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Abstract

Quantum entanglement plays an important role in the emerging quantum information
processing and communications tasks. To this day, almost all these tasks use quantum
systems described by a two dimensional Hilbert space (qubits). The use of multidi-
mensionally entangled quantum systems, provides many advantages. For instance, it
has been shown that multidimensional entangled systems provide a higher information
capacity and an increased security in quantum cryptography. One way to implement
higher dimensional quantum systems is to use the orbital angular momentum (OAM)
states of light. The OAM state of light can be used to encode quantum information
onto a laser beam which can then be transmitted to a receiver through a turbulent at-
mosphere. The main question here is how does atmospheric turbulence influence the
encoded quantum information?

In the work that follows, we investigate theoretically and experimentally the evolu-
tion of the OAM entanglement in atmospheric turbulence. We show how atmospheric
turbulence induces cross-talk between the different OAM modes.

We first study numerically and experimentally the decay of OAM entanglement be-
tween two qubits propagating in atmospheric turbulence. The turbulence is modelled
by a single phase screen based on the Kolmogorov theory of turbulence. It is found that
higher order modes are more robust in turbulence. We derive an empirical formula for
the distance scale at which entanglement decays in terms of the scale parameters and
the OAM value.

Then we study numerically the evolution of OAM entanglement in a turbulent atmo-
sphere modelled by a series of consecutive phase screens. It is found that the evolution
of the OAM entanglement can not always be described by a single dimensionless quan-
tity. Under certain conditions, two dimensionless parameters are required to describe
the evolution of OAM entanglement in turbulence.

The evolution of OAM entnaglement between two qutrits propagating in turbulence
is also considered, it is found that the OAM entanglement between qutrits decays at an

equal or faster rate compared to OAM entanglement between qubits.



Our results generally show that the OAM state of light is severely affected by at-
mospheric turbulence and might not be a suitable candidate for free-space quantum

communication.
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Chapter

Introduction

1.1 literature review

1.1.1 The orbital angular moment of light

Even though it was suspected long ago that light has mechanical properties, it
was only after Maxwell’s unified theory of optics, electricity, and magnetism |[I]
that a theory quantifying these mechanical properties was possible. Maxwell pre-
sented a calculation for the pressure exerted by radiation on the earth’s surface
in his treatise published in 1891. However, it was Poynting who quantified the
momentum and energy flux associated with an electromagnetic field [2]. By using
a mechanical anology, Poynting further deduced in 1909 that circularly polarised
light must carry an angular momentum [3]. He proposed a method for measuring
that angular momentum based on the following argument. Circularly polarised
light can be converted into a linearly polarised light by propagating through a
series of suspended quarter-wave plates. By doing so, the beam should transfer
all of its angular momentum to the wave plates, thereby inducing a torque in the
suspension. It was only in 1936 that Beth realised an elegant variation of Poynt-
ing’s proposed experiment and successfully detected the effect of light’s angular
momentum [4]. Beth experiment considered only polarisation and therefore the
measured angular momentum is the spin angular momentum (SAM) also referred

to as the intrinsic angular momentum [5-7]. It can have a value between oh where
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o = +1 for left-handed circularly polarised light and ¢ = —1 for right-handed
circularly polarised light.

It was also known long ago that a calculation of light’s angular momentum
produced contributions which did not depend on polarisation. For instance, it
was known that multipolar processes could produce radiation which possesses an
angular momentum larger than A [8,9]. As an example, the interaction of light
with atomic or molecular systems may cause an electric quadrupole transition. For
that to occur, an angular momentum exchange of 2A in the angular momentum
of the atomic state is required. This means that the emitted light will carry an
angular momentum of 2A, implying that a photon can carry an angular momentum
larger that A. The part of the angular momentum not resulting from polarisation
became known as orbital angular momentum (OAM) [6]. Darwin was one of the
first to attempt to explain the extra momentum in higher-order transitions [I0].
He hypothesised that the extra momentum could be carried away by an emitted
photon when the centre of mass of the atomic system is slightly displaced from
the optical axis.

The current interest in the OAM states of light was sparked by the recognition by
Allen et al. in 1992 that it was possible to generate laser beams in the laboratory
that carry integer multiples of A of OAM per photon [[1,12]. They showed that
any light beam with the azimuthal phase dependence exp(if¢) will carry an OAM
of /h per photon. Such a light beam has a helical phase front with helicity ¢
that can adopt, in principle, any integer value between —oo and oo. The OAM
can therefore have a value much larger than the SAM which is limited to a value
between —h and h.

Light beams carrying OAM were initially realised as Laguerre-Gaussian (LG)
laser modes [[2]. The LG modes were initially produced by transforming Hermite-
Gaussian modes into LG modes by means of cylindrical-lens mode converters [I2].
Subsequent methods for generating LG modes include the use of spiral phase plates
(T3], the use of devices called g-plates that generate light with OAM by exploiting

the SAM-OAM coupling in an inhomogeneous anisotropic medium [[i4, 5] and
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forked Holograms [I6-18]. The preferred method for generating light with OAM
nowadays is the use of forked holograms because of the ease and flexibility of this
method. These holograms are now implemented using spatial light modulators
(SLMs) which are computer-controlled diffractive devices [19]. The LG beam is
not the only beam that carries OAM, there exist other beams that have a helical
wave front and can also carry orbital angular momentum. These include Bessel
beams [20], Bessel-Gauss beams [21], Mathieu beams [22], and Ince-Gauss beams
[23]. However, in this thesis only the LG and Bessel beams will be considered.

Since the publication of the paper by Allen et al. in 1992, photonic OAM has
been utilised for numerous applications. For instance, to trap and rotate absorbing
micro-sized particles [24-27], to produce and drive complex micromachines [28,29],
to drive micro-optomechanical pumps for microfluidics [30,31] and for imaging and
metrology [32-35]. The OAM states of light have equally been exploited for com-
munication purposes where it was shown that unlike the polarisation degree of
freedom, the OAM can be used to encode more than one bit per photon [B6-3Y].
In particular, photonic OAM has been considered for free-space optical communi-
cation [40,41].

The OAM states of light found many application in quatum information process-
ing and communication too. Since the concept of OAM applies to single photons
as well, photonic OAM represents a multi-level quantum system. The early experi-
ment in quantum information were based on SAM, using the polarisation degree of
freedom of photons. However, one can only implement two-dimensional quantum
systems (quantum systems described by a two-dimensional Hilbert space) using
the polarisation of a photon. The OAM states of the photon on the other hand

can be used to implement multidimensional quantum systems [42, 43].

1.1.2 Quantum entanglement

For a comprehensive review on quantum entanglement, see Ref. [44] and [45]. Only
some salient points are presented here. The word entanglement comes from the

translation of the German word “Verschrankung ”coined by Erwin Schodinger to
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describe a correlation of a quantum nature between two particles that interact and
then separate [A46]. Initially, quantum entanglement was regarded as a paradoxical
and problematic aspect of quantum physics when Einstein, Podolski and Rosen
(EPR) pointed it out in 1935 in a thought experiment attempting to show that
quantum mechanics was an incomplete theory [47]. Their thought experiment
proposed a pure state, now known as an EPR-state, consisting of two subsystems
A and B that interacted in the past and whose properties remain correlated even
if they have been spatially separated. The EPR-state cannot be written as a
product of states of the subsystems A and B. In other words, the subsystem A
and B are entangled. Quantum entanglement allows one to predict the properties
of subsystem B from a measurement of the properties of subsystem A and vice
versa regardless of their spatial separation. EPR concluded that there were two
possible explanations: either there was some interaction between the particles, even
though they were separated, or the information about the outcome of all possible
measurements was already present in both particles. The first explanation implied
that information could travel faster than the speed of light and was thus in conflict
with the theory of relativity. EPR preferred the second explanation concluding
that quantum mechanics was incomplete. According to that explanation, the
information was concealed in some “hidden variables.” This is what is now known
as the EPR-paradox.

Ever since the formulation of the EPR-paradox, entanglement played an impor-
tant role in the development of quantum theory as it is the main trait that clearly
distinguishes quantum mechanics from its classical counter part. For instance, it
violated at least one of the classical postulates known as local realism that state

that

e objects have properties prior to and independent of measurements (realism)

and

e measurement outcomes obtained at one location are independent of actions

at another spatial location (locality).
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With quantum entanglement these postulates cannot be jointly maintained. It
was only in 1964 that the flaw in EPR’s argument was discovered by Bell who
proved that one of their assumptions (the principle of locality) was inconsistent
with the interpretation of quantum mechanics based on hidden variables [4R,49].
Bell specifically demonstrated that entanglement should give rise to correlations
stronger than those allowed by any theory obeying local realism between outcomes
of measurements. He derived an inequality (now known as “the Bell inequality”),
that gives an upper bound for the strength of correlations resulting from a the-
ory obeying local realism and showed that, according to quantum theory, certain
entangled states violate this inequality.

The Bell inequality provided a framework for the investigation of quantum en-
tanglement experimentally. But it was only in 1972 that quantum entanglement
was first demonstrated experimentally by Freedmann et al. [60].

Besides its fundamental role in our understanding of quantum physics, quantum
entanglement is nowadays regarded as a resource that allows the implementation
of certain tasks that are impossible or very difficult otherwise [b1]. Some of these
tasks are quantum teleportation [62], quantum computing [63], quantum metrol-
ogy [b4], superdense coding [b5] and quantum cryptography [66]. Most of these
tasks make use of two-dimensional entangled quantum systems. However, multi-
dimensionally entangled systems have been proved to significantly improve many
quantum information tasks. For instance, it has been shown that multidimensional
entangled systems provide a higher information capacity [67,568] and an increased
security in quantum cryptography [69,60]. From a more fundamental viewpoint,
closing the detection loophole in Bell test experiments is more feasible with the use
of multidimensional entangled systems [43,61,62]. Two-photon high-dimensional
entanglement has been demonstrated by exploiting the frequency of the optical
field [63], the energy-time and time-bin properties [64,65], or transverse spatial
correlation of photons [42, 66-68]. Multidimensional entanglement has also been
implemented by combining different degrees of freedom [69-71]. This is known as

hyperentanglement
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One promising way of implementing multidimensional entangled quantum sys-
tems is to use the OAM states of light [A2,43,[72]. A pair of photons entangled in
their OAM degree of freedom can be generated through the nonlinear process of
spontaneous parametric down conversion (SPDC).

An interesting application of the OAM in quantum information is quantum key
distribution (QKD) [66,73-76]. Quantum key distribution was developed because
there was a need for secure means of sharing a private key for private key cryp-
tosystems [61]. The security of QKD is based on the fundamental laws of quantum
mechanics. In particular, QKD schemes exploit the fact that observing a quantum
system disturbs the system. Thus in a perfectly implemented QKD system, the
parties sharing the key would know if an eavesdropper tries to get a copy of the key
as that would introduce disturbances in the system. Most of the implementations
of QKD use the polarisation degree of freedom to encode information. Because
the polarisation is limited to only two states, only one bit of information can be
impressed onto each photon. But as stated earlier, QKD schemes can be improved
with the use of multidimensional quantum systems. One of the biggest challenges
that QKD or quantum communication with OAM faces is the distortion-free trans-
mission of OAM-encoded photons over large distances. Most optical fibres in use
today are single mode fibres, they can only transport light with zero OAM (the
fundamental mode). These fibres cannot be used to transport light with non-
zero OAM. A possible solution to this problem is to use free-space information
transfer [40,47]. However, OAM modes suffer distortions due to atmospheric tur-
bulence, which negatively affects the information encoded in the OAM photon
states. In order to implement a free-space quantum communication system using
photonic OAM, one needs to understand how atmospheric turbulence affects the

OAM states of photons.

1.1.3 The effect of atmospheric turbulence on the OAM states of light

There have been many studies addressing the effect of atmospheric turbulence

on the OAM states of photons. Paterson studied theoretically the effect of atmo-
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spheric turbulence on the OAM of single photons [A41]. He used LG modes to derive
an expression for the scattering probability of OAM modes. He further calculated
the channel capacity and quantified the effect of turbulence on a single-photon,
OAM based line-of-sight classical communication system. The expression giving
the scattering probability of the OAM modes is an integral that is not easy to
solve analytically. In order to solve that integral, Paterson restricted his analysis
to the weak turbulence regime. In this regime, intensity fluctuations or scintilla-
tion caused by the turbulent atmosphere are sufficiently small that they can be
neglected. One can therefore assume that the cumulative effect of the turbulence
over the propagation path can be considered as a pure phase perturbation on the
beam at the output plane. This will be referred to as the single phase screen
approximation in this thesis. Paterson’s results show that even weak aberrations
have significant effects on the OAM and this poses a considerable problem for com-
munication systems based on OAM. He however concluded that adaptive optics
may be of considerable benefit.

Tyler and Boyd also presented an analytical study of the effect of atmospheric
turbulence on a vortex beam having the form Ag exp(il¢) [[7]. They found that the
probability of a photon retaining its initial OAM states after propagating through
the atmosphere is given by (so) = [1 + (1.845D/r¢)?]~1/2. In the previous expres-
sion, D is the aperture diameter and rg is the Fried coherence diameter, which is
a measure of the transverse distance scale over which refractive index correlations
remain correlated [[78]. Their study is also limited to the weak fluctuations regime
since they also used the single phase screen approximation.

The effect of Kolmogorov turbulence on entangled OAM states of down-converted
photons was considered by Gopaul and Andrews [[/9]. They numerically investi-
gated three cases: first they calculated the probability P({y) for a single photon
to conserve its initial OAM value after it has propagated in turbulence. Next they
considered a pair of OAM entangled photons (generated through SPDC) propagat-
ing in turbulence and they calculated the probability P(¢1) of detecting one photon

with /1 in the signal mode. Then, still considering the down converted photons,
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they calculated the probability P (¢, ¢3) of jointly detecting photons with ¢; in the
signal mode and /2 in the idler mode. Their results show that entangled photons
are less robust to the effects of Kolmogorov turbulence compared to single photons
[P({1,02) < P({¢)] and that signal photons are more robust than single photons
[[P(¢) < P(¢1)] when £y = ¢ = 0.

The single phase screen approximation has also been used in experimental studies
of the effect of turbulence on the OAM states. For instance, Malik et al. presented
an experimental implementation of a free-space 11-dimensional communication
system using OAM modes [80]. They showed that their communication system
has a maximum measured OAM channel capacity of 2.12 classical bits/photon.
They simulated turbulence with a single Kolmogorov phase screen displayed on a
phase-only SLM. They found that the channel capacity is increasingly degraded
with increasing turbulence strength and that the effects of turbulence could be
mitigated by increasing the spacing between detected OAM modes. Rodenburg et
al. also used a single Kolmogorov phase screen displayed on a phase-only SLM to
study the crosstalk induced by turbulence on OAM channels [&1]. They measured
the crosstalk in OAM for 11 differents modes (¢ from -5 to 5) and showed that
the purity of the modes within that range is uniformly degraded irrespective of
the input mode number. Their results suggest that a system implementing adap-
tive optics to reduce the effects of turbulence can operate independently of the
communications channel.

Other experimental studies not based on the single phase screen approximation
include the work by Rodenburg et al. where a 1 km thick turbulent medium
with atmospheric structure constant C2 = 1.8 x 107"m~2/3 was simulated in
the lab with two phase screens and the crosstalk in the communication channel
is reduced using an adaptive correction of the turbulence as well as optimization
of the channel encoding [82]. Pors et al. also presented an experimental study
of the effect of turbulence on the coincidence detection of two OAM-entangled
photons generated by SPDC [83]. They simulated atmospheric turbulence with a

turbulent cell where cold and hot air are mixed to bring about random variations
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of the refractive index. They show that the number of entangled modes (the
Shannon dimensionality) decreases with increasing scintillation. They also found
that the shape of the coincidence curve is robust under the action of turbulence
even though the coincidence counts drop with increasing turbulence. However,
none of these experimental studies directly consider the effect of turbulence on the
OAM entanglement. This is one of the issues that will be addressed in this thesis.

The evolution of OAM entanglement between two photons have also been consid-
ered theoretically. Smith and Raymer studied analytically the evolution of OAM
entanglement between two qubits propagating in turbulence [84]. They made use
of the single phase screen approximation which limits the validity of their findings
to the weak fluctuation regime. They further used the quadratic approximation
of the refractive structure function [85,86]. Their results show that modes with
higher OAM value are more robust in turbulence but that photons in such modes
scatter more into other modes. In other words, turbulence induced crosstalk affects
higher modes more severely.

The single phase screen approximation makes it easy to obtain an analytical ex-
pression for the evolution of OAM entanglement in turbulence, but it is limited to
the weak fluctuation regime. For a general description of the effect of turbulence
on the OAM states of a photon, one needs to go beyond the single phase screen
approximation. A method to numerically simulate atmospheric turbulence is the
split-step method [87,88] where the atmospheric turbulence is modelled by a series
of consecutive phase screens. This method is valid in both the weak and strong
fluctuation regimes. Anguita et al. used the split-step method to numerically
study the effect of turbulence on multichannel free-space optical communication
system based on OAM-carrying beams [8Y]. They found that turbulence induces
attenuation and crosstalk among channels. By considering a model in which the
constituent channels are binary symmetric and the crosstalk is a Gaussian noise
source, they found optimal sets of OAM states at each turbulence condition stud-
ied and determined the aggregate capacity of the multichannel system at those

conditions. Their results also show that OAM-multiplexed free-space optical sys-
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tems operating in the weak turbulence regime offer reasonable performance and
that the aggregate capacity of the channel decreases as the turbulence increases.
Another analytical work considering the evolution of OAM entanglement in tur-
bulence is the work by Roux where a multiple phase screen approach was used to
derive a first-order differential equation describing the evolution of OAM entan-
glement in turbulence [90]. Because this work is based on a multiple phase screen

approach, it is valid in both the weak and strong fluctuation regimes.

