerre basis

and, as demonstrated in Chapter 3, allow for rapid and accurate approxima-

tion of functions, whose Fourier images are singular at the origin and hence

are particularly suitable for modeling solutions of the nonlinear fractional

Schrödinger equation. Further, a simple algebraic transformation relates the

Christov and the standard trigonometric functions. As a consequence, one

can use the standard discrete Fast Fourier Transform (FFT) for comput-

ing the direct and the inverse discrete Christov transforms [19, 36, 37]. As

demonstrated in Chapter 6, this yields very efficient practical computational

schemes that are suitable for large scale simulations.

The outline of the dissertation is as follows: Chapter 4 deals with the

local and global existence of solutions to the fractional Schrödinger equation.

In Chapter 2, we present definitions and preliminary results from harmonic

and functional analyses that are needed for our study of the rational Chris-

tov basis. In Chapter 3, we introduce the rational Christov basis, discuss

its connection to the classical Laguerre basis and then derive several ap-

proximation results that are required for the analysis of our pseudospectral

scheme. Chapter 5 contains a rigorous stability and convergence analyses

of the Christov pseudospectral scheme, applied to the fractional nonlinear

Schrödinger equation. Practical implementation of the numerical scheme as

well as numerical simulations, confirming its computational efficiency, are

presented in Chapter 6. Chapter 7 concludes the dissertation.
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Chapter 2

Preliminaries

In this Chapter, we introduce and discuss in detail the interpolation prop-

erties of Sobolev spaces, where roughly speaking different order derivatives

are integrated against different weights. The main motivation to consider

such spaces is the property of the strongly continuous unitary group, as-

sociated with the fractional derivative D2α that appears in the right-hand

side of equation (1.0.1). The group is given by the Fourier multiplier, whose

symbol is e−iβ|ξ|
2αt. Since 0 < α < 1, it follows that the group action is not

smooth in ξ near the origin. Consequently, classical solutions to (1.0.1), in

general, cannot decay to zero faster than O(|x|−2) as x→∞, irrespective of

the asymptotic behaviour of the input data u0. This is a serious obstacle, as

in this situation for a number of spectral methods (e.g. for Hermite and/or

rational Chebyshev methods) the convergence rate is at most quadratic. It

turns out that the Christov basis is free from this drawback, we have spectral

convergence even when Fourier images of the solutions have square integrable

discontinuities at the origin. Use of variable weight Sobolev spaces allow to

express this fact in a consistent and natural way.
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2.1 Notation

To begin, we fix some notation, which is used consistently throughout the

dissertation.

Weighted Lebesgue spaces. Let Ω ⊆ R be a measurable subset of R and

ω ∈ L1,loc(Ω) be almost everywhere positive in Ω. We employ symbol

Lpω(Ω;B) := Lp(Ω, ωdx;B), 1 ≤ p <∞,

to denote the weighted Lebesgue spaces with values in a Banach space B.

In the special case of power weights ωβ(x) = |x|β, β ∈ R, we write shortly

Lpβ(Ω;B). When B = R, we abbreviate Lpω(Ω;B) and Lpβ(Ω;B) to Lpω(Ω)

and Lpβ(Ω), respectively. Finally, in all cases we omit ω if ω(x) = 1.

Fourier transform. The normalized Fourier transform and its inverse are

denoted by

F [u](ξ) = û(ξ) =
1√
2π

∫
R
e−iξxu(x)dx,

F−1[û](x) = u(x) =
1√
2π

∫
R
eiξxû(ξ)dx.

Throughout the dissertation, symbols x and ξ refer to the physical and the

frequency variables, respectively.

Sobolev spaces. In the project, we make use of classical Sobolev spaces

Hα(R), α ∈ R. These are Hilbert spaces equipped with the inner product

〈u, v〉Hα(R) =

∫
R
(1 + ξ2)αû(ξ)v̂(ξ)dξ.

Basic properties of Hα(R) are found in [3].

Our definition of the variable weight Sobolev spaces requires the notion of

the homogeneous Sobolev spaces H̊α(R), α ∈ R. The homogeneous Sobolev
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space H̊α(R) consists of tempered distributions u, for which the following

seminorm

‖u‖2
H̊α(R)

=

∫
R
|ξ|2α|û(ξ)|2dξ

is finite. For α ≥ 1
2
, the seminorm ‖u‖H̊α(R) is a norm, provided, we view

elements of H̊α(R) as equivalence classes modulo to polynomials in ξ of degree

n ≥ 2α, see [6] for details.

2.2 Interpolation theory

Below, we cite several classical and novel results from the interpolation the-

ory. These results are relevant for our study of weighted Bessel potential and

variable weight Sobolev spaces.

2.2.1 Complex interpolation theory

Given a pair of Banach spaces B1 ↪→ B0, where B1 is continuously em-

bedded into B0. The main goal of the classical interpolation theory is to

construct an intermediate Banach space B1 ↪→ B′ ↪→ B0 so that the class

of linear operators, bounded in B0 and B1, is preserved. There are sev-

eral known ways to construct such an intermediate space, see the classical

text [6]. In the dissertation, we employ the complex interpolation method

of A. Calderon, which to every compatible pair of Banach spaces B1 ↪→ B0

and a real parameter 0 < θ < 1, assigns an intermediate interpolation space

B1 ↪→ B′ = [B0, B1]θ ↪→ B0. The complex interpolation theory is a very large

subject. Below, we cite three classical theorems, which we use explicitly in

our calculations.

Theorem 2.2.1 ([6, Theorem 4.4.1]). Let Ai1 ↪→ Ai0, 1 ≤ i ≤ n be a finite

collection of compatible Banach pairs and B1 ↪→ B0 be a compatible pair of
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Banach spaces. Assume T is a bounded n-linear map from A1
0 × · · · ×An0 to

B0 and from A1
1 × · · · × An1 to B1, i.e.

‖T ‖A1
0×···×An0→B0

= sup
‖u1‖A1

0
≤1,...,‖un‖An0≤1

‖T (u1, . . . , un)‖B0 <∞,

‖T ‖A1
1×···×An1→B1

= sup
‖u1‖A1

1
≤1,...,‖un‖An1≤1

‖T (u1, . . . , un)‖B1 <∞.

Then, for any 0 < θ < 1, T is bounded from [A1
0, A

1
1]θ × · · · × [An0 , A

n
1 ]θ to

[B0, B1]θ and

‖T ‖[A1
0,A

1
1]θ×···×[An0 ,A

n
1 ]θ→[B0,B1]θ ≤ ‖T ‖1−θ

A1
1×···×An1→B1

‖T ‖θA1
1×···×An1→B1

.

Theorem 2.2.2 ([6, Theorem 5.1.2]). Let B1 ↪→ B0 be a compatible pair of

Banach spaces. For 1 ≤ p0, p1 <∞ and 0 < θ < 1, we have

[Lp0(Ω;B0), Lp1(Ω;B1)]θ = Lp(Ω; [B0, B1]θ),
1
p

= 1−θ
p0

+ θ
p1
.

Theorem 2.2.3 ([6, Theorem 5.5.3]). For 1 ≤ p0, p1 < ∞ and 0 < θ < 1,

we have

[Lp0
ω0

(Ω), Lp1
ω1

(Ω)]θ = Lpω(Ω), 1
p

= 1−θ
p0

+ θ
p1
, ω = ω

p(1−θ)
p0

0 ω
pθ
p1
1 .

2.2.2 Aloc
∞ weights

In this Chapter, we are interested in complex interpolation of weighted

Sobolev-type spaces. Such results are not always available and heavily de-

pend on the concrete weight ω, see [32]. The most general class (Aloc
∞ ) of

admissible weights was introduced recently in [28]. It consists of all weights

ω on R, for which the following quantity

Aloc
∞ (ω;α) = sup

[b,a]⊂R,(b−a)≤1

(
sup

I⊂[a,b],|I|≥α(b−a)

ω((a,b))
ω(I)

)
,
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is finite for all 0 < α < 1. Aloc
∞ is an extension of the classical B. Muckenhoupt

A∞ class, developed in connection with one-weight strong- and weak-type

inequalities for the standard Hardy-Littlewood maximal operator, see [15,

32].

We remark that Aloc
∞ class contains all power weights ω(x) = |x|β, β > −1

and hence is well suitable for our applications. Unfortunately, the inter-

polation results obtained for Aloc
∞ -weights in [28] hold for Triebel-Lizorkin

spaces only but in general not for the weighted Sobolev spaces. For example

in Hilbert settings, the theory developed in [28] guarantees the interpola-

tion property of Sobolev spaces with power weights ω(x) = |x|β only when

−1 < β < 1. The main reason for this shortcoming is the method of proof

that requires local integrability of certain inverse powers of Aloc
∞ -weights at

the origin.

In our applications, we deal with weighted Sobolev-type spaces over pos-

itive (R+) and negative (R−) half lines. In this situation, the lack of local

integrability can be avoided by considering one-sided localized analogues of

the classical Ap classes. This is the main topic of the next Section.

2.3 One-sided weights and singular operators

In the dissertation, we define the variable weight Sobolev spaces in the real

line in terms of weighted integrability and regularity properties of Fourier

images of functions restricted to the positive R+ (equivalently, negative R−)

half line. The major difficulty here is to show that for the order of regularity

α ≥ 0, these spaces have an interpolation property. We remark that in

the Hilbert settings, the standard weighted interpolation results hold for

−1 < α < 1 only [15, 32]. Since in the context of spectral methods the order

8



of regularity α can be arbitrary large, we develop an appropriate version of

the theory that allows us to cover the general case. To begin, we define classes

of admissible weights for which a class of maximal operators is bounded.

2.3.1 Aloc
p,±(Ω) weights

Our approach combines ideas of E. Sawyer [25, 30] and the localization ideas

of V.S. Rychkov [28].

Let Ω be an open set in R and ω ∈ L1,loc(Ω) be an almost everywhere

positive weight function in Ω. A new weight can be constructed, ω̄p = ω−
p′
p ,

based on ω and parameter 1 < p <∞. Then for some fixed t > 0, we define

[ω]+p,t = sup
[a,b]⊂Ω,x∈(a,b),

0<|b−a|<t

ω
1
p ([a, x])ω̄

1
p′
p ([x, b])

|b− a| , (2.3.1a)

[ω]−p,t = sup
[a,b]⊂Ω,x∈(a,b),

0<|b−a|<t

ω̄
1
p′
p ([a, x])ω

1
p ([x, b])

|b− a| . (2.3.1b)

The Alocp,±(Ω) class, with 1 < p <∞, consist of all almost everywhere positive

locally integrable functions ω ∈ Ω, such that for some t > 0, the quantities

[ω]±p,t are finite. As shown below, Alocp,±(Ω) classes are well defined, i.e. they

are independent of the particular choice of the cutoff parameter t > 0.

Lemma 2.3.1. Assume ω ∈ Alocp,±(Ω), with 1 < p < ∞, then [ω]±p,t < ∞ for

any fixed t > 0.

Proof. (a) Assume [ω]+p,t0 = [ω̄p]
−
p′,t0

is finite. Then for any [a, b] ⊂ Ω, with 0 <

|b − a| < t0 and any x ∈ (a, b), (2.3.1a), combined with Hölder’s inequality,

gives

|b− x|pω([a, x]) ≤ ([ω]+p,t0)p|b− a|pω([x, b]).

9



This allows us to conclude that

( |x−b|
|b−a|

)p≤(([ω]+p,t0)
)p

+1)ω([x,b])
ω([a,b])

. (2.3.2a)

In complete analogy, formula (2.3.1b) implies

( |x−b|
|b−a|

)p′≤(([ω̄p]−p′,t0)p
′
+ 1) ω̄p([x,b])

ω̄p([a,b])
. (2.3.2b)

(b) Now consider an interval [a′, b′] ⊂ Ω, 0 < |b′ − a′| < 2t0 and choose

a′ < a < x1 < b < b′ so that |a−a′| = |x1−a| = |b−x1| = |b′− b|. By virtue

of (2.3.1a) and (2.3.2), we obtain the estimate

ω
1
p ([a′, x1])ω̄

1
p′
p ([x1, b

′]) ≤ c′|b− a|,

with c′ = 4[ω]+p,t0(([ω]+p,t0)p + 1)
1
p (([ω]+p,t0)p

′
+ 1)

1
p′ . When x ∈ (a′, b′) is arbi-

trary, the last inequality yields

ω
1
p ([a′, x])ω̄

1
p′
p ([x, b′]) ≤ ω

1
p ([a′, x])ω̄

1
p′
p ([x, x1]) + ω

1
p ([a′, x1])ω̄

1
p′
p ([x1, b

′]),

for a′ < x < x1, or

ω
1
p ([a′, x])ω̄

1
p′
p ([x, b′]) ≤ ω

1
p ([x1, x])ω̄

1
p′
p ([x1, b

′]) + ω
1
p ([a′, x1])ω̄

1
p′
p ([x1, b

′]),

for x1 ≤ x < b′. In either case, we obtain

ω
1
p ([a′, x])ω̄

1
p′
p ([x, b′]) ≤ c′′|b− a|,

where c′′ = [ω]+p,t0(1+4[ω]+p,t0(([ω]+p,t0)p+1)
1
p (([ω]+p,t0)p

′
+1)

1
p′ ). Hence, [ω]+p,2t0 ≤

c′′ <∞.

