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Abstract

In this dissertation, we study heat transfer in longitudinal fins of rectangular
and concave parabolic profiles. The thermal conductivity and heat transfer
vary nonlinearly with temperature, and the power-law gives the temperature
distribution. The step-change in base temperature and step change in base
heat flow are used as boundary conditions. We employ Lie symmetry tech-
niques in an attempt to solve initial and boundary value problems. We also
use the Tanh method to analyze the heat transfer equation.

The governing equation for the fins of rectangular profile admitted three
local symmetries, which reduced the original non-linear PDE into three non-
linear ODEs. We analyzed steady-state as well as transient-state equations.
Three cases were considered in the steady-state, and two cases were looked at
for the transient state. The solutions in each case satisfied the step-change
in base temperature and step change in base heat flow boundary conditions.
The effects of the thermo-geometric fin parameter and the power-law expo-
nents m and n, on temperature distribution are studied in all these problems.
Furthermore, the fin efficiency and heat flow are analyzed.

The governing equation for the fins of the concave parabolic profile admit-
ted two local symmetries, which reduced the original non-linear PDE into two
non-linear ODEs. As we did in the fins of the rectangular profile, we analyzed
steady-state as well as transient-state solutions. In the first three steady-state
cases, the general solutions obtained did not satisfy the initial condition. In
the fourth case, Abel’s equation was obtained, and no further analysis was car-

ried out. Using the differential invariants’ method, the two non-linear ODEs



were further reduced into two first-order ODEs of Abel’s second kind. At this
stage, we considered a particular case when m = 0. This yielded an exact
analytical solution that enabled us to investigate temperature and heat flux
behavior in terms of increasing space, time, exponent n, and thermo-geometric
fin parameter M. On the other hand, the second equation was transformed into
a canonical form and solved, which yielded a particular function as tabled in

the Appendix. There was no further analysis carried out.
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Chapter 1

Introduction

1.1 Literature review

1.1.1 Rationale and motivation

Fins (or extended surfaces) play a vital role in enhancing the movement of heat
between a surface and adjacent fluid. The study of heat transfer has become
increasingly important because of its frequent applications in engineering, for
instance, car radiators, refrigerators, power generators, air conditioning, air-
cooled craft engines, and many other devices in which heat is generated and
transferred. Problems describing heat transfer in extended surfaces are docu-
mented in a number of textbooks (see, e.g., [1,2]).

Through the process of mathematical modeling, heat transfer problems are
reduced to nonlinear differential equations. Steady-state differential equations
have been extensively used in most applicable models describing heat transfer
in fins. However, fins that are used in high-speed aircraft, electronic com-
ponents, and automatic control equipment necessitate the understanding of

transient heat transfer [3].
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1.1.2 Recent developments

Researchers have spent considerable amount of time in formulating exact and
approximate methods for solving differential equations, arising in heat con-
duction though the one-dimensional (see e.g. [4-9]) and the two-dimensional
extended surfaces (see e.g. [10-19]).

The obtained solutions include series solutions [4,6,9], homotopy methods
8] and differential transformation method [20,21] and the Tanh method [22-24]
in one-dimensional cases. Most existing solutions are constructed only for
constant thermal conductivity and heat transfer coefficient.

The literature on exact solutions for one- and two-dimensional problems
has been growing. Recently, an analysis of a steady nonlinear longitudinal
fin of various profiles was given by Ndlovu and Moitsheki [25], Mhlongo and
Moitsheki [26,27]. Transient response of longitudinal rectangular fins to step-
change in base temperature and in base heat flow conditions was studied by
Mhlongo et al. [28].

Many authors [8,9,29-31] used symmetry analysis of the problem in [5] to
determine all forms of the thermal conductivity and heat transfer coefficient

for which the governing equation admits additional symmetries.

1.2 Aims and objectives of the project

The main goal of the project is to study heat transfer in longitudinal fins of
rectangular and concave parabolic profiles and extend the work done in [28].
The thermal conductivity and heat transfer vary nonlinearly with temperature,
and the temperature distribution is given by power law. Furthermore, we aim
to analyze the problem subject to various boundary conditions, using step-

change in base temperature and step change in base heat flow.
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We employ techniques such as local symmetries and equivalent transfor-
mations. Symmetry reductions are performed, and group invariant solutions
are constructed. The effects on temperature distribution of parameters in the
dimensionless models are analyzed. The Tanh method will be used to compare
results obtained using the symmetry method. We also make use of computer-
aided procedures such as Maple [32], Mathematica [33], in particular, we use

the freely available software DIMSYM [34] and REDUCE [35].

1.3 Outline of the dissertation
The dissertation is outlined as follows:

e Chapter 2 describes the mathematical formulation of the heat conduction

problem.

e Symmetry techniques for differential equations are briefly discussed in
chapter 3. The concepts, Lie point (local) symmetries, Lie algebras,

invariant solution, and the optimal system will be discussed.

e In chapter 4, we discuss the transient response of longitudinal rectangular
fin to step-change in base temperature and in base heat flow conditions

using Lie symmetries and the Tanh Methods.

e In chapter 5, we consider a one-dimensional longitudinal fin of the con-
cave parabolic profile subject to step-change in base temperature and

base heat flow conditions using Lie symmetries.

e Lastly, we provide conclusions in chapter 6.



Chapter 2

Mathematical statement

2.1 Introduction

We briefly discuss the models representing heat transfer in longitudinal fins of
different profiles in this chapter. The fins examined are given in terms of the
characteristic length. This may be a determinant of why a few exact solutions
exist. The mathematical formulation of the problem is given in Section 2.2 and
is followed by a discussion of various fin profiles in Section 2.3. In Section 2.4, a
brief description of heat transfer coefficient and thermal conductivity is given,
followed by physical boundary conditions in Section 2.5. Fin efficiency and
heat flux are discussed in Section 2.6. In Section 2.7, dimensionless variables
are described. The concluding remarks are provided in section 2.8.

This chapter is a brief theoretical framework of heat transfer in longitudinal

fins of different profiles. A complete theory is provided in texts such as [1].
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2.2 The energy balance model

A one-dimensional longitudinal fin with a cross-sectional area A, is shown in

Fig. 2.1 with various components explained below.
e The perimeter of the fin is denoted by P,
e the length of the fin by L,
e the fin is attached to a fixed base surface of temperature 7,
e and extends into a fluid of temperature T,,.
e The fin profile is given by the function F(X),
e fin thickness § depends on the fin profile,

e and the fin thickness at the base is 9.

Figure 2.1: A graphical representation of a longitudinal fin of an arbitrary

profile.
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The energy balance for a longitudinal fin of an arbitrary profile is given by

orT a (2 oT P
pCa—a—X <5—bF(X)K(T)a—X> —A—CH(T) (T—Ta), O<X<L, (21)

where

e p is the mass density,

e ¢ is the specific heat,

e K and H are the non-uniform thermal conductivity and heat transfer
coefficients depending on the temperature (see for example [7-9, 36]),

e T is the temperature distribution,

e tis time, and X is the spatial variable.

The property of a material’s ability to conduct heat is called thermal conduc-
tivity. It is denoted by K(T') and varies with temperature in many engineering
applications. The heat transfer coefficient, denoted by H(T'), is the amount of
heat passing through a unit area of a medium or system in a unit time when
the temperature difference between the boundaries of the system is 1° Celsius.

We the fin length from the tip to the base as shown in Fig. 2.1.

2.3 Fin profiles

Two fin profiles examined in this dissertation are presented in this section,
these are, the rectangular and concave parabolic profiles. Fins with a parabolic
profile contain less material and are more efficient, requiring minimum weight.

A longitudinal fin with a concave parabolic profile is costly and difficult to

manufacture, but it provides the maximum heat dissipation for a given profile
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area [1]. The rectangular profile does not utilize the material efficiently, but it
is preferred in most applications for the sake of simplicity in the fabrication [37].

The optimization of the design focuses on finding the shape and dimensions
of the fins that would reduce the volume or mass for a given amount of heat
dissipation, or alternatively, to maximize the dissipation of heat for a given
volume or mass. One way to analyze the optimization problem is to select a
suitable profile, then to determine the dimensions of the fins and to yield the
maximum heat dissipation for a given volume and shape of the fin.

A general optimization problem of convective fins with constant thermal
parameters was analyzed by Laor and Kalman [38].

The profile function F(X) for longitudinal fins take the general form [1]

1-2p

F(X) = % <%> o (2.2)

Here p € R, p # 1.

2.3.1 Longitudinal fin of rectangular profile

For the longitudinal fin of rectangular profile shown in Fig. 2.2, the exponent
on the general profile satisfies the geometry when p = % The profile function
for the fin then becomes [1]

F(X)=—. (2.3)

2.3.2 Longitudinal fin of concave parabolic profile

If p — oo we get a longitudinal fin of concave parabolic profile shown in Fig.

2.3. The profile function for the fin then becomes [1]

F(X) = % (%)2 (2.4)
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dX

Lk

x=0 X=L

Figure 2.2: Schematic representation of a longitudinal fin of a rectangular

profile.

dX

x=0 X=L

Figure 2.3: Schematic representation of a longitudinal fin of a concave

parabolic profile.
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2.4 Boundary conditions

In this section, we look at the boundary conditions. We assume that the fin
is insulated at the tip; otherwise, the problem becomes overdetermined [39].
This boundary condition is noticed by Unal for sufficiently long fins [40]. In

this case, we have
0T (0,1)

o =0 (2.5)

The step change in base temperature gives the boundary condition at the
base of the fin [1]
T(L,t) =T, (2.6)

in one case and by the step change in base heat flow

aT(L7t) _ b
0X kA (27)

in the other.
Here g, is the base heat flux, k, is thermal conductivity at the ambient
temperature and other parameters have been defined earlier. The initial fin

temperature is assumed to be

T(X,0) = 0. (2.8)

2.5 Thermal conductivity and heat transfer co-
efficient

The thermal conductivity of a material in many engineering applications is

given as a linear function and expressed as [5,8,41]
K(T) = ka[l + B(T - Ta)]7 (29)

where [ is the thermal conductivity gradient.
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The thermal conductivity of the fin may be assumed to be a nonlinear

function of the temperature, that is

KUUZM(T_ﬂQm wdkﬁ):h(ﬁéﬁ:ﬁayz (2.10)

T, — T, @l

for step-change in base temperature and step change in base heat flow condi-
tions, respectively. The power-law is used to model the thermal conductivity of
some materials such as Gallium Nitride (GaN) and Aluminium Nitride (AIN)
(see e.g. [42]). Moreover, experimental data indicates that the exponent of the
power-law for these materials is positive for lower temperatures and negative
for at higher temperatures [43-45].