1.2 Objectives

This thesis deals with the evolution of OAM entanglement in atmospheric turbu-

lence. Our specific goals are the following:

e Our first goal is to verify the analytical work of Smith and Raymer using
numerical simulations. That is, we will present a numerical study of the evo-
lution of OAM entanglement between a pair of qubits evolving in turbulence.
We will simulate the turbulent atmosphere with a single phase screen based

on the Kolmogorov theory of turbulence. We will used LG modes.

e It has been mentioned earlier that the single phase screen approximation is
only valid in the weak fluctuation regime. Our second goal is to go beyond
the single phase screen approximation. We will present a numerical study
of the evolution of OAM entanglement between two qubits propagating in
turbulence. We model the turbulence with a series of consecutive phase
screens based on the Kolmogorov theory of turbulence. We will compare our

results with those obtained by Smith and Raymer [84] and Roux [90].

e Our third objective is to present the first experimental study, to our knowl-
edge, directly considering the evolution of OAM entanglement in turbulence.
We consider qubits represented by photons entangled in their OAM degrees
of freedom, and we simulate the turbulent atmosphere with a single phase

screen displayed on an SLM.

10
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e Our fourth objective is the study of higher dimensional entanglement in tur-
bulence. More precisely we present a theoretical and experimental study of
the evolution of OAM entnalgement between two qutrits. Here we consider

paraxial Bessel-Gauss beams.

1.3 Outline of the thesis

This thesis is organised as follows: In Chapter B the theoretical background that
will be used in the subsequent chapters is introduced. In Chapter B we present our
numerical scheme and the numerical results of the evolution of OAM entanglement
between two qubits in both the weak and the strong fluctuation regimes. Our
experimental study of the evolution of OAM entanglement between two qubits is
presented in Chapter @. Chapter B, is about the evolution of OAM entanglement
between two qutrits represented by photons propagating in turbulence. Finally, a
summary of this thesis and some suggestions for possible future work are provided

in Chapter B.

11



Chapter

Theoretical background

2.1 Introduction

The aim of this introductory chapter is to review the theoretical background that
will be used in the subsequent chapters. This chapter is organised as follows.
The concept of the orbital angular momentum of light (OAM) is presented in
section ZZ2. The photon fields considered in this thesis are assumed to be paraxial,
thus subsection 2221 discusses the OAM of light in paraxial optics. Optical beams
carrying OAM are introduced in subsection 224 and methods of generating these
beams are discussed in subsection 2Z23.

The concept of quantum entanglement is discussed in section 223 where we also
discuss the spontaneous parametric down-conversion process as a means of gen-
erating entangled photon pairs (subsection EZ3) and the OAM state of light as
a means of implementing multidimensional entangled systems (subsection PZ32).
The concept of quantum state tomography is presented in 2=373.

In section 24, we introduce the concept of atmospheric turbulence and its ef-
fects on a propagating optical wave. A statistical description of the turbulence is
presented in subsection 22271 and the power spectra of the refractive-index fluc-
tuations are introduced in subsection 2472, These spectra are derived from the
Kolmogorov theory of turbulence. The method that will be used in the following

chapters to simulate atmospheric turbulence is then discussed in subsection 22423.
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Previous theoretical studies dealing with the evolution of the OAM entanglement

in turbulence are presented in subsection 22474,

2.2 The orbital angular momentum of light

The total momentum of the field [5-7]
J:eo/rx[ExB]d3r (2.1)

can be separated into two components, one which is known as the spin or intrinsic
part and the other as the orbital part. To see that, let write the n’th component

of the Poynting vector as
Eo(E X B)n = Eo[E X (V X A)]n
= @) (EiVaAi— EiViAy)
)

= € Z {EzvnAz - vz(EzAn)} )

where A is a vector potential (B = V x A). To obtain the previous result, we
used the identity A x (B x C) = B(A-C)— C(A-B) and the fact that V- E = 0.
By making use of the of the completely antisymmetric tensor €,,,,, one can write

the components of the vector product in Eq. (21) as

eolr x (ExB); = eepmnrm(E X B),
= €0€mn Z 7dm[E’ivnAi - VzEzAn]

1

= € Z {€tmnTmEiVnAi — €tmnVirmEiAp + €imn(Virm)Ei A},
i

= € Z {ElmnrmEivnAi - 6lmnvirmEiAn + elmnEmAn} , (2'2)
7

where we have made use of the fact that V;r,, = 6y, (with d;y, being the Kronecker

delta). The previous expression can be rewritten as

ot x (ExB); = e » {Eifrx V)jA;— V- Elr x Al + (E x A);}.

13
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Thus, Eq. (270) can be rewritten as
J= EO/ZEZ'[I‘ x V]A; dr — 60/V .E[r x A] d3r+eo/(E x A)d’r. (2.3)
i

The second volume integral can be transformed into a surface integral by making

use of the divergence theorem (also known as Guass’s theorem or Green’s theorem)

[):
/V(v-v)dT:ﬁv-da (2.4)

J:GO/ZEi[rxV]Aid“)’r—eoy{E[rxA]~ds+60/(E><A)d3r. (2.5)

We then get

The surface term can be discarded in the limit of sufficiently large integration
volume and for electromagnetic fields that are well localised inside the integration
box [6,91]. Under these conditions, the total angular momentum separates into

two parts: the total spin angular momentum (SAM) Jg and OAM J, given by

Js = eo/ExAd3r (2.6)

Jo = Eo/ZEi(I‘ x V)A; d3r. (2.7)

Spin and orbital angular momenta have different mechanical effects. For in-
stance, if we take planet earth as an example, the SAM causes the planet to spin
about its axis thereby giving rise to the alternation of day and night. The orbital
angular momentum on the other hand causes the planet to rotate around the sun,
giving rise to the annual cycle. For light, these different effects can be observed
by illuminating tiny birefringent particles with light having angular momentum.
The SAM causes the particle to rotate on its own axis and the OAM causes it to

rotate around the beam axis [26,97].
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2.2.1 Angular momentum in paraxial optics

The paraxial approximation

The paraxial approximation assumes that the propagation distance for an optical
wave is much larger than the transverse spreading of the wave [86]. The equation

governing the evolution of an optical field over time and space is the wave equation

1 9%u
2 Ot?

where ¢ is the speed of light and V? is the Laplacian which is given in rectangular

Viu =0, (2.8)

coordinates by

0%u . 0%u n 0%u
ox? Oy 022
The wave equation [Eq. (ZR)] can be simplified by making use of the paraxial

Vu =

(2.9)

approximation as follows. Let us consider a monochromatic wave that originates
in the plane at z = 0 and propagates along the positive z—axis, then we look at the
solution of the form u(r,t) = U(x,y, z) exp[iwt — ikz] where k is the wave number
and w the angular frequency (the two are related through w = kc). Substituting
this in Eq. (E3), we get

*U  0*U 932U U
92 + e + 52 —2213% =0, (2.10)

Now if we assume that the transverse spreading of the wave is smaller than the
propagation distance, the diffraction effects on the optical wave U(x,y, z) change
slowly with the propagation distance and the transverse variations. Hence we can

assume that

U ou 9*U U U O*U
— 2k— ) 2.11
022 <<‘ oz 92| S|a2 92| S| a2 (2.11)
Thus the wave equation becomes
2 2
ov oV Zika—U =0. (2.12)

J— + PR
ox? ~ Oy? 0z
Equation (212) is known as the parazial wave equation, it is sometimes also referred

to as the parabolic equation [R6.
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Angular momentum of paraxial beams

Paraxial beams are beams of light for which the transverse spreading is much
smaller than the propagation distance as they propagate. The expression of the
angular momentum is simplified in the paraxial regime. To see this, we work in

the Lorentz gauge and we consider the vector potential
A=At (2.13)

with
A = (ax + By)ue ™*?, (2.14)

where x and y are unit vectors in the z— and y— directions respectively, «, and 3
are complex number satisfying |a|? +[4%| = 1 and u is the amplitude of the beam.

The electric and magnetic fields are given in terms of the vector potential by

0A
E=-VV-— (2.15)

and

B=V x A, (2.16)

where V is a scalar potential which is related to the vector potential in the Lorentz

gauge through

Lov
2ot
In the paraxial approximation, the vector potential in Eq.(213) leads to the

V-A+ 0. (2.17)

following electric and magnetic fields:

2
E = —iwA+V (,C—V-A>
iw
. R . “ 6U 8U “ —ik
= — — - _ (2,74 1
l iwaux — iwpfuy + ¢ (agx + 58y> z} e "F, (2.18)
B = |ifkux —iakuy + u _ a@ 2| e 2.
ox Jy
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From these fields, one can calculate the time-average of the linear momentum

density
_ €0 /1 *
p = E(E x B+ E x BY)
= %O[iw(u*Vu — uVu*) + 2wk|u|*z — woV|u|? x 2], (2.19)
where 0 = i(af* — a*f). In cylindrical polar coordinates (p, ¢, z), Eq. (E219)
becomes
_ . €0, « * 2 €0 a|u|2 7
p= zwg(u Vu — uVu®) + wkep|u|“z — wo S =5 ¢. (2.20)
r

Thus if we consider a circularly polarised beam propagating in the z direction and

having an amplitude of the form

u(r, ¢, z) = Ulr, 2)et*?, (2.21)

the ¢ and z components of the linear momentum density are [T, 93, 94]
p. = eowklul’, (2.22)
Py = €0 (%EM? _ %wgagf) . (2.23)

The component p, is the linear momentum in the propagation direction, the second
term in py gives rise to the SAM, where o = %1 for left, right-handed circularly
polarised light and —1 < ¢ < 1 for elliptically polarised light (Note that in the
paraxial approximation pg is much smaller than p., i.e. py/p. < 1). The first
term in py has an ¢ dependence and gives rise to the OAM. Its cross product with

r gives the orbital angular momentum density
. ~ wl 27 2 A
Joz = (r7) X 607]u| o | = eowl|ul°z. (2.24)
The energy density of the beam is given by
w = cep(E x B), = ceqwk|ul? = eqw?|ul?, (2.25)
and the ratio of the orbital angular momentum density to the energy density is
Jo:  eqwllul* ¢

Tor _ U 2.26
w o ew?lul2 w (226)
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By multiplying both the numerator and the denominator of Eq.(228) by h, we get
he/hw. This suggests that an OAM of A¢ must be associated with each photon

since hw is the energy associated with each photon.

2.2.2 Optical beam carrying OAM

It was shown in the previous section that any beam of light with the azimuthal de-
pendence exp(il¢) in its amplitude will carry an OAM of h¢ per photon regardless
of the radial profile. The most popular physically realisable light beams with this

azimuthal dependence are Laguerre-Gaussian beams and Bessel beams [94-96].

Laguerre-Gaussian beams

(=1 £=2 =3 1
0.8
0.6
0.4
0.2
0

Figure 2.1: Cross section of the intensity profile and phase of a LG beam with radial
index p = 0. The phase of the beam goes from zero to 27 ¢-times. When the
beam propagates, the phase follows helical trajectory (last row).
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Laguerre-Gaussian (LG) modes are solutions of the paraxial wave equation in

cylindrical coordinates. The electric field of the LG mode can be represented by

o o1 ﬁr)wl e|( 2r® )
My, (r,¢,2) = T+ 1) w(z) (w(z) L'\ w2

r? ikr?
w2(r) 2R(z)]

X exp l—

X exp [—i(Qp + |¢| + 1) arctan (i)l exp(ile),
2R
where
2
w(z) =woy[1+ (i) (2.27)
ZR

is the width (1/e? — radius) of the beam as a function of z,

R(z) ==z (1 + z—%) (2.28)

is the radius of curvature of the beam’s wavefront and
(2p + |€] + 1) arctan (i> (2.29)
ZR

is the Gouy phase. The character Lif | represents the generalized Laguerre poly-

nomials with the parameters ¢ and p being the azimuthal and the radial mode
indices, respectively. The beam waist radius is given by wg, zr is the Rayleigh
range (= mw/\) and A is the wavelength.

Figure 271 shows the intensity profile and the phase cross section of the LG mode
at a given z for £ = 1,2 and 3 when the radial index p = 0. For these values of
p and /¢, the intensity profile of the beam is a single bright ring that increases in
diameter with £. The phase is undefined at the centre of the beam (for beams with
non-zero OAM) consequently, the intensity is zero at the centre of the beam. The
phase of the beam looks like a screw for £ = 1, and like a double helix when ¢ = 2.

This is clearly illustrated in Fig. 222
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(b)

Figure 2.2: The spiral phase of a LG beam. (a) £ =1 and (b) ¢ = 2.

Bessel beams

Another solution of the wave equation having the azimuthal dependence exp(il¢)

are Bessel modes:
MP(r,¢,2) = Jy(kyr) exp(ik.z) exp(ild), (2.30)

where Jy(-) is the Bessel function of the first kind, k, and k, are the transverse
and longitudinal wave numbers respectively. Unlike LG beams, Bessel beams are
not well localised at small r values. It should also be noted that the transverse
profile of the Bessel beam described by Eq.(E230) is unbounded. However, practical
realizations of Bessel beams always have finite transverse extent.

An example of realisable Bessel beams with finite transverse profile is the parax-

ial Bessel-Gauss (BG) beam [Z1] that is described in cylindrical coordinates by

) zpk,r k2zp2 ikr?
MPC r, o,z ky) = ZZRJ (ZZR . )ex l— roRE —ikz | exp(ilo),
o sk = e ) P k() T 2000) o(its)
(2.31)

where q(z) = z + izg. The radial profile of the beam can be scaled by choosing
different values of k, as illustrated in Fig. where we plot the cross section of
the intensity profile and phase of a BG beam for different values of k.

An interesting property of Bessel beams is that they do not diffract as they prop-
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Figure 2.3: The intensity profile and phase of a BG beam for different values of the radial
parameter k, when £ = 1.

agate, but practical Bessel beams are non-diffracting only for a finite propagation

length since they always have finite transverse extent [07].

2.2.3 Generation of light beam with OAM

Light beams with OAM were initially generated with the use of cylindrical lenses
as mode converters [[2]. However, it was later shown that a beam containing a
phase singularity described by the ¢/? phase dependence could be generated with
the use of a spiral phase plate (SPP) [I3]. The SPP is a transparent circular plate
with a thickness proportional to the azimuthal angle around its the centre. The
SPP resembles one period of a circular staircase and has a phase edge dislocation
of hight d as illustrated in Fig. 4. The SPP will impart a phase shift

(n—1)d

A

on a beam with wavelength A passing through it. In the previous equation, ¢ is

50 = ¢ (2.32)

the azimuthal angle, n is the refractive index of the SPP and the refractive index
of the surrounding medium is assumed to be 1. In order to generate a beam with

a well-defined value of OAM like ¢h, the total phase around the SPP must be an
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Figure 2.4: Schematic image of a spiral phase plate.

integer multiple of 27r. To achieve such a beam, the physical height of the step in

the SPP must be given by
2N

n—1)
Light with OAM can also be generated by exploiting the interaction between

d:

(2.33)

SAM and OAM or the SAM-OAM coupling in an inhomogeneous anisotropic
medium [14]. Devices called g-plates can generate a desired OAM by exploit-
ing a SAM sign-change. Consequently, the handedness of the spiral phase of the
beam generated is controlled by the polarization of the initial beam [I4,15].

Figure 2.5: Hologram used to generate an LG beam with azimuthal index ¢ = 1. The
hologram is obtained by adding a diffraction grating to a spiral phase.

A more practical way for generating light with OAM is by using diffraction on
a fork-like or pitchfork hologram [I6-18]. LG beams are nowadays conveniently

generated by using “computer generated holograms” obtained by adding a diffrac-
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tion grating to a spiral phase as illustrated in Fig. ZZ3. These holograms can then
be displayed on a spatial light modulator (SLM) which are devices having pixel-
lated liquid crystal displays. A LG beam with the desired OAM is then obtained
by illuminating an SLM displaying the corresponding fork hologram. This is the

method that will be used in the present work.

2.3 Quantum entanglement

All the concepts presented so far in this chapter are purely classical. However,
the same concepts also hold in the quantum domain when one considers single
photons. It is important to study the OAM state of photons because7, as we will
see later, it can be used to implement higher dimensional quantum systems for
quantum information tasks. The main resource that is exploited by these tasks is
quantum entanglement.

Quantum entanglement is one of the most distinct phenomena in quantum
physics. It is associated with non-classical correlations between subsystems of
a quantum composite system. A pure state of a composite quantum system is said
to be entangled if it cannot be written as a product state, that is, if it cannot
be factorised in terms of pure states of each of the subsystems. Otherwise the
state is said to be separable. Thus a pure state of a bipartite system consisting of
subsystems A and B is entangled if it cannot be factorised as |a) ® |b), where |a)
and |b) are pure states of subsystems A and B respectively. Consider for example
the maximally entangled two-qubits (quantum bits: two-level quantum mechanical
systems) state

W) A0 +1)all) B}, (2.34)

=50
it is not possible to attribute to either subsystem a definite pure state. In other
words, |¥) cannot be written as |a) 4 ® |b) g, where |a) 4 is a state of the first qubit
and |b)p is a state of the second qubit. The state |0)4|0)p on the other hand is

separable; it is clear that each of the subsystems is in the state |0).
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A mixed state of a bipartite system consisting of subsystems A and B is en-
tangled if it cannot be represented as a mixture of factorisable pure states of the
system. That is, if its density matrix cannot be written as [51]

p=> pirh® Py, (2.35)
i
where the p; are probabilities (0 < p; < 1721 pi = 1), ,oil and p% are density

matrices representing pure states of subsystems A and B, respectively. The state
1
p= 5(]00><OO] + [11)(11]) (2.36)

is an example of a mixed separable state of two qubits and the state

y 2Ly + plw)(w] (2.37)

pwW =

is an example of a mixed entangled state of two qubits. The state py is known as
the Werner state, it is a mixture of a maximal entanglement |¥) and a completely
mixed state represented by the identity operator on the Hilbert space of the two-
particles Iy. This Werner state is entangled for p > 1/3.

The entangled states that will be considered in this thesis are represented by
the OAM state of photons. The method used for generating these OAM-entangled
photons is a process called spontaneous parametric down-conversion and it is in-

troduced in the next section.