Some of the basic properties of Alocp,±(Ω) are listed below:

Lemma 2.3.2 (Properties of one-sided weights). The one-sided weight classes

Alocp,±(Ω), 1 < p <∞, satisfy:

10



(i) ω ∈ Alocp,±(Ω) if and only if ω̄p ∈ Alocp′,∓(Ω);

(ii) if ω ∈ Alocp,±(Ω), with 1 < p <∞ and q > p, then ω ∈ Alocq,±(Ω);

(iii) for ω ∈ Alocp,±(Ω) and 1 < p < ∞, we have ω ∈ Alocp−ε,±(Ω) for some

ε > 0.

Proof. Property (i) follows directly from the definition (2.3.1). Item (ii), is

the consequence of Hölder’s inequality. The proof of (iii) in the non-local

case of t = ∞ is given in [25, 30]. It’s adaption to the present case is

straightforward.

2.3.2 One-sided Hardy-Littlewood maximal operators

Let Ω be an open connected subset of R. The restricted one-sided Hardy

maximal functions are defined by

M+
t [f ](x) = sup

[a,b]⊂Ω
0<|b−a|<t

1

|b− a|

∫ b

x

|f |ds, (2.3.3a)

M−
t [f ](x) = sup

[a,b]⊂Ω
0<|b−a|<t

1

|b− a|

∫ x

a

|f |ds. (2.3.3b)

Properties of the unrestricted (t = ∞) one-sided maximal operator M±

were investigated in great details in the paper of E. Sawyer [30], where among

others the strong-type weighted Lpω(Ω) =
{
f
∣∣ ‖f‖Lpω(Ω) := ‖ω 1

pf‖Lp(Ω) <∞
}

,

1 ≤ p <∞, inequalities are established. In the localized case, we have

Lemma 2.3.3. Let 1 < p < ∞, the one-side maximal operators M±
t are

bounded from Lpω(Ω) to itself, i.e.

‖M±
t [f ]‖Lpω(Ω) ≤ Ct,ω‖f‖Lpω(Ω), t > 0, (2.3.4)

if and only if ω ∈ Alocp,±(Ω).
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Proof. The proof proceeds as in the non-local case of t =∞, [30]. First, one

derives weak-type estimates. Then the application of the open end property

(iii) from Lemma 2.3.2, combined with the classical Marcinkiewicz interpo-

lation theorem [6], yields the result.

2.3.3 One-sided singular integrals

In this subsection, we discuss the regular vector valued one-sided singular

integrals of the form

Tκ∓[f ](x) = (κ∓ ∗ f)(x), x ∈ R+, (2.3.5)

where B0, B1 are two given Banach spaces, f : R+ → B0 and κ±(x) ∈
L(B0, B1).1 We assume that Tκ∓ is a Calderon-Zygmund operator [32, 15],

that satisfies

Tκ± ∈ L(L2(R+;B0), L2(R+;B1)). (2.3.6)

In our calculations, we consider compactly supported kernels only, i.e. suppκ± ⊂
(−t, t)∩R±, which for all x, y, ȳ ∈ suppκ±, with |x| > 0 and |y−ȳ| ≤ 1

2
|x−y|,

satisfy

‖κ±(x)‖B0→B1 ≤
c

|x| , (2.3.7a)

‖κ±(x− y)− κ±(x− ȳ)‖B0→B1 ≤ c
|y − ȳ|
|x− y|2 . (2.3.7b)

In connection with Tκ∓, we define the maximal operator

Mκ± [·] = sup
ε>0
‖Tχ|x|>εκ± [·]‖B1 . (2.3.8)

The following lemma is an adaption of the ”good-λ inequality” to the one-

sided settings, [15].

1Here and everywhere below, L(B1, B2) denotes the space of continuous linear maps

from B1 to B2.

12



Lemma 2.3.4. Assume f ∈ L1(R+) satisfy supp f ⊂ ∪jIj, where |Ij| < t,

dist(Ij, Ik) ≥ 2t, j 6= k. For κ± and ω ∈ Aloc∞ , there exists 0 < αω < 1, such

that for any 0 < β < 1 one can find γ > 0 so that the following bound holds

ω({Mκ± [f ] > ξ} ∩ {M∓
4t ≤ γξ}) ≤ αω({Mκ± [f ] > βξ}), (2.3.9)

for all ξ > 0.

Proof. (a) We consider the right-sided operatorsMκ− andM+
t as the proof

for the left-sided case is identical. Standard arguments indicate that under

our assumptions on f the level set Eβε(f) = {Mκ− [f ] > βε} is open. The

support assumption guarantees that every open connected component I =

(a, b) of Eβε(f) satisfies |b−a| < 2t. It is sufficient to show (2.3.9) for a single

component I = (a, b), the general result follows by summation.

(b) The set Î = I/{M+
4t > γε} is closed in the relative topology of I.

If the Lebesgue measure of Î is zero, then (2.3.9) holds trivially. So assume

the measure of Î is strictly positive. We let x = min Î, x̂ = b + (b − x),

f1 = χ[x,x̂]f and f2 = (1− χ[x,x̂])f . Then

ω(Eε(f) ∩ I) ≤ ω(Eτε(f1) ∩ I) + ω(E(1−τ)ε(f2) ∩ I), 0 < τ < 1.

We estimate each term separately.

To bound ω(Eτε(f1) ∩ I), we employ the standard weak-type inequality

(see [32, 15]) to obtain initially

|Eτε(f1) ∩ I| ≤ c
τε

∫ x̂

x

‖f‖B0dy ≤ 2c
τε
|b− a|M+

4t[f ](x) ≤ 2cγ
τ
|b− a|,

taking into account thatM+
4t[f ](x) ≤ γε and |x̂− x| < 2|b− a|. Then, using

the the fact that ω ∈ Aloc∞ , we have

ω(Eτε(f1) ∩ I) ≤ αωω(I),

13



where 0 < αω < 1, provided 0 < γ < 1 is sufficiently small.

To bound ω(E(1−τ)ε(f2)∩I), we note that in view of (2.3.7a) and (2.3.7b),

for y ∈ (x, b), we have

‖Tκ− [f2](y)− Tκ− [f2](b)‖B1

≤
∫ b+t

x̂

‖f2(z)‖B0‖κ−(y − z)− κ−(b− z)‖B0→B1dz

≤ c|y − b|
∫ b+t

b

‖f2(z)‖B0

dz

|y − z|2

≤ c
∑
j≥0

2−j(2j+1−1
2j

)
[

1
|r(2j+1−1|)

∫ b+r(2j+1−1)

b

χ[x̂,b+t]‖f2(z)‖B0

]
dz

≤ 2c
∑
j≥0

2−j
[

sup
|b−d|>0
b<d

1

|b− d|

∫ d

b

χ[b,b+t]‖f2(z)‖B0

]
dz

≤ 2c
∑
j≥0

2−jM+
t [f ](b) ≤ 4cM+

4t[f ](b) ≤ 4cγε,

where we let r = |b− y| > 0. Since b /∈ Eβε(f), taking supremum over ε > 0,

we obtain

Mκ− [f2](y) ≤ (β + 4cγ)ε ≤ (1− τ)ε, y ∈ (x, b),

provided 0 < γ < 1 is small and 0 < τ < 1 is chosen appropriately. Hence,

ω(E(1−τ)ε(f2) ∩ I) = 0 and we conclude that (2.3.9) holds.

Following a classical approach (see e.g. [15, 32]), we obtain

Lemma 2.3.5. For κ± and ω ∈ Alocp,∓(R+) ∩ Aloc∞ , 1 < p < ∞, the following

bounds hold

‖Mκ∓‖Lpω(R+;B0)→Lpω(R+) <∞, (2.3.10a)

‖Tκ∓‖Lpω(R+;B0)→Lpω(R+;B1) <∞. (2.3.10b)

Proof. (a) First we consider f ∈ C∞0 (R+;B0). Without loss of generality,

we may assume that f satisfies the support condition of Lemma 2.3.4 (as

14



any function is a sum of at most four functions satisfying this condition).

By our assumptions, gε = Tκ∓χ|x|>ε [f ] is compactly supported and smooth

with ‖gε‖L∞(R+,B1) bounded independently of ε > 0. Since ω ∈ L1,loc(R+),

we conclude that ‖Mκ∓ [f ]‖Lpω(R+) < ∞. We can now use this fact together

with Lemmas 2.3.4 and 2.3.3 to obtain

‖Mκ∓ [f ]‖Lpω(R+) ≤ c‖M±
4t[f ]‖Lpω(R+) ≤ c′‖f‖Lpω(R+;B0),

for all f ∈ C∞0 (R+;B0). The standard density arguments allows one to pass

from C∞0 (R+;B0) to Lpω(R+;B0). Hence, the bound is settled.

(b) Estimate (2.3.10b) is the direct consequence of (2.3.10a), as

‖Tκ∓ [f ]‖B1 ≤Mκ∓ [f ] + c‖f‖B0 ,

almost everywhere in R+, see e.g. [32].

2.4 Weighted Bessel potential spaces in R±

The approximation properties of the Christov basis are intimately connected

with the class of weighted Bessel potential spaces in half line.

2.4.1 Definition

The weighted Bessel potential spaces Lp,βω (R±) are defined as the images of

the weighted Lebesgue spaces Lpω(R±), 1 < p < ∞, under the action of the

one-sided Bessel fractional integrals [29],

J β
∓ [f ](x) = [Jβ− ∗ f ](x), Jβ∓(x) = e±

x
2
xβ−1
∓

Γ(β)
, x± = max{0,±x}, β > 0,

i.e. Lp,βω (R±) = J β
∓ [Lpω(R±)].
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In our study of the Bessel potential spaces with Alocp,±(R±) weights, we

require two smoothing operators. For a fixed t > 0 and ϕ± ∈ C∞0 (R), with

suppϕ± ⊂ R± ∩ (−t, t), we let

Tϕ∓,t[f ](x) = ϕ∓ ∗ f, x ∈ R+.

Trivially, we have the bound

|Tϕ∓,t[f ]| ≤ t‖ϕ∓‖∞M±
t [f ], x ∈ R+.

For special cut-off functions ϕ±, the estimate can be improved.

Lemma 2.4.1. Let ϕ ∈ C∞0 (− t
2
, t

2
) be radially non-increasing. Assume

ϕ(x) = const for x ∈ (− t
4
, t

4
),
∫
R ϕdx = 1 and ϕ±(·) = ϕ(± t

2
+ ·). Then

|Tϕ∓,t[f ]| ≤ 3
2
M±

t [f ], x ∈ R+. (2.4.1)

Proof. Any function ϕ that satisfies the above conditions can be uniformly

approximated from the above by step functions ϕn =
∑n

i=0 aiχ(−ti,ti), where

0 < ai, t < 4ti < 2t and
∫
R ϕndx = 1. For such functions, we have

|Tϕ∓,t[f ]|(x) ≤
n∑
i=0

ai

∫ ∓ t
2

+ti

∓ t
2
−ti
|f |(x− τ)dτ

≤
n∑
i=0

ai2ti
t+ 2ti

4ti
M±

t [f ](x) ≤ 3
2
M±

t [f ](x)

and (2.4.1) follows.

Lemma 2.4.2. Let ϕ ∈ C∞0 (− t
2
, t

2
) be radially non-increasing, 1 < p ≤ ∞

and ω ∈ Alocp,±(R±). Then the smoothing operators Tϕ∓,t are bounded from

Lpω(R±) to Lpω(R±).

Proof. For p = ∞ the statement is trivial. When 1 < p < ∞, the assertion

follows from Lemmas 2.4.1 and 2.3.3.
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It was established in [29], that operators J β
∓ are invertible for all β > 0 in

the class of smooth functions defined in R±. We denote these inverses by J̄ −β∓ .

For 0 < ε < 1 and ϕ± from Lemma 2.4.1, we define ϕ±ε (·) = ε−1ϕ±(ε−1·),
J −βε,∓ [·] = (J̄ −β∓ Tϕ∓ε ,t)[·] and

J −β∓ [·] = lim
ε→0
J −βε,∓ [·],

where the limit is understood in Lpω(R±) sense.

Lemma 2.4.3. Operators J −β∓ : Lp,βω (R±) → Lpω(R±), 1 < p < ∞, are

one-to-one, provided that ω ∈ Alocp,±(R±).

Proof. We note that operators Tϕ∓ε ,t and J β
∓ commute as both are defined

in terms of the Fourier convolution. Therefore, for each f ∈ Lp,βω (R±) (by

definition f = J β
∓ [φ] for some φ ∈ Lpω(R±)), we have

‖J −βε,∓ [f ]− φ‖Lpω(R±) = ‖Tϕ∓ε ,t[φ]− φ‖Lpω(R±) → 0, as ε→ 0.

The conclusion follows from the uniqueness of strong limits.

Lemma 2.4.3 implies that J β
∓ , β > 0, are isomorphisms of the scales

Lpω(R±) and Lp,βω (R±), provided 1 < p ≤ ∞, β > 0 and ω ∈ Alocp,±(R±).

Hence, Lp,βω (R±), 1 < p ≤ ∞, equipped with ‖ · ‖Lp,βω (R±) = ‖J −β∓ [·]‖Lpω(R±),

are Banach spaces.

