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Abstract

We study the effects of stochastic volatility of defaultable bonds using the

first-passage structural approach. In this approach Black and Cox (1976) ar-

gued that default can happen at any time. This then led to the development

of a first-passage model, in which a firm (company) default occurs when its

value falls to a barrier. In the first-passage model the firm debt is considered

to be a single pure discount bond and default occurs only if the firm value

falls below the face value of the bond at maturity. Here the firm’s debt can

be viewed as a portfolio composed of a risk-free bond and a short-put option

on the value of a firm. The classic Black-Scholes-Merton model only considers

a single liability and the solvency is tested at the maturity date, while the

extended Black-Scholes-Merton model allows for default at any time before

maturity to cater for more complex capital structures and was delivered by

Geske, Black-Cox, Leland, Leland and Toft and others. In this work a review

of the effect of stochastic volatility on defaultable bonds is given. In addition

a study from the first-passage structural approach and reduced-form approach

is made. We also introduce symmetry analysis to study some of the equations

that appear in option-pricing models. This approach is quite recent and has

produced successful results. In this work we lay the foundation of this method.

Keywords: Stochastic Volatility, Defaultable bonds, Lie Symmetries.
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Summary

In this work we introduce the theoretical framework of pricing stochastic

volatility models, which is inconsistent with the pricing of the classical Black-

Scholes Models. Further we look at the effect of introducing stochastic volatility

into the first-passage structural approach to default risk.

In Chapter 1 we introduce the Black-Scholes (BS) option-pricing model

which provides the foundation for the modern theory of option valuations.

Based upon the BS assumptions, we price European call options using differ-

ent approaches. In Chapter 2 we look at the barrier and digital options. Barrier

options are options in which the payoff function is based upon the underlying

asset either passing above or below a certain level known as the barrier. They

are more popular than standard options because they are activated when the

price of the underlying asset hits a boundary price. The boundary price of the

barrier option depends upon the probability of the barrier and the value of the

underling option if it is reached. They are therefore very sensitive to volatility.

In Chapter 3 we assume that volatility is a stochastic process rather than a

constant. It is then possible to model prices of options more accurately. The

idea is to model volatility as a stochastic process dependent upon a further

external parameter.

In Chapter 4 we introduce the bond-pricing and interest-rate models. The

introduction of options on bonds leads to two complications. The price of the

bond depends upon the level of interest rate and the interest rate cannot be

constant since this would mean that the volatility of the derivative security

is zero. The second complication is that bond options are, in general, of the

American style and may be exercised as desired before the expiration date.

Finally the payoff of the underlying security may be different for bond options.

If the bond has a coupon, the underlying security is different from nondividend-

paying stock.

We introduce the symmetry analysis of the Black-Scholes equation in Chap-
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ter 5. We look at some basic symmetry properties of a group and then use a Lie

group transformation to obtain the closed-form solution of the Black-Scholes

equation. In Chapter 6 we present the theory of pricing the defaultable risk

based on the first-passage structural models.
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Chapter 1

The Classical Black-Scholes

Model

1.1 Introduction

The Black-Scholes model is a tool for pricing options. Despite the market

crash of 1987 and recently of 2008, in practice Black-Scholes models are still

extensively used more than any other financial model. It was introduced in

1973 by Black F and Scholes M [7] as their benchmark option-pricing model.

Options were an attractive investment with a potential to reduce risk, but

there was no standard or reliable way to price them. The Black-Scholes option-

pricing model remedied the situation and remains the standard model for the

pricing of options some three decades later.

In financial terms an option is a contract that gives its owner the right,

but not the obligation, to buy or sell an underlying asset at a future point in

time at an agreed price called a strike price or the exercise price. The act of

buying and selling the asset is known as exercising the option. The well known

basic options are the American and European options. American Options

can be exercised at any time prior to the expiration date, whereas European

options can only be exercised at the expiration date. There are two main types

of options namely the call option and the put option. Call options give the
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holder the right to buy an asset at a fixed price, whereas put options give the

holder the right to sell an asset at a fixed price.

A bond is a long-term contract under which the issuer (or borrower) promises

to pay the bondholder the coupon and principal on a specified date known as

the maturity date. They are usually repayable at par (nominal, principal, face)

value. Many bonds provide coupons periodically. A coupon is the amount the

bondholder receives as interest payment. The principal value is the money a

bondholder gets back once a bond matures. The maturity date is the date on

which the principal value must be repaid. The current market price, determined

by supply and demand, is expressed as a percentage of the bond’s principal

value. The principal value is not the price of a bond. A bond’s price fluctuates

throughout its life in response to a number of variables. A bond is called a

premium bond if the bond price rise above its principal value and is called a

discount bond if otherwise. The market value of a bond always approaches its

principal value as maturity is approached. This is known as the pull-to-par

phenomenon.

Bonds are issued by a firm or government treasury department through auc-

tions on the primary market, at a price usually close to the principal value.

Once issued they may be traded on the secondary market. The bond market,

also known as the fixed-income market, is a financial market in which investors

buy and sell debt securities usually in the form of bonds. In bond markets

investors who buy and sell bonds before maturity are exposed to many risks,

most importantly changes in the interest rates. When the interest rate in-

creases, the value of a bond falls and when it decreases, the value of a bond

rises.

Options allow risk to be hedged in various ways. If the price of the security

rises above the strike price, the investor is able to sell the security at its market

value. By taking combinations of long and short positions in put and call

options, investors can create a variety of customized contingent claims also

known as derivative securities.
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The existence of derivative securities leads to two mathematical concepts:

pricing and hedging. The hedging of a derivative security is the problem faced

by the financial institution that sells some contract designed to reduce risk.

Assumption of an investor’s risk is a principal service of financial institutions;

managing this risk well is a necessary prerequisite for offering this service. More

recently model-based pricing of derivative securities has become the basis of

risk management. A typical risk-management question is how much a portfolio

value is affected by certain movements in the underlying asset price [58]. If

the portolio contains derivative securities, a mathematical model is needed to

answer this question.

In this Chapter we present the theory of arbitrage pricing for European

derivatives and compute the prices and hedging portfolios for European call

options. We derive the well-known Black-Scholes formula using different ap-

proaches.

1.2 The Black-Scholes Assumptions

In the modeling of the Black-Scholes equation we assume the following:

• The price S of an asset follows a geometric Brownian motion1 given by

dS = µSdt+ σSdW, (1.2.1)

where µ is the drift which is the measure of the average rate of growth

of the asset, σ is the volatility which measures the standard deviation of

the return and W is a Brownian motion. In addition both µ and σ are

assumed to be constant.

1Brownian motion (or a Wiener process) is a stochastic process with the following prop-

erties:

W0 = 0; for every v ≤ t ≤ T , the increment Wt −Wv is an independent random variable

and every increment Wt −Wv is normally distributed with mean 0 and variance t− v.
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• Trading is continuous.

• The interest rate r is assumed to be risk-free, is the same for all maturities

and is constant.

• There are no dividends paid during the life of the option.

• There are no transaction costs or taxes.

• There are no arbitrage opportunities in the markets.

• Short-selling is accommodated.

1.3 The Black-Scholes Pricing Formula

Based upon the assumptions of the Black-Scholes model which have been pre-

scribed above, the Black-Scholes equation for a European (vanilla) call option

takes the form
∂u

∂t
+ rS

∂u

∂S
+

1

2
σ2S2 ∂

2u

∂S2
= ru, (1.3.1)

where u is the European call value, r is the interest rate, S is the underlying

asset price, σ is the volatility and t is the current time. In this case, where r

and σ are constant, the explicit solution for the European call is given by

uBS = SΦ(d+)−Ke−r(T−t)Φ(d−) (1.3.2)

with Φ(·) being the cumulative distribution function for the standardised nor-

mal random variable and given by

Φ(x) =
1√
2π

∫ x

−∞
e−

1
2
z2dz. (1.3.3)

Here

d+ =
ln
S

K
+ (r +

1

2
σ2)(T − t)

σ
√
T − t

(1.3.4)

and

d− =
ln
S

K
+ (r − 1

2
σ2)(T − t)

σ
√
T − t

= d+ − σ
√
T − t. (1.3.5)
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In this instance T is the expiration date. When one uses the same parameters,

the closed-form solution of a Black-Scholes put option is given by

pBS = Ke−r(T−t)Φ(−d−)− SΦ(−d+). (1.3.6)

We further use the approach of partial differential equation to demonstrate

the use of arbitrage and hedging to convert our pricing problem into a partial

differential equation as in equation (1.3.1). We introduce for 0 ≤ t ≤ T the

unknown price function, u(S, t), denoting the proper price of the option at time

t.

To eliminate risks consider a portfolio given by π = u − ∆S, that is, it

consists of a

• 1 : derivative

and

• −∆ : assets.

The change of portfolio is then denoted by

dπ = du−∆dS. (1.3.7)

By Itô’s lemma2

du =
∂u

∂t
dt+

∂u

∂S
dS +

1

2

∂2u

∂S2
(dS)2 (1.3.10)

and, since from (1.2.1)

(dS)2 = σ2S2dt, (1.3.11)

2Suppose that a value of a variable x follows an Itô process,

dx = a(x, t)dt+ b(x, t)dW. (1.3.8)

Itô’s lemma shows that the function G follows the process

dG =
(
∂G

∂t
+ a

∂G

∂x
+

1
2
b2
∂2G

∂x2

)
dt+ b

∂G

∂x
dW. (1.3.9)
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it follows that

du =
∂u

∂t
dt+

∂u

∂S
(µSdt+ σSdW ) +

1

2

∂2u

∂S2
(σ2S2dt). (1.3.12)

Substituting (1.3.12) into (1.3.7) we obtain

dπ =

(
∂u

∂t
+ µS

∂u

∂S
+

1

2
σ2S2 ∂

2u

∂S2

)
dt+ σS

∂u

∂S
dW −∆(µSdt+ σSdW )

=

[
∂u

∂t
+ µS

(
∂u

∂S
−∆

)
+

1

2
σ2S2 ∂

2u

∂S2

]
dt+ σS

(
∂u

∂S
−∆

)
dW. (1.3.13)

To avoid the uncertainty, we put

∆ =
∂u

∂S
. (1.3.14)

This means that

dπ =

(
∂u

∂t
+

1

2
σ2S2 ∂

2u

∂S2

)
dt

= rπdt

= r(u−∆S)dt

= (ru− r∆S)dt,

where we have used arbitrage arguments to set the return on the portfolio equal

to the risk-free rate, that is,

ru− r∆S =
∂u

∂t
+

1

2
σ2S2 ∂

2u

∂S2

and

ru− rS ∂u
∂S

=
∂u

∂t
+

1

2
σ2S2 ∂

2u

∂S2
.

Therefore the nondividend Black-Scholes partial differential equation(PDE) for

an European option is

∂u

∂t
+ rS

∂u

∂S
+

1

2
σ2S2 ∂

2u

∂S2
= ru. (1.3.15)

We can see that the Black-Scholes equation is independent of µ, the expected

rate of growth of the underlying asset price, and thus the principle of being

17



risk-neutral is satisfied. Our portfolio has clearly being hedged since it has no

stochastic component.

Furthermore we consider terminal conditions to ensure that equation (1.3.15)

has a unique solution. At t = T the value of a call is known with certainty to

be the payoff:

uBS(S, T ) = h(ST )

= Max(S −K, 0)

= (S −K, 0)+. (1.3.16)

This means that, as we get closer to the expiry date T , we can expect the value

of our call option to approach (1.3.16).

Our terminal conditions for the asset price are applied at zero asset price,

S = 0, and as S →∞. If S = 0 at the expiry, the payoff is zero. Thus the call

option is worthless on S = 0 even if there is a long time to expiry. Hence on

S = 0 we have uBS(0, t) = 0.

As the asset price increases without bound, it becomes ever more likely that

the option will be exercised and the value of the exercise price becomes less

and less important. Thus, as S →∞, the value of the option becomes that of

the asset and we can write uBS(S, t) ≈ S as S →∞.

Equation (1.3.15) can be transformed to the diffusion equation using the

transformations: η = ln
S

K
+ (r− 1

2
σ2)(T − t) and τ = T − t, where a function

c(η, τ) is defined by

h(ST ) = e−rτc(η, τ). (1.3.17)

The partial derivatives give

∂u

∂t
= re−rτc+ e−rτ

∂c

∂t

= re−rτc+ e−rτ
(
∂c

∂τ

∂τ

∂t
+
∂c

∂η

∂η

∂t

)

= re−rτc+ e−rτ
(
− ∂c
∂τ
− (r − 1

2
σ2)

∂c

∂η

)

= e−rτ
(
rc− ∂c

∂τ
− (r − 1

2
σ2)

∂c

∂η

)
, (1.3.18)
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∂u

∂S
= e−rτ

∂c

∂S

= e−rτ
(
∂c

∂η

∂η

∂S

)

= e−rτ
(

1

S

∂c

∂η

)
(1.3.19)

and
∂2u

∂S2
= e−rτ

(
− 1

S2

∂c

∂η
+

1

S2

∂2c

∂η2

)
. (1.3.20)

Substitution of (1.3.18), (1.3.19) and (1.3.20) into (1.3.17) gives

e−rτrc = e−rτ
(
rc− σ2 ∂c

∂τ
− (r − 1

2
σ2)

∂c

∂η

)
+ rSe−rτ

(
1

S

∂c

∂η

)

+
1

2
σ2S2e−rτ

(
− 1

S2

∂c

∂η
+

1

S2

∂2c

∂η2

)
. (1.3.21)

Simplification of (1.3.21) leads to the diffusion equation

∂c

∂τ
=

1

2
σ2 ∂

2c

∂η2
. (1.3.22)

Writing the boundary conditions in terms of the new variables we obtain

c(η∗, 0) = K(eη∗ − 1)+ (1.3.23)

from (1.3.17), where η∗ = ln(S/K). The well known fundamental solution of

the diffusion equation is given by,

c(η, τ) =
1√

2πσ2τ

∫ ∞
−∞

exp

[
−(x− η)2

2τσ2

]
c0(x)dx, (1.3.24)

where

c0(η) = K(eη∗ − 1)+. (1.3.25)

Hence

c(η, τ) =
1√

2πσ2τ

∫ ∞
0

K(ex − 1) exp

[
−(x− η)2

2τσ2

]
dx

=
K√

2πσ2τ

∫ ∞
−η/σ

√
τ

exp
(
−1

2
m2
) [

exp
(
σ
√
τm+ η

)
− 1

]
σ
√
τdm

with

m =
x− η
σ
√
τ
. (1.3.26)
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Hence

c(η, τ) =
K√
2π

∫ ∞
−η/σ

√
τ

[
exp

(
−1

2
m2 + σ

√
τm+ η

)
− exp

(
−1

2
m2
)]
dm

= I2 − I1. (1.3.27)

Here

I1 =
K√
2π

∫ ∞
− η
σ
√
τ

e−
1
2
m2

dm

= KΦ

(
η

σ
√
τ

)
(1.3.28)

and

I2 =
K√
2π

∫ ∞
−η/σ

√
τ

exp
(
−1

2
m2 + σ

√
τm+ η

)
dm

=
K√
2π

∫ ∞
−η/σ

√
τ

exp
(
−1

2
(m− σ

√
τ)2 +

1

2
σ2τ + η

)
dm

=
K exp

(
1
2
σ2τ + η

)
√

2π

∫ ∞
−η/σ

√
τ

exp
[
−1

2
(m− σ

√
τ)2
]
dm

=
K exp

(
1
2
σ2τ + η

)
√

2π

∫ ∞
−(η/σ

√
τ+σ
√
τ)

exp
(
−1

2
z2
)
dz, (1.3.29)

where z = m− σ
√
τ . Therefore it follows from (1.3.29) that

I2 = K exp
(

1

2
σ2τ + η

)
Φ

(
η

σ
√
τ

+ σ
√
τ

)
. (1.3.30)

Thus (1.3.27) becomes

c(η, τ) = K exp
(

1

2
σ2τ + η

)
Φ

(
η

σ
√
τ

+ σ
√
τ

)
−KΦ

(
η√
τ

)

= K exp
[
1

2
σ2(T − t) + ln

S

K
+
(
r − 1

2
σ2
)

(T − t)
]

×Φ


ln
S

K
+
(
r − 1

2
σ2
)

(T − t)

σ
√
T − t

+ σ
√
T − t

−KΦ


ln
S

K
+
(
r − 1

2
σ2
)

(T − t)

σ
√
T − t

 .
(1.3.31)

Using (1.3.31), we find that uBS(S, T ) from equation (1.3.17) becomes

uBS(S, T ) = e−r(T−t)
[
Ser(T−t)Φ(d+)−KΦ(d−)

]
= SΦ(d+)−Ke−r(T−t)Φ(d−). (1.3.32)
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Here (1.3.32) represents the Black-Scholes solution for the European call option

as in (1.3.2).

1.4 Probabilistic Approach

In this approach we use the martingale3 theory [64, 59]. The martingale theory

is another framework for characterising an arbitrage-free market and for pricing

derivatives. It is also called the risk-free neutral valuation.

1.4.1 Martingales

Let WQ
t be a standard Brownian motion under the probability space (Ω,=,P)

and =0≤t≤T be an associated Brownian filtration. The filtration, =t, represents

the flow of information evolving with time. Let P and Q be mutually absolutely

continuous probability measures on a measure space (Ω,=). Then for any event

A ∈ =, P (A) = 0 ⇔ Q(A) = 0. Thus a probability measure Q is said to be

equivalent to measure P and is defined as

dP

dQ
= exp

(
−
∫ t

0
θdWt −

1

2

∫ t

0
θ2ds

)
, (1.4.1)

where

θ =
µ− r
σ

. (1.4.2)

Thus the no-arbitrage option price at time t is

ut = VtE
Q
(
uT
VT
|=T

)
, (1.4.3)

where ut/Vt is the discounted price process and is also a Q martingale. The

risk-free bond is assumed to be continuously compounded in value at a rate r,

3Let {Xn, n = 0, 1, 2, ....} be a real-valued stochastic process on a discrete parameter set.

It is a martingale if

• E(|Xn|) <∞

• E(Xn+1|X0, ..., Xn) = Xn.
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i.e. Vt = ert. Then (1.4.3) is reduced to

ut = e−r(T−t)EQ (uT |=T ) . (1.4.4)

From Itô’s lemma the discounted price process SQt = e−rtSt satisfies the stochas-

tic differential equation

dSQt = (µ− r)SQt dt+ σSQt dWt. (1.4.5)

By Girsanov’s theorem4 [64] the process,

WQ
t = W + θt, (1.4.6)

is a Q Brownian motion on a probability space (Ω,=,P). Under the martingale

measure, Q,

dSQt = σSQt dW
Q
t . (1.4.7)

Hence SQt is a Q local martingale since (1.4.7) has a zero drift. Thus the pricing

formula for a call option becomes

ut = e−r(T−t)EQ
[
(ST −K)+|=T

]
. (1.4.8)

In terms of (1.4.6), (1.2.1) can be written as

dSt = µStdt+ σSt
(
dWQ

t − θdt
)

= µStdt+ σSt

(
dWQ

t −
µ− r
σ

dt
)

= rStdt+ σStdW
Q
t . (1.4.9)

Under this measure, S has a rate of return, r. By Itô’s lemma (1.4.9) can be

written as

d(lnSt) =
(
r − 1

2
σ2
)
dt+ σdW. (1.4.10)

Thus

ST = St exp
[(
r − 1

2
σ2
)

(T − t) + σ
(
WQ
T −W

Q
t

)]
. (1.4.11)

4Girsanov’s theorem is used to change the probability measure P to the risk neutral Q.