2.3.1 Spontaneous parametric down-conversion

The early experiments with entangled states employed atomic cascades in calcium
to generate the entangled photon pairs [B0, 9%, 89]. However, In the 1980s and
1990s new sources of correlated photon pairs with higher flux rates were developed
by techniques of non-linear optics. The correlated photon pairs were generated by
a process known as spontaneous parametric down-conversion (SPDC) in which a
single photon from a pump laser at angular frequency wy, is converted into a pair of
signal and idler photons at angular frequencies wg and w; as illustrated in Fig. 2Z8.

In this process, an intense pump wave splits into signal and idler waves via the
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Figure 2.6: Spontaneous parametric down conversion. (a) the non-linear crystal — BBO
(Beta Barium Borate) — splits the pump photon into two photons (signal and
idler). (b) the combined momentum of the signal and idler photons is equal
to the momentum of the pump photon and (c) the combined energy of the
signal and idler photons is equal to the energy of the pump photon.

non-linear susceptibility X(Z) of the medium. The pump photon does not exchange
energy with the crystal. Consequently the energy conservation condition is given
by

Wp = Ws + wj. (2.38)

The process is much more efficient when the wave vectors of the three photons

satisfy the conservation of momentum condition given by
kp — S + 7. (2-39)

The energy and momentum conservation conditions given above are collectively
known as phase-matching conditions. Phase-matching conditions can be satisfied
in noncentrosymmetric crystals, since these are the only type of crystals with a
nonvanishing y(?) [T00, T01). An example of such crystals is the S-barium borate
(BBO) crystal.

There are two types of SPDC; type-I and type-II. Type I refers to the situation

when the signal and idler photons have the same polarisation, which is orthogonal
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to the pump polarisation and type-II refers to the situation when the signal and
the idler have orthogonal polarisations.

SPDC was first exploited in an experiment in 1988 where it was used to produce
polarisation-entangled photons [T02]. Since then, SPDC has been the preferred way

of generating entangled photons because of the relative simplicity of the process.

2.3.2 OAM and multidimensional entanglement

Entanglement is the main resource used in most quantum information protocols.
Most of these protocols exploit two-dimensional entangled systems as multidimen-
sional entanglement is not easy to manipulate and to quantify. However, the use of
multidimensional entanglement in quantum information protocols provides many
advantages as stated in the previous chapter.

Light with OAM attracted a lot of attention from the quantum information
community in the past few years mainly because the OAM state of light can be
used to implement multidimensional entangled states.

It was shown in Ref. [I03] that the orbital angular momentum is also conserved
during SPDC. This is a consequence of momentum conservation. If one assumes
that the beams propagate in the same direction after the crystal (collinear ge-
ometry) and that the beams are not affected by birefringence as they propagate
along one of the principal axes of the crystal, then one can write the state of the

generated photons |¥),; as [I04-106]

0)si = Nsppc / dqs, dg; exp [—Alqs — i — Blas + qil?] las)]as),  (2.40)
where |qs),|q;) represent signal and idler photons respectively, in plane wave
modes with transversal momentum g, = (¢%, ¢5) and q; = (¢7, q} ),

|AB|1/2

Nsppe = (2.41)

is a normalisation constants and A and B are two constants that can be used to

tune the momentum correlations among the photons. If one considers the simplest
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case and takes the centre of the crystal as the origin of coordinates z = 0, the
constants A and B depend on experimental conditions through

al

az (2.42)
4KY

U)2
A:Zp and B =

where w), is the width of the pump beam, L is the length of the crystal, k‘g =
wpnp/c, with wy, and n, being the corresponding angular frequency and refractive
index of the pump beam, respectively and « is a fitting constant. The phase-
matching condition appears as a sinc function in the state of the two photons.
However, that sinc function can be approximated by a Gaussian function as in
Eq. (E20) when o = 0.455.

It is useful to write the state of the two photons given by Eq. (E20) in it’s

Schmidt decomposition, that is, [I07, O8]

W(di, ) = (i As|P)si = Y v/ Aabtian(a)u] (cs) (2.43)
a,b

where the functions u,; are the Schmidt modes and depend on the coordinate
system employed and the A,; are the corresponding Schmidt coefficients. In
cylindrical coordinates, the Schmidt modes are the LG modes introduced in sec-

tion Z22. Thus the Schmidt decomposition of Wy ; in cylindrical coordinates
[ (di, as) = U(pi, ps, @i, s)] is given by

Wi = Z Z DL = 2) VP LG (pr, i) LG (s, 05) (2.44)
f=—o00 p=0
with )
_ (A-B)
o (A2 _ BQ)Q‘ (245)

One can thus write the state of the two photons in the LG basis |/, p) as

\Il)s,i = Z Zci|evp>8| _£7p>i- (246)

f=—o00 p=0
The measurements that will be presented in the subsequent chapters are insensitive

to the radial structure of the mode. One can therefore ignore the radial index and
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write the state of the two photons in a simpler form as

(o.9]

[W)si= Y all)s| =0 (2.47)

{=—00
The OAM state space is theoretically infinite-dimensional, this means that the

state in Eq.(E42Q) is in principle an infinite-dimensional entangled state. However,

only a subset of OAM states can be generated and measured experimentally.

2.3.3 Quantum state tomography

Determining an unknown quantum state p is not a trivial exercise. It is in principle
impossible to determine the state of an unknown quantum system p if one only
has a single copy of p. This is because there is no quantum measurement which
can accurately distinguish non-orthogonal states like |0) and (|0) + [1))/+/2 [51].
Quantum state tomography is a procedure that allows one to experimentally esti-
mate the state of an unknown quantum system through repeated measurements on
copies of that system [I09,110]. Usually the state to be characterised is produced
by an experiment, one can prepare many copies of that state by repeating the
experiment. In order to uniquely identify the state, the set of measurements have
to be tomographically complete, that is, the operators measured have to form an
operator basis on the system’s Hilbert space so as to provide all the information
about the system. Thus any operator — in particular the density operator — can be
written as a linear combination of the basis operators with uniquely determined
coefficients. For example, the operators oq/v/2, 01/v2, 02/v/2, 03/v/2 form an

operator basis for a qubit where g is the identity matrix and 01,092 and o3 are
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the Pauli matrices given by

10

oy = , (2.48)
0 1
0 1]

o = , (2.49)
_1 O_
[0 i

o9 = , (2.50)
i 0
(1 0

o3 = . (2.51)
0 -1

The density matrix p of a qubit’s state can be written in terms of the matrices

above as
tr(p)oo + tr(o1p)or + tr(oep)oz + tr(osp)os
5 :

Since tr(Op) is the expectation value of the observable O, one can estimate the

p= (2.52)

value of tr(Op) by measuring the observable O a large number of times n and
computing the average of the measured quantities. The expectation values of the
three observables 01, o2 and o3 can thus be obtained with a high level of confidence
in the limit of large sample size. A good estimate of p can therefore be obtained
provided that one has a large enough sample size.

In order to measure the observables corresponding to the Pauli matrices, one
has to perform a projective measurement corresponding to the eigenstates of each
matrix. The eigenvalues of all the Pauli matrices are either 1 or -1. Let u,, and v,
be the eigenvectors associated with the eigenvalues 1 and -1 respectively for the
Pauli matrix o,, where n = 1,2 and 3. One can write the Pauli matrix o,, as the

operator
On = |un) {(Un| — |vn) (Vp]- (2.53)

Then

tr{onp} = trifun)(unlp} — tr{[on)(vnlp} (2.54)

= (un|plun) — (valplvn).
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The quantity (u,|p|u,) can be approximated by measuring the coincidence
counts corresponding to the projection operator |uy)(uy| and normalising the re-

sults by dividing by the total count rate (corresponding to tr{ogp}), that is,

count rate for projective measurement

B , 9.55
(un|plun) total count rate (25

The identity operator can be written as

Thus
tr{oop} = (unlplun) + (vnlplvn). (2.57)
Therefore, one can estimate tr{o,p} using the coincidence count rates by

count rate for u,, — count rate for v,,

tr{o = . 2.58
{onr} count rate for u,, + count rate for v,, ( )

The expansion in Eq. 2252 can be generalised to the case where one has 2 qubits

and to the case of qudits. In the case of 2 qubits, it becomes [51]

tr{on, ® omplon @ o
p= 3 om nbi%0 8 m, (2.59)

m,n

where n,m are chosen from the set 0,1,2,3. Each term in Eq. (Z59) can be
estimated by measuring observables which are products of Pauli matrices. The
tensor product of the Pauli matrices can also be written in terms of the eigenvectors

as follows

om ®@0n = ([um)(Um| — [vm) (vm|) ® (Jun)(un| — |vn) (vn])
= Jumtn) (Umtn| — [Vmtn) (Omtn] — |wmon) (Umvn| + [Vm U ) (Vm v,

(2.60)

Thus tr{om, ® onp} can be written as

tr{om®@onp} = (umun|pltmun) —(Vmun|plvmun) = (umvn|pltmon) +(vmvn| plvmuvn).-
(2.61)
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This quantity can be estimated from the coincidence count rate as was done in the

case of one qubit above. In the case where n,m = 1,2, 3, one gets

tr{o, @ opmp} =
count rate for u,u,, — count rate for v,u,, — count rate for u,v,, + count rate for v, v,

count rate for u,u,,, + count rate for v,u,, + count rate for u,v,, + count rate for v,,v,,
(2.62)

In the case of a tensor product between a Pauli matrix and the identity matrix,

one can write

00 ®@0n = (Jum)(uml + |vm)(vm|) @ (Jun) (unl — |vn){val)
= [umUn) (Umtn| + [Vmtn) (Vmtn| — [umvn) (Unvn| — [Vmvn) (VU]

(2.63)

and

tr{oo @ onp} = (umun|plumun) + (Umin|plomun) = (Umvp|plumvn) — (Vmvn|plvmvn)
count rate for u, u,, + count rate for v,u,, — count rate for w,v,, — count rate for v,,v,,

count rate for u,u,, + count rate for v,u,, + count rate for u,v,, + count rate for v, v,

(2.64)
Also,
om @00 = (|um){Um| — [vm)(Um|) @ ([un)(un| + |vn)(vnl)
= |umun><umun| - |Umun><vmun| + |Umvn><umvn| - |Umvn><vmvn|
(2.65)
and

tr{om ® oop} = (UmUn|p|umun) — (Vmtn|plvmun) + (Umvn|p|tmvn) — (Vmvnlplvmvn)
count rate for u,u,, — count rate for v, u,, + count rate for u,v,, — count rate for v,v,,

count rate for u,u,, + count rate for v,u,, + count rate for u,v,, + count rate for v, v,
(2.66)
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In the case a d—dimensional state (qudits), one can expand the density matrix

of the state in terms of the generalised Gell-Mann matrices 7;, that is

== Z tr(mp)7i, (2.67)

and in the case of n qudits, one can expand p in terms of the products of the

generalised Gell-Mann matrices as follows

. Z tr( T @ Thp)Tm @ T

5 : (2.68)

m,n

where now m, n are chosen from the set 0,1,2,---d?>—1. For d = 3, the Gell-Mann

matrices are given by

1 00 01 0 —i 0
D = 01 0], =11 00 0o 0|,
0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 —2
T3 = 0 -1 0|, ma=1]000], =100 0], (269
0 0 0 1 00 i 0 0
1 0 0 0 00 00 0
1
T6 = ﬁ 0 1 , =110 0 11|, 78={(0 0 —2
0 0 -2 01 0 0 ¢« 0

The most important drawback of the quantum state tomography is that the
reconstructed density matrix often has negative eigenvalues due to experimental
imperfections. In the present work, these negative eigenvalues are removed by
adding the absolute value of the most negative eigenvalue to the diagonal elements
of the reconstructed density matrix and renormalising the results. Furthermore,
if the error bars of the resulting eigenvalues, computed from Poisson statistics,
still pushed below zero, the mean and standard deviations of these eigenvalues are

adjusted so that they remain above zero.
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An alternative method of reconstructing the density matrix is the maximum
likelihood estimate (MLE) [I11)]. It is based on the principle that the best estimate
of the density matrix is the state that maximises the probability of the measured
data M in the presence of the constraints (for example a positive density matrix).
In other words, the best estimate p is the state that maximises the likelihood
function |11, 1]

L(p) = p(M|p). (2.70)

The MLE also has a major flaw: if due to experimental imperfection the state
reconstructed is not a physically valid state (valid density matrix), the MLE will
reconstruct that state as a pure state. For example if we consider qubits and that
experimental imperfections lead to a state that lies outside of the Bloch sphere,
the MLE will try to reconstruct the closest valid state instead and this is a state
that lies on the surface of the Bloch sphere [I12].

In fact, it was shown in Ref. [I12] that the zero eigenvalues produced by the
MLE are related to the negative eigenvalues produced by the the quantum state
tomography. That is, for a given dataset, if the quantum state tomography pro-
duces a density matrix with negative eigenvalues, then the MLE will produce a
density matrix representing a pure state. This can be a problem if one is interested

in a non-unitary evolution of the entanglement.

2.4 Optical wave in atmospheric turbulence

Refractive index fluctuations in the atmosphere are a direct consequence of the
temperature fluctuations resulting from the turbulent motion of the air due to
winds and convection. The earth’s atmosphere is a viscous fluid and can be con-
sidered to have two different states of motion: laminar flow and turbulent flow. In
laminar flow, the velocity characteristics are assumed to be uniform. In turbulent
flow, air of different temperatures mixes, so the velocity field is no longer uniform,
and it acquires randomly distributed pockets of air, called turbulent eddies . These

eddies have varying characteristic sizes and temperatures. Since the refractive in-
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dex of air depends on temperature, the atmosphere has a random refractive-index
profile. Optical turbulence is therefore the fluctuations in the index of refraction
resulting from small temperature fluctuation [86].

Even though refractive index fluctuations are small, a propagating optical wave
will pass through a series of these fluctuations. The resulting accumulated effect
on the wave is quite significant. Examples of these effects include mirage and
looming. Mirages occur on hot days when the air closer to earth surface is hotter
than that above. This causes a negative temperature gradient that bends the
light rays parallel to the earth upward resulting in the shimmering of the horizon.
Looming on the other hand occurs at night time when the temperature gradients
are positive causing light rays to bend downward. This downward bending of rays
allows one to see objects below the horizon. The effects of turbulence on the field
in this discussion assumes a scalar approach since the polarization of an optical

field does not alter by turbulence in the first order of approximation.

2.4.1 Statistical description of optical turbulence

The earlier classical descriptions of turbulence were dealing with the problem of
discovering how random velocity components are generated by laminar flow and
how they evolve once they have been created. These velocity fluctuations are given

by solutions of the Navier-Stokes equation of hydrodynamics [IT3]:

9]

—

ot
The Navier-Stokes equation is difficult to solve analytically for fully developed

(r,t) + [v(r,t) - 7] v(r,t) = v Vi v(r,t). (2.71)

turbulence. Kolmogorov developed a statistical theory of turbulence based on
physical insight and dimensional analysis [[14]. He suggested that the kinetic
energy in large eddies is transferred into smaller eddies as depicted in Fig. Z70. This
is known as the energy cascade theory and it was first introduced by Richardson
[86,15]. Richardson explained that the smaller scale motion in the atmosphere
originated as a result of larger ones. A cascade process, in which larger eddies

are broken down into smaller ones, continues down to scales in which the kinetic
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energy is dissipated as heat.

The average size of the largest eddies, Lg, is called the outer scale and the
average size of the smallest turbulent eddies, [y, is called the inner scale. At very
small scales (smaller than the inner scale) the energy dissipation caused by friction
prevents the turbulence from sustaining itself. The range of eddy sizes between

the inner and outer scales is called the inertial sub-range .

<—L0—>

@@@ @%Io

Figure 2.7: The energy cascade theory of turbulence.

Kolmogorov assumed that eddies within the inertial sub-range are statistically
homogeneous and isotropic within small regions of space, meaning that properties
like velocity and refractive index have stationary increments. This allowed him to
use dimensional analysis to determine that the average speed of turbulent eddies

v must be proportional to the cubic root of the scale size of eddies [I14]. That is,
voc /3, (2.72)

He further showed that the structure function of the wind velocity in the inertial

sub-range satisfies the 2/3 power law
Dy = ([v(x1) — v(x2)]?) = C2r*/3, Iy <r < Ly, (2.73)

where v(x) is the turbulent component of velocity at point x = z& + yy + 22,
7 = |x2 — x1| is the distance between the two observation points, and C2 is the
velocity structure constant (in unit of m*/3s=2). At small scale size (r < ly), the

structure function is given by a slightly different relation

D, =CA; Y32 0<r <l (2.74)
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There is no general description of the structure function for scale size larger than
the outer scale. This is due to the fact that the fluctuations are anisotropic in that
limit [86].

Obukov [IT6] and Corrsin [I17] independently extended Kolmogorov’s model to
statistically isotropic and homogeneous temperature fluctuations. The statistical
description of the fluctuations in the atmosphere’s refractive index is similar to that
of temperature fluctuation since the change in refractive index is directly related
to the change in temperature. Obukov [I16] further extended the Kolmogorov
model to refractive index fluctuations. He obtained the following expression for

the structure function for the refractive index fluctuations,

) 0%154/37"2 0 <r<l,
Dy (r) = ([n(x1) — n(x2)]") = (2.75)
C%T2/37 ZO <r< L07

where C? is the index-of-refraction structure constant (in units of m~2/3). The

2/3

value of C? mnear ground typically ranges from 10717 m~2/3 or less for “weak

3 or more for “strong turbulence” [86]. It is

turbulence”, up to about 10713 m=2/
reasonable to assume C2 to be constant for short time intervals, fixed propagation
distance and constant height above the ground. But that assumption is no longer

valid for vertical and slant-path propagation as C? varies with altitude.

2.4.2 Power spectra for refractive-index fluctuations

It is often necessary to have a spectral description of the refractive-index fluctua-
tions. The effect of the turbulence on an optical wave comes in the form of random
phase modulations that are continuously introduced along the propagation path.
The random phase imparted on a propagating beam is related to the refractive

index fluctuation through

Az
0(X) = k:o/ on(x) dz, (2.76)
0

where Az represents the propagation distance through the turbulence, x = =2 +

yy + 22 and X = 22 + y9.
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One can devise an experiment to obtain the power spectrum of the refractive
index fluctuation. For instance, one can measure the phase difference between the
output optical fields obtained after two parallel coherent optical beams, separated
by a certain distance, are sent through the turbulence as illustrated in Fig. 2.

