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Abstract

Summary: This work provides a study of the natural frequencies of a nanobeam with tip mass,
axial load and arbitrary boundary conditions.

This aim of this investigation is to describe the mechanical performance of a beam (probe)
used in dynamic atomic force microscopy (dAFM) which can be utilized in scanning the
topographical features of biological samples or "pliable™ samples in general. These nanobeams
can also be used to modify samples by using high frequency oscillating contact forces to
remove material or shape nano structures. A nanobeam with arbitrary boundary conditions is
studied to investigate different configurations and the effects of the relevant parameters on the
natural frequencies.

The nano structure is modelled using the Euler-Bernoulli theory and Eringen's theory of
nonlocal continuum or first order stress-gradient theory is incorporated to simulate the
dynamics of the system. This theory is effective at nanoscale because it considers the small-
scale effects on the mechanical properties of the material. The theory of Nonlocal continuum
is based on the assumption that the stress at a single point in the material is influenced by the
strains at all the points in the material. This theory is widely applied to the vibration modelling
of carbon nanotubes in several studies.

The system is modelled as a beam with a torsional spring boundary condition that is rigidly
restrained in the transverse direction at one end. The torsional boundary condition can be
tuned, by changing the torsional spring stiffness, such that the compliance of the system
matches that of the sample to prevent mechanical damage of both the probe tip and the sample.
When the torsional spring stiffness is zero, the beam is pinned and when the stiffness is infinite,
the beam is a cantilever. In the first case, a mass is attached to the tip and a linear transverse
spring is attached to the nanobeam. The mass and spring model the probe tip and contact force,
respectively.

In the second case, at the free end is a transverse linear spring attached to the tip. The other
end of the spring is attached to a mass, resulting in a single degree of freedom spring-mass
system. When the linear spring constant is infinite, the free end behaves as a beam with a
concentrated tip mass. When the mass is infinite, the boundary condition is that of a linear
spring. When the tip mass is zero, the configuration is that of a torsionally restrained cantilever
beam. When tip of the nanobeam vibrates, the system behaves like a hammer and chisel.

The motion of the tip of the beam and tip mass can be investigated to observe the tip
frequency response, force, acceleration, velocity and displacement. The combined frequencies
of the beam and spring-mass systems contain information about the maximum displacement
amplitude and therefore the sample penetration depth.

Keywords: vibrations, nanobeam, stress-gradient theory, small-scale effects, surface effects,
atomic force microscope (AFM), elastic restraints, tip mass.
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Chapter 1 - Introduction

1.1 Background and motivation.

Carbon nanotubes and nanostructures have become prominent in a wide range of
engineering applications and are starting to appear in commonplace devices like sensors and
nano resonators. Nanotubes in vibration can be used as probes for scanning surface topology
in Atomic Force Microscopy (AFM) at molecular and atomic level. Furthermore, advanced
AFM devices can be used to manipulate the molecular and atomic composition of samples by
using high frequency vibrations to dislodged molecules or atoms of interest [1-3]. The Atomic
Force Microscope (AFM) follows the discovery of the Scanning Tunnel Microscope (STM) by
Binnig et al [4]. The AFM produces 3D image whilst the STM produces 2D topological images
at atomic level. The STM measures the current that passes between the probe and the surface
of interest and therefore limited to conductive materials. The AFM measures the force between
the probe and the surface and has enjoyed greater use because it can be used for all materials.
The AFM has become the foremost scanning device with the discovery of carbon nanotubes
which are used as sensor tips or chiselling tools in the form of a cantilever [5-8].

The scanning process for AFM involves taking the measurement of force as the tip of the
vibrating cantilever beam interacts with the surface of interest. The measured value of the
force at a distinct frequency contains information about the velocity and depth (topology) of
the tip, see Figure 1-1. These contact forces represent the dominant component of the forces
when the interaction takes place. In the process of fabrication of nano molecules and structures,
high frequency oscillations of a tip mass are utilized with the purpose of deforming or shaping
a material into a desired shape [9,10]. This process is popularly known as dynamic atomic
force microscopy (dAFM)[7] or tapping mode atomic force microscopy (TM-AFM)[10]. For
this reason, dynamic microscopy has become of great value in the field of biomolecular
engineering, nanomedicine and nano-manufacturing.

Nanotubes are also wused as
biosensors by observing the vibration
patterns when different foreign masses
are attached. By analysing sensing
data obtained, one can calculate the
mass and several parameters of interest

of the attached particle [12-16].
Figure 1-1: Atomic Force Microscope (AFM)

configuration
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The use of sensors is crucial in environmental monitoring, detecting minute particles in the air
i.e. pollution, bioterrorism, etc.

These types of applications are generally referred to as nano-resonator sensors which are
based on detecting shifts in resonant frequencies caused by a mass attached to the nanotube
[17-24]. Carbon nanotubes are known to provide a high level of sensitivity and a significant
improvement in the accuracy of measurement in comparison to conventional sensors.

The vibration characteristics of nanoscale beams are examined within the framework of
nonlocal continuum theory and this basis has been applied to the vibration modelling of carbon
nanotubes in several studies [25-34]. Vibrations of carbon nanotubes with a tip mass have been
studied extensively due to their use in sensor applications [18,21-23,35-38] and a number of
studies presented vibrations of nanotubes with elastically restrained boundaries [39-42]. In the
current research, an elastically restrained nanobeam with a tip mass is modelled as an Euler-
Bernoulli beam underpinned by Eringen’s nonlocal or stress-gradient theory [25,26] to account
for the small scale effects [43,44]. When the beams reach nanoscale length, non-local
continuum (stress gradient) and strain gradient theories are incorporated in the modelling
[45,46]. These stress gradient theories include Eringen’s non-local theory (first order stress)
and higher order theories like Reddy Beam Theory (RBT) and Levison Beam Theory (LBT).
Eringen’s theory provides a unified foundation for field equations of non-local continuum and
provides a basis for several stress-gradient theories [44]. Higher order stress/strain gradient
theories are constructed such that the transverse stress at the surface vanish as required. Ansari
et. al. [45] and Lu et. al. [46] investigated strain gradient theories for beams at nanoscale by
considering only the local higher order strains. All these theories above provide very accurate
results compared to Molecular Dynamics (MD) simulations.

The boundary condition on one support (x = 0) is stipulated as a torsional spring and pin
which replaces the clamped boundary condition reported in numerous studies. Two cases are

reported in this investigation:

1) A tip mass is attached to the free end (x = L) of the beam and a transverse linear
spring is attached to the tip of the beam. In this configuration [47,48], the tip mass serves
as a probe tip and the linear transverse spring models the interaction force between the
probe and surface of interest. The torsional spring is included to tune the system such
that the compliance of the sample matches that of the vibrating beam [12,13]. These types
of beams are generally referred to as torsional cantilevers and are much more versatile

than conventional clamped cantilevers. These torsional nanobeams can therefore be
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appropriate for cutting-edge atomic force microscopy in applications involving

topological scanning.

2) A linear spring is attached to the free end (x = L) and a mass is attached to the
other end of the spring, to form a spring-mass system. A torsional spring and pin are the
boundary condition at the other end (x = 0) resulting in a torsional cantilever. In this
configuration [48, 49], the tip of the beam behaves like a forcing function applied
(hammer) to a spring-mass as it vibrates. In turn, the force is transmitted to the mass via
the spring and the mass (chisel) is displaced in the lateral direction until it interacts with
the sample. In this system, the frequencies of the beam can be manipulated by varying
the torsional and linear stiffness. The frequencies of vibration are directly linked to the
depth of penetration of the mass and the force induced. These two parameters are the
most vital in transforming and reshaping materials at molecular level e.g. by knocking off

atoms to alter the material’s mechanical properties and nanofabrication in general.

The theories mentioned above on vibrations exhibit what is known softening or hardening
of the nanobeam, were there is a slight underestimation or overestimation of the natural
frequencies of vibration compared to results obtained using molecular dynamics according to
Pishkenari et. al [50]. It is known and well documented that the lateral natural frequency of a
string or thin rod increases if a tensile load is applied and decrease if a compressive load is
applied. Moutlana and Adali [51] reported on the use of sandwiched piezoelectric actuators to
alter the fundamental frequency of a cantilever by applying tensile and compressive loads. This
is very important because it allows us to increase the frequency gap between: 1) buckling
frequency and fundamental frequency or 2) fundamental frequency and second natural
frequency, such that we can increase the frequency spectrum of the applied external load and
prevent resonance failure. In the current investigation, an axial compressive/tensile load is
applied at the free end (x = L) to simulate this softening/hardening effects exhibited by the
piezo actuators.

The beams contemplated in this investigation are regarded as slender i.e. the thickness of
the beam is small compared to the length (h <« L) and at nanoscale, could be made up of several
layers of atoms [52]. In view of this, we can design a composite beam with a flexoelectric
layer at the top and bottom surface and implement active piezoelectric control at nanoscale. At
these scales, the beams under investigation could be at minimum, three (3) atoms thick, and
the bulk to surface volumes become comparable such that the surface energies have significant
influence on the vibration of the system. This influence on the natural frequencies of vibration

16



is borne out of the fact that the different layers of the beam experience different environments.
The bulk material is typically surrounded by other atoms, whilst the surface atoms are in contact
with the bulk atoms on one side and a different “environment” on the other side (i.e. air or
viscous fluid). In the present study Gurtin and Murdoch’s Linear Surface Elasticity Theory
(LSET) [53] is adopted to model the influence of surface effects on the system. The influence
of the surface effects is studied in a system modelled as a nanobeam with a torsional boundary
condition at one end and spring-mass at the free end and presented by Moutlana [54].

The lateral vibration of a beam is described using 4™ order homogenous equations of motion
that satisfy four boundary conditions. The solution is determined by the method of separation
of variables, made up of the modal and temporal domains. The general solution to the modal
domain has four constants which are calculated simultaneously by ensuring that the general
solution conforms to the equation of motion and the boundary condition.

1.2 Literature review.

In 1981, Binnig and Rohrer [55] received a Nobel Prize in Physics for the development of
the Scanning Tunnelling Microscope (STM). The STM is the first instrument capable of
directly obtaining images of solid surfaces. The STM is limited to the study of surfaces of
electrically conductive materials because it relies on a voltage potential difference between the
surface and the probe. One of the two electrodes is attached to a sharp metal tip at the end of
the probe and the another is attached to the surface being scanned. The sharp metal tip is
brought very close to the surface of interest until it is at approximately 0.3 to 1nm from the
surface. After applying a voltage (10mV to 1V) a tunnelling current is observed between the
probe and the surface, and this current can be measured to generate a topographic map of the
surface [56, 57]. One of the greatest disadvantages is that if there are any different atomic
species within the sample, the tunnelling current may not yield reliable results for the height of
the specimen. Baratoff et. al. introduced new improvements on the types of surfaces that could
be effectively scanned by studying the topology of semiconducting materials using STM [56].
The Atomic Force Microscope (AFM) represents an improvement on the Scanning Tunnelling
Microscope (STM) and produces high resolution 3D images of surface topology.

Unlike the STM, the AFM probe comes into contact with the surface during scanning. This
can be likened to using one’s fingers to visualize a 3D object [58]. The AFM is presently the
most powerful tool for determining surface topography of molecules at sub-nanometer

resolution. The measuring probe for an AFM is made from a cantilevered carbon nano tube
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(CNT) with a sharp tip that is used to probe the surface. The AFM measures the force induced
at the tip of the cantilevered probe as it scans the surface and these forces are ultrasmall, on the
order of 1nN (nano-Newton) [58]. The dynamic behaviour of the forces is extremely
complicated and using precise analysis, the induced frequencies of vibration created by the
interaction forces between the probe and surface can be detected and measured. The measured
frequencies allow us to predict the displacement of the tip which can be in turn be used to map
the topology of the surface. Furthermore, the information about the tip displacement can be
used in nanofabrication and nanomanipulation of samples; because knowing the frequencies
allows us to determine the penetration depth.

Nanotubes have found applications [59] in medical research to detect bacteria and viruses.
These sensors are modelled as cantilevered beams with a tip mass [16, 60, 21]. The tip mass
could be the bacteria or virus attached to the tip of the nanotube which behaves as a cantilever.
AFM have been also used for mechanically unfolding proteins for mapping of DNA sequence
[4] and these DNA sequences can be used to develop therapies for deadly pandemics.
Cantilevered nanotubes can also be used for many other applications ranging from
environmental monitoring to fighting bioterrorism [61, 24, 62].

Carbon nanotubes (CNT) were discovered in the early 1990’s by Ijima [63]. These materials
have received significant interest in the scientific community due to their exceptional
properties. Carbon nanobeams cannot be modelled using classical beam theories such as Euler-
Bernoulli and Timoshenko [64, 65]. These theories are accurate only up to micrometer scale
and will breakdown at nanoscale level because engineering material properties are sensitive to
size. The molecule size to bulk is small and therefore new theories were developed in order to
take into account the small-scale effects.

The vibration characteristics of nano scale beams can be analysed within several
frameworks depending on the size of the beam [25, 26]. At macro and micro level, the Euler-
Bernoulli and Timoshenko bending theories are used with satisfactory results. When the beam
dimensions reach nanoscale length, nonlocal continuum (stress gradient) and strain gradient
theories are incorporated in the modelling [33 - 48]. These stress gradient theories include
Eringen’s non-local theory (first order stress) and higher order theories like Reddy Beam
Theory (RBT) and Levison Beam Theory (LBT). Eringen’s theory provides a unified
foundation for field equations of nonlocal continuum and provides a basis for several stress-
gradient theories [66]. Eringen proposed a theory based on nonlocal continuum mechanics
were the strain on any point on a body is dependent on the strains in the entire body. This

theory is suited to nanoscale modelling due to bulk to particle size ratio and the theory can
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satisfactorily explain phenomenon at atomic and molecular scale such as vibrations and wave
dispersion [25, 26]. Experimental findings and atomistic simulations have shown a significant
size dependency in mechanical properties at nanoscale [67 - 70]. Higher order stress/strain
gradient theories are constructed such that the transverse stress at the surface vanish as required.
Ansari et al. [45] and Lu et. al. [46] investigated strain gradient theories for beams at nanoscale
by taking into account only the local higher order strains. All these theories above provide
very accurate results compared to Molecular Dynamics (MD) simulations and calibration of
the small-scale parameters has been published by Pishkenari, H.N et. al. and Hossein, N.P.,
et. al. [50, 69].

Two different methods of modelling can be applied in simulating the dynamic behaviour:
1) atomistic modelling and 2) non-local continuum modelling. Atomistic models are
significantly more accurate and reliable but have the following disadvantages: a)
inapplicability of modelling for large number of atoms, b) requires very large amount of
intensive computational analysis and c¢) model formulation is extremely complex and limited
to small systems. In nonlocal continuum modelling the following advantages are realized: a)
the influence of CNT chirality, intermolecular spacing and characteristic dimensions can be
incorporated into the model, b) computational requirements are significantly lower and c)
complex models can be constructed and evaluated within a shorter space of time. Early
developments and applications of these theories were presented by Peddieson and Buchanan
[68] and further developed by Reddy and others [67, 70 - 80].

The transverse motion of a bean in vibration can be determined using 4™ order differential
equations of motion. Fourth order differential equations can be solved by separation of
variables [40-45, 64, 65, 74], finite element method [16, 21 , 29, 37, 71] and Lagrange
formulation [72, 73]. Various boundary conditions can be associated with the transverse
vibration frequencies of systems. The majority of classic boundary conditions are studied
extensively by Balachandran, Magrab and others [64, 65, 72, 73], and are used as the
foundation to investigate nano electromechanical systems (NEMS) and micro
electromechanical systems (MEMS). The analytical solution to solve for the frequencies of
vibration is complex and used extensively in solving of buckling and vibration problems.
Eigenfunctions can be used as the building blocks to construct a solution that satisfies the non-
homogenous boundary condition. The eigenfunctions are associated with the distinct modes
of vibration [72, 73] and related eigenfrequencies. The eigenfrequencies derived from the
solution to the differential equations of motion are referred to as the natural frequencies of the

system [64]. The natural frequencies of a structure are extremely important in engineering
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design to prevent catastrophic failure due to resonance and to eliminate unwanted noises [72].
Resonance is a phenomenon whereby the frequency of a dynamic applied external load matches
the natural frequency of the system. When that happens, the amplitude of vibration increases
with every successive application of the external load until there is total collapse of the structure
due to mechanical failure.