This theorem kills the drift term of the stochastic differential equation for the stock price.
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Since WQ
T −W

Q
t is normally distributed with mean of 0 and variance T − t,

then ν = −W
Q
T −W

Q
t√

T − t
has a standard normal distribution. Therefore

ut = e−r(T−t)EQ

[(
St exp

(
(r − 1

2
σ2)(T − t)− σν

√
T − t

)
−K

)+
]

=
e−r(T−t)√

2π

∫ ∞
−∞

[
St exp

(
(r − 1

2
σ2)(T − t)− σz

√
T − t

)
−K

]+

e−
1
2
z2dz

=
e−r(T−t)√

2π

∫ ξ

−∞

[
St exp

(
(r − 1

2
σ2)(T − t)− σz

√
T − t

)
−K

]
e−

1
2
z2dz

=
e−r(T−t)√

2π

∫ ξ

−∞

[
St exp

(
(r − 1

2
σ2)(T − t)− σz

√
T − t− 1

2
z2
)
−K exp

(
−1

2
z2
)]
dz

= e−r(T−t) [I2 − I1] ,

where

I1 =
1√
2π

∫ ξ

−∞
Ke−

1
2
z2dz

= KΦ(−ξ). (1.4.12)

In addition

I2 =
1√
2π

∫ ξ

−∞
St exp

[
(r − 1

2
σ2)(T − t)− σz

√
T − t

]
exp

[
−1

2
z2
]
dz

=
1√
2π
St exp

[
(r − 1

2
σ2)(T − t)

] ∫ ξ

−∞
exp

[
−σz
√
T − t

]
exp

[
−1

2
z2
]
dz

=
1√
2π
St exp

[
(r − 1

2
σ2)(T − t)

] ∫ ξ

−∞
exp

[
−1

2
(z + σ

√
T − t)2 +

1

2
σ2(T − t)

]
dz

=
1√
2π
St exp

[
(r − 1

2
σ2)(T − t)

]
exp

[
1

2
σ2(T − t)

] ∫ ξ+σ
√
T−t

−∞
exp

[
−1

2
x2
]
dx

= Ste
r(T−t) 1√

2π

∫ ξ+σ
√
T−t

−∞
e

1
2
x2

dx

= Ste
r(T−t)Φ

(
ξ + σ

√
T − t

)
, (1.4.13)

where x = z + σ
√
T − t. Hence

ut = e−r(T−t)
[
Ste

r(T−t)Φ(−(ξ − σ
√
T − t))−KΦ(−ξ)

]
. (1.4.14)

Here

−ξ =
ln
St
K

+ (r − 1

2
σ2)(T − t)

σ
√
T − t

= d− (1.4.15)
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and

−ξ + σ
√
T − t =

ln
St
K

+ (r +
1

2
σ2)(T − t)

σ
√
T − t

= d+ (1.4.16)

so that

uBS = SΦ(d+)−Ke−r(T−t)Φ(d−) (1.4.17)

which is the formula to price a European vanilla call option as in (1.3.2).

1.5 The Feynman-Kac Formula

The Feynman-Kac formula relates the stochastic differential equation and the

partial differential equation. The relationship between geometric Brownian

motion and the Black-Scholes partial differential equation is a special case of

the relationship between stochastic differential equation and partial differential

equation developed in the following theorem.

1.5.1 Feynman-Kac Theorem

Let µ(x, t) and σ(x, t) be given functions of (x, t), where x = St. Let (St)0≤t≤T

be the solution of the stochastic differential equation

dSt = µ(x, t)dt+ σ(x, t)dWt (1.5.1)

and suppose that u(x, t) satisfies the partial differential equation

∂u

∂t
+ µ(x, t)

∂u

∂x
+

1

2
σ2(x, t)

∂2u

∂x2
= 0 (1.5.2)

with the boundary conditions u(x, T ) = h(ST ). We consider the process u(x, t)

in the time interval 0 ≤ t ≤ T so that by Itô’s lemma,

u(x, T ) =

(
∂u

∂s
+ µ(x, t)

∂u

∂x
+

1

2
σ2(x, t)

∂2u

∂x2

)
dt+ σ(x, t)

∂u

∂x
dWt

= σ(x, t)
∂u

∂x
dWt. (1.5.3)
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Thus (1.5.3) is a local martingale and therefore we can take the expectations

conditional to x = St to give

E [u(ST , T )|St = x] = u(x, t). (1.5.4)

Thus, recalling the boundary condition u(x, T ) = h(ST ), we have that the

solution, u(x, t), of (1.5.4) has the Feynman-Kac representation.

Example: Let h(ST ) be the payoff at time T of a derivative security with

the underlying asset dSt = µS(x, t)dt + σS(x, t)dWt. We may rewrite this

as dSt = rS(x, t)dt + σS(x, t)dWQ
t , where WQ

t is a Brownian motion under

the risk-neutral probability measure Q. According to the risk-neutral pricing

formula (1.4.8), the price of the derivative security at time t is

uBS = EQ
[
e−r(T−t)h(ST )|=T

]
(1.5.5)

which is the discounted expectation under the martingale measure, Q, as

achieved under the Martingale Approach.

1.6 Pricing Biases of the Black-Scholes Model

Although the Black-Scholes option-pricing model has been widely accepted in

the financial world, there are several assumptions underlying the model that

may be called into question. Most importantly the volatility and the interest

rate are considered constant. The volatility is the only unobservable parameter

in the Black-Scholes model. The model gives the price of the option as a

function of volatility. These computed volatilities are normally not constant

and they form a volatility smile. A volatility smile is the skewed pattern that

results from calculating implied volatilities across a range of strike prices.

In spite of the existence of the volatility smile the Black-Scholes equation

and the Black-Scholes formula are still broadly used in practice. A typical

approach is to regard the volatility surface as an information about the market

and use an implied volatility from it in a Black-Scholes valuation model. This
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was described by Rebonato R [77] in 1999 as using “the wrong number in the

wrong formula to get the right price”.

In the next Chapter we introduce two special kinds of exotic options, namely

the binary and barrier options. Exotic Options are path-dependent which

means that they include the behaviour of the path, rather than just the cur-

rent price or the price at expiry. These options are much cheaper than the

ordinary options because they risk either not being knock in or being knock

out. However, most of the exotic options are of European and American style

and follow similar patterns for valuation and hedging.

In order to create an exotic option financial analysts change some of the

properties of common European or American options. The changes include

strike price, time to expiration, type of settlement and the type of an underlying

asset or payout.

26



Chapter 2

Exotic Options

Barrier options were first introduced by Merton [65] in 1973. He uses the same

strategy of portfolio hedging and replication as in the classical case. However,

Bowie and Carr [11] introduced an alternative approach to the valuation and

hedging of barrier options. Black [5] in his model shows how barrier options can

be replicated using portfolios of just a few options with fixed maturity. Carr

et al [15] extend Black’s [5] results to a symmetric volatility structure and to

more complex barrier options, such as partial and double barrier options.

In this Chapter we confine ourselves to only two types of exotic options,

namely the binary1 and barrier options. We present some closed-form pricing

formulas for European binary and European barrier options.

2.1 Binary Options

A binary (or digital) option, also referred to as an all-or-nothing option or

bet option, is a contract the payoff of which depends in a discontinuous way

upon the terminal price of the underlying asset. There are mainly two types

of binary option which differ in terms of settlement as follows:

• A cash-or-nothing call is worthless if the asset price S finishes below

1European binary option is not path dependent, but is considered exotic [94].
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the strike price K at time T and pays a fixed amount, q, if it finishes

above the strike price K.

• An asset-or-nothing call is worthless if the underlying asset price S

finishes above the strike price K and pays an amount equal to the asset

price ST if it finishes below the strike price K.

It is possible to imagine a digital option as a bet on whether the underlying

asset would be above (cash-or-nothing call) or below (cash-or-nothing put)

a strike price. The main property of a digital option is that the payoff is

determined at the beginning of the contract and does not depend upon the

amount by which the price of the underlying asset moves.

A payoff of a binary call option is defined as 1 if ST > K and 0 if ST ≤ K.

Based upon the assumptions of the Black-Scholes model, the Black-Scholes

equation for a European call option takes the form LBSuBS = 0, where the

operator LBS is given by

LBS =
∂

∂t
+ rS

∂

∂S
+

1

2
σ2S2 ∂

2

∂S2
− r. (2.1.1)

The value of a European binary call is u(B)(S, τ) = e−rτΦ(d−) and the value of

a European binary put is p(B)(S, τ) = e−rτΦ(1− (d−)).

2.1.1 Cash-or-Nothing Call Option

In this option, if S never reaches the strike price K, then the option is worthless.

Thus on the line K and below the line K the value of the option is zero. If

S exceeds the strike price K, the final payment of an option is equal to a

fixed amount q. If ucon(ST , t) is the value of a cash-or-nothing call option on

its expiration date, then the final boundary condition of partial differential

equation LBSuBS = 0 is ucon(ST , t) = q for ST > K and 0 otherwise. Using

the risk-neutral valuation approach, we get

uT = e−rτEQ [ucon(ST , t)|=t]
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= e−rτ
∫ ∞
−∞

ucon(ST , t)h(ST )dST

= e−rτ
∫ ∞
K

qh(ST )dST

= qe−rτ
∫ ∞
K

h(ST )dST

= qe−rτP (ST > K). (2.1.2)

Using the assumption that an asset price follows the log-normal distribution,

lnST ≈ Φ
[
lnS +

(
r − 1

2
σ2
)
, σ
√
τ
]
, (2.1.3)

the probability density function for ST is given by

P (ST > K) = P (lnST > lnK)

= P


ln
ST
S
−
(
r − 1

2
σ2
)
τ

σ
√
τ

>
ln
K

S
−
(
r − 1

2
σ2
)
τ

σ
√
τ



= 1− Φ


ln
K

S
−
(
r − 1

2
σ2
)
τ

σ
√
τ


= 1− Φ(−d−)

= Φ(d−).

So equation (2.1.2) becomes

u(T ) = qe−rτΦ(d−), (2.1.4)

where

d− =
ln
S

K
+
(
r − 1

2
σ2
)
τ

σ
√
τ

. (2.1.5)

2.1.2 Asset-or-Nothing Call Option

If an asset price does not reach the strike price K at expiration, the option

is worthless. This means that on the line K and below the line K the option

value is zero. If ST goes beyond the price K, we let the final payment of the

option be ST . If uaon(ST , t) is the value of an asset-or-nothing call option on
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its expiration date, then the final boundary condition of equation LBSuBS = 0

is uaon(ST , t) = ST for ST > K and 0 otherwise. With the assumption that the

expected return is the risk-free interest rate, we obtain

uT = e−rτEQ [uaon(ST , t)|=t]

= e−rτ
∫ ∞
−∞

uaon(ST , t)h(ST )dST

= e−rτ
∫ ∞
K

STh(ST )dST . (2.1.6)

Since the asset price follows the log-normal distribution, the probability density

function for ST is given by

h(ST ) =
1

σST
√

2πτ
exp

[
−(lnST − x)2

2τσ2

]
(2.1.7)

with x = lnS +
(
r − 1

2
σ2
)
τ . Applying the relationship between S and ST we

let

ST = S exp (lnST − lnS)

= S exp
[
lnST − x+

(
r − 1

2
σ2
)
τ
]

so that equation (2.1.6) can be expressed as

uT = S
∫ ∞
K

1

σST
√

2πτ
exp

−1

2

(
(lnST − x)− σ2τ

σ
√
τ

)2
 dST . (2.1.8)

Letting v =
1

σ
√
τ

[
(lnST − x)− σ2τ

]
, we can easily get dST = σST

√
τdv. If

ST = K, then v = − 1

σ
√
τ

[
ln
S

K
+
(
r +

1

2
σ2
)
τ
]

= −d+. So equation (2.1.8)

can be written as

uT = S
∫ ∞
−d+

1√
2π
e−

1
2
v2dv

= SΦ(d+), (2.1.9)

where

d+ = d− + σ
√
τ (2.1.10)

and

d± =
1

σ
√
τ

[
ln
S

K
+
(
r ± 1

2
σ2
)
τ
]
. (2.1.11)
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2.2 Barrier Options

By definition barrier options acquire or lose their value if an asset goes above

or below a specified barrier, H. One barrier option specifies a barrier, H, such

that the option pays (knocks in) or does not (knocks out) according to whether

or not level H is attained from below (up) or above (down). There are thus four

possibilities: up-and-in, up-and-out, down-and-in and down-and-out options.

We define these options below:

• An up-and-out option loses its value if an asset price crosses H from

below prior to maturity.

• A down-and-out option loses its value if an asset price crosses H from

above prior to maturity.

• An up-and-in option pays off only if an asset crosses H from below prior

to maturity.

• A down-and-in option pays off only if an asset price crosses H from

above prior to maturity.

For example a down-and-out call with strike, K, maturity, T , and the bar-

rier, H, pays h(ST ) if the asset price remains above H and nothing if the asset

price falls below H prior to maturity, whereas a down-and-in call is valueless

until the asset price crosses the barrier H from above. If that ever happens,

then it behaves like a standard call thereafter. Obviously the value of a down-

and-in call is just the difference between the value of a standard call and the

down-and-out, i.e., down-and-out call + down-and-in call = standard call since

the two portfolios are equivalent.

In this Section we treat a knock-out call as a geometric Brownian motion.

The barrier option in this Section has the explicit pricing formula, which is

based upon the reflection principle for Brownian motion.
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2.2.1 The Reflection Principle (Method of Images)

Suppose W is an arithmetic Brownian motion and define the running maxi-

mum and minimum by MtW = maxv≤tWv and NtW = minv≤tWs, respectively.

Suppose we have K < w. Now, for every path that ends below K but pre-

viously reached a, there is another path that goes above 2a − K: we simply

reflect the path in a mirror at the level w. This is the reflection principle:

P [Wt < K,MtW > w] = P [Wt > 2w −K]

= 1− Φ

(
2w −K√

t

)
. (2.2.1)

2.2.2 First Passage Times

In this Subsection we derive the probability density function for a Brownian

motion with a drift. This density function is used in the next section to obtain

an explicit formula for a knock-out barrier option.

To derive this formula we begin by letting Wt, 0 ≤ t ≤ T , be a Brownian mo-

tion, defined on a probability space (Ω,=,P). Under Q the Brownian motion

WQ
t is a martingale. Define Yt = exp

(
µ

σ2
Wt −

µ2

2σ2
t

)
and P (A) = EQ [1AYT ].

Then by Girsanov’s Theorem WQ
t = Wt − µt, is a standard Brownian motion

under Q, which means that Wt = µt+WQ
t is a Brownian motion with drift µ.

We have

P [Wt > y,Mt > 0|W0 = x]

= E
[
1(Wt>y,Mt>0)Yt|W0 = x

]
= exp

(
−µx
σ2
− µ2t

2σ2

)
E
[
1(Wt>y,Mt>0)|W0 = x

]
= exp

(
−µx
σ2
− µ2t

2σ2

)∫ ∞
y

e
µ

σ2 η

[
1

σ
√

2πt
exp

(
(η − x)2

2σ2t

)
− 1

σ
√

2πt
exp

(
−(η + x)2

2σ2t

)]
dη

= exp

(
−µx
σ2
− µ2t

2σ2

)
1

σ
√

2πt

∫ ∞
y

exp

(
µx

σ2
+
µ2t

2σ2

)
exp

(
−(η − x− µt)2

2σ2t

)
dη
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− exp

(
−µx
σ2
− µ2t

2σ2

)
1

σ
√

2πt

∫ ∞
y

exp

[
−µx
σ2

+
µ2t

2σ2

]
exp

[
−(η + x− µt)2

2σ2t

]
dη

=
1

σ
√

2πt

∫ ∞
y

exp

[
−(η − x− µt)2

σ2t

]
dη

− exp
(−2µx

σ2

)
1

σ
√

2πt

∫ ∞
y

exp

[
−(η + x− µt)2

2σ2t

]
dη. (2.2.2)

Therefore the density probability function is found by differentiating equation

(2.2.2) with respect to y to obtain

f(x, y, t) = − ∂

∂y
P [Wt > y,Mt > 0|W0 = x]

=
1

σ
√

2πt
exp

[
−(y − x− µt)2

2σ2t

]
− exp

[−2µx

σ2

]
1

σ
√

2πt
exp

[
−(y + x− µt)2

2σ2t

]
.

(2.2.3)

2.2.3 Pricing the Knock-out Options

The price of a knock-out call satisfies a Black-Scholes equation that has been

modified to account for the barrier. This equation is used to solve for the price.

The first passage time2 of a Brownian motion, ςm = min {t ≥ 0;Wt = m} is the

first time the Brownian motion reaches the levelm. In this Subsection we derive

the probability density function of a first passage time without drift.

Let the stock price be denoted by St = SeXt , where Xt = (r− 1

2
σ2)t+σ2WQ

t .

According to the risk-neutral method the pay off of a knock-out option under

measure Q is given by

uT = e−rT
[
(ST −K)+1(ς>T )

]
= e−rT

[
(ST −K)+1(min0≤v≤T Xv)

]
. (2.2.4)

On the other hand

P
[
XT > x, min

0≤v≤T
Xv > m

]
= Φ

(
−x− µT
σ
√
T

)
−exp

[
−2µm

σ2

]
Φ

(
−x+ 2m+ µT

σ
√
T

)
,

(2.2.5)

2It is sometimes known as the hitting or stopping time.
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where K > H. It follows that

f(x,m) = − ∂

∂x
P
[
XT > x, min

0≤v≤T
Xv > m

]
=

1

σ
√

2πT
exp

[
−(x+ µT )2

σ
√
T

]
− 1√

2πTσ3
exp

[
−(x− 2z − µT )2 − 4µzT

2σ2T

]
,

where f(x,m) is the joint probability distribution between m and x. Thus the

price of the knock-out option is given by

u(T ) = e−rT
∫ ∞
−∞

(Sex −K)+f(x,m)dx

= Se−rT
∫ ∞

ln K
S

exf(x,m)dx−KerT
∫ ∞

ln K
S

f(x,m)dx

= Se−rT I2 −KerT I1, (2.2.6)

where

I2 =
1

σ
√

2πT

∫ ∞
ln K

S

exp

−
(
x−

(
r +

1

2
σ2
)
T
)2

2σ2T

 dx− exp

rT + ln
H

S
(2r + σ2)

σ2



× 1

σ
√

2πT

∫ ∞
ln H

S

exp

−
(
x− 2z −

(
r + 1

2
σ2
)
T
)2

2σ2T

 dx

= erTΦ


ln
S

K
+
(
r +

1

2
σ2
)
T

σ
√
T

− erT
(
S

H

)−1− 2r
σ2

Φ


ln
H2

SK
+
(
r +

1

2
σ2
)
T

σ
√
T


(2.2.7)

and

I1 =
∫ ∞

ln K
S

f(x,m)dx

= P
[
XT ≥

K

S
, min

0≤u≤T
Xt ≥

H

S

]

= Φ


ln
S

K
+
(
r +

1

2
σ2
)
T

σ
√
T

−
(
S

H

)−1− 2r
σ2

Φ


ln
H2

SK
+
(
r +

1

2
σ2
)
T

σ
√
T

 .
(2.2.8)

Therefore

u(T ) = S

Φ(d+)−
(
S

H

)1− 2r
σ2

Φ(d∗+)

+Ke−rT

Φ(d−) +
(
S

H

)1− 2r
σ2

Φ(d∗−)

 ,
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(2.2.9)

where

d+ =
ln
S

K
+ (r +

1

2
σ2)T

σ
√
T

, d− = d+ − σ
√
T ,

d∗+ = d+ −
2

σ
√
T

ln
S

H
and d∗− = d− −

2

σ
√
T

ln
S

H
. (2.2.10)

European Down-and-Out Calls

A down-and-out option pays a rebate if the barrier is reached. The formula for

a down-and-out was first derived by Merton in 1973 [65] and later modified by

Cox and Rubinstein [21] in 1985.