On the other hand, for most industrial applications the heat transfer coef-

ficient may be given by the power law [40]

Hﬂﬁ:m<£:%>i (2.11)

given the step change in the base temperature and

(2.12)

avL

h(T) = hy <M>n

given the step change in the base heat flow. Here the exponent n and h; are
constants. The constant n ranges from 6 to 5, and in most practical appli-
cations, it lies between —3 and 3 [40]. The hypothetical boundary condition
(i.e., insulation) at the tip of the fin is taken into account if the heat trans-
fer coefficient is given by Egs. (2.11) and (2.12) [40]. The transfer of heat
through the outermost edge of the fin is negligible compared to that passing
through the side [39]. When n = —1, the exponent represents laminar film
boiling or condensation. The exponent represents laminar natural convection
when n = %, turbulent natural convection when n = %, nucleate boiling when
n = 2, radiation when n = 4, and n = 0 implies a constant heat transfer

coefficient. If the thermal conductivity is a constant and n = —1,0,1 and 2,
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the exact solutions are constructed for the steady-state one-dimensional differ-
ential equation describing temperature distribution in a straight fin. [40]. In
this dissertation, we attempt to construct exact steady-state solutions given

nonconstant thermal conductivity.

2.6 Fin efficiency and heat flux

2.6.1 Fin efficiency

Newton’s second law of cooling gives the heat transfer rate from a fin (see

s 1) L
Q= / PH(T)(T = T,)dX. (2.13)

Fin efficiency is the ratio of the fin heat transfer rate to the rate that would

be if the entire fin were at the base temperature and is given by

Q [y PH(T)(T - T,)dX

= = 2.14
" Quew  PRI(T-T,) 214
2.6.2 Heat flux
Fourier’s law gives the heat flux at the base of the fin (see e.g. [1])
dT
=AK(T)—. 2.1
b (1) 7% (2.15)
The total heat flow of the fin is given by

@ (2.16)

1T AHD)T-T.)
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2.7 Non-dimensionalization

We introduce the dimensionless variables and the dimensionless numbers given
by

H PhyL? 2
= — M?= = —F(X), (2.1
b= g ME = S (@) = ZF(X), (217

X ket
L7

_ b=
pel?’

=

with step change in base heat flow, the dimensionless temperature becomes [1]

kAT - T7)

6 , 2.18
oL (2.18)
and with the step change base temperature we have
T—-T,
0= = 2.19
T, (2.19)
Equation (2.1) now reduces to
00 0 00
— = k(0)— | — M?h(0)0, 0<z<1. 2.20
5 = 5 (1@EO5] ) ~aenop, 0<a< (2.20)
The initial condition is given by
6(z,0) =0, (2.21)
the step change in fin base temperature is given by
o(1,7)=1, (2.22)
the step change in fin base heat flux is given by
00
— =1 2.23
0x|,_, (2:23)
and fin tip boundary condition is given by
00
— = 0. 2.24
or|, , ( )
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Here M is the thermo-geometric fin parameter, 6 is the dimensionless tem-
perature, z is the dimensionless spatial variable, f(z) is the dimensionless fin
profile, 7 is dimensionless time, k is the dimensionless thermal conductivity,
h is the dimensionless heat transfer coefficient, and h; is the heat transfer
coefficient at the fin base. The non-dimensional heat transfer coefficient and

thermal conductivity of the fin are given by
h(0) =0", k(0)=0"

respectively.

2.8 Concluding remarks

In this chapter, we have discussed the mathematical formulation represent-
ing heat transfer in longitudinal fins of various profiles. We have taken into
consideration the energy balance equation, the physical boundary conditions.
Furthermore, the initial and boundary value problems are given in terms of

non-dimensionless variables.



Chapter 3

Symmetry methods for

differential equations

3.1 Introduction

We consider Lie symmetry techniques for differential equations in this chapter.
A short description and theoretical background are given in Sections 3.1.1
and 3.1.2, respectively. In Section 3.2, we discuss the calculation of classical
(local) Lie point symmetries. In Section 3.3, we discuss Lie Algebras. In
Sections 3.4, we present the method for constructing an optimal system of
subalgebras. In Section 3.5, we consider the basis of invariants. Methods
of linearization and reductions of ordinary differential equations (ODEs) are
discussed in Section 3.6, followed by a brief description of the Tanh method in

Section 3.7. Concluding remarks are given in Section 3.8.

3.1.1 A short description

Sophus Lie introduced the theory of groups of transformation for differential

equations (DEs) in the nineteenth century, aiming at extending various spe-

14
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cialized methods for solving ODEs. The theory was influenced by the lectures
given by Sylow on Galois theory and Abel’s works. The order of an ODE ac-
cording to Lie could be reduced by one, constructively, if it is invariant under
a one-parameter Lie group of point transformations [46].

Various topics in determining the solutions of ODEs are required to fully
understand Lie’s work, including, among others, integrating factor, separable
equation, homogeneous equation, reduction of order, the methods of undeter-
mined coefficients and variation of parameters for linear equations, solution of
the Euler equation, and the use of the Laplace transform. Lie also indicated
that for linear PDEs, invariance under a Lie group leads directly to superpo-

sitions of solutions in terms of transforms [46].

3.1.2 A brief theoretical background of Lie symmetry
analysis

In brief, a symmetry of a differential equation is an invertible transformation
of dependent and independent variables that leave the form of the equation
unchanged [46-51]. This point transformation, in Lie’s view [52], forms a
group that depends on a continuous parameter. The elementary examples of
Lie groups include groups of translations, rotations, and scalings.

In his fundamental theorem, Lie showed that groups are characterized by
infinitesimal generators. These infinitesimal generators can be extended to act
on the space of independent and dependent variables and their derivatives up
to any finite order. If the coefficients of governing differential equation (or a
system of equations) are functions of independent and/or dependent variables,
then the vector fields or symmetries admitted by the equation in question

when these coefficients are arbitrary span the principal Lie algebra (PLA)
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(see, e.g., [53]). The consequence of the action of the infinitesimal generators
on DEs is the reduction in the original equation as follows (but not limited

to),

(i) In the case of the first order ODE equations, it reduces to a separable

first-order ODE.

(ii) A second-order 141 dimensional PDE may be reduced to a second-order

ODE.

(iii) A nonlinear second-order ODE may be reduced linear second-order ODE
or to the first-order ODE or to the ODE with a cubic in the first deriva-

tive.

(iv) A PDE with n independent variables can be reduced to one with n — 1

independent variables.

For further theory and applications of symmetry analysis, excellent text

such as those of [46-51,54-56] can be used.

3.2 Calculation of Lie point (local) symme-

tries

3.2.1 One-parameter group of transformations
Consider a set G7 of transformations
T, : 7" = fi(z,u,¢), U*=0¢*(z,u,¢),i=1,2...,n; a=12,...,m; (3.1)

where € is real parameter which is continuous in the neighborhood D C R of
e = 0 and f?, ¢* are differentiable functions. G is a continuous one-parameter

(local) Lie group of transformations in R"*™ if the following properties hold,
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i) Identity. If T, € G such that T,T, = T.T, = T, for any ¢ € D, C D and

T, € Gp. T, is the identity in G and e is the identity in D.

ii) Closure. It T,, Ty arein Gy and e,6in D, C D, then T.T; =T, € G, 7=
(e, 0) € D.

iii) Inverse element. ForT,,e € D, C D, thereexists T.! = T,-1 € G, ¢! €

D such that T, 1. =1, .1, =1,

iv) Associativity. If T,, T5, T, are in Gp and €, 6,y in D, C D, then (T.T;)T, =
T(TT,).

v) €is a continuous parameter i.e. € € D,, where D is an interval in R,
vi) ¢; and ¢, are analytic,
vii) 9(€,d) is an analytic function of € and 4.

According to the theory of Lie symmetries, the construction of a one-
parameter group G is equivalent to the determination of the corresponding
infinitesimal transformation generated by the infinitesimal generator. One-
parameter groups are obtained by their corresponding generator either by Lie

equations or by the exponential map.

3.2.2 The invariance criterion

consider an rth order PDE in s independent variables x = (21, za, ..., 2,) and

one dependent variable u, given by
F(x,u,u, .. ul") =0, (3.2)

where u("), denotes the set of coordinates corresponding to all rth order partial

derivatives of u with respect to zy,s,...,z,. That is, a coordinate u(" is
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denoted by
d"u

)
3xj18xj2 e al’jr

(3.3)

s jo. g =
with j, = 1,2,...,n and ¢ = 1,2,...,7. Note that in case of the ODE, one

considers one independent and one dependent variable. To determine the

symmetry for the Eq. (3.2), one may seek transformations of the form

X; = xj+e&(x,u)+ O(e?), (3.4)

U = u+en(x,u)+ O(e) (3.5)

called infinitesimal transformations. The coefficients §; and 1 are the compo-

nents of the infinitesimal generator acting on the (x,u) space given by

0

o (3.6)

0
I'=¢,(x, U)GT + n(x, u)
]

which leaves the DE invariant. The action of I' is extended in the governing

equation through the rth prolongation given by

0
=4+ m(x, u, u(l))— + o Dy (X, U, u(l), R u(r)) , (3.7)
du; e Oy jo..jr
where r=1,2,...
Nidede = DirMjrjaeger) = Wirjo.go_1kDjr (&), (3.9)

with j, =1,2,...,nand ¢ =1,2,...,r, 7 = 2,3,... and D; being the total z;
derivative operator defined by

0

0 J1j2--gr

0 0

8xj

The invariance criterion for symmetry determination is given by

I (F = 0)],_, = 0. (3.11)
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Since the coefficients of I' do not involve derivatives, we can separate (3.11)
with respect to the derivatives of u and solve the resulting overdetermined sys-
tem of linear homogeneous partial differential equations known as determining
equations. The calculation is algorithmic and maybe facilitated by computer
software such as REDUCE [35] or YaLie [57].

