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Abstract

We study the effects of stochastic volatility of defaultable bonds using the
first-passage structural approach. In this approach Black and Cox (1976) ar-
gued that default can happen at any time. This then led to the development
of a first-passage model, in which a firm (company) default occurs when its
value falls to a barrier. In the first-passage model the firm debt is considered
to be a single pure discount bond and default occurs only if the firm value
falls below the face value of the bond at maturity. Here the firm’s debt can
be viewed as a portfolio composed of a risk-free bond and a short-put option
on the value of a firm. The classic Black-Scholes-Merton model only considers
a single liability and the solvency is tested at the maturity date, while the
extended Black-Scholes-Merton model allows for default at any time before
maturity to cater for more complex capital structures and was delivered by
Geske, Black-Cox, Leland, Leland and Toft and others. In this work a review
of the effect of stochastic volatility on defaultable bonds is given. In addition
a study from the first-passage structural approach and reduced-form approach
is made. We also introduce symmetry analysis to study some of the equations
that appear in option-pricing models. This approach is quite recent and has

produced successful results. In this work we lay the foundation of this method.

Keywords: Stochastic Volatility, Defaultable bonds, Lie Symmetries.
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Summary

In this work we introduce the theoretical framework of pricing stochastic
volatility models, which is inconsistent with the pricing of the classical Black-
Scholes Models. Further we look at the effect of introducing stochastic volatility
into the first-passage structural approach to default risk.

In Chapter 1 we introduce the Black-Scholes (BS) option-pricing model
which provides the foundation for the modern theory of option valuations.
Based upon the BS assumptions, we price European call options using differ-
ent approaches. In Chapter 2 we look at the barrier and digital options. Barrier
options are options in which the payoff function is based upon the underlying
asset, either passing above or below a certain level known as the barrier. They
are more popular than standard options because they are activated when the
price of the underlying asset hits a boundary price. The boundary price of the
barrier option depends upon the probability of the barrier and the value of the
underling option if it is reached. They are therefore very sensitive to volatility.
In Chapter 3 we assume that volatility is a stochastic process rather than a
constant. It is then possible to model prices of options more accurately. The
idea is to model volatility as a stochastic process dependent upon a further
external parameter.

In Chapter 4 we introduce the bond-pricing and interest-rate models. The
introduction of options on bonds leads to two complications. The price of the
bond depends upon the level of interest rate and the interest rate cannot be
constant since this would mean that the volatility of the derivative security
is zero. The second complication is that bond options are, in general, of the
American style and may be exercised as desired before the expiration date.
Finally the payoff of the underlying security may be different for bond options.
If the bond has a coupon, the underlying security is different from nondividend-
paying stock.

We introduce the symmetry analysis of the Black-Scholes equation in Chap-



ter 5. We look at some basic symmetry properties of a group and then use a Lie
group transformation to obtain the closed-form solution of the Black-Scholes
equation. In Chapter 6 we present the theory of pricing the defaultable risk

based on the first-passage structural models.
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Chapter 1

The Classical Black-Scholes
Model

1.1 Introduction

The Black-Scholes model is a tool for pricing options. Despite the market
crash of 1987 and recently of 2008, in practice Black-Scholes models are still
extensively used more than any other financial model. It was introduced in
1973 by Black F and Scholes M [7] as their benchmark option-pricing model.

Options were an attractive investment with a potential to reduce risk, but
there was no standard or reliable way to price them. The Black-Scholes option-
pricing model remedied the situation and remains the standard model for the
pricing of options some three decades later.

In financial terms an option is a contract that gives its owner the right,
but not the obligation, to buy or sell an underlying asset at a future point in
time at an agreed price called a strike price or the exercise price. The act of
buying and selling the asset is known as exercising the option. The well known
basic options are the American and European options. American Options
can be exercised at any time prior to the expiration date, whereas European
options can only be exercised at the expiration date. There are two main types

of options namely the call option and the put option. Call options give the
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holder the right to buy an asset at a fixed price, whereas put options give the
holder the right to sell an asset at a fixed price.