Beam elements are used in many prominent engineering structures in NEMS and MEMS.
These beam structures can be distinguished by the boundary condition, typically two or four
boundary conditions are applied, but in general, the number of boundary conditions are equal
to the number of constants in the general solution for the differential equation of motion. Micro
beams are modelled using classic continuum theory e.g. Euler-Bernoulli and Timoshenko beam
theory. These theories have been adapted to give accurate predictions for beams at nano scale
in what is referred to as stress (nonlocal) and strain gradient theories.

In Nonlocal theory, it is assumed that the stress at a single point in the material is influenced
by the strains of all the points in the material. This theory is widely applied to the vibration
modelling of carbon nanotubes in several studies [33, 34] and in particular, vibrations of carbon
nanotubes with a tip mass have been studied extensively due to their use in sensor applications
[19, 41, 42].

In many studies, the elasticity of the boundaries is not taken into account and the classical
clamped or free boundary conditions are considered. In several studies, vibrations of nanotubes
with elastically restrained boundaries have been conducted [43, 44], but only as a stand-alone
system, that cannot be decomposed into sub-systems. The effects of the elastic restraints and
tip mass on the frequencies have been investigated numerically and these problems have been
solved in the case of beams based on the local (classical) theory of elasticity. Elastically
supported beams with a tip mass have been studied in [43, 44] and the beam with torsional and
translational springs with a tip mass has been studied in [45, 46, 47] based on the classic theory
of Euler-Bernoulli beams.

The stiffness of a cantilever beam probe has been studied in the field of hydrodynamics and
very important developments were reported by Basak et. al. [13] and Beyder et. al. [14].
According to Beyder and Basak, the boundary condition for a cantilever clamp end can be
modified using a torsional spring to create what is called a torsional cantilever. This is very
important when probing pliable or biological sample because the compliance of the probe can
be matched to that of the sample. By doing so, damage to the tool and the sample can be
prevented [13, 14]. This torsional cantilever also allows researchers to utilize short cantilevers,

and at the same time, achieve large tip displacements. Natsuki et. al. [78] found that by
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increasing the aspect ratio of a nanobeam, the sensitivity of measurement can be improved for
nanomechanical mass sensors. While Natsuki et. al. [78] used high aspect ratio nanobeams to
improve the sensitivity of measurement, the same can be achieved by using a torsional
cantilever with a low aspect ratio nanobeams. Furthermore, torsional cantilevers can be utilized
in applications requiring low force and high frequencies, such as topological mapping of
biological samples embedded if a viscous medium [14].

Moutlana and Adali [51] published an article on the vibration of a beam with extended tip-
mass subject to piezo control allowing one to alter the natural frequencies in order to actively
prevent resonance. In their investigation [51], it was determined that an extended mass has an
influence on the second mode (2"%) of vibration and that the frequencies can give us information
about the radius of the attached mass or radius of attached bacteria or virus. The frequency
shift in the 2" mode allows us to determine the radius or diameter of the bacteria or virus,
making it easier to identify. Seyed [83] investigated a tapered beam with spring-mass system
using continuum theory like some of the above investigations, but small-scale effects were not
taken into account.

Elastically restrained nanobeams with a tip mass are modelled as Euler-Bernoulli beams
underpinned by Eringen’s nonlocal theory [25, 26] to take into consideration the small-scale
effects [44]. Some of the earlier work was performed by Esteshami and Hajabasi [84] for the
most basic boundary condition: clamped, simply supported and free for both single and double
walled nanotubes. In this work [84], the researchers recognised that, with the exception for a
simply supported beam, the frequencies of vibration are influenced by the small-scale
parameter. Li et. al. [85] studied nanobeams with the classic clamped-free, clamped-clamped
and simply supported beams with a mass attached to region of maximum displacement. The
modes shapes were also investigated by generating the shape functions from the natural
frequencies and the initial conditions, which again showed that the small-scale parameter has
an influence on the systems [86]. Ansari [45] has implemented strain gradient theory to solve
similar problems with the results being in good agreement compared to Molecular Dynamics.

Nanobeams with non-classic boundary conditions (e.g. linear and torsional springs, masses,
etc.) have received wide acceptance in NEMS. Nanobeams with tip mass can be used as
accelerometers and nanobeams with piezo surface layers can readily be used as energy
harvesters to create autonomous nanorobots according to an investigation by Managheb et. al.
[86]. In their investigation, Managheb et. al. found that attaching a mass at the tip of a
flexoelectric cantilever nanobeam improves the energy harvesting process. Bahrami et. al. [87,

88] studied a nanocantilever with tip mass and horizontal nonlinear spring that behaves like a
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directed axial load on the beam and this research can be straightaway applied in NEMS. Some
of the configurations of the boundary conditions were studied by Moutlana and Adali, Berretta
et. al. and Mahmoudpour et. al. [49, 89, 90], where the clamped boundary condition is
substituted by a torsional spring and the results were found to be consistent with Eringen’s
nonlocal stress theory. It was shown that the use of a torsional cantilever could benefit the
process of scanning for AFM in viscous medium in studies conducted by Arda and Aydogdu
[91], investigating biological nanomotors. Moutlana and Adali [54] investigated a torsional
cantilever with tip-mass and linear spring boundary condition and showed that with elastic
boundary conditions, the natural frequencies of vibration can be manipulated to the desired
requirement. Most of the research above was conducted for a beam with discreet mechanical
elements e.g. linear or torsional spring or concentrated mass attached to the boundaries.

NEMS are usually made up of several coupled discreet systems. These systems are expected
to function simultaneously e.g. a cantilever coupled with a spring-mass system. Many such
systems are well documented at micro and macro scale in dynamics textbooks [64, 65] and
many researchers are investigating the mechanical behaviour of such system at nanoscale
[92 - 100]. Earlier work on coupled systems was presented by Gheshlaghi and Mirzaei [99]
were they investigated the sensitivity of lateral vibrations due to small scale effects.
Gheshlaghi and Mirzaei studied a cantilever beam with spring-mass attached to the free end
but the force due to the spring mass is not included in the shear boundary conditions. According
to classic continuum theories, Magrab [65] maintains that the single degree system induces a
force at the tip of the beam which manifests as a shear force.

Moutlana and Adali [49] presented new improvements by coupling a torsional cantilever
with a single degree spring mass system. The model presented herein includes the induced
force due to the spring-mass in the shear boundary condition, and therefore represents a more
consistent treatment as opposed to Gheshlaghi and Mirzaei. In this research [49], the model
shows that there is a strong link between the natural frequency of the beam and the natural
frequency of the spring mass system; and this can be used to predict the beam tip deflection
and the deflection of the tip-mass. This can be directly linked to the penetration depth of a tool
like AFM for sample scanning or manipulation [49].

In most engineering applications the 1% natural frequency in the most important and
dominant when the system undergoes vibrations and is typically referred to as the fundamental
frequency of vibration [75, 76]. The frequencies of vibration for a beam under axial load are
somewhat more complex in that the frequency parameter of the system are sensitive to

compressive loads according to Pin et. al. [77]. This complication is brought about because if
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the load becomes too big, the beam undergoes static buckling and thus fails. Further studies on
a beam with axial load have been conducted by Natsuki et. al. [78] to determine the effects on
the vibrations and they found that a tensile axial load increases the natural frequencies in
concurrence with Moutlana and Adali [51]. Wang et. al. [101, 102] used an axially loaded
nanobeam to determine or calibrate Eringen’s small-scale coefficients by using discreet beam
model (DBM) and Eringen’s beam model (ENBM). This is achieved by solving the discrete
beam formulation using the theory of linear central finite differences and compare the buckling
loads and natural frequencies of the DBM with those of the ENBM, where local continualized

discrete boundary conditions are applied to neighboring elements.

1.3 Research objectives.

The aim of this investigation is to develop a model to simulate the vibration characteristics
of a nanobeam with flexible restraints, tip mass and axial load. The nanobeam is restrained by
a torsional spring, carries a tip mass and linear spring . The torsional and linear stiffness and
mass are utilized to modify the vibration characteristics of the system. To accomplish the aim
of controlling and analyzing the vibration characteristics of the model, the following objectives

must be met,
1. Development of the equations of motion governing the vibration of the nanobeam.
2. Development of the equations using the constitutive relations governing nonlocal
continuum or stress-gradient theory.
Derive the characteristic equations to determine the natural frequencies.

3

4. Investigation of the effects of the critical parameters on the natural frequencies.
5. Investigate the effects of the spring-mass system on the motion of the system.
6

Investigate the vibration of the beam subject to axial loading.

Euler-Bernoulli theory is employed because we assume the beam is slender (h/L<<1) and
therefore the shear deformations are not accounted for, without losing accuracy. To satisfy the
stated objectives the research is divided into three major categories: (i) Problem formulation,

(if) Modelling and numerical solutions and (iii) Results and refinements.

Q) Problem formulation: This stage involves the assessment of the mechanical
structure subjected to vibration. It also involves formulating the stress strain
relationships which are used for developing the 4" order differential equations

of motion for the nanobeam and 2" order differential equations for the
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spring-mass system. The differential equations of motion are coupled, and the
total system dynamics can be determined.

(i) Modelling and numerical solutions: At this stage, the analytical solution is
developed using separation of variables and presented it in the form of an
eigenfunction series expansion. The natural frequencies are generated
numerically by plotting the characteristic equations for the vibrations of the
system.

(i)  Results and refinements: The results for the analytical solutions are
generated using Wolfram Mathematica® and wxMaxima?. The results will be
plotted and tabulated to indicate the influence of the different parameters on
the frequencies. The model is refined further to take into account surface
effects because at nanoscale and pico-scale, “There is plenty of room at the

bottom”-- Richard Feynman
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Chapter 2 — Governing equations for a vibrating nanobeam

2.1 Derivation of the governing equations for the nanobeam.
2.1.1 Moment-curvature relation for beam.

In Fig. 2.1, a uniform beam is vibrating freely under constant axial load N(x,t). The left-
end of the beam is mechanically constrained by use of an elastic support i.e. torsional spring,
while the right-hand side has mechanical elements i.e. a tip mass and elastic supports arranged
in a desired configuration. There are moments M (x, t) and shear forces Q (x, t) along the beam
and the mechanical elements contribute moments, M(0,t) and M(L,t) and shear forces,
Q(0,t) and Q(L,t) at the boundaries as indicated in the diagram [1, 2]. Let w(x,t) be the
transverse displacement of the beam anywhere along the x-dir. at any time (t). The Euler-
Bernoulli theory can be applied to the deformation of the beam, where the fiber along the
neutral axis of the beam experiences zero strain. The fibers above the neutral axis experience

a contraction, whilst the fibers at the bottom of the neutral axis experience an extension.

According to Euler-Bernoulli theory, when a slender beam experience’s bending:

I.  The neutral axis remains undeformed,
ii.  Plane sections normal to the neutral axis remain normal before and after bending,
iii.  The transverse normals experience zero strain along the normal direction.

iv. The material obeys Hooke's law.

A single fiber undergoing deflection can be isolated to form a basis for the discussion as
shown in the Fig. (2.2),
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For small deflection (d@) the fibers along the thickness of the beam create concentric arches
and the fiber length (s) is extended by a small length (ds) as shown above. The relation
between the deflection, the arc-length and radius of curvature (p) can be deduced from

Fig. (2.2) and presented as follows,

== % .................................................. (2.1)
and the strain relation is,
eEy)=—-y- % = —(P/P) oo (2.2)
and therefore, the stress-strain relation can be expressed as,
O (V) =E. 6, ==Y (Ec/P) v, (2.3)

The resultant bending moment of curvature® (M,) due to o, must equal the integral of the

bending moment across the cross-sectional area and thus,

M=~ [,y [0,dA] (2.4a)
and, after combining Egs. (2.3) and (2.4a),

M, =—(E./p) - fAysz (2.4b)
also,

I = [,y*dA (2.4c)
therefore,
0
M, = —E,I, % and %: == (2.4d)

It can be shown that the relation below holds for beam deflection,

3 The subscript “c” denotes local or classic parameters e.g. moment, shear force and material constants
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da’w
dae T2
P | (2.5)

dw\ 212
[1+(H) ]
2
when (Z—Z) << 1 the slope and the deflection are small it leads to the following moment

curvature relation,
d2w M. (x)

= e, (2.6)

dx? Ecl.
When the beam moves from its natural position; internal forces, shear forces and moments
acting on each infinitesimal element of the beam are induced, as shown in Fig. (2.3). The

element has a length dx along the beam in the x-direction.

Taking the sum of the forces and moments in both co-ordinates (x and y) we derive the
equilibrium conditions for the element in a form of these equations:

0Qc(x,t) 92w(x,t)

e —pA— =0 (2.7)
D 1 N () 22D — Qe(x,£) = 0 (2.8)

The local or classic moment and shear force are shown in Egs. (2.9a) and (2.9b).
M, = —E,I, M (2.9a)
Qc —EI”—“‘”+N% (2.90)

After combining Eqgs. (2.7) and (2.8) we can determine the local or classic differential equation
of motion for the beam.

64w(x t) 92w(x,t) L 5wen) 9%w(x, t)

where E_ is the modulus of elastICIty, 1. is the moment of inertia, p is the density, A is the cross-

E I, - N

sectional area and F(x) is the forcing function which is taken as Fy(x) =0 for a free vibration

of the beam.
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2.1.2. Eringen’s nonlocal stress gradient theory for small-scale effects.

The moment curvature relation derived for Euler-Bernoulli theory is valid for micro and
macro scale beams but needs to be modified in order to be valid for nanoscale beams. The
Euler-Bernoulli beam theory [1, 2] can be applied to the transverse vibrations of nanobeams
by applying the Eringen’s theory on nonlocal continuum [3], with consistent results. Eringen’s
nonlocal stress tensor ¢ at a point x is stated as,

o= fVK(|x' — x|, )t(X)dx’ (2.11)

The integral above represents the weighted average of the influence of the strain field of all
the points in the bulk to the stress field at a point. The first term in the integral K(|x' — x|, 1)
is the kernel function and denotes the nonlocal modulus with |x"— x| being the distance. The
second term t(x') is the local or classic stress tensor at a point x, such that x is the reference
point in a body in which the stress tensor is calculated at any other point x. The material
constant (z), depends on the internal and external characteristic lengths. The 4" order local or
bulk stress tensor obeys Hookean Laws and is described as,

t(x) = Cyjr(X) &g (X) (2.12)

The integral in Eq. (2.11) makes the linear elasticity problem challenging to resolve. The

integral equivalent can be expressed in differential form by,

6 = (1 - 222 62)0 and 7= 2t (2.13a)
or,

02 w(x t)

(122, o =) M" = EI (2.13b)
when written in terms of moments, where M™ is the nonlocal (nl) moments, e, is a material
constant that can be accurately estimated using molecular dynamics, [; and [, are the internal
and external characteristic length which depend on lattice spacing and wavelength [4].

Applying Eg. (2.13b) the nonlocal moment and shear force are,

92 w(x t) 92w (x,t) 92w (x,t)

M™ = EI +A[NESE - pa )] (2.14a)
23 w(x t) 6w(x ) _ 23w (x,t) 23w (x,t)

QU = F1 20y NS g [N pp D) (2.14b)

Using Egs. (2.7), (2.8) and (2.13b) to mcorporate the nonlocal effects, the equation of motion

for a nonlocal nanobeam in transverse vibration is,

El

4 2 4 4 2
*w(x,t) n Na w(x,t) ﬁNa w(x,t) n IIPA *w(x,t) pA %w(x,t)

ox* 6x2 o Ox4 axZatz - atz = FO (xr t) (2.15)
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2.1.3 Surface energies consideration for nano and sub-nano beams.
Scientists and engineers studying nano mechanical structures are now venturing into much
smaller structures in the picometer(pm) or atomic range. At this miniscule size, the beams
under consideration could be composed of a minimum of three or four atomic layers as show
in the Fig. (2.4) below.