It may happen that the only solution to the overdetermined system of linear
equations is trivial. When the general solution of the determining equations
is nontrivial, two cases arise: (a) if the general solution contains a finite num-
ber, p, of essential arbitrary constants, then it corresponds to a p-parameter
Lie algebra spanned by the base vectors (3.6); and (b) if the general solution
cannot be expressed in terms of a finite number of essential constants, for ex-
ample when it contains an arbitrary function of independent and/or dependent
variables, then it corresponds to an infinite-parameter Lie group of transfor-

mations of the infinite-dimensional symmetry generator.

Tllustrative example 3.1

As an illustrative example, we consider a nonlinear ODE

d de

— (0" —| — MP9" = 0. 3.12

dx [ dx} (3:12)
Given n = —3m — 4, and considering the transformation y = ™+, then

Eq. (3.12) becomes the Ermakov-Pinney type equation [58]
y" = (m+1)M?y >, (3.13)
The invariance criterion for symmetry determination is given by

B (y" = (m+ 1) M?*y™?) =0, (3.14)

y"'=(m+1)M?y=3
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where

0 0 0 0

is the second prolongation of symmetry generator and the coefficients 7, and

1o are determined from the equations

m = D(n) — lew(£)> (3.16)

e = Dy(m) — 4" Da(8). (3.17)
The total derivative D,, is given by

0 0 0
D, =— '— '— . 1

The resulting determining equations are given by

&y = 0, (3.19)
Nyy — 26ey = 0, (3.20)
20Ny — Y& + 3(m + )M?E, = 0, (3.21)

Y hew — (m+ 1) Myn, + 2(m + 1) M?y&, — 3(m + 1)M?p = 0. (3.22)

Solving Eqs. (3.19)-(3.22), yield the symmetry generators

0
r, = — 2
0 0
Ty = 22— +ay— 24
J yo

One can easily show that symmetry generators (3.23)-(3.25) span the SL(2,R) =
a b

ta,b,e,d € R, ad — be = 1} Lie algebra (see e.g. [59]).
c d
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3.3 Lie algebras

Lie algebras are discussed in this section.. The reader is referred to Bluman et

al [46,47] for more details. Consider the infinitesimal generators

00
I = 51@ Thg, (3.26)
and
AR
Iy = 52% +ig (3.27)

The Lie bracket or the commutator of I';y and I's is defined as

, 0 0
[Fl, FQ] = (Flf% - szi)% + (FlT]Q - anl)a—u = Flrg - Fgrl. (328)

The nonzero commutator of any two infinitesimal generator is also, an infinites-
imal generator. It follows from (3.28) that the Lie bracket is skew-symmetric

that is

[Fl, FQ] = —[F27 Fl] (329)

Furthermore, any three infinitesimal generators I'y, 'y, I's satisfy Jacobi’s iden-
tity

(T4, To], Is] + [[Ta, I's], Th] + [[I3, T, Ta] = 0. (3.30)

A Lie algebra £ is a vector space over some vector field F with an additional

law of combination of elements in L satisfying the properties skew-symmetry

and the Jacobi’s identity. Furthermore, the following axioms hold;

the commutator is bilinear,
[aT1 + brg, Fg] = a[Fl, Fg] —+ b[FQ, Fg] (331)

[Fb G,FQ + brg] = a[Fl, FQ] —+ b[Fl, Fg] (332)
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where a,b are arbitrary constants. The infinitesimal generators (or base vec-
tors) span the Lie algebra.

It is more convenient to represent the Lie brackets in a commutator ta-
ble. For example, considering the generators in (3.23)-(3.25), we construct the

commutator Table. 3.1.

Table 3.1: Lie Bracket of the admitted symmetry algebra for (3.13)

L0 Iy Iy | I's
I 0 25 | I
Iy =2I's | 0 | —Iy
I3 Iy | Ty 0

3.4 One-dimensional optimal system of subal-
gebras

Essentially there are two ways of constructing the one-dimensional optimal
system of subalgebras (see, e.g., [60]), one is by Ovsiannikov [54,61], based on
determining the matrix of inner automorphism corresponding to the operators
of the adjoint group of a given Lie algebra. The other method is by Olver
[51] whereby the generator is simplified as much as possible by subjecting it
to chosen adjoint transformation. Here we adopt and briefly discuss Olver’s
method.

Suppose that a PDE of the form (3.2) admits an s dimensional Lie algebra
L viz., I'1, 9, ..., 5. Reductions of independent variables by one is possible

using any linear combination of base vectors

I'=alh+als+...+a,l, (3.33)
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An optimal system [53, 54] is constructed to ensure that a minimal com-
plete set of reduction is obtained from symmetries admitted by the governing
equation. An optimal system of a Lie algebra is a set of r dimensional sub-
algebras such that every r dimensional subalgebra is equivalent to a unique

element of the set under some element of the adjoint representation;

0 2

e” €
E ﬁ AdF Fj = Fj—e[Fi,Fj]+§[Fi,[Fi,Fj]]—..., (334)
n=0 )

where [I';,I';] is the commutator of I'; and I';. Patera and Winternitz [62]
constructed the optimal system of all one dimensional Lie subalgebras arising
from three and four dimensional Lie algebras by comparing the Lie algebra
with standard classifications previously evaluated. An alternative method de-
veloped by Olver [51] involves simplifying as much as possible the generator

(3.35) by subjecting it to chosen adjoint transformations.

Tllustrative example 3.2

Consider the three dimensional Lie algebra spanned by the base vectors (3.23)-
(3.25). Their Lie brackets are shown in the commutator Table. 3.1. Reduction

of order of Eq. (3.13) by one is possible using any linear combination
I' = a1F1 + CLQFQ + CLng (335)

where aq, as, ag are real constants. We need to simplify as much as possible the
coefficients ay, as, az by carefully applying the adjoint maps to I'. To compute
the optimal system we first need to determine the Lie brackets as given for
example, in Table. 3.2. Using (3.34) in conjunction with the commutator

Table 3.1, for example

2

€
Ad(exp(eFl))Fg = F3 — E[Fh Fg] + E[Pl, [Fl, F3]] — ... = F3 — 6F1

we construct the adjoint representation table shown in Table. 3.2.
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Table 3.2: Adjoint representation table for (3.13)

Ad (exp(el;)) Iy Iy [y I's
Iy Iy [y — 2l + €'y | Iy — el
Iy [y + 2ely + €2y Iy s+ el
I's eI’y e Iy I's

Starting with a nonzero vector (3.35) with a3 # 0 and rescaling such that
as = 1, it follows from Table. 3.2 that acting on I by Ad (exp (%B)), one
obtains I'! = @,y + I's. Acting on I'! by Ad (exp(col'1)) we get aje I +
['3. Depending on the sign of a;, the coefficient of I'; can be assigned either
+1,—1, or 0. Next, suppose that a3 = 0, and assume that ay # 0 (say ag = 1
by rescaling); acting on the remaining vector by Ad (exp(csl'y)), we obtain
a,e?Ty + I's. Like before the coefficient of I'y can be assigned either +1, —1
or 0. Eventually, we choose a; # 0 (say a; = 1 by rescaling) and this yield T';.

Thus the one dimensional optimal system is {I's, s + 'y, Ty 11,1, ' }.

3.5 Basis of invariants

In the method of variable reduction by invariants one seeks a compatible in-

variant solution expressed in the form

/J’(Qola 2 P Qon) — O; (336)

where @1, @, ..., @, is a complete set of n independent invariants for a one-
parameter Lie point transformation group (3.4) and (3.5).

The basis for invariants may be constructed by solving the characteristics
equations in Pfaffian form, corresponding to the (3.6) and (3.11)

dl’l_dl'g_ _d_u

3—6_2—... n (3-37)
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A one-parameter group of transformations is a classical symmetry of (3.2),
provided (3.4) and (3.5) leave (3.2) invariant. Moreover, an invariant solution

of (3.2),

u = G(x), (3.38)

must satisfy the invariant surface condition (I.S.C.)

ou
> & )5 — = nlx,u), (3.39)
j i
which follows from
i(ﬂ—G(i)) =0 (3.40)
de - )

Illustrative example 3.3

The equation

00 0 00
— = 0" —| — M7 3.41
or Ox [ 83:} (3:41)
admits among others symmetry generator
m—n 0 0 0
I'= — 4+ 0= —nr—. 3.42
( > )Iax+ 20 " or (342)
By solving the characteristic equation
d d do
Lo 2 (3.43)
—nT ( 5 ) x 0
we obtain the basis of invariants
=z and 6= T_%G(y). (3.44)

Substituting (3.44) into the governing equation (3.41), one obtains the
second order ODE

[G™G]) + oo VG — MPG™ = 0. (3.45)
n
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Although Eq. (3.45) may not be solved exactly, the application of the
asymmetry generator has resulted in the reduction, which may be easier to

solve numerically.

3.6 Methods of linearization and reductions of

ODEs.

The second-order (in particular nonlinear) ODE admitting two, three, or eight-
dimensional Lie algebra may be integrated completely using two-dimensional
Lie (sub)algebra. The two admitted symmetries by a second-order ODE may
either linearize the original equation or give rise to a second-order equation
in terms of the canonical coordinates, with cubic as the highest degree of the
first-order derivative. Note that any linear second order ODE admitting eight
symmetries is equivalent to the simple equation 3" = 0.

Suppose that a given equation admits a non-Abelian two-dimensional al-
gebra (subalgebra). That is, suppose the admitted Lie algebra is given by
', T9) = MT1, A1 € R. Following reduction of the original equation by
['1,['y in new variables is automatically admitted by the reduced equation.
Such symmetries are referred to as inherited symmetries.

In the case where the admitted symmetry algebra is one-dimensional or
when one considers the one-dimensional subalgebra, the order of equation may

be reduced by one using the method of differential invariants discussed below.

3.6.1 Method of differential invariants

This method involves determining invariants from the first prolongation of

the given symmetries. Given a second order ODE, then the order of this
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equation may be reduced by one upon determining the invariants from the
first prolongation of the given symmetry generator. To illustrate, we consider

the example below.