A bond is a long-term contract under which the issuer (or borrower) promises
to pay the bondholder the coupon and principal on a specified date known as
the maturity date. They are usually repayable at par (nominal, principal, face)
value. Many bonds provide coupons periodically. A coupon is the amount the
bondholder receives as interest payment. The principal value is the money a
bondholder gets back once a bond matures. The maturity date is the date on
which the principal value must be repaid. The current market price, determined
by supply and demand, is expressed as a percentage of the bond’s principal
value. The principal value is not the price of a bond. A bond’s price fluctuates
throughout its life in response to a number of variables. A bond is called a
premium bond if the bond price rise above its principal value and is called a
discount bond if otherwise. The market value of a bond always approaches its
principal value as maturity is approached. This is known as the pull-to-par
phenomenon.

Bonds are issued by a firm or government treasury department through auc-
tions on the primary market, at a price usually close to the principal value.
Once issued they may be traded on the secondary market. The bond market,
also known as the fixed-income market, is a financial market in which investors
buy and sell debt securities usually in the form of bonds. In bond markets
investors who buy and sell bonds before maturity are exposed to many risks,
most importantly changes in the interest rates. When the interest rate in-
creases, the value of a bond falls and when it decreases, the value of a bond
rises.

Options allow risk to be hedged in various ways. If the price of the security
rises above the strike price, the investor is able to sell the security at its market
value. By taking combinations of long and short positions in put and call
options, investors can create a variety of customized contingent claims also

known as derivative securities.
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The existence of derivative securities leads to two mathematical concepts:
pricing and hedging. The hedging of a derivative security is the problem faced
by the financial institution that sells some contract designed to reduce risk.

Assumption of an investor’s risk is a principal service of financial institutions;
managing this risk well is a necessary prerequisite for offering this service. More
recently model-based pricing of derivative securities has become the basis of
risk management. A typical risk-management question is how much a portfolio
value is affected by certain movements in the underlying asset price [58]. If
the portolio contains derivative securities, a mathematical model is needed to
answer this question.

In this Chapter we present the theory of arbitrage pricing for European
derivatives and compute the prices and hedging portfolios for European call
options. We derive the well-known Black-Scholes formula using different ap-

proaches.

1.2 The Black-Scholes Assumptions

In the modeling of the Black-Scholes equation we assume the following:

e The price S of an asset follows a geometric Brownian motion® given by
dS = pSdt + o SdW, (1.2.1)

where g is the drift which is the measure of the average rate of growth
of the asset, o is the volatility which measures the standard deviation of
the return and W is a Brownian motion. In addition both px and o are

assumed to be constant.

!Brownian motion (or a Wiener process) is a stochastic process with the following prop-
erties:
Wo = 0; for every v < t < T, the increment W; — W, is an independent random variable

and every increment W; — W, is normally distributed with mean 0 and variance t — v.

14



e Trading is continuous.

e The interest rate r is assumed to be risk-free, is the same for all maturities

and is constant.
e There are no dividends paid during the life of the option.
e There are no transaction costs or taxes.
e There are no arbitrage opportunities in the markets.

e Short-selling is accommodated.

1.3 The Black-Scholes Pricing Formula

Based upon the assumptions of the Black-Scholes model which have been pre-
scribed above, the Black-Scholes equation for a European (vanilla) call option
takes the form

ou ou 0%u

I 9o
— T — = 1.3.1
at+r585+205852 ru, (1.3.1)

where u is the European call value, r is the interest rate, S is the underlying
asset price, o is the volatility and ¢ is the current time. In this case, where r

and o are constant, the explicit solution for the European call is given by
ups = S®(d,) — Ke " Dd(d_) (1.3.2)

with ®(-) being the cumulative distribution function for the standardised nor-
mal random variable and given by

1.2

I
O(z) = or /_OO e 27 dz. (1.3.3)

Here g .