Turbulent atmosphere
e L L L L
U
T

Figure 2.8: A method for measuring the phase differences between two coherent beams
propagating in a turbulent atmosphere. The phase difference is measured
with an interferometer.

x

The interference between these two beams, which gives the difference in phase

A6, can then be used to calculate the phase structure function given by

Dy(Xy —Xg) = 0(X2)]?)

\(C
[ ) )2+ (0(X2))? — 2(0(X1)0(X2))]
2[B(0) — By(X1 — X)) . (2.77)

The last expression in Eq. (EZ710) relates the phase structure function to the

phase autocorrelation function given by
Bp(X1 — Xz) = (0(X1)0(X2)) - (2.78)

Note that due to the homogeneous statistical properties of the phase functions
the phase autocorrelation function only depends on the relative coordinates. In
fact, since the phase functions are also isotropic the phase autocorrelation function
actually only depends on the magnitude of the relative coordinates. The definition
of the phase in Eq. (E278) ignores an overall constant phase related to the average

refractive index, which cancels in the interference and therefore does not contribute
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to the correlation function. So the phase autocorrelation function becomes

Az
By(Xy — Xo) = k2 // (0n(x1)on(xz)) dz1dzs, (2.79)
0

which gives a relationship between the phase autocorrelation function and the
refractive index autocorrelation function.
The refractive index structure function given in Eq. (EZ73) is related to the

refractive index autocorrelation function by [S6]

Balr) = (n(ox1)in(x2)) = Ba(0) — £ Dalr). (2.80)

According to the Wiener-Khinchin theorem, there exists a Fourier relationship
between the autocorrelation function and the power spectral density of a statistical

process [86, 18]

Bu(x) — # / / /_ Zexp[—z’k-x](bn(k)d?’k (2.81)

D, (k) = / / /_ Zexp[z’k~x]Bn(X)d3r (2.82)

For a statistically homogeneous and isotropic atmosphere, the expression giving

B, simplifies to [R6]
00 T 2w
B,(r) = / dkk?®,, (k) / dfsin 6 / dgexplikrcos¢]  (2.83)
0 0 0

B > sin(kr)
= 4rr /0 k%n(k)( " >dk:. (2.84)

By combining Eqgs. (2284) and (E=80), one gets

Dy(r) = 8 /0 h k20, (k) <1 - Smk(fr)) dk. (2.85)

The corresponding structure function can be calculated by inverting this integral

[TT3]. To invert this integral, note that

J 50 B <
5 aan(?“) —8777"/0 k° sin(kr)®,, (k)dk (2.86)
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then the inverse sine transform gives the corresponding function

O, (k) = Fﬁk?/o dr <Sink(fr>> % <r2§Dn(r)> . (2.87)

By using D,, = C%rz/g’, we obtain

&, (k) = QC2E—11/3 (2.88)
where
5 2 T
~ 2 1 (HNsin(Z) =o. . :
Q= 1oms (3)sm<3) 0.033005 (2.89)

This is known as the Kolmogorov spectrum and it is only valid over the inertial
sub-range (27/Lo < k < 27 /lp), hence it doesn’t take the effects of the inner and
outer scales into account.

There are other spectrum models that take the outer and inner scale into con-
sideration. These include the Tatarskii spectrum [[1Y], the von Karman spec-
trum [87] and the modified von Karman or von Karman Tatarskii spectrum [I20].

The Tatarskii spectrum is given by

2

5.92
" (k) = 0.033C25 B exp (—%) o Km =, (2.90)
R lo

and it takes into account the inner scale. The von Karman spectrum considers the

effect of the outer scale and it is given by

2
OVK (1) = 0.033C2(k2 + k2) "1/, kg = L—W (2.91)
0
and the von Karman Tatarskii spectrum
2
KT (1) = 0.033C2 (k% + K2) 16 exp <—,:”—2) (2.92)
m

takes into account both the inner and the outer scales.

2.4.3 Simulating atmospheric turbulence: the split-step method

The propagation of light in a source-free medium is given by the Helmholtz equa-
tion

V2E(x) 4+ n*k3 E(x) = 0, (2.93)

39



2.4. OPTICAL WAVE IN ATMOSPHERIC TURBULENCE

where E(x) is the scalar part of the electric field (assuming that the polarization
is uniform and can be factored out), kg is the wave number in vacuum. In a
turbulent atmosphere, the medium, which is represented by the refractive index

n, is inhomogeneous. One can represent such a refractive index by
n=1+dn(x), (2.94)

indicating that the average refractive index of air is taken as 1, while the fluctuation
is given by én(x).

The fluctuation is very small (dn < 1). As aresult one can express the Helmholtz
equation as

V2E(x) + K E(x) + 26n(x)kiE(x) = 0. (2.95)

We also assume that the beam propagates paraxially, which then leads to the

paraxial wave equation with the extra inhomogeneous medium term
VZg(x) — i2ko0.g(x) + 26n(x)kig(x) = 0, (2.96)

where Vr is the transverse part of the gradient operator and where, assuming that

the paraxial beam propagates in the z-direction, we defined
E(x) = g(x) exp(—ikoz). (2.97)

Thanks to the smallness of dn(x) compared to the average refractive index, the
modulation by the refractive index fluctuation separates from the free-space prop-
agation in Eq.(2Z98). This suggests that one can model the propagation through
turbulence by a repeated two-step process that alternates the modulation of the
beam by the random phase fluctuation and the propagation of the beam over a
short distance through free-space without turbulence.

The numerical technique that is based on this approach is known as the split-
step method or the phase screen method [87,88]. In this method, the atmosphere
is represented by a series of phase screens separated by a distance Az as shown in
Fig. Z9. Each phase screen contains a random phase function that represents a

layer of turbulent atmosphere with a thickness of Az.
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turbelence

Figure 2.9: Tllustration of the split-step method. The turbulent atmosphere is modelled
by a series of consecutive phase screens separated by a distance Az. The
phase of the beam is distorted as it goes through a phase screen. After each
phase screen, the beam is propagated through the distance Az where its
amplitude is distorted.

Each phase screen imparts a random phase modulation on the phase of the
optical beam passing through it. After the phase screen, the beam propagates
through free space (without turbulence) over a distance Az between consecutive
phase screens. During that propagation, the phase distortion will induce an am-
plitude distortion on the beam.

The phase function of the phase screen is expressed in terms of the refractive
index fluctuation of the medium through Eq.(EZ78). The properties of the random
fluctuations of the refractive index are determined by the properties of a turbulent
medium. Within the Kolmogorov theory, these properties are given by the power
spectral density of the refractive index fluctuations [Eq. (E282)].

One can use the expression in Eq. (Z82) to infer an expression for the random
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function of the refractive index fluctuation. Such a random function is conveniently

defined as
© e, k)] , a3k
6n(x):/// X<k)l Al } exp(—ik - x) Ok (2.98)

where x(k) is a normally distributed random complex spectral function and Ay

is its spatial coherence length in the frequency domain. The latter is inversely
proportional to the spatial extent of the refractive index fluctuation (typically
given by the outer scale of the turbulence). Since the refractive index fluctuation
dn is an asymmetric real-valued function x*(k) = x(—k). The autocorrelation

function of the random function is given by

(X(k1)X* (ko)) = (27Ag) d3(ky — ko). (2.99)

One can readily verify that Eq. (ZZ98) is consistent with Eq. (E282).
Next we substitute Eq. (ZZ98) into Eq. (E279). Using Eq. (299) to evaluate the

ensemble average and evaluating one of the three dimensional Fourier integrals we

By(r) = kg///_zq)n(kl)//oAzexp(—ikl~x1)

a3k
x exp(tk; - x2) dz1 dza (27)13, (2.100)

arrive at

where we used the symmetry of the power spectral density @, (—k) = &, (k).

If we evaluate the two z-integrals we obtain

Az 9
//0 exp [—iky(z1 — 22)] dz1 dza = ﬁ[l —cos(k,Az)]. (2.101)

Since dn < 1, the effect of the turbulent atmosphere on light propagating through
it requires a long propagation distance to become significant. This propagation
distance is much longer than the correlation distance of the turbulent medium.
Therefore one can assume that Az is much larger than this correlation distance,

which implies that the result in Eq. (EZ0) acts like a Dirac delta function. One
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can therefore substitute k, = 0 in ®,, in Eq. (Z2100) and pull ®,, out of the k.-

integral. The integral over k. then gives

/ ;2 [1 — cos(k,Az)] dk, = 2w Az. (2.102)

The resulting expression for the phase autocorrelation function is then [87,T21]

By(X1—Xg) = ((X

KA
= 9 Z// exp[—iK - (X1 — X3)]

xd, (K, 0)

(%)2 (2.103)

We now use the expression in Eq. (2103) to infer an expression for the random

phase function, similar to the way we obtained the expression for én in Eq. (298).

[dz@ (ﬂK 0)] 1/2
L[
(2m)?

The expression is

x exp(—iK - X)

(2.104)

where ¢(K) is a two-dimensional normally distributed random complex spectral

function such that

(E(K1)E (Ka)) = (27A)*02(K1 — Ko). (2.105)
One can now verify that Eq. (2Z104) is consistent with Eq. (2103).

For a real-valued, asymmetric phase function £*(K) = £(—K), however, in the
numerical simulation one normally uses a completely asymmetric two-dimensional
random complex function & (K), which implies that the resulting phase function is
complex [87, T21]

1/2
01(X) + i09(X) = % <Z—§) F {5(K)<1>n(K,0)1/2}, (2.106)

where F~! represents a two-dimensional inverse Fourier transform. This simply

means that with one calculation two random phase functions are generated for
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two respective phase screens, having transmission functions ¢; = exp(if;) and

to = exp(ifz), respectively.
2.4.4 Previous theoretical studies

In the subsequent chapters, the results obtained will be compared with two the-
oretical studies predicting the evolution of OAM entanglement in atmospheric
turbulence: the theory making used of the single phase screen approximation [41]

presented by Smith and Raymer in [84] and the infinitesimal propagation equation
(IPE) derived in [90]

2.4.5 The single phase screen approximation

The single phase screen approximation assumes that the overall effect of the turbu-
lent medium can be represented by a single phase distortion on the beam followed

by a free-space propagation [A1] as illustrated in Fig. E10.
L

Figure 2.10: Illustration of the single phase screen approximation. A turbulence layer
of thickness L is replace with a single phase screen followed by a free-space
propagation over the distance L.
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If a photon is in the mode ¢(r) = (x|¢) = R(r)exp(ifh) initially, and if we
assume that the overall effect of the turbulence is a phase distortion [41], then the

mode after propagation in turbulence is
U(r,0) = (x|0)° = R(r) exp(ilh) explig(r, 0)]. (2.107)

where R(r) is the radial profile of the mode, which we assume is the p = 0 LG
mode. In what follows higher order ps are neglected. The overlap coefficient aﬁl
between the state |m) and the state of the photon |¢) after it has propagated
through turbulence is given by

at, = (m|e)o™
= // R*(r) exp(—im0)R(r) exp(il0) explid(r, 0)]rdrdd
= // R*(r,z)R(r, z) exp[i({ — m)0] explio(r,0)]rdrdd.  (2.108)

Also, the overlap coefficient a? between the state |n) and the state of the photon

lo) after it has propagated through turbulence is given by

out

So

= //R* ) exp(—ind) R(r) exp(iof) expli¢(r, 0)|rdrdd

= // R*(r)R(r) exp[i(o — n)0] explip(r, §)]rdrd. (2.109)

Let considers two qubits that are represented by photons entangled in their OAM
mode propagating in turbulence. In order to calculate the elements of the density
matrix describing the state of the qubits, one has to calculate the quantity (a2 a’,),

where (-) represents the ensemble average. That quantity is given by

ool //// PR ()R (1) R(F) expli(f — m)0 — (0 — n)?]

x expli(o(r,0) — ¢(r', 0"))|rdrr’dr’'dode’ (2.110)
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%l ) //// ) R*(r'YR*(r)R(r") expli({ — m)f — (0 — n)d']

x {expli(¢(r,0) — o(r',0))yrdrr’dr'dods’  (2.111)

and

where [R6]

(expli(p(r,0) — ¢(r',0)]) = exp[—1/2((¢(r,0) — d(r',0"))?)]
5/3
] . (2.112)

In order to solve Eq. EZIT0, Smith et al used of the quadratic approximation

r—r

7o

of the structure function [85] in the calculation of the phase correlation function.

That is, they used 5/3 ~ 2 in Eq. ZZIT2. The expression becomes

2
(expli(6(r,0) — 6", O]} = exp [—6‘88@]

2 U
= exp l 6. 88(r + 1% — 217 cos(f — 9'))] :
27“0

(2.113)

By substituting Eq. 113 in Eq. 27110, we get

] [ romemene) i - mo - o - we
6

_828(7“2 + 72— 21’ cos(f — 9’))] rdrr’dr’d6de’.

X exp l—
r
0

(2.114)

Let o« = 888 and 0 = AO+ 6, ¢ —m = Al; and 0o — n = Aly. Then

2

2w
(ao*a£> = // // PV R* ()R (r )R(r/>ez’[(A£1—A£2)9’+A£1A0]

—a r24r’? 2arr COSAQTdTT”dT’dA@dQI

= 2m3(ALy — Aly) // /%R* VRB*(r')R(r)R(r")

(r 242 A&A@ 2arr’ COSAG’FdTT/dT dAG. (2‘115)
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The delta function in the previous expression implies that this integral is non-zero

only when Al; = Als. Let Al = Aly = Al. If we make use of the identities:

[0.@]
oiBcosd _ Z e J,(8) and  Jy,(iz) = i"I,(x), (2.116)
n—=—oo
we get
o0
e2o¢rr’ cos A _ Z efinAGIn(Qamﬁ/). (2.117)
n=—o0
Thus

O dy = on o AR (PVR(F R(r o= +)

(2.118)

The A# integral is non-zero only when n = A/ in which case it is equal to 2.

Thus
(aal) = 4r? // R*(r)R*(r"YR(r)R(r")

—a(rtr’ )]Ag(ZozTr yrdrr'dr’. (2.119)

The radial integrals can now be evaluated by substituting the radial profile of the

LG mode.

2.4.6 The IPE

The IPE is a first order differential equation describing the elements of the density
matrix representing the state of two photons entangled in the OAM mode as they
evolve in turbulence. It was derived by treating the distortion that an OAM state
experiences due to propagation through a thin sheet of turbulent atmosphere as
an infinitesimal transformation. It is thus based on multiple phase screens. Con-
sequently, it is not limited to the weak fluctuation regime. Consider two photons

entangled in the OAM mode propagating in a turbulent atmosphere. Let p(z) be
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the density matrix describing the state of the two photons at a propagation dis-
tance z and let dU represent the operator for an infinitesimal propagation through

the infinitesimal distance dz in turbulence. Then one can write
p(z 4 dz) = dUp(z)dUT. (2.120)

Because of the randomness of the medium, one has to compute an ensemble average

of the density matrix in order to get a meaningful description of the system. Thus

N
oz + dz) = (dUp(=)dUT) = % S dUp(z)dU] (2.121)

where the subscript s represents a particular instance of the turbulent medium.
The propagation over a full path z is then performed by repeatedly applying dU.
Therefore the operator dU has to take into account the free-space propagation
after the phase modulation.

The equation of motion describing a paraxial optical wave propagating in tur-

bulence is given by
V2g(x) — 2ikod.g(x) + 2kEon(x)g(x) = 0, (2.122)

where g(x) is the scalar electromagnetic field, kg is the wave number and dn(x)
is the refractive index fluctuation. In deriving the previous expression, it was
assumed that dn(x) < (n) ~ 1. The statistical properties of the refractive index
fluctuation are fully captured by the power spectral density which is a function of

the coordinate vector in the Fourier domain. The Fourier transform of Eq. 22122

is given by
—|K|?G(K, z) — 2iko0.G(K, 2) + 2k3N (K, 2) x G(K, z) = 0, (2.123)
or '
9,G(K, z) = £|K12G(K, 2) —ikoN(K, 2) * G(K, 2), (2.124)
0

where x denotes a convolution, K = £k, + k,¢ is the two-dimensional transverse

Fourier domain coordinate vector, G(K, z) and N(K, z) are the two-dimensional
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transverse Fourier transforms of the optical field and the refractive index fluctua-
tions respectively. The density matrix representing the state of the two photons

can be written in the OAM basis as

p="2_ Imalp)Bomnpainlatals, (2.125)

m7n7p7q

where |m) and (n| are the ket and and bra basis vectors for the photon in path
A, and |p) and (¢| are the ket and and bra basis vectors for the photon in path
B. Each of these basis vectors can be written in terms of the momentum basis
elements. That is
Im) = /G’m(K,z)\K>dQ—k (2.126)
(27)?

where |K) represents the two-dimensional momentum basis element and G, (K, z) =
(K|m). By substituting Eqs.(Z128) and (E124) into (Z123) and after some alge-
bra, one derives the IPE which is a partial differential equation giving the evolution
of the density matrix elements as a function of the propagation distance.

In the case where only one of the two photons propagates in turbulence while

the other is left undisturbed, the IPE is given by [90]

8zpmnpq = i(mepxnpq - mepqpxn + Ppmpmnmq - pmnpxpmq)

+Amnayprypg — ATPmnpg, (2.127)

and in the case where both photons propagate through uncorrelated turbulence,

it is given by

8zpmn]oq = i(Pmmpwnpq - pm:cpqpmn + Ppmpmnmq - pmnp:cpacq)
+AmnayPrypq + MpgeyPmnay — 2A7 Prmnpg- (2.128)
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In this expressions,

Pop(z) = / K12GE (K. )Gy (K, 2) (gi’;, (2.129)
Awmpa = K2 / Wiy (K, 2) 00 (K, 0) ((2172:;2 (2.130)
Win(K,2) = / m((K'+ K, 2))G: (K, )(‘;k); (2.131)
Ar = k:%/d)o(K,O)(le;. (2.132)

where ®( is the power spectral density of the refractive index fluctuations.