Here the partial dfferential equation LBSuBS = 0 for a Black-Sholes equation

is subject to the following terminal conditions

u(H, τ) = R (2.2.11)

and

u(S, 0) = (S −K)+, (2.2.12)

where R denote the rebate paid to the holder when the barrier is hit.

Let Xt = ln
St
S

=
(
r − 1

2
σ2
)
t + σWQ

t and Mt = max0≤v≤tXv. Here we

consider the case that S > H. Then we have ς = inf(t ≥ 0;Mt ≥ ln
H

S
). The

probability density function of the rebate term is

ft =
lnH/S

σ
√

2πt3
exp

−
(
lnH/S −

(
r − 1

2
σ2
)
t
)2

2tσ2

 . (2.2.13)

Using (2.2.13), the payoff is given by

uT = EQ
[
e−rτ1(ς≤T )

]
=
∫ T

0
e−rτ

lnH/S

σ
√

2πt3
exp

−
(
lnH/S −

(
r − 1

2
σ2
)
t
)2

2tσ2

 dt
= elnH/S

∫ T

0

lnH/S

σ
√

2πt3
exp

−
(
lnH/S −

(
r − 1

2
σ2
)
t
)2

2tσ2

 dt.
(2.2.14)
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The integrand in equation (2.2.14) is the probability density function of the

first passage time of lnH/S of a Brownian motion with drift −
(
r − 1

2
σ2
)

and

diffusion coefficient σ. Hence the integral can be rewritten as

∫ T

0

lnH/S

σ
√

2πt3
exp

−
(
lnH/S − (r − 1

2
σ2)t

)2

2tσ2

 dt
= P

[
max

0≤t≤T

(
−(r − 1

2
σ2)t+ σWt

)
< ln

H

S

]
= 1− P

[
max

0≤t≤T

(
−(r − 1

2
σ2)t+ σWt

)
≥ ln

H

S

]

= 1− Φ

W +
(
r − 1

2
σ2
)
t

σ
√
t

+ e−1− 2r
σ2 Φ

−W +
(
r − 1

2
σ2
)
t

σ
√
t

 .(2.2.15)

European Up-and-Out Calls

Consider a European call, expiring at time T , with strike price, K, and up-

and-out barrier, H. In this case we assume that S < K < H. The solution to

the diffusion equation, dSt = rStdt+ σStdW
Q
t , for the asset price is given by

St = S0 exp
[
(r − 1

2
σ2)(T − t) + σWQ

t

]
= S0 exp

(
σW̃t

)
,

where W̃t = ζt+WQ
t and ζ =

1

σ

(
r − 1

2
σ2
)

. We define M̃T = max0≤t≤T W̃t so

that max0≤t≤T W̃t = S0e
σM̃T . The option knocks out if and only if S0e

σM̃T > H;

if S0e
σM̃T ≤ H, the payoff is

uT = (ST −K)+

= (S0e
σW̃T −K)+

= (S0e
σW̃T −K)+1

(S0e
σM̃T ≤ H)

= (S0e
σW̃T −K)+1

(S0e
σW̃T ≥ K,S0e

σM̃T ≤ H)

= (S0e
σW̃T −K)+1(

W̃T ≥
1

σ
ln
K

S0

, M̃T ≤
1

σ
ln
H

S0

). (2.2.16)

According to the risk-neutral method the payoff at time zero is given by

u0 = EQ(e−rtuT )
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= e−rT
∫ ∞
−∞

(ST −K)+f(m,x)dx,

where f(m,x) is the probability density function under measure Q of the pair

(M̃T , W̃T ) and is thus given by

f(m,x) =
2(2m− x)

T
√

2πT
exp

(
αx− 1

2
σ2T − 1

2T
(2m− x)2

)
. (2.2.17)

We assume that S0 > 0 and S0 ≤ H so that
1

σ
ln
H

S0

> 0. When 0 < S0 ≤ H,

the time-zero payoff of the up-and-out call is

u0 =
∫ 1

σ
ln H
S0

1
σ

ln K
S0

∫ 1
σ

ln H
S0

x+
e−rt(S0e

σh −K)
2(2m− x)

T
√

2πT
exp

[
αx− 1

2
α2T − 1

2T
(2m− x)2

]
dmdx

=
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

(S0e
σx −K) exp

[
−rT + αx− 1

2
α2T − 1

2T
x2
]
dx

− 1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

e−rt(S0e
σx −K) exp

[
−rT + αx− 1

2
α2T − 1

2T

(
2

σ
ln
H

S0

− h2
)]
dx

= S0I1 −KI2 − S0I3 +KI4. (2.2.18)

In this case

I1 =
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
σx− rT + αx− 1

2
α2T − x2

2T

]
dx (2.2.19)

I2 =
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
−rT + αx− 1

2
α2T − h2

2T

]
dx (2.2.20)

I3 =
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
σx− rT + αh− 1

2
α2T − 1

2T

(
2

σ
ln
H

S0

− x
)2
]
dx

=
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
σx− rT + αx− 1

2
α2T − 2

σ2T

(
ln
H

S0

)2

+
2h

σT
ln
H

S0

− x2

2T

]
dx

(2.2.21)

and

I4 =
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
−rT + αx− 1

2
α2T − 1

2T

(
2

σ
ln
H

S0

− x
)2
]
dx

=
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

[
−rT + αx− 1

2
α2T − 2

σ2T

(
ln
H

S0

)2

+
2x

σT
ln
H

S0

− x2

2T

]
dx.

(2.2.22)
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Each of these integrals is of the form

1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp

(
β + δx− x2

2T

)
dx

=
1√
2πT

∫ 1
σ

ln H
S0

1
σ

ln K
S0

exp
(
β +

1

2
δ2T − 1

2T
(x− δT )2

)
dx

= exp
(
β +

1

2
δ2T

)
1√
2πT

∫ 1√
T

( 1
σ

ln K
S0
−δT )

1√
T

( 1
σ

ln H
S0
−δT )

e−
1
2
z2dz

= exp
(
β +

1

2
δ2T

)Φ


1

σ
ln
H

S0

− δT
√
T

− Φ


1

σ
ln
K

S0

− δT
√
T




= exp
(
β +

1

2
δ2T

)Φ


1

σ
ln
S0

K
− δT

√
T

− Φ


1

σ
ln
S0

H
− δT

√
T




= exp
(
β +

1

2
δ2T

)Φ

 ln
S0

K
− δσT

σ
√
T

− Φ

 ln
S0

H
− δσT

σ
√
T


 .

(2.2.23)

The integral I1 is of the form (2.2.23) with β = −rT − 1

2
α2T and δ = σ+α so

that β +
1

2
δ2T = 0 and δσ = r +

1

2
σ2. Therefore

I1 = Φ
{
d+

(
S0

K

)}
− Φ

{
d+

(
S0

H

)}
. (2.2.24)

For I2 we have β = −rT − 1

2
α2T and δ = α, so β +

1

2
δ2T = −rT and

δσ = r − 1

2
σ2. Therefore

I2 = e−rT
[
Φ
{
d−

(
S0

K

)}
− Φ

{
d−

(
S0

H

)}]
. (2.2.25)

For I3 we have β = −rT − 1

2
α2T − 2

T

(
1

σ
ln
H

S0

)2

and δ = σ+α+
2

T

(
1

σ
ln
H

S0

)
so that

β +
1

2
δ2T = −rT − 1

2
α2T − 2

T

(
1

σ
ln
H

S0

)2

+
1

2
T
(
σ + α +

2

T

(
1

σ
ln
H

S0

))
=

1

2
σ2T + σαT − rT +

2α

σ
ln
H

S0

+ 2 ln
H

S0
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= −
(
r − 1

2
σ2
)
T + σαT + 2

(
1 +

α

σ

)
ln
H

S0

= 2

(
1 +

r − 1
2
σ2

σ2

)
ln
(
H

S0

)

= ln
(
S0

H

)− 2r
σ2−1

and

δσT = σ2T +
(
r − 1

2
σ2
)
T + 2 ln

H

S0

=
(
r +

1

2
σ2
)
T + ln

(
H

S0

)2

.

Therefore

I3 =
(
S0

H

)− 2r
σ2−1

[
Φ

{
d+

(
T,

H2

KS0

)}
− Φ

{
d+

(
T,
H

S0

)}]
. (2.2.26)

Finally for I4 we have β = −rT − 1
2
α2T − 2

T

(
1

σ
ln
H

S0

)2

and δ = σ + α +

2

T

(
1

σ
ln
H

S0

)
so that

β +
1

2
δ2T = ln

(
S0

H

)− 2r
σ2 +1

(2.2.27)

and

δσT =
(
r − 1

2
σ2
)
T + ln

(
H

S0

)2

. (2.2.28)

Therefore

I4 = e−rT
(
S0

H

)− 2r
σ2 +1

[
Φ

{
d−

(
T,

H2

KS0

)}
− Φ

{
d−

(
T,
H

S0

)}]
. (2.2.29)

Substitution of (2.2.24), (2.2.25), (2.2.26) and (2.2.29) into (2.2.18) yields,

u0 = S0

[
Φ
{
d+

(
S0

K

)}
− Φ

{
d+

(
S0

H

)}]
−e−rTK

[
Φ
{
d−

(
S0

K
)
)}
− Φ

{
d−

(
S0

H

)}]

−H
(
S0

H

)− 2r
σ2−1

[
Φ

{
d+

(
H2

KS0

)}
− Φ

{
d+

(
H

S0

)}]

+e−rTK
(
S0

H

)− 2r
σ2 +1

[
Φ

{
d−

(
T,

H2

KS0

)}
− Φ

{
d−

(
H

S0

)}]
.

(2.2.30)
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Now we replace S0 by St and assume that the underlying asset price at time t

is St for 0 ≤ t ≤ T and 0 ≤ St ≤ H as above. If the call has not knocked out

prior to time t, then equation (2.2.30) can be rewritten as

u(t, St) = St

[
Φ
{
d+

(
St
K

)
)}
− Φ

{
d+

(
St
H

)}]
−e−rTK

[
Φ
{
d−

(
St
K

)
)}
− Φ

{
d−

(
St
H

)}]

−H
(
St
H

)− 2r
σ2−1

[
Φ

{
d+

(
H2

KSt

)}
− Φ

{
d+

(
H

St

)}]

+e−rTK
(
St
H

)− 2r
σ2 +1

[
Φ

{
d−

(
H2

KSt

)}
− Φ

{
d−

(
H

St

)}]

and satisfies the boundary conditions u(t, 0) = 0, 0 ≤ t ≤ T , u(t,H) = 0,

0 ≤ t < T and u(T, St) = h(St), 0 ≤ St ≤ H.

2.3 Complex Barrier Options

In the case of complicated barrier options an asset price is required not only

to cross a barrier but to spend a certain amount of time across the barrier in

order to knock in or out. In partial barrier options the barrier is active only

during an initial period. In other words the barrier disappears at a prescribed

time. So the payoff at maturity may be a function of the spot price. Double

barrier options are options that knock in or out at the first hitting time of

either a lower or upper barrier. In papers by Benson and Daniels [3], Rich [78]

and Hsu [49] more detailed discussion of the nature and applications of various

types of barrier options can be found.

40



Chapter 3

Stochastic Volatility Models

Stochastic volatility models are models in which the volatility changes ran-

domly according to some discrete processes or to some stochastic differential

equations. Essentially the stochastic volatility models are divided into two

classes, namely, the one-factor and the multifactor models. In one-factor mod-

els the Brownian motion is the only source of uncertainity, whereas in the

multifactor models further Brownian motions, or other random elements, are

taken into consideration. In the one-factor models the volatility is a deter-

ministic function of present or past values of the underlying price. The main

advantage of the one-factor models is that the volatility and the stock price

are perfectly correlated.

The theory of stochastic volatility models was introduced by Merton [67, 68]

and Cox and Ross [20] in 1976. Merton [67] assumes a mixture of continuous

and jump processes, whereas Cox and Ross [20] allow the volatility to be a

deterministic function of the underlying stock price. Johnson and Shanno

[57] propose a stochastic volatility model in which stock returns and return

volatility are correlated. Wiggins [92] derives statistical estimators for volatil-

ity process parameters and calculates parameter estimates using Monte Carlo

estimation methods for several individual stocks and stock indexes. Using a

Taylor series expansion Hull and White [53] derive an accurate formula for a

call option for which stock returns and stock volatility were uncorrelated. In
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1991 Stein and Stein [88] derived a stochastic volatility option pricing formula

that assumed volatility follows an Ornstein-Uhlenbeck (OU) process. Heston

(1993) [47] developed a closed-form solution for options with stochastic volatil-

ity.

3.1 Time-Dependent Volatility Models

Time-dependent volatility models relax the assumption that µ, σ and r are

constant, but instead are treated as functions of time. Under these relaxed

conditions the Black-Scholes equation for a standard European option takes

the form
∂u

∂t
+

1

2
σ2(t)S2 ∂

2u

∂S2
+ r(t)S

∂u

∂S
= r(t)u. (3.1.1)

The price of a European call option is thus given by

u(S, t) = SΦ(d̃+)−K exp
(
−
∫ t

0
σ(s)ds

)
Φ(d̃2), (3.1.2)

where

d̃+ =
ln
S

K
+
∫ t

0
(r(s) +

1

2
σ2(s))ds√∫ t

0
σ2(s)ds

(3.1.3)

and

d̃− = d̃+ −
√∫ t

0
σ2(s)ds. (3.1.4)

3.2 Discrete-Time Stochastic Volatility

Models

Discrete-time models of stochastic volatility focus on the statistical and de-

scriptive patterns of price changes in short-time intervals. Models of this kind

are adapted to indicate at least some of several well-documented features of

time series of logarithmic daily asset returns such as: skewness of distributions,

leptokurtosis, volatility clustering and their negative correlation [45]. In this
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Section we provide a brief overview of alternative approaches to the issue of

stochastic volatility. These alternative approaches include various mathemati-

cal techniques permitting one to construct stochastic models.

3.2.1 Generalized Autoregressive Heteroskedasticity

(GARCH) Models

These models were first introduced by Bollerslev [9] in 1986. He also derived

the conditions for stationarity of this class of models. The equation for the

GARCH model is

σ2
m = v + αw2

m−1 + βσ2
m−1, (3.2.1)

where α is the weight assigned to w2
m−1 and β is the weight assigned to σ2

m−1.

This is known as GARCH(1, 1) model. The “(1, 1)” in GARCH(1, 1) indicates

that σ2
m is based on the most recent observation of w2 and the most recent

estimate of the variance rate.

The GARCH(1, 1) can be extended to a GARCH(p, q) formulation, in which

the current conditional variance is parametrised to depend upon q lags of the

squared error and p lags of the conditional variance, i.e.

σ2
m = v + α1w

2
m−1 + α2w

2
m−2 + .....+ αqw

2
m−q + β1σ

2
m−1β2w

2
m−2 + .....+ βpw

2
m−p

= v +
q∑
i=1

αiw
2
m−i +

p∑
j=1

βjw
2
m−j. (3.2.2)

For these models the unconditional variance is

σ2 =
v

1−∑q
i=1 αi −

∑p
j=1 βj

. (3.2.3)

For a stationary GARCH(p, q) model we require that 0 ≤ ∑q
i=1 αi−

∑p
j=1 βj < 1,

v ≥ 0, αi ≥ 0 for i = 1, 2, ......., q and βj ≥ 0 for j = 1, 2, ........, p. Since σ2 is

nonnegative and finite, GARCH models are less likely to violate nonnegative

constraints and that is why they remain popular.
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3.2.2 Constant Elasticity of Variance (CEV)

This model was proposed by Cox in 1975 [19] and it attempts to include the

behaviour of the volatility smile in the stochastic differential equation of an

asset price S. The CEV model of option pricing assumes that an asset price S

follows a stochastic differential equation

dS = µSdt+ σ0S
β
2 dW. (3.2.4)

The CEV model assumes the following relationship between an asset price S

and volatility σ(S, t),

σ(S, t) = σ0S
β
2
−1, (3.2.5)

where σ0 is a positive constant and 1 < β < 2. If β = 2, then the elasticity is

zero and asset prices are lognormally distributed as in the Black-Scholes model.

If β < 2, then volatility is a decreasing function of S whereas, if β > 2, then

the volatility is an increasing function of S. The CEV diffusion process was

firstly used to model heteroskedasticity in returns to common assets.

Now suppose that the asset price S follows the stochastic differential equa-

tion, (3.2.4), and define u as the price of a European option on an asset that

pays no dividend during the life of the contract. By Itô’s lemma

du =

(
∂u

∂t
+ µS

∂u

∂S
+

1

2
σ0S

β ∂
2u

∂S2

)
dt+ σ0S

β
2
∂u

∂S
dW. (3.2.6)

Using the continuous hedging and arbitrage arguments developed in Chapter 1,

Section (1.3), it is possible to show that u satisfies the CEV partial differential

equation
∂u

∂t
+

1

2
σ2

0S
β ∂

2u

∂S2
+ σ0S

β
2
∂u

∂S
= ru. (3.2.7)

3.2.3 Jump-Diffusion Processes

An extension of the Black-Scholes model was proposed by Merton (1974) [66]

in which the stock returns are subject to unpredictable jumps and the Poisson

Process1 serves as the starting point for jump processes. Runggaldier [80]

1The properties of Poisson Processes:
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further extended the Black-Scholes-Merton model. In this case we consider the

stochastic differential equation driven by both a Wiener process and a Poisson

random measure. We price a European call option when the underlying asset

is a jump process.

Pricing a European Call in a Jump Model

Let Nt be a Poisson Process on a probability space (Ω,=,P) relative to a

filtration =t, t ≥ 0. We denote the intensity of Nt by λ, a positive constant,

and the compensated Poisson Process by Mt = Nt − λt. Consider an asset

modeled as a geometric Poisson Process,

ST = St exp [(α− λσ)(T − t)] (σ + 1)NT−Nt , (3.2.8)

for which the stochastic differential equation is

dSt = αStdt+ σSt(−)dNt − λσStdt. (3.2.9)

We assume that λ =
α− r
σ

in order to rule out arbitrage in (3.2.8). Under this

assumption λ∗ = λ− α− r
σ

is positive. Thus (3.2.8) may be rewritten as

ST = St exp [(r − λ∗σ)(T − t)] (σ + 1)NT−Nt . (3.2.10)

Therefore the risk-neutral price of a European call option is given by

ut = e−r(T−t)EQ
[
(ST −K)+|=t

]
= e−r(T−t)

[(
St exp [(r − λ∗σ)(T − t)] (σ + 1)NT−Nt −K

)+
|=t
]

• The probability that a jump occurs during a short time interval of length ∆t is λ∆t+

o(∆t).

• The probability of two or more jumps occuring during a short time interval of length

∆t is negligible, i.e. o(∆t).

• The probability of exactly n jumps occuring in a time interval of length t is (λt)n

n! e−λt.

• The mean waiting-time for a jump is 1
λ .
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= e−r(T−t)
∞∑
j=0

e−λ
∗(T−t)λ

∗j(T − t)j

j!

(
St exp [(r − λ∗σ)(T − t)] (σ + 1)j −K

)+

=
∞∑
j=0

e−λ
∗(T−t)λ

∗j(T − t)j

j!