Figure 2-4: Beam composed of four layers of atoms, two bulk layers and top and bottom
surface layers.

From the diagram it is noted that the bulk to surface volume are comparable and therefore
the energies in the atoms at the surface will be comparable to the energies in the bulk. In this
case, the surface layers will have an influence on the natural frequencies of the beam. The
influence is bourne out the fact that the different atoms experience a different environment i.e.
the surface is in contact with air and an atom on the other side, whereas the bulk material is
surrounded by atoms. This leads to contact tractions in Eq. (2.16), at the interface between bulk

and the surface layer.

T, — Normal Contact Traction
T, — Tangential Contact Traction

with surface effects

Figure 2-5: Internal shear forces, moments and external forces on the
beam with traction forces at the surface.
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A section of the beam (dx) including the moments (M®), shear forces (Q*), axial load( N),
and the contact tractions (T, and T,), which are integrated over the surface, is shown in

Fig. (2.5). The sum of the forces and bending moments* are,

oMS d

2=+ ff Tezds + (N35) (2.17)
205 02
—- =~ Tds+ pAa—t”Z” (2.18)

In order to capture more complex material behaviour, the Gurtin and Murdoch surface layer
equilibrium equations [5] are introduced, Egs. (2.19) and (2.20). When the surface tractions
are considered, a second-order tensor characterizing the surface stress is introduced [5,6]. The
surface stress tensor is associated with the bulk stress tensor and the external loads by means of

a force equilibrium equation created at the solid surface [5,6].

OTyy 0%u

T =pPo5e (219)
Ty 92
=T = P (220)

were the first terms in Egs. (2.19) and (2.20) contain the derivative of the in-plane components

of the surface stress tensor, t,, and .

ouy

Ty = To + Qo + 4, - (2.214)
o=z (2.21b)
Ty = Tp aaljcz (2.21c)
u, = w(x) (2.21d)

The mechanical properties of the surface are contained in the constants u, and 4,, which are
the Lamé's constants that arise in strain-stress relationships and can be determined using
molecular dynamics (MD), t,, is the residual surface stress and p, is the surface density. The

constitutive equation for stress-strain can be written as,

Oxx = E€yy +v0,, (2.22)
where v is the Poisson’s ratio and a,, is the stress in the normal direction to o,,. The strain is

expressed as,

ouy

Exx = S (2.23)
and the normal stress,

_ 2z 02w 22w
922 = Ty [Toaxz = Po g2

(2.24)

4 The bending moments and shear forces due to surface effects are denoted by “s”
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Solving for T, and T, in Egs. (2.19) and (2.20) and solving the moment equation in Eq. (2.25)
below, the results can be substituted into Egs. (2.17) and (2.18).

= —fA Oy dA (2.25)
This results in the moment and shear force equation for a nanobeam with axial load, small-scale
and surface effects are conveyed in Egs. (2.26a) and (2.26b) which are comparable to the

equations developed by Juntarasaid et. al. [7].

s _ peje92wlxt) | 2vip, 82w(x,t) = 02w (x,t) _ w 02w(x,t) _
M =E°I , dx? + H at2 ,u[N dx? (pA + pos™) at2
g WD W(’“'t)] (2.26a)
s _ ere 0> w(x t) . 2vip, d3w(x,t) _ Lowlxt)  ow(xt) | 23w(x,t) _
Q"= E°I 3+ H  9xdt2 0 dx N ax +“[N dx3
Sw(x,t)+
(pA + p,s )—6x6t2 ] (2.26b)
where,
2vit,
E°I® = El + (25 + 20)I" =~

After solving for Q°in Eq. (2.17), differentiate Q° with respect to x and substitute into
Eq. (2.18) to derive the equation of motion for a nanobeam with , small-scale and surface

effects.
9*w(x,t) L 0Pw(xt) 04 w( t) 02w(x,t) . 2vip, 0*w(x,t)
EeI:— ToS" — 35—+ AT,S” (pA + p,s™) 2 oz T
°w(x,t) 04 w(x t) *w(x,t)
N—=5—— N + (IlPA"‘ﬂPoS ) 2oz~ fo(%, 1) (2.27)

The Young’s modulus of the bulk is E, I is the moment of inertia of the bulk and I* is the
perimeter moment of inertia of the surface. The density of the bulk is p, p, Is the surface
density, 4 is the cross-sectional area, H is the height of the beam and s* = ¢ nZds is the cross-
sectional area/perimeter of the surface layer. F,(x,t) is the forcing function which is taken as

F,(x,t) = 0 for a nanobeam under free vibration.
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Case 1: Topological scanning tool model.

In bending and vibration, the nanobeam experiences displacements, velocity and
acceleration which lead to forces and moments for every infinitesimal cross-section.
Egs. (2.26a), (2.26b) and (2.27) account for intermediate motion of the nanobeam for 0 < x <
L. Different mechanical elements can be added to model actual applications. In Fig. (2.6), a
rectangular cross-section pin is included and acts as a torsional spring (k;) at x = 0. The

boundary conditions without surface effects are the following,

w(0,t) =0 (2.28a)

d2w(0,t) =2 22w(0,t)
dx? 1 pA at2

x = L), taking into account the small-scale effects, the tip mass and the linear

dw(0,t)
dx

El

—k, 0 (2.28b)

spring, the moment and shear boundary conditions can be expressed as,

A?w(Lt) | -5 . 0%w(Lt) _
El— 5=+ i*pA— 5= =0 (2.29a)
dBwLt) a3w(x,t)
El—s — “pA 5oz~ Mrw(L) + kow(L) =0 (2.29b)

where My is the tip mass, k, and k., are the torsional and linear spring constants, respectively.
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Case 2: Sculpting and removal tool model.

In this configuration the nanobeam has a linear spring attached to the tip and a mass attached
to other end of the spring. Once more, Egs. (2.26a), (2.26b) and (2.27) are employed to derive
the moment and shear boundary condition at x = 0 and x = L. The boundary conditions with

surface effects are,

w(0) = 0 (2.30a)
’w(x,t) . 2vip, 0%w(xt) _ 92w(x,t) - 02w(x,t)
ere _ _ _
E°I Zaxz + H ot2 H [N dx? (pA + pos™) at?
« 0°w(x,t) ow(x,t)
Tos" 28| =y 252 = 0 (2.30b)

At the free end (x = L), taking into account the small-scale effects, surface effects and the
single degree of freedom spring-mass system, the moment and shear boundary conditions can

be expressed as,

Bw(xt) . 2vip, *w(x,t) « Ow(x,t) ow(x,t) _ [ 93w(x,t)
ere _ _
E°I 013 H 0xdt2 _3 0 ax N x TH N ax3
« 0°w(x,t) - 0 w(xt)+
ToS Toxd (pA + poS )W] = FL(X, t) (231b)

In the system depicted in Fig. (2.7), F; (x, t) in the shear boundary condition of Eq. (2.31b)
is the force due to the compression or extension of the spring. The linear spring force has the
form of a spring constant times a displacement , F, (x,t) = k, * y(L,t), where y(L, t) is the
displacement calculated from solving a 2" order differential equation of motion in
Section 2.2.2 below.
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2.1.4 Critical buckling load for nanobeams under axial load.
The axial load is applied in both compression and tension and therefore we need to consider
the magnitude of the force in order prevent failure. The choice of axial load is made by

referencing the applied load (N) to the critical buckling load (N,,-) of the beam.

N=k-N, (2.32)
where k is the axial load fraction and allows the for the axial load to be selected in an acceptable
range, k = -0.8, -0.4, 0, +0.4, +0.8. To determine the critical buckling load of the system, the
equation of motion Eqg. (2.15) is written below with the terms involving time or derivative with

respect to time set to zero.

4 2 4
*w(x) +N6 w(x) —/IN *w(x)

dx* 0x2 ox*

The 4™ order differential equation of motion can be reduced to a 2" order differential

El =0 (2.33)

equation by integrating twice with respect to x, and after integration twice we derive an

equation with two integration constants, E and F.

92w (x)

(EI — ZN) o T Nw(x) =Ex+F (2.34)
The LHS side of Eq. (2.34) has a homogeneous solution of the form,
22w (x) 2 _
o+t wx) =0 (2.353)
2___ N __
Let, Ac = G or = i) El (2.35b)

The solution for this second order differential equation of motion Eq. (2.34) has two
solutions: 1) a homogenous solution and 2) a particular solution which is derived from the
boundary conditions. The total solution is a sum of the homogenous and particular solution
and can be expressed as,

. 1
w(x) = Asin(Ax) + Bcos(Ax) + = (Ex+F) (2.36)

The constants can be determined to satisfy the displacement and moment boundary conditions.

Displacement at x = O:

w(0) = 0 (2.37)
Asin(0) + Bcos(0) +5; (0+ F) =0
F = —A?B
w(x) = Asin(Ax) — Bcos(Ax) + %2 (Ex—A?B) (2.38)
Moment at x = O:
E1 70 gy O g 2O (2.39)
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(EI-EN) 8%w(0) _ow(0) _

0
kq dx2 0x

(—AA? sin(x2)—BA? cos(xA))(1-B2u)

P +BA=0

_ BA*(B%*u—B)-k4E

4 kA3

_ BB?A* sin(x)u+(-BA*—k4E) sin(xA)+k1BA3 cos(xA)—k1BA3+k, ExA
X(x) = PWE

(2.40)

The general solution Eq. (2.40) is in terms of B and E alone. This can then be inserted into
the two boundary conditions for the moment and shear forces at x = L. There after the two
equations EQs. (2.42) and (2.44) can be solved for E. The E derived from the moment
boundary condition can be equated to the E derived from the shear boundary condition which

leads to the characteristic equation for buckling of the system.

Momentat x = L:

92w(L) _ o 0%w(l)
EI=22 - ANZ=52 =0 (2.41)
(EI — iN) wlh) _
¢ ox2
_pPR236 i _22(_py4_ ; _ 5
Then, _ —BB*A8sin(x)p-2 (-BA*—k4E) sin(xA)—k,BAS cos(x2) —0
274 i _p14 i 3
E= BB“A*sin(LA)u—BA 151n(LA)+le/'l cos(LA) (2.42)
k1 sin(LA)
Shearat x = L:
23w(L) _93w(L) ow(l) _
EI =22 — AN =52 - N2 = 0 (2.43)
23w(L) _ N ow(L) _
dx3 (EI-uN) 9x
23w(L) a2 ow(l) _
dx3 A ax 0
22 cos(xA) . 22 cos(xA) cos(xA)
hen ~ Bz(Bf”k—lﬂ—Bz‘lsm(xl) B y E &l fz) N BB2A* cosxu
' 1-pp? kq
4
BA3 sin(x1) — BA+S(M) —Ecos(xA) =0
1
E = ((BuB*=BB*)A°+BB*A*) cos(xA) u+((kyB—k1Bup?)A°
B ((ky1uB?=k1)A2+k1 B2) cos(xA) k1 B2
_ 293 i _ 2Y716_pp214
k1BB*2A%)sin(xA)+((B—BuB=)A°—BB*A*) cos(xA) (2.44)

((kqnB2—k1)A%+k152) cos(xA)—k, B2

After inserting the general solution into the boundary conditions, only three constants can
be determined, and we therefore set B = 1, and this results in a transcendental equation with
roots corresponding to the various buckling modes. The lowest root of Eq. (2.45) corresponds

to the critical buckling load and the transcendental equation is,
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. sin(AL)
ky

+ Acos(AL) =0 (2.45)

The lowest buckling load, 2 = 0 is a trivial solution and therefore the transcendental
equation is solved numerically for the non-trivial solutions. When A — 0 the transcendental
equation is that of a simply supported beam, sin(AL) = 0 and when A — oo the equation is that
of a cantilever beam, A cos(AL) = 0. The 1% root of the equation is substituted into Eq. (2.35b)
to obtain the critical buckling load of the system (N,,.).

Buckling frequency for a torsional cantilever

J — (radians)
Figure 2-8: Transcendental equation for buckling of a single degree spring mass system.
Figure (2.8) shows the plots of the transcendental equations in buckling for varying torsional
stiffness (k). The blue graph (2) is for the lowest torsional spring ratio (k; = 10) and pink
graph @ highest spring ratio (k; = 10°), i.e. a cantilever nanobeam. The highest buckling
load is associated with the pink graph, and this is the critical buckling load used in this

investigation.
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2.2 Solution of the governing equations of motion by separation of
variables.

2.2.1 Solution of the governing equations for nanobeam.

In free vibration the external transverse load is set to zero, F,(x,t) = 0, in Eq. (2.27) and
the axial force N(x, t), is kept the constant along the length of the beam. This problem can be
solved by obtaining the eigenvalues and taking the sum of the eigenfunctions. The solution of
the governing Eq. (2.27) is obtained by eigenfunction expansion of the displacement function
using separation of variables. The displacement functions w(x, t) and y (L, t) for the nanobeam

and the tip-mass are dynamic and can be split into modal and temporal components.

w(x,t) = Xp=1 Xn ()T, (£) (2.46a)
YL, t) = Xn=12,Tn(t) (2.46D)
T,(t) + w2T,(t) = 0 (2.46¢)

Inserting Eg. (2.46a) into Eq. (2.27) and using Eg. (2.46¢), we obtain the differential
equation of motion for the beam in the modal domain®.

ere 0 Xn(O)Tr(t)  _ 10 0* X (X) Ty (1) 02X, (X) Ty (t) « 02Xn (X) Ty (£)
Lf : a4XaJE:)T (t)_ ‘UN oxt 92x -I(_x§\7]" (t) axzzvlp a:X (():)T ®) axz_ *

ToS = (PA+ pos™) —— 5+ —azias T (PA+
fip,s* ) TI@ _ (2.47a)
E€I®X""T — ANX""'T + jit,s*X""'T + NX"'T — 1,5*X"T + (pA + p,s)XT +
ZLoX"T + (ApA + fipos™ )X"'T = 0 (2.47h)

divide Eq. (2.47b) by T.

Eeret T—;INXTT+N¥+;ITOS*¥— TOS*¥+(pA+pOS*));—T+
2vipo, X''T _ _ e X'T
i+ @A+ fipos") T =0 (2.47¢)

Eejex'" _[INX”” +NX" + ﬁTOS*X”” _ TOS*X” + (pA +,005*)X;+ ZVI{IPOXH§+
(EpA + fipos )X 2 =0 (2.47d)
solving Eq. (2.46c¢) for the angular velocity (w2 = —T/T) and substituting into Eq. (2.47d).

2EeIIeX”” — ANX"" + NX" + jit,s* X" — 1,8 X" + (pA + pos*) (—w2)X +
Vipo 17 — — * "
=i (CODX" + (A + fipos™ ) (—wi)X" = 0 (247¢)

The natural frequency w,, is the frequency of the n‘" mode of vibration. The differential

equation in the modal mode then becomes

P-X"+Q-X"—R-X=0 (2.48)

5 The subscript “n” and input variables (x,t) are dropped for clarity of presentation.
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where, P= 1+[M—%]%—,uﬁz+ﬁros*
Q=ZCpat +u(1+p.%) at+p -5
R=(1+pcsi)a;*l
and,
a="H =2 u=(%)2L2 pe=2

The ratio alpha (a) that depends on the cross-sectional geometry [9, 10] is introduced to

determine change of bending stiffness due to surface effects on the local or classic bending

stiffness.
% 2vIT,
E€I® = EI + (2u, + A,)1 —T"
therefore,
ECIC-EI _ |[@ro+r0) 22| a_  H
El E H H
ECI°-El _ aE_Si_ Ho
El EH H

where a is a non-dimensional constant that is dependents on the structural geometry of the
element, H is a height of the size of the structure. The parameter, H, = E°/E is a dimension
at which the effect of the free surfaces become significant and for a square or circular cross-
section, @ = 8. The quantity E* is the elastic constant of the surface of the nanobeam and E is
the corresponding elastic modulus of the bulk material. For H>> H,, the bulk properties
dominate, but as H, approaches H,, the effect of the surface cannot be ignored and H, =
[Qu, + A,) — 2vIt,/ a] /E is referred to as the intrinsic length for bending [9, 10]. The ratio
above shows that if aH, = H the surface effects need to be considered for improved model
accuracy.