2.4.2 Complex interpolation

We establish the interpolation property of the weighted Bessel potential

spaces Lp,βω (R+) using an equivalent characterization of ‖ · ‖Lp,βω (R+) norm.

We follow the ideas of [28], in particular, we make consistent use of the

following local reproducing formula (see [28])

δ =
∑
j≤0

ϕ±j ∗ ψ±j , (2.4.2)
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where δ is the delta distribution, functions ϕ±0 , ψ
±
0 ∈ C∞0 (R) satisfy

suppϕ±0 , suppψ±0 ⊂ (−t, t) ∩ R±, for some t > 0

and have non vanishing zeroth moment;

ϕ±(·) = ϕ±0 (·)− 2−1ϕ±0 (2−1·), ψ±(·) = ψ±0 − 2−1ψ±0 (2−1·)

and

ϕ±j (·) = 2jϕ±(2j·), ψ±j (·) = 2jψ±(2j·), j ≥ 1.

Furthermore, both ϕ±0 and ψ±0 can be chosen so that∫
R
xkϕ±dx =

∫
R
xkψ±dx = 0, 0 ≤ k ≤ L, (2.4.3)

for any given positive integer L > 0, see [28].

For ϕ±0 as above, we define a couple of one-sided local square functions

Sβϕ∓ [f ] =
(∑
j≤0

22jβ|ϕ∓j ∗ f |2
) 1

2
, β ≥ 0, x ∈ R+.

Lemma 2.4.4. For 1 < p <∞, β ≥ 0 and ω ∈ Alocp,±(λ) ∩ Aloc∞ , we have

‖f‖Lp,βω (R+) ≈ ‖S
β
ϕ∓ [f ]‖Lpω(R+) (2.4.4)

where ≈ means the bilateral estimate.

Proof. (a) Define κ± : R+ → `2 by means of the following formulas κ∓(·) =

{ϕ∓j (·)}j≥0. Using the associated operator Tκ∓ , from Lemma 2.3.5, we infer

‖S0
ϕ∓ [f ]‖ = ‖Tκ∓ [f ]‖Lpω(R+;`2) ≤ c‖f‖Lpω(R+).

(b) The converse inequality follows from the standard duality argument and

the local reproducing formula (2.4.2). Indeed, for g ∈ Lp′ω̄p(R+) supported in

R+, we let g±(·) = g(±·) and note that (g±)− = g∓. Then

|〈f, g〉| = |f ∗ g−|(0) =
∣∣∑
j≥0

(ϕ∓j ∗ f) ∗ (ψ∓j ∗ g−)|
(
0) ≤

∫
R+

S0
ϕ∓ [f ]S0

ψ± [g]dτ

≤ ‖S0
ϕ∓ [f ]‖Lpω(R+)‖S0

ψ± [g]‖
Lp
′
ω̄p

(R+)
≤ c‖S0

ϕ∓ [f ]‖Lpω(R+)‖g‖Lp′ω̄p (R+)
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and the reverse inequality follows from part (a) of the proof.

(c) The general result follows from [28, Theorem 2.18], invertibility of J β
− ,

Lemma 2.4.3 and (2.4.4). Indeed, consider the class

L̄p,βω (R+) = {f | supp f ∈ R+, ‖Sβϕ− [f ]‖Lpω(R+) <∞}.

From [28, Theorem 2.18], we infer J β
− [L̄p,0ω (R+)] ⊂ L̄p,βω (R+), β ≥ 0 and the

map is onto, as J β
− is invertible. Hence, by (2.4.4) and Lemma 2.4.3, we have

L̄p,βω (R+) = J β
− [L̄p,0ω (R+)] = J β

− [Lpω(R+)] = Lp,βω (R+) as Banach spaces.

Lemma 2.4.5. Assume 1 < p <∞ and ω0, ω1 ∈ Alocp,+(R+) ∩ Aloc∞ . Then

[Lp,β0
ω0

(R+), Lp,β1
ω1

(R+)]θ = L
p,(1−θ)β0+θβ1

ω
(1−θ)
0 ωθ1

(R+), β0, β1 ≥ 0, θ ∈ (0, 1),

(2.4.5)

Proof. Directly from (2.3.1) and definition of Aloc∞ weights, it follows that

ω
(1−θ)
0 ωθ1 ∈ Alocp,+(R+) ∩ Aloc∞ , while Lp,βω (R+) is a retract of Lpω(R+; `β2 ) by

Lemma 2.4.4. Consequently, direct application of Theorems 2.2.2 and 2.2.3

yields the result.

2.5 Variable weight Sobolev space

In this section, we introduce the variable weight Sobolev spaces and inves-

tigate important properties relevant for the study of the Christov-type ap-

proximations.

2.5.1 Definition

For real valued functions, variable weight Sobolev spaces are given by

Hα
β (R) =

{
u ∈ L2(R)

∣∣ ‖u‖Hα
β (R) <∞

}
, (2.5.1a)

‖u‖2
Hα
β (R) = ‖u‖2

L2(R) + ‖û‖2

L2,β
α (R+)

= ‖u‖2
L2(R) + ‖P+[κ−β,`u]‖2

H̊α(R)
, (2.5.1b)
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where α > −1
2
, β ≥ 0, κ±β,`(x) = 1√

2π
(i`± x)β, are Fourier pre-images of the

one-sided fractional derivatives J −β,`± [·],

P±[·] = F−1[ĥ±F [·]], ĥ±(ξ) = 1
2
(1± sgn(ξ)),

are the projectors to the subspaces of square integrable functions that extends

to an analytic function in the upper (respectively lower) half plane, L2,β
α (R+)

is the scale of Bessel potential spaces in the half-line, discussed in Section 2.4,

and H̊α(R) is the scale of the homogeneous Sobolev space, mentioned in

Section 2.1.

2.5.2 Properties

Lemma 2.5.1. Hα
β (R), with α > −1

2
and β ≥ 0 are Hilbert spaces. Further,

if

−1

2
< γ ≤ α ≤ γ + β, β > 0, (2.5.2a)

the following embedding holds

Hα
β (R) ↪→ Hγ(R). (2.5.2b)

Finally, for α0, α1 > −1
2
, β0, β1 ≥ 0 and θ ∈ (0, 1), we have

[Hα0
β0

(R), Hα1
β1

(R)]θ = H
(1−θ)α0+θα1

(1−θ)β0+θβ1
(R), (2.5.3)

where [·, ·]θ is the standard complex interpolation functor of A. Calderon.

Proof. (a) It is not difficult to verify that ‖ · ‖Hα
β (R), α > −1

2
, β ≥ 0 is a norm

in Hα
β (R) and that Hα

β (R) is complete and hence is a Banach space. The

latter is the consequence of the completeness of L2(R) and L2,β
α (R+). Note

also ‖u‖2
Hα
β (R) = 〈u, u〉Hα

β (R), where

〈u, v〉Hα
β (R) = 〈u, v〉L2(R) + 〈J −β,`− [û],J −β,`− [v̂]〉L2

α(R+),
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i.e. Hα
β (R) is a Hilbert space.

(b) The embedding (2.5.2) follows from the inequality

‖u‖L2
γ(R+) ≤ c‖u‖L2,α

β (R+), (2.5.4)

which is established in [5].

(c) Interpolation identity (2.5.3) follows from Theorem 2.2.2 and the for-

mula

[Lp,β0
α0

(R+), Lp,β1
α1

(R+)]θ = L
p,(1−θ)β0+θβ1

(1−θ)α0+θα1
(R+), 1 < p <∞, (2.5.5)

(which is a particular case of (2.4.5)) if we view Hα
β (R) as an Euclidean space

of two-element Banach valued vectors. We reiterate that for α0 = α1 = 0 or

β0 = β1 = 0, (2.5.3) is well known. Proving (2.5.3) in general (specifically

when α /∈ (−1, 1)), even in the simple case of the real line requires nontrivial

constructions of Sections 2.3 and 2.4.

We are dealing with the nonlinear Schrödinger equation containing power-

type non-linearity. The convergence analysis of our numerical scheme, which

we present in Chapter 5, simplifies if Hα
β (R) is a Banach algebra for suitable

values of parameter α and β. Below, we show that this is indeed the case

by checking this property explicitly for integer values of α and β. To cover

fractional values of the parameters, we use the interpolation identity (2.5.3)

and apply the classical multi-linear complex interpolation Theorem 2.2.1 of

A. Calderon.

Lemma 2.5.2. Assume α > 1
2

and β ≥ 0. Then Hα
β (R) is a Banach algebra,

i.e. for any f, g ∈ Hα
β (R)

‖fg‖Hα
β (R) ≤ c‖f‖Hα

β (R)‖g‖Hα
β (R), (2.5.6)

with c > 0 independent of f and g.
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Proof. (a) Using the estimate |ξ0 + ξ1|α ≤ c(|ξ0|α + |ξ1|α), together with the

standard Young’s inequality for convolutions, for any two Hermitian func-

tions f̂ , ĝ ∈ L2
α(R±) ∩ L2(R±) = L2(R±, (1 + |ξ|2α)dξ) := L̄2

α(R±), we have

‖f̂ ∗ ĝ‖L2
α(R±) ≤ c(‖f̂‖L1(R±)‖g‖L2

α(R±) + ‖f‖L2
α(R±)‖ĝ‖L1(R±)).

By our assumption α > 1
2
, hence after the direct application of the Hölder

inequality, we obtain

‖f̂‖L1(R±) ≤ ‖(1 + |ξ|2α)−
1
2‖L2(R+)‖f̂‖L̄2

α(R±) ≤ c‖f̂‖L̄2
α(R±)

and we conclude

‖f̂ ∗ ĝ‖L2
α(R±) ≤ c‖f̂‖L̄2

α(R±)‖ĝ‖L̄2
α(R±).

(b) We let

L̄2,β
α (R±) = J β

∓ [L̄2
α(R±)] = L2,β

α (R±) ∩ L2,β
0 (R±)

and observe that L̄2,β1
α (R±) ↪→ L̄2,β0

α (R±), whenever 0 ≤ β0 ≤ β1, see [5]. By

definition, P+ + P− = I. Therefore,

P+[κ−β,`fg] = P+[κ−β
2
,`
f ]P+[κ−β

2
,`
g] +P+[κ−β

2
,`
f ]P−[κ−β

2
,`
g] +P−[κ−β

2
,`
f ]P+[κ−β

2
,`
g].

Finally, κ−β
2
,`

=
∑β

2
i=0

(β
2
`

)
(2i`)

β
2
−iκ+

i,`, provided β
2

is a positive integer. These

facts combined with part (a) of the proof yields the bound

‖f̂ ∗ ĝ‖L2,β
α (R±) ≤ c

β
2∑

i,j=0

‖f̂‖L̄2,i
α (R±)‖ĝ‖L̄2,j

α (R±)

≤ c‖f̂‖
L̄

2,
β
2

α (R±)
‖ĝ‖

L̄
2,
β
2

α (R±)
, β

2
∈ N.

(2.5.7)

(c) We note that for any α > −1
2
, ω = 1 + |ξ|2α ∈ Aloc+,2(R+) ∩ Aloc∞ (R), see

Section 2.3. Hence,

[L̄2,β0
α (R+), L̄2,β1

α (R+)]θ = L̄2,(1−θ)β0+θβ1
α (R+),
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θ ∈ (0, 1), β0, β1 ≥ 0, α > −1
2
. Viewing the convolution product in the

Fourier space as a bilinear map from L̄
2,β

2
α (R+) × L̄

2,
β0
2

α (R+) to L̄2,β
α (R+),

α > −1
2
, β ≥ 2 and making use of Theorem 2.2.1, we infer from (2.5.7)

‖f̂ ∗ ĝ‖L2,β
α (R±) ≤ c‖f̂‖

L̄
2,
β
2

α (R+)
‖ĝ‖

L̄
2,
β
2

α (R+)
, α > −1

2
, β ≥ 2.

By virtue of (2.5.4),

‖f̂‖
L̄

2,
β
2

α (R+)
≤ ‖f̂‖

L
2,
β
2

0 (R+)
+ ‖f̂‖

L
2,
β
2

α (R+)
≤ c‖f̂‖

L
2,
β
2

α (R+)
, 0 ≤ α ≤ β

2
,

while direct application of the convolution Young’s inequality in the Fourier

space, followed by (2.5.4), for all α > −1
2

and β ≥ 0, gives

‖fg‖L2(R) ≤ c(‖f‖L2(R)‖ĝ‖L2
α(R±) + ‖f̂‖L2

α(R±)‖g‖L2(R))

≤ c(‖f‖L2(R)‖g‖L2(R) + ‖f̂‖L2,β
α (R±)‖ĝ‖L2,β

α (R±)).

Combining the last three inequalities, we conclude that (2.5.6) holds, with

1
2
≤ α ≤ β

2
and β ≥ 2.

(d) To conclude the proof we note that in the non-weighted Sobolev set-

tings (β = 0), (2.5.6) holds for any α > 1
2
, see [3]. Consequently combining

the interpolation identity (2.5.3) and part (c) of the proof, we obtain (2.5.6)

for all β ≥ 0.
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Chapter 3

Approximation properties of

the Christov basis

In this chapter, we introduce the Christov basis and discuss its connections

with the Laguerre and the trigonometric functions. We review relevant prop-

erties of the generalized Laguerre basis function in the half-line and use them

to deduce the approximation and interpolation bounds for the Christov basis

functions.