(
Ste
−λ∗σ(T−t)(σ + 1)j −K

)+
. (3.2.11)

The j = 0 term in (3.2.11) is e−λ
∗(T−t)

(
Ste
−λ∗σ(T−t) −K

)+
. When t = T , this

term is (St −K)+ and therefore the function u satisfies the terminal condition

u(T, St) = (St −K)+ ∀ St ≥ 0. (3.2.12)

To derive the partial differential equation for ut we consider the stochastic

differential equation (3.2.9) which may be rewritten as

dSt = (r − λ∗σ)Stdt+ σSt(−)dNt. (3.2.13)

This shows that the continuous part of the stock price satisfies

dSt = (r − λ∗σ)Stdt. (3.2.14)

On the other hand, if the stock price jumps at the time t, then ∆St = St −

St(−) = σSt(−), St = (σ + 1)St(−). By the Itô-Doeblin2 formula we have that

e−rtu(t, St) = u(0, S0) +
∫ t

0
e−rc

[
−ru(c, Sc)dc+

∂u

∂t
(c, Sc)dc+

∂u

∂S
(c, Sc)dS(c)

]
+

∑
0<c≤t

e−rc
[
u(c, Sc)− u(c, Sc(−))

]

= u(0, S0) +
∫ t

0
e−rc

[
−ru(c, Sc) +

∂u

∂t
(c, Sc) + (r − λ∗σ)Sc

∂u

∂S
(c, Sc)

]
dc

+
∫ t

0
e−rc

[
u(c, Sc)− u(c, Sc(−))

]
dNc

= u(0, S0) +
∫ t

0
e−rc

[
−ru(c, Sc) +

∂u

∂t
(c, Sc) + (r − λ∗σ)Sc

∂u

∂S
(c, Sc)

]
dc

2Itô-Doeblin formula for one jump process states that, if X(t) is a jump process

and f(x) a function for which f ′(x) and f ′′(x) are defined and continuous, then

f(X(t))−f(X(0)) =
∫ t

0

f ′(X(s))dXu(s)+
1
2

∫ t

0

f ′′(X(s))dXu(s)dXu(s)+
∑

0<s≤t

[f(X(s))− f(X(s−))] .

(3.2.15)
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+
∫ t

0
e−rc

[
u(c, (σ + 1)Sc(−))− u(c, Sc(−))

]
λ∗dc

+
∫ t

0
e−rc

[
u(c, (σ + 1)Sc(−))− u(c, Sc(−))

]
dM∗

c

= u(0, S0) +
∫ t

0
e−rc[−ru(c, Sc) +

∂u

∂t
(c, Sc)

+(r − λ∗σ)Sc
∂u

∂S
(c, Sc) + λ∗(u(c, (σ + 1)Sc)− u(c, Sc))]dc

+
∫ t

0
e−rc

[
u(c, (σ + 1)Sc(−))− u(c, Sc(−))

]
dM∗

c . (3.2.16)

The last integral in (3.2.16) is a martingale because Mc is a martingale. In

addition, since the left-hand side of (3.2.16) is also a martingale, we can solve

for

u(0, S0) +
∫ t

0
e−rc[−ru(c, Sc) +

∂u

∂t
(c, Sc) + (r − λ∗σ)Sc

∂u

∂S
(c, Sc)

+λ∗(u(c, (σ + 1)Sc)− u(c, Sc))]dc (3.2.17)

which is itself a martingale. This can only happen if

∂u

∂t
(t, St) + (r − λ∗σ)Sc

∂u

∂S
(t, St) + λ∗ [u(c, (σ + 1)Sc)− u(c, Sc)] = ru(t, St)

(3.2.18)

for 0 ≤ t ≤ T and St ≥ 0. Equation (3.2.18) is sometimes called a differential-

difference equation because it involves u at two different values of the stock

price, namely St and (σ + 1)St.

3.3 Pure Stochastic Volatility Models

These models are examples of multifactor models. In multifactor models the

movement of volatility, σ, is correlated with the movement of the asset price

S. We suppose that under a risk-neutral measure Q an asset price S follows a

stochastic differential equation

dS = µSdt+ σ(X)SdW 1
t , (3.3.1)

where the volatility, σ(X), is a function of X and is itself a stochastic process

governed by the equation

dX = adt+ b(ρdW 1
t +

√
1− ρ2dW 2

t ). (3.3.2)
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The parameters a and b are positive constants. W 1
t and W 2

t are correlated

Brownian motions under Q with dW 1
t dW

2
t = ρdt for some −1 ≤ ρ ≤ 1, where

ρ is the correlation coefficient between W 1
t and W 2

t . In this model the price of

the option depends upon two random variables which are the underlying asset

and the volatility function respectively. At time t the risk-neutral price of a

call expiring at time t ≤ T in this stochastic volatility model is [14]

uBS = E
[
e−r(T−t)(ST −K)+|=t

]
. (3.3.3)

This problem shows that the function uBS satisfies the partial differential equa-

tion

∂u

∂t
+ rS

∂u

∂S
+ (a− bΓ)

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂Y 2
= ru.

(3.3.4)

The function uBS also satisfies the boundary conditions

u(S,X, T ) = (S −K)+ for all S ≥ 0, X ≥ 0, (3.3.5)

u(0, X, t) = 0 for all 0 ≤ t ≤ T , X ≥ 0 , (3.3.6)

u(S,X, t) = (S − e−r(T−t)K)+ for all 0 ≤ t ≤ T , S ≥ 0, (3.3.7)

lim
S→∞

u(S,X, t)

S −K
= 1 for all 0 ≤ t ≤ T , (3.3.8)

lim
S→∞

u(S,X, t) = S for all 0 ≤ t ≤ T , S ≥ 0. (3.3.9)

Since W 1
t and W 2

t are two-dimensional Brownian motions, we can derive the

partial differential equation of a European call option. For this purpose one

needs to specify the market price of volatility risk,3 Λ(S,X, t).

Partial Differential Equation Approach

We start by constructing a portfolio, π, consisting of

• 1 option with value u(S,X, t)

3The market price of risk is associated with the Girsanov transformation of the underlying

probability measure leading to a particular martingale measure [25].
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• −∆ shares

• −∆1 of another option with value u1(S,X, t).

Then we have π = u−∆S −∆1u1 and the corresponding change in the value

of this portfolio is given by

dπ = du−∆dS −∆1du1. (3.3.10)

By Itô’s lemma we get

du =
∂u

∂t
dt+

∂u

∂S
dS +

∂u

∂X
dX

+
1

2

(
∂2u

∂S2
(dS)2 +

∂2u

∂X2
(dX)2 +

∂2u

∂S∂X
(dS)(dX)

)
. (3.3.11)

In this case

(dS)2 = σ2(X)S2dt (3.3.12)

(dX)2 = b2dt (3.3.13)

(dS)(dX) = σ(X)abSdt (3.3.14)

and hence (3.3.11) becomes

du =
∂u

∂t
dt+

∂u

∂S

[
µS + σ(X)SdW 1

t

]
+
∂u

∂X

[
adt+ b

(
ρdW 1

t +
√

1− ρ2dW 2
t

)]
+

1

2

[
σ2(X)S2 ∂

2u

∂S2
+ b2 ∂

2u

∂X2
+ 2σ(X)abS

∂2u

∂S∂X

]
dt

=

[
∂u

∂t
+ µS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2

]
dt

+

[
σ(X)S

∂u

∂S
+ bρ

∂u

∂X

]
dW 1

t + b
√

1− ρ2dW 2
t .

We can obtain a similar expression for g1. Therefore

dπ = du−∆dS −∆1du1

=

[
∂u

∂t
+ µS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2

]
dt

+

[
σ(X)S

∂u

∂S
+ bρ

∂u

∂X

]
dW 1

t + b
√

1− ρ2dW 2
t −∆µSdt−∆σ(X)dW 1

t
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−∆1

[
∂u1

∂t
+ µS

∂u1

∂S
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2

]
dt

−∆1

[
σ(X)S

∂u1

∂S
+ bρ

∂u1

∂X

]
dW 1

t −∆1b
√

1− ρ2dW 2
t

=

[
∂u

∂t
+ µS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2

]
dt

−∆1

[
∂u1

∂t
+ µS

∂u1

∂S
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2

]
dt

−∆µSdt+

[
∂u

∂S
−∆−∆1

∂u1

∂S

]
σ(X)SdW 1

t +

[
∂u

∂X
−∆1

∂u1

∂X

]
bρdW 1

t

+

[
∂u

∂X
−∆1

∂u1

∂X

]
b
√

1− ρ2dW 2
t .

To eliminate randomness the terms in dW 1
t and dW 2

t must be zero, i.e.

∂u

∂S
−∆−∆1

∂u1

∂S
= 0, (3.3.15)

which implies that

∆ =
∂u

∂S
−∆1

∂u1

∂S
, (3.3.16)

and
∂u

∂X
−∆1

∂u1

∂X
= 0. (3.3.17)

Also note that

∆µSdt =

[
∂u

∂S
−∆1

∂u1

∂S

]
µSdt. (3.3.18)

Hence

dπ =

[
∂u

∂t
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2

]
dt

−∆1

[
∂u1

∂t
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2

]
dt

contains no stochastic term and is now risk-free. So

dπ = rπdt

= r(u−∆S −∆1u1)dt.

Note that we have used arbitrage arguments to set the return on the portfolio

equal to the risk-free rate. Thus
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ru− r∆S − r∆1u1 =

[
∂u

∂t
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2

]

−∆1

[
∂u1

∂t
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2

]
.

(3.3.19)

Furthermore from (3.3.18)

r∆S = r

[
∂u

∂S
−∆1

∂u1

∂S

]
S

= rS
∂u

∂S
−∆1rS

∂u1

∂S
.

Hence equation (3.3.19) becomes[
∂u

∂t
+ rS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2
− ru

]

= −∆1

[
∂u1

∂t
+ rS

∂u1

∂S
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2
− ru1

]
.

Using (3.3.17) we have

∆1 =

∂u

∂X
∂u1

∂X

. (3.3.20)

Hence[
∂u

∂t
+ rS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2
− ru

]
∂u

∂X

=

[
∂u1

∂t
+ rS

∂u1

∂S
+ a

∂u1

∂X
+

1

2
σ2(X)S2∂

2u1

∂S2
+ σ(X)abS

∂2u1

∂S∂X
+

1

2
b2∂

2u1

∂X2
− ru1

]
∂u1

∂X

.

This implies that

Λ(S,X, t)
∂u

∂X
=
∂u

∂t
+ rS

∂u

∂S
+ a

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2

+σ(X)abS
∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2
− ru

= bΓ(S,X, t)
∂u

∂X
,
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where

Γ(S,X, t) = Λ(S,X, t)
√

1− ρ2 + ρ
µ− r
σ(X)

. (3.3.21)

Expression (3.3.21) is a linear combination of the market price of risk and the

market price of volatility, b is the volatility from the stochastic process of X

and Λ(S,X, t) is the market price of volatility risk. Therefore

∂u

∂t
+ rS

∂u

∂S
+ (a− bΓ)

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2
= ru.

(3.3.22)

Note that, if W 1
t and W 2

t are uncorrelated, i.e. ρ = 0, in this case Γ(S,X, t) =

Λ(S,X, t) and the price of the option satisfies the partial differential equation

∂u

∂t
+ rS

∂u

∂S
+ (a− bΓ)

∂u

∂X
+

1

2
σ2(X)S2 ∂

2u

∂S2
+ σ(X)abS

∂2u

∂S∂X
+

1

2
b2 ∂

2u

∂X2
= ru

(3.3.23)

as in (3.3.4). It is not easy to solve equation (3.3.23) and often the only

alternative is to use numerical techniques to approximate solutions.

3.4 Mean-Reverting Models

Several approaches to model the behaviour of the variation of volatility have

been proposed in the literature. Many of the stochastic volatility models under

investigation use a mean-reverting process. Various stochastic volatility models

are obtained by making different choices of the dynamics for the stochastic

volatility process, Xt. Suppose an asset price, S, follows a stochastic differential

process

dS = µSdt+ σ(Xt)SdW
1
t . (3.4.1)

Now for the model to be mean reverting Xt must satisfy a stochastic differential

equation of the form

dXt = a(b−Xt)dt+ αdW 2
t , (3.4.2)

where b is called the long-run mean level of Xt and a is the rate of mean-

reversion. This model is called a mean-reverting model because b−Xt goes to

b as Xt wanders away, a measures the speed.
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Specifications of stochastic volatility proposed by other authors include the

following stochastic differential equations [64]:

dXt = a(b−Xt)dt+ αXtdW
2
t (3.4.3)

dXt = aXtdt+ αdW 2
t (3.4.4)

dXt = X−1
t (b− aX2

t )dt+ αdW 2
t and (3.4.5)

dXt = a(b−X2
t )dt+ αXtdW

2
t . (3.4.6)

We note that, whilst it is not possible to deal in detail with each of the stochas-

tic volatility models mentioned above, we look briefly at a few more popular

mean-reverting models.

3.4.1 Ornstein-Uhlenbeck (OU) Model

The Ornestein-Uhlenbeck model satisfies the following stochastic differential

equation,

dXt = a(b−Xt)dt+ αdW 2
t (3.4.7)

where α is a positive constant. The Brownian motion W 2
t is given by

dW 2
t = ρW 1

t +
√

1− ρ2dW 3
t (3.4.8)

where W 3
t is also a Brownian motion independent of W 1

t . The stochastic dif-

ferential equation (3.4.7) can be solved explicity by considering

d
[
eat(Xt − b)

]
= eat [dXt + a(Xt − b)dt]

= αeatdW 2
t

so that

eat(Xt − b)− (X0 − b) =
∫ t

0
αeasdW 2

s . (3.4.9)

Thus

Xt = (1− e−at)b+ e−atX0 + e−at
∫ t

0
αeasdW 2

s

= (1− e−at)b+ e−atX0 + e−atα2Ŵ

(
e2at − 1

2a
)

)
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for some Brownian motion Ŵ . In this model Xt is normally distributed with

mean b and variance α2/2a.

3.4.2 Cox-Ingersoll-Ross (CIR) Model

In the CIR model a stock St and volatility σt, respectively, satisfy the following

differential equations

dSt = µStdt+ σtStdW
1
t (3.4.10)

and

dvt = (a+ bvt)dt+ c
√
vt

(
ρdW 1

t +
√

1− ρ2dW 3
t

)
, (3.4.11)

where vt is the variance, a, b and c are constants and dW 1
t and dW 3

t are inde-

pendent Brownian motions. In the CIR model vt has a chi-squared distribution

with the mean given by

E(vt|v0 = y) = −a
b

+
(
y +

a

b

)
e−bt (3.4.12)

and the variance by

V ar(vt|v0 = y) =
ac2

2b2
− c2

b

(
y +

a

b

)
e−bt +

c2

b

(
y +

a

2b

)
e−2bt. (3.4.13)

Using the above equations we can find the limiting distribution of vt which is

a gamma distribution with the mean of −a/b and the variance ac2/2b2.

3.4.3 Wiggins Model

Wiggins (1987) [92] proposed the stochastic differential equation

dSt = µStdt+ σ(Xt)dW
1
t , (3.4.14)

where the volatility Xt satisfies

dXt = aXtdt+ αXtdW
2
t (3.4.15)

with W 1
t and W 2

t being the correlated Brownian motions. With this model as

basis Wiggins [92] derived a statistical estimator for volatility-process parame-

ters using a Monte Carlo approach. He showed that the Black-Scholes equation

overprices out-of-the-money calls in relation to in-the-money calls.
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3.4.4 Hull and White Model

Hull and White [53] proposed the following stochastic volatility model

dSt = µStdt+ σ(Xt)StdW
1
t (3.4.16)

with the volatility Xt satisfying

dXt = a(Xt, t)dt+ b(Xt, t)dW
2
t , (3.4.17)

where dW 1 and dW 2 are independent Brownian motions. In their studies Hull

and White [53] analysed this model for the cases ρ = 0 and ρ 6= 0. Based

upon their analysis, they concluded that Black-Scholes formula overprices the

options and that the maturity time affects the degree of overpricing.

3.4.5 Heston’s Model

In the Heston [47] model the asset-price return process is modelled as

dSt = µStdt+
√
vtStdW

1
t (3.4.18)

with the variance vt satisfying

dvt = α2(v2 − vt)dt+ η
√
vtdW

2
t , (3.4.19)

where dW 1
t dW

2
t = ρdt. Using his model Heston [47] developed a new technique,

based upon characteristic functions, to derive a closed-form solution for the

price of a European call option on an asset.

3.5 Biases of the Stochastic Volatility Models

Although the Heston model gives a closed-form solution for an option price on

a stock price following the stochastic volatility process, the solution requires

evaluation of a difficult integral expression. Luckily, the Hull and White [54]

model provides an accurate approximation using a Taylor series expansion
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around a constant volatility. Adding this idea into the Black-Scholes call price

gives the Hull-White stochastic volatility model which may be used to correct

the Black-Scholes formula.
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Chapter 4

Bond Pricing and Interest Rate

Models

Most investors are risk averse and the risk is linked to the interest rate. Bonds

offer investors an excellent means of managing the overall portfolio risk. How-

ever, bond-pricing formulae cannot identify risk payoff because bond prices are

mainly determined by changes in interest rates.

The two more popular one-factor interest rate models are the Vasicek and

Cox-Ingersoll-Ross (CIR) models. Their popularity is due to their tractability

and their flexibility, i.e., they lead to analytic solutions of the bond-pricing

equation. These solutions are useful in providing models for the term structure

of the interest rate.

In their original paper Cox, Ingersoll and Ross [23] aimed to have a rela-

tionship between the term structure of interest rates and the yield on riskless

securities that differ only in their time to maturity. The exploitation of the

term structure gives extra information to predict the effect on the yield curve1.

In their analysis Chan et al [16] found that many of the well-known interest

1A yield curve is a graph in which interest rates are plotted against term to maturity for

bonds of the same quality. Once the figures are plotted, financial analysts study the graph

carefully because it contains an information (on investor’s expectations) about the future

trends of the interest rate.
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rate models perform poorly in their ability to summarize the actual behaviour

of the short rate because of their constraints on the term structure volatility.

Fong and Vasicek [31] in their model treated a volatility of the short-term rate

as a stochastic variable which better describes the term structure of interest

rates. All short rate models are theoretically constructed and not based upon

the observable rate.

In their model Longstaff and Schwartz [63] examined the effect of stochastic

interest rates. The Longstaff-Schwartz model is a well-known two-factor model

which is flexible in achieving good calibration to a variety of term structures.

Interest rate models such as those of Hull and White [52] and Ho and Lee

[48] incorporate time-dependent parameters. This has the added advantage of

allowing a yield curve to be fitted.

In this Chapter we firstly derive the bond-price formula under the assump-

tion that the interest rate is constant. We then present some well-known

interest-rate models and use these models for bond pricing.

4.1 One-Factor Bond-Pricing Equation

In this Section we derive the bond-price equation using the arbitrage pricing

approach. The method of applying the riskless hedging principle is similar but

slightly different from that used in Chapter 1 Section (1.3).