Illustrative example 3.4

Given the symmetry generator I'y in (3.24), the first prolongation is given by

9, 9,
F[;] =2’ — +ay— + (y — 27/) (3.46)

oz oy Ay’

The basis of invariants may be constructed by solving the equations.

d d dy’
A (3.47)
x Yy y—2ay
The invariants are therefore
Yy _ /
t==, u=y—uzy. (3.48)
x
Writing u = u(t), one obtains
d 1)M?
v (m +1)M* (3.49)

U—— 3
dt t3
which is an equation with separable variables. The exact solution is given by

u?>  (m+1)M?
e+ k=0, (3.50)

Where k; is an integral constant. We obtain, in terms of the original variables
v (y —2y')* + (m+ 1) M?2* + K1y* = 0. (3.51)

where K1 = 2]{1
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3.6.2 Lie’s method of canonical coordinates

This method involves reduction of the second order ODE using two dimensional
Lie (sub)algebra. Any two dimensional Lie algebra can be transformed using

choice of basis and canonical variables ¢ and u. Furthermore, (see e.g. [63])

(i) A second order ODE admitting a commutating pair of symmetries I'y
and T’y that is, [I'y, I's] = 0, such that a point transformation ¢t = ¢(z, y)

and u = v¥(x,y) which bring the canonical form to

(a)

(b)

reduce the original equation into

(a)
v’ = f(u') and

(b)

n

u" = f(u) respectively.

(ii) A second order ODE admitting non-commutating symmetries I'; and
[y ie. [[',Ty] = Ty, such that a point transformation ¢ = ¢(x,y) and

u = ¢(x,y) which bring the canonical form to

(a)
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reduce the original equation into

(a)
u' = %f(u') and

(b)

n

u" = f(t)u' respectively.

Note that (a) is an equation that is at most cubic in the first derivative
and (b) is linear. For a detailed account on reductions of ODEs, in
particular second-order ODEs, by Lie point symmetries, the reader is

referred to [63].

Illustrative example 3.5

As an illustration, we observed that Eq. (3.13) admits a three dimensional Lie
algebra spanned by the base vectors given in (3.23)-(3.25). The non commuting

pair of symmetries I'y and ' leads to the canonical variables
t =1y, u=x+1y> (3.52)

The corresponding canonical forms of I'; and I's are

9] d d
If=— I =t— — 3.53
A TR (3:53)
Writing u = u(t) transforms Eq. (3.13) to
1w —1
W = _5“ — (1 4(m + DM — 1)’] (3.54)

Here the prime denotes the total derivative with respect to t.
Solving equation Eq. (3.54), we obtain a solution that satisfies the Neu-
mann boundary condition at = 0, and the Dirichlet condition at z = 1,

namely

0 = [1+ (m+1)M2(z? — 1)] 0 | (3.55)
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3.7 Tanh Method

We outline the fundamentals of Tanh method to solve nonlinear differential
equations. For more details, we refer to [64-67]. A wave variable £ = k(z—V't)

changes one-dimensional nonlinear partial differential equation (PDE)

0, =G(0,0,,0,,, ) (3.56)
or

ett == G(ea 91‘7 01:177 e ) (357)

into an ordinary differential equation (ODE)

df a9 ,d%0
KV =G0,k k2, .
Vi G( L ) (3.58)

upon using a wave variable £ = z — V. Eq.(2.20) is then integrated as long

as all terms containing derivatives where integration constants are taken to be

zeros. Introducing a new independent variable

Y = tanh(§) (3.59)
leads to the derivatives

d d

— = (1-Y>— )

T P (3.60)
d? d d?
— = (1-Y¥)(—-2¥— 1-Y?3)— 61
= -V ) 0o (3.61)

It makes sense to attempt to find the solution(s) as a finite power series in Y,

N

FY)=) aY" (3.62)

n=0
which include solitary-wave and shock-wave profiles. Integer N can be deter-

mined by considering homogeneous balance between the governing nonlinear
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term(s) and highest order derivatives of #(£) in Eq.(2.20). The coefficients
a, follow from solving a nonlinear algebraic system. If, needed boundary
conditions may be employed within the method. Having determined these

coeflicients, we get an analytic solution 6(z,t) in a closed-form.

3.8 Concluding Remarks

In this chapter, a brief outline of Lie symmetry technique was provided. Both
historical and theoretical backgrounds of the field of symmetry analysis were
discussed. A connection between the one-parameter group of transformations
and corresponding infinitesimal transformations was provided. Furthermore,
we discussed the determination of local and nonlocal symmetries, the notion
of equivalence transformations, and Lie algebras. Also, we discussed the steps
for the construction of optimal systems. The use of symmetries admitted by
both the ODEs and PDEs are discussed and illustrated. Lastly, we gave a brief

outline of the Tanh method for solving PDEs



Chapter 4

Analysis of heat transfer in a
longitudinal fin of rectangular

profile: Exact solutions

4.1 Introduction

We consider a longitudinal fin of a rectangular profile in this chapter. A math-
ematical model describing the problem is given in Section 4.2. In Section 4.3,
we consider the classical Lie point symmetry analysis of a partial differential
equation. We discuss exact analytical results in Section 4.4. In Section 4.5,
we analyze the longitudinal fin using the Tanh method and give concluding

remarks in Section 4.6.

32
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4.2 Mathematical models

We consider a longitudinal one-dimensional fin as shown in Fig.2.2. The one

dimensional heat balance equation is given by

a0 0 00
ox

-7 - = m - _M2 n+1 1 4.1
5 axe ] ", 0<z <1, (4.1)

with the initial and the step change in base temperature conditions

06

0 = g(1 =1 —
(2,0)=0, 0(1,7) B

=0, 7> 0, (4.2)

=0

and the step change in base heat flux conditions are given by

a0

0 = —
@0 =0, o

z=1

We solve (4.1) using Lie symmetries.

4.3 Classical Lie point symmetry analysis of a

PDE

We determine symmetries for the governing equation (4.1), which implies seek-

ing transformation of the form

T= x+e(r,2,0)+ O(e?)
T= T+e?(1,1,0) + O(?) (4.4)
0= 0+en(r,2,0)+0()

generated by the vector field

0 0 0
F261(7—71'79)%+€2(T>$70)E+n(77*f;9)%7 (45)

which leave the governing equation invariant. The invariance surface condition

is given by
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T2 (Bq. (4.1)) B = 0. (4.6)

Here I''? is the second prolongation defined by

9
M =T+ g a0, "¢ a0 90,

(4.7)
where the prolongation formulae are defined by
CT = T (77) —0.D; (5 ) —0:D; (52)

D
(" = Dy(n) — 0Dy (§') — 0:D, (&2,
" = Do (G) = baaDo (51) — 0,: D, (€7)
and D, and D, are the operators of total differentiation with respect to  and
T, respectively.
The determining equations of (4.6) were calculated using the package Dim-

sym [34], which is a subprogram of Reduce [35].

4.3.1 Admitted Lie point symmetries

Three symmetries were obtained [28]

1 _
=0, [y=0,, [y = { —nrd + "0, +0a(,} (4.8)
m

We followed [28] and constructed the one dimensional optimal system of sub-

algebras and obtain the set
{3, T+ Ty, Ty, Ty} (4.9)

The reductions by these elements of the one-dimensional optimal system are

given in Table 4.1 [28].
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Table 4.1: Reductions by elements of the optimal systems (5.5)

Symmetries Reductions

I3 vy =gprm /200 = =" H () where
H satisfies —-H +~yH' = [H™H' — M?H™™
o1y v=x+ar, § = H(y) where H satisfies +aH = [H"H']' — M?H""!

4.3.2 Some symmetry reductions

The admitted symmetries have reduced the number of independent variables
of a partial differential equation by one (see Table 4.1). The reduced ODE may
or may not be solved. Even when explicit exact analytical solutions may not
be constructed, the reduction of variables has a number of advantages. The
nonlinear boundary value problems may be easily solved by numerical methods.
The steady-state and transient-state equations are solved, and Maple [32] used

for graphical representation of solutions.

Example 4.1: steady state solutions for n = m = —1

The use of 'y = 0, yields a steady state heat transfer, which means that Eq.
(4.1) is invariant under translation. The steady state equation with n =m =

—1 is given by
d |:0_1d_9

dx dx

- ] —M?=0, (4.10)

subject to

(i) the step change in base temperature conditions

9'(0) = 0, 6(1) = 1 and (4.11)

(ii) the step change in base heat flow conditions

0'(0) =0, (1) = 1 (4.12)
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The exact analytical solution to Eq. (4.10) subject to conditions (4.11) is
f=cz @1 (4.13)

Solution (4.13) is depicted in Fig. 4.1. The exact analytical solution to Eq.
(4.10) subject to conditions (4.12) is

(4.14)

Solution (4.14) is depicted in Fig. 4.2.

1.0
0.9 / /
0.8

0.7

06T

04
03
02
_.—-'-""'f
0 0.2 04 0.6 0.8 1
X
[— M=0.58 — M=1 —— M=1.58 — M=2|

Figure 4.1: Exact analytical steady state solution for step change in base

temperature condition for different M values n = m = —1.

Example 4.2: steady state solutions for m #= —1,n = —1

The steady state equation with m # —1,n = —1 is given by

% [em%] — M? =0, (4.15)
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—-_______.--"'-.".-’-r.-'..-
25
2
815
1
_——-—-_-_-_—--.'-.-..'-
05
|
0 02 04 0.6 08 1
X
[— M=0.58 — M=1 — M=1.58 —— M=2|

Figure 4.2: Exact analytical steady state solution for step change in base heat

flow condition for different M values n = m = —1.

subject to (4.11) and (4.12). The exact analytical solution to Eq. (4.15)

subject to conditions (4.11) is

(m + 1) M?

1
: (2 =1)+1|"", m< -1 (4.16)

0=

Solution (4.16) for different values of m and M are depicted in Figs. 4.3 and 4.4
respectively. The exact analytical solution to Eq. (4.15) subject to conditions
(4.12) is

(m + 1) M?
2

0= (22 = 1) 4 M2mH0/m | "y (4.17)

Solution (4.17) for different values of m and M are depicted in Figs. 4.5 and

4.6 respectively.