2.5 Summary

In this chapter, the basic concepts that will be used in the following chapters
where reviewed. We have discussed the OAM state of light both in the classical
and in the quantum regimes. Quantum entanglement and related key concepts
were introduced and the non-linear optical process of spontaneous parametric
down-conversion, which is a process that produces entangled photon pairs was
also discussed. We have also discussed some of the key concepts related to the
propagation of optical waves in atmospheric turbulence and we presented some
previous theoretical work on the evolution of OAM entanglement in turbulence.
In the next two chapters, we present our studies of the evolution of OAM entan-
glement in turbulence and we compare our results with the previous theoretical

studies presented here.
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Chapter

Numerical simulation of the decay of
OAM entanglement in turbulence

3.1 Introduction

In recent years, numerical simulation has become a very important and successful
approach for solving complex problems and to gain more insight into scientific
phenomena. In this chapter, we present a numerical simulation to study the decay
of quantum entanglement between a pair of qubits due to atmospheric turbulence.
The qubits are photons entangled in their orbital angular momentum (OAM) mode
and the concurrence [122] is used as the entanglement measure. Although some
work has in the past been done on the effect of atmospheric turbulence on entan-
gled OAM states [[79,84, 23], the authors assumed that the overall effect of the
turbulence over the propagation path can be modelled by a single phase distortion
on the beam [A1]. This is the single phase screen approximation that was discussed
in section Z473. Here, we consider two different cases. In the first case, we use
the single phase screen approximation, that is we model the turbulent atmosphere
by a single phase screen based on the Kolmogorov theory of turbulence. We then
compare our results with those obtained by Smith and Raymer [84] where the
single phase screen approximation was used to obtain an analytical expression for
the evolution of the OAM entanglement in turbulence. In the second case, we sim-

ulate the atmosphere with a series of consecutive phase screens and we compare
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our results to those obtained by Roux [90] where a multiple phase screen approach
was used.

This chapter is organized as follows. In Section BZ, the numerical method is
presented where we describe the simulation process and its validity. The numerical
results are presented in Section BZ3 where we first discuss the case where the
turbulent atmosphere is modelled by a single phase screen (B=3) followed by
our discussion of the case where we used the multiple phase screen to simulate
turbulence (BZ32). We end with some conclusions in Section B.

The results presented in this chapter were obtained by the author with input
and guidance from Dr. Filippus S. Roux and Prof. Thomas Konrad.

3.2 Numerical simulation

3.2.1 Generating random phase screen

The random phase screens used to simulate the turbulent atmosphere are calcu-

lated as described in Section 2473 | and are given by
: k _
Or(a,y) + o) = 3-(2m8) 2F 1 (b, ) ke K, 01} (3

where F! is the two-dimensional inverse Fourier transform, x(ks, ky) is a zero-
mean normally distributed random complex function and Ay is the spacing be-
tween samples in the frequency domain. The square root of the power spectral
density of the phase function gives the envelope of the Fourier transform of the
random phase function on a phase screen. The randomness is added by multi-
plying this envelope by a normally distributed random complex function with a
zero mean X (kz, ky). The Kolmogorov spectrum of the refractive index fluctuation
that was introduced in Section B4 [Eq.(E288)] is used. It is repeated here for
convenience:

&, (k) = 0.033C2E~11/3 (3.2)

where C2 is the refractive-index structure constant. An example of such a phase

screen is given in Fig. (B).
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Figure 3.1: A graphical representation of a random phase screen. The phase value is
given by the grey scale.

The free-space propagation is done by first computing the angular spectrum
G(kz, ky), using a two-dimensional Fourier transform of the beam profile at a

specific value of z (say z = 0)

where F denotes the two-dimensional Fourier transform. Then we multiply the
angular spectrum by a phase function that represents the change in phase for each
plane wave after propagating a distance Az. Finally, the beam is reconstructed at

z = Az by taking the inverse Fourier transform

g(z,y, A2) = FHG (ky, ky) exp[—iAzk, (ky, k)] }, (3.4)

where k;(kg, ky) = (k:% —k; — ’fZ) v

3.2.2 Accuracy of the phase screens

One can ask the following question: does the phase screen generated as described
above truly simulate atmospheric turbulence? A series of tests can be performed to
answer that question. The first test we perform is the calculation of the structure

function of the phase screens.
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The structure function of the phase screens

One way to check if the phase screens simulate the turbulent atmosphere accurately
is to calculate the structure function for a sample of these phase screens and
compare it to the analytical expression of the phase structure function. For a
plane wave source in Kolmogorov turbulence, the phase structure function in the
inertial sub-range is given by [86, 113, 24]
-\ 573

Dy(r) = 6.88 (%> , (3.5)
where rg is the Fried parameter given in Eq. (B=ZI) [78], which is a measure of
the atmospheric coherence length. Figure B shows a slice of the phase structure

100

Theory

--------- Simulation

D(r)

Figure 3.2: A comparison of the structure function of the phase screens with the analyt-
ical expression of the structure function.

function calculated from a 100 phase screens obtained from Eq. BTl It is clear
from the figure that the calculated phase screens do not have the same statistics
as the turbulent atmosphere specially at large r values, which correspond to low
spatial frequencies. To understand why this is the case, it should be noted that

the power spectrum given in Eq.(B2) is a spike centred around the origin of the
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spatial frequencies (almost like a Dirac delta function) as depicted in Fig. B=3.
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Figure 3.3: The shape of the two dimensional Kolmogorov power spectral density with
C2=10"1.

This means that most of the power is in the low frequencies. The calculated
phase screens do not have the correct statistics because these low frequencies were
not sampled well enough. Several solutions to this problem have been proposed in
the literature, the solution that will be used here is the “addition of sub-harmonic
samples” proposed by Lane et al in Ref. [T25].

The addition of sub-harmonic samples consists of generating additional random
frequencies around the origin, as shown in Fig. B4, and adding the effects of these
low frequencies to the simple sampled frequencies. For the first sub-harmonics
samples, the (0,0) point in the frequency space is replaced by 9 points [the (0,0)
point and 8 additional points around it]. For the second sub-harmonic samples,
the (0, 0) of the first sub-harmonic sample is replace by an additional 9 points.
This process is repeated until the desired statistics are obtained. The phase cor-

responding to the sub-harmonics is given by

Ny 1 1

QSH (x7 y) = Z Z Z X(kwn,p7 kym,p) q)(kwn,p7 kxm,p) eXp[i<k$n,px + kym,py)]7

p=1 n=—1m=-1
(3.6)
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Figure 3.4: The addition of sub-harmonic samples.

where p corresponds to different levels of sub-harmonics. Figure B shows the
structure function of the phase screen with different degrees of sub-harmonics. It
is clear that the more sub-harmonics we add, the more low frequencies we sample.
As a result, the calculated phase screen represents the statistics of the turbulent
atmosphere more accurately.

Unfortunately, adding more sub-harmonics also slows down the simulation pro-
cess. However, it was observed that phase screens calculated with the third sub-
harmonics were good enough for the simulations that will be considered here. This
is because results obtained with the third sub-harmonics were similar to those ob-

tained with higher-order of sub-harmonics

The scintillation index

Another cross check one can do is to calculate the scintillation index for a Gaussian
beam propagating through simulated turbulence and compare it with its analytical

expression. The scintillation index is the normalised variance of the intensity
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D(r)

r/rO

Figure 3.5: A comparison of the structure function of the phase screens with the analyt-
ical expression of the structure function. As we add the sub-harmonics, the
structure function of the phase screens approaches the analytical expression.

fluctuation. It is defined as [86]

(1?) — (1)?

T (3.7)

o7 =

The longitudinal component of the scintillation index of a collimated beam is given
on page 356 of Ref. [Rf].

In this work, we will model the turbulent atmosphere in two different ways. We
will first simulate the atmosphere with a single phase screen, this is known as the
“single phase screen approximation” [see section E4H|. Tt assumes that the overall
effect of the turbulent medium on the propagating beam is a phase distortion only.
This approximation is usually made when simulating weak turbulence. However,
as stated in the previous chapters, the single phase screen approximation is only
valid in weak scintillation. To have a better model of the turbulent atmosphere,
we will use a multiple phase screen approach. That is, we model the turbulent
atmosphere with a series of consecutive phase screens as described in section 22473.

It is also important to distinguish between the weak and strong fluctuation
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Figure 3.6: The scintillation index against the square root of the Rytov variance 0'%2 =
1.23C2E7/6,11/6,

regimes. These are characterised by the Rytov variance given by
0% = 1.23C27/6,11/6, (3.8)

For plane waves, strong scintillation is said to exist when ¢% > 1 [86] and for
Gaussian beams it exists when % > (t + 1/t)5/6 [126], where t = z/zp is the
normalised propagation distance with zg = ng /A being the Rayleigh range.
Figure B shows the plot of the scintillation index. The curve of the scintilla-
tion index obtained with single phase screen approximation agrees well with the
theoretical curve in the weak fluctuations regime but deviates from it in the strong
fluctuation regime. This supports the fact that the single phase screen approx-
imation is only valid in the weak fluctuation regime. In the strong fluctuation
regime, the scintillation index calculated from the multiple phase screens agrees

better with the theory.
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3.2. NUMERICAL SIMULATION

3.2.3 Decoherence process

The simulated system is shown in Fig B7, where the source produces a pair of
photons that are entangled in terms of the OAM basis. This is achieved through
spontaneous parametric down-conversion (SPDC) as discussed in Section P23
The two photons then both propagate through turbulent media, after which they
are analysed in detectors. The detectors perform a state tomography (see sec-
tion 2233) to determine the density matrix of the quantum state after the propa-

gation through turbulence.

OAM —> AZ| a—
entanglement
Detector source Detector

R TR B A 4 B s
M tr -

Phase screens simulating
a turbulent atmosphere

Figure 3.7: The source generates two photons that are entangled in OAM. Each photon
is then sent through a turbulent atmosphere (modelled by a series of phase
screens) toward a detector.

The initial state that the source in Fig. B71 generates is assumed to be the Bell

state

vy = % 100 al = 005 + | — 0 410)5). (3.9)

The subscripts A and B are used to label the two different paths of the two photons
through turbulence.

When a photon with a given OAM mode propagates through turbulence, the
distortions cause the photon to become a superposition of many OAM modes. In

other words, any particular OAM state of the photon is scattered into a multitude
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of OAM states. This can be seen in Fig. BR, where we plot the probability of

0.4 —
1 M (a) (b)
0.8 | 0.3
2
= 0.6
s 0.2
Ke)
0.4
a
0.1
0.2
0 T T T T T T T T T T 0 T T T T T T T T T T
5 4 3 -2 -1 0 1 2 3 4 5 5 -4 -3 -2 -1 0 1 2 3 4 5

Azimuthal index

Figure 3.8: The scattering of OAM mode in atmospheric turbulence when a Gaussian
beam (£ = 0) propagates for 10 km in strong turbulence (C2 = 10~ 3m~%/3).
Before propagation, only the mode with ¢ = 0 is present (a). After propaga-
tion, the initial mode is scattered into neighbouring modes (b).

measuring the different modes after a Gaussian beam (with ¢ = 0) propagates for
10 km in strong turbulence (C2 = 10~ 13m~2/3).

We only considered qubits in the results that will be presented in this chapter
from this point on. Therefore, when we compute any density matrix, we extract
only the information contained in the modes with ¢ and —¢. Hence, we exclude all
other modes in the expression of the density matrix.

The state of photon A or B changes as follows after propagating over a distance

of Az through turbulence:

104 — aldlla+ag| —Ll)a
| =0Oa — bell)a+by|—E)a
O — cldl)p+col —0)B
|—Op — dy|l)p+d_y| —0)p, (3.10)

where ay, a_y, etc. are the complex coefficients in the expansion of the distorted
state in terms of the OAM basis. In other words, ay = (¢|oAUn,|0) 4, a_py =
(=] AU, |?) 4, and so forth where the unitary operator Up , represents propagation

through turbulence over a distance of Az. That is, one can express the distorted
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3.2. NUMERICAL SIMULATION

state after propagation by [¥') = Ua,| V).
After propagating through turbulence, the initial state in Eq. (89) will be trans-
formed into
[T) = [©) = C1|0)alO)p + Cal)al = O)p
+C03| = 0 all) B + Cua| = ) 4| — O) B, (3.11)

where

1

Ci = —(apdy + bpcy)

1 \/5( edy + bycy)
1

Cy = — (agd_p+ byc_y),

> \/5( ed_g + bec_y)

Cy — %(a_gdg—l—b_gc@), (3.12)
1

Cy = —(a_pd_y+b_yc_y).

&

Note that, since only a restricted set of basis elements are retained, the trans-
formation in Eq. (B7I) is not unitary (|¥)°“ # Ua,|¥)). The transformed state

out

after the propagation |W)°* is however still a pure state, since it is obtained for a
specific instance of the turbulent medium (or, in the case of the numerical simu-
lation, for specific phase functions on the phase screens). Because we do not have
detailed knowledge of the medium, one needs to compute the ensemble average of
the density matrix over all possible (or a representative set of) instances of the
medium (or of the phase functions). The resulting density matrix is that of a mixed
state. This mixture can be seen as the result of ‘tracing over the environment.’
The mean density matrix is then given by

N
S -

T { T wa

where |¥,,) is the state of the qubit after the photons propagate through the n'*

phase screen (the n'” realization of the turbulent medium).
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The concurrence, which is used as a measure of entanglement [122], is given by

Clp) = max{0, /A1 = VAo = /A5 — v/}, (3.14)

where \; are the eigenvalues, in decreasing order, of the Hermitian matrix
R = ploy @ oy)p*(oy @ ay), (3.15)

with * representing the complex conjugate and o, being the Pauli y-matrix
oy =1 ) (3.16)

To simulate the propagation of an entangled quantum state one needs to propa-
gate each of the separate components that make up the state. For the Bell state in
Eq. (B3), this implies two optical fields for each of the propagation paths. Hence,
four propagation simulations for each run. The four input optical fields are pro-
duced as 256 x 256 arrays of samples of the complex function that represents the
mode in the input plane of the system. The complex function for the modes are
given in Eq. (2227), where we set ¢ = +¢, p = 0 and z = 0. We consider the differ-
ent cases where ¢ = 1,3,5 and 7. In the simulation, we first multiply the optical
fields with the transmission function representing the random phase computed in
Eq. (Z108). Then the resulting fields are propagated through free-space over a
distance of Az.

After each free-space propagation step the density matrix of the resulting quan-
tum states is determined by extracting the coefficients of the different modes from
the four fields at that point and combining these coefficients into the expression
for the states according to Eq. (B).

One such run gives a sequence of pure states that represents the evolution of the
quantum state of the pair of photons as it propagated through a specific simulated
turbulent atmosphere. We performed a number (N = 1000) of such runs for N
different simulated turbulent atmospheres to obtain N different evolutions of the

quantum state. These N runs are used to perform ensemble averaging for each
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of the elements in the evolution sequence, as expressed in Eq. (BL3), to obtain a
sequence of density matrices that represent the evolution of the bi-photon state
from an initial pure state to the mixed quantum state that one would observe at

a particular point along the propagation path.

3.2.4 Validity of the simulation

Detector ‘ ‘ ‘ Detector

O

Figure 3.9: The single channel I ® $ in Eq. BI2. Two photons are generated and only
one of the two photons propagates in turbulence.

We validate our simulation scheme with the formula derived by Konrad et al.
[T27] stating that the entanglement reduction under a one-sided noisy channel is
independent of the initial state and completely determined by the channel’s action

on a maximally entangled state. More explicitly,

ClI@8)poxll =l @) )T C(]x)), (3.17)

where |U) is a Bell state like in Eq. (B9), I ®$ is a one sided noisy channel, x is a
partially entangled pure state and C represents the concurrence [122] which is an
entanglement measure. The one sided channel in our case corresponds to propa-
gating only one of the two photons through turbulence as illustrated in Fig B9.
The two sides of Eq. (B11) are compared in Fig. B0 where we plot the evolution
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Figure 3.10: Plot ~ of = the  concurrences C[(I ®$)|x)(x|] (partial) and
C(I®%)|P)(¥|]C(]x)) ( Bell) against the scintillation strength.

of the entanglement of a partially entangled pure state

) = %|€>A| ~Op+ \/% —0)alt) 3, (3.18)

and the entanglement of the Bell state (multiplied by the initial entanglement of
|x)), both evolving in the single sided channel in Fig. B9. It is clear that the
entanglement of the Bell state multiplied by the initial entanglement of the |y) is
consistent with the entanglement of the |y) as it evolved through the one sided

channel.
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Figure 3.11: C'[(I ® $)|x)(x|] against C|x) for 8 different initial states. Each initial state
was averaged over 500 realisations of the turbulent medium. The error bars
represent the dispersion of each run from the mean. The solid line is the
best fitted line through the points.

Furthermore, if one chooses a fixed propagation distance, and measures the en-
tanglement of a number of partially entangled pure states after they propagate in
the single sided channel, one will find that the measured entanglement is linearly re-
lated to the initial entanglement. This is shown in Fig. BT where C' [(I ® $)|x) (x|]
is plotted against C|x) for 8 different initial states

X = \/%|q>A|q->B /1= 2 ldala)s. (319

for n = 3,4,5,---10. Each initial state was averaged over 500 realisations of the
turbulent medium.

Based on the results presented so far, one can conclude that it is reasonable to
use the numerical scheme presented to study the evolution of OAM entanglement

in the atmosphere. The results obtained are presented in the following section.
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3.3 Results

3.3.1 OAM entanglement through turbulence simulated by a single phase
screen

Smith and Raymer (S&R) [84] analytically calculated the curves for the evolution
of OAM entanglement between two qubits in turbulence. Their result is based on
the Paterson model [A1], using the single phase screen approximation as discussed
in section ZZ475. In order to compare our results with theirs, we simulate the
atmospheric turbulence with a single phase screen in this section. We further
consider two scenarios: in the first, only one of the photons is propagated through
turbulence while the other is left undisturbed; on in the second both photons are
propagated through turbulence.

