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Abstract

We introduce the notion of differential sequences generated by generators of
sequences. We discuss the Riccati sequence in terms of symmetry analysis,
singularity analysis and identification of the complete symmetry group for
each member of the sequence. We provide their invariants and first inte-
grals. We propose a generalisation of the Riccati sequence and investigate
its properties in terms of singularity analysis. We find that the coefficients of
the leading-order terms and the resonances obey certain structural rules. We
also demonstrate the uniqueness of the Riccati sequence up to an equivalence
class.

We discuss the properties of the differential sequence based upon the equation
ww′′−2w′2 = 0 in terms of symmetry and singularity analyses. The alternate
sequence is also discussed. When we analyse the generalised equation ww′′−
(1 − c)w′2 = 0, we find that the symmetry properties of the generalised
sequence are the same as for the original sequence and that the singularity
properties are similar. Finally we discuss the Emden-Fowler sequence in
terms of its singularity and symmetry properties.
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Chapter 1

Introduction

1.1 Sophus Lie

The concept of a symmetry was formally introduced centuries ago in the sense
that, given an object, the object would remain unaltered under a certain ac-
tion of transformation (for example translation, dilation and reflection). The
concept of a group is closely related to that of symmetry of mathematical
objects (such as functions and differential equations) and more specifically a
symmetry group of an object is defined to be the set of all invertible trans-
formations (symmetries) that leave an object invariant. Galois theory, which
was the final outcome of about three centuries of effort by mathematicians to
present the solutions of algebraic equations explicitly by radicals, deals with
the transformations of a finite group. On the other hand Lie theory deals
with symmetries of differential equations using the original idea of Sophus Lie
of infinitesimal transformations. Hence the knowledge of symmetry groups
can be used to enhance our understanding of natural phenomena, which are
mostly formulated in terms of differential equations [113].

While at school Lie decided to take up a military career, but his eyesight
was not sufficiently good so he gave up the idea and entered University of
Kristiania. There he attended lectures by Sylow in 1862 on Galois theory
and by Carl Bjerkneson on Mathematics. Lie certainly had teachers of con-
siderable quality, yet he graduated in 1865 without having shown any great
ability in the subject, or any great liking for it. In 1869 Crelle’s journal
accepted for publication a paper that Lie had written in 1867, which proved
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vital for he was awarded a scholarship to travel and meet leading mathemati-
cians. In Berlin Lie met Kronecker, Kummer, Weierstrass and Felix Klein,
with the last of whom he became a close friend and long-term colleague. In
Paris he met Darboux, Chasles and Jordan. While in Paris Lie discovered
contact transformations. In 1871 he became an assistant in the University
of Kristiania, in the same year submitting his work ‘On Complexes, in par-
ticular, Line and Spherical Complexes, with Applications to the Theory of
Partial Differential Equations’ for his doctorate, which was duly awarded in
July 1872. This work, essentially based on Plücker’s theory of complexes
and Monge’s geometrical interpretation of partial differential equations, is
a splendid blend of Lie’s new ideas with results of his contemporaries in
projective geometry, contact transformations and the theory of partial differ-
ential equations. In 1869-1870 Lie made a crucial discovery, namely that the
majority of the older methods of integration of ordinary differential equa-
tions, which until then had seemed artificial and not intrinsically related to
one another, could be unified by means of group theory. Hence Lie began
examining partial differential equations, hoping that he could find a theory
which was analogous to that of Galois theory of equations. Lie examined
his contact transformations, considering how they affected a process due to
Jacobi of generating further solutions of differential equations from a given
one. This led to combining transformations in a way which Lie called an in-
finitesimal group, but which is not a group with our definition, rather what
is today called a Lie algebra. During the Winter of 1873 Lie begun to de-
velop systematically what became his theory of continuous transformation
groups, later called Lie groups. Although Lie was creating highly innovative
mathematics, he became increasingly sad at the lack of recognition he was
receiving in the mathematical world. International recognition came late, in
1897, from geometers when he was awarded the first Lobachevskii prize to
recognise distinguished works especially on noneuclidean geometry [113].

1.2 Invariance

The symmetry of art is an expression of invariance under some form of trans-
lation, rotation or reflection. In Science the concept of symmetry appeals for
this leads to a characterisation of the system under consideration. The in-
variance associated with symmetry produces a simplification which makes

2



understanding easier. To take a simple example the Kepler-Coulomb prob-
lem in reduced coordinates is described by the equation of motion

r̈ = −µr̂
r2
, (1.2.1)

where µ is a constant, an overdot (·) denotes differentiation with respect to
time and an overcaret (∧) a unit vector. Equation (1.2.1) is obviously in-
variant under time translation and rotation. The associated invariants are
energy and angular momentum. When the quantum mechanical analogue
of (1.2.1) is examined, the spectrum of the energy operator is found to be
more degenerate than the conservation of angular momentum would imply.
This additional degeneracy was found by Foch [49] to be a consequence of
the existence of another conserved quantity, the Laplace-Runge-Lenz vector
[69, 112, 83]12. Commonly this additional symmetry is termed an acciden-
tal degeneracy which is due to the dynamical symmetry expressed by the
Laplace-Runge-Lenz vector. This usage is unfortunate. Equation (1.2.1) is
invariant under the similarity transformation

r̄ = ra2 t̄ = ta3

where a is the parameter of the transformation, which is no more accidental
nor dynamical than the time translation. Indeed to the practised eye all
three symmetries are equally obvious.

1.3 Outline of Thesis

In the study and application of differential equations there are certain equa-
tions which are prominent by means of their utility of application or their
ubiquity of occurrence. In the particular case of ordinary differential equa-
tions examples of members of this prominent class are the Riccati equation,

1The vector was discovered by Hermann (also Ermanno and Herman) [39] - in a partic-
ular case - in 1710 and more generally by Bernoulli [59] in 1711. In 1847 Hamilton reported
a third conserved vector [57]. The three vectors, angular momentum, Laplace-Runge-Lenz
and Hamilton’s, constitute an orthogonal triad which forms a convenient frame of reference
for the description of the classical orbits and the representation of the quantum states.

2A similar service was performed for the isotropic simple harmonic oscillator by
Bargmann [16].
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the linear second-order equation, the linear third-order equation of maxi-
mal symmetry, the Ermakov-Pinney equation, the Kummer-Schwarz equa-
tion and its generalisation. These equations are not independent. As Conte
observed [31], the study of any of the Riccati equation, the linear second-order
equation and the Kummer-Schwartz equation is equivalent to a study of the
other two. More recently the closely connected linear third-order equation
of maximal symmetry and the Ermakov-Pinney equation have been added
to the list given by Conte. Since these equations are of different orders and
have differing point symmetry properties, it is evident that the connections
among them are nonlocal.

We are familiar with the use of sequences of numbers and functions in the
mathematical and wider scientific literature. The last several decades have
seen intensive study of hierarchies based upon nonlinear evolution equations
which have their basis in the mathematical modelling of physical phenomena.
The extension to ordinary differential equations has only been made recently
[42]. We have chosen to term these related equations differential sequences to
reflect the dual nature of a definition which combines the idea of an operation
which generates the elements of the sequence and also that the elements of
the sequence are composed of derivatives. It seems to us that the word
sequence is more appropriate in this context than hierarchy and is more in
keeping with the tradition of mathematical terminology.

Preliminary theory on symmetry and singularity analyses is presented in
Chapters Two and Three. In Chapter Four we discuss some theory of recur-
sion operators for nonlinear partial differential equations and ordinary differ-
ential equations. We introduce the concepts of ‘generators of sequences’ and
‘differential sequences’. In the same chapter we illustrate the above theory
with some simple examples.

We commence the applications in Chapter Five where, naturally, we begin
with the Riccati equation. We obtain a generator of sequences of the Ric-
cati equation and generate its sequence which we term the Riccati sequence.
The Riccati sequence is analysed in terms of its symmetry and singularity
properties and complete symmetry group.

In Chapter Six we analyse the sequence based upon the Generalised Riccati
equation in terms of its singularity properties and conclude that the above

4



mentioned sequence does not possess the Painlevé Property in general.

It is well known as mentioned earlier of the relationship between the Riccati
equation and a second-order equation of maximal symmetry which motivated
the work conducted in Chapter Seven. We begin with a second-order equation
of maximal symmetry and obtain a generator of sequences for the equation.
We analyse the resulting sequence and obtain some interesting properties.
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Chapter 2

Lie Theory

2.1 Definitions

A group is one of the simplest as well as the most widely studied algebraic
structure. We begin this section by defining the notion of a group and a
transformation group.

Group: A group, G, is a set of elements with a law of composition, φ, be-
tween elements satisfying the following axioms [19, p 31]:

(i) Closure property: For any elements a and b of G, φ(a, b) is an element
of G.

(ii) Associative property: For any elements a, b and c of G

φ(a, φ(b, c)) = φ(φ(a, b), c). (2.1.1)

(iii) Identity element: There exists an unique element I of G such that
for any element a of G

φ(a, I) = φ(I, a) = a. (2.1.2)

(iv) Inverse element: For any element, a, of G there exists an unique
inverse element a−1 in G such that

φ(a, a−1) = φ(a−1, a) = I. (2.1.3)

Abelian group: A group G is Abelian if φ(a, b) = φ(b, a) holds for all ele-
ments a and b in G.
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Group of transformations: The set of transformations,

x̄ = X(x; ε), (2.1.4)

defined for each x in D ⊂ Rn and depending upon the parameter ε lying in
the set S ⊂ R, with φ(ε, δ) defining a composition of parameters ε and δ in
S, forms a group of transformations on D if

(i) For each parameter ε in S the transformations are one-to-one onto D.

(ii) S with the law of composition φ forms a group.

(iii) x̄ = x when ε = I, ie,

X(x; I ) = x. (2.1.5)

(iv) If x̄ = X(x,ε) and ¯̄x = X(x̄; δ), then

¯̄x = X(x;φ(ε; δ)). (2.1.6)

One-parameter Lie group of transformations: A one-parameter Lie
group of transformations is a group of transformations which in addition to
the above satisfies the following:

(i) ε is a continuous parameter, ie, S is an interval in R. (Without loss of
generality ε = 0 corresponds to the identity element I.)

(ii) X is infinitely differentiable with respect to x in D and an analytic func-
tion of ε in S.

(iii) φ(ε, δ) is an analytic function of ε and δ for ε ∈ S and δ ∈ S.

Subgroup: A subgroup of S is a group formed by a subset of elements of G
with the same law of composition.

Special linear group: The complex general linear group, GL(n,C), and
the real general linear group, GL(n,R), consist of all nonsingular complex
and real n×n matrices respectively [17]. (The latter may be considered as a
subgroup of the former.) The complex special linear group, SL(n,C), is the
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subgroup of GL(n,C) consisting of matrices with determinant one. The real
special linear group, SL(n,R), is the intersection of these two subgroups, ie,

SL(n,R) = SL(n,C ) ∩GL(n,R). (2.1.7)

Rotation group: The rotation group, SO(n, R), is the special or proper
real orthogonal group given by the intersection of the group of orthogonal
matrices1, O(n, R), and the complex special linear group, ie,

SO(n,R) = O(n,R) ∩ SL(n,C ). (2.1.8)

Lie algebra2: A Lie algebra, L, is a vector space together with a product
[x, y]LB

3 that:
(i) is Bilinear (ie, linear in x and y separately),
(ii) is Anticommutative (skew-symmetric):

[x, y]LB = −[y, x]LB, (2.1.9)

(iii) and satisfies the Jacobi Identity

[x, [y, z]LB]LB + [y, [z, x]LB]LB + [z, [x, y]LB]LB = 0 (2.1.10)

for all vectors x, y, and z in the Lie algebra.

A familiar Lie algebra is the real three-dimensional vector space with the
vector cross product as multiplication.

Abelian algebra: A Lie algebra L is called Abelian (equivalently commu-
tative) if [x, y]LB = 0 ∀ x, y ε L [105].

Solvable algebra: A Lie algebra, L, is called solvable if the derived series,

L ⊇ L′ = [L,L] (2.1.11)

⊇ L′′ = [L′,L′] (2.1.12)

⊇ ... (2.1.13)

⊇ L(k) = [L(k−1),L(k−1)], (2.1.14)

1Recall that a matrix is orthogonal if its transpose is its inverse.
2The term ‘Lie algebra’ was coined by H Weyl in 1934. Previously mathematicians

simply spoke of “infinitesimal transformations X1f, ..., Xrf” of the group which Lie and
Engel often abbreviated to “the group X1f...,Xrf” [21].

3We call this the Lie Bracket.

8



terminates with a null ideal, ie, L(k) = 0, k > 0 [62]. Note: Any Abelian
algebra is solvable and indeed any Lie algebra of dimension < 3 is solvable.

Remark: A Lie algebra is usually defined over the real and complex field.
The Jacobi identity plays the same role for Lie algebras that the associative
law plays for associative algebras. We define the product associated with the
Lie algebras as that of the Lie Bracket, ie,

[X, Y ]LB = XY − Y X. (2.1.15)

If a differential equation admits the operators X and Y , it also admits their
Lie Bracket, [X, Y ]LB. Lie’s main result [116] is the proof that it is always
possible to assign to a continuous group (Lie group) a corresponding Lie
algebra and vice versa. Thus for the real special linear group, SL(n, R), the
corresponding Lie algebra is sl(n, R) and for SO(n, R), so(n, R).

2.2 The Lie Analysis

2.2.1 Infinitesimal Transformations: Elementary Con-
siderations

We4 let (x, y) denote the variables of a two-dimensional space and assume no
relationship between x and y. An infinitesimal transformation in this space
has the form5

x̄ = x+ εξ(x, y) ȳ = y + εη(x, y) (2.2.1)

which can be regarded as generated by the differential operator6

Γ = ξ(x, y)∂x + η(x, y)∂y. (2.2.2)

The operator Γ is called the generator of the transformation (2.2.1) since

x̄ = (1 + εΓ)x ȳ = (1 + εΓ)y. (2.2.3)

4The development of this chapter may be found in [74].
5Since there is no implication of dependent and independent variables, (2.2.1) is the

most general infinitesimal transformation possible in this instance.
6We note ∂x is the operator ∂/∂x.
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In the case of a function f(x, y) the application of the infinitesimal transfor-
mation may be written as

f(x̄, ȳ) = f(x+ εξ, y + εη)

= f(x, y) + ε

{
ξ
∂f

∂x
+ η

∂f

∂y

}
= (1 + εΓ)f(x, y), (2.2.4)

where as is usual terms of second or higher order in the infinitesimal param-
eters are ignored. Γ is a symmetry of f(x, y) if Γf = 0, ie,

ξ
∂f

∂x
+ η

∂f

∂y
= 0. (2.2.5)

Equation (2.2.5) has two aspects. Given a function, f , (2.2.5) provides the
necessary relationship between ξ and η for Γ to be a symmetry. Clearly
there is an infinite number of symmetries for any function f(x, y). Given a
symmetry, Γ, with specific coefficient functions, ξ and η, (2.2.5) is a linear
partial differential equation from which the class of functions possessing Γ as
a symmetry can be found. Suppose

Γ = y∂x − x∂y. (2.2.6)

Then (2.2.5) becomes

y
∂f

∂x
− x

∂f

∂y
= 0 (2.2.7)

the characteristic of which is found from the solution of the associated La-
grange’s system

dx

y
=

dy

−x
(2.2.8)

and is
u = x2 + y2. (2.2.9)

Any function of the form f(x2+y2) possesses (2.2.6) as a symmetry. Naturally
(2.2.6) is just one representative of the class of symmetries of f(x2 + y2) for,
from (2.2.5), we have

ξx+ ηy = 0 (2.2.10)

⇔ η = −x
y
ξ (2.2.11)

so that, given an ξ, we have the required η. The concept is extended easily
to any number of variables.
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2.2.2 Infinitesimal Transformations: Dependent Vari-
ables

In the previous section the variables x and y were independent. Suppose now
that x is the independent variable and y is the dependent variable. Under
an infinitesimal transformation

x̄ = x+ εξ ȳ = y + εη (2.2.12)

the first derivative transforms according to

dȳ

dx̄
=

d(y + εη)

d(x+ εξ)
(2.2.13)

=

dy

dx
+ ε

dη

dx

1 + ε
dξ

dx

(2.2.14)

=
dy

dx
+ ε

(
dη

dx
− dy

dx

dξ

dx

)
. (2.2.15)

The differential operator producing the transformation in (2.2.15) is

Γ1 = ζ1
∂

∂y′
, (2.2.16)

where the prime denotes d/dx and

ζ1 = η′ − y′ξ′. (2.2.17)

In a similar fashion we can derive the formula for the transformation of the
second derivative. The formula is

d2ȳ

dx̄2
=

d2y

dx2
+ ε

(
d2η

dx2
− 2

d2y

dx2

dξ

dx
− dy

dx

d2ξ

dx2

)
(2.2.18)

which is generated by

Γ2 = ζ2∂y′′ , ζ2 = η′′ − 2y′′ξ′ − y′ξ′′. (2.2.19)

In general the transformation in the nth derivative is generated by

Γn = ζn∂y(n) , ζn = η(n) −
n∑
j=1

(
n
j

)
y(n+1−j)ξ(j). (2.2.20)
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In the case of a function, f(x, y, y′, . . . , y(n)), the infinitesimal transformation
is generated by Γ + Γ1 + Γ2 + . . .+ Γn which we write as Γ[n], where [92]

Γ[n] = Γ +
n∑
i=1

η(i) −
i∑

j=1

(
i
j

)
y(i+1−j)ξ(j)

 ∂y(i) (2.2.21)

is called the nth extension of Γ.

2.2.3 Symmetries of Differential Equations

We now present a brief introduction to this method of analysing differential
equations. For a more detailed approach we refer the reader to [19, 91, 104].
While the subsequent development encompasses only ordinary differential
equations, the results apply mutatis mutandis to partial differential equa-
tions. An ordinary differential equation,

F (x, y, y′, ..., y(n)) = 0, (2.2.22)

admits the one-parameter Lie group of (point) transformations7

x̄ = x+ εξ(x, y) ȳ = y + εη(x, y) (2.2.23)

with infinitesimal generator

Γ = ξ(x, y) ∂x + η(x, y) ∂y (2.2.24)

if and only if
Γ[n] F (x, y, y′, ..., y(n))|F = 0

= 0, (2.2.25)

where

Γ[n] = Γ[n−1] + η[n] ∂

∂y(n)
, Γ[0] = Γ, (2.2.26)

η[n] =
dη[n−1]

dx
− y(n) dξ

dx
(2.2.27)

7We are only concerned here with the study of classical point symmetries. Different
types of symmetries, eg hidden [4, 5, 6], potential [19, p 301], contact [94] and generalized
[8] symmetries, have also been studied. Many, such as hidden and potential, may be inter-
preted as just variations of point symmetries that appear under different circumstances.
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or equivalently

η[n] = η(n) −
k−1∑
j=0

(
k
j

)
y(j+1) ξ(k−1) (2.2.28)

and
d

dx
=

∂

∂x
+ y′

∂

∂y
+ ...+ y(n) ∂

∂y(n−1)
. (2.2.29)

Γ, defined by (2.2.24), is called a symmetry of (2.2.22) and (2.2.25) the nth
extension8 or prolongation of Γ. We say that F is invariant under the nth
extension of Γ if (2.2.25) holds. The symmetry is usually written in its un-
extended form for compactness.

For a second-order ordinary differential equation,

f(x, y, y′, y′′) = 0, (2.2.30)

we use the second extension (or prolongation) of Γ, videlicet

Γ[2] = ξ
∂

∂x
+ η

∂

∂y
+ (η′ − y′ξ′)

∂

∂y′
+ (η′′ − 2y′′ξ′ − y′ξ′′)

∂

∂y′′
, (2.2.31)

and require that

ξ
∂f

∂x
+ η

∂f

∂y
+ (η′ − y′ξ′)

∂f

∂y′
+ (η′′ − 2y′′ξ′ − y′ξ′′)

∂f

∂y′′
= 0. (2.2.32)

Given ξ and η we can find f = F (u, v, w), where u, v and w are the three
characteristics determined from the associated Lagrange’s system

dx

ξ
=

dy

η
=

dy′

η′ − y′ξ′
=

dy′′

η′′ − 2y′′ξ′ − y′ξ′′
. (2.2.33)

Using the first two terms we obtain u(x, y), the zeroth-order invariant, the
first three v(x, y, y′), the first-order invariant, and all four w(x, y, y′, y′′), the
second-order invariant. However, if f is given, (2.2.32) is an equation for ξ
and η and we rewrite it as

ξ
∂f

∂x
+ η

∂f

∂y
+

(
∂η

∂x
+ y′

∂η

∂y
− y′

∂ξ

∂x
− y′2

∂ξ

∂y

)
∂f

∂y′

+

(
∂2η

∂x2
+ 2y′

∂2η

∂x∂y
+ y′2

∂2η

∂y2
+ y′′

∂η

∂y
− 2y′′

∂ξ

∂x
− 2y′y′′

∂ξ

∂y
− y′

∂2ξ

∂x2

−2y′2
∂2ξ

∂x∂y
− y′3

∂2ξ

∂y2
− y′y′′

∂ξ

∂y

)
∂f

∂y′′
= 0. (2.2.34)

8We need to extend the symmetry to take care of the higher derivatives in the equation.
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Since η and ξ are functions of x and y only, we use (2.2.30) to eliminate y′′,
collect terms by powers of y′ and set each coefficient separately equal to zero.
The resulting equations form an overdetermined system of partial differen-
tial equations which are solved to obtain the explicit forms of ξ and η and
thereby Γ. In the solution of (2.2.34) the coefficient functions, ξ and η, con-
tain a number of arbitrary constants of integration say n. Corresponding to
each of the constants of integration, or n linearly independent combinations
of them, there is a generator of a symmetry, Γi, i = 1, n. The Lie Brackets
of the Γi form a Lie algebra.

It is evident that the calculation of ξ and η involves tedious manipulation
which is best left to a computer. We have made use of the packages Program
LIE [58] and SYM [35, 36] to reduce the effort in and increase the accuracy
of the calculations.

2.2.4 Types of symmetries

Point symmetry: The coefficient functions depend only upon the indepen-
dent variable, x, and the dependent variable, y, ie,

Γ = ξ(x, y)∂x + η(x, y)∂y.

Contact symmetry: A transformation is contact if ξ and η depend upon
x, y and y′ in such a way that ζ1 is independent of y′′. Precisely this means

∂η

∂y′
= y′

∂ξ

∂y′
.

Generalised symmetry: The coefficient functions of a generalised sym-
metry depend upon derivatives of all admissible orders, ie,

Γ = ξ(x, y′, ...)∂x + η(x, y′, ...)∂y.

The highest order of derivative allowed is limited by the order of the differ-
ential equation.

Nonlocal symmetries: The coefficient functions depend upon integrals, in
which the integrands are functions of x, y, y′, y′′... .
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2.2.5 Using Symmetries to Solve Differential Equations

Symmetry algebras calculated using Lie’s infinitesimal method have numer-
ous applications. These include integration of ordinary differential equations,
group invariant solutions of partial differential equations, conservation laws,
bifurcation theory etc. We illustrate the usefulness of the knowledge of sym-
metries in analysing differential equations.