3.1 The Christov basis functions

In [11], C.I. Christov introduced the following collection of functions

φ2k(x) = 2 Im
(2x+ i`)k

(2x− i`)k+1
=

2

`
sin(θ) sin((2k + 1)θ), k ≥ 0, (3.1.1a)

φ2k+1(x) = 2 Re
(2x+ i`)k

(2x− i`)k+1
=

2

`
sin(θ) cos((2k + 1)θ), k ≥ 0, (3.1.1b)

where x = `
2

cot θ, θ ∈ [0, π]. Direct calculations show

〈φn, φm〉L2(R) = δn,m
π
`
, n,m ≥ 0
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and in fact the system {φn}n≥0 provides a complete orthogonal basis in L2(R),

see [8, 11, 19, 23, 33, 36, 37]. As a consequence, any u ∈ L2(R) is represented

by it’s Fourier-Christov series

u = `
π

∑
n≥0

ûnφn,

that converges to u in the sense of L2(R) and

‖u‖2
L2(R) = `

π

∑
n≥0

|ûn|2, 〈u, v〉L2 = `
π

∑
n≥0

ûn ¯̂vn,

by the Parseval identity

The Christov basis has a number of important computational features,

e.g. it follows directly from the definition (3.1.1) that φ2k and φ2k+1, are even,

respectively odd, functions of x. The Christov and the standard trigonomet-

ric bases are connected via a simple change of variables, hence the discrete

transforms can be computed efficiently via the standard Discrete Fast Fourier

Transform (FFT).

The fundamental computational properties of the Christov basis are con-

sequences of the following simple result:

Lemma 3.1.1. The Christov functions satisfy

φ̂2k(ξ) =

√
π

2
ϕ`,αk (ξ), (3.1.2a)

φ̂2k+1(ξ) = i sgn(ξ)

√
π

2
ϕ`,αk (ξ), (3.1.2b)

where ϕ`,αk (ξ) = e−
`|ξ|
2 L

(α)
k (`|ξ|), k ≥ 0, α > −1, are the generalized Laguerre

functions.

Proof. Formulas (3.1.2) are direct consequences of the Jordan lemma from

Complex Analysis and the Calculus of Residues.
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Formulas (3.1.2), combined with the classical identities for the generalized

Laguerre polynomials (see e.g. [2]), yield in particular

φ′2k(x) =
k + 1

`
φ2k+3 −

2k + 1

`
φ2k+1 +

k

`
φ2k−1, (3.1.3a)

φ′2k+1(x) = −k + 1

`
φ2k+2 +

2k + 1

`
φ2k −

k

`
φ2k−2, (3.1.3b)

for all k ≥ 0. Identities (3.1.3) indicate that the Christov differentiation

matrix is sparse (block-tridiagonal) and hence Christov-type approximations

are suitable for large scale practical simulations.

3.1.1 Properties of the generalized Laguerre basis

In view of Lemma 3.1.1, the approximation properties of the Christov basis

are deducible from properties of the generalized Laguerre basis in the half-

line. The latter is studied in detail in [5]. Below, we cite the key result that

are needed in our analysis.

The collection {φαn(ξ)}n>0 provides the complete orthogonal basis in the

weighted Lebesgue space L2(R+, ξ
αdξ) := L2

α
2
(R+). In particular, the follow-

ing orthogonality relation holds (see [2])

〈φ`,αm , φ`,αk 〉L2
α
2

(R+) =
1

`α+1

Γ(k + α + 1)

Γ(k + 1)
δk,m, k,m ≥ 0 and α > −1.

(3.1.4)

With the generalized Laguerre basis, we associate the finite dimensional space

P`n = {e− `ξ2 ξk}nk=0 and the family of orthogonal projectors P`,αn : L2
α
2
(R+) →

P`n, acting on the elements u ∈ L2
α
2
(R+), α > −1, according to the formula

P`,αn [u] =
n∑
k=0

`α+1k!
Γ(k+α+1)

〈u, ϕ`,αk 〉L2
α
2

(R+)ϕ
`,α
k . (3.1.5)

On the scale of weighted Bessel potential spaces the optimal errors bounds

for the operators P`,αn are obtained in [5].
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Theorem 3.1.2 (see [5]). Let α, β > −1, γ ≥ 0 and δ ≥ 0 satisfy β ≥ α+ γ,

δ ≥ β − α. Then

‖(I − PαN)f‖Hγ
β
2

(R+) ≤ cN
(β−α−δ)

2 ‖f‖Hδ
α+δ

2

(R+), (3.1.6)

where c > 0 does not depend on N or f .

3.2 Approximation error bounds

We denote Pn = span{φi}ni=0 and define the orthogonal projector Pn :

L2(R) → Pn, whose action on elements u ∈ L2(R) is given explicitly by

the formula

Pn[u] = `
π

n∑
k≥0

ûkφk.

From the standard theory of Hilbert spaces, we have lim
n→∞

‖Pn[u]−u‖L2 = 0.

The problem is to estimate the convergence rate of the last expression. For

regular functions, we have

Lemma 3.2.1. Assume 0 ≤ 2α < β and u ∈ Hβ
β (R), then

‖(I − Pn)[u]‖Hα(R) ≤ c
(
n
2

)α−β
2 ‖u‖Hβ

β (R), (3.2.1)

where c > 0 does not depend on n and/or u.

Proof. The approximation error is given explicitly by

‖(I − Pn)[u]‖2
L2(R) = `

π

∑
k>n

|ûk|2.

Since the Fourier transform is an isometry from L2(R) to itself, we have

ûk = 〈u, φk〉 = 〈û, φ̂k〉 =

∫
R
û(ξ)φ̂k(ξ)dξ.
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Since u(x) is real, the Fourier image û(ξ) is Hermitian, i.e. Re û(ξ) =

Re û(−ξ) and Im û(ξ) = − Im û(−ξ). It follows from (3.1.2) that,

û2k = 〈u, φ2k〉 = 〈Re û, φ̂2k〉 =
√

2π

∫
R+

Re û(ξ)ϕ`,0k (ξ)dξ,

û2k+1 = 〈u, φ2k+1〉 = 〈Im û, φ̂2k+1〉 =
√

2π

∫
R+

Im û(ξ)ϕ`,0k (ξ)dξ.

The last two formulas imply

1
2
‖(I − Pn)[u]‖2

Hα(R) =
∥∥∥(I − P`,0bn

2
c
)
[Re û]

∥∥∥2

L2(R+)
+
∥∥∥(I − P`,0bn−1

2
c

)
[Im û]

∥∥∥2

L2(R+)

+
∥∥∥(I − P`,0bn

2
c
)
[Re û]

∥∥∥2

L2
α(R+)

+
∥∥∥(I − P`,0bn−1

2
c

)
[Im û]

∥∥∥2

L2
α(R+)

.

Hence, in view of Theorem 3.1.2, we have (3.2.1).

3.3 Interpolation error bounds

In practical calculations, we replace the exact L2(R) inner products with

their quadrature approximations

〈u, v〉 ≈ 〈u, v〉n = π
2`(n+1)

n∑
j=0

(`2 + 4x2
j)u(xj)v(xj), 0 ≤ k ≤ n, (3.3.1a)

where the nodes are given explicitly by

xj = `
2

cot
(

2j+1
2(n+1)

π
)
, 0 ≤ j ≤ n. (3.3.1b)

Direct calculations show that the discrete inner product (3.3.1a) is exact,

provided u, v ∈ Pn. Using this fact, we define the map IN : L2(R)→ Pn,

In[u] = `
π

n∑
k=0

ŭkφk, ŭk = 〈u, φk〉n.

We note that In is the identity in Pn, as ŭk = ûk for such functions. In

addition, from identities (3.1.1) it follows that

In[u](xj) = u(xj), 0 ≤ j ≤ n, (3.3.2)
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provided u is well defined at the quadrature nodes. By virtue of the last

identity, we view In[·] as a Lagrange interpolation operator. Below, we es-

tablish several basic approximation properties of In that are pertinent for

the numerical analysis of problem (1.0.1).

To begin, we show that the interpolation operator In is bounded as a

map from Hα(R) to L2(R), provided α > 1
2
.

Lemma 3.3.1 (Stability estimate). Assume α > 1
2
, then

‖In‖Hα(R)→L2(R) ≤ c
(
`πn

2

) 1
2 , (3.3.3)

where the generic constant c > 0 does not depend on n.

Proof. By the classical Sobolev embedding theorem [3], we have ‖u‖L∞(R) ≤
cα‖u‖Hα(R), provided α > 1

2
. Therefore, taking into account the accuracy of

the quadrature (3.3.1) and the interpolation identity (3.3.2), we obtain

‖In[u]‖2
L2(R) = π

2`(n+1)

n∑
j=0

(`2 + 4x2
j)|u(xj)|2

≤ cα

[
π

2`(n+1)

n∑
j=0

(`2 + 4x2
j)
]
‖u‖2

Hα(R) =: cαC
2
n‖u‖2

Hα(R).

The quantity Cn can be computed explicitly. From formula (3.3.1b) it

follows that

C2
n = π`

2(n+1)

n∑
j=0

1
sin2 θj

= π`
2(n+1)

n∑
j=0

U2
n(tj), tj = cos 2j+1

2(n+1)
π,

where Un(t) is the Chebyshev polynomial of the second kind and the summa-

tion is interpreted as the n + 1-nodes Gauss-Chebyshev quadrature associ-

ated with weight w(x) = (1− x2)−
1
2 . Using basic properties of the Gaussian

quadratures, we infer

C2
n = `

2

∫ 1

−1

U2
n(t) dt√

1−t2 .
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In view of the identity Un(t) = tUn−1(t)+Tn(t) and the three-term recurrence

formulas for Tn(x) and Un(x) (see e.g. [2]), we obtain initially that

C2
n = 2C2

n−1 − C2
n−2, n ≥ 2, C2

0 = π`
2
, C1 = π`

and then C2
n = π`

2
(n+ 1), for all n ≥ 0. Hence, (3.3.3) follows.

We note that Pn is a finite dimensional vector space. As a consequence,

all norms in Pn are equivalent. In what follows, we need an estimate on the

equivalence constant connecting L2(R) and Hα(R) norms.

Lemma 3.3.2 (The inverse inequality). Assume u ∈ Pn and α ∈ R+, then

‖u‖Hα(R) ≤ cα(n
2
)α‖u‖L2(R), (3.3.4)

where the generic constant cα > 0 depends on α > 0 and is uniformly bounded

in n > 0.

Proof. (a) To begin, we let α = 1 and, without loss of generality, assume

n = 2p + 1, p ∈ N+ and u ∈ Pn. By virtue of (3.1.3a) and (3.1.3b), the

action of the operator d
dx

on elements of Pn is given by

d
dx
u = `

π

p+1∑
k=0

φ2k+1[k
`
û2k+2 − 2k+1

`
û2k + k+1

`
û2k+2]

− `
π

p+1∑
k=0

φ2k[
k
`
û2k−1 − 2k+1

`
û2k+1 + k+1

`
û2k+3],

where ûk = 0, whenever k < 0 or k > n. The latter formula indicates in

particular that d
dx

: Pn → Pn+2.

Since u ∈ Pn is uniquely determined by its spectral coefficients, the

space Pn, equipped with the L2(R) norm is isometrically isomorphic to Rn+1,

equipped with the scaled Euclidean norm | · |2 = `
π

∑n
k=0 | ·k |2. In terms
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of the spectral coefficients, the action of d
dx

is a linear transformation with

block-tridiagonal matrix D ∈ R(n+3)×(n+1), i.e.

D = D−1 +D0 +D1,

where the matrices D−1, D0 and D1 are made up of two-by-two square blocks

in the lower, main and upper block-diagonals respectively. The diagonal and

off-diagonal blocks are given respectively by

Dii =

 0 2i+1
`

−2i+1
`

0

 , Di,i+1 = Di+1,i =

 0 − i
`

i
`

0

 .
Now let û ∈ Rn+1 be the vector of spectral coefficients, associated with

u ∈ Pn. Then

‖u‖2
H1(R) = ‖u‖2

L2(R) + ‖ux‖2
L2(R) = |û|2 + |Dû|2

≤ (1 + |D|2)|û|2 = (1 + |D|2)‖u‖2
L2(R),

where the subordinate norm |D| of matrix D is given by the formula

|D| = sup
|û|=1

|Dû| = σ(DTD)
1
2

and σ(·) denotes the spectral radius of a matrix. It is easy to verify that

|D0| = 2p+1
`

, |D−1| = p+1
`

and |D1| = p
`
, so that

|D| ≤ |D−1|+ |D0|+ |D1| ≤ 2n
`
.

The above calculations show that (3.3.4) holds when α = 1.

(b) Consider J : Pn → Hα(R), α > 0, the natural embedding operator.

From part (a) of the proof we have

‖J u‖L2(R) ≤ ‖u‖L2(R), ‖J u‖H1(R) ≤ c(n
`
)‖u‖L2(R).
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Since Hα(R) = [L2(R), H1(R)]α, where [·, ·]α, α ∈ (0, 1) is the complex inter-

polation functor (see [6]), we conclude that J : L2(R)→ Hα(R) is bounded

and

‖J ‖L2(R)→Hα(R) ≤ ‖J ‖1−α
L2(R)→L2(R)‖J ‖αL2(R)→H1(R).