In— + (r + =c®)(T —t)
d, = K& 2 (1.3.4)
ovViI —1
and s |
In— + (r—=o*)(T — 1)

=K 2 —d, —oVT — 1. (1.3.5)

oI —t
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In this instance 7' is the expiration date. When one uses the same parameters,

the closed-form solution of a Black-Scholes put option is given by
pps = Ke " 0®(—d_) — S®(—d,). (1.3.6)

We further use the approach of partial differential equation to demonstrate
the use of arbitrage and hedging to convert our pricing problem into a partial
differential equation as in equation (1.3.1). We introduce for 0 < t < T the
unknown price function, u(S,t), denoting the proper price of the option at time
t.

To eliminate risks consider a portfolio given by 7 = u — AS, that is, it

consists of a
o 1 : derivative
and
o —A :assets.

The change of portfolio is then denoted by
dr = du — AdS. (1.3.7)

By It6’s lemma?

ou du 1 0%*u )

and, since from (1.2.1)

(dS)? = 0*S?dL, (1.3.11)

2Suppose that a value of a variable 2 follows an It6 process,
dx = a(x,t)dt + bz, t)dW. (1.3.8)

Ito’s lemma shows that the function G follows the process

0G  9G 1,0%°G 8G
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it follows that

_Ou,  Ou 1%, 5

Substituting (1.3.12) into (1.3.7) we obtain

ar = (2 4 Sa—+1 26220 4y 4 05Ot W — Agusdt + 05w
m=\a s 27 o 7705 podie
ou ou 0%u ou
_|9u au A 262 T A)aw. (131
[at—i— S(@S >+ 05352‘|dt+0’5<85 )dW( 3.13)
To avoid the uncertainty, we put
ou
A=—. 1.3.14
93 (1.3.14)

This means that

where we have used arbitrage arguments to set the return on the portfolio equal

to the risk-free rate, that is,

ou 9%u
—rAS = == - 2 2
ru —rAS 8t+ SaS2
and
ou Ou 1 2 , 0%
ru—rsﬁ E%—f S@SQ'

Therefore the nondividend Black-Scholes partial differential equation(PDE) for

an European option is

ou ou 5 p O%U
— — = ru. 1.3.1
at+rSaS+ 05352 U (1.3.15)

We can see that the Black-Scholes equation is independent of u, the expected

rate of growth of the underlying asset price, and thus the principle of being
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risk-neutral is satisfied. Our portfolio has clearly being hedged since it has no
stochastic component.

Furthermore we consider terminal conditions to ensure that equation (1.3.15)
has a unique solution. At ¢ =T the value of a call is known with certainty to

be the payoft:

UBS(S, T) = h(ST)
= Maz(S — K,0)
= (S - K, 0)+. (1.3.16)

This means that, as we get closer to the expiry date T, we can expect the value
of our call option to approach (1.3.16).

Our terminal conditions for the asset price are applied at zero asset price,
S =0,and as S — oco. If S = 0 at the expiry, the payoft is zero. Thus the call
option is worthless on S = 0 even if there is a long time to expiry. Hence on
S =0 we have ugg(0,t) = 0.

As the asset price increases without bound, it becomes ever more likely that
the option will be exercised and the value of the exercise price becomes less
and less important. Thus, as S — 0o, the value of the option becomes that of
the asset and we can write upg(S,t) =~ S as § — 0.

Equation (1.3.15) can be transformed to the diffusion equation using the
transformations: n = 1In — + (r — 202)(T —t) and 7 = T — ¢, where a function

K
c(n, ) is defined by

h(St) =¢e ""e(n, T). (1.3.17)
The partial derivatives give
au —rT + —rT aC
—=re Tc+e T —
ot ot

— —-rT + -rT @@_’_@@
—re et \orat T anar

=reTc+e " (_00 —(r — 102)8c>

or 2 "0n
- oc 1 , Oc
=e (rc 57 (r 57 )377> , (1.3.18)
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ou Oc