Point transformations

We can relate differential equations of similar order with the same symmetry
algebras by a point transformation. The knowledge of the solution of just
one equation of a particular class is required to determine the solutions of
the remaining equations as they are also related via point transformations.
This is illustrated by second-order ordinary differential equations which have
the maximal symmetry algebra sl(3,R) (with eight symmetries).

Consider the nonlinear second-order ordinary differential equation

y′′ + 3yy′ + y3 = 0, (2.2.35)

which arises in the study of the modified Emden equation and often in prac-
tical and impractical applications, and the simple equation

Y ′′ = 0, (2.2.36)

both of which have the eight-element Lie algebra, sl(3,R) [90]. The solution
of (2.2.36) is

Y = A+BX, (2.2.37)

while that of (2.2.35) is not exactly obvious. However, one can transform
(2.2.35) to (2.2.36). We seek the transformation from (2.2.35) to (2.2.36)
which casts Γ2 = y∂x− y3∂y into canonical form. Γ2 assumes canonical form
provided

ξ
∂Y

∂x
+ η

∂Y

∂y
= 0

ξ
∂X

∂x
+ η

∂X

∂y
= 1, (2.2.38)
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where ξ = y and η = −y3.

By applying the method of characteristics for first-order partial differential
equations to (2.2.38) we obtain

dx

y
=

dy

−y3

dx

y
=

dy

−y3
=
dX

1
(2.2.39)

for which these solutions [90] are

Y = x− 1

y
X = −x

2

2
+
x

y
. (2.2.40)

Under the transformation (2.2.40), equation (2.2.35) takes the form in (2.2.36).
Hence we may apply the transformation (2.2.40) to (2.2.37) to obtain the so-
lution to (2.2.35) which is

x− 1

y
= A+B

(
−1

2
x2 +

x

y

)
,

ie

y =
Bx+ 1

1
2
Bx2 + x− A

. (2.2.41)

Reduction of order

Consider the differential equation

E(x, y, ..., y(n)) = 0 (2.2.42)

which possesses a symmetry of the general form

Γ = ξ(x, y)∂x + η(x, y)∂y. (2.2.43)

By using the zeroth-order and first-order differential invariants we can obtain
an equation of order (n − 1). The zeroth-order and first-order differential
invariants are given by the two characteristics associated with Γ[1], ie,

Γ[1] = ξ(x, y)∂x + η(x, y)∂y + (η′ − y′ξ′)∂y′ ,
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the associated Lagrange’s system of which is

dx

ξ
=
dy

η
=

dy′

η′ − y′ξ′
.

In the case of a point symmetry9 the first two terms give the zeroth-order
invariant, u = f(x, y), and together with the third term give the first-order
invariant, v = g(x, y, y′). All higher derivatives can be expressed in terms of
u, v and x such that (2.2.42) reduces to

Ē(u, v, ..., v(n−1)) = 0, (2.2.44)

which is an equation of order (n−1). That means we have reduced the order
of the original equation by one. If the reduced equation has a symmetry,
then the process can be repeated until the solution of the original equation
is reduced to quadratures.

Note that, if equation (2.2.42) has two symmetries Γ1 and Γ2 with Lie Bracket
[Γ1,Γ2]LB = λΓ1, where λ is an arbitrary constant, reduction of order by Γ1

results in the descendant of Γ2 being a point symmetry of the reduced equa-
tion (2.2.44). If a constant λ is not zero, reduction by Γ2 results in the loss
of a descendant of Γ1 as a point symmetry of the reduced equation [86].
Consequently a point symmetry is not available for a further reduction of
order. However, the point symmetry does become an exponential nonlocal
symmetry and such a symmetry can be used in reduction of order [52]. If an
equation has more than one symmetry, the choice of symmetry for reduction
is of great importance.

To summarize, given (2.2.42) with a sufficient number of suitable symme-
tries, the integration of the equation is achieved by a process of successive
reduction of order using the characteristics (invariants) of the symmetries
in turn until a first-order ordinary differential equation is obtained. This is
integrated to obtain a solution. The next level is obtained by the solution of
another first-order ordinary differential equation until the original variables
are regained. With each first-order equation solved a constant of integration
is obtained so that, after n first-order equations are solved, the solution has n

9For a contact symmetry, that is ξ = ξ(x, y, y′) and η = η(x, y, y′), both invariants
would be expected to be of first-order and the ease of computation for the point symmetries
is lost.
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constants of integration and represents the general solution of the nth-order
differential equation.

The general nth-order ordinary differential equation

y(n) + g(x, y, ..., y(n−1)) = 0 (2.2.45)

possesses the two symmetries

Γ1 = ∂x and Γ2 = −qx∂x + y∂y, (2.2.46)

where q is a constant. Since Γ1 is a symmetry of (2.2.45), g is independent
of x. The nth extension of Γ2 is

Γ
[n]
2 = −qx∂x +

i=n∑
i=0

(iq + 1)y(i)∂y(i) (2.2.47)

and the invariance of (2.2.45), with g now independent of x, under its action
leads to the linear partial differential equation

[nq + 1] y(n) + [(n− 1)q + 1] y(n−1) ∂g

∂y(n−1)

+ ...+ y
∂g

∂y
= 0 (2.2.48)

and its associated Lagrange’s system

dg

(nq + 1)g
=

dy(n−1)

[(n− 1)q + 1] y(n−1)
= ... =

dy

y
. (2.2.49)

Characteristics are obtained by combining the first n terms in turn with the
(n+ 1)th and are [74]

ξi =
y(i)

yiq+1
, i = 1, n− 1, and γn =

g

ynq+1
(2.2.50)

so that the general nth-order ordinary differential equation invariant under
both Γ1 and Γ2 may be written as

y(n) + ynq+1f

(
y(n−1)

y(n−1)q+1
, ...,

ẏ

yq+1

)
= 0, (2.2.51)
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where f is an arbitrary function of its n − 1 arguments and the overdot
indicates differentiation with respect to time. In particular we may write the
representative second-order ordinary differential equation as

ÿ + y2q+1f(ξ) = 0, (2.2.52)

where we have introduced the specialised notations ξ = ξ1 and η = ξ2,
respectively.
The variables ξ and η are the natural variables for the reduction of order
of (2.2.52) using the two symmetries. Thus (2.2.52) becomes the algebraic
equation

η + f(ξ) = 0. (2.2.53)

More conventionally one would compute ξ̇ as

dξ

dx
= yq

[
η − (q + 1)ξ2

]
and using (2.2.53) one would obtain

f(ξ) + (q + 1)ξ2 +
1

yq
dξ

dx
= 0∫ ξdξ

f(ξ + (q + 1)ξ2)
+ log y = constant .

Further progress in the determination of the solutions depends upon the
explicit form which f takes.

2.2.6 Complete Symmetry Groups

In 1994 Krause [66, 67] introduced the concept of a complete symmetry group
of an ordinary differential equation as being the group associated with the
set of symmetries, be they point, contact, generalised or nonlocal, required
to specify the equation or system of equations completely. A complete sym-
metry group realisation in mechanics must possess the following two features
[66]:

(a) the group acts freely and transitively on the manifold of all allowed mo-
tions of the system;
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(b) the given equations of motion are the only ordinary differential equations
that remain invariant under the specified action of the group.

Hence every mechanical system may be characterised by the symmetry rules
it obeys, ie, different mechanical systems cannot have the same symmetry
properties. If the systems do have the same symmetry properties, then they
must have the same mechanical nature.

The strategy used to find the complete symmetry group of a given nth-order
differential equation is that of taking the general nth-order equation, apply-
ing the appropriate extension of the symmetries that the equation possesses
in turn until one recovers the nth-order differential equation. This is only
possible if the given equation or system of equations possesses a sufficient
number of point symmetries so as to be completely specified by them. Hence
there are three basic categories. The first is the over-symmetric problem for
which there exists a sufficient number of point symmetries to find the com-
plete symmetry group. Secondly there is the problem of which one is almost
there to find the complete symmetry group. This means that there is an
insufficient number of point symmetries so that one needs to find nonlocal
symmetries in order to obtain the complete symmetry group. Finally there is
the problem were one can do nothing due to the lack of explicit expressions
for the symmetries.

To illustrate the procedure in terms of simple calculations we calculate the
complete symmetry group of the Kummer-Schwarz equation,

2yy′′′ − 3y′′2 = 0, (2.2.54)

which has the point symmetries

Γ1 = ∂x Γ4 = ∂u

Γ2 = x∂x Γ5 = u∂u

Γ3 = x2∂x Γ6 = u2∂u.

We consider the general third-order ordinary differential equation

y′′′ = f(x, y, y′, y′′). (2.2.55)

The first symmetry, Γ1 = ∂x, results in (2.2.55) being independent of x, ie,

y′′′ = g(y, y′, y′′). (2.2.56)
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By the action of

Γ
[3]
2 = x∂x + 0∂y − y′∂y′ − 2y′′∂y′′ − 3y′′′∂y′′′ (2.2.57)

on (2.2.56) we have

−3y′′′ = −y′ ∂g
∂y′

− 2y′′
∂g

∂y′′
, (2.2.58)

which has the associated Lagrange’s system

dy′

y′
=
dy′′

2y′′
=
dg

3g

with characteristics

u =
y′′

y′2
, v =

g

y′3
.

Hence we have

g = y′′′ = y′3h

(
y,
y′′

y′2

)
. (2.2.59)

The action of the third extension of Γ4 = ∂y on (2.2.59) results in (2.2.59)
being independent of y, ie,

y′′′ = y′3j

(
y′′

y′2

)
. (2.2.60)

The action of

Γ
[3]
5 = 0∂x + y∂y + y′∂y′ + y′′∂y′′ + y′′′∂y′′′ (2.2.61)

on (2.2.60) gives

y′′′ = 3y′3j + y′3
dj

du

(
y′′

y′2
− 2y′′

y′3
y′
)

y′3j = 3y′3j − y′y′′
dj

du

2j = u
dj

du
,
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where u = y′′/y′2 and the associated Lagrange’s system of which is

du

u
=
dj

2j
.

Hence we have

k = u−2j

j =
y′′

y′2
k.

By substituting j =
y′′

y′2
k into (2.2.60), we may write (2.2.55) as

y′y′′′ = ky′′2, (2.2.62)

which is the generalised Kummer-Schwarz equation. We obtain the Kummer-
Schwarz equation when we apply the third extension of Γ3, ie,

Γ
[3]
3 = x2∂x + 0∂y − 2xy′∂y′ − (4xy′′ + 2y′)∂y′′ − (6xy′′′ + 6y′′)∂y′′′ ,

the action of which on (2.2.62) gives

−6xy′y′′′ − 6y′y′′ − 2xy′y′′′ = −2ky′′(4xy′′ + 2y′)

−8xy′y′′′ − 6y′y′′ = −(8kxy′′2 + 4ky′y′′)

k = 3/2.

The complete symmetry group of (2.2.54) has the algebra A1 ⊕ sl(2, R) and
is represented by the symmetries Γ1,Γ2,Γ3,Γ5.

2.3 Discussion

The application of symmetry groups to the study of differential equations
is extended significantly by allowing the infinitesimals that characterise the
admitted symmetries to also depend on the derivatives of the dependent
variable up to some finite order. Such symmetries are known as generalised
symmetries [74]. Lie point symmetries, contact symmetries and generalised
symmetries are called local symmetries; they are characterised by infinitesi-
mals of ‘local’ type. Symmetries that are characterised by infinitesimals that
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are not of local type are called nonlocal symmetries. Examples include sym-
metries in which infinitesimals depend on integrals of the dependent variable.
In principle a differential equation can admit an infinite number of nonlo-
cal symmetries. The problem, however, is the nonavailablity of a general
systematic method for determining these symmetries.

When one can find them, the nonlocal symmetries admitted by a differential
equation may provide information on the differential equation not obtainable
via local symmetries. A class of nonlocal symmetries called potential sym-
metries can be computed using Lie’s algorithm. Potential symmetries may
be put to many uses such as the construction of noninvertible mappings of
known solutions to new ones and construction of new invariant solutions etc .

In this Thesis we confine our discussion to the application of Lie analysis
to scalar equations and sequences of scalar equations. However, Lie analysis
may also be applied to systems of equations. For the sake of completeness we
have applied Lie analysis to the two-dimensional Ermakov system, we have
also presented the complete symmetry group for the system10.

10See Appendix A for details.
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Chapter 3

Singularity Analysis

3.1 Introduction

Differential equations arise in almost every area of scientific activity. For over
three centuries mathematicians and scientists in general have sought various
stratagems to solve them. Most differential equations do not have solutions
in terms of known functions, despite many innovative approaches to invent
new functions, and indeed are not even integrable even though their solu-
tions exist. The precise meaning of the solution of a system of differential
equations can be cast in several ways:

(i) The existence of a sufficient number of functionally independent explicit
first integrals;

(ii) the existence of a set of explicit functions describing the variation of the
dependent variables with the independent variables;

(iii) the existence of a sufficient number of Lie point symmetries which allows
the reduction of a system of differential equations to a system of algebraic
equations and

(iv) the possession of the Painlevé Property.
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3.2 The ARS Algorithm

We have mentioned above that the precise meaning of the solution of a sys-
tem of differential equations can be cast in several ways. A feature, central
to each of these three equivalent prescriptions of integrability, is the exis-
tence of explicit functions, be they solutions, first integrals/invariants or the
coefficient functions of Lie symmetries.

There is another approach to the question of integrability which is not con-
cerned with the display of explicit functions but with the demonstration of
a specific property. This is the existence of a Laurent series for each of the
dependent variables. The series may not be summable to an explicit form,
but does represent an analytic function in a punctured disc centred on the
singular point about which the expansion is made. The radius of the disc
may be infinite. The essential feature of this Laurent series is that it is an
expansion about a particular type of movable critical point, a pole. Con-
sequently the existence of these Laurent series is intimately concerned with
the singularity analysis of differential equations initiated around the end of
the nineteenth century by Kowalevski [64, 65], Painlevé, Gambier and Gar-
nier [61] and continued since by many workers including Chazy [30], Bureau
[22, 23, 24, 25], Cosgrove [32] and Cosgrove et al [33]. More recently An-
driopoulos et al [14] demonstrated the existence of nongeneric positive and
negative resonances which are found in the performance of the standard sin-
gularity analysis. These resonances can lead to the solution of the differential
equation under study in an annulus defined by singularities additional to the
one about which the analysis is performed.

The connection of this type of singular solution and the solution of partial
differential equations by the method of the Inverse Scattering Transform was
noticed by Ablowitz et al [1, 2, 3] who developed an algorithm, called the
ARS algorithm, to test whether the solution of an ordinary differential equa-
tion was expressible in terms of a Laurent expansion. If this was the case,
the ordinary differential equation was said to pass the Painlevé Test and was
conjectured to be integrable. Under more precise conditions Conte [31] has
shown when the equation is integrable1

1The test can also be, mutatis mutandis, applied to partial differential equations, but,
for the purposes of the present exposition, we confine our attention to ordinary differential
equations.

25



In a review of integrable systems Ramani et al [110] provided a listing of the
process of the implementation of the ARS algorithm. In the positive sense of
the algorithm the polelike nature of the movable singularity is identified, the
incidence of arbitrary constants of integration is determined and the con-
sistency of the proposed Laurent expansion with the differential equation
established.

Failure of the algorithm at any one of these steps leads to rejection and the
equation is deemed to be nonintegrable. We emphasise that this nonintegra-
bility is at the level of a function, represented by a Laurent series, analytic
in the complex plane with the exception of singularities which are movable
poles.

We detect possible singular behaviour in the solution of a differential equa-
tion by means of the leading-order analysis of the equation. Consider the
autonomous equation

y(n) = E(x, y′, y′′, . . . , y(n−1)). (3.2.1)

We set y = αχp, where χ = x − x0 and x0 is the location of the supposed
movable singularity, substitute this into (3.2.1) and look for two or more
dominant terms. The detection of which terms are dominant is identical to
the determination of which terms in an equation are self-similar, ie invariant
under the action of the symmetry

Γ2 = −qx∂x + y∂y. (3.2.2)

If (3.2.1) is invariant under the action of (3.2.2), the exponent in the leading-
order term is given by −1/q and the constant α determined by the equation.
If (3.2.1) is separately invariant under x∂x and y∂y, ie, it possesses two homo-
geneity symmetries, the value of p is determined by the equation. Otherwise
only the self-similar terms contribute to the value of α. The ARS algorithm
requires that p be a negative integer. Were this not the case, the algorithm
terminates2. Once the leading-order term of the solution is obtained, we
seek the behaviour of the next-to-leading-order term. In the philosophy of
the ARS algorithm we require that this, and all subsequent terms, be compat-
ible with the Laurent series imposed by the analycity criterion. The Laurent

2There is an exception for which we see below.
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series can be an increasing series of the form

y =
∞∑
i=0

aiχ
i−n, (3.2.3)

where the singularity at t0 is a pole of order n, a decreasing series of the form

y =
∞∑
i=0

aiχ
−(i+n), (3.2.4)

or a full series. The second and third possibilities were not recognised by
Ramani et al [110], but are found in [81]. The former series has been called
the Right Painlevé Series and the latter the Left Painlevé Series [48]. In
terms of the ARS algorithm the next step is to locate the powers at which
the arbitrary constants required to make the solution a general solution are
introduced. One introduces a single term and insists that its coefficient
remain arbitrary, ie, one puts

y = αχ−n + βχ−n+r, (3.2.5)

where r is call the resonance. The substitution is made into the dominant
terms. The solution of r = −1 always occurs, the existence of which is
related to the one arbitrary constant we have from the beginning of the anal-
ysis, namely the location of the x0 of the singularity. If the other values of r
are not integral, the ARS algorithm stops.

The final procedure of the ARS algorithm is to substitute the Laurent series
until the resonance farthest from the singularity into the full equation to
check that there are no inconsistencies. For a second-order equation with
the two symmetries Γ1 = x∂x and Γ2 = −qx∂x + y∂y, there can be no
inconsistency.

3.3 Example of a scalar equation

Consider the equation

y′′ + yy′ + ky3 = 0. (3.3.1)

To determine the leading-order behaviour we perform the substitution

y = αχp, where χ = x− x0,
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x0 being the location of the putative movable singularity. Thus equation
(3.3.1) takes the form

αp(p− 1)χp−2 + α2pχ2p−1 + kα3χ3p = 0 (3.3.2)

and it is obvious that all terms balance at p = −1. This means that all
terms are dominant, something that is expected since (3.3.1) possesses the
self-similarity symmetry G = −x∂x + y∂y. For this specific value of p one
can calculate α using equation (3.3.2), videlicet

kα2 − α+ 2 = 0. (3.3.3)

Equation (3.3.3) not only specifies the values of α but in this instance intro-
duces the existence of two Laurent series of the form

y1 = α1χ
−1 + ...

y2 = α2χ
−1 + ...,

where α1 and α2 are the two roots of (3.3.3). After the leading-order be-
haviour has been successfully calculated, the next step is to determine the
powers at which the arbitrary constants enter the solution. In other words
one takes the series one step further by introducing a term of the form µχr−1

with the aim to calculate r. Making the substitution,

y = αχ−1 + µχr−1,

into (3.3.1), we obtain the equation

2αχ−3 + µ(r − 1)(r − 2)χr−3 + (αχ−1 + µχr−1)(−αχ−2 + µ(r − 1)χr−2)

k(αχ−1 + µχr−1)3 = 0.

Separating by powers of χ and specifically for χr−3 , or equally terms linear
in µ, we obtain

(r − 1)(r − 2) + α(r − 1)− α+ 3kα2 = 0

r2(α− 3)r + (α− 4) = 0

r = −1 or r = 4− α.
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In order to have a solution in terms of analytic functions all powers of χ have
to be integral. Hence

4− α = n ⇔ k =
2− n

(4− n)2
, ∀n ∈ Z − {4} .

Case I: k = 0 ⇔ n = 2, α = 2, r = 2

Equation (3.3.1) now takes the form

y′′ + yy′ = 0. (3.3.4)

What remains is the determination of the constants entering the series. We
make the substitution of the series, videlicet

y =
∞∑
i=0

αiχ
i−1

into (3.3.4) to obtain

(i− 1)(i− 2)αiχ
i−3 + (i− 1)αiαjχ

i+j−3 = 0,

where the subscripts i, j = 0,∞. Collecting powers of χ we calculate the
coefficients of the terms in the series, ie,

χ−3 : 2α0 − α2
0 = 0

α0 6=0⇒ α0 = 2
χ−2 : −α0α1 = 0 ⇒ α1 = 0
χ−1 : α2α0 − α2α0 = 0 ⇒ α2 is arbitrary
χ0 : 2α3 + 2α3α0 + α2α1 − α0α3 = 0 ⇒ α3 = 0

χ1 : 6α4 + 3α4α0 + 2α3α1 + α2
2 − α0α4 ⇒ α4 = −α

2
2

10
.

Hence we have constructed the general solution of the particular case of
(3.3.1) when k = 0, ie,

y = 2χ−1 + α2χ−
1

10
α2

2χ
3 + ...,
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or equally

y = c

{
2

c(x− x0)
+ c(x− x0)−

1

10
(c(x− x0))

3 + ...

}
.

Case II: k = 1/9 ⇔ n = 1, α = 3 and α = 6 and r = 1 and r = −2
respectively

In this case we have the interesting situation in which there exists two Laurent
series, oftentimes called the Right Painlevé Series (RPS) and Left Painlevé
Series (LPS), because they ascend and descend respectively. They obviously
are valid in different domains. The general solution is found to be

y =

{
3χ−1 + µ1χ

0 + ...(RPS)
6χ−1 + µ2χ

−3 + ...(LPS)

}
.

For the RPS we substitute

y1 =
∞∑
i=1

αiχ
i−1

into (3.3.1) with k = 1/9 and obtain

(i− 1)(i− 2)αiχ
i−3 + (i− 1)αiαjχ

i+j−3 +
1

9
αiαjαkχ

i+j+k−3 = 0,

where i, j, k = 0,∞. Collecting powers of χ we calculate the coefficients of
the terms in the series, ie,

χ−3 : 2α0 − α2
0 + 1

9
α3

0 = 0
α0 6=0⇒ α0 = 3 orα0 = 6

χ−2 : −α0α1 + 1
3
α1α

2
0 = 0 ⇒ α1 is arbitrary orα1 = 0

χ−1 : 1
3
α2α

2
0 + 1

3
α2

1α0 = 0 ⇒ α2 = −1
3
α2

1 orα2 = 0
χ0 : 2α3 + α3α0 + α2α1 + 1

3
α3α

2
0

2
3
α2α1α0 + 1

9
α3

1 = 0 ⇒ α3 = 1
10
α3

1 orα3 = 0.

On the other hand for the LPS we substitute
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y2 =
∞∑
i=1

αiχ
−i−1

into equation (3.3.1) with k = 1 and obtain

(i+ 1)(i+ 2)αiχ
−i−3 − (i+ 1)αiαjχ

−i−j−3 +
1

9
αiαjαkχ

−i−j−k−3 = 0,

where i, j = 0,∞. Collecting powers of χ we calculate the coefficients of the
terms in the series, ie,

χ−3 : 2α0 − α2
0 + 1

9
α3

0 = 0
α0 6=0⇒ α0 = 6 orα0 = 3

χ−4 : 6α1 − 3α1α0 + 1
3
α1α

2
0 = 0 ⇒ α1 is arbitrary

χ−5 : 12α2 − 4α2α0 − 2α2
1

+1
9
(3α2α

2
0 + 3α2

1α0) = 0 ⇒ α2 is arbitrary
χ−6 : 20α3 − 5α3α0 − 5α2α1

+1
9
(3α3α

2
0 + 6α2α1α0 + α3

1) = 0 ⇒ α3 = 1
2
(α1α2 − 1

9
α3

1)
χ−7 : 30α4 − 6α4α0 − 6α3α1 − 3α2

2

+1
9
(3α4α

2
0 + 6α3α1α0 + 3α2α

2
1

+3α2
2α0) = 0 ⇒ α4 = 1

6
{α2

1(
2
3
α2 − 2

9
α2

1) + α2
2}.