The frequency parameter a,, is associated with the natural frequency w,, of vibration, a is a
constant ratio that depends on the moment of inertia of the cross-section geometry of the bulk
and surface, 7., u, 2, and p. are the dimensionless constants corresponding to the residual
stress, small-scale parameter, axial load and bulk to surface density ratio, respectively. The
maximum axial load is taken to be 80% of the critical buckling load (N,,.) and therefore
k =-0.8,-0.4, 0, +0.4, +0.8, with (-ve) being the tensile load and (+ve) compressive load. The

general solutions of the differential equation Eq. (2.48) is given by,

X, (x) = A, cosp,, + B,sinp,, + C,coshp,, + D, sinhp;, (2.49)

and,
T,(t) = E,sinw, t + F, cos w, t (2.50)
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p1n and p,,, are the roots of the 4™ order differential equation or the wave numbers,

Q+/Q2+4PR Q—/Q2+4PR
Pin = qu and pop = |5 (2.51)

where A, B,,, C,, and D,,, are constants to be determined from the boundary conditions; and
E, and E, from the initial conditions. The characteristic equation can be used to determine the

natural frequencies from the stipulated boundary conditions.

2.2.2 Governing equations for spring-mass system.
The spring mass system is a discreet system that is coupled to the tip of the nanobeam as
indicated in Fig. (2.7). This system is governed by 2" order differential equation of motion
Eq. (2.52a),

Mp 20 4 Jey2(6) = kyw(L, ) (2.52a)

aZ
My 222 = ey (w(L, £) — (1))
let,

y(L,t) = w(L,t) — z(t)
z(t) =w(L,t) — y(L,t)

2%2(w(L,t) -y(Lt)
My ZECOVCO) oy (1, t)

92w(L,t)
at2

9%y (L,t)
at2

MT S kz]/(L, t) +MT

substitute Eqgs. (2.46b) and (2.46¢) dropping the subscript “n” and input variables (x,t) for
clarity of presentation. Divide by M; and then by T.

d2(XT) 0%(2oT)
M =kyz,T + M Z
T atz 240 + T 6t2
My T  k T M T
_TX_ =_ZZO_+_TZO_
Mt T Mt T Mt T

k
X(_wrzl) = M_ZTZo + Z, (_wrzl)
k
X(~wd) = 2, (32 - 3)
X(-w)
Z, =
")
Let m = pA and multiply Eq. (2.52b) numerator and denominator by m/EI

Zo (_wrzl) %

(2.52b)

= (%_w%) . (2.52c)

ﬁw,zl
Zo . EI
X (ﬁ ko mw%)

M7 EI EI
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4

Zo __ an
n__ o _ (2.52d)

~ (af-ad)
. . . _ k> _ Mt 4 _ k2 ;
were the nondimensional parameters are: k, = — == and a; = e We obtain the

equation of motion of the tip mass in the modal domain and time domain:

—— [n (0 (2.53)

{4
e

where ai = k,/n is frequency parameter for the spring-mass system; «, and n represent the

linear spring constant ratio and the tip-mass ratio, respectively.
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Chapter 3 - Computation of the characteristic equation for
the fundamental frequencies of the system

3.1 Natural frequencies for a torsional cantilever beam (without
surface effects).

Discreet elements can be attached to the ends of the beam to influence the vibration profile
of the beam. For one end of the beam, x = 0, a rectangular cross-section pin is used to keep
the beam in a fixed position as indicated in Fig. (2.6). The pin prevents lateral motion and
allows angular motion depending on the material’s Hookean strength of the pin, resulting in a
torsional spring (k,) effect, see Fig. (3.1). On the other end of the beam, x = L, atip mass is
attached such that the centre of gravity of the mass coincides with the tip of the beam (rotary
effects of the mass are neglected). A linear spring (k,) is attached to the mass to simulate the

contact force.

Therefore, the boundary condition at x = 0 are zero lateral displacement in Eqg. (3.1) and a

state of equilibrium for the sum of moments in Eq. (3.2).

w(0) =0 (3.1)
d2w(0) -2 92w(0,t) aw(0)
EIW — U pA PYS — k1 ar 0 (32)

and at x = L, the moment and shear boundary conditions can be expressed as,

PwLt) | 5 PwLt) _
El—=+ p*pA—5—=0 (3.3
BwLt) -3, PwLt) Pw(Lt) B
El dx3 H pA oxatz Mr 9x0t2 + kZW(L; t) =0 (34)

The above boundary conditions are 2" and 3 order differential equations which are
decomposed into the modal and temporal domains by separation of variables using the

displacement function, w(x, t) = Yo X, (x)T,(t).
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Displacement at x = O:

w(0) =0
Xn(0)T,(6) =0
divide by T, (t) and therefore in the modal domain,
X,(0)=0 (3.5)

Moment at x = 0:

*w(x,t) _, 0*w(x,t) ow(x, t)
Bl — AP~k — =
£l 02Xy (DT () ) 02X, (T, (8) " 0X,, ()T, (t) _o
dx2 at? 1 dx
92X, (x) 02T (1) 90X, (x)
El— 5= Ta(8) = 2pAXy () — = = s == T (£) = 0

EIX, ()T, (t) — @2 pAX, ()T, (t) — k Xy (X)T,(t) = 0
EIX, (x)T,(t) — @2pAX, ()T, (t) — ky X,,(x)T,,(t) = 0
Insert T,,(t) = —w?2T(t),
EIX, ()T, (t) — 12pAX, (x) (—w2T (1)) — k1 X, ()T, (t) = 0
divide by T, (t) and reduce the equation to the modal domain,
EIX,(x) + i?pAw2X,(x) — kX, (x) =0
divide by ET and simplify to non-dimensional constants.

2 pAwn _ k_ —
7 X, (x) EIX 0
X, () + patX,(x) — 1, X, =0 (3.6)

Where a;; , u , and Kk, are the dimensionless constant for the frequency parameter, the

X () +

small-scale parameter and torsional spring ratio.

sz i\ 2 k1L - -
af =222 = (B) 2 g =2 (dimensionless constants)
nT g I tom

In a similar manner, the boundary conditions at x = L can be reduced to the modal domain with

dimensionless constants.®

Moment at x = L:

d*w(x,t) _, 0*w(x,t)
=gz —#Pi—a =0
. d’XT AaZXT 0
dxz2  H P T

& The subscript “n” and input variables (x,t) are dropped for clarity of presentation.
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EIX'T — i?pAXT =0
EIX'T — i2pAX(—w?T) = 0

., Aw?
X T+ﬁ2p =

XT=0

X'+ patx =0 (3.7)
Shear at x = L:
d*w(L,t) _, 0*w(L,t) 23w(L,t)
T F PP axaer T T axac?
d*XT  _,  9°XT d3XT
dx3 apA dx9t?2 MTW
EIX"T — @i?pAX'T — My X'T + k,XT = 0
EIX"T — i?pAX' (—w?T) — M X' (—w2T) + k,XT = 0

EIX'T + i?pAw2X'T + Myw?XT + k,XT = 0

El

El

divide by T and EI,

_, PAw}

M, pAw? k
X"+ Mp pAW, 2

X' —X+—=X=0
EI +pA EI +EI

X" +uatX' —natX +1,X=0 (3.8)

where,

_ ML

_ kalL®
n="a and k, =

EI

(dimensionless constants)

where 7 is the tip mas ratio and «, is the linear spring ratio.
The general solution to the modal domain of the 4™ order differential equation of motion
Eq. (2.15) is expressed as,

X, (x) = A, cospanx + Bsinp,,x + C,coshpypx + Dy sinhpp,x (3.9)
This order of equation requires four constants 4,,, B, , C,, and D,, which are determined from

the boundary conditions were, the boundary conditions.

Displacement at x = O:

X,(0)=0 (3.10a)
A, cos(0) + B,sin(0) + C,,cosh(0) + D,;sinh(0) =0
A, (D) +C (1) =0

Ap = —Cy
therefore,
X, (x) = Bsin(p,x) + C(cosh(p;x) — cos(p,x)) + D sinh(p,x)
Xn(x) = +p,B cos(pyx) + C(p, sin(p,x) + py sinh(p1x)) + p1 D cosh(p,x)
X7 (x) = —p3 B sin(pzx) + C(p3 cos(pzx) + pf cosh(pyx)) + piD sinh(pyx) (3.10b)
X7'(x) = —p3B cos(pzx) + C(ps sinh(pyx) — p3 sin(p;x)) + piD cosh(p,x)
X;" (x) = pz B sin(pzx) + C(pg cosh(pyx) — p3 cos(p,x)) + pyD sinh(pyx)

Moment at x = O:
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Xn(0) + pazX,(0) — k; X, (0) = 0 (3.11a)
—p3B sin(p;x) + C(p3 cos(p,x) + pf cosh(p,x)) + piD sinh(p,x) +
uaz [B sin(p,x) + C(cosh(p;x) — cos(p,x)) + D sinh(p;x)] —
Kl [sz COS(pr) + C(pz Sin(pzx) + pl Sinh(plx)) + plD COSh(plx)] = 0
—p3B sin(0) + C(p3 cos(0) + p2 cosh(0)) + p?D sinh(0) +
uat [B sin(0) + C(cosh(0) — cos(0)) + D sinh(0)] — x;[p,B cos(0) +
C(p, sin(0) + p, sinh(0)) + p; D cosh(0)] = 0

—0+ C(ps(1) +p2(1)) + 0+ pap[o+c((1) — (1) +0] -
k1[p,B(1) + C(0+0) + p;D(1)] =0
C(p3(1) +pi(1)) — r1[p2B(1) + p1D(1)] = 0
therefore,
p = P3+pi)CkipiD (3.11b)

K1D2
and B is substituted into Eq. (3.10b) and the general solution can be stated in terms of C and D

in Eq. (3.12), and procced to solve the boundary conditions at x = L.

X,(x)=C [(cosh(plx) — cos(pyx)) + %sin(pzx)] +D [sinh(plx) - Z—:sin(pzx)] (3.12)

Momentat x = L:
Xa(L) + patXx,(L) =0 (3.13a)

_ ((p§+p%)C—K1p1D)shﬂp2L)
K1P2

— C cos(p,L) + D sinh(p,L) + C cosh(plL)> arp —

Pz((P%+P%)C—k1P1D)SHKPZL)

K1

After substituting the general solution and it is derivatives from Eq. (3.12) into Eq. (3.13a), the

+ p5C cos(p,L) + p?D sinh(p;L) + p?C cosh(p;L) = 0

above equation is solved for C which we rename C_moment,

C11
Cc12

C_moment = C = (3.13b)

C11 = (kyp, D sin(p,L) — k1p,D sinh(p;L))amp + k1p1p3D sin(p,L) +
KlP%PzD sinh(p,L)

C12 = ((P% + Pf) sin(p,L) — k1p, cos(p,L) + k1p; COSh(PlL))alel +
(p7 + pip?) sin(p,L) — Kqp3 cos(p,L) — Kkypip, cosh(p;L)
For the shear moment at x = L the same operations are applied as above to solve for C =

C_shear.

Shear at x = L:

Xn (L) + papX, (L) — nagpX, (L) + kX, (L) = 0 (3.14a)
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((P3+p3)c—k1p1D) cos(pL)
K1
§+p%)C—K1p1D)shﬂp2L)
K1D2
%)C_K1P1D)SHKP2L)
K1D2
p%((p%+p%)6—k1p1D)cos(sz)

K1

- <po sin(p,L) + + p,C sinh(p;L) +

p.D cosh(plL)> aru— <((p — C cos(p,L) + D sinh(p,L) +

. (3+p .
C cosh(p,L) |nay + Kk, — C cos(p,L) + D sinh(p,L) +

C cosh(plL)> — p3C sin(p,L) — + p3C sinh(p,L) +

piD cosh(pL) =0
21

C_shear =C = i—

= (3.14b)

€21 = (k1p1p,D cos(p,L) — k1p1p,D cosh(pyL))app + (k1py D sin(p,L) —
k1P, D sinh(p; L))nas — kypik,D sin(p,L) + K1p1p3D cos(p,L) +
K1K,p,D sinh(p;L) + k1p3p,D cosh(p; L)

€22 = (k1p5 sin(p,L) + (03 + p?p,) cos(p,L) + K1pyp, sinh(piL))amp +
((P% + P%) sin(p,L) — k1p, cos(pzL) + K1p; COSh(P1L))Tlafz +

(k1p3 — koD% — p2Ky) sin(p,L) + (p3 + p2p; + Kikapy) cos(p,L) —
K1prz sinh(p;L) — k1k,p;, cosh(p,L)

The dummy constants C_moment and C_shear are in terms of D alone, which can be set
to unity. The new constants are equated (C_moment = C_shear) to generate the
characteristics equation for the natural frequency of the system. Therefore, the characteristic
equation is,

C_moment — C_shear = 0
Cl11-C22—-C21-C12 B
C12-C22 B

C11-C22—-C21-C12 =0 (3.15)

To find the roots of the characteristic equation Eq. (3.15), let R} = a}L* , such that R,

becomes a non-dimensional constant, then a,, = R,,/L. Therefore,

Rnp 4 _ pAwn?
(T) ~EI (3.16)
therefore,
Rn\2 [EI
on= () |5 (3.17)
using the relationship in Eq. (3.17) R,, can be determined numerically and thus the characteristic

value for the nanobeam (a;).

54



3.2 Natural frequencies for a cantilevered beam (with surface
effects).

Complex mechanical systems are usually made of several assemblies that are coupled
together to function in unison. These coupled systems will have their own unique natural
frequencies and when acting together, they produce another set of universal natural frequencies.
When the systems interact, the dynamics of each system behavior produces an external force
that is experienced by the other systems. In the previous section we added mechanical elements
(e.g. tip mass and linear spring) and in this instance, we add a mechanical system in the form
of a spring-mass as indicated in Fig. (3.2).

y(L,t)

Figure 3-2: Geometry of the elastically restrained nanobeam with spring-mass at the
free end.