Figure BTT2 shows the plots of the concurrence against the scintillation strength
for both the numerical simulation and the S&R theory and for |¢|—values 1,3,5
and 7 when one of the photons propagates in turbulence. Figure B3 shows the
same plots for the case where both photons propagate through turbulence. The

scintillation strength is represented by

3/5
wo C?z
— = 5.4054 —n- 2
o 5.405 wo()\2> , (3.20)
where
)\2 3/5
ro = 0.185 (@) (3.21)
n

is the Fried parameter [/8]. The quantity wg/r¢o depends on both the propagation
distance z and the refractive-index structure constant C2 which is a measure of
the strength of the refractive-index inhomogeneities. It is thus a measure of the
scintillation strength.

The numerical results are consistent with the S&R theory. However, as the value
of |¢| increases, the numerical results deviate slightly from the S&R theory. This is
more visible in the case where both photons propagate through turbulence. This
might be due to the fact that the S&R theory makes use of the quadratic approx-

imation of the structure function [85] in the calculation of the phase correlation

66



3.3. RESULTS

(O] (O]
(&) (&)
[ C
(O] (O]
= =
> >
O O
[ [
(@] (@]
@) &
1 1
le| =5

o 08" S&R 0.8
3] e NS 3
T 0.6- 5 o.
= =
8 S
Q0.4 9o
8 o

0.2 - T O,

0 : : : )
0 1 3 4 0 1 3 4

2 2
WO/rO Wo/ro

Figure 3.12: The concurrence plotted against the scintillation strength (wg/r) when one
of the two photons propagates in turbulence. In (a) |¢| = 1, in (b) |[¢| = 3,
in (¢) /] = 5 and in (d) |¢| = 7. In the legend, S&R: theoretical curve
derived by Smith and Raymer in [84] and NS: Numerical data points. The
error bars are calculated as discussed in appendix A.

function (see section E4H). In other words, instead of using Eq. B3 as the phase

structure function, they used

2
puad _ (1) 3.99
o <r0 (3.22)

This approximation simplifies the calculations, but it tends to over-estimate the

concurrence as the value of |¢| increases.
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Figure 3.13: The concurrence plotted against the scintillation strength (wg/r9) when
both photons propagate through turbulence. In (a) [¢| = 1, in (b) |¢| = 3,
in (¢) /| = 5 and in (d) |¢| = 7. In the legend, S&R: theoretical curve
derived by Smith and Raymer in [84] and NS: Numerical data points.
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Figure 3.14: The concurrence (a) and the trace of the density matrix before normalisation
(b) plotted against the scintillation strength (wg/rg) for different values of
¢ when both photons propagate in turbulence.
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We observe in Fig. BT2 and B3 that both the S&R theory and the numerical
results predict that the concurrence takes longer to decay for higher values of |¢].
This is more clearly seen in Fig. BI4 (a) where we plot the curves corresponding
to the different values of |¢| on the same graph. This suggests that modes with
higher |¢|-values are more robust in turbulence and could thus give an advantage
in a free-space quantum communication system. On the other hand, the plots
of the trace [Fig. B4 (b)] show that the trace decays to zero quicker for higher
|¢|-values. This suggests that for higher |¢|-values the scattering into other modes

happens more rapidly. The same behaviour was observed in [84,80].

Scale at which entanglement decays

The S&R theory predicts that the concurrence lasts longer for higher values of |¢|,
and that the spacing between adjacent curves decreases as |¢| increases. This is
also true for the numerical simulation and can be seen in Fig. BIT3 where we plot
the S&R theory and the numerical results against the scintillation strength on a
logarithmic scale. The fact that the concurrence survives longer for higher |¢|-
values suggests that the scale of entanglement decay will occur around a different
point for larger values of ¢: the scale at which decoherence occurs depends on the
value of /.

To find that ¢ dependence, we use the S&R theory to locate the values of wp /7
where the concurrence is equal to 0.5 for the different |¢|-values considered. The
result obtained is shown in Fig. B8 where the wp/rg values are plotted against
the corresponding values of ¢ on a logarithmic scale.

We find wo/r9 = 1.35v/¢ in the single photon case and wg/ro = 1.03v/7 in the
two photon case. Thus in both cases the entanglement decay happens within an
order of magnitude around the point where wg/rg &~ V/{. By using the expression
of the Fried parameter [Eq.(B72D)], we find that the distance scale at which OAM

entanglement decays as a function of ¢ is

0.06\2¢5/6

Laec({) =
ec wé)/gCTQL

(3.23)
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Figure 3.15: The concurrence plotted against the scintillation strength wg /7o for the S&R
theory and the numerical results in the single photon case [(a) and (b)] and
in the two-photon case [(c) and (d)]. The horizontal axis is plotted on a
logarithmic scale.

Thus for a practical free-space quantum communication system using OAM modes
as qubits, the distance between repeaters should be shorter than Lge.(¢). For
example, if one would send OAM entangled photons in a beam with wy = 10 c¢m, a
wavelength of A = 1550 nm, on a horizontal path in moderate turbulence conditions
(C2=10"1 m~2/ 3), the entanglement between the photons will decay around the

distances shown in Table B for the different values of /.

14 1 3 ) 7
Lgee(km) 6.7 16.7 256 33.7

Table 3.1: Distance scale at which entanglement decays for OAM entangled photons in
a beam with wy = 10 cm, a wavelength of A = 1550 nm, on a horizontal path
in moderate turbulence (C2 = 1071 m~%/3).
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Figure 3.16: The scintillation strength plotted against ¢ on a logarithmic scale for both
the single photon case (diamond dots) and the two-photon case (circular
dots). The equation of the fitted lines are log (wg/ro) = 0.51log(¢) + 0.1303
in the single photon case and log (wy/ro) = 0.5log(¢) + 0.01284 in the two
photon case.

We notice in Table B that the distance scale at which entanglement decays is
relatively short even in moderate turbulence. This suggests that the OAM state of
light might not be suitable for long distance free-space quantum communication.
One can try to increase that distance by using a smaller beam radius, but that
would increase beam divergence, which in turn reduces the received power for a
given receiver aperture. The entanglement decay distance can also be increased

by using adaptive optics.

3.3.2 OAM entanglement through turbulence simulated by multiple phase
screens

The single phase screen approximation limits the validity of the predictions in

the previous Section to the weak fluctuations regime. In order to simulate the

turbulent atmosphere accurately, one needs to use a multitude of phase screens

as described in Section ZZ473. Here, we simulate the turbulent atmosphere with a

series of consecutive phase screens. The distance between adjacent phase screens

correspond to an increment of 0.2 in the value of (wg/rg)®® and both photons
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propagate through turbulence. We use increments of (wg/r)%/3

instead of wq/rg
because this quantity is linear with the total propagation z. This allows us to
have a fixed distance Az between the phase screens. The numerical results will
be compared with the infinitesimal propagation equation (IPE) derived in [90]
(discussed in section 2-41).

The IPE is a first order differential equation describing the evolution of OAM
entanglement in turbulence. It was derived by treating the distortion that an OAM
state experiences due to propagation through a thin sheet of turbulent atmosphere
as an infinitesimal transformation. It is thus based on multiple phase screens and
predicts the evolution of entanglement even in the strong fluctuation regime.

In the weak fluctuation regime, both the single phase screen and the multiple

phase screens should return the same results as shown in Fig. BT

1
le| =1

) 0.8 A * Multi phase
8 [ | Single phase
© 0.6 1
30.4 -
c
@)
0O 0.2 -

O 1 I i

0 50 100 150 200

Propagation distance (km)

Figure 3.17: The concurrence plotted against the propagation distance for both the single
phase screen and multiple phase screens in the weak scintillation regime.

As we increase the fluctuation strength, we expect a difference in the predictions

made by the single and multiple phase-screens methods.
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Figure 3.18: The concurrence plotted against the scintillation strength (wp/rg) for mul-
tiple phase screens in the moderate fluctuation regime.

Figure BT8 shows the evolution of the concurrence against the scintillation
strength in moderate fluctuations (0% ~ 0.1 when the concurrence reaches 0)
for the multiple phase screens. Already in this regime, the evolution of the concur-
rence is different to what was found with the single phase screen approximation in
the weak fluctuation regime. For instance, it was observed in the weak fluctuation
regime that the concurrence lasts longer for higher values of |¢|, here, we see that
the concurrence decays to zero around the same value of wg/rg. This suggests
that in the moderate to strong fluctuation regime, the evolution of the concur-
rence can no longer be characterised by a single dimensionless parameter (wq /)
like in the weak-fluctuation regime. This confirms what was reported in Ref. [90]
that the evolution of concurrence requires at least two parameter: the normalized

propagation distance

z ZA
t=-— =" 3.24
ZR 7rw2 ( )
which is independent of the turbulent strength, and another parameter
ngll/i’)ﬂ_g
K= % (3.25)

which is independent of the propagation distance. The dimensionless parameters

wo/ro and K are just two possible ways of combining the dimension-carrying
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parameters. The parameters wg/rg, K and ¢ are related by

Y0 _ 1.37K3/53/5, (3.26)
To

log(K) wy [m] C2 7] A [um

1.5 0.2 9.7-10716 1400
2 0.05 3.2-1071 1190
2.5 0.1 5.0-10715 481
3 0.05 1.0-107'2 807.2
3.5 0.1 9.7-10714 600
4 0.1 5.0-10712  1494.8
4.5 0.1 9.7-10713 600
5 0.5 9.7-1071%  618.7

Table 3.2: Parameters used for the plots in Fig. BT9, B20, B0 and B2
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Figure 3.19: The concurrence plotted against wg/ro (a) and against ¢ (b) for £ = 1 and
for different values of S = log;((K) in the multiple phase screen method.
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Figure 3.20: The concurrence against wgy/ro (a) and against ¢ (b) for £ = 3 and for
different values of S = log;((/K) in the multiple phase screen method.
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Figure 3.21: The concurrence plotted against wp/ro (a) and against ¢ (b) for £ = 5 and
for different values of S = log;(K) in the multiple phase screen method.
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Figure 3.22: The concurrence plotted against wy/ro (a) and against ¢ (b) for £ = 7 and
for different values of S = log;(K) in the multiple phase screen method.

Figures B19, B20, BZ1 and B2 show the plots of the concurrence against wg /7
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and against ¢ for the different values of S = logo(K) and the azimuthal index ¢
considered. The different sets of dimension parameters that were used to produce
the different values of K are given in Table BZ2. It can be seen from those figures
that the plot of the concurrence against wg/ro coincide with one another for larger
values of S, that is they lie on a limiting curve.

As a function of wg/rg, the curves of the concurrence lie on the limiting curves
for large values of K, but they tend to fall below this limiting curve when K
is small. This suggests that there is a value of K beyond which the evolution
of the concurrence depends only on wg/rg. This corresponds to the situation
that is considered in the Paterson model [41], where the behaviour is completely
determined by wq /7.

On the other hand, for small values of K, the plots of the concurrence devi-
ate from the limiting curve, in that they decay faster than the limiting curve as
a function wp/rg. This suggests that the Paterson model can not be used un-
der these conditions. Two dimensionless parameters are required to describe the
behaviour of the concurrence and the trace during propagation under these condi-
tions, namely K and t.

Our results are qualitatively similar to those obtained with the IPE [90] (dis-
cussed in section Z48), but the detailed behaviour is quantitatively different. The
IPE predicts that for a value of the normalised propagation distance ¢ > 1/3, the
evolution of the OAM entanglement can no longer be described by the single di-
mensionless parameter wg/rg. One needs the two dimensionless parameters K and
t. Our results [Fig. B9 (b), (b), B2 (b) and B=22 (b)] on the other hand,
show that the value of t beyond which the Paterson model doesn’t hold depends on
the value of ¢. For instance, we see from Fig. B19 (b), B20 (b), B=20 (b) and B=22
(b) that the value of ¢t beyond which one needs the two dimensionless parameters
K and t to describe the evolution of the concurrence (the value of ¢ beyond which
the curves of the concurrence against wg/rg do not overlap any more) is 0.01 when
¢ =1, 0.007 when ¢ = 3, 0.003 when ¢ =5 and 0.001 when ¢ = 7.

Although one can see from the plots in Figs. B9, B20, BT and that one
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dimensionless parameter is not enough to describe the evolution of the entangle-
ment, they do not reveal whether more than two dimensionless parameters are
not perhaps required. For this purpose we consider different sets of dimension

parameters that give the same value for K and plot them as a function of ¢.

wo [m] C2 [m~5] A [nm]
Set 1| 0.04 10713 633.0
Set 2 | 0.05 10~14 385.8
Set 3| 0.10 10~1 417.8
Set 4 | 0.20 1016 452.4
Set 5 | 0.40 10717 489.9

Table 3.3: Parameters used for the plots in Fig. B23 (K = 91.6).
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Figure 3.23: Plots of the concurrence plotted against ¢ for K = 91.6 when|¢| = 1. The
values of the parameters used for each plot is given in table B33

Figure B23 shows the plots of the concurrence as a function of ¢ for K = 91.6
when |¢| = 1. Five different sets of parameters (shown in Table B23) that produce
the same value of K are considered. We see from the figure that regardless of the
values of the individual parameters, all the points that correspond to the same

value of K lie on the same curve.
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3.4 Conclusion

We have presented a numerical study of the evolution of OAM entanglement be-
tween a pair of photons propagating through atmospheric turbulence. Different
values of the OAM index were considered and we compared our results with the
two theories discussed in section EZ44: the S&R [84] and the IPE [90]. We consid-
ered two different scenarios: the case where the turbulent atmosphere is simulated
with a single phase screen and the case where it is modelled with a series of con-
secutive phase screens. In the case where the turbulent atmosphere was simulated
with a single phase screen, the entanglement of states with larger OAM values took
more time to decay, suggesting that states with larger OAM values will be more
suitable for free-space quantum communication. On the other hand, it was ob-
served that modes with larger OAM values are scattered more rapidly into higher
order modes. Our results are similar to what was found in previous work [84,90].
We derived an expression for the scale distance at which entanglement decays as
a function of ¢. This expression can be used to find the maximum distance over
which OAM-entangled photons propagate before they lose their entanglement in
the weak fluctuation regime.

In the case where the turbulent atmosphere was simulated with a series of con-
secutive phase screens, we studied the evolution of OAM entanglement for different
values of the dimensionless parameter K given in Eq. BZ3. It was found that the
evolution of OAM entanglement cannot always be described only by the dimen-
sionless parameter wg/rg. For smaller values of K, two parameters are required
to describe the evolution of the OAM entanglement in turbulence; one being the
normalised propagation distance (¢) and another which is independent of the prop-

agation distance (K).
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Chapter

Experimental investigation of the decay
of OAM entanglement in turbulence

4.1 Introduction

Many theoretical studies considered the effects of atmospheric turbulence on the
orbital angular momentum (OAM) state of light. However, not enough experi-
mental work has been done on the subject. Most of the theoretical work is based
on the Paterson model (discussed in Section E4H) using the single phase screen
approximation which assumes that the overall effect of the turbulent medium on
a propagating beam is a phase distortion only [A1].

The single phase screen approximation has also been used to simulate turbu-
lence in experimental studies. For instance, the crosstalk among OAM modes was
experimentally measured [80,81], where the turbulence was simulated with a single
phase screen.

There have also been experimental studies where the turbulence was not simu-
lated with a single phase screen. These include the work by Pors et al. [83], where
it was shown, using coincidence counts, that the number of entangled modes (the
Shannon dimensionality) decreases with increasing scintillation; and the work by
Rodenburg et al. [82] where a 1 km thick turbulent medium was simulated in the
lab with two phase screens and the cross-talk in the communication channels was

reduced using an adaptive correction of the turbulence, as well as optimization
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of the channel encoding. However, none of the experimental studies directly ad-
dressed the decay of OAM entanglement due to atmospheric turbulence. In this
chapter, we present the first such experiment. We investigate the decay of OAM
entanglement of photon pairs propagating in a turbulent atmosphere modelled
with a single phase screen. This is an experimental verification of the theoretical
study done by Smith and Raymer (S&R). The results obtained are compared to
previous theoretical work (the S&R theory and the IPE) discussed in Section 22474
and the numerical results presented in Chapter B.

It is important to study the evolution of OAM entanglement in turbulence ex-
perimentally. For instance, if one wants to get a realistic picture of a QKD system,
one should do experiments in order to include experimental and detection uncer-
tainties.

This chapter is organized as follows: The experimental procedure is presented in
section B2 followed by the results and discussions in section E=3. Some conclusions
are provided in section E4.

The results presented in this chapter were obtained by the author with input
and guidance from Dr. Filippus S. Roux, Prof. Thomas Konrad and Prof. Andrew

Forbes. Melanie McLaren assisted with the experimental setup.

4.2 Experimental procedure

Our experimental setup is shown in Fig. (58). A 3 mm thick type I beta-barium
borate (BBO) crystal is pumped with a collimated pump beam that has a radius of
0.5 mm at the crystal, a wavelength of 355 nm and an average power of 350 mW to
produce collinear, degenerate entangled photon pairs via spontaneous parametric
down conversion (SPDC) as describe in Section 2232, The pump beam is blocked
by a filter (IF;) after passing through the crystal. Because the setup is collinear,
both the signal and the idler are incident on the same beam splitter (BS). The
crystal plane is imaged using a 4f telescope with L; (f; = 200 mm) and Lo
(fo = 400 mm) onto two separate spatial light modulators (SLMs). The LG
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Figure 4.1: Experimental setup used to detect the OAM eigenstate after SPDC. The
plane of the crystal is relayed imaged onto two separate SLMs using lenses,
L; and L2 (fi = 200 mm and f; = 400 mm), where the LG modes are
selected. Lenses L3 and Ly (f3 = 500 mm and f; = 2 mm) are used to relay
image the SLM planes through 10 nm bandwidth interference filters (IF)
to the inputs of the single-mode fibres (SMF). The fibres are connected to
avalanche photodiodes (APDs), which are then connected to a coincidence
counter.

modes to be measured, together with the turbulence, is encoded onto the SLMs.
The SLMs are imaged by lenses L3 (f3 = 500 mm) and L4 (f4 = 2 mm) to the
inputs of the single-mode fibres, where only the fundamental Gaussian mode is
coupled into the fibres. Bandpass filters (IF3) of width 10 nm and centred at 710
nm are placed in front of the fibres to ensure that the photons detected have the
desired wavelength. The fibres are connected to avalanche photodiodes (APDs),
which are then connected to a coincidence counter where the photon pairs are
registered. The photon fluctuations from the pump beam produced an uncertainty
in the measured coincidence counts of approximately 5%. All measured coincidence
counts are accumulated over a 10 second integration time with a gating time of

12 ns.
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I

Figure 4.2: the phase function of the SLM when ¢ = 1 without the random phase fluc-
tuation simulating turbulence (a) and with the random phase added (b).