Example 4.3: steady state solutions for n = m # —1

The steady state equation with n = m # —1 is given by

% [em%] — M?0 =0, (4.18)
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1.0
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m=-1.5 m=-2 m=-2.5 m=-3

Figure 4.3: Exact analytical steady state solution for step change in base

temperature condition for different m values m # —1,n = —1.
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0 02 04 0.6 0.8 1
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[— M=0.58 — M=1 — M=1.58 — M=2|

Figure 4.4: Exact analytical steady state solution for step change in base

temperature condition for different M values m # —1,n = —1.
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Figure 4.5: Exact analytical steady state solution for step change in base heat

flow condition for different m values m # —1,n = —1.
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Figure 4.6: Exact analytical steady state solution for step change in base heat

flow condition for different M values m # —1,n = —1.
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subject to (4.11) and (4.12). If we substitute y = ™! in (4.18) we get second
order linear ODE
y" — (m+1)M?*y = 0. (4.19)

The exact analytical solution to Eq. (4.18) subject to conditions (4.11) is

g — [cosh \/m—HMa:]mlH (4.20)

coshvm + 1M
Solution (4.20) for different values of m and M are depicted in Figs. 4.7 and 4.8
respectively and Fig. 4.9 depicts fin efficiency. The exact analytical solution

to Eq. (4.10) subject to conditions (4.12) is

0 — [ coshvm + 1Mz :|ml+1
- Ly/m+ IM sinhv/m + 1M

Solution (4.21) for different values of m and M are depicted in Figs. 4.10 and

(4.21)

4.11 respectively and Fig. 4.12 depicts fin efficiency.
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H 07 / //
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0 02 0.4 0.6 0.8 1

I— m=1.5 m=2 m=2.5 m=3 I

Figure 4.7: Exact analytical steady state solution for step change in base

temperature condition for different m values n = m # —1.
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Figure 4.8: Exact analytical steady state solution for step change in base

temperature condition for different M values n = m # —1.
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Figure 4.9: Efficiency for step change in base temperature condition for differ-

ent m values n =m # —1.
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Figure 4.10: Exact analytical steady state solution for step change in base heat

flow condition for different m values n = m # —1.
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Figure 4.11: Exact analytical steady state solution for step change in base heat

flow condition for different M values n = m # —1.
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Figure 4.12: Efficiency for step change in base heat flow condition for different

m values n =m # —1.

Example 4.4: transient heat flow n =m = —1
For n =m = —1, I'; in (4.8) reduces (4.1) into a functional form of the exact
solution

0 =T1H(v)

where H satisfies an ODE
H+~yH =[H 'H' — M? (4.22)

The exact analytical solution to Eq. (4.22) subject to the conditions (4.11) is

_ TM?
T M? 4 eM?/2 _ gM2a?/2°

(4.23)

Solution (4.23) for M = 0.58 and for different A — values are shown in Figs.
4.13 and 4.14 respectively. The exact analytical solution to Eq. (4.22) subject
to the conditions (4.12) is

T M?
T2V [2eM?/4 | oM2]2 _ oM222)2

0 = (4.24)
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Solution (4.24) for M = 0.58 and for different M — values are shown in Figs.

4.15 and 4.16 respectively.

1
04 40608

02 502047

t X

Figure 4.13: Exact analytical transient state solution for step change in base

temperature condition n = m = —1 for M = 0.58.

Example 4.5: transient heat flow n =m # —1

We now consider reduction arising from I'y &= I'; as shown in Table 4.1. If we
substitute y = H™! we get
Py ) L
Tz (m+1)My==£(m+ 1)ay=+. (4.25)
~
Eq. (4.25) is autonomous because it does not contain v explicitly. If we let

y' = h(y) in (4.25) the equation is reduced to

h(y)H (y) = £(m + Day= + (m + 1) M2y, (4.26)
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Figure 4.14: Exact analytical steady state solution for step change in base
temperature condition for different m values n = m = —1 for different M-

values.
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Figure 4.15: Exact analytical steady state solution for step change in base heat

flow condition for different m values n = m = —1.
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Figure 4.16: Exact analytical steady state solution for step change in base heat

flow condition for different M values n = m = —1.

whose solution is

h 2 12 m+2 1M2
PO _ ot 1 e (A DI

2 T m+2
2 12
y? = iCL(m—:Q)ym+f + (m+ )My + 20, m #£ —2. (4.27)
m

We may, however, separate the variables and we need to carry with the

integral of (4.27) yields

/ . /
‘ ==x [ dy.
\/j:2a (i )? ) 558 4 (m o+ 1) M2y + 20,

m—+2
If m=—4/3 we get

(4.28)

/\/ = i/d% (4.29)
:|:a - y +201

we use the method of completing the square to get

v3 ydy =+ [ dy. (4.30)
/\/ CziaMZ (yg 3],\%) /
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Integration by trigonometric substitution yields

3C, 9C? +aM? | 2M
2 _ /90
Y S = o sin [\/§ (7 + Cg)], (4.31)

and finally we make y the subject of the formula

1 . 2M
y= M\/?)Cl +1/9CF £ alM? Sm[% = (v + Co)l. (4.32)

We use the step change in temperature to conditions evaluate C; and C,

y'(0) =0, and y(1) =1 (4.33)
36’1+\/9012j:aM2cos[i%(m+at)} —3/2
0= — (4.34)
M2+ M cos(£21), /M? + asin®(+2) .
where C| = 5 5i7 and Cy = 52,
sin®(£<7)

4.4 Exact analytical results

We have obtained the exact analytical steady-state and transient-state solu-
tions using the local symmetry techniques and the results are depicted in Figs.

4.1 - 4.16.

4.4.1 Steady-state results

In Fig. 4.1 - 4.8 we observe that the fin temperature increases with increas-
ing spatial variable and magnitude of the exponent m. For step change in
base temperature conditions depicted in Figs. 4.1, 4.3 - 4.4 and 4.7 - 4.8 the
temperatures approach unity.

We also observe that the temperature decreases with increasing values of
thermo-geometric fin parameter. M = (Bi)'/2E, where Bi = hyd/k, the Biot

number and £ = L/0 is the aspect ratio or the extension factor. Small values
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of M correspond to the relatively short and thick fins of high conductivity, and
high values of M correspond to long and thin fins of poor conductivity [68]. A
fin is an excellent dissipator at small values of M. We observe that temperature
decreases as the values of the thermo-geometric fin parameter increase.
Lastly, Figs. 4.9 and 4.12 depict fin efficiency which decreases as the values
of the thermo-geometric fin parameter increase. We also observe that the larger

the magnitude of m, the smaller the fin efficiency.

4.4.2 Transient-state results

In Fig. 4.13 - 4.16 we observe that the fin temperature increases with increasing
spatial variable.

Step change in base temperature

Fig. 4.13 depicts the temperature profile for increasing time and space. In Fig.
4.14 the temperature decreases with increasing values of the thermo-geometric

fin parameter.

Step change in base heat flow

Fig. 4.15 depicts the temperature profile for increasing time and space. In Fig.
4.16 the temperature decreases with increasing values of the thermo-geometric

fin parameter.
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4.5 Analysis of longitudinal fin of rectangular
profile using Tanh method

In this section, we apply the Tanh method to obtain solutions of nonlinear
PDE with power-law thermal conductivity. A balancing procedure will be
used to determine the degree of the power series, and boundary conditions will

be imposed.

4.5.1 Solutions of nonlinear PDE with power-law ther-

mal conductivity

We consider the nonlinear PDE with power-law thermal conductivity

00 0 00
—=—(0"—=) - Mo 4.
ot  Ox < 8x> (4:35)
We then transform the Eq.(4.35) using £ = k(z — Vt) into the following ODE:
df A 4?0
—kV— = E*mo™ | — " — | — Mo 4.36
e~ (d§> ! (d£2> (4:30)
We introduce a new independent variable
Y = tanh¢ (4.37)

and find solution(s) as finite power series in Y of the form:

FY)= XN: anY™ (4.38)

n=0
Next, we replace Eq. (4.36) by

dF(Y)

—kV(1-Y? %

= E*mF(Y)™! [(1 — Y2)dF(Y)} 2

ay

((1 _ Y?)dng >>} CMPE(YY (4.39)

<=

+E*E(Y)™ {(1 —Y?)
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After substitution of Eq. (4.38) into Eq. (4.39), we verify that the highest

powers of Y appear as Y(™tDUN+2 in the third term and YD in the last

term of Eq. (4.39). Balancing these then leads to:

(m+1)N+2=(n+1)N

2
n—m

N =

We take n = 3 and m = 2, therefore we obtain N = 2.

The next crucial step is to look for a solution of the form:
F(y) =ag+aY + aY”
Substituting Eq. (4.42) into Eq. (4.39), we obtain:
— kV(l — YQ)(GQ -+ QG/QY) = 2]{:2(@0 -+ CZlY —+ G,QYQ) |:(1 — Y2)
2
(ar + 2a2Y)] + k*(ag + 1Y + apY)? {(1 —Y?