Hence, (3.3.4) holds for α ∈ [0, 1]. For α > 1 the result is obtained by

iterating arguments, presented in parts (a) and (b) of the proof.

Lemma 3.3.3. Assume γ > 1
2

and β > 2 max{α, γ}, then

‖(I − In)[u]‖Hα(R) ≤ c
(
n
2

)α+ 1
2

+γ−β
2 ‖u‖Hβ

β (R), (3.3.5)

where the constant c > 0 does not depend on u and/or n > 0.

Proof. Using the triangle inequality, combined with the inverse inequality

(3.3.4), we obtain

‖(In − I)[u]‖Hα(R) ≤ ‖In(I − Pn)[u]‖Hα + ‖(I − Pn)[u]‖Hα(R)

≤ c
(
n
2

)α‖In(I − Pn)[u]‖L2(R) + ‖(I − Pn)[u]‖Hα(R).

Since In(I − Pn)[u] ∈ Pn, we apply Lemma 3.3.1 to obtain the bound

‖In(I − Pn)[u]‖L2(R) ≤ c
(
n
2

) 1
2‖(I − Pn)[u]‖Hγ(R),

which holds for any γ > 1
2
. Hence, (3.3.5) follows from Lemma 3.2.1.
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Chapter 4

The fractional Schrödinger

equation

In this Chapter, we briefly discuss the wellposedness of the nonlinear frac-

tional Schrödinger equation (1.0.1). We follow the standard framework.

First, we prove existsence of local classical solutions the result is then ex-

tended globally via explicit use of first integrals.

4.1 Local existence

Consider

iut = βD2αu+ ν|u|2pu, x ∈ R, t ∈ R+, u(0) = u0, (4.1.1)

where D2α is the pseudo-differential operator, associated with the Fourier

symbol |ξ|2α, 0 < α < 1 and p > 0. To begin, we employ the standard

Picard-Lindelöf iterations to show that (4.1.1) is locally solvable.

Theorem 4.1.1. Assume u0 ∈ H2α+δ(R), δ ≥ 0, then (4.1.1) has a unique

local classical solution u ∈ C([0, T ], H2α+δ(R)) ∩ C(1)((0, T ), Hδ(R)).

33



Proof. (a) In our analysis it is convenient to work with Fourier images û =

F [u]. Any classical solution u ∈ C([0, T ], H2α+δ(R)) ∩ C(1)([0, T ], Hδ(R)) of

(4.1.1), satisfies

û(t) = û0e
−iβ|ξ|2αt + ν

∫ t

0

eiβ|ξ|
2α(t−s)F [|u|2pu](s)ds. (4.1.2)

We show that for any input data u0 ∈ H2α+δ(R), the integral equation (4.1.2)

is uniquely solvable.

For a given u0 ∈ H2α+δ(R), we let v̂(t) = e−iβ|ξ|
2αtû0 and define

M̂(û) = v̂(t) + ν

∫ t

0

eiβ|ξ|
2α(t−s)F [|u|2pu](s)ds. (4.1.3)

It is easy to verify that the nonlinear mapM(u) := F
[
M̂(û)

]
: C([0, T ], H2α+δ(R))→

C([0, T ], H2α+δ(R)) is bounded. Indeed, since H2α+δ(R), with α > 1−2δ
4

is a

Banach algebra, we have

‖M(u)‖C([0,T ],H2α+δ) ≤ ‖v‖C([0,T ],H2α+δ) + T |ν|
∥∥|u|2pu∥∥

C([0,T ],H2α+δ)

≤ ‖u0‖H2α+δ + c2α+δT |ν|
∥∥u∥∥2p+1

C([0,T ],H2α+δ)
,

where c2α+δ > 0, depends on the regularity parameter 2α + δ only.

(b) Assume 0 < r < 1. The operator M maps the ball

B(v, r) = {u | ‖u− v‖C([0,T ],H2α+δ) < r}

into itself, provided T > 0 is small. Indeed,

‖M(u)− v‖C([0,T ],H2α+δ) ≤ T |ν|c2α+δ‖u‖2p+1
C([0,T ],H2α+δ)

≤ T |ν|c2α+δ

(
‖v‖C([0,T ],H2α+δ) + r

)2p+1

< T |ν|c2α+δ

(
‖u0‖H2α+δ + 1

)2p+1 ≤ r,

provided

T ≤ r

4(2p+ 1)|ν|c2α+δ

(
‖u0‖H2α+δ + 1

)2p+1 . (4.1.4)
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(c) In factM(u) is a contraction in B(v, r), whenever T satisfies (4.1.4).

Indeed, using the elementary inequality∣∣|u|2pu− |v|2pv∣∣ ≤ (2p+ 1)|u− v|(|u|2p + |v|2p),

for any u,w ∈ B(v, r) ⊂ C([0, T ], H2α+δ(R)) we obtain,

‖M(u)−M(w)‖C([0,T ],H2α+δ)

≤ T |ν|‖|u|2pu− |w|2pw‖C([0,T ],H2α+δ)

≤ T (2p+ 1)c2α+δ|ν|
(
‖u‖2p

C([0,T ],H2α+δ)

+ ‖w‖2p
C([0,T ],H2α+δ)

)
‖u− w‖C([0,T ],H2α+δ)

=: L‖u− w‖C([0,T ],H2α+δ).

From the inclusion u,w ∈ B(v, r) it follows also

max{‖u‖C([0,T ],H2α+δ), ‖w‖C([0,T ],H2α+δ)}

≤ ‖v‖C([0,T ],H2α+δ) + r ≤ ‖u0‖H2α+δ + 1.

Consequently,

L < T2(2p+ 1)c2α+δ|ν|(‖u0‖H2α+δ + 1)2p < 1,

on account of (4.1.4).

(d) In view of parts (b)-(c) of the proof, the classical Banach fixed point

theorem yields a unique mild solution u ∈ C([0, T ], H2α+δ(R)) to the integral

equation (4.1.2). The solution is classical for the right-hand side of (4.1.2) is

differentiable with respect to t and belongs to C([0, T ], Hδ(R)).

4.2 Global solutions

In fact the local solution obtained in Theorem 4.1.1 can be extended globally

to the real line. To show this, we observe that problem (4.1.1) has two formal
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first integrals:

I[u] = 1
2

∫
R
|u|2dx, (4.2.1a)

H[u] = 1
2

∫
R

[
β|Dαu|2 + ν

p+1
|u|2(p+1)

]
dx. (4.2.1b)

Further, we have

Lemma 4.2.1. Assume u ∈ Hα(R) and 1
2
< γ ≤ α. Then, for any positive

integer power p > 0, we have

‖up‖Hα(R) ≤ c‖Dαu‖L2(R)‖u‖p−1
Hγ(R), (4.2.2)

where c > 0 does not depend on u.

Proof. In terms of Fourier images, we have∣∣F[Dαup
]
(ξ)
∣∣ ≤ |ξ|α|û|∗p(ξ)

=

∫
Rp−1

p−1∏
i=1

|û(ξi)|
∣∣∣û(ξ − p−1∑

i=1

ξi

)∣∣∣∣∣∣ξ − p−1∑
i=1

ξi +

p−1∑
i=1

ξi

∣∣∣αdξ1 . . . dξp−1

≤ C

∫
Rp−1

p−1∏
i=1

|û(ξi)|
∣∣∣û(ξ − p−1∑

i=1

ξi

)∣∣∣(∣∣∣ξ − p−1∑
i=1

ξi

∣∣∣α +

p−1∑
i=1

|ξi|α
)
dξ1 . . . dξp−1

= pC

∫
Rp−1

p−1∏
i=1

|û(ξi)|
∣∣∣û(ξ − p−1∑

i=1

ξi

)∣∣∣∣∣∣ξ − p−1∑
i=1

ξi

∣∣∣αdξ1 . . . dξp−1

= pC
[
|û|∗(p−1) ∗ |ξαû|

]
(ξ),

where the positive constant C depends on α and p only and the symbol ∗
denotes the Fourier convolution product/power. Using the last inequality,

combined with the integral version of Minkowski inequality, for γ > 1
2

we

obtain

‖Dαup‖L2(R) ≤ pC[ ∫
R
dξ

[ ∫
Rp−1

p−1∏
i=1

|û(ξi)|
∣∣∣û(ξ − p−1∑

i=1

ξi

)∣∣∣∣∣∣ξ − p−1∑
i=1

ξi

∣∣∣αdξ1 . . . dξp−1

]2] 1
2

≤ pC‖Dαu‖L2(R)‖û‖p−1
L1(R) ≤ c‖Dαu‖L2(R)‖u‖p−1

Hγ(R),
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where c > 0 depends on γ and p only.

Lemma 4.2.1, combined with identities (4.2.1), yields the following a priori

estimates:

Lemma 4.2.2. Assume either βν > 0 and p
2(p+1)

≤ α < 1; or βν < 0 and

p
2
< α < 1. Then the local classical solutions obtained in Theorem 4.1.1

satisfy

‖u‖C([0,T ],L2(R)) = ‖u0‖L2(R), (4.2.3a)

‖u‖C([0,T ],Hα(R)) ≤ C(u0), (4.2.3b)

‖u‖C([0,T ],L2(p+1)(R)) ≤ C(u0), (4.2.3c)

with C(u0) > 0 that depends on Hα(R) norm of the initial data u0 only.

Proof. (a) Since I[u] is preserved along the trajectories of (4.1.1), we con-

clude that (4.2.3a) is satisfied. Further, using the Gagliardo-Nirenberg in-

equality with index p
2(p+1)

≤ s ≤ α, for H[u0] we obtain the bound

|H[u0]| ≤ |β|
2
‖Dαu0‖2

L2(R) + |ν|
2(p+1)

‖u0‖2(p+1)

L2(p+1)(R)

≤ |β|
2
‖u0‖2

Hα(R) + c|ν|
2(p+1)

‖u0‖
p
s
Hs(R)‖u0‖

2(p+1)−p
s

L2(R) := C(u0),

(4.2.4)

where c > 0 is an absolute constant. Formula (4.2.4) indicates that the total

energy of the system at initial time t = 0 is completely controlled by Hα(R)

norm of the initial data.

(b) Assume initially that βν > 0. Since the Hamiltonian H[u] is con-

served, we have

|β|
2
‖Dαu‖2

L2(R) + |η|
2(p+1)

‖u‖L2(p+1)(R) = |H[u0]|.

The estimate, combined with bound (4.2.4) implies (4.2.3b) and (4.2.3c).
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(c) In the case when βν < 0, we employ the Gagliardo-Nirenberg inequal-

ity with index p
2(p+1)

≤ α to obtain

|H[u0]| ≥ |β|
2
‖Dαu‖2

L2(R) − |η|
2(p+1)

‖u‖2(p+1)

L2(p+1)(R)

≥ |β|
2
‖Dαu‖2

L2(R) − |η|
2(p+1)

‖u‖
p
α
Hα(R)‖u‖

2(p+1)− p
α

L2(R) .

The last inequality, combined with (4.2.3a), indicates that (4.2.3b) and (4.2.3c)

are satisfied, provided βν < 0 and α > p
2
.

With the aid of Lemmas 4.2.1 and 4.2.2, we obtain

Theorem 4.2.3. Under the assumptions of Lemma 4.2.2, the classical so-

lutions u ∈ C([0, T ], H2α+δ(R)) ∩ C(1)((0, T ), Hδ(R)), δ ≥ 0, obtained in

Theorem 4.1.1, are global in time.

Proof. Using the variation of constants formula (4.1.2) and Lemma 4.2.1, we

have

‖u‖H2α+δ(R)(t) ≤ ‖u0‖H2α+δ(R) +

∫ t

0

‖|u|2pu‖H2α+δ(R)(τ)dτ

≤ ‖u0‖H2α+δ(R) + c

∫ t

0

‖u‖H2α+δ(R)(τ)‖u‖2p
Hγ(R)(τ)dτ,

where 1
2
< γ ≤ 2α is arbitrary. Let γ = α, then,

‖u‖H2α+δ(R)(t) ≤ C1 + C2

∫ t

0

‖u‖H2α+δ(R)(τ)dτ,

where, in view of Lemma 4.2.2, C1 and C2 are positive constants that depend

on the initial data u0 only. It follows from Gronwall’s inequality that

‖u‖H2α+δ(R)(t) ≤ ‖u0‖2α+δeC2t,

where C2 > 0 depends on ‖u0‖Hα+δ(R) only. The last inequality indicates that

local solutions, obtained in Theorem 4.1.1, cannot blow up in a finite time

in the metric of H2α+δ(R) and hence are globally defined.
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Chapter 5

Christov-type spectral scheme

for the fractional nonlinear

Schrödinger equation

To begin, we rewrite (1.0.1) in the weak form:

Find u ∈ C([0, T ], Hα(R)) ∩ C(1)((0, T ), H−α(R)) such that

〈iut, φ〉 = β〈Dαu,Dαφ〉+ ν〈|u|2pu, φ〉, (5.0.1a)

〈u(0), φ〉 = 〈u0, φ〉, (5.0.1b)

holds for all φ ∈ Hα(R). To solve (5.0.1) the problem numerically, we employ

Christov-type pseudospectral scheme. That is, we approximate the exact

solution u by un ∈ Pn, so that

〈iunt, φ〉 = β〈Dαun, D
αφ〉+ ν〈In[|un|2pun], φ〉, (5.0.2a)

〈u(0), φ〉 = 〈In[u0], φ〉, (5.0.2b)

holds for all φ ∈ Pn. Problem (5.0.2) is equivalent to a system of ordinary

differential equations that can be integrated in time using suitable time-

stepping algorithms. Our main goal here is to show that the semi-discrete
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scheme is stable, consistent and converges to the exact solutions of (5.0.1) as

the discretization parameter n increases.