For α0 = 3 all other coefficients are zero since this gives the RPS.

The general solution is given by

y =


3χ−1 + α11 − 1

3
α2

11χ+ 1
10
α3

11χ
2 + ...(RPS)

6χ−1 + α21χ
−2 + α22χ

−3 + 1
2
α21(α22 − 1

9
α2

21)χ
−4

+1
6
{α2

11(
2
3
α22 − 1

9
α2

11) + α2
22}χ−5 + ...(LPS)

 .
or, written in a slightly neater form (and by setting α21 = 0, which is equiv-
alent to putting the singularity at the origin)

y =


α11

{
3

α11(x− x0)
+ 1− 1

3
α11(x− x0) +

1

10
(α11(x− x0))

2 + ...(RPS)

}
6

x−x0

(
1 +

α22

6(x− x0)2
+

α2
22

36(x− x0)4
...

)
(LPS)

 .

31



3.4 Discussion

We recognise that the subject of singularity analysis of ordinary differential
equations provides for different philosophies. These different philosophies
are also connected to the understanding of what integrability is. There are
those who require that the solution of an ordinary differential equation be
an analytic function. As soon as the ARS algorithm throws up a nonintegral
power, the algorithm is terminated. A concession, implied by the qualifier
‘weak’, is to require that the solution be analytic in part of the complex
plane, ie, rational powers, either in the singularity or in the series expansion,
be admitted. In stating that an equation passes the weak Painlevé Test a
certain amount of common sense must be used to interpret the utility of the
result. The rational exponent involved cannot be permitted to have too large
a denominator or else the complex plane is divided into unworkable parts,
particularly in the neighbourhood of the singularity. In a realistic scheme of
things, where in the end solutions must be computed, there is no numerical
difference between an irrational exponent and a rational exponent with a
large denominator [53].

In the initial development of the singularity analysis the solution of a dif-
ferential equation was considered as a Laurent expansion convergent in a
punctured disc centered upon the movable singularity, and the more recently
introduced Left Painlevé Series [48] which is an asymptotic solution and may
be regarded as a Laurent expansion outside a disc centred on the movable
singularity [53] and the full series which may be regarded as a Laurent ex-
pansion in an annulus about the singularity [14].
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Chapter 4

Methodologies for Generating
Differential Sequences

4.1 Introduction

It is known that one can construct integrable partial differential equations (or
systems of partial differential equations) by the use of a so-called recursion
operator, R[u], which generates an infinite number of Lie-Bäcklund symme-
tries [103, 46, 47]. These equations are usually described as being symmetry
integrable. The main problem is to find the recursion operator for a given
system or to show that an infinite number of Lie-Bäcklund symmetries ex-
ists or that it does not exist (the latter being the more demanding task).
Since the recursion operator can in general contain nonlocal variables even
for equations linearisable by a (nonlocal) transformation [107], the procedure
is not an easy one especially for higher-order equations and for systems.

Consider a general partial differential equation of order n described by

F (x, t, y, yt, yx, ..., ynx) = 0, (4.1.1)

where yx =
∂y

∂x
, yxx =

∂2y

∂x2
..., ynx =

∂ny

∂xn
.

Equation (4.1.1) admits a Lie-Bäcklund symmetry,

Z = η(x, t, y, yx, ..., ysx)∂y, (4.1.2)
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if and only if the invariance condition [43]

Z(n)F = 0 (4.1.3)

is satisfied under the condition F = 0 and its differential consequences. A
Lie-Bäcklund symmetry is said to be nontrivial if s > n. Note that condition
(4.1.3) is a linear partial differential equation in the variable η, ie,

Z(n)F = L[y]η = 0 (4.1.4)

in which L[y] is the linear operator

L[y] =
∂F

∂y
+
∂F

∂yt
Dt +

∂F

∂yx
Dx + ...+

∂F

∂ynx
Dn
x , (4.1.5)

where Dx and Dt are total derivatives with respect to x and t, respectively.
By definition the linearised equation for (4.1.1) is given by

L[y]v = 0, (4.1.6)

which provides a necessary condition for the infinitesimal transformation

ϕ = y + εv (4.1.7)

to satisfy (leave invariant) (4.1.1). Therefore

v = η(x, t, y, yx, ..., ysx) (4.1.8)

is a special solution of the linearised equation, (4.1.6), for every Lie-Bäcklund
symmetry of (4.1.1).

Definition: [43]An operator-valued function R[y] (differential operator, in-
tegrodifferential operator or nonlocal operator) is called a recursion operator
for the equation (4.1.1) if it generates an infinite set of distinct nontrivial
Lie-Bäcklund symmetries as follows:

ηi+1 = R[y]ηi ≡ Ri[y]η1 ∀ i ∈ N, (4.1.9)

where L[y]η = 0 for every η generated.

A recursion operator can be realised by the use of the linearised equation
(4.1.6) which is associated with the (in general) nonlinear equation (4.1.1).
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This leads to the determining condition for a recursion operator, namely
[19, p 288]

L[y]R[y]v = 0, (4.1.10)

for any y that satisfies (4.1.1) and any v that satisfies the associated linearised
equation L[y]v = 0 [19]. It can be shown that condition (4.1.10) is equivalent
to the commutator condition

[L[y], R[y]]LB ϕ = 0, (4.1.11)

where y and ϕ are any solutions to (4.1.1).

We take the Lie bracket of (4.1.11), ie,

[L[y]R[y]−R[y]L[y]]ϕ = 0 (4.1.12)

where ϕ = y + εv and using L[y]v = 0 we have (4.1.10) to be equivalent to
(4.1.11).

For autonomous evolution equations we have

yt = E(y, yx, yxx, ..., ynx) (4.1.13)

and it is convenient to introduce the linear operator,

L = L[y]− ∂E

∂yt
Dt

=
∂E

∂y
+
∂E

∂yx
Dx +

∂E

∂yxx
D2
x + ...− ∂E

∂yt
Dt, (4.1.14)

where L[y]v = 0 is given by (4.1.5). The determining condition for a recursion
operator of an evolution equation (4.1.1) takes the form

[L[y], R[y]]LB ϕ = (DtR[y])ϕ, (4.1.15)

where y and ϕ satisfy (4.1.1). We may define the recursion operator as

R[y] =
l∑

j=0

Gj(x, y, yx, ...)D
j
x +

s∑
j=1

Qj(x, y, yx, ...)D
(−1)
x ◦ J(x, y, yx, ...).
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We further observe that the recursion operator of an evolution equation gen-
erates an hierarchy of higher-order integrable evolution equations as follows

yt = R[y]iE(y, yx, yxx, ..., ynx), i ∈ N. (4.1.16)

Every equation in this hierarchy can be considered integrable when every
equation admits an infinite number of Lie-Bäcklund symmetries. This hap-
pens when the recursion operator is hereditary, ie, the Lie symmetry algebra
generated by R[y] is Abelian [50].

4.2 Proper Differential Sequences

We consider a kth-order integrodifferential operator of the form

R[k][y] = GkD
k +Gk−1D

(k−1) + ...+G0 + JD−1 ◦Q (4.2.1)

which operates on
F (y, y′, y′′, ..., y(n)) = 0 (4.2.2)

to generate a differential sequence of the following form,

E1 := F (y, y′, y′′, ..., y(n)) = 0 (4.2.3)

E2 := R[k][y]F (y, y′, y′′, ..., y(n)) = 0 (4.2.4)

E3 := (R[k])2[y]F (y, y′, y′′, ..., y(n)) = 0 (4.2.5)

E4 := (R[k])3[y]F (y, y′, y′′, ..., y(n)) = 0
...

Em := (R[k])(m−1)[y]F (y, y′, y′′, ..., y(n)) = 0. (4.2.6)

The adjoint of (4.2.1) is

(R[k])∗[y] =
k∑
i=0

(−1)iDi ◦Gi − JD(−1) ◦Q. (4.2.7)

Euler et al [45] termed (4.2.3) the seed equation of the differential sequence
(4.2.6) and they also note that (4.2.6) is of order n+ (m− 1)k.
Let

L[y] =
∂Ei
∂y

+
∂Ei
∂y′

D +
∂Ei
∂y′′

D2 + ...+
∂Ei
∂y(n)

Dn (4.2.8)
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denote the linear operator and

L∗[y] =
∂Ei
∂y

−D ◦ ∂Ei
∂y′

+D2 ◦ ∂Ei
∂y′′

+ ...+ (−1)Dn ◦ ∂Ei
∂y(n)

(4.2.9)

denote the adjoint linear operator.

We define the symmetry generator for the sequence (4.2.6) as

Zi(Ei) = Q(x, y, y′, y′′, ..., y(j))∂y

under the condition

L[Ei]Q|Ei = 0
= 0.

4.2.1 Recursion Operators for Ordinary Differential Equa-
tions

The following definitions and propositions are summarised from Euler et al
[45]

Definition 1: [45]The sequence (4.2.6) admits a p-dimensional Lie symme-
try algebra, Ω, spanned by the linearly independent symmetry generators,

Zi
1(Ei), Z

i
2(Ei), ..., Z

i
n(Ei),

if each equation in the sequence (4.2.6) admits a p-dimensional Lie symmetry
algebra, Ω′, isomorphic to Ω.

Definition 2: [45] J = J(x, y, y′, y′′, ...) is an integrating factor for the dif-
ferential sequence (4.2.6) if J is an integrating factor for each equation in
the sequence.

Definition 3: [45]The operator R[k][y] of the form (4.2.1) is defined as a
kth-order recursion operator of the differential sequence (4.2.6) under the
following conditions:[

L[y], R[k][y]
]
LB

= 0, i = 1, 2, ...,m, (4.2.10)(
R[k]

)∗
[y]Jk = αJl ∀ k, l = 1, 2, ..., n, (4.2.11)
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where α is a nonzero constant, i = 1, 2, ...,m, and p is the total number of
integrating factors, Jl, valid for all members of the sequence. Jl may be zero
for some values of l.

Example 1: We consider the equation

y′′ + y′2 + y′ = 0 (4.2.12)

with the linearised operator being

L[y] = D2 + 2y′D +D. (4.2.13)

We assume that (4.2.12) admits a generator of the form

R = D + A. (4.2.14)

Using (4.1.11) to obtain the determining equations we have

[L[y], R[y]]LB ϕ =
[
D2 + 2y′D +D,D + A

]
LB
ϕ

=
[
D2[D + A] + 2y′D[D + A] +D[D + A]

]
ϕ

−
[
D[D2 + 2y′D +D] + A[D2 + 2y′D +D]

]
ϕ

= [A′′ + 2A′D + 2y′A′ + A′ − 2y′′D]ϕ

= A′′ϕ+ 2A′ϕ′ + 2y′A′ϕ+ A′ϕ− 2y′′ϕ′. (4.2.15)

Hence we have the following determining equations

ϕ : A′′ + 2y′A′ + A′ = 0 (4.2.16)

ϕ′ : 2A′ − 2y′′ = 0 ⇒ A = y′ + constant (4.2.17)

where (4.2.16) is just the differential consequence of (4.2.12) and (4.2.12)
possesses the recursion operator R = D + y′ when we set constant = 0.

Definition 4: [45] A proper differential sequence of ordinary differential
equations is a differential sequence which admits at least one recursion oper-
ator of the form (4.2.1).

Definition 5: [45]An integrable differential sequence is defined as a proper
differential sequence of ordinary differential equations for which each equation
in the sequence is integrable.
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Proposition 1: [45] Js is an integrating factor for the sequence (4.2.6) if and
only if the following conditions are satisfied:

L∗Ei[y]
Js(x, y, yx, ...) |Ei=0= 0, i = 1, 2, ...,m, (4.2.18)

∂Js
∂y(q−2r)x

+
2r−1∑
j=1

(−1)j−1 ∂

∂y(q−2r)x

[
Dj−1

(
∂fi

∂y(j+q−2r)x

Js

)]

+
∂

∂y(q−1)x

(
D2r−1
Ei

)
= 0, s = 1, 2, ..., p, r = 1, 2, ...,

[
q

2

]
. (4.2.19)

Here [p
2
] is the largest natural number less than or equal to the number q

2
,

i = 1, 2, ...,m, and p is the total number of integrating factors, Js, valid for
all members of the sequence, ie, s = 1, 2, ..., p.

Proposition One is the natural extension of the derivation of the necessary
and sufficient conditions for integrating factors of scalar ordinary differential
equations which appears in [20].

4.2.2 An Alternate sequence

We construct a sequence,

Ē1, Ē2, ..., Ēm, (4.2.20)

alternate to (4.2.6), where the order of the differential equations in the al-
ternate sequence, (4.2.20), does not increase, but stays fixed by the seed
equation, Ē1. If the two sequences share the same seed equation that is,
E1 = Ē1, then we may show that the two sequences (4.2.6) and (4.2.20)
are either compatible or completely compatible by applying the following
definitions and Proposition 2.

The following definitions and propositions are summarised from Euler et al
[45]

Definition 6: [45]Two equations, Ej and Ēj from the sequences (4.2.6) and
(4.2.20) respectively, are called compatible if the equations admit at least one
common solution. The two equations are called completely compatible if the
general solution of Ēj gives the general solution for Ej. Two sequences of
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m equations, E1, E2, ..., Em and Ē1, Ē2, ..., Ēm with the same seed equation
E1 = Ē1, are called compatible if each equation in the sequence admits at
least one common solution between the corresponding members in the two
sequences. The sequences are completely compatible if the general solution of
Ēj provides the general solution for Ej for all members of the sequence, ie
for all j = 1, 2, ...m. The sequence (4.2.20) is termed an alternate sequence
to (4.2.6) if the two sequences are at least compatible.

Proposition 2: [45]Consider a proper differential sequence, E1, E2, ..., Em,
with recursion operator R[k][y]. An alternate sequence, Ē1, Ē2, ..., Ēm, of the
form

Ē1 := F (y, y′, y′′, ..., y(n)) = 0 (4.2.21)
¯Ej+1 := F (y, y′, y′, ..., y(n)) = Qj(x, y, y

′, ..., ω1, ω2, ..., ωl; c1, c2, ..., cs),

j = 1, 2, ...,m− 1,

is compatible with the proper differential sequence, E1, E2, ..., Em, with E1 =
Ē1 if

R[k]Q1 = 0 (4.2.22)

R[k]Qi = Qi−1, i = 1, 2, ...m. (4.2.23)

Here ω1, ω2, ..., ωl are nonlocal coordinates defined by

dω1

dx
= g1(y), (4.2.24)

dω2

dx
= g2(ω

1),
dω3

dx
= g3(ω

3) , ...,
dωl

dx
= gl(ω

l−1) (4.2.25)

for some differential functions gk.

Example 2: When R[y] operates upon (4.2.12) it generates the following
proper differential sequence with (4.2.12) being the seed equation,

E1 := y′′ + y′2 + y′ = 0 (4.2.26)

E2 := y′′′ + 3y′y′′ + y′′ + y′2 + y′3 = 0 (4.2.27)

E3 := y′′′′ + 3y′y′′′ + y′′′ + 3y′′2 + 3y′2y′′ + 6y′y′′y′3 + y′4 = 0
...

Em := (R[y])m−1(y′′ + y′2 + y′) = 0. (4.2.28)
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We now apply Proposition Two in order to obtain the sequence alternate to
(4.2.28) which has the same seed equation (4.2.12). To obtain Q1 we have

R[y]Q1 = 0

D(Q1) + y′Q1 = 0 ⇒ Q1(y, c1) = c1e
−y,

where c1 is an arbitrary constant of integration. Hence the second member
of the alternate sequence is

y′′ + y′2 + y′ = c1e
−y. (4.2.29)

To obtain the third member of the alternate sequence we repeat the above
procedure as follows

R[y]Q2 = Q1

D(Q2) + y′Q2 = Q1,

which possesses the general solution

Q2(x, y, c1, c2) = e−y(c1x+ c2), (4.2.30)

where c1 and c2 are arbitrary constants of integration. Hence the third mem-
ber of the alternate sequence is

y′′ + y′2 + y′ = e−y(c1x+ c2). (4.2.31)

The fourth member of the sequence may be written as

y′′ + y′2 + y′ = e−y
(

1
2
c1x

2 + c2x+ c3
)

(4.2.32)

= e−yD−2c1.

The alternate sequence to the proper differential sequence (4.2.28) may be
written as

Ē1 := y′′ + y′2 + y′ = 0

Ēj := y′′ + y′2 + y′ = e−yD−(j−2)c1, j = 2, 3, ...,m.

The alternate sequence in expanded form is

Ē1 := y′′ + y′2 + y′ = 0
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Ē2 := y′′ + y′2 + y′ = c1e
−y

Ē3 := y′′ + y′2 + y′ = e−y(c1x+ c2)

Ē4 := y′′ + y′2 + y′ = e−y
(

1

2
c1x

2 + c2x+ c3

)
...

Ēm := y′′ + y′2 + y′ = e−y

m−1∑
j=1

cj
(m− j − 1)!

xm−j−1

 . (4.2.33)

We now check whether the two sequences, (4.2.28) and (4.2.33), are compat-
ible or completely compatible with Definition Six in mind.

When we compare E2 and Ē2, we note that a first integral for E2 is given by
Ē2 in the form

Ē2 := c1 = ey(y′′ + y′2 + y′). (4.2.34)

We can conclude that the general solution of Ē2 provides the general solu-
tion of E2, where c1 is one of the constants of integration for E2. Therefore
according to Definition 6 Ē2 and E2 are completely compatible.

We now compare Ē3 and E3 and note that Ē3 is a second integral of E3 in
the form

Ē3 := c1x+ c2 = ey(y′′ + y′2 + y′). (4.2.35)

We may conclude that the general solution of Ē3 provides the general solu-
tion of E3, where c1 and c2 are the two constants of integration for E3. The
two equations Ē3 and E3 are completely compatible. A similar argument
may be used for all members of the proper differential sequence (4.2.28). We
may conclude that sequences (4.2.28) and (4.2.33) are completely compatible.

In general we may write

Ēm :=

m−1∑
j=1

cj
(m− j − 1)!

xm−j−1

 = ey(y′′ + y′2 + y′). (4.2.36)
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4.3 Generators of sequences

We consider a kth-order integrodifferential operator of the form

G[k][y] = AkD
k + Ak−1D

(k−1) + ...+ A1 + A0D
−1 ◦Q (4.3.1)

which operates on
F (y, y′, y′′, ..., y(n)) = 0 (4.3.2)

to generate a differential sequence of the following form,

E1 := F (y, y′, y′′, ..., y(n)) = 0 (4.3.3)

E2 := G[k][y]F (y, y′, y′′, ..., y(n)) = 0 (4.3.4)

E3 := (G[k])2[y]F (y, y′, y′′, ..., y(n)) = 0 (4.3.5)

E4 := (G[k])3[y]F (y, y′, y′′, ..., y(n)) = 0
...

Em := (G[k])(m−1)[y]F (y, y′, y′′, ..., y(n)) = 0. (4.3.6)

We assume that (4.3.1) no longer satisfies the two conditions of Definition
Three. Therefore to differentiate between a recursion operator and (4.3.1)
we term (4.3.1) a generator of sequences. The adjoint of (4.3.1) is

(G[k])∗[y] =
k∑
i=1

(−1)iDi ◦ Ai − A0D
(−1) ◦Q (4.3.7)

and the linearising operator for each member of (4.3.6) is

L[Ei][y] =
∂Ei
∂y

+
∂Ei
∂y′

D +
∂Ei
∂y′′

D2 + ...+
∂Ei
∂y(n)

Dn (4.3.8)

and the adjoint is

L∗[Ei]
[y] =

∂Ei
∂y

−D ◦ ∂Ei
∂y′

+D2 ◦ ∂Ei
∂y′′

+ ...+ (−1)nDn ◦ ∂Ei
∂y(n)

.(4.3.9)

Example 3: Consider the equation

u′′ + u′2 = 0 (4.3.10)
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with recursion operator

R = D + u′. (4.3.11)

When we apply the transformation y = u′, (4.3.10) and (4.3.11) may be
written as

y′ + y2 = 0, and G = D + y,

where we note that the first-order equation is of Riccati type. When we take
the Lie Bracket, we have

[L[y], R[y]]LB = [D + 2y,D + y]LB

= D2 + y′ + yD + 2yD + 2y2 −D2 − 2y′ − 2yD − yD − 2y2

= −y′ (4.3.12)

which is clearly not zero and does not satisfy the first condition of Definition
Three.
The resulting differential sequence is

E1 := y′ + y2 = 0

E2 := y′′ + 3yy′ + y3 = 0

E3 := y′′′ + 4yy′′ + 3y′2 + 6y2y′ + y4 = 0
...

Em := (D + y)(m−1)(y′ + y2) = 0. (4.3.13)

By applying Proposition One we are able to generate the alternate sequence
with the same seed equation. The sequence alternate to the differential se-
quence (4.3.13) has the following form

Ē1 := y′ + y2 = 0

Ē2 := y′ + y2 = c1 exp
[
−
∫
ydx

]
Ē3 := y′ + y2 = exp

[
−
∫
ydx

]
(c1x+ c2)

...

Ēm := y′ + y2 = exp
[
−
∫
ydx

]m−1∑
j=1

cj
(m− j − 1)!

xm−j−1

 .(4.3.14)
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We now check whether the two sequences (4.3.13) and (4.3.14) are compatible
or completely compatible with Definition Six in mind.

When we compare E2 and Ē2, we note that a first integral for E2 is given by
Ē2 in the form

c1 = exp
[∫

ydx
]
(y′ + y2). (4.3.15)

We can conclude that the general solution of Ē2 provides the general solu-
tion of E2, where c1 is one of the constants of integration for E2. Therefore
according to Definition Six, Ē2 and E2 are completely compatible.

We now compare Ē3 and E3 and note that Ē3 is a second integral of E3 in
the form

c1x+ c2 = exp
[∫

ydx
]
(y′ + y2). (4.3.16)

We may conclude that the general solution of Ē3 provides the general solution
of E3, where c1 and c2 are the two constants of integration for E3. The two
equations Ē3 and E3 are completely compatible. A similar argument may be
used for all members of the differential sequence (4.3.13).
In general we may write

Ēm :=

m−1∑
j=1

cj
(m− j − 1)!

xm−j−1

 = exp
[∫

ydx
]
(y′ + y2).(4.3.17)

We may conclude that sequences (4.3.13) and (4.3.14) are completely com-
patible.