(2(12 - 2G1Y - GCLQYQ):| — MQ(CL() + alY + GQY2)4

(4.40)

(4.41)

(4.42)

(4.43)

Equating the coefficients of every power of Y to zero, we obtain the following

algebraic system:
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YO : 2@0&12l€2 + 2@02a2k2 — a02M2 -+ alkV =0
Y —2a02a1k® + 2a:°k% + 12a9a1a9k? — 4ag®a; M? + 2a,kV = 0
Y2 —8apai’k? — 8aglask® + 12a9ask?* — 6ay’a > M?—
4@03CL2M2 — alkV =0
Y3 : 2a02a1k2 — 60,13l€2 — 36a0a1a2k2 + 20&1@22k‘2—
daga,* M? — 12a¢’a1asM? — 2a:kV = 0
Y4 6agai2k? + 6ag’ask? — 32a1 a0k — 32a¢as2k?
+10(123k2 — (114M2 — 12&0(112(12MQ - 661,026L22M2 =0
VP da*k* + 24agaiask® — 50a1a5°k?
—4a,%a, M? — 12a9a,a,°M? = 0
Y. 20a,%a0k? + 20agask? — 24a5%k? — 6a1%as° M?
—4agay’ M? =0
Y7 : 30&0@2216‘2 — 4@1&23M2 =0
Y8 140%k* — a,*M? =0
Solving the algebraic system with the aid of MATHEMATICA yields [33]:
14k?
a; = 0 (4.45)
28k?2
= — 4.46
Qo 302 ( )
Therefore, Eq. (4.42) becomes:
14k? 2
F(Y)= ) 4.47
=1 (-3), (4.47)
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and in terms of the original variables
14k? , 2
0(t,x) = e (tanh (k(z = V1)) — §>, (4.48)
Applying the initial conditions (0, z) = 0 and boundary conditions
0(t,1) = 1 to Eq. (4.48), we obtain the values of £ and V as:
1 2
k = +4/ = 4.4
tanh(x) ( 3) (4.49)
281 £ /14 x /5612 + 9M?{2 tanh” 22
Vo= X V5GE 4 e (4.50)

28¢2

4.6 Concluding remarks

In this chapter, we considered a longitudinal fin with a rectangular profile.

The classical Lie point symmetry analysis of the mathematical model was per-

formed. The original PDE was transformed into a set of nonlinear second-order

ODEs which resulted in steady- and transient-state heat flow equations. The

steady-state equations were solved using substitution and direct integration.

The transient-state equation was transformed into an autonomous equation

which was further reduced into a first-order ODE. The equation was then

solved using integration. The solution was represented graphically, showing

the effects of the thermo-geometric fin parameter M, the exponents m, and n

and, in some cases, the fin efficiency. Lastly, the Tanh method was employed

to analyze the governing equation.



Chapter 5

Analysis of heat transfer in a
longitudinal fin of concave
parabolic profile: Exact

solutions

5.1 Introduction

In this chapter, we discuss a longitudinal fin of concave parabolic profile. A
mathematical model describing the problem is given in Section 5.2. In Section
5.3, we consider the classical Lie point symmetry analysis of a partial differen-
tial equation. We discuss some symmetry reductions in Section 5.4. In Section
5.5, we analyze the exact analytical results and give concluding remarks in

Section 5.6.

93
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5.2 Mathematical models

We consider a longitudinal one-dimensional fin of concave parabolic profile as

shown in Fig. 2.3. The heat balance equation is given by

90 0 [ 5m0 2n+1
87_835(969835) M=9"", O0<z<l, (5.1)

with the initial and the step change in base temperature conditions

00

6(z,0)=0, 6(1,7) =1, B

=0, 7>0, (5.2)

=0

and the step change in base heat flux conditions are given by

a0

0(1’,0) :O, %

=0, 7>0. (5.3)

r=1

5.3 Lie point symmetry analysis of a PDE

We solve (5.1) by first using Lie symmetries. The resulting ODEs are analyzed

using the method of differential invariants.

5.3.1 Admitted Lie point symmetries

Two symmetries were obtained

Fl = 67, FZ = —x@m (54)

We constructed the one dimensional optimal system of subalgebras and obtain
the set
{T'y, Ty, Ty £T%} (5.5)

The reductions by these elements of the one-dimensional optimal system are

given in Table 5.1.
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Table 5.1: Reductions by elements of the optimal systems (5.5)

Symmetries Reductions
Ly + 17y v ==ze", § = H(y) where H satisfies yH' = [y*H™H'| — M*H""!
Iy —T4 v =%, 6= H(y) where H satisfies yH' = +*[H™H' — M?H"

5.4 Some symmetry reductions

The admitted symmetries reduced the number of independent variables of a
partial differential equation by one (see Table 5.1). The reduced ODE may
or may be solved. Even when the explicit exact analytical solutions may
not be constructed, the reduction of variables has a number of advantages.
For example, the nonlinear boundary value problems may be easily solved by
numerical methods.

In particular, I'y = 0, implies

d 2 mda 2on+1 __
- [z 9 dx} M2 = o, (5.6)

which is a steady state solved by [25].

5.4.1 Steady-state solutions

If we substitute y = ™! on the reductions in (5.6) we get

2y + 2zy — (m+ 1) M2yt =0 (5.7)

Example 5.1: steady state solutions for m =n

From Eq. (5.7), we get the Euler-Cauchy equation

2?y" + 2zy — (m + 1)M?*y = 0. (5.8)
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We expect a solution of the form x", where r is the solution of the auxiliary
equation

r?+r—(m+1)M*=0.
Thus the general solution is

— 14+ 1+4(m+1)M?2 —1—+/1+4(m+1)M?2
2 2

y=Csx + Cyx , (5.9)

and finally

- - 1
— 14/ 14+4(m+1)M?2 —1-V1+4(m+1)M2 | 75T
2 —+ :

0= O3ZE 041’ 2 , (510)

The Eq. (5.10) satisty #(1) = 1 and #'(1) = 1 of both step change in base
temperature conditions and step change in base heat flux conditions, but it
fails at ¢'(0) = 0.

Example 5.2: steady state solutions for m =n = —1

From Eq. (5.6), we obtain second order ODE

d df
- [x20_1%} —M?=0, (5.11)
whose solution is
0= Az e % (5.12)

We note again that the initial condition #'(0) = 0, is not satisfied.

Example 5.3: steady state solutions for m #n = —1

From Eq. (5.6), we obtain second order ODE
dr,. di
— 2?0 —| = M* =0 5.13
dx [x dw} ’ (5.13)

whose solution is

1

m-+41

0= (m+1) (M s - % +Cy) (5.14)

We note again that the initial condition 6'(0) = 0, is not satisfied.
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Example 5.4: steady state solutions for m # n

We solve (5.7) by using Lie symmetries directly. Symmetry obtained I'y =
—2x0, where

E=-2x,n1=0 (5.15)

We now proceed with the method of differential invariants. The group in

(5.15), has the invariant v =y

¢"=D(n) — D)y (5.16)
and
" = D(C") — D(&)y" (5.17)
Hence
. 000 0(=2y) ,0(=2y)
¢ o= gptvg, Tl vlTg =g,
= 2, (5.18)
and
w _ 92y) ,002) 02y) | ,0(2y)
C_[3x+y8y+} [8x+y8y+]’
= 2 — 2" (5.19)
The first and second prolongations are
0 0 0
N - _9r 2 il —
r 2x8x+03 + 2y 8
0 0 0 0
r® = 22— +0—+2/— + (2 — 2" — 5.20
xax+a+ya,+(y y)ay,, (5.20)
From the characteristics equations
v _dy _ v Ay (5.21)

_2:[; 0 2yl 2yll _ 2y112
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The first and second invariants are v = y and v = xy’ respectively. Now

d_U:ZZ:Z, _ %_Fy/g_z_‘_y//g_;
du Z_Z g_z_i_y/g_z_‘_y//g_;
d_U _ y’+y’0+y”x
du 0+9'1+9"0
dv x
— = 14+ =9 5.22
™ Y (5.22)

Eq. (5.22) transforms (5.7) into

d n
vd—v +v=(m+ 1)M2umi+11 (5.23)
u

5.4.2 Transient-state solutions
Example 5.5: transient state solution

If we substitute y = H™"! on the reductions in Table 5.1 we get

d2 m d n
7 dfyg' +(2- yM)Vdfyy — (m+ )My =0, (5.24)
d2 m d n41
N TSIV TS

We determine symmetries for the second-order ODEs (5.24) and (5.25),
which implies seeking transformation of the form
7=7+e(ry) + O (5.26)
g=y+en(y.y) +0(e)

generated by the vector field

0 0
I'= — — 5.27
362 y)éW +1(7,v) 9 (5.27)
which leave the governing equations invariant. The invariance surface condi-
tions are given by
TPEq.(5.24)] g (5,00 = 0 (5.28)

TPEq.(5.25)] Eq. 5,25 = 05 (5.29)
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Here ' is the second prolongation defined by
0

0
T =T 4= + ¢ 5.30
0t gy (5.30)
where the prolongation formulae are defined by
¢ = Dy(n)— lew(f);
("= Dy(C") =y DA (8), (5.31)

with D, being the total derivative operator defined by
Dy=0,+y0,+y"0y + ...,

The prime implies differentiation with respect to y. The symmetries for (5.24)

and (5.25) respectively obtained by using [34] and [35] are

Fl = —2737, FQ = ’y&y (532)

5.4.3 Method of differential invariants

We further reduce (5.24) and (5.25) to first-order ODEs by using the method
of differential invariants [46,48]. The invariant for both groups in (5.32) is
u = y. The first and second infinitesimals are calculated and shown in Table
5.2 with their corresponding prolongations. Their characteristic equations,
together with the first and second invariants arising from these prolongations,
are given in Table 5.3.

The first and second invariants in Table 5.3 reduce equations (5.24) and

(5.25) further into Abel’s equations of the second kind given in Table 5.4 [69].

5.4.4 Special case: m =0

We solved the two ODEs in Table 5.4 for m = 0 and obtained an exact analyt-

ical solution shown in Table 5.5 for the first equation. The analysis is carried
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Table 5.2: The first and second infinitesimals and prolongations for (5.24) and

(5.25)
Equation  Infinitesimals Prolongations
(5.24) =2y T = —2v9, + 00, + 20y

O =2y" =2y T3 =299, + 00, + 2¢O, + (29" — 2y"*) Oy
5.25 =y 'Y = —290, + 00, + 2y'0y
Y Y Yy

(7 =y 1y T = —290,, + 00, + 2y, + (4" — y") Oy

Table 5.3: Characteristic equation, first and second invariants

Equation Characteristic equation first invariant second invariant
dy _dy _ dy — _ /

(524) —2v — 0 2 u=1vYy v =Y
dy _dy _ dy _ o

(5.25) S =9= u=y v ="y

Table 5.4: The first and second invariants with corresponding reductions for

equations (5.24) and (5.25)

Equation first second Reduction

invariant invariant

n+1

(5.24) wu=y  v=9y vE+(1—u )y — (m+ )Mt =

0.25 U=y v="y o — 14y m#)o — (m+ 1) M2ymit =
du
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out in section 4, and the graphs are depicted in Figs. 5.1 - 5.8. The sec-
ond ODE was transformed into canonical form, solved, and a special function

shown in Table 1 was obtained.