Let V (t, T ) be the price at a time t of a zero coupon bond paying 1 at a

later time T , i.e. V (T, T ) = 1, and let the spot rate, rt, follow the stochastic

differential equation

dr = µ(r, t)dt+ σ(r, t)dW, (4.1.1)

where W is a standard Brownian motion. By Itô’s Lemma we have

dV =

(
∂V

∂t
+ µ

∂V

∂r
+

1

2
σ2∂

2V

∂r2

)
dt+ σ

∂V

∂r
dW

= a(r, t)dt+ b(r, t)dW, (4.1.2)
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where in this case

a(r, t) =
∂V

∂t
+ µ

∂V

∂r
+

1

2
σ2∂

2V

∂r2

and b(r, t) = σ
∂V

∂r
. (4.1.3)

Consider a portfolio given by

π = V1 −∆V2, (4.1.4)

where V1 = V (r, T1) is a bond with maturity date T1, V2 = V (r, T2) is a bond

with maturity date T2 and ∆ is a constant to be determined. Differentiating

(4.1.4) with respect to V we obtain

dπ = dV1 −∆dV2. (4.1.5)

Substituting for dV1 and dV2 into (4.1.5), where dV1 and dV2 are defined as

follows:

dV1 = a1dt+ b1dW

dV2 = a2dt+ b2dW,

we obtain

dπ = (a1 −∆a2)dt+ (b1 −∆b2)dW. (4.1.6)

To eliminate uncertainty we take ∆ so that ∆ = b1/b2. This means that

dπ = (a1 −∆a2)dt

= rπdt,

where we have used arbitrage arguments to set the return on the portfolio equal

to the risk-free rate. Hence

rπ = a1 −
b1

b2

a2,

r

(
V1 −

b1

b2

V2

)
= a1 −

b1

b2

a2,

a1 − rV1

b1

=
a2 − rV2

b2

. (4.1.7)
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The left side of (4.1.7) is a function of T1 and the right side is a function of

T2. So both sides are independent of T1 and T2. Dropping the subscripts we

obtain
a− rV

b
= λ, (4.1.8)

where λ is called the market price of risk2. We can rewrite (4.1.8) as

a = rV + λb (4.1.9)

so that

∂V

∂t
+ µ

∂V

∂r
+

1

2
σ2∂

2V

∂r2
= rV + λσ

∂V

∂r
∂V

∂t
+

1

2
σ2∂

2V

∂r2
+ (µ− λσ)

∂V

∂r
= rV. (4.1.10)

This is called a Black-Scholes partial differential equation for the pricing of a

bond option. In the case of a Black-Scholes equation µ and σ are assumed to

be constant whereas in (4.1.10) these are functions of r and t. This means that

the different cases give rise to different solutions which depend upon the choice

of rt as well as initial conditions.

Market Price of Risk

Once u and σ are computed, the market price of risk, λ(r, t), can be estimated

using the following relation

∂R

∂T
=

1

2
[u(r, t)− σ(r, t)λ(r, t)], (4.1.11)

where ∂R/∂T is the slope of the yield curve at the origin. The yield to maturity

R(t, T ) is defined by R(t, T ) = − lnV (t, T )/(T − t), which gives the internal

rate of return at the time t on the bond. The yield curve is the plot of R(t, T )

against T and the dependence of the yield curve on the time to maturity (T−t)

is called the term structure of interest rates.

2The market price of risk refers to the expected standardised excess rate of return above

the risk-free rate from a specific zero-coupon bond.
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4.1.1 A Solution to the Black-Scholes Equation

If we specify the values of µ, σ and λ, we are able to solve (4.1.10) for certain

cases. Consider
∂V

∂t
+

1

2
σ2∂

2V

∂r2
+ w

∂V

∂r
= rV, (4.1.12)

so that w = µ− λσ is an unknown and is assumed to be constant. We assume

a solution of the form

V = exp[A(t, T )r +B(t, T )] (4.1.13)

where
∂V

∂t
= (A′r+B′)V ,

∂V

∂r
= AV ,

∂2V

∂r2
= A2V . Substitution of them into

equation (4.1.12) gives

A′r +B′ +
1

2
σ2A2 + wA = r. (4.1.14)

If A′ = 1 in (4.1.14), we obtain

B
′
+

1

2
σ2A2 + wA = 0. (4.1.15)

A direct integration of A′ = 1 and (4.1.15) with respect t gives

A = t− T

and B = −1

2
w(t− T )2 − 1

6
σ2(t− T )3

= −1

2
wτ 2 +

1

6
σ2τ 3

respectively. Therefore

V = exp
[
−τr − 1

2
wτ 2 +

1

6
σ2τ 3

]
(4.1.16)

which is a solution of (4.1.12) when µ and σ are considered to be constants.

4.1.2 Representation of the Bond-Pricing Solution in

Stochastic Integral

The solution of the bond price (4.1.12) can be formally represented in an inte-

gral form in terms of the underlying process, namely,

V (t, T ) = Et exp

(
−
∫ T

t
rηdη −

1

2

∫ T

t
θ2(rη, η)dη −

∫ T

t
θ(rη, η)dWη

)
(4.1.17)
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We define the auxiliary function

D(t, ζ) = exp

(
−
∫ ζ

t
rηdη −

1

2

∫ ζ

t
θ2(rη, η)dη −

∫ ζ

t
θ(rη, η)dWη

)
(4.1.18)

and apply Itô’s differential rule to compute V (r, t; ζ)D(r, t; ζ). This gives

d(V D) = DdV + V dD + dV dD

= D

(
∂V

∂ζ
+ u

∂V

∂r
+

1

2
σ2∂

2V

∂r2

)
dζ +Dσ

∂V

∂r
dW + V D

(
−r − 1

2
θ2
)
dζ

−V DθdW +
1

2
θ2V Ddζ −Dθσ∂V

∂r
dζ

= D

(
∂V

∂ζ
+ (u− θσ)

∂V

∂r
+

1

2
σ2∂

2V

∂r2
− rV

)
dζ − V DθdW +Dσ

∂V

∂r
dW

= −V DθdW +Dσ
∂V

∂r
dW. (4.1.19)

Next we integrate (4.1.19) from t to T and take the expectations. This gives

Et[V (T, T )D(T, T )− V (t, T )D(t, t)] = 0. (4.1.20)

Since V (T, T ) = 1 and D(t, t) = 1, we obtain

V (t, T ) = Et(V (t, T )) (4.1.21)

and thus V (t, T ) is a martingale.

In the next section we explore the solution of the one-factor bond-pricing

equation with different assumptions of the stochastic process for rt.

4.2 One-Factor Interest-Rate Models

One-factor interest-rate models are a popular class of interest-rate model that

play a prominent role in the pricing of interest-rate derivatives. Many of these

models can be nested within the stochastic process represented by

drt = a(b− rt)dt+ αrδdWt, (4.2.1)

where µ is the drift, σ is the diffusion term of the interest-rate process and

W is a Brownian motion, a, b, δ and α are constants. Such models include
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those of Vasicek [91] (δ = 0), CIR [23] (δ = 1
2
) and Brennan and Schwartz [12]

(δ = 1). To obtain a solution of equation (4.2.1) we take the expectation

Ψt = E(rt)

= r0 +
∫ t

0
a(b−Ψv)dv. (4.2.2)

Differentiating equation (4.2.2) with respect to t we obtain

Ψ
′

t = ab− aΨt. (4.2.3)

Therefore the solution of equation (4.2.2) is given by

Ψt = b+ (Ψ0 − b)e−at. (4.2.4)

Vasicek Model

The Vasicek model is a type of one-factor model that explain the movements of

an interest rate when it is only driven by the market risk. Vasicek model was

introduced by Oldrich Vasicek in 1977 [91]. It was the first economic model to

capture the mean reversion.

The model for the interest rate, rt, in the Vasicek format follows the stochas-

tic differential equation

drt = a(b− rt)dt+ σdWt, (4.2.5)

where a, b and σ are positive constants. In this case µ(r, t) = a(b − r) and

σ(r, t) = σ. The solution of the model is, for each v ≤ t,

rt = rve
−a(t−v) + b[1− e−a(t−v)] + σ

∫ t

v
e−a(t−v)dWs. (4.2.6)

Here the interest rates, rt, are normally distributed with the expectation

E(rt|=t) = rve
−a(t−v) + b[1− e−a(t−v)] (4.2.7)

and the variance

V ar(rt|=t) =
σ2

2a

[
1− e−2a(t−v)

]
. (4.2.8)
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As t → ∞, the limit of mean rate and variance, as long as a > 0, converge

to b and σ2/2a, respectively.

For the Vasicek model the partial differential equation for bond equation

(5.1.15) takes the form

∂V

∂t
+

1

2
σ2∂

2V

∂r2
+ a(b− r)∂V

∂r
− rV = 0. (4.2.9)

Suppose we assume the solution to be of the form [83, 86]

V (t;T ) = A(t, T )e−rB(t,T ), (4.2.10)

where V (t, T ) is the price at some time t of a zero coupon bond maturing

at time, T , r is the short-term rate of interest at time, t, and A and B are

functions of only t and T . Then

A(t, T ) = exp

[
(B(t, T )− T + t)(a2b− σ2/2)

a2
− σ2B(t, T )2

4a

]
(4.2.11)

and

B(t, T ) =
1− e−aτ

a
. (4.2.12)

One of the main features of a Vasicek model is that all bond prices are

related to the same factor, the instantaneous interest rate. Thus all bond-price

movements are derived from movements of the same factor. This implies that

all bond prices are perfectly correlated. The main drawback of a Vasicek model

is that it allows the interest rate to become negative.

Cox-Ingersoll-Ross Model

To rectify the drawbacks of the Vasicek model, Cox, Ingersoll and Ross (1985)

[23] proposed an alternative model for the interest rate as follows

drt = a(b− rt)dt+ σ
√
rtdWt, (4.2.13)

where a, b and σ are positive constants. The expected value is given by

E(rt|=v) = rue
−a(t−v) + b[1− e−a(t−v)] (4.2.14)
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and the variance is

V ar(rt|=v) = rv
σ2

a
[e−a(t−v) − e−2a(t−v)] +

bσ2

2a
[1− e−a(t−v)]2. (4.2.15)

To prove (4.2.14) and (4.2.15) we take the integral of the stochastic differential

of the model (4.2.13) ∀ v ≤ t,

rt = rv + a
∫ t

v
(b− rw)dw + σ

∫ t

v

√
rwdWw. (4.2.16)

By itôs lemma we have

r2
t = r2

v + 2a
∫ t

v
(b− rw)dw + 2σ

∫ t

v

√
r3
wdWw + σ2

∫ t

v
rwdw

= r2
v + (2ab+ σ2)

∫ t

v
rwdw − 2a

∫ t

v
r2
wdw + 2σ

∫ t

v

√
r3
wdWw. (4.2.17)

In terms of its initial condition we can rewrite equation (4.2.16) as

rt = r0 + a
∫ t

0
(b− rw)dw + σ

∫ t

0

√
rwdWw. (4.2.18)

Then the unconditional mean is

EQ(rt) = r0 + a
(
bt−

∫ t

0
EQ(rw)dw

)
. (4.2.19)

Solving equation (4.2.19) we get the expected value

EQ(rt) = b+ (r0 − b)eat. (4.2.20)

Rearranging (4.2.20) we obtain

EQ(rt|=v) = rve
−a(t−v) + b[1− e−a(t−v)]. (4.2.21)

Since the variance V ar(rt) = EQ(r2
t ) + [EQ(rt)]

2, on reorganizing equation

(4.2.20) we obtain

EQ(r2
t ) = r2

0 + (2ab+ σ2)
∫ t

0
EQ(r2

w)dw − 2a
∫ t

v
EQ(r2

w)dw. (4.2.22)

Substituting (4.2.20) into (4.2.22) and using the second moment, we obtain the

variance as follows:

V ar(rt) =
σ2

a
[1− e−bt] +

a

2
[1− ebt]. (4.2.23)
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Rearranging equation (4.2.23) we obtain

V ar(rt|=v) = ru
σ2

a
[e−a(t−v) − e−2a(t−v)] +

bσ2

2a
[1− e−a(t−v)]2. (4.2.24)

In the CIR model the partial differential equation for the bond equation

(5.1.15) is given by

∂V

∂t
+

1

2
σ2r

∂2V

∂r2
+ a(b− r)∂V

∂r
− rV = 0. (4.2.25)

Using the same assumption, (4.2.10), we obtain

A(t, T ) =

[
2γ exp(γ + a)τ/2

(γ + a)(exp(γτ)− 1) + 2γ

](2ab)/σ2

(4.2.26)

and

B(t, T ) =
2(exp(γτ)− 1)

(γ + a)(exp(γτ)− 1) + 2γ
, (4.2.27)

where γ =
√
a2 + 2σ2.

Hull and White Model

According to the Hull and White [52] model the bonds and European options

can be valued analytically in terms of the initial term structure and the value

of r at time t. The Hull-White stochastic differential equation is given by

drt = a(θt − r)dt+ σdWt, (4.2.28)

where a and σ are constants. The function θ is given by

θt =
∂f(0, t)

∂t
+ af(0, t) +

σ2

2a
(1− e−2at), (4.2.29)

where f(0, t) = −∂ ln(V (0, t))/∂t is the forward rate3 that applies to time t as

observed at time zero. Assuming

V (t;T ) = A(t, T )e−rB(t,T ) (4.2.30)

3Forward rates are interest rates that can be locked in today for an investment in a future

time period and their value can be derived directly from zero-coupon bond prices
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we determine the functions A and B from an initial value of the discount bond

V (0, T ) as

B(t, T ) =
1− e−a(T−t)

a
(4.2.31)

and

A(t, T ) = exp

[
−
∫ T

t
θsB(s, T )ds− σ2

2a2
(B(t, T )− T + t)− σ2

4a
B(t, T )2

]
.

(4.2.32)

4.2.1 Bond-Option Models Based on One-Factor

Interest-Rate Models

The pricing models of the bond and the bond option differ only in the terminal

conditions. The payoff functions for the bond price is V (r, TV ) = F , where TV

is the maturity date of the bond, F is the face value of the bond and the bond

option value Γ(r, TΓ) = max [γ(Γ(r, TV )−K), 0] with TΓ being the expiration

date of the bond option. Here γ is a binary variable which takes the value 1

when the option is a call and -1 when the option is a put [59].

The value of the European call option on a zero coupon bond is given by

u(r, t) = V (r, t;TV )Φ(d+)−KV (r, t;TΓ)Φ(d−), (4.2.33)

where

d+ =

ln
V (r, t;TV )

KV (r, t;TΓ)
+

1

2
σ2(TΓ − t)

σc
√
TΓ − t

, d− = d+ − σΓ

√
TΓ − t. (4.2.34)

4.3 Vasicek Models of Stochastic Volatility

In the stochastic volatility Vasicek model the interest rate, rt, follows the Va-

sicek model with stochastic volatility, i.e.,

drt = a(b− rt)dt+ f(Yt)dW
1
t (4.3.1)

dYt = α(m− Yt)dt+ β
(
ρdW 1

t +
√

1− ρ2dW 3
t

)
, (4.3.2)
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where the stochastic volatility σt given by the positive function, f(Yt) and dW 1
t

and dW 3
t are independent standard Brownian motions. In this case the interest

rate and volatility are correlated. Using this model Cotton et al [18] priced

the bond options.

4.4 Two-Factor Interest-Rate Models

A major disadvantage of one-factor interest rate models is the implication that

interest rates with different maturities are perfectly correlated. This can be

avoided by introducing a second factor.

4.4.1 Vasicek Model

For the two-factor Vasicek model we let the factors Y1t and Y2t be given by the

system of stochastic differential equations

dY1t = (a1 − b11Y1t − b12Y2t)dt+ σ1dW
Q
1t (4.4.1)

dY2t = (a2 − b21Y1tdt− b22Y2t)dt+ σ2dW
Q
2t (4.4.2)

and

rt = γ0 + γ1Y1t + γ2Y2t, (4.4.3)

where all parameters are strictly positive and dWQ
1t and dWQ

2t are correlated

Brownian motions. We assume the matrix B=

 b11 b12

b21 b22

 has positive eigen-

values λ1 and λ2.

To eliminate the overparametrisation of the two-factor Vasicek model, we

reduce the model (4.4.1) and (4.4.2) to the canonical two-factor Vasicek model

dX1t = −λ1X1tdt+ dWQ
1t (4.4.4)

dX2t = −λ21X1tdt− λ2X2tdt+ dWQ
2t (4.4.5)

rt = υ0 + υ1Y1t + υ2Y2t, (4.4.6)
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where W1t and W2t are independent Brownian motions. The canonical two-

factor Vasicek model has thus few parameters that can be used to calibrate the

model.

Bond Prices

The price at a time t of a zero-coupon bond according to the risk-neutral pricing

formula is given by

V (t, T ) = E[exp(−
∫ T

t
rvdv)|=t], 0 ≤ t ≤ T . (4.4.7)

Because rt is a function of the factors X1t and X2t and the solution of the

system of stochastic differential equation (4.4.4) and (4.4.5) is a martingale,

there must be some function f(t, x1t, x2t) such that

V (t, T ) = f(t,X1t, X2t). (4.4.8)

The discount factor Dt = exp
(
−
∫ t

0
rvdv

)
satisfies dDt = −rtDtdt.

Therefore

d[DtV (t, T )] = d[Dtf(t,X1t, X2t)]

= −rtDtf(t,X1t, X2t)dt+Dtd[f(t,X1t, X2t)]

= D

[
−rfdt+

∂f

∂t
dt+

∂f

∂x1

dX1 +
∂f

∂x2

dX2

]

+D

[
1

2

∂2f

∂x2
1

dX2
1 +

∂2f

∂x1∂x2

dX1dX2 +
1

2

∂2f

∂x2
2

dX2
2

]

= D

[
−(υ0 + υ1x1 + υ2x2)f +

∂f

∂t
− λ1x1

∂f

∂x1

− λ21x1
∂f

∂x2

− λ2x2
∂f

∂x2

+
1

2

∂2f

∂x2
1

+
1

2

∂2f

∂x2
2

]
dt+D

[
∂f

∂x1

dWQ
1 +

∂f

∂x2

dWQ
2

]
. (4.4.9)

Setting the dt term equal to zero, we obtain the partial differential equation

∂f

∂t
− λ1x1

∂f

∂x1

− (λ21x1 + λ2x2)
∂f

∂x2

+
1

2

∂2f

∂x2
1

+
1

2

∂2f

∂x2
2

= (υ0 + υ1x1 + υ2x2)f

(4.4.10)

with the terminal condition f(T, x1, x2) = 1.
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To solve this equation we assume that [83]

f(t, x1, x2) = exp [−x1A1(t, T )− x2A2(t, T )− A3(t, T )] . (4.4.11)

Then
∂f

∂t
= [x1A

′
1 + x2A

′
2 + A′3]f ,

∂f

∂x1

= −A1f ,
∂f

∂x2

= −A2f ,
∂2f

∂x2
1

= A2
1f ,

∂2f

∂x2
2

= A2
2f and

∂2f

∂x1∂x2

= A1A2f . Thus equation (4.4.10) becomes

[
(A′1 + λ1A1 + λ21A2 − υ1)x1 + (A′2 + λ2A2 − υ2)x2 + (A′3 +

1

2
A2

1 +
1

2
A2

2 − υ0)
]
f = 0.