4.4 Discussion

We have shown that, even though the operator does not satisfy the two
conditions of Definition Three, we are still able to generate an alternate
sequence for the differential sequence (4.3.13). Moreover the two sequences
are also completely compatible. In Chapter Five we note that the differential
sequence (4.3.13) generated by G = D+ y possess interesting symmetry and
singularity properties.
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Chapter 5

Riccati sequence

5.1 Introduction

A considerable part1 of the motivation2 for this study is found in the works of
Peterssen et al [107] and Euler et al [41] in which the authors obtain recursion
operators for linearisable 1 + 1 evolution equations. The specific equation of
relevance to this work is the eighth of their classification, videlicet

ut = uxx + λ8ux + h8u
2
x,

where λ8 is an arbitrary constant and h8 is an arbitrary function of the
dependent variable u. The corresponding recursion operator is

VIII R8[u] = Dx + h8ux.

The usual area of application of recursion operators has been that of par-
tial differential equations and in particular evolution equations of which the
equation above is a sample. Euler et al [42] applied the idea of a recursion
operator to ordinary differential equations. They did not present a treatment
of all possible classes, but concentrated upon two representative equations,
videlicet the Riccati equation and the Ermakov-Pinney equation.

1The essential content of this Chapter may be found in [15].
2The content of the work done by Peterssen et al [107] applied to partial differential

equations which motivated us to investigate recursion operators/generators of sequences
in the case of ordinary differential equations and more specifically their eight class of the
classification since it may be transformed into the Riccati equation.
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The generator of sequences which generates the Riccati sequence is

G = D + y, (5.1.1)

where D denotes total differentiation with respect to x. The generator of
sequence essentially originates from Case VIII, R8[u], for partial differential
equations when the dependence on t is removed, ie ut = 0, and one writes
ux = y. We note that in applications to ordinary differential equations the
notation usually used in the context of partial differential equations can be
and is simplified.

When (5.1.1) acts upon3 y (which can be denoted as G0), it generates, in
succession, all the members of the sequence which we denote by Gn, videlicet

G1 := y′ + y2 = 0 (5.1.2)

G2 := y′′ + 3yy′ + y3 = 0 (5.1.3)

G3 := y′′′ + 4yy′′ + 3y′2 + 6y2y′ + y4 = 0 (5.1.4)

G4 := y′′′′ + 5yy′′′ + 10y′y′′ + 10y2y′′ + 15yy′2 + 10y3y′ + y5 = 0
...

Gn := (D + y)ny = 0. (5.1.5)

As an aid in our discussion we distinguish between an element of the se-
quence, denoted as indicated above by Gn, and its left side by writing the
latter as G̃n.

In addition to the formal definition given in (5.1.5) there is a differential
recurrence relation.
Lemma: The members of the Riccati sequence satisfy the differential recur-
rence relation

∂

∂y

(
G̃m+1

)
= (m+ 2)G̃m. (5.1.6)

Proof: By inspection of G1, G2 and G3 it is evident that (5.1.6) is true for
the initial members of the sequence. We assume that

∂

∂y

(
G̃k+1

)
= (k + 2)G̃k (5.1.7)

3This is a matter of notation. In this Thesis we have chosen the simplest. In another
context, especially when one wishes to be ‘physically’ correct, one would choose exp[

∫
ydx]

since, if y is replaced by −x, one obtains the generating function for the solution of the
time-independent Schrödinger equation for the simple harmonic oscillator [42].
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for some k ≥ 2. Then

∂

∂y

(
G̃k+2

)
=

∂

∂y

[
(D + y)G̃k+1

]
= [(D + y)∂y + 1] G̃k+1

= (D + y)(k + 2)G̃k + G̃k+1

= (k + 3)G̃k+1

as required.
Remark: This recurrence relation is a little intriguing bearing in mind the
connection to the generating function for the Hermite polynomials. One re-
calls the differential recurrence relation for the Hermite polynomials, videlicet

dHn(x)

dx
= 2nHn−1(x),

and notes the similarity of structure to that given in (5.1.6).

The Riccati sequence contains as its two lower members the Riccati equation
and the Painlevé-Ince equation. The Riccati equation [111] has an history
now of almost three centuries and is one of the few examples known for which
there exists a nonlinear superposition principle. Its close relationship to the
linear second-order differential equation and the Kummer-Schwartz equation
has already been noted [31]. The Painlevé-Ince equation [106, 61] is a no-
table example of a nonlinear second-order differential equation of maximal
symmetry possessing both Left and Right Painlevé Series [48] and arises in
a remarkable number of applications4.

In this Chapter we report the notable properties of the members of the Riccati
sequence. We concentrate upon the number of Lie point symmetries, singu-
larity properties, first integrals, explicit integrability and complete symmetry
groups. In Section 5.2 we present the symmetry analysis of the members of
the sequence. In terms of the explicit integrability of the members of the se-
quence the lack of point symmetry in the higher-order members is remarkable
and indicates the necessity for considering nonlocal symmetries. We note that
this was the case in the treatment of a pair of equations of Ermakov-Pinney

4For a listing see [90, 48, 29, 14]. The authors of the third paper place (5.1.3) in a
broader class of equations which they describe as being of modified Emden type.
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type [78]. In Section 5.3 we elaborate upon the results of the singularity
analysis of the lower members of the Riccati sequence presented by Euler
et al [42] by considering the pattern of the values of the resonances for the
general member of the sequence. Section 5.4 is devoted to a consideration
of the invariants and first integrals of the members of the sequence. A short
discussion on the symmetries of the integrals is presented. In Section 5.5 we
present the complete symmetry group of the general member of the sequence
after firstly considering the results for G4 to give a concrete basis for the
theoretical discussion. In Section 5.6 we recall the solution of Gn and extend
our discussion to an equation containing combinations of the Gi. In the case
of the second-order equation so formed the properties have been known for
a long time [106, 61, 63]. Among our concluding remarks in Section 5.6 we
summarise the remarkable properties found for the Riccati sequence which
is based upon a rather elementary generator of sequence. We indicate that
the route to complexification presented in Section 5.6 broadens the class of
differential equations which may be subsumed into a more general concept
of a Riccati sequence.

5.2 Symmetry Analysis

As a first-order ordinary differential equation (5.1.2) possesses an infinite
number of Lie point symmetries. Equation (5.1.3) was examined in [90]
for its Lie point symmetries which were found to be the following eight,
here written in a more elegant way to match the results of the succeeding
members of the sequence, indeed the maximal number for a second-order
ordinary differential equation,

Γ1 = x2y∂x − y[2 + xy(xy − 2)]∂y

Γ2 = y∂x − y3∂y

Γ3 = xy∂x + y2(1− xy)∂y

Γ4 = x∂x − y∂y

Γ5 = x3(xy − 2)∂x − x(xy − 2)[2 + xy(xy − 2)]∂y

Γ6 = −x2(xy − 2)∂x + xy(xy − 2)(xy − 1)∂y

Γ7 = x2∂x + (2− 2xy)∂y

Γ8 = ∂x
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with the algebra sl(3, R).

We proceed with G3 to find an unexpected three, ie

Γ1 = ∂x

Γ2 = x∂x − y∂y

Γ3 = x2∂x + (3− 2xy)∂y

with the algebra sl(2, R).

Proposition: The general member of the Riccati sequence possesses the sym-
metries

Γ1 = ∂x

Γ2 = x∂x − y∂y

Γ3 = x2∂x + (n− 2xy)∂y

with the algebra sl(2, R).

Remark: For G2 there are an additional five symmetries and for G1 an
additional infinity.

Proof: The possession of Γ1 is straightforward since (5.1.5) is autonomous.
The result for Γ2 holds by closure of the Lie Algebra. We proceed with Γ3.

It is easy to show that

Γ
[1]
3 G̃1 = −2x(1 + 1)G̃1

Γ
[2]
3 G̃2 = −2x(2 + 1)G̃2

Γ
[3]
3 G̃3 = −2x(3 + 1)G̃3

and one can easily assume that

Γ
[m]
3 G̃m = −2x(m+ 1)G̃m. (5.2.1)

The task is now to demonstrate that from this property it follows that

Γ
[m+1]
3 G̃m+1 = −2x(m+ 2)G̃m+1. (5.2.2)
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We commence with the definition and so we have

Γ
[m+1]
3 G̃m+1 = Γ

[m+1]
3 (D + y)G̃m

=
[
Γ

[m+1]
3 , (D + y)

]
LB
G̃m + (D + y)Γ

[m+1]
3 G̃m

=
[
Γ

[m+1]
3 , (D + y)

]
LB
G̃m + (D + y)

(
Γ

[m]
3 + ∂y

)
G̃m,

where the last line is a consequence of remembering the definition of Γ3 and
that the (m+ 1)th derivative in Γ

[m+1]
3 does not act on G̃m.

The first task is to compute the Lie Bracket. We have∂x +
·∑

k=0

y(k+1)∂y(k) + y, x2∂x + (m+ 1− 2xy)∂y − 2x
m+1∑
j=1

(j + 1)y(j)∂y(j)

−
m+1∑
j=1

j(j + 1)y(j−1)∂y(j)


LB

= 2x∂x − 2y∂y − 2
m+1∑
j=1

(j + 1)y(j)∂y(j) − 2xy′∂y − (m+ 1− 2xy)

−2x
m+1∑
j=1

(j + 1)
·∑

k=0

[
y(k+1)∂y(k) , y(j)∂y(j)

]
LB

−
m+1∑
j=1

j(j + 1)
·∑

k=0

[
y(k+1)∂y(k) , y(j−1)∂y(j)

]
LB
,

where the overdot on the summation means that the sum is taken to what-
ever order of derivative is required.

We compute the two subsidiary Lie Brackets separately.

LB1 = −2x
m+1∑
j=1

(j + 1)
·∑

k=0

{
y(k+1)δk,j∂y(j) − y(j)δj,k+1∂y(k)

}

= −2x
m+1∑
j=1

(j + 1)
{
y(j+1)∂y(j) − y(j)∂y(j−1)

}

= 2x

2y′∂y +
m∑
j=1

y(j+1)∂y(j) − (m+ 2)y(m+1)∂y(m+1)

 .
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In a similar way we find that

LB2 = 2
m∑
j=1

(j + 1)y(j)∂y(j) − (m+ 1)(m+ 2)y(m+1)∂y(m+1) + 2y∂y.

We return to the main calculation and after some simplification of terms
which cancel we continue as below.

Γ
[m+1]
3 G̃m+1 =

−2x

∂x + y′∂y +
m+1∑
j=1

y(j)+1∂y(j)


+2(m+ 2)y(m+1)∂y(m+1) +m+ 1− 2xy − 2xy(m+2)∂y(m+1)

+2x(m+ 2)y(m+2)∂y(m+1) + (m+ 1)(m+ 2)y(m+1)∂y(m+1)

+ (D + y) (−2x(m+ 1) + ∂y)

 G̃m

= −2x(m+ 2)(D + y)G̃m + [(D + y)∂y − (m+ 1)] G̃m

= −2x(m+ 2)G̃m+1

since
[(D + y)∂y − (m+ 1)] G̃m = 0.

This last statement is equivalent to the result of the Lemma, ie

∂

∂y

(
G̃m+1

)
= (m+ 2)G̃m,

and so the result is proven.

Note that in the proof we have made use of the fact that G̃m contains deriva-
tives only up to y(m).

Remark: Note that in the proof above we have again made use of the fact
that G̃m contains derivatives only up to y(m).

5.3 Singularity Analysis

We use singularity analysis as a tool to determine whether a given differential
equation is integrable in terms of functions almost everywhere analytic. For
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equations which pass the Painlevé Test we are then encouraged to seek closed-
form solutions. We find that all members of the Riccati sequence possess the
Painlevé Property. As we see below, explicit integrability follows. Indepen-
dently of this integrability the results of the singularity analysis provide some
very interesting patterns in terms of the parameters, that is the p, α and r
of the standard analysis. Similarly interesting patterns have been reported
in [79].

Euler et al [42] presented the singularity analysis of the Riccati sequence. For
all elements the leading-order behaviour is αχ−1 with the possible values of
α being listed in the Table 5.1 and Table 5.2. We summarise their results in
the table below.

In Table 5.2 we advance from [42] and present the properties in terms of
the singularity analysis for the general member of the Riccati sequence. In
that way we are able to comment upon the integrability or otherwise of all
members of the sequence in the sense of Painlevé.

The pattern of the resonances is as follows: The set of resonances for α = j
is obtained from the set for α = j − 1 by subtracting the number n+ 1 from
the largest positive resonance of the latter set.

It follows from Tables 5.1 and 5.2 that all members of the Riccati sequence
pass the Painlevé Test and each is integrable in terms of analytic functions
[31].

When we apply the Riccati transformation

y = α
w′

w
(5.3.1)

to the nth member of the Riccati sequence, we observe that the most sim-
plified equation, ie w(n+1) = 0, arises when we chose α = 1 which is a
consequence of the singularity analysis itself [13]. Therefore (5.3.1) may be
written as

x = x, w = exp
[∫

ydx
]
.

It is a matter of simple calculation to verify the following proposition.
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Table 5.1: Singularity analysis for the first four members of the Riccati se-
quence.

Member Leading-order coefficients Resonances

G1 α = 1 r = −1

G2 α = 1 r = −1, 1
α = 2 r = −1,−2

G3 α = 1 r = −1, 1, 2
α = 2 r = −1, 1,−2
α = 3 r = −1,−2,−3

G4 α = 1 r = −1, 1, 2, 3
α = 2 r = −1, 1, 2,−2
α = 3 r = −1, 1,−2,−3
α = 4 r = −1,−2,−3,−4

Proposition: The general solution of the nth member of the Riccati se-
quence, n ≥ 1, is given by

yn =
(
∑n
i=0Aix

i)
′∑n

i=0Aix
i
, (5.3.2)

where the Ai, i = 0, n, are constants of integration.
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Table 5.2: Singularity analysis for the general member of the Riccati se-
quence.

Member Leading-order coefficients Resonances

α = 1 r = −1, 1, 2, . . . , n− 1
Gn α = 2 r = −1, 1, . . . , n− 2,−2

...
...

α = n r = −1,−2, . . . ,−n

5.4 Invariants and First Integrals

For the purposes of this section we commence with some definitions.

Definition 1: An invariant I of an ordinary differential equation is said to
be any nontrivial function which satisfies

dI

dx
= 0 (5.4.1)

on solution curves of the differential equation where I = I(x, y, y′, ..., y(n−1)).

Definition 2: A first integral of an nth-order ordinary differential equation
is any function I = I(x, y, y′, . . . , y(n−1)) which satisfies (5.4.1).

Note that we do depart from some standard definitions for reasons which
become evident below. There are various conventions concerning the mean-
ings of the expressions ‘first integral’, ‘invariant’ and ‘conserved quantity’.
We are not concerned by the third in this Chapter since we do not use
that expression. Some writers use the first two expressions interchangeably.
Others prefer to distinguish between the two by insisting that the former
be autonomous whereas the latter is allowed to depend upon the indepen-
dent variable. This is a sensible distinction under appropriate circumstances.
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Indeed in terms of the integration of an ordinary differential equation the dis-
tinction can be quite critical. In this Section we have varied the definitions to
suit the very precise purpose of distinguishing between two classes of function
both of which have the property of having a zero total derivative on solution
curves of the differential equation.

We wish to identify all invariants and first integrals, as defined above, of
each member of the Riccati sequence. In order to do so we take the nth
member of that sequence, perform an increase of order by using the Riccati
transformation to obtain w(n+1) = 0. We compute the fundamental integrals
and invariants of that equation and by reverting the transformation one can
deduce the whole set of invariants for the nth member of the Riccati sequence,
videlicet

Ij =

 j∑
i=1

(−1)i+1

(j − i)!
xj−iG̃(n−i)

 exp
[∫

ydx
]
, j = 1, n+ 1. (5.4.2)

Note that for the invariants of w(n) = 0 we would have the above invariants
(5.4.2) except that instead of G̃(n−i) we would have w(n+1−i) and there would
be no exponential term.

We now turn our attention to first integrals. One takes the ratio of two
separate invariants to obtain a first integral. An independent set for Gn can
be variously defined. The set {Fij}, defined by

Fij =
Ij
Ii
, j = 1, i− 1, i+ 1, n, (5.4.3)

is an independent set of first integrals for Gn. Such a simple formula is not
available if one wishes to describe a set of autonomous first integrals.

An interesting aspect arises in the symmetry properties of the first integrals
which we briefly note. If one computes the symmetries of all first integrals
of (5.1.3), one finds that they all share the algebra A1 ⊕s A2. By a curious
misfortune this feature does not persist and therefore one is confronted with
an absolute zero for contact (not to mention point) symmetries for the first
integrals of (5.1.4)5.

5When equation (5.1.4) is related to w(iv) = 0 by an increase of order, the symme-
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5.5 Complete symmetry groups

We start with G4 to give a flavour of the procedure and then we prove the
general result for any member of the Riccati sequence.

Proposition: The complete symmetry group of G4 is given by the symme-
tries

∆1 = − exp
[
−
∫
ydx

]
{y}∂y

∆2 = − exp
[
−
∫
ydx

]
{xy − 1}∂y

∆3 = − exp
[
−
∫
ydx

]
{x2y − 2x}∂y

∆4 = − exp
[
−
∫
ydx

]
{x3y − 3x2}∂y

∆5 = − exp
[
−
∫
ydx

]
{x4y − 4x3}∂y.

Proof: We calculate the fourth extensions of ∆1 −∆5.

∆
[4]
1 = − exp

[
−
∫
ydx

]
{y∂y + (y′ − y2)∂y′ + (y′′ − 3yy′ + y3)∂y′′

+(y′′′ − 4yy′′ − 3y′2 + 6y2y′ − y4)∂y′′′

+(y(iv) − 5yy′′′ − 10y′y′′ + 10y2y′′ + 15yy′2 − 10y3y′ + y5)∂y(iv)}

∆
[4]
2 = − exp

[
−
∫
ydx

]
{−∂y + 2y∂y′ + 3(y′ − y2)∂y′′ + 4(y′′ − 3yy′ + y3)∂y′′′

+5(y′′′ − 4yy′′ − 3y′2 + 6y2y′ − y4)∂y(iv)}+ x∆
[4]
1

∆
[4]
3 = −2 exp

[
−
∫
ydx

]
{−∂y′ + 3y∂y′′ + 6(y′ − y2)∂y′′′ + 10(y′′ − 3yy′ + y3)∂y(iv)}

+2x∆
[4]
2eff + x2∆

[4]
1

∆
[4]
4 = −6 exp

[
−
∫
ydx

]
{−∂y′′ + 4y∂y′′′ + 10(y′ − y2)∂y(iv)}

+3x∆
[4]
3eff + 3x2∆

[4]
2eff + x3∆

[4]
1

∆
[4]
5 = −24 exp

[
−
∫
ydx

]
{−∂y′′′ + 5y∂y(iv)}

tries of the first integrals of the latter become, by inverting the transformation, nonlocal
symmetries for the ones of the former.
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+4x∆
[4]
4eff + 6x2∆

[4]
3eff + 4x3∆

[4]
2eff + x4∆

[4]
1 ,

where the subscript eff stands for the effective6 part of that symmetry. When
we act all the above extensions on the general fourth-order ordinary differ-
ential equation, videlicet

y(iv) = f(x, y, y′, y′′, y′′′),

we obtain the system of five equations

∂f

y′′′
= −5y

4y
∂f

y′′′
− ∂f

y′′
= 10(y′ − y2)

6(y′ − y2)
∂f

y′′′
+ 3y

∂f

y′′
− ∂f

y′
= 10(y′′ − 3yy′ + y3)

4(y′′ − 3yy′ + y3)
∂f

y′′′
+ 3(y′ − y2)

∂f

y′′
+ 2y

∂f

y′

−∂f
y

= 5(y′′′ − 4yy′′ − 3y′2 + 6y2y′ − y4)

(y′′′ − 4yy′′ − 3y′2 + 6y2y′ − y4)
∂f

y′′′
+ (y′′ − 3yy′ + y3)

∂f

y′′
+ (y′ − y2)

∂f

y′

+y
∂f

y
= y(iv) − 5yy′′′ − 10y′y′′ + 10y2y′′ + 15yy′2 − 10y3y′ + y5 (5.5.1)

which can be solved to give the following expressions for the derivatives of
all arguments in f

∂f

∂y′′′
= −5y

∂f

∂y′′
= −10(y′ + y2)

∂f

∂y′
= −10(y′′ + 3yy′ + y3)

∂f

∂y
= −5(y′′′ + 4yy′′ + 3y′2 + 6y2y′ + y4).

6This means that whatever we omit from the expression would not play any role in the
current calculation. It is therefore not necessary to include as it is not used.
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When these expressions are substituted into (5.5.1), we recover G4.

Proposition: The complete symmetry group of Gn is given by the (n + 1)
symmetries7

∆i = − exp
[
−
∫
ydx

]
{xi−1y − (i− 1)xi−2}∂y, i = 1, n+ 1.

Proof: We recall that Gn stands for the nth member of the Riccati sequence
and G̃n for the left hand side of Gn. It is essential for the notation required
in this proof to introduce the adjoint generator of sequence, G.S.α = D − y,
which generates the adjoint Riccati sequence, videlicet

(Gα
1 ) := y′ − y2 = 0

(Gα
2 ) := y′′ − 3yy′ + y3 = 0

(Gα
3 ) := y′′′ − 4yy′′ − 3y′2 + 6y2y′ − y4 = 0

(Gα
4 ) := y(iv) − 5yy′′′ − 10y′y′′ + 10y2y′′ + 15yy′2 − 10y3y′ + y5 = 0

(Gα
5 ) := y(v) − 6yy(iv) − 15y′y′′′ + 15y2y′′′ + 60yy′y′′ − 10y′′2 − 20y3y′′

+15y′3 − 45y2y′2 + 15y4y′ − y6 = 0 (5.5.2)
...

(Gα
n) := (D − y)ny = 0. (5.5.3)

The left hand side of the above members is denoted by G̃α
n.

Remark: We note that there is a reflection here between the Riccati se-
quence and its adjoint in that the formulæ for the sequence are reflected in
the formulæ for the adjoint sequence.

Lemma: The general members of the Riccati and the adjoint Riccati se-
quences satisfy the recurrence relation

G̃n = G̃α
n +

n∑
i=1

(
n+ 1

i

)
G̃α
i−1G̃n−i. (5.5.4)

7The correct number of symmetries required to specify an equation completely has
been discussed in [9] and [10].
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Proof: It is easy to show that (5.5.4) holds for n = 2 and n = 3. We assume
that (5.5.4) is true for n = k and we prove that it is true for n = k + 1.

G̃k+1 = (D + y)G̃k = (D + y)

[
G̃α
k +

k∑
i=1

(
k + 1

i

)
G̃α
i−1G̃k−i

]

= G̃α
k+1 + 2yG̃α

k +
k∑
i=1

(
k + 1

i

){
D
[
G̃α
i−1G̃k−i

]
+ yG̃α

i−1G̃k−i
}

= G̃α
k+1 + 2yG̃α

k +
k∑
i=1

(
k + 1

i

)(
G̃α
i + yG̃α

i−1

)
G̃k−i

+
k∑
i=1

(
k + 1

i

)
G̃α
i−1

(
G̃k−i+1 − yG̃k−i

)
+ y

k∑
i=1

(
k + 1

i

)
G̃α
i−1G̃k−i

(n=k)
= G̃α

k+1 + 2yG̃α
k +

k∑
i=1

(
k + 1

i

)
G̃α
i G̃k−i +

k∑
i=1

(
k + 1

i

)
G̃α
i−1G̃k−i+1

+y(G̃k − G̃α
k )

= G̃α
k+1 + yG̃α

k + yG̃k +
k+1∑
i=2

(
k + 1

i− 1

)
G̃α
i−1G̃k−i+1

+
k∑
i=1

(
k + 1

i

)
G̃α
i−1G̃k−i+1

= G̃α
k+1 + yG̃α

k + yG̃k +
k+1∑
i=1

{(
k + 1

i− 1

)
+

(
k + 1

i

)}
G̃α
i−1G̃k−i+1

−G̃α
k G̃0 − G̃α

0 G̃k

= G̃α
k+1 +

k+1∑
i=1

(
k + 2

i

)
G̃α
i−1G̃k−i+1,

which proves the result.