Table 5.5: The reduction if m = 0 and general exact solution for equation

(5.25).

first second ODE Solution

invariant invariant

u=y v="y 0L - MW =0 O(z,7) = [1:|:% |nSTm(ln:L"—i—t)]

u=1y v=2y 0% 20— M*u" =0 see Table 1

Figure 5.1: Graphical representation of temperature variations with increasing
time and space for step change in base temperature conditions when m =

0, M = 0.25.
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Figure 5.2: Graphical representation of temperature variations for different
times with increasing space for step change in base temperature conditions

when m =0, n = -5, M = 0.25.
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Figure 5.3: Graphical representation of temperature profiles for different n
with increasing time for step change in base temperature conditions when

m=0, 7=05, M =0.25.
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Figure 5.4: Graphical representation of temperature profiles for different M-
values with increasing time for step change in base temperature conditions

when m =0, n = -5, 7 =0.5.

Figure 5.5: Graphical representation of heat flow with increasing time and

space for step change in base temperature conditions when m = 0, M = 0.25.
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Figure 5.6: Graphical representation of heat flow for different times with in-
creasing space for step change in base temperature conditions when m = 0, n =

—5, M = 0.25.
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Figure 5.7: Graphical representation of heat flow for different n with increas-
ing time for step change in base temperature conditions when m = 0, 7 =

0.5, M = 0.25.
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Figure 5.8: Graphical representation of heat flow for different M-Values with
increasing time for step change in base temperature conditions when m =

0, n=—5,7=0.5.
5.5 Exact analytical results

We have obtained the exact analytical solutions using the local symmetry

techniques and some results are depicted in Figs. 5.1 - 5.8.

5.5.1 Steady-state results

In example 5.1, the Eq. (5.10) satisfy 6(1) = 1 and ¢'(1) = 1 of both step
change in base temperature conditions and step change in base heat flux con-
ditions, but it fails at #'(0) = 0. In examples 5.2 - 5.4, general solutions were

obtained but all of them did not satisfy the initial condition 6'(0) = 0.

5.5.2 Transient-state results

In example 5.5, we obtained exact solution for m = 0 whose graphs are de-
picted in Figs. 5.1 - 5.8. Figs. 5.1 and 5.5 depict the temperature and heat

flow profiles for increasing time and space obtained from step change in base
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temperature.

Temperature profiles with a step-change in base temperature

Fig. 5.1 depicts the temperature profile for increasing time and space obtained
from step change in base temperature. In Fig. 5.2 we observe that temperature
increases with time. We observe in Fig. 5.3 that the temperature decreases
with increasing values of n. In Fig. 5.4 we observe that temperature decreases

with increasing values of the thermo-geometric fin parameter M.

Heat flow profiles with a step-change in base temperature

Fig. 5.5 depicts the heat flow profile for increasing time and space obtained
from step change in base temperature. In Fig. 5.6 we observe that heat flow
increases with time. We observe in Fig. 5.7 that the heat flow increases with
increasing values of n. In Figs. 5.8 we observe that heat flow decreases with

increasing values of the thermo-geometric fin parameter M.

5.6 Concluding remarks

In this chapter, we considered a longitudinal fin of a concave parabolic pro-
file. The classical Lie point symmetry analysis of the mathematical model was
performed. The original PDE was transformed into nonlinear second-order
ODEs, resulting in steady- and transient-state heat flow equations. The non-
linear second-order ODEs were further reduced to first-order ODEs by using
the method of differential invariants and canonical variables. The general solu-
tions for the steady-state satisfied some boundary conditions except the initial
condition. The transient-state solutions for m = 0 were obtained. The effects

of the thermo-geometric fin parameter M, the exponents m, and n and, in



5.6. CONCLUDING REMARKS 67

some cases, the fin efficiency on temperature were discussed. Lastly, the Tanh

method was employed to solve the governing equation.



Chapter 6

Conclusions

In this dissertation, we investigated models describing heat transfer in lon-
gitudinal fins of rectangular and concave parabolic profiles. We employed

symmetries to solve the initial and boundary value problems.

6.1 Longitudinal fins of rectangular profile

The governing equation admitted three local symmetries, which reduced the
original non-linear PDE into three non-linear ODEs. We analyzed steady-state
as well as transient-state solutions. We observed that as thermo-geometric fin
pameter M increases the temperature decreases. Small values of M correspond
to the relatively short and thick fins of high conductivity, and high values of M
correspond to long and thin fins of poor conductivity [68]. A fin is an excellent
dissipator at small values of M. We observe that temperature decreases as the
values of the thermo-geometric fin parameter increase. Lastly, we also observe

that the larger the magnitude of m, the smaller the fin efficiency.

68
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6.2 Longitudinal fins of concave parabolic pro-

file

The governing equation admitted two local symmetries, which reduced the
original non-linear PDE into a transient-state equation and two non-linear
ODEs. For the steady-state solutions, we obtained an Euler-Cauchy equation
which yielded a general solution that did not satisfy the initial condition. By
using the method of differential invariants, the non-linear ODEs were further
reduced into two first-order ODE of Abel’s second kind. At this stage, we
considered a special case when m = (. This yielded an exact analytical so-
lution which enabled us to investigate the behavior of temperature and heat
flux in terms of increasing space, time, exponent n, and thermo-geometric fin
parameter M. On the other hand, the second equation was transformed into
a canonical form and solved, which yielded a special function as tabled in the
Appendix, and there was no further analysis on the case. Lastly, the assump-
tion that temperature-dependent thermal conductivity may be given by the

power law is physically realistic.



References

(1] A.D. Kraus, A. Aziz and J. Welte, Extended surface heat transfer, John
Wiley and Sons, INC, New York, 2001.

[2] B. Sunden, P.J. Heggs (Eds.), Recent advances in analysis of heat transfer

for fin type surfaces, WIT Press, Southampton, Boston, 2000.

3] J-K Tseng, C-L Shih and W-J Wu, Analysis of transient heat transfer in
straight fins of various shapes with its base subjected to a decayed exponen-
tial function of time in heat flux, Computers and Structures, 47 (2) (1993)

289-297.

[4] S. Kim and C.H. Huang, A series solution of the fin problem with

temperature-dependent thermal conductivity, Journal of Physics D: Applied
Physics, 39 (2006) 4894-4901.

[5] A. Aziz, T.Y. Na, Periodic heat transfer in fins with variable thermal pa-
rameters, International Journal of Heat and Mass Transfer, 24 (1981) 1397-
1404.

6] S. Kim, C.H. Huang, A series solution of the nonlinear fin problem with
temperature-dependent thermal conductivity and heat transfer, Journal of

Physics D: Applied Physics, 40 (2007) 2979-2987.

70



REFERENCES 71

(7] F. Khani and A. Aziz, Thermal conductivity of a longitudinal fin with
temperature-dependent thermal conductivity and heat transfer coefficient,

Communications in Nonlinear Science and Numerical Simulation, 15 (2010)

590-601.

[8] F. Khani, M. Ahmadzadeh Raji, H. Hamedi Nejad, Analytic solutions and
efficiency of the nonlinear fin problem with temperature-dependent thermal
conductivity and heat transfer coefficient, Communications in Nonlinear

Science and Numerical Simulation, 14 (2009) 3327-3338.

9] F. Khani, M. Ahmadzadeh Raji, H. Hamedi-Nezhad, A series solution of
the fin problem with temperature-dependent conductivity, Communications

in Nonlinear Science and Numerical Simulation, 14 (7) (2009) 3007-3017.

[10] Y. Xia and A.M. Jacobi, An exact solution to steady heat conduction in
two dimensional slab on one-dimensional fin: An application to frosted heat
exchangers, International Journal of Heat and Mass Transfer, 47 (2004)
3317-3326.

[11] H.S. Kang and D.C. Look, Jr., Two dimensional trapezoidal fin analysis,
Computational Mechanics, 19 (1997) 247-250.

[12] A. Aziz and H. Nguyen, Two dimensional performance of coverting ra-
diating fins of different profile shapes, Warme- und Stoffiibertragung, 28
(1993) 481-487.

[13] L.T. Chen, Two dimensional fin efficiency with combined heat and mass
transfer between water-wetted fin surface and moving moist airstream, In-

ternational Journal of Heat and Fluid Flow, 12 (1) (1991)71-76.



REFERENCES 72

[14] N. Onur, A simplified approach to the transient conduction in two dimen-
sional fin, International Communications in Heat and Mass Transfer, 23 (2)

(1996) 225-238.

[15] R.J. Moitsheki and A. Rowjee, Heat transfer through a two-dimensional
rectangular straight fin, Mathematical Problems in Enginnering, Volume

2011, Article ID 8268819, 13 pages.

[16] D.C. Look, Jr., Two-dimensional fin with non-constant root temperature,

International Journal of Heat and Mass Transfer, 32 (5) (1989) 977-980.

[17] S.W. Ma, A.I. Behbahani and G. Tsuei, Two-dimensional rectangular fin
with variable heat transfer coefficcient, International Journal of Heat and

Mass Transfer, 34 (1) (1991) 79-85.

[18] R.J. Su and J.J. Hwang, Transient analysis of two-dimensional cylindrical
pin fin with tip convective effects, Heat Transfer Engineering, 20 (3) (1999)
57-63.

[19] M.Y. Malik and A. Rafiq, Two dimensional fin with convective base con-

dition, Nonlinear analysis: Real World Applications, 11 (1) (2010) 147-487.

[20] A.A. Joneidi, D.D. Ganji, M. Babaelahi, Differential transformation
method to determine fin efficiency of convective straight fin with tempera-

ture dependent thermal conductivity, International Communications in Heat

and Mass Transfer, 36 (2009) 757-762.

[21] P.L. Ndlovu and R.J. Moitsheki, Application of the two-dimensional dif-
ferential transform method to heat conduction problem for heat transfer in

longitudinal rectangular and convex parabolic fins, Commun Nonlinear Sci

Numer Simulat, 18 (2013) 2689-2698.