5.1 Stability

To begin, we observe that the semidiscretization (5.0.2) is Hamiltonian. In-

deed, we have

β〈Dαun, D
αφ〉+ ν〈In[|un|2pun], φ〉

= β〈Dαun, D
αφ〉+ ν

n∑
j=0

wj|un|2p(xj)un(xj)φ(xj)

= 〈OHn(un), φ〉,

where

Hn(un) = β
2

∫
R
|Dαun|2dx+ ν

2(p+1)

n∑
j=0

wj|un|2(p+1)(xj)

= 1
2

∫
R

[
β|Dαun|2 + ν

p+1
In[|un|2p]In[|un|]2

]
dx.

Consequently, (5.0.2) is equivalent to

unt = −iOHn(un), un(0) = In[u0] = un0. (5.1.1)

We employ this fact to show that the numerical solutions generated by (5.0.2)

are uniformly bounded in Hα(R) as the discretization parameter n ≥ 0 in-

creases.

Lemma 5.1.1. Assume α > 1
2

and either βν > 0 or βν < 0 and α > p
2
.

Then

‖un‖C(R,Hα) ≤ c(‖un0‖Hα), (5.1.2)

where c(·) is a positive bounded function of its argument which does not de-

pend on n > 0.
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Proof. First, we note that I(un) = ‖ · ‖L2(R) is preserved along the numerical

trajectories un. Further, the hamiltonicity of (5.0.2) implies that Hn(un) =

Hn(un0), for all t ∈ R. Now if βν > 0, it follows that

‖un‖2
Hα(R) ≤ ‖un0‖2 + 2

|β| |Hn(un0)|,

for all t ∈ R. In the case βν < 0, as in Lemma 4.2.2 we make use of the

Gagliardo-Nirenberg inequality and classical Sobolev embeddings to obtain

|Hn(un0)| ≥ |β|
2
‖Dαun‖2

L2(R) − |ν|
2(p+1)

n∑
j=0

wj|un|2p(xj)|un|2(xj)

≥ |β|
2
‖Dαun‖2

L2(R) − |ν|
2(p+1)

‖un‖2
L2(R)‖un‖2p

L∞(R)

≥ |β|
2
‖Dαun‖2

L2(R) − c|ν|
2(p+1)

‖Dαun‖
p
α
L2(R)‖un‖

2(p+1)− p
α

L2(R) ,

where c > 0 is a constant that does not depend on un or n > 0. Using

Young’s inequality, it is not difficult to verify that ‖Dαun‖2
L2(R) is uniformly

bounded in terms of the initial data un0, for all t ∈ R, provided α > p
2
.

The following result shows that the numerical scheme (5.0.2) is continuous

with repsect to the input data, i.e. stable.

Lemma 5.1.2 (Stability). Consider the following two initial value problems:

Find uin ∈ Pn, i = 1, 2, so that

〈iuint, φ〉 = β〈Dαuin, D
αφ〉+ ν〈In[|uin|2puin], φ〉+ 〈f i, φ〉, (5.1.3a)

ui(0) = uin0, (5.1.3b)

holds for all φ ∈ Pn. If uin, i = 1, 2, satisfy the estimate (5.1.2) of Lemma 5.1.1,

then

‖u1
n − u2

n‖C([0,T ],L2(R)) ≤ c
[
‖u1

n0 − u2
n0‖L2(R) + ‖f 1 − f 2‖L2([0,T ]×R)

]
, (5.1.3c)

where the constant c > 0 depends on ‖uin0‖Hα(R), i = 1, 2 and the terminal

time T > 0 only.
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Proof. Let en = u1
n − u2

n, then from (5.1.3) it follows that

〈ient, φ〉 = β〈Dαen, D
αφ〉+ ν〈In[|u1

n|2pu1
n − |u2

n|2pu2
n], φ〉

+ 〈f 1 − f 2, φ〉, en(0) = en0.

We let φ = ien in the last identity to obtain the bound

1
2
d
dt
‖en‖2

L2(R) = ν〈In[|u1
n|2pu1

n − |u2
n|2pu2

n], ien〉+ 〈f 1 − f 2, ien〉

= 2ν Re
n∑
j=0

wj[|u1
n|2pu1

n − |u2
n|2pu2

n](xj)ien(xj) + 〈f 1 − f 2, ien〉

≤ 2ν
( 2p∑
k=1

‖u2
n‖kL∞(R)‖u1

n‖2p−k
L∞(R)

)
‖en‖2

L2(R) + 1
2
‖en‖2

L2(R) + 1
2
‖f 1 − f 2‖2

L2(R)

≤ c‖en‖2
L2(R) + 1

2
‖f 1 − f 2‖2

L2(R),

where, in view of our assumptions, the generic constant c > 0 is completely

controlled by the quantities ‖uin0‖Hα(R), i = 1, 2 only. Now from Gronwall’s

inequality, it follows that

‖en‖2
L2(R) ≤ etc‖en0‖2

L2(R) +

∫ t

0

e(t−s)c‖f 1 − f 2‖2
L2(R)(s)ds.

Hence, (5.1.3c) holds.

5.2 Consitency and convergence

Let u be the exact weak solution to (5.0.1a) and define ū = Pn[u]. Then for

any φ ∈ Pn the following is true

〈iūnt, φ〉 = β〈Dαūn, D
αφ〉+ ν〈In[|ūn|2pūn], φ〉

+ β〈Dα(I − Pn)[u], Dαφ〉+ ν〈|u|2pu− In[|ūn|2pūn], φ〉, (5.2.1a)

ūn(0) = Pn[u](0). (5.2.1b)
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To show that the numerical scheme is consistent, we demonstrate that the

defect

En(u) = βD2α(I − Pn)[u] + ν(|u|2pu− In[|ūn|2pūn])

=: βE1
n(u) + νE2

n(u)

is small, provided the exact solution is sufficiently regular.

Lemma 5.2.1. Assume u ∈ L2(2p+1)([0, T ], Hβ
β (R)) ∩ C([0, T ], Hα(R)), with

α > 1
2

and β > 4α. Then the numerical defect satisfies

‖En(u)‖L2([0,T ]×R) ≤ c
(
n
2

)2α−β
2

[
1 + ‖u‖pC([0,T ],Hα(R))

]
‖u‖2p+1

L2(2p+1)([0,T ],Hβ
β (R))

,

(5.2.2)

where c > 0 does not depend on n > 0 and/or u.

Proof. We estimate E1
n(u) and E2

n(u) separately. In view of Lemmas 3.2.1,

we have

‖E1
n(u)‖L2(R) ≤ ‖(I − Pn)[u]‖H2α(R) ≤ c

(
n
2

)2α−β
2 ‖u‖Hβ

β (R). (5.2.3)

To estimate E2
n(u), we write

E2
n(u) = (|u|2pu− In[|u|2pu]) + In[|u|2pu− |ū|2pū]

=: E21
n (u) + E22

n (u).

For E22
n (u), we proceed as in Lemma 5.1.2 to obtain

‖E22
n (u)‖2

L2(R) =
n∑
j=0

wj||u|2p(xj)u(xj)− |ū|2p(xj)ū(xj)|2

≤
( 2p∑
k=1

‖u‖kL∞(R)‖ū‖2p−k
L∞(R)

)
‖(In − Pn)[u]‖2

L2(R).
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Consequently, by virtue of Lemma 3.2.1,

‖E22
n (u)‖2

L2(R) ≤ c
( 2p∑
k=1

‖u‖kHα(R)

[
‖u‖Hα(R) + (n

2
)α−

β
2 ‖u‖Hβ

β (R)

]2p−k)
(n

2
)−β‖u‖2

Hβ
β (R)

≤ c
(
n
2

)−β[‖u‖C([0,T ],Hα(R)) + (n
2
)α−

β
2 ‖u‖Hβ

β (R)

]2p‖u‖2

Hβ
β (R)

.

To bound E21
n (u), we recall that by virtue of Lemma 2.5.2, Hβ

β (R), β > 1
2

is a Banach algebra. Hence, direct use of Lemma 3.3.3, yields

‖E21
n (u)‖L2(R) = ‖(I − In)[|u|2pu]‖L2(R) ≤ c(n

2
)

1+2α−β
2 ‖u‖2p+1

Hβ
β (R)

.

Combining all our estimates, we obtain the result.

Lemmas 5.1.2 and 5.2.1, yield the convergence.

Theorem 5.2.2. Assume u ∈ L2(2p+1)([0, T ], Hβ
β (R))∩C([0, T ], Hα(R)), with

α > 1
2

and β > 4α. Then the numerical solution satisfies

‖u− un‖C([0,T ],L2(R)) ≤ c
(
n
2

)1+2α−β
2 ‖u0‖Hβ

β (R)

+ c
(
n
2

)4α−β
2

[
1 + ‖u‖pC([0,T ],Hα(R))

]
‖u‖2p+1

L2(2p+1)([0,T ],Hβ
β (R))

,

(5.2.4)

where c > 0 does not depend on n > 0 and/or u.
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Chapter 6

Implementation and numerical

simulations

In this Chapter, we discuss several technical issues that arise in connection

with the numerical scheme (5.0.2). In particular, we describe an appropriate

time-stepping algorithm and preconditioners to improve computational effi-

ciency of (5.0.2). We conclude the Chapter with several simulations which

demonstrates the accuracy and performance of our scheme applied to the frac-

tional nonlinear Schrödinger equation with different settings for the model

parameters.

6.1 Implementation

In our simulations, we let n = 2r, where r is a positive integer. Then, the

spatial semi-discretisation (5.0.2) yields the system of ODEs:

iẎ = βD2αY + νF (Y ), (6.1.1a)

Y (0) = Y0, (6.1.1b)
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where D2α ∈ R2r×2r is the discrete fractional differentiation matrix, F (Y )

denotes the non-linearity and the concrete form of Y depends on the repre-

sentation of the numerical solution. The latter can be either a vector of the

discrete spectral coefficients

Y = (ŭ0, . . . , ŭ2(r−1); ŭ1, . . . , ŭ2r−1)T ∈ C2r,

or the vector of physical values of un, computed at the collocation points xj,

Y =
(
un(x0), . . . , un(x2r−1)

)T ∈ C2r, xj = `
2

cot
(

2j+1
4r
π
)
, 0 ≤ j ≤ 2r − 1.

The concrete form of the discrete fractional derivative D2α depends on

the realization of Y . If Y is the vector of spectral coefficients, then D2α is

block diagonal and is given by

D2α = diag{Dr,2α, Dr,2α},

where Dr,2α ∈ Rr×r and

(Dr,2α)ij = `
π
〈φ2i, D

2αφ2j〉, 0 ≤ i, j ≤ r − 1.

The non-linearity F (Y ) has a simple representation when Y is a vector of

physical values of un:

F (Y ) =
(
|un(x0)|2pun(x0), . . . , |un(x2r−1)|2pun(x2r−1)

)T
.

Independently of the concrete realization of Y , when computing the vector

fields of (6.1.1) the direct and inverse Christov-Fourier transform

ŭi = π
4`r

2r−1∑
j=0

(`2 + 4x2
j)ûn(xj)φi(xj), (6.1.2a)

un(xj) = `
π

2r−1∑
i=0

ŭiφi(xj). (6.1.2b)

must be used. Due to the connection of the Christov and the trigonometric

bases, each operation requires O(r log r) floating point operations.
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6.1.1 Time-stepping

To integrate the semi-discrete system (6.1.1) in time, we employ the splitting

approach. We let

G1(Y ) = −iβD2αY, G2(Y ) = −iνF (Y ), G(Y ) = G1(Y ) +G2(Y )

and dentote the flow maps, associated with the vector fields G, G1 and G2,

by Φt, Φ1
t and Φ2

t , respectively. For small values of t, we approximate the

exact flow Φt of (6.1.3) by means of the Lie-Trotter splitting formula:

Φt ≈ Φ1
t
2
◦ Φ2

t ◦ Φ1
t
2
. (6.1.3)

We note that the flow of Φ2
t can be computed explicitly. If vector Y0 represents

physical values of the initial data un(0) at the collocation points, then

Φ2
tY0 = diag

{
e−iνt|un(x0,0)|2p , . . . , e−iνt|un(x2r−1,0)|2p}Y0.

To compute Φ1
t we have to solve the system of linear ODEs

iẎ = βD2αY,

Y (0) = Y0.

Since the matrix D2α is dense in either physical or Fourier spaces, it is not

easy to compute the matrix exponent e−itβD2α explicitly. To overcome this

difficulty, we approximate the solution using the implicit mid-point rule

Y (t) ≈ Y0 + tG1

[
1
2
(Y0 + Y (t))

]
.