The atmospheric turbulence is simulated by adding random phase fluctuations
las given by Eq. (2108)] to the phase function of one of the SLMs in the case
when only one of the photons propagates through turbulence, and to the phase
functions of both SLMs in the case when both photons propagate through turbu-
lence. Figure B2 shows the phase function of the SLM when ¢ = 1 without the
random phase fluctuation simulating turbulence (a) and with the random phase
added (b). The scintillation strengths (wp/rg) range from 0 to 4 with an increment
of 0.2. Measurements for each scintillation strength are repeated 30 times and a
full state tomography (see section 2233) is done after each run to reconstruct the
density matrix.

Because of experimental imperfection, the density matrix reconstructed through
a state tomography has negative eigenvalues. These negative eigenvalues are re-
moved by adding the absolute value of the most negative eigenvalue to the diag-
onal elements of the reconstructed density matrix and renormalising the results.
Furthermore, if the error bars of the resulting eigenvalues, computed from Pois-
son statistics, still pushed below zero, the mean and standard deviations of these
eigenvalues are adjusted so that they remain above zero. The reconstructed density
matrices are then averaged to obtain the mean density matrix for each scintillation
strength. And the concurrence [127] is used to quantify the entanglement between

the two photons.
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4.3 Results and discussion

Two different scenarios will be considered here. In the first scenario, only one of
the two photons propagates through the turbulence. This scenario will be referred
to as the “single-photon case.” In the second scenario, both photons propagate
through the turbulence. This case will be referred to as the “ two-photon case.”
Atmospheric turbulence distorts a propagating optical beam in many ways. For
instance, turbulence leads to beam wandering (tip and tilt), beam size changes
(defocus) and beam distortion (higher order aberrations) effects. Figure B=3 shows

examples of such beam distortions. These images are the intensity profiles of the

Wo/ro =0 Wo/ro = 1 Wo/ro = 2 Wo/ro = 3 Wo/ro = 4

0

Figure 4.3: The intensity profile of LG beams with different ¢ as they propagates through
turbulence with increasing scintillation strength.

beams in the plane of the BBO crystal when the SLM that contains the phase
fluctuations is illuminated with back-projected light. That is, the APD in one of
the arms of the experimental setup (Fig. b8) is replaced by a laser diode, shining
light backward through the fibre to illuminate the SLM.

At a single photon level, this distortion results in the scattering of the initial

OAM mode into neighbouring modes. When a photon with a given OAM mode
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propagates through turbulence, the distortions cause the photon to become a su-
perposition of many OAM modes. In other words, an initial OAM state of the

photon |lg)(lp| will become
o) (lol = > cnm| o) (4.1)
nm

after it propagates in turbulence. Here, the ¢y, are are complex coefficients.
Figure B4 shows an illustration of the mode scattering for both scenarios where
initially [Fig. B2(a) and (d)] there is no turbulence and we have coincidences only
along the diagonal ({4 = —¢p). When we turn on the turbulence, we detect more

coincidences along the off-diagonal (¢4 # —¢p) as we increase the scintillation

strength.
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Figure 4.4: Mode scattering under the effect of turbulence given by the coincidence
counts for simultaneous measurements of modes with azimuthal index ¢4
in the signal beam and ¢p in the idler beam when only one of the two pho-
tons propagates through turbulence [(a), (b) and (c)] and when both pho-
tons propagate through turbulence [(d),(e) and (f)]. With no turbulence [(a)
and (d)], only anti-correlated coincidences are observed. As the scintillation
strength increases to wy/ro = 2 [(b) and (e)] and wy/ro = 4 [(c) and (f)], the
mode scattering becomes more pronounced.

The entanglement between the two photons will be distorted as a result of the
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mode scattering. In the next section, we study the evolution of the entanglement

in turbulence in the single photon case.

4.3.1 Single photon case

In Fig. B3, we compare the experimental data (Exp) with the numerical simulation
results (NS) presented in chapter B and the two theories discussed in Section P24,
namely the S&R theory and IPE.
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Figure 4.5: The concurrence plotted against the scintillation strength (wg/r) when only
one photon is propagated through turbulence. In (a) [¢| = 1, in (b) |[¢| = 3,
in (¢c) /] = 5 and in (d) |¢| = 7. In the legend, Exp: experimental data
points, S&R: theory curve derived by Smith and Raymer in [84], IPE: the
infinitesimal propagation equation presented in [90] and NS: Numerical data
points.

When |¢] = 1, the experimental results agree, within experimental error with

the numerical results, the S&R theory and the IPE. As one increases the value of
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||, the experimental results remain consistent with the numerical results and the
S&R theory, but increasingly disagree with the IPE.

It can also be observed that both the S&R theory and the numerical results
indicate that the concurrence lasts longer for higher values of |¢|. This is clearly
seen in Fig. B8 where we plot the evolution of the concurrence for all the |¢|-
values considered on the same graph for the S&R theory [Fig. B8(a)], the IPE
[Fig. E8(b)], the numerical simulation [Fig. B8(c)] and the experiment [Fig. B86(d)].
The experimental results were normalized by dividing the values of the concurrence
by the initial value obtained for each |¢|. Furthermore, the S&R theory predicts
that the spacing between adjacent curves decreases as |¢| increases. This is also

true for the numerical simulation.
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Figure 4.6: The concurrence plotted against the scintillation strength (wg/r9) when only
one photon is propagated through turbulence for |¢/| = 1,3,5 and 7. (a): the
S&R theory; (b): the IPE; (c): The numerical simulation and (d): the
experimental results; we normalized the concurrence by dividing the values
by the initial value obtained for each /.
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The IPE also predicts that the concurrence will last longer for higher |¢|-values
as shown in Fig. B@(b), in addition, it predicts that the concurrence decays at a
much slower rate and it completely deviates from the other curves when [¢| > 1.
The reason for this is that the IPE underestimates the coupling of different basis
elements that are far apart. This is discussed in section EZ373.

Our experimental results also suggest that the concurrence lasts longer for higher
|(|-values as we can see a clear increment between |[¢| = 1 and |¢| = 3 as predicted
by both theories and the numerical simulation [Fig. BG(d)]. For instance when
|¢| = 1, the concurrence decays to zero around the point where wg/rg = 4 whereas
the value of the concurrence is about 0.25 at wy/r9 = 4 when |¢| = 3. However
there is no clear distinction between the points corresponding to |[¢| = 3,5 and
7 (the concurrence is about 0.25 at wg/rg = 4 for all these cases). This might
be due to experimental imperfection. As the |¢|-value increases, the coincidence
counts drop significantly and background counts have a more important effect on

the results.

4.3.2 Two-photon case

It is important to quantify the effect of atmospheric turbulence on the OAM en-
tanglement when both photons propagate through the turbulent medium. This is
because this scenario can occur quite often in a practical quantum communication
system. For instance, we can think of a situation where a pair of entangled photons
is generated and sent to two different parties (Alice and Bob) for a quantum infor-
mation task such as quantum teleportation. In this section, the results obtained
in the two-photon scenario are presented.

The general evolution of the concurrence in the two-photon case is quite similar
to the evolution in the single photon case as one can see in Fig. BZ4 where the con-
currence is plotted against the scintillation strength. The main difference between
the two scenarios is that the concurrence decays quicker in the two-photon case.

Just like in the single-photon case, the experimental results agree with the nu-

merical results and both theories when ¢ = 1 [Fig. BZ(a)|. As we increase the value
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Figure 4.7: The concurrence plotted against the scintillation strength (wo/ro) when both
photons are propagated through turbulence. In (a) |[¢| = 1, in (b) |¢] = 3,
in (¢c) /] = 5 and in (d) |¢| = 7. In the legend, Exp: experimental data
points, S&R: theory curve derived by Smith and Raymer in [84], IPE: the
infinitesimal propagation equation presented in [00] and NS: Numerical data
points.

of £, the experimental results remain consistent with the numerical simulation and
the S&R theory but increasingly disagree with the IPE.

It can also be seen in Fig. B2 that the concurrence decays slower for higher
(-values, as in the single photon case. This is more clearly seen in Fig. I8 where
we plot the evolution of the concurrence for all the |¢|-values considered on the
same graph for the S&R theory [Fig. B3(a)], the IPE [Fig. B8(b)], the numerical
simulation [Fig. B8(c)] and the experiment [Fig. B8(d)].

The IPE predicts a slower decay rate and completely deviates from the other

curves when ¢ > 1 for the reasons discussed in Section B=3-3.
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Figure 4.8: The concurrence plotted against the scintillation strength (wg/rg) when both
photons propagate through turbulence for || = 1,3,5 and 7. (a): the S&R
theory; (b): the IPE; (c): The numerical simulation and (d): the experi-
mental results; we normalized the concurrence by dividing the values by the
initial value obtained for each £.

Our experimental results support the fact that the concurrence lasts longer for
higher |¢]-values [Fig. B8(d)]. The concurrence decays to zero around wp/rg = 2.5
when |¢| = 1 and 3 whereas it decays to zero around wg/rg = 4 when [¢| = 5
and 7. The curves corresponding to £ = 1 and 3 and those corresponding to
¢ =5 and 7 seem to overlap. This is again due to experimental imperfections.
As it was stated in the previous section, it becomes more difficult to measure the
mode accurately for higher |¢|-values. Furthermore, because now both photons
propagate in the turbulence, the fluctuations in the coincidence counts are higher

than in the single-photon case.
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4.3.3 Truncation problem in the IPE

Even though the IPE is not based on the single phase screen and the quadratic
structure function approximations that are made in the S&R calculation, it suffers
from a drawback when it comes to the effect of truncations.

In order to obtain the density matrix describing the evolution of OAM entan-
glement between two qubits, the IPE and the Paterson model both need to be
truncated. The effect of truncations is to remove all the backward interactions
from the neglected elements to those that are included in the truncated matrix.
The turbulent medium represented by the single phase screen in the Paterson
model is a thicker medium than the infinitesimal step in the IPE. Consequently,
the single phase screen in the Paterson model incorporates multiple scattering.
This causes the coupling strengths between basis element that are further apart
to be stronger in the Paterson model than they are in the IPE. The IPE cannot
see the multiple scattering that would take ¢ = ¢ to ¢ = —q via the intermediate
basis elements with |[¢| < ¢ if these latter basis elements are removed from the
truncated matrix. Thus the coupling between ¢ = ¢ and ¢/ = —q becomes much
smaller in the IPE than the equivalent coupling in the Paterson model. Due to
the smaller couplings in the truncated IPE, it predicts a much slower decay rate

for the concurrence than is observed experimentally and numerically.

4.4 Conclusions

We presented the first experiment studying the evolution of OAM entanglement
between two qubits in atmospheric turbulence. The turbulent atmosphere was
modelled with a single phase screen and modes with |¢|-values 1,3, 5 and 7 were
considered. Our results were compared with the numerical results presented in
Chapter B and the two theories discussed in Section ZA4: the S&R [84] and
the IPE [90]. We considered two different scenarios: the case where only one of
the two photons propagates through turbulence and the case where both photons

propagate through turbulence. In both these scenarios, our results agree with

93



4.4. CONCLUSIONS

the numerical results and the S&R theory and suggest that modes with higher
|¢|-values are more robust in turbulence. This implies that modes with higher
(-values could thus give an advantage in a free-space quantum communication
system. However, it is also observed that modes with higher |¢|-values are more
difficult to measure experimentally. This is due to the fact that as the value of ¢
increases, the coincidence counts drop significantly and background counts have a
more important effect on the results.

Our results disagree with the IPE when ¢ = 3,5 and 7. The reason for this could
be the fact that the IPE underestimates the coupling of different basis elements

that are far apart.
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Chapter

Decay of multidimensional entanglement
through turbulence

5.1 Introduction

Quantum entanglement is the main resource that gives an advantage to quan-
tum communication and information tasks over their classical counterparts. A
great majority of these quantum information tasks make use of two-dimensional
entangled systems (qubits). This is because the dynamics of quantum entangle-
ment between two qubits have been extensively studied and are better understood.
Moreover, it is not easy to manipulate and quantify entanglement in multidimen-
sional systems.

However, as mentioned in chapter M multidimensionally entangled systems have
been proved to significantly improve many quantum information tasks.

The evolution of OAM entanglement between two qubits in turbulence has been
studied theoretically [84,90], numerically and experimentally in the previous chap-
ters. However, the effects of turbulence on the OAM entanglement between two
systems of dimensions higher than two have received little attention. In this chap-
ter, the effects of atmospheric turbulence on the OAM entanglement between two
qutrits (quantum state described by a three-dimensional Hilbert space) is inves-
tigated theoretically and experimentally. The qutrits are represented by photons
entangled in the OAM basis. The turbulence is simulated with a single thin phase
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screen, using a spatial light modulator (SLM). Photon pairs entangled in the OAM
mode are generated and one photon from each pair propagates through the tur-
bulence while the other is left undisturbed. The entanglement is quantified by the
tangle [I28 129] and the results obtained are compared with those presented in
the previous chapters.

This chapter is organized as follows: The experimental procedure is presented
in section b2 followed by the numerical procedure in section b=3. The results and
discussions are presented in section. b4. We introduce an experiment where down-
converted photons are simulated with back-projected light in section b3 and some
conclusions are provided in section bB.

The results presented in this chapter were obtained by the author with input
and guidance from Dr. Filippus S. Roux, Prof. Thomas Konrad and Prof. Andrew

Forbes. Melanie McLaren assisted with the experimental setup.

5.2 Experimental procedure

The experimental setup is the same as the setup presented in section B=2. En-
tangled photon pairs were generated via spontaneous parametric down-conversion
(SPDC) by pumping a 3 mm thick BBO crystal with a mode-locked laser hav-
ing a 355 nm wavelength and an average power of 350 mW. The plane of the
crystal was imaged onto two separate SLMs in the signal and idler beams, respec-
tively. The SLMs served to perform projective measurements for quantum state
tomography [130] by selecting particular pairs of modes for detection. The at-
mospheric turbulence was simulated by adding random phase fluctuations to the
phase function of one of the SLMs. The SLM planes were re-imaged and coupled
into single-mode fibres, which extract a near Gaussian mode from the incident
field. Avalanche photo diodes (APDs) that were connected to the fibres registered
the photon pairs via a coincidence counter (CC). All measured coincidence counts
were accumulated over a 10 second integration time with a gating time of 10 ns.

The random phase screen that represents the turbulent medium is given by
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Eq. (E108) in section Z473. This random phase was added to the phase function
of one of the SLMs.

The Kolmogorov spectrum [86,114]
&K (k) = 0.033 211173 (5.1)

was used to allow for a comparison with existing studies, and subgrid sample
points were added, as described in section BZ22 [[25] to ensure that the random
phase functions can reproduce the Kolmogorov structure function. The scintilla-
tion strength considered ranged from wg/rg = 0 to 4, in 0.4 increments. Thirty
realisations corresponding to different phase fluctuations were performed for each
scintillation strength and a full quantum state tomography [I30] was performed
for each realization to reconstruct the density matrix describing the state of the
two qutrits. These matrices were then averaged to obtain the density matrix cor-
responding to each scintillation strength.

The concurrence [127] is the preferred entanglement measure for two-dimensional
bipartite systems. Unfortunately the generalisation of the concurrence to multi-
dimensional systems is not a trivial problem. The lower bound for the concur-
rence can be obtained for multidimensional systems by computing the convex
roof [31], however, this is computationally demanding. There are some gener-
alisations of the concurrence to multidimensional systems, these include the G-
concurrence [[32,133] and the I-concurrence [[34]. Here, the tangle is used to
quantify the amount of entanglement between the two qutrits [I28,0129]. It is
defined as

7(p) = 2tr(p?) — tr(p%) — tr(p}), (5.2)
where py and pp are the reduced density matrices of subsystems A and B. If pyaz

is a d x d dimensional density matrix representing a maximally entangle state, then

T(pmaz) = 2(d — 1)/d. (5.3)
For bipartite two-dimensional states (qubits), the tangle is the lower bound for

the square of the concurrence. This is illustrated in Fig. bl where the tangle and
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Tangle

Wo/ro

Figure 5.1: The tangle and the concurrence squared plotted against the scintillation
strength (wo/ro). These curve are the S&R theory calculation for the evolu-
tion of the OAM entanglement between two qubits (|¢| = 1) as they evolve
in atmospheric turbulence (section. EZZ1).

the concurrence squared are plotted against the scintillation strength. These curves
are the S&R theory calculation for the evolution of the OAM entanglement between
two qubits (|¢| = 1) as they evolve in atmospheric turbulence (section. Z473).