—rT

e

98 " as
(e
B on oS
1 dc
=e " | 5=— 1.3.1
’ (50n> (13.19)
and
0*u 1 dc 1 9%
LA . 1.3.2
952 ( 828n+828n2> (1.3.20)
Substitution of (1.3.18), (1.3.19) and (1.3.20) into (1.3.17) gives
Jc 1 , 0c 1 Oc
—rT _ T 27 T2\ el i
e "re=e (rc = (r 20)8n>+7’56 (S@n)
1 ooy 1 9c 1 0%
— ==t == - 1.3.21
+2che <328n+528n2 (1.3.21)
Simplification of (1.3.21) leads to the diffusion equation
dc 1 ,0%
— =0 —. 1.3.22
or 27 on? (1322)

Writing the boundary conditions in terms of the new variables we obtain
c(n®,0) = K(e™ —1)* (1.3.23)

from (1.3.17), where n* = In(S/K). The well known fundamental solution of

the diffusion equation is given by,

c(n, 1) = \/271? /O:O exp l— (xQ;U?T co(x)dx, (1.3.24)

where
co(n) = K(e™ —1)". (1.3.25)

Hence

Lo, (x—n)?
c(n,r):\/m/o K(e® —1)exp [— 5o ]dx

B \/25;27 /_O:/aﬁ b <_;m2) [exp (ov/7m + ) = 1] o /dm

with

(1.3.26)
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Hence

K 1, 1,
c(n,7) = \/ﬁ/n/aﬁ {eXP (—2m +J\/?m—l—77) — exp (—2m )] dm
Here
K ©0 1,2
I = —/ e 2™ dm
V2m S
~ Ko ( 1 ) (1.3.28)
o\/T
and
K o 1
]:—/ ex (—m2+a T™m + >dm
2 o o p 5 VT Ul
K/OO e (1(m \/_)2+12+)dm
= —= xp | —=(m —o/T —o°T
Var Jonjei P\ 2 2 !
Kexp (20%1 4+ 1) o 1
— (227r ) /n/oﬁ exp {—Q(m — J\/F)ﬂ dm
Kexp (Lo + 0o 1
— (2 77) / exp (—22> dz, (1.3.29)
V2 —(n/o/THoVT) 2
where z = m — o+/7. Therefore it follows from (1.3.29) that
— L, Ui
I, = Kexp (20 T+77><I><U\/F—|—U\/F> : (1.3.30)
Thus (1.3.27) becomes
c(’r]T):KeXp<1027+7])<I> N yoyr)—Ko|[-L
| : G N
= Kex 1az(T—t)%—1n§+ (r— 102> (T—t)}
P K 2
1 1
1n£+(r—202)(T—t) 1H;+(7‘—202>(T_t>
X P +ovVT —t| —Ko
o1 —1 ’ oI —1
(1.3.31)
Using (1.3.31), we find that ups(S,T") from equation (1.3.17) becomes
ups(S,T) = e "I [Ser T (d,y) — Kd(d-)]
= S®(dy) — Ke " TD®(d_). (1.3.32)
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Here (1.3.32) represents the Black-Scholes solution for the European call option
as in (1.3.2).

1.4 Probabilistic Approach

In this approach we use the martingale® theory [64, 59]. The martingale theory
is another framework for characterising an arbitrage-free market and for pricing

derivatives. It is also called the risk-free neutral valuation.

1.4.1 Martingales

Let WtQ be a standard Brownian motion under the probability space (€2, 3, P)
and So<i<7 be an associated Brownian filtration. The filtration, S, represents
the flow of information evolving with time. Let P and () be mutually absolutely
continuous probability measures on a measure space (£2, ). Then for any event
AeS P(A) =0« Q(A) = 0. Thus a probability measure @) is said to be

equivalent to measure P and is defined as

P ‘ 1
W exo (= [ 0d —/e%z) 141
o exp(/0 W [ 6ds), (1.4.1)

where

p=1"" (1.4.2)
Thus the no-arbitrage option price at time ¢ is

w = V,E9 (%%T) , (1.4.3)

T
where u;/V; is the discounted price process and is also a () martingale. The

risk-free bond is assumed to be continuously compounded in value at a rate r,

3Let {X,,n =0,1,2,...} be a real-valued stochastic process on a discrete parameter set.