This gives us

Φ1
t ≈ (I + i tβ

2
D2α)−1(I − i tβ

2
D2α)

= 2(I + i tβ
2
D2α)−1 − I0 = Ψ1

t .
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Combining all our calculations, to advance the solution of (6.1.1) by one

time step of length τ , we employ the algorithm

Y1 = Ψ1
τ
2
◦ Φ2

τ ◦Ψ1
τ
2
Y0 = ΨτY0. (6.1.4)

Formula (6.1.4) gives an explicit, symmetric, symplectic method of classical

order 2. The major drawback of (6.1.4) is its low order of convergence. In

the settings of Theorem 5.2.2, after a single time-step of size τ , we have

‖u(τ)− Y1‖L2(R) = O
(
τ 3 + r

2p−2β−1
4

)
,

which shows that for large values of n the small spatial discretization er-

ror O
(
r

2p−2β−1
4

)
is completely dominated by the large time integration error

O(τ 3).

To improve the accuracy of (6.1.4), we employ the idea of composition,

see [17]. Instead of Ψτ , at each integration step we use

Y1 = Ψγmτ ◦ · · · ◦Ψγ1τY0 = Ψm
τ Y0. (6.1.5)

An appropriate choice of unknown coefficients γi, 1 ≤ i ≤ m, yields higher
order time-stepping algorithms. In particular, with m = 17 and

γ1 =γ17 = 0.13020248308889008087881763,

γ2 =γ16 = 0.56116298177510838456196441,

γ3 =γ15 = −0.38947496264484728640807860,

γ4 =γ14 = 0.15884190655515560089621075,

γ5 =γ13 = −0.39590389413323757733623154,

γ6 =γ12 = 0.18453964097831570709183254,

γ7 =γ11 = 0.25837438768632204729397911,

γ8 =γ10 = 0.29501172360931029887096624,

γ9 = −0.60550853383003451169892108,

we have a symplectic and symmetric time-stepping scheme of order 8, [17].

A single time step of (6.1.5) yields the error

‖u(τ)− Y1‖L2(R) = O
(
τ 9 + r

2p−2β−1
4

)
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and we can observe spectral convergence already for moderate values of time

step τ > 0.

6.1.2 Preconditioning of linear systems

According to (6.1.5), advancing the numerical solution by a single integration

time step involves the solution of linear systems of the form

Y = (I + iτβ
2
D2α)W. (6.1.6)

The problem is that in the physical space the fractional differentiation matrix

D2α is dense, while in the frequency space D2α is two-by-two block diagonal

D2α = diag(Dr,2α, Dr,2α),

with dense blocks Dr,2α ∈ Rr×r. As a consequence, solving (6.1.5) using

general direct methods would require O(r3) floating point operations and

is prohibitively expensive for large values of r. Fortunately, the matrices

Dr,α ∈ Rr×r, α ∈ R, have a very particular structure.

Lemma 6.1.1. The matrix Dr,α, α ∈ R can be factorized as follows

Dr,α = T Tr,αRr,αTr,α, (6.1.7a)

where

Rr,α = 1
`α

diag
(

Γ(1+α)
0!

, . . . , Γ(r+α)
(r−1)!

)
, (6.1.7b)

(Tr,α)ij =


(
j−i−1−α

j−i

)
, 1 ≤ i ≤ j ≤ r,

0, otherwise.
(6.1.7c)

Furthermore {Tr,α}α∈R is an analytic group of upper triangular Toeplitz op-

erators, i.e. Tr,α = eαGr , with the generator given explicitly by

(Gr)ij =

 1
j−i , 1 ≤ i < j ≤ r,

0, otherwise.
(6.1.7d)
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Proof. By the definition of Dr,2α, in the frequency space we have

(Dr,2α)ij = `
π
〈φ2i, D

2αφ2j〉 = `
π
〈φ̂2i, D̂2αφ2j〉

= `
π

∫
R

π
2
ϕ`,0i (ξ)|ξ|2αϕ`,0j (ξ)dξ = 1

`2α

∫
R+

e−ξL(0)
i (ξ)L(0)

j (ξ)ξ2αdξ

= 1
`2α

∫
R+

e−ξ
[ i∑
m=0

L(−1−2α)
i−m (0)L(2α)

m (ξ)
][ j∑

k=0

L(−1−2α)
j−k (0)L(2α)

k (ξ)
]
ξ2αdξ

= 1
`2α

i∑
m=0

L(−1−2α)
i−m (0)

j∑
k=0

L(−1−2α)
j−k (0)δmk

Γ(m+2α+1)
Γ(m+1)

= 1
`2α

min{i,j}∑
m=0

L(−1−2α)
i−m (0)L(−1−2α)

j−m (0)Γ(m+2α+1)
Γ(m+1)

=
r∑

m=0

(Tr,2α)im(Rr,2α)mm(Tr,2α)jm,

which is equivalent to (6.1.7a)-(6.1.7c), with α, replaced by 2α, as L(α)
n (0) =(

n−α
n

)
, for any n ≥ 0 and α ∈ C, see [2].

The group property

Tr,αTr,β = Tr,α+β, α, β ∈ C,

follows directly from the identity

n∑
i=0

L(α)
i (x)L(β)

n−i(y) = L(α+β+1)
n (x+ y),

which holds for all x, y, α, β ∈ C, [2]. Formula (6.1.7d) is the consequence of

the identity Gr = d
dα
Tr,α

∣∣∣
α=0

.

From Lemma 6.1.1, it follows that the matrix of the linear system (6.1.6)

can be written as a product of Toeplitz and diagonal matrices. Unfortu-

nately, unlike purely Toeplitz coefficient matrices, there exist no fast direct

algorithms for linear systems, whose matrix is a sum/product of diagonal

and Toeplitz matrices and we have to resort to iterations. It is well known
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that Krylov-subspace iteration schemes converge fast when the coefficient

matrices are small rank perturbations of a matrix whose spectrum clusters

at a single point [35]. Unfortunately, as seen from (6.1.7), for matrices Dr,2α

this is not the case. The eigenvalues are real, positive and are scattered in

the large interval [O(r−2α),O(r2α)].

To improve the situation, we are forced to use a preconditioner. In the

context of fractional differentiation matrices it is customary to use circulant

preconditioners, see [26, 27] and references therein. In our project, we adopt

an alternative approach. Let

Mα(z) =
(
I + iτβ

2
T Tr,zRr,2αTr,z

)−1
.

Lemma 6.1.1, implies that

(i) M−1
α (z) ∈ Cr×r are banded matrices, with bandwidth 2z+1, for integer

values of parameter z;

(ii) the standard subordinate Euclidean norms of Mα(z), are bounded by

1, uniformly with respect to z ∈ R and r ≥ 1;

(iii) Mα(z) is an analytic matrix valued function of z in a small complex

neighborhood of the real axis R.

In view of properties (i)-(iii) above, we approximate Mα(z) by a Hermite

interpolation polynomial P 2s−1
α (z) ∈ Cr×r, of degree 2s−1 in z, which satisfies

dj

dzj
P 2s−1
α (z)

∣∣∣
z=1,2

= dj

dzj
Mα(z)

∣∣
z=1,2

, 0 ≤ j ≤ s− 1. (6.1.8)

By properties (ii)-(iii), P 2r−1
α (2α) approximates Mα(2α) and we can use

P 2s−1
α (2α) as a preconditioner, while in view of property (i) and (6.1.7d),

computing the matrix-vector product P 2s−1
α (2α)Y involves solving systems

of linear equations with tri- and five-diagonal symmetric matrices multiplied,
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when s > 1, by the group generator Gr and by its transpose GT
r . We note

that solving systems with banded matrices can be done at the cost of O(r)

operations, while a matrix-vector multiplication by triangular Toeplitz ma-

trices Gr and GT
r can be accomplished in O(r log r) flops via FFT. Hence,

the total computational cost of preconditioning in a Krylov-type iteration

schemes is O(r) for s = 1 and O(r log r) for s ≥ 2, which is better than (if

s = 1) or comparable to (if s ≥ 2) the standard circulant preconditioners

described in the literature [26, 27].

The complete theoretical analysis of the preconditioner P 2s−1
α (z) falls out-

side the scope of this dissertation. As a partial substitute, Fig. 6.1 contains

the spectrum distributions of the operator P 2s−1
α (2α)M−1

2α (2α) − I, for r =

24, 26, 28 and s = 1, 2, 3, 4, 5, with β = 1, τ = 1
2

and α ∈
[

1
2
, 1
]
. The calcula-

tions show that for all values of r and s and α ∈
[

1
2
, 1
]
, the entire spectrum

σ(P 2s−1
α (2α)M−1

2α (2α)) of the preconditioned operator P 2s−1
α (2α)M−1

2α (2α) is

contained in a small complex neighborhood of λ = 1, while the deviation

dr,s = sup
1
2
≤α≤1

dist(σ(P 2s−1
α (2α)M−1

2α (2α)), {1}),

decreases as the order s of the preconditioner increases.

To show the effect of preconditioner P 2s−1
α (2α) on the convergence rate

of Krylov-type iterations, we consider (6.1.6), where vector Y is given by

I2r

[
1

1+x2

]
, r = 2i, 4 ≤ i ≤ 10. We let β = 1, τ = 1

2
and solve (6.1.6) using

preconditioned GMRES scheme (see [35]) with no preconditioner s = 0 and

with the preconditioner P 2s−1
α (2α), s = 1, 2, 3, 4, 5. We stop iterations when

either the numerical defect is less than 10−12, or when the total number of

iterations exceeds the value of 50.

The results of simulations for α = 5
8
, 3

4
, 7

8
are reported in Tables 6.1.1,

6.1.2 and 6.1.3, respectively. Each table is divided into a number of horizontal

blocks, corresponding to a particular value of the parameter s. In each block,
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Table 6.1.1: Preconditioned GMRES for problem (6.1.6), α = 5
8
.

r 24 25 26 27 28 29 210

s = 0 1.578 · 10−11 4.069 · 10−11 1.137 · 10−04 2.008 · 10−03 7.228 · 10−03 9.427 · 10−03 1.848 · 10−02

5.615 · 10−03 8.519 · 10−03 9.878 · 10−03 1.345 · 10−02 3.448 · 10−02 6.113 · 10−02 8.156 · 10−02

27 49 50 50 50 50 50

s = 1 5.693 · 10−11 4.786 · 10−11 4.786 · 10−11 4.786 · 10−11 4.786 · 10−11 4.787 · 10−11 4.788 · 10−11

3.087 · 10−03 1.973 · 10−03 4.770 · 10−03 2.585 · 10−03 6.596 · 10−03 1.411 · 10−02 1.669 · 10−02

10 10 10 10 10 10 10

s = 2 6.173 · 10−12 5.443 · 10−12 5.443 · 10−12 5.444 · 10−12 5.454 · 10−12 5.500 · 10−12 5.543 · 10−12

5.108 · 10−03 2.544 · 10−03 4.074 · 10−03 3.676 · 10−03 1.351 · 10−02 1.819 · 10−02 2.336 · 10−02

6 6 6 6 6 6 6

s = 3 1.829 · 10−12 1.719 · 10−12 1.719 · 10−12 1.720 · 10−12 1.731 · 10−12 1.837 · 10−12 2.040 · 10−12

4.986 · 10−03 3.247 · 10−03 4.803 · 10−03 7.349 · 10−03 1.540 · 10−02 4.502 · 10−02 3.711 · 10−02

4 4 4 4 4 4 4

s = 4 4.684 · 10−11 4.638 · 10−11 4.638 · 10−11 4.638 · 10−11 4.642 · 10−11 4.655 · 10−11 4.668 · 10−11

4.820 · 10−03 4.729 · 10−03 5.730 · 10−03 6.139 · 10−03 2.390 · 10−02 7.674 · 10−02 6.319 · 10−02

3 3 3 3 3 3 3

s = 5 4.869 · 10−13 4.732 · 10−13 4.732 · 10−13 4.741 · 10−13 5.526 · 10−13 1.278 · 10−12 2.692 · 10−12

4.697 · 10−03 5.965 · 10−03 5.378 · 10−03 8.625 · 10−03 3.571 · 10−02 1.035 · 10−01 1.068 · 10−01

2 2 2 2 2 2 2

the first row contains actual numerical errors, the second the execution times

in seconds and the last one the total number of the GMRES iterations.

As seen from all three tables, the preconditioning does improve the com-

putational performance in terms of both accuracy and the speed of compu-

tations. Note however, as the value of s increases, the numerical error and

number of iterations are getting smaller but the execution time is increases.