Therefore, the boundary condition at x = 0 are zero lateral displacement and a state of

equilibrium for the moments,

w(x) =0 (3.18)
2w(x,t) = 2vip, ?w(xt)  _ 92w (x,t) - 02w (x,t)
ere —_ —_— - —_
E°I , dx2 H at2 H [N dx?2 (A + pos™) at2
« 0°w(x,t) ow(x,t)
oS Tz ] M T T 0 (3.19)
and at x = L, the moment and shear boundary conditions can be expressed as,
’w(x,t) . 2vip, 0%w(x,t) _ 92w(x,t) - 02w(x,t)
ere _ — —
E°I Zaxz H at? H [N dx? (pA + pos™) at?
£ 0w, )] _
75" 2ED] = (3.20)
Bw(xt) . 2vip, *w(x,t) « Ow(x,t) ow(x,t) _ 93w(x,t)
ere — _—
E°I 013 T 0 oxoe _:"S ox N=th [N v T
« 0°w(x,t) w Bwx ]
Tos' 5i” — (A + pos) 5P| = P, ) (3.21)
2vit,
E€I® = El + Qu, + A,)I" — T

The shear boundary condition contains a term F; (x, t) that is the force due to the spring effect,
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Fp(x,t) = ky -y (L, t) (3.22)
and the displacement function y (L, t) is derived in detail in Section (2.2.2) and is express as,

y(L,t) = ‘t(X—(L)> T, (t) (3.23)

1—-1n
4
ar

Displacement at x = 0:
The general solution for the 4" order differential equations (Eq. (2.10), (2.33) and (2.47a)) is,

X,(x) = A, cospapx + B, sinp,,x + Cpcoshpi,x + Dy sinhpy,x (3.24a)
After inserting the value of x = 0 into Eq. (3.24a),
X, (0) = A,,cosp,,(0) + B,sinp,,(0) + C,coshp;,(0) + D, sinhp;,(0)  (3.24b)
Substitute Eq. (3.24a) into the boundary condition Eq. (3.18),

X,(0)=0 (3.25a)
A, =—C, (3.25b)
substituting Eq. (3.25b) into Eq. (3.24a) the displacement function gives,

Xn(x) = BnSiHPZn(x) + DnSinhpln(x) + (COSPZn(x) - COShpln(x))Cn (3-25C)

Moment at x = 0:

22w(0,t) . 2vip, °w(0,t)  _ 92w(0,t) w 02w (0,t) « 02w(0,t)

ere — — —~ 7 —_
E°I dx2 + H at? ”[N dx2 (pA + pos™) a2 ToS dx2 ]
o, 20D _ (3.26a)

ax

E°I®X"T + %XT — A[NX"T — (pA + pos)XT — T,5*X"T| — k X'T = 0

E€I¢X"T + %X(—w%ﬂ —@[NX"T — (pA + pos)X(—w2T) — 1,5*X"'T] —

k1X,T == O
divide by T,
(EI + o + 21" =222 " = 2222 02X — AINX" + (pA + posT)w3X —

7,8 X" — kX' =0
divide by ET and non-dimensionalize the material constants,

(1 +M£_ET_O)X"_M%%X —ﬂ[%X"+(ﬂ+p°—s*)a)rle—%sl—*X”]—

E 1 HI E H EI EI
k
=X'=0
EI
Cuo+iy) 2vTy\ a _N _TyS* 2v It Aw? _ pAw?3
[1+( HOE 3 _FFO H X”_”EX”+ ”FOTX”_IZQPEIRX_MPEITIX_
p

_Po S* pAw? k

Pof PA®n v K1y _

p A EI El
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[1+((2uo+/10)_2_vr_o)g_ﬂﬂ+ HTEOST*]X” _ [Z_VEp_opAw%_ —pAwh

E a EJH EI Aap EI EI
* 2
_p_os_pAﬂ]X_hX, =0
p A EI EI
(uo+dy,) 2v a _ _ Sl o 2v I* _ s*
[0+ (Pt = Twe) G-+ e T - [T pcat i (1 4+ pe ) at] X -
K X' =0 (3.26b)
_r _To _ (B 2 _ Po
a_IH'TC_EL’M_(li)L "Dc_pL
_Er(_m? — 1. 2 _N 2 4 _ pA®?
Ner = L (4+un2)  N=k-Ne , p°= EIL and a, = El
Let, F1=1+(@—%TC)%—/WZ+ ;ITCST
e S\ g
and) FZ “la a,pc :u(l + pc A)] an
therefore, LX'—LX—k X' =0 (3.26¢)

and, after using the general solution Eq. (3.25b) the constant B is determined in terms of C
and D,

B=— pik1D+(=Iip3-pin)c (3.26d)
K1D2 '
and the general equation is,
2 .
C(HPZ Sin(sz)+—p1F1 Sm(pr)) .
X,(x) = . b2 +D (sinh(plx) — TP 51;1(p2x)) +
1 2
C(cosh(p,x) — cos(p,x)) (3.26€)
Moment at x = L:
o%w(L,t) | 2vip, 0*w(Lt)  _ 22w(L,t) o 02w(L,t) L 02w(Lt)
Bt gt + B = AN - (A 4 pos) i — 15 SR = 0 3274)

The same procedures used above to calculate the modal domain function for the moment at x =

L and leads to the following,

[14 (Bt 2 )2 g+ ar S| X = [BE peat — g (1+ peS) ah] X = 0

a
therefore, LX'-TLX=0 (3.27b)

From Eq. (3.28b) we determine the constant C in terms of D for the moment boundary condition

atx =L,

C_moment = C = <1 (3.27¢)
C12

Ci11 = (P11 13 + P1F1K1P%)D sin(p,L) + (Pfrlfﬁpz — K1p,13)D sinh(p; L)

Cio = ((I1p3 + p2M) + IPps + p2IPp2) sin(p,L) + (—kyp, s —
F1K1P§) cos(p,L) + (kypoI; — P%Fl"ﬂ?z) cosh(p;L)

Shear at x = L:
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The shear boundary condition is reduced to the modal domain in Eq. (3.28) and Eq. (3.26e),

with the constants C and D, is used to solve for the constant C.

ere 0> W(L t) . 2vip, 03w(L,t) _ LOWEt) L ow(Lt) | 23w(L,t)
E°I + H  0x0t2 0 dox N ox ta [N dx3 +
. 03 ( t) 6 (Lt)
s’ ;” =~ (oA + pos) | =k ¥ (L D) (3.280)

EIeX"'T + 2202 X' — 1,5"X'T = NX'T + A[NX"'T + 7,5"X"'T —
*\ Y1 A XT
(pA + posHX'T] =k, a—a‘}
aﬁ(l——ﬁ)
Ak
EIEX"'T + 2222 X' (—wiT) = 7o5"X'T — NX'T + AINX"'T + 7,5"X"'T —
aiXT

(0 + pos )X (~ 03] = by —2T
a4<1——”>

4
A

(B + Quo + 20)1" = 2222) X7'T 4+ 2222 (- w,le) —7,8*X'T — NX'T +
AINX"'T +1,5"X"'T — (pA + p,s )X (—w2T)] — k, —XT

a%
(172)
k

(EI + (2uy + AN — 2”’") X" =20 2X' — 1,5°X' = NX' + A[NX" +

+7,5* X" + (pAw? + p,s*w2)X'] — k, — ey =

=0

divide by T and EI then non-dimensionalize parameters,

[14 (Bt 2o NSy 2Ly ahx S x - g2+ [P +

TS X" E(1 + pa 2) apx'| - pabx 0
c7 cy an %(1—%)
Ak
1 + (Bretto) %”rf) 2] xm - 27”} peaiX' — TS X' — BAX' + A [B7X" +
T SX 4 (1 + P, 57) ;*lX’] - % =0
%k
1 + (Bretto) %”rf) Gxm -2l patx' — 1 Sx - p2X" + [P +
T 2x" = (14 p.2) afx'| - 4(”;;"_’;1) =0 (3.28b)

The form of the last term in the equation above i.e. 1/(a; — a;), indicates that a; # a; because
that will lead to a divide by zero (1/0) or infinity which is notoriously referred to as resonance.
This phenomenon arises when the nanobeam system frequency approaches the spring-mass
system frequency, or vice-versa. This knowledge is essential for NEMS and MEMS electro-

mechanical system performance improvement.
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*

[1 + ((ZMOE'F)LO) _ Z_VTC) ]XIII _ ﬁﬁleu + .HTCSTX”, + ZXVI;pCa;LlX/ _ TCSTX’ _

a
a H
napaix

2y 4 Y aypr _
B2+ (14 pcS) apx ey =0

(3.28¢)

(3.284)

(2uo+40) 2 — - * " 2v I - - l
s (28 2 2] 2 s — (14 )] -
s* | p2) yr _ NaganX _
(TC 1 +h )X (af-at) 0
Let,
(uo+1o) 2v a _ _ st
=1+ (T—;Tc);—ﬂﬁz + ATt
2v I* _ s*
L= |5oe—a(1+p:5)]al
and,
l—‘3 = TCST + :82
therefore,
" I I na4aﬁX
F1X — FzX — F3X — (azk_a%) = 0
C_shear =C = %
22

Cy = ((P1K1D sin(p,L) — k1p,D Sinh(P1L))7lai + (P1k1P2l3 — prKaP2I, —

p1lik1p3)D cos(poL) + (—pikypals + prkypaly —
piliKip,)D cosh(psL))ap + ((—pyripals + prkapaly +
P1F1K1P§)D cos(pzL) + (p1k1p2l3 — prkap2 5 +
pfﬂklpz)D COSh(PlL))ai

Cp2 = ax(1p3 sin(p,L) nay, + pil sin(p,L) nay — kqp, cos(p,L) nay +
K1 cosh(p1L) nag — k1p5 13 sin(p,L) + kyp3 1, sin(p,L) +
Lk, p3 sin(p,L) — [p3 15 cos(p,L) — pilip,Is cos(p,L) +
Lp3T, cos(p,L) + piLip,T; cos(p,L) + I12p3 cos(p,L) +
Pfﬂng cos(p,L) — p1kyp, I3 sinh(py L) + pyxyp, [, sinh(py L) —

pilikyp, sinh(pyL)) + kyp3Ts sin(p,L) ai — kyp3 15 sin(p,L) ag —

Ikqp3 sin(p,L) agy + [1p3 15 cos(p,L) ap + piip,I; cos(p,L) ai —

P31, cos(p,L) an — piNip,l; cos(p,L) ai — I{p3 cos(p,L) an —

P%GZPS cos(p,L) a;l-l + p1K1p2 I3 sinh(p; L) a;l-l -
p1k1p2l; sinh(p; L) a;l-l + pfﬂklpz sinh(p,L) a;l-l

C_moment — C_shear =0
i _tan_
Ci2  Cy2

C11C22 — C12Cq 0

C12C22

C11Ca2 — €126, =0

(3.28¢)

The constants, C_moment and C_shear are equated and Eg. (3.28e) provides the

eigenfrequencies of the system. These eigenfrequencies are used to construct eigenfunctions

for the different modes of vibration of the system. The calculation for the frequencies of

vibration is detailed in subsequent Chapters.
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Chapter 4 — Paper 1: International Journal of Acoustics and
Vibration

4.1 Effects of Elastic Restraints on the Fundamental Frequency of
Nonlocal Nanobeams with Tip Mass.

In this Section, Case 1 is studied in more detail and the findings are published in the

International Journal of Acoustics and Vibration, Vol. 24, No. 3, 2019.
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Chapter 5 — Paper 2: Microsystem Technologies

5.1 Fundamental frequencies of a torsional cantilever nano beam
for dynamic atomic force microscopy (dAFM) in tapping mode.

In this Section, Case 2 is studied in more detail and the findings are published in Microsystem
Technologies, Received: 15 May 2018 / Accepted: 1 October 2018.
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Chapter 6 — Paper 3: MRS Advances

6.1 Fundamental frequencies of a nano beam for atomic force
microscopy (AFM) in tapping mode.

In this Section, Case 2 is studied, and the findings are published in MRS Advances © 2018
Materials Research Society, 11 Apr 2018.

87



88



89



90



2(1) =Y 207, (1)
n=1

(5b)

L} 2 _
Tn(r)_i_a)nTn(z)_O (50)

Inserting equation (5a) into equation (3) and using equation (5c), we obtain the
differential equation of motion for the beam in the modal domain. For the spring-mass,
after inserting equation (5b) into equation (4) and using equation (5c), we obtain the
equation of motion of the tip mass in the modal domain. The natural frequency w,, is the
frequency of the n*" mode of vibration and the general solutions of equation (3) is given

by

X, (x)=A4,cos py,x+B, sin p, x+C, coshp, x+D, sinh p;, x ©

where p,,, and p,, are

82 82 4
a, i tya, 1" +4a,

P ln,2n —
2 7

The constants A4, B, ,C,, and D,, are determined from the boundary conditions
where, the boundary conditions at x = 0 are zero displacement and moment; and can be
expressed as

w(0)=0 -

E[dL(ZO)_ﬁZpAd w(O)_kl da;;(co)zo

dx dfz (8b)

At the free end, taking into account the small scale effect, the tip mass and the
linear spring, the moment and shear boundary conditions at x = L can be expressed as

2
e R i pAw(L) =0
%)
3
EI dL(sL)—ﬁszW(LF F,
dx (9b)

where F; 1s the transverse force due to the motion of the linear spring,
Fp =kyzy
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and z, can be determined from equation (4). Substitution of equation (6) into the
boundary condition (8a), we obtain

A, +C, =0 (10)

The general solution (6) can now be expressed as

X, (x)=D, sinh p,,x - B, sin p, x + (cos DX — cosh plnxrn a1

substituting equation (11) into equation (8b) gives

9 o D
KD, —(Pzn * Pl kn +x1P20 By =0 (12)

and substituting B, in equation (12) into equation (11) gives the general solution
expressed in terms of constants C,and D, alone.

X, (x)= —(sinh PlpX + Pln_gin pznx]Dn

Pan
. 3,
n P2y S PoryX + Plp S pr, X Cn
K K1Pon
= (cos Py, % — cosh plnx)Cn 13)

This result can be substituted into the moment boundary conditions (9a) at
x = L to obtain

C?’I 2 rln +Dn > an =0 (14)

where,

2 5\ 1 i
Fln - (piz * P )gn SN pZnL — K1P2,9, COS pQHL + K1020% cosh plnL)ﬂ

4 2.2 . 3 2
T\l T plnp2n)sm p2nL — K1P2y COS p2nL —K1PwmPan cosh pln[‘
and

=l

4 4
FQn =K (p]nan Sl pZnL_pQ;zan sinh plnL)lu
2 2 .
+K1 D1y P2 SN Py L+ Ky 1, P2y, Si0D py, L

After substituting the results of equation (4) and (13) the shear boundary
condition (9b) at x = L can be expressed as

C?’I ‘ r3n +D?’I * Rm :0 (15)
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Chapter 7 — Paper 4. Proceedings 26th International
Congress on Sound and Vibration (ICSV26)

7.1 Fundamental frequencies of a cantilevered nanobeam with
arbitrary boundary conditions including surface effects.

In this Section, Case 2 is studied in more detail with surface effects and the findings are
published in the Proceedings 26th International Congress on Sound and Vibration (ICSV26),
7 —11 July 2019, Montreal, Canada.
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ICSV26, Montreal, 7-11 July 2019

2vl .
Q=—V—pcan+u(1+pc )a{‘;+ﬁ2—rcsT,
- Y 4
R—(1+pCA)an
. _f . 2 Vi —Pe
and, a=—H , =22, u=—L, pF==1*, pe =22

The motion of the tip-mass can also be written in the modal domain and the modal displacement of the

system is
X(L)

(-8)

where a} = i, /7 is frequency parameter for the spring-mass system; i, and 17 represent the linear spring
constant ratio and the tip-mass ratio, respectively.

The frequency parameter @, is associated with the natural frequency w,, of vibration, ¢ is a constant
ratio that depends on the moment of inertia of the cross-section geometry of the bulk and surface, 7., 1,
B%, and p, are the dimensionless constants corresponding to the residual stress, small-scale parameter,
axial load and bulk to surface density ratio, respectively. The general solutions of Eq. (3) is given by

z(Lt) = (6b)

X, (x) = A, cosp,, + B,sinp,, + C,coshp,,, + D,sinhp,, (7a)
where p,,, and p,,, are
Q++/ Q% +4PR Q—J/0? +4PE
pi = LT g o (o=l )

The constants A, , B,, , £, and D,, are determined from the boundary conditions where, the boundary
conditions at x = 0 are zero displacement and moment and can be expressed as

w(0)=10 (8a)
2w x,ty | 2vipg 32wl ,t} a2 ( L) a2 ( £}
E€j¢€ ;’ ’ZC VHP \v;tjf [N wix — (pA + pys+) D wix, _ s o
L 3% w(x t) 2vip, dtwix,t) _ Bw(x t) _
Ao Y Tw oxtac Toax 0 (8D)

where k, is the torsional spring constant. Using Egs. (5a) and (5b) the moment boundary condition can
the transformed and written in the modal mode in Eqgs. (9a) and (9b), where &, the torsional is spring
constant ratio.