(4.4.12)

This gives us a system of three ordinary differential equations:

A′1 = −λ1A1 − λ21A2 + υ1 (4.4.13)

A′2 = −λ2A2 + υ2 (4.4.14)

A′3 = −1

2
A2

1 −
1

2
A2

2 + υ0. (4.4.15)

To solve equation (4.4.14) we multiply both sides by an integrating factor eλ2τ

to get

eλ2τA′2 + λ2e
λ2τA2 = eλ2τυ2. (4.4.16)

The left hand side can be written as
d

dτ

(
eλ2τA2

)
so that

d

dτ

(
eλ2τA2

)
= eλ2τυ2. (4.4.17)

Integrating both sides of equation (4.4.17) gives

eλ2τA2 =
υ2

λ2

eλ2τ + k. (4.4.18)

Therefore

A2 = e−λ2τ
(
υ2

λ2

eλ2τ + k
)
. (4.4.19)

Using the initial condition A2(0) = 0 gives

A2(t, T ) =
υ2

λ2

(
1− e−λ2

)
. (4.4.20)
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Substituting equation (4.4.20) into equation (4.4.13) yield

d

dτ
(eλ1τA1) = eλ1τ (λ1A1 + A′1)

= eλ1τ (−λ21A2 + υ1)

= eλ1τ

(
−λ21υ2

λ2

(1− e−λ2τ ) + υ1

)
. (4.4.21)

If λ1 = λ2, integrating from 0 to τ gives

A1(t, T ) =
1

λ1

(
υ1 −

λ21υ2

λ1

)
(1− e−λ1) +

λ21υ2

λ1

τe−λ1 . (4.4.22)

If λ1 6= λ2 then

A1(t, T ) =
1

λ1

(
υ1 −

λ21υ2

λ2

)
(1− e−λ1) +

λ21υ2

λ2(λ1 − λ2)
(e−λ2 − e−λ1). (4.4.23)

Finally equation (4.4.15) and the initial condition A3(0) = 0 gives

A3 =
∫ τ

0

[
−1

2
A2

1(v)− 1

2
A2

2(v) + υ0

]
dv. (4.4.24)

4.4.2 Longstaff and Schwartz

For the two-factor Longstaff and Schwartz model we let the factors Y1t and Y2t

be given by the system of stochastic differential equations

dY1t = a1(b1 − Y1t)dt+
√
Y1tdW

Q
1t , (4.4.25)

dY2t = a2(b2 − Y2t)dt+
√
Y2tdW

Q
2t (4.4.26)

and

rt = b1Y1t + b2Y2t (4.4.27)

where all parameters have nonnegative values and W1t and W2t are independent

Brownian motions. If we further let

b1Y1t = X1t and b2Y1t = X2t, (4.4.28)

the equation (4.4.27) becomes

rt = X1t +X2t. (4.4.29)
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Equations (4.4.25) and (4.4.26) can now be written as

dX1t = a1(b1µ1 −X1t)dt+
√
b1X1tdW

Q
1t (4.4.30)

dX2t = a2(b2µ2 −X2t)dt+
√
b2X2tdW

Q
2t . (4.4.31)

Since X1 and X2 describe one-factor CIR process, the Longstaff-Schwartz

model can be interpreted as a two-factor CIR model. Via the change of variable

it can be expressed as a stochastic volatility model. By setting vt = b2
1Y1t+b

2
2Y2t,

where vtdt is the variance of rt, we may rewrite (4.4.27) as

drt = b1Y1t + b2Y2t

= a1b1(µ1 − Y1t)dt+ b1

√
Y1tdW

Q
1t

+a2b2(µ2 − Y2t)dt+ b2

√
Y2tdW

Q
2t

=

(
a1b1µ1 + a2b2µ2 −

(a1b2 − a2b1)rt + (a2 − a1)vt
b2 − b1

)
dt

+

√
b1(b2rt − vt)
b2 − b1

dWQ
1t +

√
b2(vt − b1rt)

b2 − b1

dWQ
2t . (4.4.32)

4.5 Multifactor Interest Rate Models

Several multifactor interest-rate models have been proposed in the literature to

rectify the shortcomings of one-factor and two-factor models. For example, a

one-factor interest-rate model such as the Vasicek model does not have a large

range of shapes and provides a poor fit to some initial yield curves. Multifactor

interest rate models, however, offer large flexibility due to a larger number of

parameters.

In most cases to solve multifactor interest-rate models one has to resort to

numerical evaluation of solutions of coupled ordinary differential equations or

of an integral for the valuation of bond prices.
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Chapter 5

Symmetry Analysis of

Black-Scholes Equation

The concept of the symmetry of a differential equations was introduced by

Norwegian Sophus Lie [62] in 1870. Inter alia Lie used group theoretical meth-

ods to provide a classification of all ordinary differential equations of arbitrary

order in terms of their symmetry groups. Lie groups have had a profound

impact on all areas of mathematics, physics, engineering, biology, chemistry,

economics and finance.

The fundamentals of Lie’s theory are based upon the invariance of differ-

ential equations under transformation groups of independent and dependent

variables. Once the symmetry group of a system of equations is obtained,

it can be used to classify, simplify and to transform solutions to other solu-

tions. The construction of these particular solutions reduces the number of

independent variables in the equation. For example, invariance with respect to

a one-parameter group reduces the number of variables by one. This idea can

be further extended for two or more parameters.

The application of the Lie group method has been developed by a number

of mathematicians. Among the well-known researchers are Gazizov and Ibrag-

imov [39], who applied the Lie group methods to economics and finance by

computing all the symmetries of the Black-Scholes equation. Ovsiannikov [73]
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developed a systematic program of applying the Lie group methods to a wide

range of physically important problems.

In this Chapter we firstly look at some basic symmetry properties of a group

and then use a Lie group transformation to obtain the closed-form solution of

Black-Scholes equation. We further extend the discussion of group-theoretic

methods to partial differential equations.

5.1 Lie Groups

In this Section we define the general properties of a group and then extend

these group properties to that of Lie groups. Each Lie group is connected to

a Lie algebra and the notion of a vector field is closely related to that of a Lie

algebra.

5.1.1 The Lie Analysis

A group can be defined as the a set of elements G with the law of composition

φ between the elements satisfying the closure, associative, identity and inverse

properties. The product of the two elements x and y of a Lie algebra [x, y] =

xy− yx, where [x, y] denotes their Lie Bracket. A Lie algebra is a vector space

equipped with bilinear map property, i.e., [x, y] = −[y, x], and furthermore

it also satisfies the Jacobi identity, i.e., [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 ∀

vectors x, y, z in the Lie algebra. The Abelian group is a group G that satisfies

φ(x, y) = φ(y, x) ∀ elements x and y in G. The Lie algebra is called Abelian if

[x, y] = 0 ∀ x, y in the Lie algebra.

Infinitestimal Transformations

The differential operator G which is given by

G = ξ(x, y)∂x + η(x, y)∂y (5.1.1)
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is a symmetry of the function f(x, y) if Gf = 0, that is,

ξ(x, y)
∂f

∂x
+ η(x, y)

∂f

∂y
= 0. (5.1.2)

The associated Lagrange’s system is

dx

ξ(x, y)
=

dy

η(x, y)
. (5.1.3)

We use (5.1.3) to determine the functions ξ and η.

Example 1

Consider

G = −y∂x + x∂y. (5.1.4)

Then (5.1.4) becomes

−y∂f
∂x

+ x
∂f

∂y
= 0. (5.1.5)

The characteristic is found from the solution of the associated Lagrange’s sys-

tem
dx

−y
=
dy

x
=
df

0
. (5.1.6)

Consider
dx

−y
=
dy

x
. (5.1.7)

This implies that

0 = xdx+ ydy

= d(x2 + y2). (5.1.8)

The solution of (5.1.8) is any function of the form f(x2 + y2) that possesses

(5.1.4) as a symmetry. In general we have from (5.1.3)

ξx− ηy = 0 (5.1.9)

from which we obtain

ξ =
y

x
η. (5.1.10)
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This means that for any η we can determine the required ξ. The concept is

extended easily to any number of variables.

Now suppose that x is the independent variable and y is the dependent

variable. We can then determine the first extension of G in order to find the

second extension and then apply it to the Black-Scholes equation. Under the

infinitesimal transformation

x̄ = x+ εξ(x, y) ȳ = y + εη(x, y)

the first derivative transforms according to

dȳ

dx̄
=
d(y + εη)

d(x+ εξ)

=

dy

dx
+ ε

dη

dx

1 + ε
dξ

dx

=
dy

dx
+ ε

(
dη

dx
− dy

dx

dξ

dx

)
= y′ + ε(η′ − y′ξ′). (5.1.11)

The corresponding generator is

G[1] = ξ∂x + η∂y + (η′ − y′ξ′)∂y′ (5.1.12)

and is called the first extension of G. Similarly the second derivative is trans-

formed as
d2ȳ

d2x̄
= y′′ + ε(η′′ − 2y′′ξ′ − y′ξ′′) (5.1.13)

and the second extensions of G is

G[2] = ξ∂x + η∂y + (η′ − y′ξ′)∂y′ + (η′′ − 2y′′ξ′ − y′ξ′′)∂y′′ . (5.1.14)

In the case of a function, f(x, y, y′, y′′, ...yn), the infinitesimal transformation

is generated by G[n] [69], where

G[n] = G+
n∑
i=1

η(i) −
i∑

j=1

 i

j

 y(i+1−j)ξ(j)

 ∂y(i) (5.1.15)

is the nth extension of G, so that the symmetry condition G[n]f = 0 is satisfied.
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5.2 Calculation of Infinitesimal Symmetries

In this Section we extend the discussion of group-theoretic methods to partial

differential equations. Consider the PDE of the second order [39],

∂u

∂t
− J(t, x, u, u(1), u(2)) = 0, (5.2.1)

where u is a function of independent variables t and x = xi, u(1) =
∂u

∂xi
and

u(2) =
∂2u

∂xi∂xj
, i = 1, ....., n, j = 1, ....., n, are the first-order and second-order

partial derivatives, respectively.

The invertible transformations of the variables, t, x and u, are

t = f(t, x, u, a), xi = gi(t, x, u, a), u = k(t, x, u, a), i = 1, ....., n, (5.2.2)

depending upon a continuous parameter a and are said to be symmetry trans-

formation of (5.2.1) if (5.2.1) has the same form in the new variables t, x and u.

The set G contains the identity transformation t = t, xi = xi, u = u, the

inverse to any transformation from G and the composition of any two trans-

formations from G. From Lie theory the construction of the symmetry group

G is equivalent to determination of its infinitesimal transformations:

t ≈ t+ aξ0(t, x, u), xi ≈ xi + aξi(t, x, u), u ≈ u+ aη(t, x, u). (5.2.3)

An operator admitted by (5.2.1) is given by

X = ξ0(t, x, u)
∂

∂t
+ ξi(t, x, u)

∂

∂xi
+ η(t, x, u)

∂

∂u
. (5.2.4)

The group transformations, (5.2.2), corresponding to the infinitesimal trans-

formations with (5.2.4) are found by solving the Lie equations

dt

da
= ξ0(t, x, u),

dxi

da
= ξi(t, x, u),

du

da
= η(t, x, u) (5.2.5)

with the initial conditions

t|a=0 = t, xi|a=0 = xi, u|a=0 = u. (5.2.6)
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By definition the transformations, (5.2.2), form a symmetry group G of (5.2.1)

if the function u = u(t, x) satisfies the equation

∂u

∂t
− J(t, x, u, u(1), u(2)) = 0 (5.2.7)

whenever the function u = u(t, x) satisfies (5.2.1). The infinitesimal transfor-

mation of this new change of variable is written as

∂u

∂t
≈ ∂u

∂t
+ aα0(t, x, u, ut, u(1)),

∂u

∂xi
≈ ∂u

∂xi
+ aαi(t, x, u, ut, u(1)),

∂2u

∂xixj
≈ ∂2u

∂xixj
+ aαij(t, x, u, ut, u(1), utxm , u(2)), (5.2.8)

where the functions α0, α1 and αij are obtained by differentiation of ξ0, ξ1, η

and are given by the prolongation formulas:

α0 = Dt(η)− ∂u

∂t
Dt(ξ

0)− ∂u

∂xi
Dt(ξ

i), αi = Di(η)− ∂u

∂t
Di(ξ

0)− ∂u

∂xj
Di(ξ

j),

αij = Dj(αi)−
∂2u

∂xixm
Dj(ξ

m)− ∂2u

∂txi
Dj(ξ

0). (5.2.9)

Here Dt and Di represents total differentiation with respect to t and xi, re-

spectively, i.e.

Dt =
∂

∂t
+
∂u

∂t

∂

∂t
+
∂2u

∂t2
∂

∂t
+ · · · · ·,

Di =
∂

∂xi
+
∂u

∂xi
∂

∂t
+

∂2u

∂t∂xi
∂

∂t
+ · · · · ·. (5.2.10)

Substitution of (5.2.3) and (5.2.8) into the LHS of (5.2.7) gives:

∂u

∂t
− J(t, x, u, u(1), u(2)) ≈

∂u

∂t
− J(t, x, u, u(1), u(2))

+a

(
ς0 −

∂J

∂uxixj
ςij −

∂J

∂uxi
ςi −

∂J

∂u
η − ∂J

∂xi
ξi − ∂J

∂t
ξ0

)
. (5.2.11)

Therefore the determining equation of (5.2.7) gives

ς0 −
∂J

∂uxixj
ςij −

∂J

∂uxi
ςi −

∂J

∂u
η − ∂J

∂xi
ξi − ∂J

∂t
ξ0 = 0. (5.2.12)

Equation (5.2.12) can be written as

X

(
∂u

∂t
− J(t, x, u, u(1), u(2))

)
= 0, (5.2.13)
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where X denotes the prolongation of the operator (5.2.7) to the first-order and

second-order derivatives

X = ξ0(t, x, u)
∂

∂t
+ ξi(t, x, u)

∂

∂xi
+ η(t, x, u)

∂

∂u
+ ς0

∂

∂ut
− ςij

∂

∂uxixj
− ςi

∂

∂uxi
.

(5.2.14)

The determining equation (5.2.14) is a linear homogeneous PDE of the second-

order for the unknown functions, ξ0(t, x, u), ξi(t, x, u) and η(t, x, u), of the in-

dependent variables t, x and u.

Example 2

We consider the classical Black-Scholes case

∂u

∂t
+

1

2
σ2x2∂

2u

∂x2
+ rx

∂u

∂x
= ru. (5.2.15)

Let

X = ξ0(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
. (5.2.16)

Then the second prolongation of X is

X [2] = X +
∂ς

∂t

∂

∂ut
+
∂ς

∂x

∂

∂ux
+
∂2ς

∂x2

∂

∂uxx
(5.2.17)

which gives the invariance condition[
r
∂u

∂x
+ σ2x

∂2u

∂x2

]
ξ1 − rη +

∂ς

∂t
+ rx

∂ς

∂x
+

1

2
σ2x2 ∂

2ς

∂x2
= 0. (5.2.18)

In this case

∂ς

∂t
= Dt(η)− ∂u

∂t
Dt(ξ

0)− ∂u

∂x
Dt(ξ

1)

=
∂η

∂t
+
∂u

∂t

∂η

∂u
− ∂u

∂t

(
∂ξ0

∂t
+
∂u

∂t

∂ξ0

∂u

)

−∂u
∂x

(
∂ξ1

∂t
+
∂u

∂t

∂ξ1

∂u

)
, (5.2.19)

∂ς

∂x
= Dx(η)− ∂u

∂t
Dx(ξ

0)− ∂u

∂x
Dx(ξ

1)

=
∂η

∂x
+
∂u

∂x

∂η

∂u
− ∂u

∂t

(
∂ξ0

∂x
+
∂u

∂x

∂ξ0

∂u

)

−∂u
∂x

(
∂ξ1

∂x
+
∂u

∂x

∂ξ1

∂u

)
(5.2.20)
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and

∂2ς

∂x2
= Dx

(
∂ς

∂x

)
− ∂2u

∂t∂x
Dx(ξ

0)− ∂2u

∂x2
Dx(ξ

1)

= D2
x(η)− ∂2u

∂x2
Dx(ξ

1)− ∂u

∂x
D2
x(ξ

1)− ∂2u

∂t∂x
Dx(ξ

0)− ∂u

∂t
D2
x(ξ

0)

− ∂2u

∂t∂x

∂ξ0

∂x
− ∂2u

∂t∂x

∂u

∂x

∂ξ0

∂u
− ∂2u

∂x2

∂ξ1

∂x
− ∂2u

∂x2

∂u

∂x

∂ξ1

∂u
, (5.2.21)

where

D2
x(η) = Dx

(
∂η

∂x
+
∂u

∂x

∂η

∂u

)

=
∂2η

∂x2
+
∂u

∂x

∂2η

∂u∂x
+
∂2u

∂x2

∂η

∂u
+
∂u

∂x

(
∂2η

∂u∂x
+
∂u

∂x

∂2η

∂u2

)

=
∂2η

∂x2
+ 2

∂u

∂x

∂2η

∂u∂x
+
∂2u

∂x2

∂η

∂u
+

(
∂u

∂x

)2
∂2η

∂u2
. (5.2.22)

Similarly

D2
x(ξ

0) =
∂2ξ0

∂x2
+ 2

∂u

∂x

∂2ξ0

∂u∂x
+
∂2u

∂x2

∂ξ0

∂u
+

(
∂u

∂x

)2
∂2ξ0

∂u2
(5.2.23)

and

D2
x(ξ

1) =
∂2ξ1

∂x2
+ 2

∂u

∂x

∂2ξ1

∂u∂x
+
∂2u

∂x2

∂ξ1

∂u
+

(
∂u

∂x

)2
∂2ξ1

∂u2
. (5.2.24)

Hence

∂2ς

∂x2
=
∂2η

∂x2
+ 2

∂u

∂x

∂2η

∂u∂x
+
∂2u

∂x2

∂η

∂u
+

(
∂u

∂x

)2
∂2η

∂u2
− 2

∂2u

∂x2

∂ξ1

∂x

−3
∂2u

∂x2

∂u

∂x

∂ξ1

∂x
− ∂u

∂x

∂2ξ1

∂x2
− 2

(
∂u

∂x

)2
∂2ξ1

∂u∂x
− ∂u

∂x

∂2u

∂x2

∂ξ1

∂u

−
(
∂u

∂x

)3
∂2ξ1

∂u2
− 2

∂u2

∂t∂x

∂ξ0

∂x
− 2

∂2u

∂t∂x

∂u

∂x

∂ξ0

∂u
− ∂u

∂t

∂2ξ0

∂x2

−2
∂u

∂t

∂u

∂x

∂2ξ0

∂u∂x
− ∂u

∂t

∂2u

∂x2

∂ξ0

∂u
− ∂u

∂t

(
∂u

∂x

)2
∂2ξ0

∂u2
. (5.2.25)

Substitution of (5.2.19), (5.2.20) and (5.2.25) into (5.2.18) yields

σ2x
∂2u

∂x2
ξ1 + r

∂u

∂x
ξ1 − rη +

∂η

∂t
+
∂u

∂t

∂η

∂u
− ∂u

∂t

∂ξ0

∂t
−
(
∂u

∂t

)2
∂ξ0

∂u
− ∂u

∂x

∂ξ1

∂t
− ∂u

∂t

∂u

∂x

∂ξ1

∂u

+rx

∂η
∂x

+
∂u

∂x

∂η

∂u
− ∂u

∂x

∂ξ1

∂x
−
(
∂u

∂x

)2
∂ξ1

∂u
− ∂u

∂t

∂ξ0

∂x
− ∂u

∂t

∂u

∂x

∂ξ0

∂u


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+
1

2
σ2x2

∂2η

∂x2
+ 2

∂u

∂x

∂2η

∂u∂x
+
∂2u

∂t2
∂η

∂u
+

(
∂u

∂x

)2
∂2η

∂u2
− 2

∂2u

∂x2

∂ξ1

∂x
− 3

∂2u

∂x2

∂u

∂x

∂ξ1

∂u

−∂u
∂x

∂2ξ1

∂x2
− 2

(
∂u

∂x

)2
∂2ξ1

∂x∂u
−
(
∂u

∂x

)3
∂2ξ1

∂u2
− 2

∂2u

∂x∂t

∂ξ0

∂x
− 2

∂2u

∂x∂t

∂u

∂x

∂ξ0

∂u
− ∂u

∂t

∂2ξ0

∂x2

−2
∂u

∂x

∂u

∂t

∂2ξ0

∂u∂x
− ∂u

∂t

∂2u

∂x2

∂ξ0

∂u
− ∂u

∂t

(
∂u

∂x

)2
∂2ξ0

∂u2

 = 0. (5.2.26)

Separating (5.2.26) with respect to the derivatives of u gives us the overdeter-

mined system of PDEs:

∂2u

∂t∂x

∂u

∂x
:

∂ξ0

∂u
= 0

∂2u

∂x2

∂u

∂x
:

∂ξ1

∂u
= 0

∂2u

∂t∂x
:

∂ξ0

∂x
= 0

∂2u

∂x2
: σ2xξ1 +

1

2
σ2x2 ∂η

∂u
− σ2x2∂ξ

1

∂x
= 0(

∂u

∂x

)2

:
1

2
σ2x2 ∂

2η

∂u2
= 0

∂u

∂x
: rξ1 − ∂ξ1

∂t
+ rx

∂η

∂u
− rx∂ξ

1

∂x
+ σ2x2 ∂2η

∂u∂x
− 1

2
σ2x2∂

2ξ1

∂x2
= 0

∂u

∂t
:

∂η

∂u
− ∂ξ0

∂t
= 0

− : −rη +
∂η

∂t
+ rx

∂η

∂x
+

1

2
σ2x2 ∂

2η

∂x2
= 0. (5.2.27)

Solving the above system of equations we obtain the 7 Lie-point symmetries

X1 = ϕ(x, t)
∂

∂u
, ϕ(x, t) is a solution of the BS equation

X2 =
∂

∂t

X3 = u
∂

∂u

X4 = x
∂

∂x

X5 = 2t
∂

∂t
+ (lnx+ pt)x

∂

∂x
+ 2rtu

∂

∂u

X6 = σ2tx
∂

∂x
+ (lnx− pt)u ∂

∂u

X7 = 2σ2t2
∂

∂t
+ 2σ2tx lnx

∂

∂x

+
[
(lnx− pt)2 + 2σ2rt2 − σ2t

]
u
∂

∂u
, (5.2.28)
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where p = r − 1

2
σ2.