The nth extension of ∆i is

∆
[n]
i = − exp

[
−
∫
ydx

]{
−(i− 1)!∂y(i−2) +

i!

1!
y∂y(i−1) +

(i+ 1)!

2!
G̃α

1∂y(i)

+
(i+ 2)!

3!
G̃α

2∂y(i+1) + . . .+
(n+ 1)!

(n− i+ 2)!
G̃α
n−i+1∂y(n)

}

+
i−2∑
k=0

1

k!

dk

dxk
(xi−1)∆

[n]
(k+1)eff , i = 1, n+ 1,
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where

∂y(−1) = 0, ∂y(0) = ∂y, ∂y(1) = ∂y′ etc,
d0

dx0
= 1,

d1

dx1
=

d

dx
etc.

The action of ∆
[n]
i on the general nth-order ordinary differential equation,

videlicet
y(n) = f(x, y, y′, y′′, y′′′, . . . , y(n−1)),

gives(
n+ 1

n− i+ 2

)
G̃α
n−i+1 = − ∂f

∂y(i−2)
+

(
i

1

)
y

∂f

∂y(i−1)
+

(
i+ 1

2

)
G̃α

1

∂f

∂y(i)

+

(
i+ 2

3

)
G̃α

2

∂f

∂y(i+1)
+ . . .+

(
n

n− i+ 1

)
G̃α
n−i+1

∂f

∂y(n−1)
, i = 1, n+ 1.

For i = 1 this is

G̃α
n =

n−1∑
j=0

G̃α
j

∂f

∂y(j)
. (5.5.5)

The remaining n may be conveniently written as the system of equations

Lα
n = Qα

nFn, (5.5.6)

where

(Lα
n)i =

(
n+ 1

i

)
G̃α
n−i, i = 1, n,

(Fn)i =
∂fy(i−1),

∂ i = 1, n,

(Qα
n)ij =


−1, i = j,

0, i > j,(
j
i

)
G̃α
j−i−1, i < j.

(5.5.7)

We claim that the solution of (5.5.6) is

Fn = QnL
α
n = −Ln, (5.5.8)

where

(Qn)ij =


−1, i = j,

0, i > j,

−
(
j
i

)
G̃j−i−1, i < j,

(5.5.9)
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and

(Ln)i =

(
n+ 1

i

)
G̃n−i, i = 1, n.

Given (5.5.6), the first part of (5.5.8) follows if the Lemma below is proven.

Lemma: The matrices Qα
n and Qn defined in (5.5.7) and (5.5.9) are the

inverses of each other, ie, they satisfy

Qα
nQn = In. (5.5.10)

Proof: That (5.5.10) is true for n = 1 is obvious. We assume that it is true
for n = k, ie,

Qα
kQk = Ik. (5.5.11)

Then

Qα
k+1Qk+1 =

[
Qα
k Lα

k

OT
k −1

] [
Qk −Lk

OT
k −1

]

=

[
Qα
kQk, −Qα

kLk − Lα
k

OT
k 1

]
(5.5.11)

= Ik+1

provided Qα
kLk + Lα

k = 0. We consider the ith element of this term.

(Qα
kLk − Lα

k )i =
∑
j

(Qα
k )ij(Lk)j + (Lα

k )i

= −(Lk)i +
k∑

j=i+1

(Qα
k )ij(Lk)j + (Lα

k )i

= −
(
k + 1

i

)
G̃k−i +

k∑
j=i+1

(
j

i

)
G̃α
j−i−1

(
k + 1

j

)
G̃k−j

+

(
k + 1

i

)
G̃α
k−i

= −
(
k + 1

i

)G̃k−i − G̃α
k−i −

k∑
j=i+1

(
k + 1− i

j − i

)
G̃α
j−i−1G̃k−j


(5.5.4)
= 0.
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We now proceed to prove the second part of (5.5.8).

Lemma: If Lα
n = Qα

nFn, then QnL
α
n = −Ln.

Proof: Consider an element of the product QnL
α
n. This is

(Qn)ij(L
α
n)j = −

(
n+ 1

i

)
G̃α
n−i +

n∑
j=i+1

[
−
(
j

i

)
G̃j−i−1

]

×
(
n+ 1

j

)
G̃α
n−j

= −
(
n+ 1

i

)G̃α
n−i +

n∑
j=i+1

(
j

i

)(
n+ 1

j

)
/

(
n+ 1

i

)

× G̃α
n−jG̃j−i−1

}
(5.5.4)
= −

(
n+ 1

i

)
G̃n−i

= −(Ln)i.

Therefore (5.5.6) is written as

Fn = (Qα
n)

−1Lα
n

= QnL
α
n

= −Ln. (5.5.12)

Equation (5.5.5) is equally written as

G̃α
n =

n∑
i=1

G̃α
i−1

∂f

∂y(i−1)
,

which, when (5.5.12) and (5.5.4) are used, results to Gn and the proposition
is proven.

5.6 Discussion

The Riccati sequence, which has been the subject of the present study, il-
lustrates with a degree of excellence, which one hopes can be surpassed, the
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type of mathematical properties which are likely to make such sequences an
object of fond study [42]. The Riccati equation has a long and distinguished
history in both the theory of differential equations and the application to
divers phenomena. The Riccati sequence and its adjoint are based on re-
cursion operators closely related in form to the Dirac operators [37] of the
quantum mechanical simple harmonic oscillator which in themselves are sim-
ply autonomous versions of two of the Lie point symmetries of the classical
simple harmonic oscillator. With such a lavish heritage one should not be
too surprised that the Riccati sequence8 exhibits such properties in terms of
symmetry and integrability.

Each element of the sequence can be linearised by means of the nonlocal
transformation – often called a Riccati transformation – and so is trivially
integrable. Although G1 and G2 – the Riccati and Painlevé-Ince equations
– display exceptional symmetry in the sense of Lie point symmetries, the
remaining elements of the sequence possess just the three-element algebra
sl(2, R) of Lie point symmetries. The distinguishing feature of the Lie sym-
metries of the elements of the sequence is the possession of n + 1 (in the
case of Gn) exponential nonlocal symmetries which completely specify the
elements. The algebra of these symmetries is (n+ 1)A1.

As a consequence of the ability to linearise the equations of the Riccati se-
quence each element possesses an invariant derived from the so-called fun-
damental integrals of the parent linear equation9. These invariants are not
integrals in the conventional sense as they contain the integral of the depen-
dent variable. However, the integral of the dependent variable appears as
an exponential term and so functions of these invariants which are homoge-
neous of degree zero in the dependent variable are first integrals. It was for
this reason that we introduced specialised meanings for the two expressions,
‘invariant’ and ‘first integral’, for the purposes of this Chapter. Since there
are (n+ 1) linearly independent (exponential nonlocal) invariants, there are
n functions of the independent integrals which reflect most adequately the

8Equally the adjoint sequence. In the following discussion the properties of the adjoint
sequence may be inferred mutatis mutandis from those of the Riccati sequence.

9These integrals have been termed fundamental since an nth-order linear ordinary
differential equation possesses n linearly independent integrals which are linear in the
dependent variable and its first (n − 1)th derivatives. The integrals are known for their
interesting algebraic properties.
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integrability of each member of the Riccati sequence.

In terms of singularity analysis the Riccati sequence possesses properties
which may even be regarded to outshine the symmetry properties. Not only
is each element of the sequence explicitly integrable in terms of analytic
functions apart from isolated polelike singularities – a property which has
been used to illustrate certain subtle and not widely appreciated implications
of singularity analysis [14] – but also there are patterns to the possible values
of the coefficients of the leading-order terms and the values of the resonances
for each of the principal branches. In passing one recalls that each branch
is principal and the need to be concerned with the implications of branches
with unfortunate properties is obviated. The patterns of the resonances
deserve further, separate treatment, particularly in respect of other possible
sequences.

The Riccati sequence has provided an excellent vehicle for the introduction
of the notion of differential sequences of ordinary differential equations. Its
generator of sequence is simple. Its generating function is elementary. Two
of the elements, G1 and G2, are well-known in the literature as well as in
applications. Already Euler et al [42] have made a brief excursion into the
properties of the Ermakov-Pinney sequence and, as the name suggests, this
is based upon the Ermakov-Pinney equation [38, 109] which has been found
in many varied applications.

In the Introduction of this Thesis we recalled the classical association of the
Riccati equation, the linear second-order ordinary differential equation and
the third-order Kummer-Schwarz equation. Since these equations are related
by means of nonlocal transformations, there is no reason to exclude from this
select group other equations which are similarly related10. One looks forward
to further revelations of fascinating properties of other differential sequences.

As a final remark we recall that the evolution equations and associated Recur-
sion Operators [107] which are the source material for this Chapter contain
arbitrary parameters and unspecified functions. In this Chapter we have

10One is well aware that all properties may not travel well through the process of nonlocal
transformation, but that obstacle is already encountered under far less exotic transforma-
tions.
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deliberately kept to the minimum required to make a sensible sequence. It
is a little like treating the autonomous linear oscillator rather than a time-
dependent, damped and forced oscillator. The latter can be transformed to
the former by means of well-defined transformations and a study of the for-
mer is easier due to the simplicity possible in the presentation. Despite our
personal preference for simplicity we do nevertheless accept that there are
those who wish to see the treatment of the unsimplified systems.

Consider

En =
n∑
i=0

fi(t)Gi = 0. (5.6.1)

Equation (5.6.1) is linearisable by means of the Riccati transformation (5.3.1),
with α = 1, to

n∑
i=0

fi(t)w
(i+1) = 0. (5.6.2)

Equation (5.6.2) possesses (n+ 1) solution symmetries and the homogeneity
symmetry.

Whilst there can be no dispute that the solution of (5.6.2) is more difficult
than that of w(n+1) = 0, for our purposes there is no difference. Subject to
some mild conditions on the functions fi(t) – basically that they be continu-
ous [61, p 72] – the solutions of (5.6.2) exist and that is all that is required for
inclusion into the general framework of the treatment above. An nth-order
linear ordinary differential equation can have n+ 1, n+ 2 or n+ 4 Lie point
symmetries which represent the n solution symmetries, linearity, autonomy
(in the right variables) and the general sl(2, R) symmetry of equations of
maximal symmetry [93]. There is no gainsaying that the additional sym-
metries make the process of solution in closed form just that much easier.
However, all we need is the existence of the n solution symmetries to provide
the symmetries necessary for our purposes. Consequently we have taken the
clearer part so that the ideas and results contained in this Chapter be as
evident as can be possible in such matters.
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Chapter 6

Generalised Riccati sequence

6.1 Introduction

In1 the third volume of his collected works [111] we are presented with the
first-known study of the equation now called the Riccati equation from some
forty years earlier. The equation proved to have some very interesting prop-
erties so that it has been a standard part of the repertoire for some centuries
and probably the bane of most students during a first course on differential
equations due to the rather intricate description of its general solution. In
recent times the Riccati equation, its extension, the matrix Riccati equation,
and their discretised forms have attracted considerable attention in applica-
tions2. For over a century the Riccati equation has been known to be the sole
first-order equation of the form y′ = f(x, y) to possess the Painlevé Property
[106, 61].

Another equation of not quite so much prominence but nevertheless well-
known is the Painlevé-Ince equation [106, 61] which has received attention
due to its occurrence in divers areas of application, in theoretical studies
of univalent functions and its symmetry and singularity properties. Most
recently it has received attention for its place in differential sequences [41,
42, 15] on the one hand and as a special case of the integrable class of modified
Painlevé-Ince equations [29]. It is to the former characteristic that we wish
to address ourselves in this Chapter.

1The essential content of this Chapter may be found in [80].
2For a contemporary summary of this aspect of the equation see Cariñena et al [28].
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Euler et al [42] presented the Riccati sequence as based on the action of a re-
cursion operator on a generating function. Depending upon where one wishes
to start the generating function can be either exp[

∫
ydx] or y. It can even be

the ‘left side’ of the Riccati equation, videlicet y′ + y2. Successive members
of the sequence are generated by the repeated action of G = D + y, where
D denotes total differentiation with respect to the independent variable, x.
Euler et al [42] were more concerned with the mode of construction of the
sequence and its integrability in the sense of Painlevé. Aspects of the latter
feature have been treated in Chapter Five more with a view to the patterns
displayed by the coefficients of the leading-order terms and the resonances.
This Chapter also contained its treatment of the complete symmetry groups
of the elements of the sequence since the representation of the group was
completely in terms of nonlocal symmetries even though each element of the
sequence is readily integrated and this very ease of integration been used
recently to illustrate the different types of Laurent expansion which can arise
from the singularity analysis of a nonlinear differential equation [14]. A con-
temporary study of a sequence based upon the Emden-Fowler equation of
index3 (0, 2) by Leach et al [79] found that such patterns were not peculiar
to the Riccati sequence and did not need to have a specific form.

In this Chapter we look to a generalisation of the Riccati sequence. This
generalisation is very simply constructed. Indeed we wish to emphasise from
the very beginning of this Chapter that we are concerned with the simplest
representations of generators of sequences and so the most elementary ex-
pressions for the members of a sequence. For those who wish to consult
a more general treatment of recursion operators and sequences we refer to
the paper by Petersson et al [107]. The reader who is more familiar with se-
quences of evolution partial differential equations is reminded that in the case
of ordinary differential equations there is a greater latitude to manipulate the
equation and/or the operator than in the case of the former equations. This
is simply because there is a zero on the other side of the equals sign rather
than a derivative with respect to time.

The basic form of the Painlevé-Ince equation is

y′′ + 3yy′ + y3 = 0.

3The equation y′′ = kxmyn is called an Emden-Fowler equation of index (m,n).
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It is characterised by the possession of eight Lie point symmetries [90]. This
is in contrast to the modified Painlevé-Ince equation which is often written
as

y′′ + yy′ + ky3 = 0,

where k 6= 1/9. Otherwise the two equations are the same up to a rescaling
of the dependent variable. The latter equation possesses only two Lie point
symmetries. Its integrability has received and continues to receive attention
[81, 29]. The Painlevé-Ince equation is the second member, after the Riccati
equation, of the Riccati sequence. A natural question is whether the modi-
fied Painlevé-Ince equation is also a member of a differential sequence and,
if this be the case, does that differential sequence have anything like the in-
teresting and curious properties displayed by the Riccati sequence itself and
the Emden-Fowler sequence. In particular we are interested in the existence
of patterns in the values of the coefficients of leading-order terms and the
resonances. Indeed the motivation for the present work is a result of the
existence of a modified Painlevé-Ince equation as the result of the reduction
of a fourth-order equation using two Lie point symmetries.

In the next section we demonstrate the construction of a differential sequence
which includes the modified Painlevé-Ince equation as its second element. In
Section 6.2 we determine the coefficients of the leading-order terms and the
values of the resonances for each of these coefficients. We consider the results
of the singularity analysis in terms of the integrability of the equations of this
differential sequence. As a byproduct of these considerations we see that the
elements of the Riccati sequence occupy a distinguished position.

The equation which motivated this work is

y′′ + 10yy′ + 12y3 = 0 (6.1.1)

which arose in the reduction of a fourth-order equation using two of its Lie
point symmetries. One recalls that in the generation of the Riccati sequence
we had the operation (D + y)(y′ + y2) which leads one to the Painlevé-
Ince equation. What similar operation leads to (6.1.1)? If one assumes an
operation of the form (D+ by)(y′ + cy2), one finds that the permissible pairs
of the parameters are (4, 3) and (6, 2). With either pair one can create a
differential sequence.
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We look at the implications of the first pair. The second, third and fourth
members of this sequence are (6.1.1) and

y(3) + 14yy′′ + 10y′
2
+ 76y2y′ + 48y4 = 0 (6.1.2)

y(4) + 18yy(3) + 34y′y′′ + 132y2y′′ + 192yy′
2
+ 496y3y′

+192y5 = 0. (6.1.3)

It is obvious that the exponent of the leading-order term is −1. The re-
sults of a singularity analysis performed in the usual way of determining the
coefficient of the leading-order term and then the resonances of these three
equations are presented in Table 6.1 below.

In each case there is a coefficient of the leading-order term which allows
for a Right Painlevé Series [48] in fractional powers. However, the other
coefficients imply ‘No Painlevé Property’, be it the standard or the weak
property.

We consider whether the other pair of constants which leads to (6.1.1) does
anything different. By construction we obtain (6.1.1) after the first operation,
(D + 6y)(y′ + 2y2). The following two equations are

y(3) + 16yy′′ + 10y′
2
+ 96y2y′ + 72y4 = 0 (6.1.4)

y(4) + 22yy(3) + 36y′y′′ + 192y2y′′

+252yy′
2
+ 864y3y′ + 432y5 = 0. (6.1.5)

The singularity analyses of these equations give the results in Table 6.2. We
see that (6.1.4) and (6.1.5) possess a similar pattern of behaviour to (6.1.2)
and (6.1.3).

Given a generator of sequences, D + by, and an initial Riccati function,
y′ + cy2, we seek values of the parameters b and c for which it is possible to
obtain a sequence of equations which have interesting singularity properties,
other than the Riccati sequence.
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Table 6.1: Coefficients of the leading-order term and corresponding reso-
nances for (6.1.1), (6.1.2) and (6.1.3)

Equation Values of α Resonances

(6.1.1) 1
3

−1, 2
3

1
2

−1, −1

(6.1.2) 1
3

−1, 2
3
, 5

3

1
2

−1, −1, 1

3
4

−1, 1
4

(
−7− i

√
11
)
, 1

4

(
−7 + i

√
11
)

(6.1.3) 1
3

−1, 2
3
, 5

3
, 8

3

1
2

−1, −1, 1, 2

3
4

−1, 1, 1
4

(
−7− i

√
11
)
, 1

4

(
−7 + i

√
11
)

1 −2, −1, 1
2

(
−5− i

√
7
)
, 1

2

(
−5 + i

√
7
)

We construct a few of the earlier members of the putative sequence to see if
there is anything of interest. The Generalised Riccati sequence is defined in
terms of the generator of sequences, D+ by, and the initial Riccati function,
y′ + cy2, as

(D + by)n
(
y′ + cy2

)
= 0, n = 0, 1, 2, . . . . (6.1.6)

The differential sequence after the initial Riccati equation is

GR1 := y′′ + 2cyy′ + byy′ + bcy3 = 0 (6.1.7)

GR2 := y(3) + 2cyy′′ + 2byy′′ + 2cy′
2
+ by′

2
+ 5bcy2y′ + b2y2y′ + b2cy4 = 0

GR3 := y(4) + 2cyy(3) + 3byy(3) + 6cy′y′′ + 4by′y′′ + 7bcy2y′′ + 3b2y2y′′
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Table 6.2: Coefficients of the leading-order term and corresponding reso-
nances for (6.1.4) and (6.1.5)

Equation Values of α Resonances

(6.1.4) 1
3

−1, 2
3
, 1

1
2
(bis) −1, −1, 0

(6.1.5) 1
3

−1, 2
3
, 1, 2

1
2
(bis) −1, −1, 0, 1

2
3

−2, −1, 1
6

(
−5− i

√
23
)
, 1

6

(
−5 + i

√
23
)
.

+12bcyy′2 + 3b2yy′2 + 9b2cy3y′ + b3y3 + b3cy5 = 0 (6.1.8)

GR4 := y(5) + 2cyy(4) + 4byy(4) + 8cy′y(3) + 7by′y(3) + 9bcy2y(3)

+6b2y2y(3) + 6cy′′
2
+ 4by′′

2
+ 44bcyy′y′′

+16b2yy′y′′ + 16b2cy3y′′ + 4b3y3y′′ + 12bcy′
3
+ 3b2y′

3
+ 39b2cy2y′

2

+6b3y2y′2 + 14b3cy4 + b4y4y′ + b4cy6 = 0. (6.1.9)
...

GRn := (D + by)n
(
y′ + cy2

)
= 0. (6.1.10)

When one sees such a mess of symbology, the expectation of being able to
do anything – perhaps apart from the first equation which we know leads
to a quadratic equation to be solved – can reasonably be estimated to be
approximately zero.

Note in table 6.2 the expression ‘bis’ means twice.
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6.2 Singularity Analysis

We summarise the results of the coefficients of the leading-order term and
corresponding resonances in Table 6.3 and 6.4 below.

Table 6.3: Coefficients of the leading-order term and corresponding reso-
nances

Equation Values of α Resonances

(GR1)
2
b

−1,
2(b− 2c)

b
1
c

−1,
−b + 2c

c

(GR2)
2
b

−1, 1,
2(b− 2c)

b
3
b

−1,
b− 6c±

√
13b2 − 48bc + 36c2

2b
1
c

−1,
−b + 2c

c
,
−b + 3c

c

(GR3)
2
b

−1, 1, 2,
2(b− 2c)

b
3
b

−1, 1,
b− 6c±

√
13b2 − 48bc + 36c2

2b
4
b

−2, −1,
b− 8c±

√
17b2 − 80bc + 64c2

2b
1
c

−1,
−b + 2c

c
,
−b + 3c

c
,
−b + 4c

c

The summary of the results obtained by means of the standard4 singularity
analysis of equations (6.1.7-6.1.10) is presented in Table B.1. Although we
can write down an expression for the nth element of the sequence as

(D + by)n−1
(
y′ + cy2

)
= 0, n = 1, 2, . . . , (6.2.1)

4By ‘standard’ we mean the process of determining the exponent of the leading-order
term, the possible coefficients of the leading-order term and the resonances in the spirit of
the ARS algorithm [1, 2, 3].
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Table 6.4: Coefficients of the leading-order term and corresponding reso-
nances

Equation Values of α Resonances

(GR4)
2
b

−1, 1, 2, 3,
2(b− 2c)

b
3
b

−1, 1, 2,
b− 6c±

√
13b2 − 48bc + 36c2

2b
4
b

−2, −1, 1,
b− 8c±

√
17b2 − 80bc + 64c2

2b
5
b

−3, −2, −1,
b− 10c±

√
21b2 − 120bc + 100c2

2b
1
c

−1,
−b + 2c

c
,
−b + 3c

c
,
−b + 4c

c
,
−b + 5c

c

(GR5)
2
b

−1, 1, 2, 3, 4,
2(b− 2c)

b
3
b

−1, 1, 2, 3,
b− 6c±

√
13b2 − 48bc + 36c2

2b
4
b

−2, −1, 1, 2,
b− 8c±

√
17b2 − 80bc + 64c2

2b
5
b

−3, −2, −1, 1,
b− 10c±

√
21b2 − 120bc + 100c2

2b
6
b

−4, −3, −2, −1,
b− 12c±

√
25b2 − 168bc + 144c2

2b
1
c

−1,
−b + 2c

c
,
−b + 3c

c
,
−b + 4c

c
,
−b + 5c

c
,
−b + 6c

c
.

a neat and explicit formula is not at hand. However, it is an easy matter to
infer the coefficients and resonances for the nth member of the sequence.