REFERENCES 73

[22] W. Malfliet, The tanh method: a tool for solving certain classes of nonlin-
ear evolution and wave equations, J. Comp. Appl.Math., 164-165, 529-541
(2004).

[23] A. Aasaraai, M.B. Mehrlatifan, S. Khaleghizadeh, Modified F-Expansion
Method Applied to Coupled System of Equation, Journal of Sciences, Is-
lamic Republic of Iran, 24 (4): 347-354 (2013)

[24] E.M.E. Zayed, K.A.E Alurrfi, On solving the nonlinear Biswas-Milovic
equation with dual-power law nonlinearity using extended tanh-function

method, Journal of Advances in Physics, (2015) 3001-3005

[25] P.L. Ndlovu and R.J. Moitsheki, Analytical Solutions for Steady Heat
Transfer in Longitudinal Fins with Temperature-Dependent Properties.

Mathematical Problems in Engineering, Vol. 2013, Article ID 273052, 14

pages

[26] M.D. Mhlongo and R.J. Moitsheki, Some exact solutions of nonlinear fin
problem for steady heat transfer in longitudinal fin with different profiles,

Journal of Heat Transfer, submitted.

[27] R.J. Moitsheki and M.D. Mhlongo, Classical Lie point symmetry analy-
sis of a steady nonlinear one-dimensional fin problem, Journal of Applied

Mathematics, Vol. 2012, Article ID 671548, 13 pages.

(28] M.D. Mhlongo, R.J. Moitsheki and O.D. Makinde, Transient response of
longitudinal rectangular fins to step change in base temperature and in base
heat flow conditions, Int. Journal of Heat and Mass Transfer, 57 (2013)
117-125.

[29] M. Pakdemirli and A.Z. Sahin, Group classification of fin equation with
variable thermal properties, Int. J. Eng. Sci., 42 (2004) 1875-1889.



REFERENCES 74

[30] A.H. Bokhari, A.K. Kara, F.D. Zaman, A note on a symmetry analysis
and exact solution for a nonlinear fin equation, Appl. Math. Lett., 19 (2006)
1356-1360.

[31] M. Pakdemirli and A.Z. Sahin, Similarity analysis of a nonlinear fin equa-
tion, Appl. Math. Lett., 19 (2006) 378-384.

[32] Maple 18. Maplesoft, a division of Waterloo Maple Inc., Waterloo, On-

tario.

[33] Wolfram Research, Inc., Mathematica, Version 12.0, Champaign, IL
(2019).

[34] J. Sherring, DIMSYM: Symmetry determination and linear differential

equation package, Latrobe University Mathematics Dept., Melbourne, 1993.

135] A.C. Hearn, REDUCE user’s manual version 3.8, Rand Corporation Pub-
lication CP78, Santa Monica, Calif, USA, 1985.

[36] R.J. Moitsheki, T. Hayat, M.Y. Malik, Some exact solutions of the fin
problem with a power law temperature-dependent thermal conductivity,

Nonlinear Analysis: Real World Applications, 11(5) (2010) 3287-3294.

[37] L-T. Yu and C-K. Chen, Application of taylor transformation to optimize
rectangular fins with variable thermal parameters, Applied Mathematical

Modelling, 22 (1998) 11 - 21.

[38] K. Laor and H. Kalman, The effect of tip convention on the performance
and optimum dimensions of cooling fins, International Communications in

Heat and Mass Transfer, 12 (1992) 569 - 584.



REFERENCES I6)

[39] K. Laor and H. Kalman, Performance and optimum dimensions of differ-
ent cooling fins with temperature-dependent heat transfer coefficient, Inter-

national Journal of Heat and Mass Transfer, 39(9) (1996) 1993-2003.

[40] H.C. Unal, The effect of the boundary condition at the fin tip on the per-
formance of the fin without internal heat generation, International Journal

of Heat and Mass Transfer, 31 (7) (1988) 1483-1496.

[41] R.J. Moitsheki and C. Harley, Transient heat transfer in longitudinal fin of
various profiles with temperature-dependent thermal conductivity and heat

transfer coefficient, Pranama: Journal of Physics, 77 (3) (2011) 519-532.

[42] S. Vitanov, V. Palankovski, S. Maroldt and R. Quay, High temperature
modeling of AlGaN/GaN HEMTs, Solid State Electronics, 54 (2010) 1105-
1112.

[43] A. Jezowski, B.A. Danilchenko, M. Bo¢kowski, I. Grzegory, S. Krukowski,
T. Suski and T. Paszkiewicz, Thermal conductivity of GaN crystals in 4.2-

300K range, Solid State Communications,
textbf128 (2003) 69-73.

[44] M.D. Kamatagi, N.S. Sankeshwar and B.G. Mulimani, Thermal conduc-
tivity of GaN, Journal: Diamond and Related Materials, 16 (2007) 98-106.

[45] M.D. Kamatagi, R.G. Vaidya, N.S. Sankeshwar and B.G. Mulimani, Low-
temperature lattice thermal conductivity in free-standing GaN thin films,

International Journal of Heat and Mass Transfer, 52 (2009) 2885-2892.

[46] G.W. Bluman and S. Anco, Symmetry and integration methods for differ-

ential equations, Springer, New York, 2002.



REFERENCES 76

[47] G.W. Bluman and S. Kumei, Symmetries and integration methods for

differential equations, New York: Springer-Verlag, 1989.

(48] N.H. Ibragimov, Elementary Lie group analysis and ordinary differential

equations, Wiley, 1998.

[49] N.H. Ibragimov, Ed., CRC Handbook of Lie group analysis of differential
equations, Volume 2: Applications in Engineering and Physical Sciences,

CRC Press, Boca Raton, FL, USA, 1994.

[50] N.H. Ibragimov, Ed., CRC Handbook of Lie group analysis of differential
equations, Volume 3: New trends in theoratical development and computa-

tional methods, CRC Press, Boca Raton, FL., USA, 1994.

[51] P.J. Olver, Applications of Lie groups to differential equations, Springer,
New York, 1986.

[52] S. Lie, Uber integration durch bestimmte integrals von einer kasse linearer
partieller differentialgleichengen, Archivum Mathematicum, 6 (1881) 328-
368.

[53] N.H. Ibragimov, M. Torrisi and A. Valenti, preliminary group classifi-
cation of equations vy = f(x,v,)ve + g(2,v,), Journal of Mathematical

Physics, 32 (11) (1991) 2988-2995.

[54] L.V. Ovsianikov, Group analysis of differential equations, Academic Press,

New York, 1982.

[55] N.M. Ivanova and C. Sophocleous, On the group classification of variable
nonlinear diffusion-convection equations, Journal of Computational and Ap-

plied Mathematics, 197 (2) (2006) 322-344.



REFERENCES 77

[56] H. Stephani, Differential equations - Their solutions using symmetries,

Cambridge University Press, Cambridge, 1989.

[57] J.M. Diaz, Short guide to Yalie: Yet an-
other Lie Mathematica package for Lie symmetries,
http:/ /www.mathsource.com/MathSource/Applications/Mathematics/0211-
778/ YaLie.ps.

[58] E. Pinney, The nonlinear differential equation 3" (z) 4 p(2)y + cy™ = 0,
Proceedings of the American Mathematical Society, 1 (1950) 681.

[59] P.G.L. Leach and K. Andriopoulos, The Ermakov equation: a commen-
tary, Applicable Analysis and Discrete Mathematics, 2 (2008) 146-157.

[60] M. Molati, Group classification of coupled partial differential equations
with applications to flow in collapsible channel and diffusion processes, Ph.D

thesis, University of the Witwatersrand, Johannesburg, 2010.

[61] L.V. Ovsjannikov, Group properties of differential equations (in Russian),
English translation by G.W. Bluman, Novosirsk: USSR Academy of Science,

Siberian Section, 1962.

[62] J. Patera and P. Winternitz, Subalgebras of real three- and four- dimen-
sional Lie algebras, Journal of Mathematical Physics, 18 (7) (1977) 1449-
1455.

[63] F.M. Mahomed, Symmetry group classification of ordinary differential
equations: Survey of some results, Mathematical Methods in the Applied
Sciences, 30 (2007) 1995-2012.

[64] W. Malfliet, Solitary wave solutionsof nonlinear wave equations,

Am.J.Phys., 60, 650-654 (1992).



REFERENCES 78

[65] W. Malfliet, W. Hereman, The tanh method: i. Exact solutions of non-

linear evolution and wave equations, Physica Scripta, 54, 563-568(1996).

[66] W. Malfliet, W. Hereman, The tanh method: ii. Perturbation technique

for conservative systems. Physica Scripta, 54, 569-575 (1996).

[67] W. Malfliet, The tanh method: a tool for solving certain classes of nonlin-
ear evolution and wave equations, J. Comp. Appl.Math., 164-165, 529-541
(2004).

[68] A.F. Mills, Basic Heat and Mass Transfer, Irwin INC. Chicago, 1995.

[69] A. Polyanin and V. Zaitsev, Handbook of exact solutions for ordinary
differential equations, Chapman and Hall, CRC, 2002.



Appendix A

The equation v% — (1 + uw”mi )y — (m 4+ 1)]\42u1%r11 = 0 is transformed into a

canonical form,

d M?
vd—v —v=5 +22"+1,Where z=2u (A.1)
2z n

whose solution for different values of n is given by Table 1. Further analysis

of (A.1) is omitted here.

Table A.1: Solutions of (A.1) for different values of n

n v =v(u)
1 240
M2 ne_ M2 2;[4u

—Ai(l _ (—21+"u3/21;4)2/3(v—2u) M—(—21+"u3/2M)1/3Ai— (—21+"u3/2M)2/3(v—2u))
’ M2y :

3/ B]_(l 7(721+nu3/21;[)2/3(’u72u>M—(—21+nu3/2M)1/3Bi— (721+nu3/2];[)2/3(1}72u)) + Ol 0
’ M4y M4y
V2 i f
2(IM M Ceri(lv—2u)2
9 v = (IMe —;;/E (Tv—2u)2u) 1

e Ai(z) - Airy function
e Ai(l, 2) - Derivative of Airy function
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Bi(z) - Airy function

Bi(1, z) - Derivative of Airy function
W - Lambert function

I - Imaginary number /—1

erf(z) - Error function