X =0 (9a)
(2potAo) 1™ e (2patds) 2V 2v I i "
pltgel Ty {1 [l - S| gt + S peat b e T X o [u (14
* 2 I* .
AT PR o

At the free end, taking into account the small scale effect, tip mass and the linear spring, the shear
boundary condition at x =7 can be expressed as

a3 w(x ) dw(x,t)y | 2vipy dtw(x,t) _N dw (x,t) 3w (x,0)

T,8"
+To ax H ax2at2 9% ax3

a3 w(xt) 2vipg 8%w(x,b) _
P axac? v axdect | Fi(xt) (10a)

E¢l¢———

+,LT[N —(pA+

PoS

where F; (x,t) = k, - z(x, t) is force due to the spring-mass system and k is the linear spring constant.
Equation (6b) is the solution to Eq. (4) is used to represent z(L, t) in the shear boundary. Using Eqs. (5a)

and (5b) the shear boundary condition Eq. (10a) can the transformed and written in the modal mode in
Eq. (10b),

4 ICSV26, Montreal, 7-11 July 2019
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#(ZﬂoJrlo)I_errrr 4 {1 e [(Zﬂc;rlo)_%]%_i_#(ﬁz e TCST - Z_VI_pCa:%)}XH.' + a% [# (1 L

E 1 A x
* 2 l* , * i ;Ll
e L AEe X aon
17—’;)
i

Substitution of Eq. (7a) into the boundary condition Eq. (9a), we obtain
A, +C, =0 (11)
The general solution Eq. (7a) can now be expressed as

X, (x) = B, sinp,,, + D,sinhp,, + (cosp,, — coshp,,,)C, (12)

substituting Eq. (12) into Eq. (8b) gives

c P Cpetds) I pi (PpetiA) I | pi. 32 Cn (Pip(RlatAs) "
Bn :_n(_ in otAc/ L 2n otAo —+ inf +p2nﬁ2 ,L!+ oh fHin otAs —+
K1 sz I sz I K1 ’sz I

P2(2po+Agy I Pin ) Pin
BQioth) T | B Ly 13
£ i + P2 + Pan Pin n ( )

and substituting 5, in Eq. (12) into Eq. (11) gives the general solution expressed in terms of constants

C,and D, alone. This result can be substituted into the moment boundary conditions Eq. (9a) at x = L
to obtain
Co- T +D,- 15, =0 (14)

were [, and [}, are the constants extracted from applying the moment boundary condition, Eq. (9a) or
(9b). After substituting the results of Eq. (4) and (13) into the shear boundary condition Egs. (10a) or
(10b) at x = L can be expressed as

Co T+ Dy Ty =0 (15)

were [, and I,,, are the constants extracted from applying the shear boundary condition, Eq. (9a) or
(9b) at the free end x = L. The results from the moment and shear boundary conditions given in Egs. (14)
and (15) can be expressed in matrix form as

Fln FZn] [Cn] 0
= 16
[F3n Rm Dn [0] ( )
and the characteristic equation can be obtained from the determinant of Eq. (16) as:
D Tan=T2n T3, =0 (17)

The characteristic Eq. (17) can be solved numerically to compute the roots where #,, 5,7, ai %, i

and aj are the dimensionless constants for the beam and the spring-mass system.
4. Frequency equations for arbitrary boundary conditions.

The structure shown in Fig. (1), indicate a torsional spring with torsional spring constant x, at x =
0. When the spring constant approaches zero (1, — 0), the restraint at x = 0 behaves as that of a pin
support where there is zero resisting moment and the beam is allowed to spin freely. When the spring
constant is not zero, there is a resisting moment at the boundary and therefore the torsional spring has an
effect on the vibrations of the system. At the extreme end the spring constant approaches
infinity (¢, — o0). In this case the support is completely rigid and the boundary condition is that of a
cantilevered beam. In Eq. (12), when x, — oo the first two terms vanish in B,, above, and consequently
in the characteristic equation too.

At x = L, atip mass is attached to the beam by means of a transverse linear spring. When the linear
spring constant is zero (x, — 0) the effect of the tip mass is not realized at the tip of the beam and
therefore the tip-mass has no influence on the natural frequencies.

5 ICSV26, Montreal, 7-11 July 2019
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Table 1: Classical boundary condition derived from the system.

Boundary Conditions Ky K2 Ui
Clamped-Free CF w0 0or o0 0
Simply supported-Free SF 0 (Oor co 0
Simply supported S5 0 o0 o0
Clamped-Simply supported | CS o0 o0 o0

However, as the linear spring constant increases (k, — o), the effect of the tip-mass become
pronounced and when x, is extremely large, the tip-mass is rigidly attached to the tip of the beam. By
varying the torsional spring constant, linear spring constant and tip-mass ratio, we can derive the classic
boundary conditions shown in Table 1. The frequency equation for the total system including torsional
spring and spring-mass is given below in Eq. (21). The following frequency equations are derived from
the boundary conditions in Table 1.

Clamped-Free (CF) with radial axial load:

sinh(p; L) sin(pL.) (2 — 224 B2} 4 cosh(p, 1) cos(p,L) (£ (5 = =) = 2) = 2 (4 =) =

Simply supported-Free (SF):

Ki ((Pz ) cosh(p; L) sin(p,L) + (—— — pl) sinh(p, L) cos(pZL)) (Z —
’pz) sinh(p, L) sin(p,L) — 2 cosh(p, L) cos(p,L) — :;_2 _ :% 55

Clamped-Simply supported (CS):

i (_ pypj cosh(p, 1) sin(p,L)  pips coship, L) sin (FzL)) sl (P% sinh(p, L} cos(p; 1) g
K17 aj aj K17 aj
P2 p3 sinh(p, L) cos(p, L)) + 1 (pfpz cosh(p, L) sin(p, L) _ P2 sinh{p, L) cos(p, L} _ p2ps sinh(p,L) cos(p, L)) a4

4
fn k1M

4 4 4
Ay Ay Oy

n;% ((Pz pipz) sinh(p L) sin(p, L) + 2pyp3 cosh(p, L) cos(p, L) + + pl)

%ﬂj‘é((pfpz p3) sinh(p, L) sin(p,L) — 2p,p3 cosh(p, L) cos(p,L) — = — pl)

1 p3 sinh(p,L} sin(p; L} . \ p? sinh(p,L) sin(pzL) P2

) ( ] + 2p, sinh(p, L) sin{p,L) + " ) + (171 +

z—l) cosh(p, L) sin(p,L) — (% + 1) sinh(p, L) cos(p,L) 20)
2 1

Torsional cantilever with spring mass system:

Y] 432 2 3
(COSh(plL) Sll’l(sz) (ﬁzﬂnﬁ pifp +P2ﬂn.3 _sz +Pzﬁn 132 +Pzﬂn_p2)) 4
Ay

4 z 4 2
i1 Py " P1‘1k ri ak

2np2 4 a2 2 4 4 4 4 2
— (smh(plL) cos(p,L) (pﬂ”ﬁ Pt anf” BT padn By @ o T"_Z)) o
Ay

I Pap v Piap P} piagy D1
252 402 z 2 402 402 4 4
piaff’ | pip anf B 2?92‘111 2p} 1 (pzaaf anf Dzan
cosh(p,L) cos(p, L) ( — e +—==}+—= s e
p1ak Y25 pia, p1 p1ak 'p1 ag 25 Py f25

afl) +— | sinh(p, L) sin(p,L) (szaf*ﬁz _ B, pza") + sinh(p, L) sin(p,L) ( 205F, 42
e Iz pl

fzn P1 p]_
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It was observed that low torsional spring stiffness leads to a decrease in the fundamental frequency and
high torsional spring stiffness to an increase in the fundamental frequency as the small scale parameter
increases. The rates of decrease and increase depend on the relative values of the spring constants. The
effect of the tip mass on the frequencies is to lower the natural frequencies as observed in [17] and [18].
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Chapter 8 — Paper 5: Computation of the natural
frequencies and dynamic behavior of the

nanobeam subject to various boundary
conditions

8.1 Natural frequencies of a torsional cantilever nanobeam with spring-
mass system and longitudinal linear spring, including buckling.

In this Section, Case 2 is studied in more detail with the inclusion of a directed axial load

induced via a linear spring. (Sent for publication).
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Frequencies of a torsional cantilever nanobeam with
arbitrary boundary conditions under axial load
including buckling.

MALESELA K. MOUTLANA

Department of Mechanical Engineering, Durban University of Technology, Durban, 4001,
South Africa

Abstract.

Torsional cantilevers are gaining prominence in the field of nano-manufacturing at atomic
scale, nano-biomedicine, hydrodynamics, etc. This class of cantilever (torsional) allows for
greater control of the system and improved sensitivity of for scanning surfaces immersed in
viscous environments. This report is concerned with the motion of a beam used in dynamic
atomic force microscopy (dAFM). The AFM was discovered by Binnig and is used to scan the
topographical features of samples at atomic level and this has led to the ability to manipulate
and create structures with sub-nano building blocks. Manipulating of biological or pliable
samples in general has led to great advances in the biomedicine and hydrodynamic nano
sciences. These beams can be used to scan and modify samples by using high frequency
oscillations to remove material or shape these structures at nanoscale. The scanning process is
achieved by contact as a result of tapping the sample surface to determine the topographical
profile of the sample. The tapping contact force can also be used to deform the sample surface
and/or remove material using high frequency oscillations.

A nanobeam with arbitrary boundary conditions is studied to model different configurations
and the effects on the parameters of interest for application in dAFM. Euler-Bernoulli theory
is generally used to model beams and is exceedingly reliable at micro and micro level. At nano
level, the theory is not reliable, and the modelling must be augmented with other modern
theories to accurately describe the transverse motion in vibration. In this study Eringen’s
theory of nonlocal continuum or stress gradient theory is incorporated to consider the small-
scale effects that are brought about due to size.

The classic cantilever has a clamped boundary condition called the fixed end with zero
freedom to allow rotary and linear motion. In atorsional cantilever the boundary condition can
be adjusted, by altering the torsional spring stiffness, to influence the natural frequencies. The
boundary condition at the free end is a transverse spring with the other end attached to a mass
I.e. a spring-mass system. A longitudinal linear spring is also attached to tip of the beam.

The motions of the tip of the beam and the tip-mass is investigated to determine the
frequency response and force interaction at the contact point with the sample. The tip response
frequency contains information about the maximum displacement amplitude and acceleration,
and therefore the sample penetration depth and contact force.

Keywords: atomic force microscope, tip mass, elastic restraints, vibrations, nanobeam, small
scale effects.
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8.1.1 Introduction.

Carbon nano tubes/material have assumed a prominent role in engineering structures.
Advanced research has resulted in the creation of nano electromechanical systems (NEMS)
which have led to application that improve many aspects of life including research into sub-
micron robotics, biomedicine, nano-resonator sensors, etc. Vibrations of nanobeam have found
expression in atomic force microscopy for scanning and manufacturing.

The vibration characteristics of nano scale beams are examined within the Euler-Bernoulli
framework underpinned by Eringen’s nonlocal continuum theory due to the size of the beam
[1-12]. At macro and micro level classic bending theories are used with a satisfactory result.
When the beams reach nanoscale dimensions, modern advanced theories are employed i.e.
nonlocal continuum (stress gradient) and strain gradient theories are incorporated in the
modelling [3-8]. These stress gradient theories include Eringen’s non-local theory (first order
stress) and higher order theories like Reddy Beam Theory (RBT) and Levison Beam Theory
(LBT). Eringen’s theory postulates a unified groundwork for field equations of nonlocal
continuum and provides a foundation for several stress-gradient theories [9]. Higher order
stress/strain gradient theories are structured to allow the transverse stress at the surface
approach zero as required. Luet. al. [11-12] and Gholami et. al. [10] investigated strain gradient
theories for beams at nanoscale by considering only the local higher order strains. All these
theories above provide very accurate results compared to Molecular Dynamics (MD)
simulations.

The nanobeam under investigation is restrained by a torsional spring to at x = 0 and is
typically referred to as a torsional cantilever. This class of cantilevers have been shown to
improve sensitivity in application for low aspect ratio beam according Sriramshankar and
Jayanth [15], whereas comparable levels of sensitivity can be achieved by using long or high
aspect ratio beams for conventional cantilevers. Furthermore, high aspect ratio beams are
disadvantageous for applications in viscous medium because of the associated damping.

In the present investigation, the nanobeam carries a single degree lateral spring-mass system
and a longitudinal constant force spring at x = L. This configuration is appropriate for
manipulation of samples or structures at nanoscale i.e. removal of atoms or molecules to
functionally grade nanomaterials for specific behaviour. The beam and spring-mass operate as
a hammer and chisel, and the depth of penetration can be adjusted by tuning the elastic
restraints to influence the vibration frequencies. The vibration frequencies contain information

about the dynamic behaviour for the entire system i.e. displacements of beam tip and mass,
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velocity and acceleration. The longitudinal spring provides a constant axial that is assumed to
be directed in the horizontal direction for small deflection, in conformity with the theories

mentioned above.

8.1.2 Nanobeam with spring—mass and axial load at x = L.

The nanobeam in this investigation is restrained by a torsional spring (k;) at x = 0 and is
modelled as a cantilever with a flexible restraint in Fig. (8.1a) and (8.1b). The stiffness of the
spring can be adjusted to simulate an elastic beam support, with the spring providing a torsional
force. At the other end of the beam x = L, a constant axial load N(x,t) is applied in
compression (+ve) and tension (-ve), and a single degree of freedom spring-mass system is
attached. The lateral linear spring stiffness (k,) can be adjusted to achieve the desired

penetration depth by using the information contained in the frequencies of vibration.

(a) (b)
Figure 8-1: Elastically restrained beam with concentrated axial load and spring-mass
attached at free end.

The above diagrams are simplified in Fig. (8.2) to indicate the tip displacement of the
nanobeam structure and the tip-mass. The displacement of the beam is indicated by w(x, t),
where w(x, t) contains the temporal domain and the modal domain function, which includes

the sum of the infinite numbers of modes in the modal domain.

Figure 8-2: Deflection of the beam with constant axial load and spring-mass attached at
free end.
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The motion of the tip-mass is indicated by z(t) and is dependent on time and the position
of the spring-mass system along the beam is 0 < x < L. The amplitude of vibration for the
tip-mass is z, and is coupled to the beam displacement. Attached to the free end of the beam
at x = L is a sculpting/scanning tool which can be modelled as a mass with a sharp tip, attached
to the beam by means of a linear spring (k) and the centre of gravity of the tip mass coincides
with the tip of the beam and this constitutes the spring-mass-system. Fig. (8.3a) shows the
dAFM tip approaching the sample and Fig. (8.3b) shows the dAFM interacting with the sample

in a viscous medium.

(a) (b)
Figure 8-3: Nanobeam probe with spring-mass approaching sample of interest
(a) sample in open air (b) stubby probe in viscous fluid medium.

During the scanning process, a contact force is produced between the tip mass and the
sample to be profiled. The spring-mass system is excited by the displacement of the tip of the
nanobeam during motion, generating a multiplicative effect on the displacement of the mass.
In order to proceed with the solution, the constitutive relation of stress-strain for the beam based

on nonlocal theory of elasticity can be expressed as,

_ 0% 0y
Oxx — ML = E&yy (l)

dx?
Where E is the effective Young’s modulus, €, is the longitudinal strain, it = e,l; is the small-
scale parameter with e, denoting a material constant and [; the characteristic length, which are
determined using Molecular Dynamics(MD) simulations. The nonlocal expression for moment
M(x) is given by,

M( )_ _ 0% M(x)

) aad 2)

6x2

where [ is the effective moment of inertia. The equation of motion for a nonlocal nano beam

undergoing transverse motion with axial load is given by Reddy [9] and can be expressed as,

2

EIa w(xt) +N( t)a W(xt) _N( t)a w(xt) +pA6 1;/::,1:) n

_ 6 W(xt)

,U.IOA 9x29t2 FO (x' t) (3)

and the equation of motion for the spring mass system at x = L is,
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Mr ZED k() = kpw(L, 1) (4)

The density of the nanobeam is p and A is the cross-sectional area. F,(x,t) stands the
external forcing function which is taken as F,(x,t) = 0 for a nanobeam undergoing free
vibration. The applied axial load, N (x, t), is kept constant during vibration and simply referred
to as N in the equations below. The dynamic motion of the tip mass is stated in Eq. (4) and the

two discreet systems in Egs. (3) and (4) are coupled through the motion of the tip w(L, t).

Figure 8-4: Infinitesimal section of beam showing forces and moments for beam
displaced from equilibrium position.

An infinitesimal section (Ax) of the nanobeam is indicated in Fig. (8.4) and by taking the sum

of the forces and moments we derive the governing equations of motion.