5.2.1 Reduction of Order

If we let

X = X2 +X3 +X4

=
∂

∂t
+ u

∂

∂u
+ x

∂

∂x
, (5.2.29)

then the characteristic equation is given by

dt

1
=
du

u
=
dx

x
(5.2.30)

for which u = κf(κ), where κ = xet. Differentiating κ and u with respect to x

and t, we obtain

∂κ

∂t
= xet,

∂κ

∂x
= et,

∂2κ

∂x2
= 0, (5.2.31)

∂u

∂t
=
∂κ

∂t

(
f + κf

′)
, (5.2.32)

∂u

∂x
=
∂κ

∂x

(
f + κf

′)
(5.2.33)

and
∂2u

∂x2
=

(
∂κ

∂x

)2 (
2f
′
+ κf

′′)
. (5.2.34)

When one substitutes (5.2.31), (5.2.32), (5.2.33) and (5.2.34), equation

(5.2.15) can be reduced to

1

2
σ2κ2f

′′
+
(
1 + r + σ2

)
κf
′
+ f = 0. (5.2.35)

It is straighforward to show that the solution of equation (5.2.35) is given by

f(κ) = Aκn1+1 +Bκn1+1, (5.2.36)

where

n1 =
−(1 + r + 1

2
σ2)−

√
(1 + r + 1

2
σ2)2 − 2σ2

σ2
(5.2.37)
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and

n2 =
−(1 + r + 1

2
σ2) +

√
(1 + r + 1

2
σ2)2 − 2σ2

σ2
. (5.2.38)

In terms of our original variables

u(x, t) = Axn1+1en1t+1 +Bxn2+1en2t+1, (5.2.39)

where A and B are constants.

5.3 Group Invariant Solutions

Let the risk free spot rate r follow the stochastic differential equation

dr =
[
3

4
r2 − qr3/2

]
c2dt+ cr3/2dWt, (5.3.1)

where c and q are constants. In terms of (5.3.1) the partial differential equation

may be written as

2

c2r3

∂V

∂t
+ 2

(
3

4r
− q

r3/2

)
∂V

∂r
+
∂2V

∂r2
=

2

c2r2
V. (5.3.2)

Using Dimsym [81] of Reduce [46], we obtain the four Lie symmetries:

X1 = t2
∂

∂t
− 2tr

∂

∂r
+

(c4q2r3/2t2 − c2r3/2t+ 4
√
r − 4c2qrt)

2c2r3/2
V

∂

∂V

X2 = t
∂

∂t
− V ∂

∂V
+

(c2q2t
√
r − 2q)

2
√
r

V
∂

∂V

X3 =
∂

∂t

X4 = V
∂

∂V
. (5.3.3)

Any linear combination of these symmetries can be used to reduce the order of

the PDE. However, [71] found the optimal system of the subalgebra equivalent

to a unique element of the set under some element of the adjoint representation:

Ad(eεXi)Xj =
∞∑
n=0

εn

n!
(adXi)

nXj

= Xj − ε [Xi, Xj] +
ε2

2!
[Xi, [Xi, Xj]]− · · ·. (5.3.4)
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Now one considers the linear combination of the symmetry generators

X = a1X1 + a2X2 + a3X3 + a4X4. (5.3.5)

We may rescale a1(6= 0) such that a1 = 1. Acting on X by Ad(eδX3), with δ

being the root of the quadratic equation

δ2 − a2δ + a3 = 0, (5.3.6)

we obtain

X [i] = X1 + a1
2X2 + a1

4X4. (5.3.7)

Here the coefficients a1
2 and a1

4 are given by

a1
2 = a2 − 2δ, a1

4 =
1

2
c2q2(δ2 − δ) +

(
δ

4
+ a4

)
. (5.3.8)

In order to ensure a minimal set of reductions one may construct the one-

dimensional optimal system. Therefore the one-dimensional subalgebra spanned

by X with a1 6= 0 is equivalent to the one spanned by X1+αX2+βX4, α, β ∈ <.

Similarly, if a1 = 0, a2 6= 0 and setting a2 = 1 and if a2 = 0, a3 6= 0 and setting

a3 = 1, we obtain the set of one-dimensional optimal system as

[X1 + αX2 + βX4;X2 + αX3;X3 + αX4;X4]. (5.3.9)

Example 3

Consider

X = αX3 +X2

= α
∂

∂t
+ t

∂

∂t
− r ∂

∂r
+

(c2q2t
√
r − 2q)

2
√
r

V
∂

∂V

= (t+ α)
∂

∂t
− r ∂

∂r
+

(c2q2t
√
r − 2q)

2
√
r

V
∂

∂V
. (5.3.10)

The associated Lagrange’s system is given by

dt

t+ α
=

dr

−r
=

2
√
rdV

(c2q2t
√
r − 2q)V

. (5.3.11)

Choosing
dt

t+ α
=

dr

−r
(5.3.12)
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⇒ ln(t+ α) = − ln r + ln$. (5.3.13)

Hence

$ = r(t+ α). (5.3.14)

When one takes
dt

t+ α
=

2
√
rdV

(c2q2t
√
r − 2q)V

, (5.3.15)

it implies that

V = (t+ α)−
1
2
c2q2α exp

[
−1

2
q2c2αt− 2q√

r

]
f($). (5.3.16)

Differentiation of (5.3.16) with respect to t and r gives the ODE

$3f
′′

+
(

3

2
$2 +

2

c2
$
)
f
′ −

(
αq2 +

2

c2
$
)
f = 0. (5.3.17)

Thus

f = $υ
[
b1N

(
l, k,

2

c2$

)
+ b2U

(
l, k,

2

c2$

)]
, (5.3.18)

where

l =
1 +
√
c2 + 32

2c
, k =

2c+
√
c2 + 32

2c
, υ = −c+

√
c2 + 32

4c
(5.3.19)

and b1 and b2 are arbitrage constants. N(d, e, .) and U(d, e, .) are Kummer

N and Kummer U special functions [1]. In terms of the original variables we

obtain the group invariant solution

V (r, t) = (t+ α)−
1
2
c2q2 exp

[
−1

2
c2q2αt− 2q√

r

]
r(t+ α)υ

×
[
b1N

(
l, k,

2

c2r(t+ α)

)
+ b2U

(
l, k,

2

c2r(t+ α)

)]
. (5.3.20)

5.4 Bond-Pricing and Interest-Rate Models

In this Section we present the solutions to the bond-pricing equation. We

further present the Lie point symmetries of Vasicek and Cox-Ingersoll-Ross

Models.
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5.4.1 Bond Pricing

Goard [44] assumed that the spot rate r follows the stochastic process,

dr = c2r3bdt+ cr
3
2dW, (5.4.1)

where b = α2

(
1− t

T

)
− q

r
. Then the partial differential equation may be

written as
2

β2

∂V

∂t
+ 2b

∂V

∂r
+
∂2V

∂r2
=

2r

β2
V, (5.4.2)

where β = cr3/2. If one uses the symmetry with generator [44]

X =
(

1− t

T

)
∂

∂t
+
r

T

∂

∂r
, (5.4.3)

then (5.4.2) has an invariant solution V = Ψ(z) and z = r
(

1− t

T

)
, where Ψ

needs to satisfy

z2Ψ
′′

+
(

2α2z
2 − 2qz − 2

Tc2

)
Ψ
′ − 2

c2
Ψ = 0. (5.4.4)

By using reduction of order (see example 3), we find the general solution to

(5.4.4) when q = 0 and α2 =
T

2
as

Ψ =
[
A
∫ z

exp
(
z − 2

T 2c2z

)
dz +B

]
exp(−Tz), (5.4.5)

where A and B are arbitrary constants. Thus we may write the bond price

solution from V = Ψ(z) and z = r
(

1− t

T

)
as

V (t, T ) =

[
A
∫ r(1−t/T )

exp
(
T
(
z − 2

T 2c2z

))
dz +B

]
e−r(T−t). (5.4.6)

Using equation (5.4.4), one may construct the yield function, giving investment

return as a function of a waiting time to maturity.

5.4.2 Interest-Rate Models

According to Sinkala et al [84] the Vasicek and CIR models can be connected

using a point transformation under the terminal condition T − t = 0.
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The symmetries admitted by the Vasicek equation are

Γ1 =
∂

∂t

Γ2 = u
∂

∂u

Γ3 = eat
[
σ2

2a

∂

∂r
+ (r +

σ2

2a2
− b)u ∂

∂u

]

Γ4 = e−at
(
∂

∂r
− 1

a
u
∂

∂u

)

Γ5 = e2at

[(
c1 −

σ2

2a

)
∂

∂r
− σ2

2a2

∂

∂t
+ (c2 + c3r − r2)u

∂

∂u

]

Γ6 = e−2at

[
(c4 + ar)

∂

∂u
− ∂

∂u
−
(
σ2

2a2
+ r

)
u
∂

∂u

]

Γ7 = φ(r, t)
∂

∂u
,

where c1 =
σ2(a2b− σ2)

2a3
, c2 =

σ2

2a
− c1, c3 =

4a2b− 3σ2

2a2
, c4 =

σ2 − a2b

a
and

φ(r, t) is any solution of a Vasicek model.

The symmetries admitted by the CIR equation are

X1 =
∂

∂t

X2 = u
∂

∂u

X3 = eγt
[
r
∂

∂u
+

1

γ

∂

∂t
− (v1 − v2r)u

∂

∂u

]

X4 = e−γt
[
r
∂

∂r
− 1

γ

∂

∂t
+ (v3 − v4r)u

∂

∂u

]

X5 = ϑ(r, t)
∂

∂u
,

where v1 =
ab(γ + a)

γσ2
, v2 =

γ + a

σ2
, v3 =

ab(a− γ)

γσ2
, v4 =

a− γ
σ2

and ϑ(r, t) is

any solution of a CIR model.

Using these symmetries one may construct an invariant solution. Any so-

lution of the Vasicek maybe transformed into a solution of the corresponding

CIR equation. These transformations may be found in Sinkala et al [85].
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Chapter 6

Pricing the Risks of Default

Basically there are two approaches to model default/credit risk, namely, the

Structural1 approach and the Reduced-Form approach. Originated from the

theoretical framework of Black and Scholes [7] and Merton [66], the structural

approach or cause and effect approach models the cause of the default. The

Black-Scholes-Merton (BSM) model is restricted to a zero-coupon bond, an

equity value is viewed as a standard call option of the firm assets and the firm

debt as a default-free debt less than a put option. With zero-coupon bonds the

default boundary is zero until the bond matures and therefore default never

occurs before the bond’s maturity. This means that default can only happen at

the maturity of a zero-coupon bond. However, the construction of the Black-

Scholes-Merton framework excludes the possibility of default before maturity,

the effect of stochastic interest rate and the valuation of coupon-paying bond.

Black and Cox (1976) [6], supplement the Black-Scholes-Merton framework

by developing a model that can detect an early default feature by introducing a

default barrier. Thus the Black-Cox models were the first of the so-called first

1Structural models inputs are similar in nature to those used by rating agencies: Moody’s

and Standard and Poor’s key variables in the bond-rating process include, namely, asset

liability ratios, coverage ratio (cash flow or relative to debt service payments), growth of

cash flow or return on assets, dividend and other payouts, business risks (volatility of cash

flows or value of assets) and asset liquidity and recovery ratios in default.
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passage models. Geske [40] extended the BSM model by capturing default at

a different time horizon. Huang and Huang [50] used several structural models

including those of Longstaff and Schwartz [63] and Leland and Toft [61] to

predict yield spread. Zhou [95, 96] incorporated jumps into a setting used

by Longstaff and Schwartz [63]. However, his model is very computationally

exhaustive.

The reduced-form or intensity-based approach was presented by Jarrow and

Turnbull [56], Lando [60], Duffie and Singleton [28] to differentiate from struc-

tural models. In this approach the default occurs completely unexpectedly or

by surprise. In this case the time of default is modelled directly as the time

of the first jump of a Poisson Process with stochastic intensity or compensator

process. This assumption greatly reduces the complexity since the Poisson

Process has very nice mathematical properties. Duffie and Lando [27] gave

the conditions for the existence of an intensity and calculate it in terms of the

conditional-asset density. However, according to Giesecke [41] the Duffie-Lando

model fails in other situations in which the barrier is unobservable and the

model has no intensity like first-passage models. Using his approach Giesecke

[41] introduced a trend of a default model and proved that all models of in-

complete information lead to a reduced-form security pricing formula in their

trend. Hence he interpreted the trend as the cumulative intensity.

In this Chapter we look at the theoretical framework of pricing a defaultable

bonds.

6.1 Reduced-Form Approach

In the reduced-form models the time of default is modelled directly as the time

of the first jump of a Poisson Process with random intensity. In this group

of models a striking similarity to default-free interest-rate modeling is found.

There are various of models that fall into the class of reduced-form models. We

are only going to consider the Jarrow-Turnbull and Duffie-Singleton models.
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6.1.1 The Jarrow-Turnbull Model

The Jarrow-Turnbull model is a simple model of default and recovery based

upon the Poisson default process. In their model Jarrow and Turnbull [56]

assume that, no matter when default occurs, the recovery payment is paid at

maturity time T . Then the coupon-bond value can be written as

Vt =
∫ T

t
γuυuλu exp

(
−
∫ T

t
λwdw

)
+

n∑
j=1

γTjcj exp

(
−
∫ T

t
λwdw

)
, (6.1.1)

where γt is the risk-free discount factor, υ is the constant recovery rate and

cj is the jth coupon. Under the assumption that default can occur only at

coupon times, (6.1.1) can be simplified into

Vt =
n∑
j=1

γTjυTjλTj exp

− j∑
k=1

λTk

+
n∑
j=1

γTjcj exp

(
−

n∑
k=1

λTk

)
. (6.1.2)

6.1.2 The Duffie-Singleton Models

The Duffie-Singleton model allows the payment of recovery to occur at any

time, but the amount of recovery is restricted to being the proportion of the

bond price at default time as if it did not default. At default the recovery price

is some fraction of the final price immediately prior to default. The debt value

at time t is given by

D(At) =
pαE[D(t+ ∆t, T )] + (1− p)E[D(t+ ∆t, T )]

1 + r∆t

=

[
1− p∆t(1− α)

1 + r∆t

]n
aT

=
e−p(1−α)T

erT
aT

= e−[(r+s)T ]aT

= Et

[
exp

(
−
∫ T

t
[rv +$v]du

)]
aT , (6.1.3)

where $v = pv(1 − α), α is a recovery rate and (6.1.3) applies when r and $

are not constant. The product p(1 − α) serves as a spread over the risk-free

discount rate. When the default probability is small, the product is small and
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the credit spread is small. When the recovery is high, i.e., 1 − α is small, the

product is small and the credit spread is small.

6.2 Structural Approach

The value of the defaultable claim consists of two components, namely the

terminal payoff and the rebate. When the underlying asset price hits the

barrier, the firm’s equity can be knocked out by bankruptcy so that the bond

holder is able to receive a rebate. As a result the firm’s equity is modelled as a

down-and-out option and corporate debt is valued as a portfolio of default-free

debt, a short put option and a long down-and-in call.

6.2.1 Merton Model

According to Merton [66] the default occurs if ST < H for some barrier value

H. The price of a defaultable bond at time t is simply the price of a European

digital option which pays 1 if ST exceeds the barrier and 0 otherwise. It is

explicitly given by u(t, St), where

u(t, s) = EQ
[
e−r(T−t)1ST>H |St = s

]
= e−r(T−t)Φ(d̂+) (6.2.1)

and d− is the distance to default defined by

d̂+ =
ln

s

H
+
(
r − 1

2
σ2
)

(T − t)

σ
√
T − t

. (6.2.2)

The main advantage of the Merton-based models is that, since they are based

on the market values and not on actuarial analysis, they provide us with risk-

neutral probabilities of default and can therefore be used in the calculation of

the credit-risk spreads.
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6.2.2 Black-Cox Model

In the Black and Cox approach [6] the default occurs the first time the under-

lying asset reaches the boundary H. Under the measure, Q, we have

EQ
[
1inft≤k≤T Sk>H |=t

]
= P

[
inf

t≤k≤T

(
(r − 1

2
σ2)(k − t) + σ(W̃k − W̃t)

)
> ln

H

S
|St = s

]
. (6.2.3)

From the point of view of a partial differential equation we have

EQ
[
e−r(T−t)1(inft≤k≤T Sk>H)|=t

]
= uBS(t, St;σ), (6.2.4)

where uBS(t, St;σ) is the solution to the following BS partial differential equa-

tion

LBS(σ)uBS = 0 for s > H, t < T (6.2.5)

with the terminal conditions uBS(t,H;σ) = 0 for t ≤ T and uBS(T, s;σ) = 1

for s > H. In this case LBS(σ) represents the Black-Scholes partial differential

operator at volatility level σ:

LBS(σ) =
∂

∂t
+

1

2
σ2s2 ∂

2

∂s2
+ rs

∂

∂s
. (6.2.6)

The solution to (6.2.5) is given by

uBS = u(t, s)−
(
s

H

)1− 2r
σ2

u

(
t,
H2

s

)

= e−r(T−t)
[
Φ(d̂+)−

(
s

H

)1− 2r
σ2

(d̂−)

]
, (6.2.7)

where

d̂± = ±
ln

s

H
+
(
r − 1

2
σ2
)

(T − t)

σ
√
T − t

. (6.2.8)

6.3 Stochastic Volatility Models

6.3.1 Two factor Stochastic Volatility Models

We consider under measure Q the following equations chosen by the market

through the market price of volatility risk Λ:

dSt = rStdt+ g(Xt)StdW
1 (6.3.1)
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dXt =

[
α(m−Xt)−

ν
√

2√
ε

Λ(Xt)

]
dt+ β

(
ρdW 1

t +
√

1− ρ2dW 3
)
, (6.3.2)

where dW1dW3 = ρ is the correlation which captures the leverage effect. The

driving volatility Xt evolves with mean m, a rate of mean reversion α > 0

and the volatility of volatility (vol-vol) β. The function g is assumed to be

sufficiently regular, nonnegative, bounded and bounded away from zero.