This is connected with the fact that the computational complexity of a ma-

trix vector multiplication P 2s−1
α (2α)M−1

2α (2α)Y increases together with the

preconditioner order s.
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Table 6.1.2: Preconditioned GMRES for problem (6.1.6), α = 3
4
.

r 24 25 26 27 28 29 210

s = 0 3.929 · 10−11 4.715 · 10−10 3.521 · 10−03 2.043 · 10−02 3.772 · 10−02 6.128 · 10−02 4.356 · 10−02

7.094 · 10−03 1.997 · 10−02 1.579 · 10−02 1.930 · 10−02 4.966 · 10−02 8.389 · 10−02 8.629 · 10−02

27 50 50 50 50 50 50

s = 1 1.832 · 10−11 1.111 · 10−11 1.111 · 10−11 1.111 · 10−11 1.111 · 10−11 1.111 · 10−11 1.113 · 10−11

3.463 · 10−03 3.940 · 10−03 3.943 · 10−03 3.987 · 10−03 1.558 · 10−02 1.775 · 10−02 2.230 · 10−02

12 12 12 12 12 12 12

s = 2 5.626 · 10−11 4.908 · 10−11 4.908 · 10−11 4.909 · 10−11 4.926 · 10−11 4.951 · 10−11 4.942 · 10−11

4.200 · 10−03 5.349 · 10−03 5.908 · 10−03 3.907 · 10−03 1.746 · 10−02 1.981 · 10−02 2.424 · 10−02

6 6 6 6 6 6 6

s = 3 2.020 · 10−11 1.957 · 10−11 1.957 · 10−11 1.959 · 10−11 2.040 · 10−11 2.342 · 10−11 2.522 · 10−11

5.689 · 10−03 7.222 · 10−03 6.030 · 10−03 6.935 · 10−03 2.229 · 10−02 3.992 · 10−02 4.010 · 10−02

4 4 4 4 4 4 4

s = 4 1.679 · 10−14 1.653 · 10−14 1.654 · 10−14 2.861 · 10−14 6.627 · 10−13 4.189 · 10−12 1.128 · 10−11

8.018 · 10−03 9.756 · 10−03 1.024 · 10−02 8.429 · 10−03 4.561 · 10−02 8.587 · 10−02 8.429 · 10−02

4 4 4 4 4 4 4

s = 5 2.590 · 10−12 2.377 · 10−12 2.377 · 10−12 2.918 · 10−12 1.714 · 10−11 5.912 · 10−11 1.136 · 10−11

6.888 · 10−03 1.101 · 10−02 6.859 · 10−03 9.707 · 10−03 6.473 · 10−02 1.037 · 10−01 1.316 · 10−01

2 2 2 2 2 2 3
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Table 6.1.3: Preconditioned GMRES for problem (6.1.6), α = 7
8
.

r 24 25 26 27 28 29 210

s = 0 5.961 · 10−11 4.211 · 10−09 2.529 · 10−02 7.298 · 10−02 1.191 · 10−01 1.119 · 10−01 1.586 · 10−01

5.425 · 10−03 1.049 · 10−02 9.462 · 10−03 1.859 · 10−02 3.382 · 10−02 8.056 · 10−02 8.235 · 10−02

27 50 50 50 50 50 50

s = 1 7.391 · 10−11 5.975 · 10−11 5.975 · 10−11 5.975 · 10−11 5.975 · 10−11 5.975 · 10−11 5.975 · 10−11

3.555 · 10−03 2.816 · 10−03 3.410 · 10−03 2.125 · 10−03 8.122 · 10−03 1.780 · 10−02 1.824 · 10−02

11 11 11 11 11 11 11

s = 2 5.030 · 10−12 4.398 · 10−12 4.398 · 10−12 4.400 · 10−12 4.408 · 10−12 4.408 · 10−12 4.403 · 10−12

4.778 · 10−03 2.456 · 10−03 4.406 · 10−03 5.234 · 10−03 1.155 · 10−02 2.675 · 10−02 2.269 · 10−02

6 6 6 6 6 6 6

s = 3 1.233 · 10−12 1.222 · 10−12 1.222 · 10−12 1.227 · 10−12 1.334 · 10−12 1.546 · 10−12 1.618 · 10−12

3.900 · 10−03 4.461 · 10−03 5.593 · 10−03 4.761 · 10−03 1.457 · 10−02 5.870 · 10−02 3.669 · 10−02

4 4 4 4 4 4 4

s = 4 4.498 · 10−11 4.462 · 10−11 4.462 · 10−11 4.475 · 10−11 4.595 · 10−11 4.783 · 10−11 4.826 · 10−11

3.734 · 10−03 3.814 · 10−03 4.358 · 10−03 5.083 · 10−03 1.973 · 10−02 6.518 · 10−02 4.959 · 10−02

2 2 2 2 2 2 2

s = 5 5.049 · 10−14 4.401 · 10−14 4.421 · 10−14 2.170 · 10−13 1.892 · 10−12 5.695 · 10−12 9.780 · 10−12

4.978 · 10−03 5.171 · 10−03 8.056 · 10−03 8.783 · 10−03 6.809 · 10−02 9.601 · 10−02 1.040 · 10−01

2 2 2 2 2 2 2
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6.2 Simulations

In this section we demonstrate the efficiency of the numerical scheme (5.0.2)

of Chapter 5, by applying it to the fractional nonlinear Schrödinger equation,

with different values of the parameters α, β, ν and p.

6.2.1 Example 1

Apart from the special cases of α = 1
2

and α = 2, the closed form solutions to

equation (4.1.1) are unknown. To illustrate the computational accuracy of

the numerical scheme (5.0.2), we augment the original model with a source

term, so that the numerical solution is given explicitly by

u(x, t) =
eiγt

1 + x2
.

For simulations, we let β = ν = p = 1 and integrate the resulting semidiscrete

equation (6.1.1) numerically in time interval [0, 2π], using the timestepping

procedure (6.1.5). The results of simulations for several values of r ∈ [24, 29]

and α ∈ [1
2
, 1] are shown in Fig. 6.2.

The two top diagrams contains the L∞([0, T ], L2(R)) and L∞([0, T ] ×
R) errors versus r and α. As seen from the diagrams both errors exhibit

spectral convergence (the corresponding lines are concave) when α = 1
2
, 1.

This is expected, for in these two special cases the source term f = iut −
βD2αu−ν|u|2pu belongs to the space Hβ

β (R), for any β > 0 and, according to

Theorem 5.2.2, the error decreases faster than any negative power of r = n
2
.

The situation changes for fractional values of 2α. Direct calculations show

that D2α 1
1+x2 ∈ Hβ

β (R), provided β < 4α + 1. As a consequence, combining

Lemma 5.1.2 and Theorem 5.2.2, we conclude that the semidiscretization

error behaves as O
(
nε−2α

)
, where ε > 0 is arbitrary small. Hence, we expect

almost O(n−1) convergence rate for fractional values of 2α near 1. Further,
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we expect the convergence rate to increases gradually to O(n−2), when 2α

approaches 2. The theoretical observation is in a good agreement with the

numerical results displayed in the top two diagrams of Fig. 6.2. One can

clearly see that the slopes of the error curves decrease gradually as the pa-

rameter α increases.

To provide further insight into the typical error behavior, we plotted the

pointwise errors obtained with r = 26 in the four bottom diagrams of Fig. 6.2.

The numerical error for α = 5
8
, 7

8
are significantly larger than the errors at

α = 1
2
, 1. For fractional values of 2α near 2, the errors are smaller than the

errors for 2α near 1.

6.2.2 Example 2

In our second experiment, we repeat the calculations of Example 1. However,

this time, we adjust the source term so that the exact solution reads

u(x, t) =
eiγtx

1 + x2
.

The results of simulations, displayed in Fig 6.3, are qualitatively very similar

to those, observed in Example 1. Indeed, the numerical scheme converges

spectrally for α = 1
2
, 1, while convergence rate is algebraic for fractional

values of 2α. Similarly to Example 1, the algebraic convergence rate is almost

O(n−1) for α ≈ 1
2

and gradually increases to O(n−2) for α ≈ 1.

6.2.3 Example 3

As mentioned in Example 1, closed form solutions for the fractional Schrödinger

equation (4.1.1) are readily available only in the case of α = 1 and p =

1. In this settings problem (4.1.1) reduces to the classical cubic nonlinear
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Schrödinger equation whose solutions can be recovered via the inverse scat-

tering transform [1]. In particular, in the focusing case (β = 1, ν = −2 in our

formulation), the inverse scattering transform yields the so called J-soliton

solutions, describing propagation and elastic collision of J traveling waves.

The J-soliton shape is controlled by a number of real parameters, including

amplitudes – aj, velocities – vj, centers – ξj and phases – φj, 1 ≤ j ≤ J , and

is given by the explicit formula [1]

u(x, t) = 2i
detGc

detG
,

where

k =
(
vj+iaj

2
, 1 ≤ j ≤ J

)
, K =

(
1

ki−k∗j
, 1 ≤ i, j ≤ J

)
,

y = i
(
aje

ajξj+i(φj+2xkj−4tk2
j ), 1 ≤ j ≤ J

)
,

G = I +K diag(y∗)K∗ diag(y), Gc =

 0 yT

1 G

 .

In this example, we test the accuracy of the scheme (5.0.2) using the

classical cubic nonlinear Schrödinger equation associated with β = 1, ν = −2

and α = 1. As an exact solution, we take a 2-soliton (J = 2), whose shape

is controlled by a1 = 2, a2 = 1, v1 = −1
2
, v2 = 1

2
, ξ1 = 2, ξ2 = −1

2
and

φ1 = φ2 = 0. In this settings, the exact solution describes an elastic collision

(at time t = 3
4
) of two traveling waves. We compare the dynamics of the

exact and numerical solutions in time interval [0, 2π].

The results of the simulations are summarized in the top diagram of

Fig. 6.4. One can clearly see that the L2(R) and L∞(R) errors (blue and green

curves, respectively) decrease spectrally. This is expected as the Hβ
β (R) norm

of the exact solution is finite for all values of β > 0. Further, in the absence of

a source term, the continuous model (4.1.1) and the numerical scheme (6.1.1)
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are both conservative. Hence, we expect good preservation of the discrete

Hamiltonian Hn(·) and the L2(R)-norm along numerical trajectories. The

red and the orange curves in the top diagram of Fig. 6.4, corresponding to

the largest deviation in the Hamiltonian and in the L2(R)-norm, indicate

that this is indeed the case. Both quantities remain small independently of

the size of the semidiscretization parameter r.

The results of Examples 1 and 2, as well as the top diagram of Fig 6.4,

demonstrate that the numerical scheme (5.0.2) is reliable and allows to repro-

duce actual dynamics of exact solutions for any α ∈ [1
2
, 1] quite accurately.

Using this observation, we simulate the solutions to problem (4.1.1), for

α = 7
8
, 3

4
in the time interval [0, 2π]. As the input data, we take the initial

profile of the exact 2-soliton u(x, 0), shown in the two bottom diagrams of

Fig. 6.4. The numerical solution with α = 7
8
, 3

4
, plotted in the four middle

diagrams of Fig. 6.4 indicate that in the presence of fractional derivatives the

collision of traveling waves is no longer elastic. Immediately after collision,

the solutions develop high frequency small amplitude spurious waves moving

away from the original traveling waves. Furthermore, one can see that the

oscillation frequency of the spurious waves increases as α moves further away

from the critical value of 1. Theoretically, this is connected to the decrease

in the degree of the local smoothing effect induced by the linear hyperbolic

propagator exp{−iβD2αt}, see [34].

6.2.4 Example 4

In our final example, we repeat the calculations of Example 3, but this time

for a 3–soliton. We let J = 3, a1 = 2, a2 = 3, a3 = 1, v1 = 1
2
, v2 = 0,

v3 = −1
2
, ξ1 = 0, ξ2 = 2, ξ3 = 5 and φ1 = φ2 = φ3 = 0 and keep the re-

maining parameters unchanged. The results of the simulations are shown in
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Fig 6.5 and are almost identical to that of Example 3. As before, the scheme

(5.0.2) converges spectrally for α = 1 (see the top diagram in Fig. 6.5), the

semidiscrete first integrals Hn(·) and ‖ · ‖L2(R) are preserved with high accu-

racy, independently of the value of the semidiscretization parameter r. We

cannot judge the simulation accuracy for α = 3
4
, 7

8
, but the qualitative be-

haviour of the numerical solutions is the same as in Example 3. For fractional

values of 2α, the traveling waves collisions are inelastic, each traveling wave

give rise to a small amplitude oscillations whose frequencies increase as α

decreases.
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Figure 6.5: Example 4. The work precision diagram (α = 2):

L∞([0, T ], L2(R)) (blue, circle) and L∞([0, T ] × R) (green, diamond) errors;

maxt |Hn(un(t)) − Hn(un0)| (red, triangle); maxt |‖un(t)‖2
L2(R) − ‖un0‖2

L2(R)|
(orange, pentagon). The numerical solutions, r = 26, α = 3
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Chapter 7

Conclusion

The fractional nonlinear Schrödinger equation appears in a number of plasma

physics and in quantum mechanics applications and, apart from the classical

case of α = 1, has no closed form solutions and hence requires a rigorous nu-

merical treatment. The latter, despite some progress, represents a significant

challenge. Particularly in unbounded domains, where methods based on the

domain truncation and/or use of transparent boundary conditions are either

unavailable or do not work well for fractional values of 2α, while the only

known global Hermite-type spectral scheme suffers from slow convergence.

To overcome these difficulties, in this dissertation we proposed to use

Christov-type pseudospectral scheme and provided its rigorous stability and

convergence analyses. Further, we presented a detailed discussion, related

to the practical implementation of our numerical scheme. In particular, we

described an appropriate high order explicit time-stepping algorithm that

preserves the dynamical features (simplecticity) of the continuous model.

We provided a detailed account on solving linear systems with a semidis-

crete fractional Laplacian. We did demonstrate that an appropriate choice

of a preconditioner requires very few Krylov-type iterations and yields an
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O(r log r)-complexity computational algorithm suitable for large scale sim-

ulations. The theoretical conclusions as well as the practical computational

efficiency of our scheme is confirmed by a series of concrete numerical exper-

iments.
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