92 w(x t) azw(x t)

92w (x,t)
M =EI e R ()
23 w(x t) 6w(x ) _ 23w(x,t) 23w(x,t)
Q= El +N —H [N o P oxee (6)

Using Egs. (5) and (6) lncorporatlng the nonlocal effects, the equation of motion for a nonlocal

nanobeam in transverse vibration is,

0*w(x,t) 2w(x,t) _.. 0%*w(xt) 2w(x,t) _ , 0*w(xt)
ax* +N ax2 —HN ax* —pA at? + ipA ax20t2

El

=0 7)

8.1.3 Critical buckling due directed axial load at x = L.
The axial load is applied in both compression and tension and the magnitude of the force in
compression should be limited in order prevent buckling failure. The choice of axial load is

made by referencing the applied load (N) to the critical buckling load (N,,.) of the nanobeam.

N =k Ny 8
where k is the axial load fraction and allows the for the axial load to be selected in an

appropriate range, k = +0.8,+0.4,0,—0.4,—0.8. To determine the critical buckling load of
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the system, the equation of motion Eq. (7) is written below with the terms involving the time

derivative equal to zero.

4 2 4
*w(x) n Na w(x) —ﬁN *w(x) —0 (9)

ox* dx?2 dx*

The above Eq. (9) is a 4" order differential equation of motion can be reduced to a 2" order

El

differential equation by integrating twice with respect to x. After integration twice we derive

an equation with two integration constants, E and F.

92w(x)

(EI — ZN) o T Nw(x) =Ex+F (10)
The LHS side of Eg. (6) has a homogeneous solution of the form
92w(x) 2 _
——+w(x) =0 (11a)
2 N 22
= G or = T El (11b)

The solution for this second order differential equation of motion has two solutions, a
homogenous and a particular solution which is derived from the boundary conditions. The

total solution is a sum of the homogenous and particular solution and can be expressed as,

. 1
w(x) = Asin(Ax) + Bcos(Ax) + = (Ex+F) (12)
The constants, A, B, E and F can be determined from the displacement and moment boundary

conditions at x = 0:

w(0) =0 (13)
22w(0) _.0%w(0) ow(0) _
El prr i aN ez ki = 0 (14)

and, the moment and shear forces at x = L:

92w(L) _ 62W(L)_
El Py — uN Py =0 (15)
3w(L) _,, 33w ow(L)
e —iN e N7 =0 (16)

After inserting the general solution into the boundary conditions, only three constants can
be determined and the fourth constant is set to unity, and this results in a transcendental
equation with roots corresponding to the various buckling modes. The lowest root of the
transcendental equation corresponds to the critical buckling load and is written as follows for

a torsional cantilever,

. sin(AL)
k1

+ycos(AL) =0 a7

for the lowest buckling load, A = 0 is a trivial solution and therefore the transcendental

equation is solved numerically for the non-trivial solutions. When k; — 0 the transcendental
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equation is that of a simply supported beam, sin(AL) = 0 and when k; — oo the equation is
that of a cantilever beam, cos(AL) = 0 in concurrence with Reddy [10]. The 1% root of the

equation is substituted into Eq. (11b) to obtain the critical buckling load of the system (N,.).

8.1.4 Method of solution for the governing equations.
Solution of the governing Eq. (3) is obtained by eigenfunction expansion of the

displacement function as,

w(x, t) = Xpz1 Xn ()T, (6) (18a)
z(t) = Xp=12oTn(t) (18b)
T,(t) + w2T,(t) =0 (18c)

Inserting Eq. (18a) into Eq. (7) and using Eq. (18c), the differential equation of motion for
the beam in the modal domain is obtained. For the spring-mass, after inserting Eq. (18b) into
Eq. (4) and using Eqg. (18c), the equation of motion of the tip mass is reduced to the modal
domain. The natural frequency w,, is the frequency of the nt* mode of vibration for the
nanobeam which is directly related to the frequency parameter, a;:. The differential equation

in the modal mode becomes,

P-X""+Q-X"—R-X=0 (19a)
where,
P=1-up? (19b)
R=a} (19d)
_ E 2 _ E 2 _ . —_ 2 T[—Z
and, I’l' - EIL 1 ﬁ - EIL ! N - k NCT ! NCT - LZ (4+[_17T2)
4 _ pAw} — &
an ==+ and a, = .

The motion of the tip-mass can also be written in the modal domain and the modal displacement

of the system is,
2(L,t) = at X(L)/ (1 _ %) (20)
k

where a; = Kk, /n is frequency parameter for the spring-mass system; k, and n represent the
linear spring constant ratio and the tip-mass ratio, respectively.

The frequency parameter a,, is associated with the circular frequency w,, of vibration, u and
B? are the dimensionless constants corresponding to the small-scale parameter and axial load,

respectively. The general solutions of Eq. (19a) is given by,

X, (x) = A, cos(panx) + Bysin(papx) + C,cosh(pipx) + Dysinh(pipx)  (21)
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where the wave numbers p,,, and p,,, are,

Q+/Q2+4PR Q- Q?+4PR
Pin = «/T and P = — (22)

After substituting P, Q and R from Eqgs. (19b), (19c) and (19d) into Eq. (22), the following

two equations are obtained.

_ | B2tpah 1 |(B?)*+4ai-2B%pap+u’ay

Pin = \/2(1—[?2#) * 2\/ (1-p2u)? 23)
_ | Btuay 1 [(=B?)%+4af-2B%paj+ulaj

Pan = \/2(1—[%2#) 2\/ (1- p2u)? 24)

The constants p,,, and p,,, are derived from the roots of the differential equation, Eq. (19a).
The first and second term in Eq. (19a) contain the axial load ratio (82) which implicitly
included in P and Q in Eqg. (22) as indicated in Egs. (23) and (24). For the roots of the

differential equation to be real, the internal radical m must necessarily be positive
and the external radical must also be real. Since the axial load ratio (5?) can be both positive
(compressive) or negative (tensile), we must observe critical limits on the values of the axial
load ratio (82) to ensure acceptable results. Moreover, (1 — B?u) # 0 because that would
cause the terms under the radical to tend towards infinity. Furthermore, if the internal radical
is positive, the first term under the radical must the greater than the second term and positive,
to avoid imaginary roots.

The constants A,,, B,, , C,, and D,, are determined from the boundary conditions where, the
boundary conditions at x = 0 are zero displacement and moment and can be expressed as,

w(0) = 0 (253)

22w(ot) = _ 22w(0,t) 22w(0,t) ow(o,t)

dx2 +,u[N dx2 — (p4) at2 ]_kl ax =0 (25)

where k; is the torsional spring constant. Using Eqgs. (18a) and (18b) the moment boundary

El

condition can the transformed and written in the modal mode in Egs. (26a) and (26b), where
K, the torsional is spring constant ratio.

X(0)=0 (26a)

A—uBHX" +par X — kK, X' =0 (26h)

At the free end, taking into consideration the small-scale effect, tip mass, the linear spring

and axial load, the moment and shear boundary condition at X = L can be expressed as,
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92 (L,t) 92 (L t) 02w(L,t)
BI04 g [N — (o) ] = 0 (27a)
23w(L,t) 6W(L t) 63W(L t) 23w(L,t) _
E1 D - N 22Dy g [Nl — (pa) 22t = Fy (L) (27b)

where F, (x,t) = k, - z(t) is force due to the spring-mass system and k is the linear spring
constant ratio. Equation (20) is the solution to Eq. (4) is used to represent z(t) in the shear
boundary. Using Egs. (18a) and (18b) in the moment and shear boundary conditions in

Eq. (27a) and (27b), the transformed boundaries are written in the modal mode.
1 —uBHX" +par X =0 (28a)
(1= uB)X™ + (uat + X' — 41 _x = o 28b)

()

where 7 is the dimensionless tip-mass ratio which can be expressed as, n = My /pAL, and My

is the mass which is specified as n = 0.1 or 10% of the mass of the nanobeam. Substitution of

Eqg. (21) into the boundary condition Eqg. (25a), we obtain,

Ay +C,=0 (29)
The general solution Eq. (30) can now be expressed as,

Xn(x) = BnSin(pan) + DnSinh(plnx) + (COS (pan) - COSh(plnx))Cn (30)

substituting Eq. (30) into Eq. (25b) gives,

Bn - K1 (P1n + pZn) :uﬁz K1 (pln + pZn) P1Z Dn (31)

and substituting B,, in Eq. (31) into Eq. (30) gives the general solution expressed in terms of
constants C,, and D,, alone. This result can be substituted into the moment boundary conditions
Eq. (28a) at x = L to obtain,
Cn b FlTl + Dn - FZTL = 0 (32)
where,
[y, = —psin(p;L)agpf + f?u?sin(p,L)agp? — psin(p,L)azps +
B?u*sin(p,L)azps + sin(p,L)pip; — 2% pusin(p,L)pips +
B*u?sin(p,L)pip; + sin(p,L)p; — 28%usin(p,L)p; +
B*u?sin(p,L)p3 + pcos(p,L)azp,k; — ucosh(pyL)azp,iq —
cosh(p;L)pip,i; + B*ucosh(piL)pip,i; — cos(p,L)psK, +
B?ucos(p,L)p3K,
[ = (usin(p,L)agzp, — psinh(pyL)azp, — sinh(p; L)pip, +
B?usinh(p;L)pfp, — sin(p,L)p;p5 +
B?usin(p,L)p;p3)i,
where Iy, and I';,, are the dummy constants introduced from applying the moment boundary
condition, Eq. (27a). After substituting Eq. (31) into the shear boundary condition Eq. (28b)

at x = L, the transformed equation can be expressed as,
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Cn b F3Tl + Dn b F4Tl =0 (33)
where,
(p2L)agar; h(p1L)aygah .
Fan = — afypy (et _ weshoubdas_ ooy 1) —
psinh(p;L)agp, — sinh(p,L)p; + B?usinh(p,L)p7 —
B?sin(p,L)p, — psin(p,L)azp, + sin(p,L)p; — B*usin(p,L)p; —

BcoszLp} | Bucos@al)vt _ peosal)atnt | pPulcospal)akpf _
K1 K1 K1 K1

nsin(poL)agaipi | B*nusin(p,L)aganp;  nsin(pzl)agafp, n
(ag—an)pzis (ag—az)pzre (ag—an)x
B*nusin(pzL)agaip,  B*cos(pL)p3 n B*ucos(p,L)ps  pcos(paL)aiip3
(ag-ap)K1 K1 K1 K1

BZu*cospaL)arpi | cos(pzL)pipi _ 2B”ucos(paLIpips
K1 K1 K1

B*u*cos(p,L)pip3 n cos(poL)ps _ 2B*pucos(pzL)p3 n B*u*cos(paL)p3
K1 K1 K1 K1

+

+

and,

Ly = —nsin(pzL)akazp; + nsinh(piL)agazp, — f2cos(p,L)agpips +
B?cosh(p,L)agp,p, + B*cos(p,L)azp,p, — B*cosh(p;L)azpip; —
ucos(pzL)agazpip; + pcosh(p;L)aganpip, + pcos(poL)agpip, —
pcosh(p;L)alpip, + cosh(p;L)agpip, — BZucosh(p,L)aygpip, —
cosh(p; L)azpip, + B*ucosh(p;L)azpip, + cos(sz)aﬁplpS -
B?ucos(p,L)aip,p; — cos(poL)anpip; + p2ucos(p,L)anpsps

where T, and I, are the dummy constants introduced from applying the shear boundary
condition, Eq. (28b) at x = L. The results from the moment and shear boundary conditions

given in Egs. (32) and (33) can be expressed in matrix form as,

F1n FZn] [Cn] _ 0
Iy, TallD,] ™ o] (34)
and the characteristic equation can be obtained from the determinant of Eq. (34) as,
Cin Tan —Ton T3, =0 (35)

The characteristic Eq. (35) can be solved numerically to compute the roots where , k5, 1, ai

, B%, u and a} are the dimensionless constants for the nanobeam and the spring-mass system.

8.1.5. Frequency equations for arbitrary boundary conditions.

The structure shown in Fig. (8.1), indicate a torsional spring (x;) at x = 0. When the spring
constant approaches zero (k; — 0), the restraint at x = 0 behaves as that of a pin support where
there is zero resisting moment and the nanobeam spins freely. When the spring constant is not
zero (x; # 0), there is a resisting moment at the boundary and consequently the torsional spring

influences the vibrations of the system. On the other hand, when the spring constant
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approaches infinity (x; — o) the support is rigid, and the boundary condition is that of a
cantilevered beam. In Eq. (31), when k; — oo the first two terms vanish in B,, above, and

consequently in the characteristic equation too.

At x = L, atip mass is attached to the beam by means of a transverse linear spring. When the
linear spring constant is zero (x, — 0) the effect of the tip mass is not realized at the tip of the

beam and therefore the tip-mass has no influence on the natural frequencies.

Table 8.1: Classical boundary condition derived from the system.

Boundary Conditions K1 K2 n
Clamped-Free CF 00 0or o 0
Simply supported-Free SF 0 0or o 0
Simply supported SS 0 o0 00
Clamped-Simply supported CS 00 o0 00

However, as the linear spring constant increases (x, — o), the effect of the tip-mass
become pronounced and when k, is extremely large, the tip-mass is rigidly attached to the tip
of the nanobeam. By varying the torsional spring constant, linear spring constant and tip-mass
ratio, we derive the classic boundary conditions shown in Table 8.1. The frequency equation
for the total system including torsional spring and spring-mass is given below in Eq. (39). By
applying the limiting value in Table (8.1) the following characteristic equations are derived for

the boundary conditions.
M Clamped-Free (CF) with constant axial load:

2
sinh(p; L) sin(p,L) (% — % + %) + cosh(p,L) cos(p,L) (,82 (é — %) — 2) —
2(L 1\ _pi_pi_
B (p% + p%) 2y 0 (36)
(i)  Simply supported-Free (SF):
1 pi - _P i P1_
- <(p2 + pz) cosh(p,L) sin(p,L) + ( o pl) sinh(p,L) cos(sz)> + (pz

2 2
p—z) sinh(p, L) sin(p,L) — 2 cosh(p, L) cos(p,L) — 22 -B =0 (37)
p1 b1 D2

(iii)  Clamped-Simply supported (CS):

L(_ p1p3 cosh(p,L) sin(p,L)  pip, cosh(plL)sin(sz))+L(Pé’sinh(p1L)c05(sz)+
4 4 4

K17 an an K1n an
p#p3 sinh(p;L) cos(sz)) n 1 (pfpz cosh(p;L) sin(p,L) _ p3 sinh(piL) cos(pL)
a} K17 ag ag

p2p2 sinh(p,L) cos(sz)>
7
ag

+ % <(P§ — pip,) sinh(p;L) sin(p,L) +

nan
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2p,p5 cosh(p,L) cos(p,L) + + p1> — ((p%pz — p3) sinh(p; L) sin(p,L) —

2p,p3 cosh(pyL) cos(p,L) — i—j - pf) e (”2 S”‘h(p;? sinpzL) 4

2 . .
2p, sinh(p; L) sin(p,L) + & sinh(psL) Sm(sz)) + (& + &) cosh(p,L) sin(p,L) —
D2 P1 D2

2
(% + 1) sinh(p;L) cos(p,L) =0 (38)
1
(iv)  Torsional cantilever with spring mass system and axial load:

3p2 4 n2 2 3.4 3 4
<C05h(p1L) sm(sz) (Pzanﬁ p2B + p2anPB _ p2B + b2an _ P2 + @ _ p2)> +

4 4
p? piag i pia;  pi g

22 4 n2 2 4 4 4 2,4 2
<SInh(p1L) cos(p,L) (pza”ﬁ pal_ y onb —B——%+”—2—%+p—2)>+

p; piag  p1 piag  p3  piag  pa

20n2 4 02 2 2.4 2 2402
COSh(plL) COS(sz) (_pzjnf +p2ﬁ +anﬁ _ﬁ__zl’zan_l_zﬁ)_l_%(pzanﬁ _

7 2 4 2 2 4 2 7
D14y D1 biay pi D1ag b1 ag D1

42 4.4 42 3 4 4
P —at) <sinh(p1L> sin(p,L) (2l — B2t 4 ””“)) +
p1 P1 121 pPi p1

2 ﬁ 3 ﬁz ﬁz
sinh(pL) sin(poL) (— 22~ + 25— 2) B+

1 . pinai | 2ppman | man - _pinan _
- (smh(plL) sin(p,L) ( 5 + >3 + — )) + sinh(p, L) cos(sz)( >3

) + cosh(p;L) sin(p,L) (pzna” + na”) LB 2+1=0 (39)

ip2 ri

The above characteristic equations (36 to 39) above are for classic local beam and do not
take small-scale effects into account and can be used as a baseline. The small-scale effects are
taken into consideration in the nonlocal characteristic equation, Eq. (35). The natural
frequencies of the system R,, are obtained by making a substitution, a,, = R,,/L, into the into
Eq. (35). The values of R,, are dimensionless natural frequencies used below to analyze the
numerical results. When x; — oo the torsional spring becomes rigid, the boundary condition
behaves like that of a cantilevered beam. The classic cantilever configure can be obtained by
setting the mass to zero and the fundamental natural frequency of the system is R; = 1.8750
which corresponds to the results obtained by Magrab [17] R; = 0.5969x. Furthermore, when
K, — oo the linear spring is rigid and the system behaves like a cantilevered beam with
concentrated tip mass because the center of gravity of the attached mass coincides with the tip
of the beam , see Fig. (8.5).