We introduce a small parameter ε such that the mean-reversion rate de-

fined by 1/ε becomes large. In the Ornstein-Uhlenbeck (OU) case the variance

ν2 = β2/2α is to be a fixed constant o(1), which in terms of ε implies that

β = ν
√

2/
√
ε and α = 1/ε. By Girsanov’s Theorem the stochastic differential

equation (6.3.1) takes the form

dSεt = rSεtdt+ g(Xε
t )S

ε
tdW

1
t . (6.3.3)

Hence

dXε
t =

[
1

ε
(m−Xε

t )−
ν
√

2√
ε

Λ(Xε
t )

]
dt+

ν
√

2√
ε
dW 2

t , (6.3.4)

where dW 2
t = ρdW 1

t +
√

1− ρ2dW 3
t , (Sεt , X

ε
t ) indicate explicitly the dependence

upon ε and the function Λ is given by

Λ(x) =
ρ(µ− r)
g(x)

+ Θ(x)
√

1− ρ2. (6.3.5)

We assume that the market price of volatility risk Θ is a bounded function of

x only.

Consider the payoff function h(s). Then the price of a European option at

maturity time T is uε(t, s, x) = EQ
(
e−r(T−t)h(SεT )|Sεt = s,Xε

t = x
)
.

If we substitute the rescaled parameters α and β, then the BS partial dif-

ferential equation becomes

∂uε

∂t
+

1

2
g(x)2s2∂

2uε

∂s2
+
ρν
√

2√
ε
sg(x)

∂2uε

∂s∂x
+
ν2

ε

∂2uε

∂x2

+r

(
s
∂uε

∂s
− uε

)
+
[
1

ε
(m− x)− βΛ(x)

]
∂uε

∂x
= 0 (6.3.6)
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with the terminal condition uε(T, s, x) = h(s). The partial differential equation

(6.3.6) involves terms of order 1/ε, 1/
√
ε and 1. In order to account for these

three different orders, we introduce the following operator notations

L0 = ν2 ∂
2

∂x2
+ (m− x)

∂

∂x
, (6.3.7)

L1 = ρν
√

2sg(x)
∂2

∂s∂x
+
√

2νΛ(x)
∂

∂x
(6.3.8)

and

L2 = LBS =
∂

∂t
+

1

2
g(x)2s2 ∂

2

∂s2
+ rs

∂

∂s
, (6.3.9)

where αL0 is the infinitesimal generator of OU process X. L1 contains the

mixed partial derivative due to the correlation between the two Brownian mo-

tion W 1 and W 2 and L2, also denoted by LBS(g(x)), is the Black-Scholes

operator at the volatility level g(x). Then the pricing differential equation

with this notation becomes(
1

ε
L0 +

1√
ε
L1 + L2

)
Cε = 0. (6.3.10)

The accuracy of the corrected Black-Scholes price is given by

|uε(t, s, x)− (u0(t, s) + ũ(t, s))| = o(ε |ln ε|) (6.3.11)

and the correction ũ(t, s) satisfies

ũ(t, s) = C2s
2∂

2u0

∂s2
+ C3s

3∂
3u0

∂s3
(6.3.12)

with boundary condition ũ(T, s) = 0. The correction price is given explicitly

by

u0(t, s)− (T − t)
(
C2s

2∂
2u0

∂s2
+ C3s

3∂
3u0

∂s3

)
, (6.3.13)

where u0(t, s) is the BS price with constant volatility σ. The parameters C2

and C3 are small quantities of order
√
ε given by

C2 =
ν
√
ε√

2

(
2ρ
〈
g(x)φ

′
(x)
〉
−
〈
Λ(x)φ

′
(x)
〉)
, (6.3.14)

C3 =
ρν
√
ε√

2

〈
g(x)φ

′
(x)
〉
, (6.3.15)
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where 〈·〉 denotes the averaging with respect to the invariant distribution

Φ(m, ν2) of the Ornstein-Uhlenbeck process Xt. The effective constant volatil-

ity σ is defined by

σ2 =
〈
g2
〉

(6.3.16)

and the function φ(x) is a solution of the Poisson equation

ν2∂
2φ

∂x2
+ (m− x)

∂φ

∂x
= g(x)2 −

〈
g2
〉
. (6.3.17)

The implied volatility Iε of a European call option with mean-reverting stochas-

tic volatility can be written as

Iε = a
ln(K/s)

T − t
+ b+ o(

√
ε), (6.3.18)

where

a =
C3

σ3
(6.3.19)

and

b = σ +
C3

σ3

(
r +

3

2
σ2
)
− C2

σ
. (6.3.20)

The parameters a and b, respectively, are estimated as the slope and intercept

of the line of the best fit of the observed implied volatilities plotted as the

function of log-moneyness-to-maturity ratio (LMMR). The parameters C2 and

C3 are given by

C2 = σ
[
(σ − b)− a(r +

3

2
σ2)

]
(6.3.21)

and

C3 = −aσ3. (6.3.22)

6.3.2 Multifactor Stochastic Volatility Models

We consider a family of two-factor stochastic volatility models (St, Xt, Zt).

Zt follows another diffusion process. Then the model can be written as the

stochastic volatility Ornstein-Uhlenbeck under the risk-neutral measure Q as

dSt = rStdt+ g(Xt)StdW (6.3.23)
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dXt =
[
α(mg −Xt)− νg

√
2αΛ(Xt, Zt)

]
dt+ νg

√
2α
(
ρdW 1

t +
√

1− ρ2
1dW

2
)

(6.3.24)

dZt =
[
δ(ms − Zt)− νs

√
2δΣ(Xt, Zt)

]
dt

+νs
√

2δ
(
ρ2dW

1
t + ρ12dW

2
t +

√
1− ρ2

2 − ρ2
12dW

3
)
, (6.3.25)

where (W1,W2,W3) are independent Brownian motions and the instant corre-

lation coefficients ρ1, ρ2 and ρ12 satisfy ρ2
1 < 1, ρ2

1 + ρ2
12 < 1, respectively. The

random volatility σt depends upon the two volatility factors, Xt and Zt, and

the functions Λ and Σ are given by

Λ(t, s, x) =
ρ1(µ− r)
g(x, z)

+ Θ(x, z)
√

1− ρ2
1, (6.3.26)

Γ(t, s, x) =
ρ2(µ− r)
g(x, z)

+ Θ(x, z)ρ12 + ε(x, z)
√

1− ρ2
2 − ρ2

12. (6.3.27)

The volatility function g(x, z) is assumed to be smooth in z, bounded and

bounded away from zero and the market price of volatility risks, Ψ(x, z), and

ε(x, z) are bounded functions of x and z. The two stochastic volatility factors

Xt and Zt are differentiated by their intrinsic time scales. Xt is fast reverting

on a short time scale 1/α and Zt is slowly varying on a long time scale, 1/δ,

i.e.,
1

δ
< 1 <

1

α
, α→∞ and δ → 0. Thus the payoff of a European option at

maturity T is

u(t, s, x, z) = EQ
[
e−r(T−t)h(ST )|St = s,Xt = x, Zt = z

]
. (6.3.28)

Let uε,δ be the price of an European option which solves a partial differential

equation Lε,δuε,δ = 0 with the terminal condition uε,δ(T, s, x, z) = h(s), ε =

1/α, ε and α are relatively small 0 < ε, α << 1. The partial differential

operator Lε,δ is defined by

Lε,δ =
1

ε
L0 +

1√
ε
L1 + L2 +

√
δM0 + δM1 +

√
δ

ε
M2, (6.3.29)

where the component operators are given by

L0 = ν2
g

∂2

∂x2
+ (mg − x)

∂

∂x
, (6.3.30)
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L1 = ρ1νg
√

2sg(x, z)
∂2

∂s∂x
− Λg(x, z)

∂

∂x
, (6.3.31)

L2(g(x, z)) =
∂

∂t
+

1

2
g(x, z)2s2 ∂

2

∂s2
+ r

(
s
∂

∂s
− ·
)
, (6.3.32)

M0 = ρ2sg(x, z)
∂2

∂s∂z
− νs
√

2Σ(x, z)
∂

∂z
, (6.3.33)

M1 = ν2
s

∂2

∂z2
+ (ms − z)

∂

∂z
(6.3.34)

and

M2 = 2νgνs(ρ1ρ2 + ρ12

√
1− ρ2

1)
∂2

∂x∂z
. (6.3.35)

The price approximation is

uε,δ(t, s, x, z) ≈ ũε,δ(t, s, z), (6.3.36)

where

uε,δ(t, s, x, z) ≈ u0(t, s, z)−(T−t)
[

2

σ(z)

(
Cδ

0

∂

∂σ
+ Cδ

1s
∂2

∂s∂σ

)
+ Cε

2s
2 ∂

2

∂s2
+ Cε

3s
3 ∂

3

∂s3

]
(6.3.37)

and the relevant parameters are defined by

Cδ
0 = −νs

√
δ√

2

〈
Σ(x, z)

∂φ(x, z)

∂x

〉
, (6.3.38)

Cδ
1 =

ρ2

√
δ√

2

〈
g(x, z)

∂φ(x, z)

∂x

〉
, (6.3.39)

Cε
2 = −νg

√
ε√

2

〈
Λ(x, z)

∂φ(x, z)

∂x

〉
(6.3.40)

and

Cε
3 =

ρ1ν
√
ε√

2

〈
g(x, z)

∂φ(x, z)

∂x

〉
. (6.3.41)

The effective volatility σ=〈g2(·, z)〉 and the function φ(x, z) is a solution of the

Poisson equation

L0φ(x, z) = g2(x, z)− σ2(z). (6.3.42)

The first-order price u0(t, s, z) satisfies

L2(σ(z))u0(t, s, z) = 0 (6.3.43)
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with boundary condition u0(t, s, z) = h(s). The implied volatility Iε,δ of an

European call option is approximated by

Iε ≈ σ
[
aε + aδ(T − t)

] ln(K/s)

T − t
+
[
bε + bδ(T − t)

]
, (6.3.44)

where the z-dependent parameters are defined by

aε = −C
ε
3

σ3
, (6.3.45)

aδ = −C
δ
1

σ3
, (6.3.46)

bε = σ +
Cε

3

σ3

(
r +

3

2
σ2
)
− Cε

3

σ
(6.3.47)

and

bδ =
Cδ

0

σ3

(
r − 3

2
σ2
)
− Cδ

0

σ
. (6.3.48)

Therefore the calibration formulas deduced are

Cδ
0 = σ

[
aδ(r − 1

2
σ2)− bδ

]
, (6.3.49)

Cδ
1 = −aδσ2, (6.3.50)

Cε
2 = σ

[
aε(r − 1

2
σ2) + bε

]
(6.3.51)

and

C3 = −aεσ3. (6.3.52)

6.4 Pricing Defaultable Bonds

We introduce ũ1 defined by

ũ1(t, s) = Ẽ
[
e−r(T−t)f(ξ)1ξ≤T |W̃t = s > H

]
, (6.4.1)

where W̃ is a Brownian motion with volatility σ̃ and ξ is the first time W̃

hits the boundary H. By the Girsanov transformation equation (6.4.1) can be
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rewritten as the first-passage structural model for a driftless Brownian motion.

Therefore

ũ1(t, s) =

(
s

H

)p/2
σ̃
√

2π

∫ T

t

ln(s/H)

(k − t)3/2
exp

[
−(ln(s/H))2

2σ̃2(k − t)
−
(
r +

(σ̃p)2

8

)
(k − t)

]
gkdk.

(6.4.2)

The function g which is proportional to the small parameter C3 is given by

g(t) = C3e
−r(T−t)

[
1

σ̃3

(
2√
T − t

+ 4pr
√
T − t

)
Φ
′
(d) + (T − t)(p− 1)p2Φ(d)

]
,

(6.4.3)

where

d = −1

2
pσ̃
√
T − t and p = 1− 2r

σ̃2
. (6.4.4)

Therefore the price Γ(0, T ) of the defaultable bond at time zero is approximated

by

Γ(0, T ) ≈ LBS(0, s) + TC3Π3(0, s) + ũ1(0, s), (6.4.5)

where Π3 is defined as

Π3 = s
∂

∂s

(
s2∂

2LBS
∂s2

(t, s)

)
. (6.4.6)

6.5 Models with Fast and Slow Volatility Fac-

tors

Here we consider stochastic volatility models with two components driving the

volatility, one fast and one slow. According to Fouque et al [32, 33, 36] a

stochastic volatility factor running on a slow-scale means that it takes a long

time, compared with typical maturities, for this factor to change significantly

and uncorrelate. In the slow-scale limit this would then become a constant

volatility stationary at the present level. In this limit the price of European

options is obtained by the usual Black-Scholes pricing theory at this constant

volatility level. A stochastic volatility running on a fast-scale means that it

takes a short time for the factor to come back to its mean level and uncorrelate.
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In the fast-scale limit this would then also become a constant volatility factor

at an effective level σ given by the average square volatility

σ2 =
1

T − t

∫ T

t
σ2
kdk, (6.5.1)

the slow volatility factor being stationary, and where it is assumed that the

fast volatility factor is mean reverting.

6.5.1 Fast Volatility Factor

To analyze a fast volatility factor we consider the stochastic volatility models,

(6.3.1) and (6.3.2). The assumption is that the parameter α is taken as the

mean reversion rate of the process X. In other words 1/α is the time scale of

this process, meaning that it reverts to its mean over times of order 1/α. Small

values of α correspond to slow mean reversion and large values of α correspond

to fast mean reversion. The first order of the approximation price is given by

Π(t, s, x) ≈ ΠBS(t, s;σ) + Π1(t, s) (6.5.2)

with Π1(t, s) denoting the first order correction proportional to 1/
√
α. Π1(t, s)

is given as the solution of

LBS(σ)Π1 = −C2s
2∂

2ΠBS

∂s2
− C3s

∂

∂s

(
s2∂

2ΠBS

∂s2

)
(6.5.3)

with terminal condition Π1(T, s) = 0. When one introduces the corrected

effective volatility σ̃ by σ̃2 = σ2 +2C2, the first term in the new approximation

is ΠBS(t, s; σ̃). This lead to the correction Π̃1 being defined by

LBS(σ̃)Π̃1 = −C3s
∂

∂s

(
s2∂

2ΠBS

∂s2
(t, s; σ̃

)
(6.5.4)

with boundary condition Π̃1(T, s) = 0. Therefore the first order of the approx-

imation price becomes

Π(t, s, x) ≈ ΠBS(t, s; σ̃) + Π̃1(t, s). (6.5.5)

According to [33] the accuracy of this approximation is of order 1/α in the case

of a smooth payoff h and of order (lnα)/α in the case of call options.
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6.5.2 Slow Volatility Factor

To analyze a slow volatility factor we consider under measure Q the following

stochastic volatility models

dSt = rStdt+ g(Xt)StdW
1
t (6.5.6)

dXt =
[
β(m2 −Xt)− ν2

√
2βΛ(Xt)

]
dt+ ν

√
2βdW 3

t . (6.5.7)

The parameter β > 0 is assumed to correspond to the long-time scale 1/β and

the volatility factor Xt changes slowly. The price of the defaultable bond in

this case is

Γ(t, T ) = 1(inft≤k≤T Sk>H)u(t, St, Xt), (6.5.8)

where

u(t, s, x) ≈ uBS(t, s; g(x)) + u1a(t, s) + u1c(t, s) + u1d(t, s). (6.5.9)

The function u1a(t, s) is given by

u1a(t, s) = 2(T − t)g(x)

[
C0(x)

∂uBS
∂σ

+ C1(x)s
∂

∂s

(
∂uBS
∂σ

)]
, (6.5.10)

where uBS(t, s, g(x)) is evaluated at (t, s, g(x)). C0(x) and C1(x) are small

parameters of order
√
β and are functions of the model parameters:

C0(x) = −
√
β

2
νΛ(x)g

′
(x) (6.5.11)

and

C1(x) =

√
β

2
ρν g(x)g

′
(x). (6.5.12)

The functions u1c(t, s) and u1d(t, s), respectively, are given by

u1c(t, s) = −(T − t)2

[
C0(x)s2∂

2uBS
∂s2

+ C1(x)s
∂

∂s

(
s2∂

2uBS
∂s2

)]
(6.5.13)

and

u1d(t, s) =

(
s

H

)p/2
g(x)
√

2π

∫ T

t

ln(s/H)

(k − t)3/2
exp

[
− (ln(s/H))2

2g(x)2(k − t)
−
(
r +

(g(x)p)2

8

)
(k − t)

]
gkdk.

(6.5.14)
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6.6 Stochastic Volatility Effects in Yield Spread

The idea behind fitting the model to the current market yield curve is to

fit it to given points and analyze the goodness of fit regarding the resulting

residuals. The best model must have few enough parameters so that a good fit

is significant and enough to ensure that a good fit is possible.

To compute a yield spread Fouque et al [33] use two-factor and multifactor

stochastic volatility models. Their focus was to combine the role of the mean

reversion time 1/α and the correlation ρ on the yield spread curve. They use

various values for α, corresponding to volatility factors that range from slowly

mean reverting (α = 0.05) to fast mean reverting (α = 10). The constant

volatility yield was computed using the formula

X(0, T ) = − 1

T
ln

[
Φ(d̂+)−

(
s

H

)1− 2r
σ2

Φ(d̂−)

]
, (6.6.1)

where X(0, T ) is the yield spread at time zero. For the stochastic volatility

yield was computed using Monte Carlo simulations. The yield spread was

taken from the market places of corporate bonds for two firms rated BBB

and a firm rated A. They firstly fit the Black-Cox yield spread by varying the

volatility σ and the leverage H/s. Next was the exploitation of the role of the

parameters (C1, C2, C3) in adjusting the yield spread for stochastic volatility.

The correction assisted the data to match yield spreads maturities one year

and above, compared with only four years and above with the first-passage

model.
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Chapter 7

Conclusion

Estimation of probability of defaults is an important task in credit analysis and

risk management of bond portfolios. An important way to monitor risk-neutral

probabilities of default is to observe an appropriate spread on the market. The

problem is much of the information that markets provide is the spread of

traded securities. Therefore the probabilities of default directly available are

the probabilities of default of bonds maturing at one specific date.

From the theory of arbitrage pricing we know that there exists a probability,

equivalent to the original historical probability, that is risk-neutral for nonde-

faultable bonds. In the default context we show that there exists an equivalent

probability that is risk-neutral for defaultable bonds.

Foque et al [33] presented a mathematical framework for default event mod-

elling that is flexible enough to reproduce the real features of credit events in

financial world. The basic idea is to work with small and large intervals sep-

arately, where we assume that the mean reversion is slow or fast, and then

the constant volatility model is a better approximation. They concluded that

approximation methods are very efficient in capturing the effects of stochastic

volatility to the first-passage model developed by Black and Cox [6] in mod-

elling defaultable bonds. By using models incorporating fast and slow stochas-

tic volatility factors and a combination of singular and regular perturbations

techniques they obtain reasonable fits to defaultable bonds data.
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Chebbi [17] in his recent paper using the first-passage model concluded that

the credit spreads observed in the market are largely explained by the risk of

default. The basic ideas lead to an expression of the option price which may

be used to correct the Black-Scholes formula.

In spite of all these approaches and methods we still experience the market

crash, which means there is a lot of research to be done in finance.
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