The exponent of the leading-order term is always −1. The possible coeffi-
cients of the leading-order term of the nth element of the sequence are

2

b
,

3

b
,

4

b
, . . . ,

n

b
,

1

c
, (6.2.2)

ie, there are n possible coefficients. One is related to the parameter c whereas
the remaining n− 1 are related to the parameter b. In the possible coefficients
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of the leading-order term there is no mixing of the parameters, b and c.
Including the generic resonance, −1, there are n resonances for each of the
possible coefficients of the leading-order term. Corresponding to the first
and last coefficients as listed in (6.2.2) the expressions for the resonances are
rational functions of the parameters. For the remaining n− 2 resonances
the former include algebraic functions of the parameters. We observe that
both rational and algebraic functions are homogeneous of equal degree in b
and c. It is convenient to introduce the parameter σ := c/b as the critical
determinant of the singularity properties of the elements of the sequence. For
an element of the sequence to possess the Painlevé Property or its weak form
σ must be rational. There is no need for b and c to be rational. All that is
required of them is that they be rational modulo some number which may
itself be irrational or transcendental.

As the resonances corresponding to the final coefficient in (6.2.2) have a
quite distinct pattern, we deal with them firstly for the nth element of the
sequence. They are given by

−1,
−b+ 2c

c
,
−b+ 3c

c
, . . . ,

−b+ nc

c

or in terms of the parameter σ as

−1, 2− 1

σ
, 3− 1

σ
, . . . , n− 1

σ

from which it is apparent that integral resonances, as required for the pos-
session of the Painlevé Property, occur only if σ is the inverse of an integer.

The other coefficient with resonances expressed as rational functions corre-
sponds to the first coefficient in (6.2.2). In terms of σ the resonances are

−1, 1, 2, . . . , n, 2(1− 2σ).

Except for the final value all of these are integral. For the final value to
be integral σ is constrained to be an integer, an half integer or a quarter
integer. In combination with the requirement for the coefficient, 1/σ, an
element of the sequence possesses the Painlevé Property for at most of the
values, σ = 1, 1

2
and 1

4
.
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We now turn our attention to the resonances which contain algebraic func-
tions. It is evident that the integral resonances behave according to the
tableau below.

Table 6.5: Variation of the values of the integral resonances with the coeffi-
cient of the leading-order term for general n

Values of α Integral Resonances

3

b
−1 1 2 3 . . . n− 3

4

b
−2 −1 1 2 . . . n− 4

5

b
−3 −2 −1 1 . . . n− 5

6

b
−4 −3 −2 −1 . . . n− 6

...
...

...
...

...
. . .

...

n

b
−(n− 2) −(n− 3) −(n− 4) −(n− 5) . . . −1

The pattern is quite obvious. It is remarkable how so many of the resonances
are integral without any constraint on the values of the two parameters, b
and c.

The two resonances which are expressed as algebraic functions of the param-
eters b and c contain quadratics in σ which appear in Table 6.6.
In passing we note that the entry for 2/b could be included in this tabulation.
If we put n = 1 in the general formula, we obtain 9− 24σ+16σ2 = (3− 4σ)2

and this accounts for the first, −1, and last resonances.
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Table 6.6: The quadratic expressions in σ contained in the square roots for
general n

Values of α Integral Resonances

3
b

13− 48σ + 36σ2

4
b

17− 80σ + 64σ2

5
b

21− 120σ + 100σ2

6
b

25− 168σ + 144σ2

...
...

n
b

(4n+ 1)− 4n(n+ 1)σ + 4n2σ2

To avoid complex resonances, which are anathema to the success of the sin-
gularity analysis, for any member of the sequence we require that

(4n+ 1)− 4n(n+ 1)σ + 4n2σ2 ≥ 0 ∀ n. (6.2.3)

The roots of the quadratic are given by

σ =
n+ 1±

√
n2 − 2n

2n

so that

σ ≤ n+ 1−
√
n2 − 2n

2n
or

σ ≥ n+ 1 +
√
n2 − 2n

2n
∀n.
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In the limit as n −→∞ this means that the interval σ ∈ (0, 1) is excluded.

In combination with the constraints on the value of σ obtained above it
means that only the value σ = 1 remains. When we substitute this value for
σ into the left side of (6.2.3), we obtain (4n+ 1)− 4n(n+ 1) + 4n2 = 1 ∀n.
When the coefficient of the leading-order term is n/b, the algebraic resonance
is given by

r = −1
2

[
2nσ − 1±

√
(4n+ 1)− 4n(n+ 1)σ + 4n2σ2

]
.

We substitute the value σ = 1 to obtain

r = −n, −(n+ 1)

so that all resonances are integral.

We conclude that the only possibility for a Generalised Riccati sequence to
possess the Painlevé Property is in the case that σ = 1, ie, b = c. In the
case of the Riccati sequence as it is usually presented [41, 42, 15] b = 1 =
c. However, the elements of the sequence may always have the dependent
variable rescaled according to u −→ by without loss of the Painlevé Property.
The effect of this is to change the definition of the (n + 1)th element from
(D+y)n(y′+y2) to (D+by)n(y′+by2) after a superfluous b has been removed.

6.3 Discussion

In this Chapter we have presented the Generalised Riccati sequence and
determined the coefficients of the leading-order term and the values of the
resonances for each of those coefficients. It is remarkable that closed-form
expressions could be found for both coefficients and resonances. Moreover the
general forms of these expressions are obvious by a little inspection. Although
we introduced two parameters into the definition of the sequence, the values
of the resonances were expressed in terms of their ratio, σ. We saw that the
possession of integral resonances was possible only in the case that σ = 1
which is the Riccati sequence itself, subject to the rescaling mentioned above.
The patterns to be found for the coefficients of the leading-order terms and
the resonances of the elements of the Riccati sequence are, in themselves,
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quite fascinating. In the case of the Generalised Riccati sequence we see
that there is an even richer complexity in the structure of the resonances
since the n resonances may be divided into two groups. The smaller group,
based upon the parameter c, comprises just a single series of resonances.
The larger group, based upon the parameter b, includes the remaining n− 1
sets of resonances. In both groups the gross behaviour of the elements of
the sequence is affected by the value of the ratio σ. For σ ∈ (0, 1) complex
resonances must necessarily enter into the higher elements of the sequence.
In fact we saw this already at n = 2 in the specific example of the modified
Painlevé-Ince equation which prompted our investigation.
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Chapter 7

Differential Sequences
Generated by First-Order
Generators of Sequences

7.1 Introduction

Hierarchies, or differential sequences1, generated by means of recursion oper-
ators acting upon nonlinear evolution partial differential equations are now
well-known and have been studied for some decades. Leach et al [79] pro-
vided a generalisation of the Riccati sequence and investigated its properties
in terms of singularity analysis and found that the coefficients of the leading-
order terms and the resonances obey certain structural rules. Leach et al [80]
also demonstrated the uniqueness of the Riccati sequence up to an equiva-
lence class.

In the initial studies of the Riccati and Ermakov-Pinney sequences the re-
cursion operators were adapted from the operators for the corresponding
evolution partial differential equations as listed in Euler et al [41]. A more
direct method is to adapt the general procedure for the construction of re-
cursion operators described in some detail in the text of Bluman and Kumei
[19, p 283] to the particular instance of ordinary differential equations.

In this Chapter we construct a differential sequence based upon the second-

1The essential content of this Chapter may be found in [89].
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order equation
uu′′ − 2u′2 = 0 (7.1.1)

and the generator of sequences

G = uD − u′. (7.1.2)

The construction of our starting point is as follows. When we apply the
Riccati transformation

y = α
u′

u
, α = −1 (7.1.3)

to the Riccati equation
y′ + y2 = 0 (7.1.4)

and corresponding generator of sequences

G = D + y, (7.1.5)

we obtain the recursion operator (7.1.2) and the nonlinear second-order ordi-
nary differential equation, (7.1.1), which is an equation of maximal symmetry,
after multiplying (7.1.1) and (7.1.2) by u2 and u respectively.

Our interest in the elements of the resulting differential sequence is in the
patterns found when the equations are examined for their singularity prop-
erties. We demonstrate that the leading-order behaviour and the resonances
display regular patterns as we consider higher members of the sequence. Fur-
thermore we find that an elaboration of the generator of sequences leads to a
sequence of essentially the same properties. A natural feature of the members
of both sequences is that after the first element in each, which possesses the
eight-element algebra, sl(3, R), all possess the three element algebra A2⊕A1

in the notation of the Mubarakzyanov [95, 96, 97] classification scheme.

7.2 The Elements of the Differential sequence

For ease of reference to the different elements of the differential sequence we
label the equations as Si, i = 1, . . .. When we have occasion to refer to only
the left side of the equation, we use the notation S̃i. When (7.1.2) operates on
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(7.1.1) (which we denote as S1), it generates, in succession, all the members
of the sequence, videlicet

S1 := uu′′ − 2u′2 = 0
S2 := u2u′′′ − 4uu′u′′ + 2u′3 = 0
S3 := u3u′′′′ − 3u2u′u′′′ − 4u2u′′2 + 6uu′2u′′ − 2u′4 = 0
S4 := u4u′′′′′ − u3u′u′′′′ − 11u3u′′u′′′ + 3u2u′2u′′′ + 8u2u′u′′2

−8uu′3u′′ + 2u′5 = 0
...

Sm =: (uD − u′)m−1(uu′′ − 2u′2) = 0,

where we note that, even with a simple initial equation and a generator of
sequences which is about as elementary as one could imagine, the equations
quickly become quite complicated. In this set of equations we have a suffi-
cient number to enable us to infer general properties of the members of this
differential sequence.

7.3 Exponents for the Leading-order Terms

Since all of the elements of the differential sequence are homogeneous in both
the independent and the dependent variables, all terms in each equation
are dominant, the coefficient of the leading-order term is arbitrary and to
determine the exponents one must solve the algebraic equation given by
the coefficient of the powers. In order for one to obtain a singularity, the
exponent in the leading-order term must either be negative or rational. For
S1, the exponents of the leading-order term are p = −1 and p = 0. The only
acceptable value is p = −1. It is quite evident that α is arbitrary. In the
case for which the exponent of the leading-order term is a positive integer we
make the substitution w = 1/z and repeat the above analysis. The results
are displayed in Table 7.2. When the exponent p is zero, we substitute a
Maclaurin expansion

u = Σ∞
i=0aiχ

i (7.3.1)

into each member of the sequence and find that the first n + 1 coefficients
are arbitrary and subsequent coefficients are expressed in terms of these con-
stants. We repeat the process for each of the Si. The results are recorded in
the Table 7.1.
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Table 7.1: The exponents of the leading-order term for S1 to S9

Equation Exponents

S1 −1, 0

S2 −1, 0, 2

S3 −1, 0, 3
2
, 2

S4 −1, 0, 4
3
, 3

2
, 2

S5 −1, 0, 5
4
, 4

3
, 3

2
, 2

S6 −1, 0, 6
5
, 5

4
, 4

3
, 3

2
, 2

S7 −1, 0, 7
6
, 6

5
, 5

4
, 4

3
, 3

2
, 2

S8 −1, 0, 8
7
, 7

6
, 6

5
, 5

4
, 4

3
, 3

2
, 2

S9 −1, 0, 9
8
, 8

7
, 7

6
, 6

5
, 5

4
, 4

3
, 3

2
, 2.

The pattern is well established. In all cases there are the values −1 and 0.
The former is a simple pole and acceptable. In terms of singularity analysis
the latter is unacceptable. In addition we find fractional powers given by
i/(i − 1), i = 2, 9. The first fraction, being the integer 2, is not acceptable
for the singularity analysis. However, the other fractional powers provide
candidates for the possibility of possession of the weak Painlevé Property.
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Table 7.2: The resonances for the leading-order behaviour p = 2 of S1 to Sn.
Recall that in the transformed sequence there is a double pole corresponding
to this p = 2 exponent.

Equation Resonances

S1 0, −1

S2 −1, 0, 6

S3 −1, −1, 0, 6

S4 −2, −1, −1, 0, 6

S5 −3, −2, −1, −1, 0, 6

S6 −4, −3, −2, −1, −1, 0, 6

S7 −5, −4, −3, −2, −1, −1, 0, 6

S8 −6, −5, −4, −3, −2, −1, −1, 0, 6

S9 −7, −6, −5, −4, −3, −2, −1, −1, 0, 6.

Sn 2− n ..., −3, −2, −1, −1, 0, 6.

7.4 Resonances

To determine the resonances we write w = αχp + µχp+r, where the value of
p is an acceptable value given in Table 7.1. In the case of S1 we obtain the
resonances r = −1, 0. This was to be expected as there is only one resonance
apart from the generic −1 and we already knew that the coefficient of the
leading-order term was arbitrary.
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Since for the higher members of the sequence we have multiple exponents
for the leading-order term, we present the results of the calculations in two
parts. In Table 7.3 we give the resonances for the polelike singularity. We
follow with the values of the resonances for the fractional exponents in Tables
7.4 and 7.5.

Table 7.3: The resonances for the polelike singularity of S1 to Sn

Equation Resonances

S1 −1, 0

S2 −1, 0, 3

S3 −1, 0, 3, 5

S4 −1, 0, 3, 5, 7

S5 −1, 0, 3, 5, 7, 9

S6 −1, 0, 3, 5, 7, 9, 11

S7 −1, 0, 3, 5, 7, 9, 11, 13

S8 −1, 0, 3, 5, 7, 9, 11, 13, 15

S9 −1, 0, 3, 5, 7, 9, 11, 13, 15, 17

Sn −1, 0, 3, ..., 2n− 1.

In the case of the polelike singularity the resonances are all nonnegative in-
tegers and indicate the existence of a Right Painlevé Series as the solution
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of each of the members of the differential sequence which is analytic in a
punctured disc centred on the movable singularity.

The resonances for the fractional exponents of the leading-order term tell an
entirely different story. Firstly there are two irrational resonances and this
immediately removes the possibility of the possession of the weak Painlevé
Property. Secondly the resonances for the same fractional exponent are iden-
tical for each element of the differential sequence with the exception of one
additional resonance at each increment in the sequence. Thirdly for the high-
est fractional exponent all of the resonances are nonnegative except for the
generic −1. For the other fractional exponents there is a mixture of signs
for the resonances. Andriopoulos et al [13] have explicitly demonstrated the
interpretation of resonances of mixed sign. Fourthly there is the occurrence
of a double −1 resonance which signals the necessity of the introduction of a
logarithmic term into the expansion. This in combination with the irrational
resonances indicates that the fractional leading-order exponents cannot be
considered as cases for which the members of the differential sequence pos-
sess the weak Painlevé Property. However, one could consider the possibility
of the existence of a subsidiary solution [29] if the constants entering the
expansion at the unacceptable values of the resonances are set equal to zero.
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Table 7.4: The resonances for the fractional exponents of the leading-order
term for S3 to S7

Equation Exponents Resonances

S3
3
2

−1, 0, 1
4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

S4
3
2

−1, −1
2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−1, 0, 2
3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
S5

3
2

−1, −1, −1
2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−1, −1
3
, 0, 2

3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
5
4

−1, 0, 1
2
, 3

4
, 1

8

(
19−

√
181

)
, 1

8

(
19 +

√
181

)
S6

3
2

−3
2
, −1, −1, −1

2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−1, −2
3
, −1

3
, 0, 2

3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
5
4

−1, −1
4
, 0, 1

2
, 3

4
, 1

8

(
19−

√
181

)
, 1

8

(
19 +

√
181

)
6
5

−1, 0, 2
5
, 3

5
, 4

5
, 1

10

(
23−

√
265

)
, 1

10

(
23 +

√
265

)
S7

3
2

−2, −3
2
, −1, −1, −1

2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−1, −1, −2
3
, −1

3
, 0, 2

3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
5
4

−1, −1
2
, −1

4
, 0, 1

2
, 3

4
, 1

8

(
19−

√
181

)
, 1

8

(
19 +

√
181

)
6
5

−1, −1
5
, 0, 2

5
, 3

5
, 4

5
, 1

10

(
23−

√
265

)
, 1

10

(
23 +

√
265

)
7
6

−1, 0, 1
3
, 1

2
, 2

3
, 5

6
, 1

12

(
27−

√
365

)
, 1

12

(
27 +

√
365

)
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Table 7.5: The resonances for the fractional exponents of the leading-order
term for S8 and S9

Equation Exponents Resonances

S8
3
2

−5
2
, −2, −3

2
, −1, −1, −1

2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−4
3
, −1, −1, −2

3
, −1

3
, 0, 2

3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
5
4

−1, −3
4
, −1

2
, −1

4
, 0, 1

2
, 3

4
, 1

8

(
19−

√
181

)
, 1

8

(
19 +

√
181

)
6
5

−1, −2
5
, −1

5
, 0, 2

5
, 3

5
, 4

5
, 1

10

(
23−

√
265

)
, 1

10

(
23 +

√
265

)
7
6

−1, −1
6
, 0, 1

3
, 1

2
, 2

3
, 5

6
, 1

12

(
27−

√
365

)
, 1

12

(
27 +

√
365

)
8
7

−1, 0, 2
7
, 3

7
, 4

7
, 5

7
, 6

7
, 1

14

(
31−

√
481

)
, 1

14

(
31 +

√
481

)
S9

3
2

−3, −5
2
, −2, −3

2
, −1, −1, −1

2
, 0, 1

4

(
11−

√
61
)
, 1

4

(
11 +

√
61
)

4
3

−5
3
, −4

3
, −1, −1, −2

3
, −1

3
, 0, 2

3
, 1

6

(
15−

√
113

)
, 1

6

(
15 +

√
113

)
5
4

−1, −1, −3
4
, −1

2
, −1

4
, 0, 1

2
, 3

4
, 1

8

(
19−

√
181

)
, 1

8

(
19 +

√
181

)
6
5

−1, −3
5
, −2

5
, −1

5
, 0, 2

5
, 3

5
, 4

5
, 1

10

(
23−

√
265

)
, 1

10

(
23 +

√
265

)
7
6

−1, −1
3
, −1

6
, 0, 1

3
, 1

2
, 2

3
, 5

6
, 1

12

(
27−

√
365

)
, 1

12

(
27 +

√
365

)
8
7

−1, −1
7
, 0, 2

7
, 3

7
, 4

7
, 5

7
, 6

7
, 1

14

(
31−

√
481

)
, 1

14

(
31 +

√
481

)
9
8

−1, 0, 1
4
, 3

8
, 1

2
, 5

8
, 3

4
, 7

8
, 1

16

(
35−

√
613

)
, 1

16

(
35 +

√
613

)
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7.5 Alternate sequence

The alternate sequence2 for the differential sequence,

S1 := uu′′ − 2u′2 = 0
S2 := u2u′′′ − 4uu′u′′ + 2u′3 = 0
S3 := u3u′′′′ − 3u2u′u′′′ − 4u2u′′2 + 6uu′2u′′ − 2u′4 = 0
S4 := u4u′′′′′ − u3u′u′′′′ − 11u3u′′u′′′ + 3u2u′2u′′′ + 8u2u′u′′2

−8uu′3u′′ + 2u′5 = 0
...

Sm (uD − u′)m−1(uu′′ − 2u′2) = 0,

may be written as

S̄1 := uu′′ − 2u′2 = 0

S̄2 := uu′′ − 2u′2 = c1u

S̄3 := uu′′ − 2u′2 = c1u
∫ dx

u
+ c2u

S̄4 := uu′′ − 2u′2 = c1u
∫ (∫ dx

u

)
dx

u
+ c2u

...

where c1, c2, ... are arbitrary constants of integration. Evidently one could
continue in like fashion. However, we now have an alternate sequence of
integrodifferential equations. When we compare S2 and S̄2, we note that a
first integral for S2 is given by S̄2 in the form

c1 = 1
u
(uu′′ − 2u′2). (7.5.1)

When we compare S3 and S̄3, we note that S̄3 is a second integral of S3 in
the form

c1

∫
1
u
dx+ c2 = 1

u
(uu′′ − 2u′2), (7.5.2)

where we may substitute (7.5.1) in (7.5.2). A similar argument may be used
for all the members of the above differential sequence. Thus we may conclude
that the above two sequences are completely compatible.

2The alternate sequence is constructed as in Chapter Four.
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7.6 Discussion

Equation (7.1.1) possesses eight Lie point symmetries which constitute a
representation of the algebra, sl(3, R). All other elements of this differential
sequence possess just three Lie point symmetries. In all cases the symmetries
are

Γ1 = ∂x

Γ2 = x∂x (7.6.1)

Γ2 = u∂u,

where Γ1 represents the autonomy of each member of the differential sequence
and Γ2 and Γ3 represent the homogeneity of each equation with respect to
the independent and dependent variables, respectively.

This dramatic loss of symmetry as one moves from the second-order repre-
sentative of the sequence to all higher-order representatives is not without
precedent. Another example is the Riccati sequence [15, 42] for which the
second-order representative is the well-known Painlevé-Ince equation (We
treated this equation in Chapter Five.),

y′′ + 3yy′ + y3 = 0.

This equation possesses eight Lie point symmetries [90] and yet all higher
members of the sequence have just three Lie point symmetries.

It is possible to obtain a generalisation of the differential sequence based
upon equation (7.1.1) using the recursion operator (7.1.2). The method of
construction is very similar. One simply introduces the Riccati transforma-
tion

y = c
u′

u
,

where c is a constant. After multiplying by u the generator of sequences is
then

R = uD + cu′

and the first few members of the generalised differential sequence are

GS1 := uu′′ − (1− c)u′2 = 0
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GS2 := u2u(3) + 3cuu′u′′ − uu′u′′ + c2u′3 − cu′3 = 0

GS3 := u3u(4) + 4cu2u′u(3) + u2u′u(3) + 3cu2u′′2

−u2u′′2 + 6c2uu′2u′′ − cuu′2u′′ − uu′2u′′ + c3u′4 − c2u′4 = 0
...

GSm : (uD + cu′)(m−1)(uu′′ − (1− c)u′2) = 0.

We find that the symmetry properties of the generalised sequence are the
same as for the original sequence. The equation GS1 possesses eight Lie point
symmetries and the subsequent members of the sequence just the obvious
three representing autonomy and homogeneity in the two variables.