8.1.6. Numerical results: fundamental frequencies for arbitrary boundary
conditions.

Elastic boundary conditions allow us to simulate different configuration by altering the
stiffness of the supports. In Fig. (8.5), for each plot, the torsional spring stiffness ratio is varied
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for a range x; = 10%, 10%°, 102 and 10° and the linear spring stiffness is chosen for a range
Kk, =10%, 10°, 10 and 10° with the tip-mass kept constant at 7 = 0.1 or 10% of the beam mass.
In the Fig. (8.5) the bottom most contour represents x; = 10! which is the lowest stiffness ratio
for the torsional spring and the upper most contour plot represents x;, = 103, It is noted here
that the natural frequencies increase with increasing torsional spring ratio and the lowest
R, = 0.6873, occurs at maximum compressive load 52 =+0.8, minimal spring stiffness x; =10
and x, =10 exclusive of small-scale (u = 0). When the small-scale parameter increases
steadily to u =0.6, the frequency of the system increases. This change is not prominent when
the axial load is compressive (+0.4 < % <+0.8) but is clearly visible when the load is tensile
p* <0.

(a) (c)

(b) (d)

Figure 8-5: Fundamental frequency plotted for linear spring (x, - constant) and torsional
spring (x4 - varying) with tip mass ratio n = 0.1 and axial load (8?) vs. small-
scale parameter (u).

In Fig(8.6), the 2D contour plots are presented for the parameters of interest i.e. 2 =-0.8,

0, +0.8, tip-mass ratio n = 0.1 and the spring contact ratios are varied over a range, 10" < (k;

and k,) < 10%. In Fig. (8.5a) it is noted that that the contours are linear with respect to the

linear spring ratio (k) because once we set the linear spring ratio and vary the torsional spring
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constant (k), the changes in the natural frequency are minimal at best and close of null. This
indicates that the axial load dominates the dynamics when it reaches a value close to the critical
buckling load. Not only that, in Egs. (23) and (24) we note that if frequency parameter of the
nanobeam is zero (ai = 0 — null dynamic motion) and the small-scale parameter is zero

(u = 0), the wave numbers, p; and p, are non-zero.
B: |1 [(B?)? B* | B?
P1n=Jﬁ+g /W o p=|T+5=F (40)

g1 [cpy g _
pZn:\/E_E o O b= T (41)

This shows that for a non-zero compressive axial load, the wave numbers are non-zero
(p1n # 0and p,,, # 0) for zero frequency parameter. This implies that the low order vibrations
below critical value of the wave numbers are suppressed, and unable to be exited for a
nanobeam under axial compressive load [11]. If the above conditions, with respect to the
frequency and small-scale parameter are met, and the axial load is zero (% = 0), the
characteristic equation for determining the natural frequencies (Eq. 35) vanishes. Earlier in the
text we noted that (1 —%u) # 0 or p% # 1/u and that the term under the radicals in
Egs. (23) and (24) need to be positive to avoid imaginary roots. Therefore, in the selection of
the axial load, one needs to pay attention to the range of values of all relevant parameters
selected in order to obtain meaningful results.

Fig. (8.6d) shows the frequencies of a nanobeam under compressive axial load and small-
scale parameter 4 = 0.6 and we note that in the presence of nonlocal effects the frequencies
tend to increase. At maximum torsional spring ratio (x, = 10%) the natural frequencies are
maximum, and effect of the small-scale effects have a stiffening effect of the nanobeam as
observed by Reddy and Wang [14]. For zero axial load ratio (8% = 0) in Figs. (8.6b) and
maximum torsional and linear spring ratio (x; and k, = 10%), the system behaves like a
cantilever beam with concentrated tip-mass (n = 0.1) and the natural frequencies are widely
published, R, = 1.7227 [4, 16, 17, 18] as indicated in the plot. As expected, when the torsional
spring ratio increases (x; — o0), the frequencies increase and in Fig. (8.6e) a further increase
in the frequencies is attributed to the small-scale parameter. In Figs. (8.6¢) and (8.6f) the
nanobeam is under tensile load and the frequencies are higher than in the other two instances
(B? = +0.8 and 0).

121



Linear spring -

Compression

(@)

Linear (- k ) vs Torsional ( k,), ﬂ=+0.8 and

Torsional spring - k

(d)

128

126

124

122

118

116

114

Linear spring -

kz) , ﬂ=0and

Linear spring -

(b)

k2) , ﬁ=0and

(€)

Figure 8-6: Contour plots for torsional (x4) vs. linear spring (k) with axial load (8?) and small scale-effects (u).

122

12

166

164

162

Tension

Linear (k) vs Torsional k), '3=-0.8 and

x
2
8
-
Torsional spring - k
1
, (©
Linear ( k1)vsTorsionaI( k,). ﬁ=-0.8and
3
10
xN 2

Linear spring -

Torsional spring - k

(f)

215

205

195



ax = K/
oo | o1 | 05 1
10! oo | 3.1623 | 2.1147 | 1.7783
10%° | o | 4.2170 | 2.8201 | 2.3714
10? o | 5.6234 | 3.7606 | 3.1623
10° | o 10 6.6874 | 5.6234 Figure 8-7: Spring-mass system at x = L

The spring-mass system can be isolated as shown in Fig. (8.7). This represents a single
degree of freedom system and the frequency value for different combinations of linear spring
constant and tip mass ratio is tabulated in Table (8.2). The frequencies of the beam are directly
coupled to the frequencies of the spring-mass system and the data in Table (8.2) reveals
pertinent details about the vibration characteristics of the entire system. Eg. (20) can be
rearranged and written in the form below, where the left-hand side represents the ratio of the
displacement of the mass from its equilibrium position to the displacement of the tip of the

beam.

(L,0) 7
09 - () “2)

Xn(L) ag-ap
It is clear from the relationship above that this ratio depends entirely on the frequency
parameters of the beam (an) and the frequency parameters of the single degree of freedom
system (ax). Therefore, information about sample penetration depth can be obtain using the
frequencies in Figs. (8.5) and (8.6) and Table (8.2). It is noted that when the rigidity of the
linear spring increases (k, — oo) the ratio is non-zero meaning that the tip-mass moves in synch

with the nanobeam tip displacement.

z(L0) _ 1 < a )
Xn(L)  af \1-ah/aj

after factoring out aj, substitute ai = k, /7.

z(L,0) _ 1 ( ah )
Xn(L)  K2/n \1-ag/(2/n)
z(L0) l( ah )
Xn(L) ~ Ky \1-naj/x;

therefore, F, (x,t) = k, - z(L,t) in Eq. (27b) can be written as,

() =K, L (=) X, (1)

Kz \1-nag /i,
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_ nazXn (L)
G ) = L) 43)

When (kx, — ), the second term in the denominator vanishes and the shear boundary
condition Eq. (27b) reduce to that of a beam with tip mass in concurrence with [16,18,19, 20].
To achieve maximum tip-mass deflection, the transverse spring constant ratio (x,) must be
small. For example, we can achieve more than double additional tip-mass deflection by
allowing k, — 1 and at maximum torsional spring ratio, and that is demonstrated by Moutlana
and Adali [4], This means that the penetration depth in nanomanufacturing using dynamic
atomic force microscopy (dAFM) can be controlled. Lastly, if af < a} in Eq. (42) the
denominator is negative, and consequently the displacement ratio is negative which indicated
that the tip of the nanobeam motion is out of synch with the tip-mass displacement (they move
in opposite directions).

Equation (42) articulates the relation between the frequency parameter (an) of the beam and
the frequency parameter (ax) of single degree of freedom system. The form of the equation
shows that if the denominator on the right-hand side is equal to zero (an = ax), this term tends
to infinity, i.e. a}/(ap — ai) - o. When this occurs, the term on the left-hand side must be
infinite by necessity. Either the numerator tends to infinity, or the denominator tends to zero
in the limit. When displacement of the mass from the equilibrium z(L, 0) is infinite, the system
undergoes the phenomenon of resonance which should be avoided in manufacturing tools.
When plotting the characteristic equation, the resonance frequencies of the whole system can

be identified, and the information is key to the design of mechanical systems.

8.1.7. Conclusions.

In the present paper, small scale and surface effects on the fundamental frequency are
investigated for a nanobeam with elastically restrained end conditions and carrying a tip mass
attached via a linear spring to the end of the beam. The solution for the beam is obtained
analytically by expanding the deflection in terms of its eigenfunctions and solving the resulting
characteristic equation numerically. Furthermore, the characteristic equations are presented
for parametric studies of the effect of support elasticity and tip mass on the fundamental
frequencies of the nanobeam.

It is observed that the boundary conditions may lead to an increase or decrease of the
fundamental frequency depending on the support flexibility. Boundary conditions can be
expressed in terms of a torsional spring at x = 0, linear spring and tip mass at x = L. The

classical boundary conditions correspond to setting the torsional and linear spring constants to
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zero (k1 — 0) or infinity (x;, — o). It was observed that low torsional spring stiffness
leads to a decrease in the fundamental frequency and high torsional spring stiffness to an
increase in the fundamental frequency as the small-scale parameter increases. The rates of
decrease and increase depend on the relative values of the spring constants. The effect of the

tip mass on the frequencies is to lower the natural frequencies as observed in [16, 18, 21].
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Chapter 9 — Conclusion and future research.

9.1 Conclusion.

In this study, the effects of elastic and inertia elements on the boundary conditions of a
nanobeam are investigated. These effects are very profound and are manifested in the natural
frequencies of sub-systems and the entire combined system. Discreet systems, such as a
nanobeam and a spring-mass system can be coupled to fabricate a tool that can be used in nano-
manufacturing and hence, the natural frequencies are important for constructing robust devices.
The system under investigation is a torsional cantilever with a spring-mass system at the other
boundary. The stiffnesses of the springs can be varied to manipulate the natural frequencies of
the system and this class of nanobeams demonstrates that there is room for improvement in
applications such as AFM, nano-resonators and other novel NEMS devices.

Nano scale materials are known to have different properties as opposed to micro and macro
scale materials due to size and this results in altered behaviour when modelled using classic
tools like Euler-Bernoulli or Timoshenko beam theory. Modern theories integrating Eringen’s
nonlocal concepts i.e. stress gradient and strain gradient theories have been developed to model
mechanical behaviour, and these have been shown to be consistent when compared to
molecular dynamic simulations. The success of these theories relies on the fact that they take
into consideration the small-scale effects. In this study small-scale effects are incorporated
into the modelling to study a transversely vibrating nanobeam with torsional spring at x = 0
and a concentrated tip-mass that is laterally restrained at x = L. The 1% [Paper 1] model helps
us to understand the dynamic forces that occur between the probe of an AFM and a sample of
interest.

This model explores further understanding the bounds nonlocal stress gradient theories,
where we note coalescence of successive mode eigenvalues when the small-scale parameter is
beyond a specific value e.g. when u = 0.565, the natural frequency is R,, = 2.5954 and the
when u > 0.565, there appears to be no real or non-trivial eigenvalues for cantilevered nanobeam
with tip-mass and elastic restraint. This indicates that beyond certain bounds, nonlocal theories
might not yield satisfactory results and scientist are further extending their scholarships into bulk
to surface ratios of nano and sub-nano structures to gain a better appreciation of NEMS. It is
also noted that when the stiffness ratio of the restraints increases, the natural frequencies
increase. The mass has the opposite effects, the mass is inversely proportional to the increase

in the natural frequency. Furthermore, it is noted that small-scale parameter has the effect of
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stiffening or softening the nanobeam depending on the boundary conditions i.e. the natural
frequencies of a simply supported beam and clamped-pinned support beam decrease as the
small-scale parameter increases, exhibiting a softening effect. The opposite in seen for the
cantilever because the natural frequencies increase as the small-scale parameter increases,
exhibit a stiffening effect.

The 2" model [Paper 2, 3, 4 and 5] is composed of a torsional spring at x = 0 and a spring-
mass system at x = L. This model combines two systems with their own unique natural
frequencies into a single system with universal natural frequencies. The universal frequencies
can be altered by tuning the natural frequencies of the sub-systems. The frequency of the
universal system tends to reside between the frequencies of the individual systems and this
ability to tune each sub-system can be useful to prevent external force from inducing resonant
behaviour. This model can be viewed as a hammer and chisel and is most suitable for removing
or shaping nanomaterial. These types of nano tools are seen in applications for unfolding of
DNA and RNA molecules or removing atoms to optimize material properties.

The torsional cantilever is critical development in that it allows more freedom in the design
of probes for AFM. For example, when scanning in a viscous medium, thin lengthy probe are
required to receive accurate reading but the force required can also be inadequate. The torsional
cantilever allows us to use short stubby probes with adequate accuracy and the scanning AFM
can be designed to be compact. Torsional cantilevers also have the capability of matching the
compliance of the probe to the compliance of the sample of interest, thereby preventing damage
to probe and sample during research. The additional advantage offered by the model with
spring-mass system is the multiplicative effect it has on the displacement of the tip-mass i.e.
the distance traveled by the mass for a standalone spring-mass can be increase by a factor of
approximately 1.14 to 3.1 which means that the penetration depth of the tool can be
manipulated, resulting in greater effectiveness for material optimization instruments. This can
be achieved by setting the relevant parameters, including the elasticity of the springs, small-
scale and tip-mass parameters.

Lastly, [Paper5], the 2" model is further developed to include a longitudinal axial load. The
axial load has real application in modern devices, and these is noted with emergence of piezo
sandwiched nanobeam. In these applications, flexo-electricity is used to induce an axial load
on the top and bottom of the beam surface resulting in moments at the boundaries. The
moments are used to control the vibration frequencies, and this was studied extensively by

Moutlana and Adali. The axial load exhibits complex behaviour for a beam under compression
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and the buckling phenomenon must be carefully considered. The buckling phenomenon is
explored as far as 1% mode is concerned. It is found that the compressive axial load decreases
the natural frequencies, and a tensile load increases the frequencies of the system. This system
offers even more control over the frequencies of vibration compared to the two systems
mentioned above, where the axial load offers an additional degree of freedom.

The inclusion of the axial load provides us with information about the behaviour under
longitudinal loading which could manifest as a result of flexo-electricity (in composite piezo
nanobeams) or residual stress at the surface of the nanobeam. Scientist have recognized that
at nano and sub-nano scale, the bulk to surface ratio could have a significant influence on the
frequencies. The governing equation are therefore developed to include small-scale effects as
well as surface effects. These effects involve the tractions normal to the surface and across the

surface and the surface is assumed to experience a different environment compared to the bulk.

9.2 Future research.

Further studies will be undertaken to analyze a beam with elastic restraints, tip mass, axial
load, flexo-electricity and surface effects. This will lead to exploring beams that are sub-nano
scale to learn the behaviour and develop application to conduct further research. The governing
equations developed in this research will be used to study the frequencies for nano/pico beams

with surface effects.
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Appendix

A. Natural frequencies for nanobeam with spring-mass system under axial load.
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Figure A 10: Contour plot for zero axial load g = 0 and g = -0.4 (tensile axial load).
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