So far, only LG modes were considered in this work. In this chapter, we consider
Bessel-Gauss (BG) modes instead [21]. The electric field of these modes is given
by Eq. (22331) in chapter B, it is repeated here for convenience

BG ' _i2R 1zRrkyr B k;?sz . )
M7= (r, ¢, 2 k) = 02) Jy ( e ) exp l () zkz} exp(ilo) (5.4)

where ¢(2) = 2 +izg, J(-) is the Bessel function and zg = mw3/\ is the Rayleigh

range. The radial profile of the beam can be scaled by choosing different values
of the radial k.. Just like LG beams, the BG beams also carry an OAM of ¢h
per photon. The BG modes can thus be used as a basis to represent the quantum
state of the two photons after SPDC. In the BG basis, one can write the state of
the two photons produced by SPDC as [[Z]

vy =>" / / ap(ky1, kr2)|€, Kot )| — £, kpa)idkrydkya, (5.5)
l

with |ag(k,1, kr2)|? being the probability of measuring the signal and idler photons

in the states |¢,ky1)s and | — £, kyo); respectively. In our experiment, we selected
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Figure 5.2: the OAM spectrum for LG modes (blue); for BG modes with k, =
21 rad/mm (green) and for BG modes with k, = 35 rad/mm (red).

a particular k, value for both the signal and idler photons. We can thus write the

state of the two photons as

(W(kr)) = agll)s] = ) (5.6)

L

The motivation behind using the BG modes instead of LG modes is that BG
modes have a broader and flatter OAM spectrum compared to LG modes [[/7].
This is illustrated in Fig. b2 where we plot the OAM spectrum for LG and BG
modes on the same graph. The OAM spectrum is flatter for BG modes in the
sense that the difference in the coincidence counts between ¢ = 0 and the higher
¢ values is smaller for the BG modes compared to the LG modes. For instance,
the difference in the number of counts between ¢ = 0 and ¢ = 3 is 66 counts for
LG modes whereas it is 23 counts for BG with k, = 21 rad/mm and 7 counts
for BG with k, = 35 rad/mm. Also, the difference in number of counts between
¢ =0 and ¢ =5 is 108 counts for LG modes whereas it is 26 counts for BG with
k, = 21rad/mm and 6 counts for BG with k, = 35rad/mm. The flatness of the
OAM spectrum plays an important role in the reconstruction of the density matrix

representing the state of the two photons produced by SPDC. If we consider a state
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_ L
VB

a big difference in the coincidence counts between the OAM values 0 and ¢ will

[W)in (10al=0p +10)al0)B + [=£)al6)B), (5.7)

lead to an inaccurate reconstruction of the density matrix. This is illustrated in
Fig. b33, where we plot the density matrices describing the state of two qutrits
represented by photons generated through SPDC for ¢ = 1,3 and 5 and for both
LG and BG modes. One can see that the reconstructed density matrix becomes

increasingly less accurate for LG modes as the value of £ is increased.
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LG €=1,0,-1 BG

Figure 5.3: Real part of the density matrices describing the state of two qutrits repre-
sented by photons generated through SPDC for different ¢ values and both
LG and BG modes. The z and y axis represent the basis vectors.
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5.3 Numerical procedure

The numerical procedure is similar to that presented in Chapter B but adapted for
the qutrit case. The initial state of the two qutrits is assumed to be the maximally
entangled state given by Eq. (BE20). We consider |¢|-values 1, 3 and 5. When photon

A propagates in turbulence, its state will change as follows

[0)a — apll)a+aol0)a+a_g| —0)a
04 — erl)a+eol0)a+e_g]—E)a
|—0)a = coll)a+col0)a+cg| —O)a,

where ay, ag, etc. are the complex coefficients in the expansion of the distorted
state in terms of the OAM basis.
After propagating through turbulence, the initial state in Eq. (522) will be trans-

formed into

(W) i, = () = a_g|=0)| =) + ag0)| =) + e_e[=)]0) + c_|-0)|£)
+a0|0Y|—€) + €0]0)]0) + col0)]€) + e1]€)]0) + cel€)]2).
(5.8)

The state | )4 represents the state of the two qutrits for a specific instance of
the turbulent medium. Because of the randomness of the medium, one has to
compute the ensemble average of the density matrices over a representative set of

instances of the medium as we did in the previous chapters. Then one gets

N
. D [Vn) (W

AT

where |¥,,) is the state of the qutrits after photon A propagates through the n'?

(5.9)

phase screen (the n'” realisation of the turbulence medium).
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5.4 Results and discussion

The value k, = 21 rad/mm is used throughout the experiment. Figure b4 shows
the evolution of the OAM entanglement between two qutrits initially in the state
given in Eq. B as a function of the scintillation strength wg/rg when one of the
qutrits propagated through turbulence. The experimental and numerical results

are plotted on the same graph for the different |¢|-values considered. It can be
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Figure 5.4: The tangle plotted against the scintillation strength (wg/r) for both the
experimental (Exp) and numerical (NS) results. (a): £ =1, (b): £ =3, (¢):
¢ =75 and (d): plot of the experimental results for the different values of |¢|
considered. The experimental results were normalised to start at 4/3 like the

numerical curves.

observed from Fig. b4 that the experimental results agree within experimental

error with the numerical results.
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Figure 5.5: Numerical (a) and experimental (b) results of the evolution of the tangle
between two qutrits against the scintillation strength for [¢| = 1,3 and 5.

The evolution of the entanglement between two qutrits is qualitatively similar to
the evolution of entanglement between two qubits initially in a Bell state presented
in the previous chapters. However, unlike what was observed in the qubit case,
The experimental curves of the tangle corresponding to different |¢|-values seem
to lie on top of one another [Fig. B24(d)]. The numerical results also show that the
curves of the tangle corresponding to |¢| = 3 and 5 overlap, but the tangle decays
slightly quicker when |¢| = 1. This difference is more visible in Fig. B3 (a) (apart
from the error bars) where we plot the numerical results for the evolution of the
tangle between two qutrits on the same graph.

Compared to the results presented in chapters B and B, the result presented
in Fig. b4 suggest OAM entanglement between qutrits decays at an equal or
faster rate compared to OAM entanglement between two qubits propagating in

atmospheric turbulence.
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LIGHT

5.5 Simulating down-converted photons with back-projected
light

The experiment presented in this chapter is very time consuming. Because of the
lack of an experimentally measurable entanglement measure for multidimensional
quantum systems, one has to do a full quantum state tomography to reconstruct
the density matrix describing the state of the two photons. The number of mea-
surements needed for a full quantum state tomography increases exponentially
with the dimension of the system. And because of the randomness of the atmo-
sphere, one has to repeat these measurement a reasonable number of times and
average the results to get a meaningful statistical description of the evolution of
the entanglement.

In this section, we propose an experiment that can be used to mimic the down
conversion experiment. We obtain similar results in significantly less time. The
proposed experiment is based on the Klyshko picture [I35]. If one considers a two
photon state [¢), then the probability of detecting the signal and idler in the state
|1)s and |1); respectively is given by

Pihs, ) = | (i (ths|0) 2. (5.10)

The joint detection probability P(1s,;) is the prediction of the measurement
outcome according to quantum mechanics. It is proportional to the coincidence
counts one would detect in a down-conversion experiment (like the one discribed
in chapter @ and section b32). The Klyshko picture is an approach that can be used
to predict the measurement of the coincidence counts using “back-propagation” or
back-projected light from one detector to the other and replacing the crystal with
a mirror. This approach can only predict the coincidence accurately when the
phase-matching condition is satisfied and when the pump beam can be considered
to be a plane wave. The Klyshko picture can be used to verify the experimental
procedure and to simulate down-converted photons classically |36, 137).

The experimental setup used to simulate the down-conversion experiment is

presented in Fig. 68(b). That setup is almost identical to the original setup, with
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(a) b)

SLM I ~°D ( SLM I -"aser
BBO rror
APD cC I< APD Detector
SLM I:: Z\/ % SLM (>—
Figure 5.6: (a) Simplified diagram of the experimental setup used to detect the OAM
eigenstates after SPDC.(b) Diagram of the setup used to simulate the down-
conversion experiment with back projected classical light. One of the APDs

is replaced with a diode laser at a wavelength of 710 nm and the BBO crystal
with a mirror.

the difference that we replaced one of the APDs with a diode laser at a wavelength
of 710 nm (equal to the wavelength of the downcoverted photons) and the BBO
crystal with a mirror. The phase functions of the SLMs remained the same as
in the original setup, and the random phase simulating the turbulence was added
to the phase function of one of the SLMs. But now, because the back-projected
light has many more photons, we do not need to undertake th measurement with
a 10 second integration time, a 1 second integration time would suffice.

We do a full state tomography to reconstruct the density matrix describing the
state of the two- qutrits. However, instead of using the coincidence counts as we
did with down-converted photons, we used the number of single counts for each
settings of the SLMs.

In Fig. b7, we compare the density matrices obtained through a full quantum
state tomography to reconstruct the state of two maximally entangled qutrits in
both the original down-conversion experiment and the classical experiment. It is
clear from the plots of the density matrices that the back-projection experiment
simulates the down-conversion experiment well.

Furthermore, a calculation of the fidelity, the linear entropy and the tangle
suggest that the density matrices obtained in both experiments are identical and
very close to the theoretical density matrix as can be seen in Table BTl

To further compare the two experiments, we study the evolution of the OAM
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05 (a): Theoretical (b): Down-conversion (c): Back projection

0.4
0.3
0.2

Figure 5.7: The real part density matrix representing the state of the two qutrits ob-
tained from a full quantum state tomography. (a) theoretical density matrix,
(b) density matrix obtain from down-converted photons, (c) density matrix
obtain from back-projected classical light. The x and y axis represent the
basis vectors

PTheory PDown—conversion P Back—projection

Fidelity 1 0.95 £+ 0.01 0.93 £ 0.01
Linear entropy 0 0.01 £ 0.01 0.03 £ 0.01
Tangle 1.33 1.07 £ 0.02 0.95 £ 0.03

Table 5.1: Comparison of the fidelity, the linear entropy and the tangle for the the-
oretical density matrix and the matrices obtained in down-conversion and
back-projection experiments.

entanglement between the two qutrits when one of the qubits propagates in tur-
bulence while the other is left undisturbed. The result is presented in Fig. b=R.
Once again, the back projection experiment returns similar results as the down-
conversion experiment.

Simulating the down-conversion experiment with back projected light has ad-
vantages. The most significant of these advantages is that it allows one to obtain
results in much less time. For instance, to compute the curves for the evolution
of the entanglement between two qutrits evolving in turbulence we considered 11
different strengths of turbulence and 30 realisations for each turbulence strength.
We thus reconstructed 330 density matrices. A full quantum state tomography
to reconstruct these matrices took a bit more than 8 days with a 10s integra-
tion time. The same results can be obtained with back-projected classical light

in about 21 hours. This is because a 1 second integration time is sufficient in the
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Figure 5.8: The tangle plotted against the scintillation strength wq /7o for both the down-
conversion experiment and the back projection experiment.

back projection experiment since the back-projected light has many more photons.

5.6 Conclusions

The evolution of the OAM entanglement between two qutrits was investigated
numerically and experimentally when only one of the photons propagates through
turbulence. The results obtained were compared with the numerical results based
on the single phase screen approximation and with the results previously obtained
in the qubit case. The curves of the tangle suggest that OAM entanglement
between qutrits decays at an equal or faster rate compared to OAM entanglement
between qubits. This supports the conclusions reached in the previous chapter,
namely that the OAM state of light might not be a suitable candidate for free-
space quantum communication with multidimensional entangled states. However,
there are ways in which one can improve the maximum distance over which one can
propagate OAM entangled photons and still have a useful amount of entanglement
between them. For instance, one can use the most robust initial states [I38] to
encode information before sending it through the free-space channel. These are

states that are least affected by turbulence. Alternatively, one can use adaptive
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optics to correct for the aberrations caused by turbulence. This technique has

already been used to correct for the channel crosstalk between OAM channels
we also presented an experiment that simulates down-converted photons with

back-projected classical light. The results obtained were similar to those produced

by the down-conversion experiment.
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Chapter

Conclusion and future work

A literature review was presented in chapter 0 giving the historical background
and the current state of research on the effects of the atmospheric turbulence on
the OAM state of light. Our objectives and motivations for the current work were
also presented in that chapter. We next presented the theoretical background that
will be used in the current work in chapter B.

Our first objective was to verify the analytical work by Smith and Raymer [84],
we did that in chapter B, where we presented a numerical study of the evolution of
OAM entanglement between a pair of photons propagating through atmospheric
turbulence modelled by a single phase screen. Different values of the OAM index
were considered. It was found that the entanglement of states with larger OAM
values took more time to decay, suggesting that states with larger OAM values will
be more suitable for free-space quantum communication. On the other hand, it
was observed that modes with larger OAM values are scattered more rapidly into
higher order modes. Our results agreed with what was found by S&R [84]. We
further derived an expression for the scale distance at which entanglement decays
as a function of /. This expression can be used to find the maximum distance over
which OAM-entangled photons propagate before they lose their entanglement.

Our second goal was to have a more realistic model of the turbulence by go-
ing beyond the single phase screen approximation since this approximation is only

valid in the weak fluctuation regime. We thus presented in the second part of chap-
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ter B a numerical simulation of the evolution of OAM entanglement in turbulence
modelled by a series of consecutive phase screens. It was found that the evolu-
tion of OAM entanglement cannot always be described only by the dimensionless
parameter wg/rg. In certain regimes, two parameters are required to describe the
evolution of the OAM entanglement in turbulence; one being the normalised prop-
agation distance (¢) and another which is independent of the propagation distance
(K). This confirmed the predictions of the IPE [a0].

Our third objective was to present an experimental study directly considering
the evolution of OAM entanglement between two qubits evolving in atmospheric
turbulence. In order to compare our work with that of S&R, we simulated the at-
mospheric turbulence with a single phase screen placed on a SLM. We considered
modes with |¢|-values 1,3, 5 and 7 and we related our results with the numerical
results presented in Chapter B, the S&R [B4] and the IPE [90]. We considered
two different scenarios: the case where only one of the two photons is propagated
through turbulence and the case where both photons are propagated through tur-
bulence. In both these scenarios, our results agreed with the numerical results and
the S&R theory and suggest that modes with higher |¢|-values are more robust
in turbulence and could thus give an advantage in a free-space quantum commu-
nication system. Our results disagreed with the IPE when ¢ = 3,5 and 7. The
reason for this could be the fact that the IPE doesn’t take into account the effects
of cross-correlation between modes with different /-values.

In chapter B we addressed our fourth objective, that is, we presented a theo-
retical and experimental study of the evolution of OAM entanglement between
two qutrits when only one of the qutrits propagates through turbulence. The re-
sults obtained were compared with the numerical results based on the single phase
screen approximation and with the results previously obtained in the qubit case.
Our results suggested that OAM entanglement between qutrits decays at an equal
or faster rate compared to OAM entanglement between qubits. This supports the
conclusion that the OAM states of light might not be a suitable candidate for

free-space quantum communication with multidimensional entangled states.
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An experiment that simulates down-converted photons with back-projected clas-
sical light was also presented in chapter B. Results similar to those obtained with
down-converted photons were achieved in significantly less time.

There still remains much to be done on the evolution of OAM entanglement
in turbulence. For instance, we ignored the radial index p of LG modes that we
considered in this work. It might be interesting to study how the atmospheric
turbulence affects the OAM entanglement in LG modes with non-zero p.

All the results we presented suggest that photonic OAM might not be a suitable
candidate for long distance free-space quantum communication because the OAM
entanglement decays rather quickly in turbulence. However, there are ways in
which one can improve the maximum distance over which one can propagate OAM
entangled photons and still have a useful amount of entanglement between them.
For instance, one can use the most robust initial states [I38] to encode information
before sending it through the free-space channel. These are states that are least
affected by turbulence. Alternatively, one can use adaptive optics to correct for the
aberrations caused by turbulence. This technique has already been used to correct
for the channel crosstalk between OAM channels [82,139]. It might be worthwhile
to study the extend to which the combination of the most robust initial state and
adaptive optics can improve the distance scale of entanglement decay.

We simulated atmospheric turbulence with a single phase screen based on the
Kolmogorov theory of turbulence in all the experiments presented in this thesis.
We did so because we wanted to test the S&R analytical study. Furthermore, this
is the simplest method one can use to simulate turbulence. However, the single
phase screen approximation can only model turbulence in the weak fluctuation
regime. The next step will be to consider a more realistic model of real turbulence,
like a turbulence pipe for example. This is a device that simulates turbulence by
mixing cold and hot air. Eventually, one would need to do the experiment with
real turbulence but it is imperative to find efficient ways of improving the distance

scale of entanglement decay beforehand.
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Appendix A: Calculation of the error bars
for the concurrence obtained from the
experimental and numerical results

The idea is to use the Bloch representation of the density matrix; this is because
the Bloch coefficients are real unlike the elements of the density matrix. In this
calculation we assume that the Bloch coefficients are statistically independent.

The density matrix p can be written in the Bloch representation as
16
p= ZBijUi ® aj, (1)
]

where the B;; are the Bloch coefficients.
The concurrence is a function of the eigenvalues of the matrix R = pp where
p = oy®oyp*o,@0y, [122]. The matrix R can be written in the Bloch representation

as

16
R = Y BijBu(oi ® 0;)(0, ® 0,)(0] © 0}) (0 @ )
ijkl
16
= Z BijBil'ijki, (2)
ijkl
where I';;1 = 00400y @ 00,07 0y.
We calculate the error in R by propagating the errors associated with the Bloch

coefficients B;;, and the error associated with the Bloch coefficients is given by

AB = \/(B)? — (B?). (3)
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Here, B is a 4 x 4 matrix containing the coefficients B;; and B? is obtained by
squaring the elements of B.

Since we assumed that the B; are statistically independent, we need to calculate
their independent contribution to the error in R. Thus the error in the matrix R

due to the Bloch coefficients By, (m, n =0 to 4) is given by [I40]
OR

AR = AB
OBpn
4
aBZ’]‘ 0By
= Z {aanAanBleijkl"‘Bz‘jaB—mAanFz‘jkl
ijklmn
4
= Z AanBlenmkl+AanBijFijmn- (4)
ijklmn

To get the previous results, we used the chain rule on Eq. B and the fact that
0By /0By = 1 if 2y = mn or zero otherwise.
The error in the eigenvalues of R are obtained by propagating the error in the

R. The error in the eigenvalue A, is given by
AN, = VARV, (5)

where )\, is the nt" eigenvalue with corresponding eigenvector V,.

Finally, the error in the concurrence is given by [I40]

AC =
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