The exponents of the leading-order terms are summarised in Table 7.6. The
pattern is quite clear. A polelike singularity can exist if c = −1/n, where n is
a positive integer. If c is a negative integer, apart from −1, the corresponding
singularity ceases to exist. Thus for example in the case of GS2 the possible
values of the exponent when c = −2 are just 0 and −1/2. For rational values
of c there is the possibility of the possession of the Weak Painlevé Property.
We summarise the possible values of the resonances in Table 7.7. Apart from
the generic −1 and the expected zero the formulæ for the other resonances
involve the parameter c. Even for rational values of c the resonances contain-
ing square roots are generally irrational and there is a considerable interval
for positive values of c for which they are complex. Only the first two expo-
nents for the leading-order behaviour lead to principal branches for rational
c.
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Table 7.6: The exponents of the leading-order term for GS1 to GS9

Equation Exponents

GS1 0, 1
c

GS2 0, 1
c
, 2

2+c

GS3 0, 1
c
, 2

2+c
, 3

3+c

GS4 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c

GS5 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c
, 5

5+c

GS6 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c
, 5

5+c
, 6

6+c

GS7 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c
, 5

5+c
, 6

6+c
, 7

7+c

GS8 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c
, 5

5+c
, 6

6+c
, 7

7+c
, 8

8+c

GS9 0, 1
c
, 2

2+c
, 3

3+c
, 4

4+c
, 5

5+c
, 6

6+c
, 7

7+c
, 8

8+c
, 9

9+c

GSn 0, 1
c
, 2

2+c
, 3

3+c
, ..., n

n+c
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Table 7.7: The resonances for the nonzero exponents of the leading-order
term for GS1 to GS5

Equation Exponents Resonances

GS1
1
c

−1, 0

GS2
1
c

−1, 0, c−2
c

2
2+c

−1, 0, 2(2−c)
2+c

GS3
1
c

−1, 0, c−2
c
, 2c−3

c
2

2+c
−1, 0, 2(2−c)

2+c
, c

2+c
3

3+c
−1, 0, −5c−6−

√
c2−24c+36

2(c+3)
, −5c−6+

√
c2−24c+36

2(c+3)

GS4
1
c

−1, 0, c−2
c
, 2c−3

c
, 3c−4

c
2

2+c
−1, 0, 2(2−c)

2+c
, c

2+c
, 2c

2+c
3

3+c
−1, 0, c

3+c
, −5c−6−

√
c2−24c+36

2(c+3)
, −5c−6+

√
c2−24c+36

2(c+3)
4

4+c
−1, 0, − 2c

4+c
, −7c−8−

√
c2−48c+64

2(4+c)
, −7c−8+

√
c2−48c+64

2(4+c)

GS5
1
c

−1, 0, c−2
c
, 2c−3

c
, 3c−4

c
, 4c−5

c
2

2+c
−1, 0, 2(2−c)

2+c
, c

2+c
, 2c

2+c
, 3c

2+c
3

3+c
−1, 0, c

3+c
, 2c

3+c
, −5c−6−

√
c2−24c+36

2(c+3)
, −5c−6+

√
c2−24c+36

2(c+3)
4

4+c
−1, 0, − 2c

4+c
, c

4+c
, −7c−8−

√
c2−48c+64

2(4+c)
, −7c−8+

√
c2−48c+64

2(4+c)
5

5+c
−1, 0, − 3c

5+c
, − 2c

5+c
, −9c−10−

√
c2−80c+100

2(5+c)
, −9c−10+

√
c2−80c+100

2(4+c)
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Chapter 8

Conclusion

8.1 Summary

There are four standard approaches to the analysis of ordinary and partial
differential equations. The approaches are singularity analysis, symmetry
analysis, dynamical systems and numerical methods. In this Thesis we have
focused on the symmetry and singularity analyses of sequences of ordinary
differential equations.

In Chapters Two and Three we provided a description of Lie analysis and
singularity analysis as the differential sequences in this Thesis were analysed
using the above two methods of analysis. We note that not only can we
apply the above analyses to scalar equations and systems of equations but
also to sequences of ordinary differential equations. It is really remarkable to
analyse the nth member of a sequence without even knowing the structure
of the equation.

We have studied the singularity and symmetry properties of differential se-
quences. In our analysis we examined the Riccati sequence which has a
first-order ordinary differential equation as the seed equation. As a first-
order ordinary differential equation (5.1.2) possesses an infinite number of Lie
point symmetries. The second member of the sequence is the Painlevé-Ince
equation which is a second-order ordinary differential equation of maximal
symmetry [90]. As we proceed to the higher-order members we note that
we lose symmetries. We conclude that the general member of the Riccati
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sequence possesses only three symmetries for n > 2. However, all is not
lost as all the members of the Riccati sequence pass the Painlevé Test. This
encourages one to seek closed-form solutions. As we have noted earlier each
member of the Riccati sequence is integrable by applying the Riccati trans-
formation (5.3.1) with α = 1.

In Chapter Six we presented the Generalised Riccati sequence which was gen-
erated by a first-order generator of sequence and determined the coefficients
of the leading-order term and the values of the resonances for each of the
coefficients. We saw that possession of integral resonances was possible only
in the case that σ = 1 which is the Riccati sequence itself, subject to the
rescaling mentioned in Chapter Six.

In Chapter Seven we analysed the Differential sequence with a second-order
ordinary differential equation of maximal symmetry as its seed equation.
Once again we note the considerable loss of symmetry as we progress to the
higher-order members.

8.2 Future work

In this Thesis we have only analysed differential sequences generated by
first-order generators of sequences. However, one may construct sequences
by using higher-order generators. A well-known paradigm of such a sequence
is the Emden-Fowler sequence with a generator of sequence of the form1

G =
(
D2 + 2y −D−1y′

)n
The Emden-Fowler Differential sequence is

EF1 := y′′ +
3

2
y2 = 0

EF2 := y(iv) + 5yy′′ +
5

2
y′2 +

5

2
y3 = 0

1The details for the derivation of the generator of sequence for the Emden-Fowler
equation may be found in the Appendix B. We apply reduction of order to a fifth-order
ordinary differential equation to obtain the Emden-Fowler equation. Details may also be
found in Appendix B.
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EF3 := y(vi) + 7yy(iv) + 14y′y′′′ +
21

2
y′′2 +

35

2
y2y′′ +

35

2
yy′2 +

35

8
y4 = 0.

EF4 := y(viii) + 9yy(vi) + 27y′y(v) + 57y′′y(iv) +
69

2
y′′′2 +

63

2
y2y(iv)

+126yy′y′′′ +
189

2
yy′′2 +

231

2
y′2y′′ +

105

2
y3y′′ +

315

4
y2y′2

+
63

8
y5 = 0

...

EFn :=
(
D2 + 2y −D−1y′

)n
y = 0 (8.2.1)

We use singularity analysis as a tool to determine whether a given differential
equation is integrable in terms of functions almost everywhere analytic. We
find that all members of the Emden-Fowler sequence possess the Painlevé
Property. The results of the singularity analysis provide some very interest-
ing patterns in terms of the parameters, that is the p, α and r of the standard
analysis.

The Emden-Fowler equation,(8.2.1), passes the Painlevé Test with p = −2, α =
−4 and r = −1, 6. For all elements of the sequence the leading-order be-
haviour is αχ−2 with possible values being listed in Table 8.1. The singular-
ity analysis for the first five members of the sequence is shown in Table 8.1
in which the resonance −1 has been omitted.

Proposition I: The nth member of the Emden-Fowler sequence as defined
above has the exponent of the leading-order term as p = −2 and the possible
coefficients of the leading-order term as

αj = −2j(j + 1), j = 1, n,

where n is the ranking of the equation in the sequence.

Proposition II: For the n possible leading-order behaviour of the nth ele-
ment of the Emden-Fowler sequence the sum of the resonances is determined
by the highest derivative in the equation, ie, y(2n), expanded as

y(2n) = α(χ−2)(2n) + µ(χr−2)(2n),
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since all other terms are of lower degree in r. Thus one has

n∑
i=1

ri = −2n(n+ 1), n = 1, 2, . . . .

Note that the number of terms involved in the determination of the value
of α, the coefficient of the leading order term, is limited in a sense as one
observes that the additional value coming from an increase in order is just
that. The coefficients of earlier members are replicated and so their sum in
the next equation immediately gives the next value of α.
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Table 8.1: Singularity analysis of the first three members of the
Emden-Fowler sequence.

Member Leading-order coefficients Resonances

G1 α = −4 r = −1, 6

G2 α = −4 r = 2, 8, 5
α = −12 r = −3, 8, 10

G3 α = −4 r = 2, 4, 5, 7, 10
α = −12 r = −3, 2, 7, 10, 12
α = −24 r = −5,−3, 10, 12, 14

G4 α = −4 r = −1, 2, 4, 5, 6, 7, 9, 12
α = −12 r = −3,−1, 2, 4, 7, 9, 12, 14
α = −24 r = −5,−3,−1, 2, 9, 12, 14, 16
α = −40 r = −7,−5,−3,−1, 12, 14, 16, 18

G5 α = −4 r = −1, 2, 4, 5, 6, 7, 9, 11, 14
α = −12 r = −3,−1, 2, 4, 6, 7, 9, 11, 14, 16
α = −24 r = −5,−3,−1, 2, 4, 9, 11, 14, 16, 18
α = −40 r = −7,−5,−3,−1, 2, 11, 14, 16, 18, 20
α = −60 r = −9,−7,−5,−3,−1, 14, 16, 18, 20, 22
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Appendix A

An application of Lie analysis
to the two-dimensional
Ermakov system

A.1 Introduction

The elementary1 two-dimensional Ermakov system2, videlicet

ẍ =
1

x3

ÿ =
1

y3
, (A.1.1)

possesses the Lie point symmetries

Γ1 = ∂t

Γ2 = t∂t +
1
2
(x∂x + y∂y)

Γ3 = t2∂t + t(x∂x + y∂y). (A.1.2)

We note that a general structure for the Lie point symmetries above is

Γi = fi(t)∂t +
1
2
ḟi(t)(x∂x + y∂y), i = 1, 3, (A.1.3)

1The reduction from the more general system including ω2(t)x and ω2(t)y is readily
achieved [71].

2The essential content of this section is found in [88].
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where the overdot represents differentiation with respect to time, t, and f
depends upon time only.
If we take a general second-order system of equations, videlicet

ẍ = F (t, x, y, ẋ, ẏ)

ÿ = G(t, x, y, ẋ, ẏ), (A.1.4)

and the second extension of (A.1.3) with i = 1,

Γ
[2]
1 = f1∂t +

1
2
ḟ1 (x∂x + y∂y) + 1

2

(
f̈1x− ḟ1ẋ

)
∂ẋ + 1

2

(
f̈1y − ḟ ẏ

)
∂ẏ

+1
2

(
...
f 1 x− 3ḟ1ẍ

)
∂ẍ + 1

2

(
...
f 1 y − 3ḟ1ÿ

)
∂ÿ, (A.1.5)

the action of (A.1.5) on equations (A.1.4a) and (A.1.4b) is

f1
∂F

∂t
+ 1

2
ḟ1

(
x
∂F

∂x
+ y

∂F

∂y

)
+ 1

2

(
f̈1x− ḟ1ẋ

) ∂F
∂ẋ

+ 1
2

(
f̈1y − ḟ ẏ

) ∂F
∂ẏ

= 1
2

(
...
f 1 x− 3ḟ1F

)
(A.1.6)

and

f1
∂G

∂t
+ 1

2
ḟ1

(
x
∂G

∂x
+ y

∂G

∂y

)
+ 1

2

(
f̈1x− ḟ1ẋ

) ∂G
∂ẋ

+ 1
2

(
f̈1y − ḟ ẏ

) ∂G
∂ẏ

= 1
2

(
...
f 1 y − 3ḟ1G

)
, (A.1.7)

respectively. The associated Lagrange’s system for (A.1.6) is

dt

f1

=
dx

1
2
ḟ1x

=
dy

1
2
ḟ1y

=
dẋ

1
2
(f̈1x− ḟ1ẋ)

=
dẏ

1
2
(f̈1y − ḟ1ẏ)

=
dF

1
2
(
...
f 1 x− 3ḟ1F )

(A.1.8)
when equations (A.1.4) are taken into account.

The invariants arising from combination of the first with the second, third,
fourth, fifth and sixth elements of (1.1.99), respectively, are

u1 = xf
−1/2
1 , u2 = yf

−1/2
1 , u3 = ẋf

1/2
1 − x(f

1/2
1 )˙,

u4 = ẏf
1/2
1 − y(f

1/2
1 )˙ and F = Ff

3/2
1 − x(f

1/2
1 )¨f1.
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It is evident with these five invariants that we may write

F =
(f

1/2
1 )¨x

f
1/2
1

+ f
−3/2
1 F

(
x

f
1/2
1

,
y

f
1/2
1

, f
1/2
1 ẋ− (f

1/2
1 )˙x, f

1/2
1 y − (f

1/2
1 )˙y

)
.

(A.1.9)
A considerable simplification in appearance is achieved if we make the re-
placement f1 = ρ2 for then the system (A.1.4) may be written as

ẍ =
ρ̈x

ρ
+

1

ρ3
F
(
x

ρ
,
y

ρ
, ρẋ− ρ̇x, ρẏ − ρ̇y

)
(A.1.10)

ÿ =
ρ̈x

ρ
+

1

ρ3
G
(
x

ρ
,
y

ρ
, ρẋ− ρ̇x, ρẏ − ρ̇y

)
.

The generalised canonical transformation [26, 27], equally a Kummer-Liouville
transformation [68, 87],

T =
∫
ρ−2, X =

x

ρ
, Ẋ = ρẋ− ρ̇x, (A.1.11)

which has found much application in both Hamiltonian and Quantum Me-
chanics [70, 84, 108], reduces system (A.1.10) to

X ′′ = F(X, Y,X ′, Y ′)

Y ′′ = G(X, Y,X ′, Y ′) (A.1.12)

which is independent of the variable t so that system (A.1.12) is autonomous.
The symmetry, Γ1, of (A.1.3) with i = 1 has been reduced to ∂T . We
now revert to lowercase variables and invoke the structure of sl(2, R) in the
standard form

[Γ1,Γ2]LB = Γ1, [Γ1,Γ3]LB = 2Γ2 and [Γ2,Γ3]LB = Γ3.

The Lie Bracket of Γ1 with Γ2 as given in (A.1.3) with i = 2 implies that ḟ2

is a constant. Thus we have

Γ2 = t∂t +
1
2
(x∂x + y∂y) .

In a similar fashion with Γ1 and Γ3 we obtain that f3 = t2 + constant so that

Γ3 =
(
t2 +K

)
∂t + t (x∂x + y∂y) ,
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where K is some constant. The final bracket, that of Γ2 and Γ3, requires
that K be zero. Hence the canonical representation of sl(2, R), videlicet

Γ1 = ∂t

Γ2 = t∂t + (x∂x + y∂y) (A.1.13)

Γ3 = t2∂t + t (x∂x + y∂y) ,

is the appropriate one to use once we choose Γ1 to be ∂t. We note that the
representation (A.1.2) for (A.1.1) is exactly the same as this representation
for the more general system.
The action of the second extension of Γ2, videlicet

Γ
[2]
2 = t∂t +

1
2
(x∂x + y∂y)− 1

2
ẋ∂ẋ − 1

2
ẏ∂ẏ − 3

2
ẍ∂ẍ − 3

2
ÿ∂ÿ, (A.1.14)

on the first member of the autonomous system (A.1.12) leads to the associ-
ated Lagrange’s system,

dx

x
=

dy

y
=

dẋ

−ẋ
=

dẏ

−ẏ
=

dF

−3F
, (A.1.15)

and three of the characteristics are easily found to be v1 = x/y, v2 = xẋ and
v3 = Fx3. The determination of v4 is slightly complicated. The combination
ẏ×(1.1.106a)−ẋ×(1.1.106b)−y×(1.1.106c)−x×(1.1.106d) gives v4 = xẏ−ẋy.
A similar calculation applies for the second of (A.1.12). Now the system
(A.1.4) has the form

ẍ =
1

x3
F

(
x

y
, xẋ, xẏ − ẋy

)

ÿ =
1

y3
G

(
x

y
, xẋ, xẏ − ẋy

)
. (A.1.16)

The second extension of Γ3 is

Γ
[2]
3 = t2∂t + t(x∂x + y∂y) + (x− tẋ)∂ẋ + (y − tẏ)∂ẏ − 3t(ẍ∂ẍ + ÿ∂ÿ)

= t2∂t + 2t
[
t∂t +

1
2
(x∂x + y∂y)− 1

2
(ẋ∂x + ẏ∂y)− 3

2
(ẍ∂ẍ + ÿ∂ÿ)

]
+ x∂ẋ + y∂ẏ

= t2Γ
[2]
1 + 2tΓ

[2]
2 + x∂ẋ + y∂ẏ (A.1.17)

which we may write as the effective operator

Γ
[2]
3eff = x∂ẋ + y∂ẏ. (A.1.18)

102



The action of (A.1.18) on system (A.1.16) provides the general system with-
out loss of generality as

ẍ =
1

x3
F

(
x

y
, xẏ − ẋy

)

ÿ =
1

y3
G

(
x

y
, xẏ − ẋy

)
. (A.1.19)

The structure and nature of Ermakov systems are best appreciated in plane
polar coordinates in which the equations in (A.1.19) become

r̈ − rθ̇2 =
1

r3
F (θ, r2θ̇)

(A.1.20)

rθ̈ + 2ṙθ̇ =
1

r3
G(θ, r2θ̇),

where the functions in (A.1.19) are related to those in (A.1.20) according to

F
(
θ, r2θ̇

)
=

F

cos2 θ
+

G

sin2 θ

G
(
θ, r2θ̇

)
= −F sin θ

cos3 θ
+
G cos θ

sin3 θ
.

A.2 Implementation of the method of reduc-

tion of order

The implementation of the method of reduction of order [99, 100] consists of
two parts. The system of differential equations is written in terms of first-
order equations and ignorable variables may be eliminated to reduce the
order of the system. To enable an algorithmic calculation of symmetries the
reduced system of first-order equations is rewritten to include at least one
second-order equation. There is always a question of an appropriate choice
of variables.
We set

w1 = r, w2 = θ, w3 = ṙ and w4 = θ̇.
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Then system (A.1.20) becomes a system of four first-order ordinary differen-
tial equations, videlicet

ẇ1 = w3 ẇ3 =
1

w3
1

F (w2, w
2
1w4) + w1w

2
4

ẇ2 = w4 ẇ4 =
1

w4
1

G(w2, w
2
1w4)− 2

w3w4

w1

.
(A.2.1)

We choose θ as the new independent variable. The system (A.2.1) may be
written as

w′
1 =

w3

w4

(A.2.2)

w′
3 =

1

w3
1w4

F (θ, w2
1w4) + w1w4 (A.2.3)

w′
4 =

1

w4
1w4

G(θ, w2
1w4)− 2

w3

w1

, (A.2.4)

where the prime denotes differentiation with respect to θ. We eliminate w3

through the relation w3 = w′
1w4. Then (A.2.3) and (A.2.4) become

w′′
1w4 + w′

1w
′
4 =

1

w3
1w4

F (θ, w2
1w4) + w1w4 (A.2.5)

(w2
1w4)

′ =
1

w2
1w4

G(θ, w2
1w4), (A.2.6)

respectively. When we let z = w2
1w4, (A.2.6) may be written as a first-order

equation for z, ie

z′ =
1

z
G(θ, z). (A.2.7)

On substitution of (A.2.4) into (A.2.5) and division by w2
1w4 we have

w′′
1

w2
1

− 2
(w′

1)
2

w3
1

+
w′

1

w6
1w

2
4

G(θ, w2
1w4)−

1

w1

− 1

w5
1w

2
4

F (θ, w2
1w4) = 0 (A.2.8)

which may be written as(
1

w1

)′′
+
(

1

w1

)′ G(θ, z)

z2
+

1

w1

+
F (θ, z)

w1z2
= 0. (A.2.9)

When we set u1 = w−1
1 , (A.2.9) becomes

u′′1 + u′1
G(θ, z)

z2
+

(
1 +

F (θ, z)

z

)
u1 = 0. (A.2.10)
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Hence the system (A.1.20) reduces to a linear second-order differential equa-
tion plus a first-order differential equation, ie

u′′1 + u′1
G(θ, z)

z2
+

(
1 +

F (θ, z)

z

)
u1 = 0 (A.2.11)

z′ =
1

z
G(θ, z). (A.2.12)

Suppose that the solution of the z equation can be written as I = u2(θ, z).
Then the change of variable to u2 in place of z provides the system

u′′1 + a(θ, u2)u
′
1 + b(θ, u2)u1 = 0 (A.2.13)

u′2 = 0. (A.2.14)

The transformation to normal form is

u1(θ) = U1(θ) exp
[
−1

2

∫
a(θ, u2(θ))dθ

]
which allows us to write (A.2.13) as

u′′1 + ω2u1 = 0,

where

ω2 = b− 1
2

d2a

dθ2
+ 1

4

(
da

dθ

)2

.

We may write (A.2.13/A.2.14) as

u′′1 + ω2u1 = 0 (A.2.15)

u′2 = 0 (A.2.16)

respectively. The change of independent and dependent variables by the
transformation [26, 27],

Θ =
∫
ρ−2(θ)dθ, U1 =

u1

ρ(θ)
, U2 = u2, (A.2.17)

with ρ(θ) being the solution of

ρ′′ + ω2ρ =
1

ρ3
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allows the reduction of (A.2.13/A.2.14) to the structure of the reduced Kepler
Problem, ie a linear oscillator plus a conservation law, videlicet

d2U1

dΘ2
+ U1 = 0

(A.2.18)

dU2

dΘ
= 0.

However, there is a difference. We note that the independent variable is
no longer time t, but the coordinate Θ. We now turn our attention to the
periodicity in Θ. We have

Θ(θ) =
∫ θ

θ0
ρ−2(η)dη

Θ(θ + 2π) =
∫ θ+2π

θ0
ρ−2(η)dη

Θ(θ + 2π)−Θ(θ) =
∫ θ+2π

θ
ρ−2(η)dη

6= 2π (A.2.19)

in general. From (A.2.19) we deduce that the system (A.2.18) is no longer
naturally periodic and that identification of (A.2.13/A.2.14) with the reduced
form of the Kepler Problem is in general not possible. To maintain period-
icity the angular variable cannot be changed so that the only possibility for
(A.2.13/A.2.14) to be identified with the reduced form of the Kepler Problem
is if (A.2.13) can be written in the normal form U ′′

1 + U1 = 0 by means of a
transformation of u1 only and the required normal form demands that

b− 1
2
a′ + 1

4
a2 = 1. (A.2.20)

One can view this condition as a differential equation to be satisfied by a
given b. We write equation (A.2.20) as

ψ′′ + (b− 1)ψ = 0

by introducing the Riccati transformation a = −2ψ′/ψ. Alternatively the
condition may be interpreted as defining b given a. In terms of the functions
of the original system we have

F (θ, z) =
1

4z3

{
2z2∂G

∂θ
+ 2zG

∂G

∂z
− 4zG−G2

}
(A.2.21)
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in which form we observe that the identification of the two reduced forms
is a matter of the balance – a not completely intuitive balance – between F
and G in system (A.1.20).

A.3 Complete Symmetry Group of the Two-

dimensional Ermakov System

Although we have noted the physical constraint on the reduction of the two-
dimensional Ermakov system to a combination of a simple harmonic oscillator
and a conservation law, this does not inhibit us from using the latter combi-
nation as a basis for the determination of the complete symmetry group of
the two-dimensional Ermakov system. The basic theory for our treatment is
to be found in a number of papers of Andriopoulos et al [9, 10, 75]. The Lie
point symmetries of the system

u′′1 + u1 = 0 (A.3.1)

u′2 = 0 (A.3.2)

are

Λ1± = exp[±iθ]∂u1

Λ2 = u1∂u1

Λ3± = exp[±2iθ] (∂θ ± iu1∂u1)

Λ4 = ∂θ

Λ5± = exp[±iθ]u1 (∂θ ± iu1∂u1)

Λ6 = ∂u2 .

We note that Λ6 can have an arbitrary function of u2 as coefficient since it
is a constant3 and we make use of this to determine the complete symmetry
group.
Proposition: The complete symmetry group of system (A.3.1/A.3.2) has
the algebra A1 ⊕s 3A1 and is represented by the operators

K1± = exp[±iθ]∂u1

K2 = u1∂u1 + u2∂u2

K3 = ∂u2 .

3One finds the same phenomenon occurring in the properties of the contact symmetries
of second-order ordinary differential equations [94].
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Remark: In general the dimension of the algebra equals the sum of the
number of dependent variables plus one, but systems such as this have one
dimension fewer [10].
Proof: We commence with the general forms

u′′1 = f(θ, u1, u2, u
′
1) (A.3.3)

u′2 = g(θ, u1, u2, u
′
1) (A.3.4)

and apply the second extensions of K±1, K2 and K3 in turn. We obtain,
respectively,

f = u1 + F (θ, u2) g = G(θ, u2),
F = A(θ)u2 G = B(θ)u2 and
A = 0 B = 0

(A.3.5)

so that indeed the system (A.3.1/A.3.2) is recovered.
Before we treat the general case we take a particular example for which it
is possible to do all of the calculations in explicit form to provide a precise
guide to the flavour of the exercise. As our example we consider the system

r̈ − rθ̇2 =
1

r3
(A.3.6)

rθ̈ + 2ṙθ̇ = 0 (A.3.7)

which represents the two-dimensional motion of a particle in a Newton-Cotes
potential [115] [p 83]. We summarise the first part of the transformation
resulting from the reduction of order and introduction of a new independent
variable as

u =
1

r
and z = r2θ̇ (A.3.8)

with the new independent variable being θ. System (A.3.6/A.3.7) becomes

u′′ +
(
1 +

1

z2

)
u = 0

z′ = 0.

We express this in the more compact form

u′′ + w2u = 0 (A.3.9)

w′ = 0, (A.3.10)
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where w2 := 1 + z−2. We obtain the formal form of system (A.3.1/A.3.2) by
means an adaptation of the Kummer-Liouville transformation usually used
for the time-dependent oscillator. Thus we write

u1 =
u

ρ
, u2 =

w

ρ
and Θ =

∫ dθ

ρ2
, (A.3.11)

where ρ2 = w−1.
It is a trivial matter to show that the relevant K symmetries of system
(A.3.1/A.3.2) become

K1± = exp[±iwθ]∂u
K2 = u∂u + w∂w (A.3.12)

K3 = ∂w

up to a common constant multiplier which we omit.
A symmetry of the form

Γ = τ∂t + η∂r + ζ∂θ +
(
ζ̇ − θ̇τ̇

)
∂θ̇, (A.3.13)

which we have extended once in the θ variable to be able to make the tran-
sition to the w variable, becomes

Γ = ζ∂θ −
η

r2
∂u +

{
−4rθ̇η

z3
+
(
ζ̇ − θ̇τ̇

)(
−2r2

z3

)}
∂w (A.3.14)

in terms of the differential operators of (A.3.12). We commence with K3 for
which it is evident by comparison with (A.3.14) that

ζ = 0, η = 0 and
2r2θ̇τ̇

z

3

= 1.

Hence we have the symmetry

Λ3 =
(∫

1
2
z2dt

)
∂t. (A.3.15)

Since z is a constant, it can be removed from the integral and indeed from
the symmetry so far as its role in the construction of the extension of the
symmetry is concerned. However, we keep it for algebraic purposes.
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When we look at K2, we see that

ζ = 0, η = −r2u = −r and τ̇ = 1
2

(
1− 3z2

)
so that the symmetry is

Λ2 =
(∫

1
2

(
1− 3z2

)
dt
)
∂t − r∂r. (A.3.16)

In the case of K1± we have

ζ = 0, η = −r2 exp[±iwθ] and τ̇ = −2

so that the final symmetries are

Λ1± =
(∫

2r exp[±iwθ]dt
)
∂t + r2 exp[±iwθ]∂r. (A.3.17)

In addition we have the symmetry Λ4 = ∂t which was the symmetry which
enabled us to reduce the order in the first place.

To verify that the symmetries are in fact a representation of the complete
symmetry group system (A.3.6/A.3.7) we apply them in turn to the general
system

r̈ = f(r, θ, ṙ, θ̇)

θ̈ = g(r, θ, ṙ, θ̇)

in which the effect of Λ4 has already been invoked. The second extensions of
the symmetries are

Λ
[2]
1± =

(∫
2r exp[±iwθ]dt

)
∂t + r2 exp[±iwθ]∂r ± ir2w exp[±iwθ]∂ṙ (A.3.18)

−2rθ̇ exp[±iwθ]∂θ̇ +
(
±2irṙwθ̇ ± ir2wθ̈ − r2w2θ̇2 − 2rr̈

)
exp[±iwθ]∂θ̈

Λ
[2]
2 =

(∫
1
2

(
1− 3z2

)
dt
)
∂t − r∂r − 3

2
ṙ
(
1− z2

)
∂ṙ (A.3.19)

−1
2
θ̇
(
1− 3z2

)
I∂θ̇ − r̈∂r̈ − θ̈

(
1− 3z2

)
∂θ̈

Λ
[2]
3 =

(∫
1
2
z2dt

)
∂t − 1

2
ṙz2∂ṙ − 1

2
θ̇z2∂θ̇ − r̈z2∂r̈ − θ̈z2∂θ̈. (A.3.20)
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We commence with the angular equation. The effect of the action of Λ
[2]
1± is

to force g to take the form

g = −2ṙθ̇

r
+

1

r4
G(θ, r2θ̇). (A.3.21)

When we apply Λ
[2]
2 , we find that

G =
(
r2θ̇

)n
G(θ), (A.3.22)

where the exponent is given by n = 2 (5− 3z2) /3 (1− z2). Not surprisingly

the final symmetry, Λ
[2]
3 , forces G to be zero and we recover the angular equa-

tion, (A.3.7).

Proceeding in the same fashion with the radial equation we find successively

f = w2rθ̇2 +
1

r2
F (θ, r2θ̇) (A.3.23)

F = F(θ)
(
r2θ̇

)−m
, m = 2/3

(
1 + z2

)
, (A.3.24)

F = 0. (A.3.25)

The radial equation is

r̈ = w2rθ̇2 =
(
1 +

1

z2

)
rθ̇2

= rθ̇2 +
rθ̇2

r4θ̇2

and (A.3.6) is recovered.

We have spent some time on this simple example because every calculation
can be performed explicitly and so the computation is transparent. We turn
now to the general case which we must treat somewhat differently since not all
of the transformations are explicit. The general symmetry (A.3.13) becomes

Γ = ζ∂θ −
η

r2
∂u +

[
2rθ̇η +

(
ζ̇ − θ̇τ̇

)
r2
]
∂z, (A.3.26)

where u = r−1 and z = r2θ̇. (Were we considering Γ as an algebraic operator,
it would be necessary to replace θ̇ by zr−2.) We recall that the angular
equation is

rθ̈ + 2ṙθ̇ =
1

r3
G(θ, r2θ̇).
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In terms of the new variables this is

z′ =
G(θ, z)

z

for which the existence of a solution is guaranteed provided that the right
hand side is a continuous function of its variables [61, p 72]. We write the
integral as

I = u2(θ, z)

which we can write as

z = H(θ, u2) u2 = J(θ, z). (A.3.27)

Consequently we can write the system (A.1.20) as

u′′ +
G

z2
u′ +

(
1 +

F

z2

)
u = 0 (A.3.28)

u′2 = 0. (A.3.29)

It is convenient to put (A.3.28) into normal form by means of the transfor-
mation

u = v exp
[
−1

2

∫ G

z2
dθ
]

v = u exp
[

1
2

∫ G

z2
dθ
]
.

The normal form of (A.3.28) is

v′′ + ω2v = 0, (A.3.30)

where

ω2 = 1 +
F

z2
−
(
G

2z2

)′
−
(
G

2z2

)2

.

The differential operator (A.3.26) is now

Γ = ζ∂θ +
[
ζu

G

2z2
exp

(∫ G

2z2
dθ
)
− η

r2
exp

(∫ G

2z2
dθ
)]
∂v

+

{
ζ
∂J

∂θ
+
[
2rζ̇η +

(
ζ̇ − θ̇τ̇

)
r2
] ∂J
∂z

}
∂u2 . (A.3.31)

The final transformation to render the nonautonomous oscillator equation,
(A.3.30), autonomous is

V =
v

ρ
ψ =

∫ dθ

ρ2
,
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where ρ(θ) is a solution of the Pinney equation

ρ′′ + ω2ρ =
1

ρ3
.

The ultimate form of the general differential operator is then

Γ =
ζ

ρ2
∂ψ +

[
− ζuρ′

ρtwo
+ ζu

(
G

2z2

)
− η

r2ρ

]
exp

[∫ G

2z2
dθ
]
∂V

+

{
ζ
∂J

∂θ
+
[
2rζ̇η +

(
ζ̇ − θ̇τ̇

)
r2
] ∂J
∂z

}
∂u2 . (A.3.32)

In terms of the current variables a representation of the complete symmetry
group of the autonomous system is given by

K1± = exp [±iψ] ∂V (A.3.33)

K2 = V ∂V + u2∂u2 (A.3.34)

K3 = ∂u2 . (A.3.35)

To determine the coefficient functions in Γ for each of these symmetries we
make the identifications by comparing the form of (A.3.32) with each of
(A.3.33), (A.3.34) and (A.3.35) in turn. Commencing with K3 we see that
ζ = 0, η = 0 and −r2θ̇τ̇ ∂J/∂z = 1. We obtain

Γ3 =
(∫

Pdt
)
∂t, (A.3.36)

where we have made use of the constancy of u2, ie J , to introduce the latter
into the integral and define

P =
J

z
∂J

∂z

(A.3.37)

for a reason which becomes apparent below.
In the case of K2 we have

ζ = 0, −η exp
[∫ G

2z2
dθ
]
/r2ρ = V,

ie −η = r and consequently τ̇ = −
∫
(2+P ). Part of the symmetry is already

included in Γ3 and so we write

Γ2eff = 2∂t + r∂r. (A.3.38)
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Finally for K1± we have that

ζ = 0, η = −r2ρ exp

[∫ G

2z2
dθ ± i

∫ dθ

ρ2

]

and

τ̇ = −2rρ exp

[∫ G

2z2
dθ ± i

∫ dθ

ρ2

]
so that

Γ1± =
∫ {

2rρ exp

[∫ G

2z2
dθ ± i

∫ dθ

ρ2

]}
dt∂t+r

2ρ exp

[∫ G

2z2
dθ ± i

∫ dθ

ρ2

]
∂r.

(A.3.39)

A.4 Complete Symmetry Group of the Gen-

eral Two-dimensional Ermakov System

Our task is now to apply these four symmetries to the general system

r̈ = f(r, θ, ṙ, θ̇) (A.4.1)

θ̈ = g(r, θ, ṙ, θ̇), (A.4.2)

where f and g are initially arbitrary functions of their indicated arguments,
to validate that these four symmetries plus ∂t specify the generalised two-
dimensional Ermakov system completely. For the sake of future reference we
write the second extensions of these four operators. Recall that the overdot
represents differentiation with respect to time and the prime presents dif-
ferentiation with respect to θ. In the expressions for the second extensions
we have eliminated the ∂t component since this is of no relevance to the au-
tonomous system, (1.1.172/A.4.2). In the case of Γ1± we have also removed

a common factor, exp
[∫ G

2z2
dθ ± i

∫ dθ
ρ2

]
, made use of the definition of z and

the differential equation governing ρ. The second extensions are

Γ1±(eff) = r2ρ′∂r +

{
r2ρθ̇ + r2ρθ̇

[
± i

ρ2
− G

2z2

]}
∂ṙ

−2rρθ̇∂θ̇ +

{(
rρ′ ± i

r

ρ

)[
rθ̈ + 2ṙθ̇ − rθ̇2G

z2

]
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−r
2θ̇2

ρ

[
1 +

F

z2
−
(
G

2z2

)2
]
− rρ

(
rθ̈ + 2ṙθ̇

) G

2z2
+ r2ρθ̇2

(
G

2z2

)2

− 2rr̈ρ

}
∂r̈

+

{
−ρ

[
4rθ̈ + 2rṙ − 2G

r3

]
± 2irθ̇2

ρ

}
∂θ̈

Γ2eff = r∂r − ṙ∂ṙ − 2θ̇∂θ̇ − 3r̈∂ṙ − 4θ̈∂θ̈

Γ3 = ṙP∂ṙ + θ̇P∂θ̇ +
[
2r̈P + ṙṖ

]
∂r̈ +

[
2θ̈P + θ̇Ṗ

]
∂θ̈.

We commence with the angular equation, (A.4.2), and the action of the ±
part of Γ1±(eff). We obtain

∂g

∂ṙ
= −2

θ̇

r

whence (A.4.2) may be written as

rθ̈ + 2ṙθ̇ = A(r, θ, θ̇). (A.4.3)

We now apply the rest of Γ1±(eff) to obtain

r
∂A

∂r
− 2θ̇

∂A

∂θ̇
= −3A

so that (A.4.3) is now

rθ̈ + 2ṙθ̇ =
B(θ, r2θ̇)

r3
. (A.4.4)

When we apply Γ2(eff) to (A.4.4), the equation is restored identically, ie there
is no further restriction on the structure of the equation. The same is true in
the case of Γ3. However, the argument is more than a little subtler and we
provide some detail. After we apply the second extension of the symmetry
and substitute the expression for P , we have

d

dt

[
∂J

∂z

]
=
[
ż

z
− 1

r2

]
∂J

∂z
.

We make use of the definition u2 = J(θ, z) and (A.3.29) to manipulate the
left side of this equation as follows.

LHS = θ̇
∂J

∂z∂θ
+ ż

∂2J

∂z2

=
z

r2

∂2J

∂z∂θ
+
B

r2

∂2J

∂z2
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=
1

r2

{
∂

∂z

(
z
∂J

∂θ
+B

∂J

∂z

)
− ∂J

∂θ
− ∂B

∂z

∂J

∂z

}

= − 1

r2

{
∂J

∂θ
+
∂B

∂z

∂J

∂z

}
so that the total equation reduces to the identity

0 =
1

r2

∂J

∂θ
+
ż

z

∂J

∂z

as a consequence of the conservation of u2.

The symmetries ∂t and Γ1± are sufficient to specify the structure of the angu-
lar equation, but we note that this is in terms of an arbitrary function B(θ, z)
rather than the unspecified function G(θ, z) to be found in the differential
operator.

We now turn to the radial equation. The action of the ± part of the second
extension of Γ1± reduces to

∂f

∂ṙ
=
B −G

zr

when (A.4.4) is taken into account. Hence

f = ṙ
B −G

zr
+ C(r, θ, θ̇).

The application of Γ2eff immediately gives

C =
1

r3
D(θ, z)

so that the radial equation now has the form

r̈ = ṙ
B −G

zr
+

1

r3
D(θ, z). (A.4.5)

We revert to the other part of the second extension of Γ1±.
With all the results thus far accumulated the relevant remaining part of the
second extension of Γ1± is

r2ρ∂r +
[
r2ρ′θ̇ − r2ρθ̇

(
G

2z2

)]
∂ṙ − 2rρθ̇∂θ̇

+

{
ρ′

r2
(B −G)− r2ρθ̇2

(
1 +

F

z2
+ 2r2ρθ̇2

(
G

2z2

)2

− ρ
BG

2r2z2

)
− 2rr̈ρ

}
∂r̈
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and its action on (A.4.5) gives

r2θ̇2

[
1

ρ3
− ρ

(
1 +

F

z2
−
(
G

2z2

)2
)]

+
ρ′B

r2

−r2ρ′θ̇2
(
G

2z2

)
+
ρB

r2

(
G

2z2

)
− 2ṙρ

B −G

z
− 2ρD

r2

=
[
r2ρ′θ̇ − r2ρθ̇

(
G

2z2

)]
B −G

zr
− ρṙ

z
(B −G)− 3ρD

r2
.

From the coefficient of ṙ it is apparent that B = G so that now we have
recovered the angular equation. The equation now simplifies considerably to
give

D = r4θ̇2
(
1 +

F

z2

)
,

ie, the radial equation now has the form

r̈ − rθ̇2 =
F

r3
(A.4.6)

which is the desired form.
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Appendix B

Derivation of the
Emden-Fowler sequence

B.1 Reduction of fifth-order ordinary differ-

ential equation to Emden-Fowler equa-

tion

The Kummer-Schwarz sequence is defined in terms of

Rnv = 0, (B.1.1)

where

v = u′′′ − 3u′′2

2u′
(B.1.2)

and the recursion operator [44] is

R = D2 − 2
u′′

u′
D +

u′′′

u′
− u′′2

u′2
− u′D−1

(
u(iv)

u′2
− 4

u′′′u′′

u′3
+

3u′′3

u′4

)
. (B.1.3)

The first two members of the sequence are

u′′′ − 3u′′2

2u′
= 0, (B.1.4)

which is the Kummer-Schwarz equation and possesses the algebra sl(2, R)⊕
sl(2, R) with the representation, ∂x, x∂x, x

2∂x, ∂u, u∂u, u
2∂u, and

u(v) − 5
u′′u(iv)

u′
− 5u′′′2

2u′
+

25u′′′u′′2

2u′2
− 45u′′4

8u′3
= 0, (B.1.5)
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which has the five-element algebra sl(2, R)⊕A2, represented by ∂x, x∂x, ∂u, u∂u
and u2∂u.

The reduction of the Kummer-Schwarz equation is well known and we com-
mence our analysis with the fifth-order equation (B.1.5). We reduce using
the sl(2, R) subalgebra.

We commence with ∂u for which the invariants are evidently x and w = u′.
The fourth-order equation is

w(iv) − 5
w′′′w′

w
− 5w′′2

2w
+

25w′′w′2

2w2
− 45w′4

8w4
= 0 (B.1.6)

and the remaining symmetries are ∂x, x∂x−w∂w, w∂w, (2w
∫
wdx)∂w in which

the third element of the sl(2, R) subalgebra has become nonlocal due to the
Lie Bracket [∂u, u

2∂u]LB = 2u∂u.

We now reduce by w∂w for which the invariants are x and z = w′/w. The
reduced equation is

z′′′ − zz′′ + 1
2
z′2 − 3

2
z′z2 + 3

8
z4 = 0 (B.1.7)

and the remaining symmetries are ∂x, x∂x − z∂z and 2 exp[
∫
zdx]∂z. We

observe that the nonlocal symmetry has now become an exponential nonlocal
symmetry and so is suitable to be used for reduction of order. The invariants
are x and y = z′ − 1

2
z2. The second-order equation is

y′′ +
3

2
y2 = 0 (B.1.8)

which we recognize as an Emden-Fowler equation of index (0, 2). Two point
symmetries, ∂x and x∂x − 2y∂y, persist for (B.1.8) which is integrable in
terms of elliptic functions. It also possesses the Painlevé Property with p =
−2, α = −4 and r = −1, 6.

The reduction has been solely in terms of the dependent variable and so it
is an easy matter to reconcile the w of (B.1.8) with the u of (B.1.5). The
sequence of transformations is

w = u′ → z =
w′

w
→ y = z′ − 1

2
z2 (B.1.9)
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which can be conflated to

y =
u′′′

u′
− 3u′′2

2u′2
, (B.1.10)

ie, y is the Schwarzian and y = 0 is essentially the first element of the
Kummer-Schwarz sequence. Given the solution, w(x), of (B.1.8) we may use
(B.1.10) to solve (B.1.5). Equation (B.1.10) may be written as(

u′−
1
2

)′′
+ 1

2

(
u′−

1
2

)
y = 0 (B.1.11)

which has the form of the equation of a time-dependent linear oscillator and
in a formal sense we may write the solution as

u(x) =
∫

(Aξ sin x+Bξ cosx)−2dx, (B.1.12)

where ξ is any solution of the Ermakov-Pinney equation

ξ′′ + 1
2
yξ =

1

ξ3
(B.1.13)

and
X =

∫
ξ−2dx. (B.1.14)

Curiously a more explicit form of the solution can be obtained since the
integral in (B.1.12) can be evaluated to give

u(x) = C − 1

A

1

A tanX(x) +B
, (B.1.15)

where A,B and C are the constants of integration arising from the integration
of the third-order equation (B.1.10). The function X(x) contains the two
constants of integration arising from (B.1.8).

Note that one can only regard the integration of (B.1.5) presented above
as formal since the likelihood of being able to present an explicit solution
of (B.1.11) (regarded as a second-order equation) when y is given in terms
of elliptic functions is slight. Since an elliptic function is doubly periodic,
(B.1.11) has the form of an Hill’s equation.

Equation (B.1.5) is homogeneous in both x and u. Hence the exponent of the
leading-order term is the solution of an algebraic equation of degree eight.
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B.2 Derivation of the generator of sequence

of the Emden-Fowler equation

The reduction of the fifth-order Kummer-Schwarz equation, (B.1.5), to a
second-order equation in the Schwarzian prompts one to look at the generator
of sequence, (B.1.3), in terms of the Schwarzian.
Firstly we observe that (B.1.4) is u′y = 0 so that the next member of the
sequence is{

D2 − 2
u′′

u′
D +

u′′′

u′
− u′′2

u′2
− u′D−1

(
u(iv)

u′2
− 4

u′′′u′′

u′3
+

3u′′3

u′4

)}
u′y = 0

(B.2.1)
and we make a further examination of (B.2.1). Noting that

y′ =
u(iv)

u′
− 4

u′′′u′′

u′2
+

3u′′3

u′3
(B.2.2)

we observe that the integral part of (B.2.1) is

−u′D−1

(
y′

u′

)
(u′y) = −1

2
u′y2. (B.2.3)

We now look at the rest of (B.2.1).(
D2 − 2

u′′

u′
D +

u′′′

u′
− u′′2

u′2

)
u′y = u′(y′′ + 2y2) (B.2.4)

and so (B.2.1) may be written as

u′
(
D2 + 2y −D−1y′

)
y = 0 (B.2.5)

or

u′(y′′ +
3

2
y2) = 0 (B.2.6)

and in (B.2.6) we recover (B.1.8).

We introduce the Emden-Fowler sequence(
D2 + 2y −D−1y′

)n
y = 0, n = 1, 2, . . . , (B.2.7)

where we omit n = 0 as a too trivial result.
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[24] Bureau FJ (1972) Équations différentielles du second ordre en Y et du second
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[28] Cariñena José, Guha Partha & Leach Peter (2007) Geometrical Aspects of
The Riccati Equation (preprint: Departamento de F́isica Teórica, Facultad
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[52] Géronimi C, Feix MR & Leach PGL (2001) Exponential nonlocal symmetries
and nonnormal reduction of order Journal of Physics A: Mathematical and
General 34 10109-10117
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gestörten Keplerbewegung Zeitschrift für Physik 24 197-207

[84] Lewis H Ralph Jr & Riesenfeld WB (1969) An exact quantum theory of
the time-dependent harmonic oscillator and of a charged particle in a time-
dependent electromagnetic field Journal of Mathematical Physics 10 1458-
1473

[85] Lewis HR & Leach PGL (1982) A direct approach for determining exact
invariants for one-dimensional time-dependent classical systems Journal of
Mathematical Physics 25 2371-2374

[86] Lie Sophus (1967) Differentialgleichungen (Chelsea, New York)
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équatione différentielle du second ordre contenent un paramètre variable Jour-
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