It is a martingale if
e E(|X,]) < o0

b E(Xn+1|X07 ey Xn) = Xn
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i.e. V, = €™ Then (1.4.3) is reduced to
u = e "TVEQ (up|Sy). (1.4.4)

From It6’s lemma the discounted price process StQ = ¢ "9, satisfies the stochas-

tic differential equation
dSP = (p —r)S2dt + o S2dW,. (1.4.5)
By Girsanov’s theorem? [64] the process,
W =W +6t, (1.4.6)

is a () Brownian motion on a probability space (2, §, P). Under the martingale
measure, (),

dSe = o SLaw . (1.4.7)

Hence S is a Q local martingale since (1.4.7) has a zero drift. Thus the pricing

formula for a call option becomes
up = "TIEL [(Sp— K)|Sr] . (1.4.8)
In terms of (1.4.6), (1.2.1) can be written as

dS, = pSidt + o8, (AW, — 0dt)

— uSdt + oS, (dwf? Bz rdt)

o

= rSydt + oS, dWE. (1.4.9)

Under this measure, S has a rate of return, r. By [t0’s lemma (1.4.9) can be
written as

d(In S,) = (r - ;oﬁ> dt + odW. (1.4.10)

Thus
Sp = Syexp Kr— 202) (T—t)+a(W$—WtQ)] (1.4.11)

4Girsanov’s theorem is used to change the probability measure P to the risk neutral Q.

This theorem kills the drift term of the stochastic differential equation for the stock price.
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Since WQQ — WtQ is normally distributed with mean of 0 and variance T — ¢,

WQ _ WQ
then v = ——L_——" has a standard normal distribution. Therefore
VT —t
1 +
uy = e "TVEQ [(Stexp ((r—202)( —t) —ovVT > > ]

+

1
= Stexp 7"—502 —t)—ozvT ) K

~

(¢ !
—rT t) 1 1,2
= St exp ( r— 502 —t)—ozvT t) K} e 27 dz
1 2) 2 L,
(7"—20 T—t)—ozvT —t— =z > K exp (—22 )}dz

St exXp

1 e s
I, = 7/ Ke 374
SV B :
— K®(—¢). (1.4.12)

In addition

I, = \/%/ Stexp{r—;az)(T—t)—azx/T——t} exp {—22 ]dz

1 /¢
= \/12_7rSt exp _(7“ - ; T — t)_ /_OO exp [—azx/T — t} exp {—22 ] dz
S; exp -(7‘ — 102)(T - t)- /5 exp {—1(2 +oVT —t)* + 102(T — t)} dz
\/ RN 2 s 2 2
r 1 9 7 } 9 Et+ovVT—t } 5
\/_St exp _(7“ 20 T t)_ exp {20 (T —1t) /_Oo exp | =5 dx
ST [T ek
= o€ \/ﬂ e T
= Sper- (§ +oVT — t) : (1.4.13)
where x = z 4+ 0y/T — t. Hence
uy = e "I [Ste’"(T_t)(IJ(—(S —oVT —t)) — ch(—g)] : (1.4.14)
Here s ]
In=t + (r—=o?)(T —1t)
=K 2 —d_ (1.4.15)

oV —t
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and

- 1nf(t + (r + 202)(T—t) B
4 0oVT —t= gy =d, (1.4.16)
so that
ups = S®(dy) — Ke " Dd(d_) (1.4.17)

which is the formula to price a European vanilla call option as in (1.3.2).

1.5 The Feynman-Kac Formula

The Feynman-Kac formula relates the stochastic differential equation and the
partial differential equation. The relationship between geometric Brownian
motion and the Black-Scholes partial differential equation is a special case of
the relationship between stochastic differential equation and partial differential

equation developed in the following theorem.

1.5.1 Feynman-Kac Theorem

Let p(z,t) and o(x,t) be given functions of (z,t), where x = S;. Let (Si)o<i<r

be the solution of the stochastic differential equation
dSy = p(x, t)dt + o(z, t)dW; (1.5.1)

and suppose that u(x,t) satisfies the partial differential equation

ou ou 1 , 0*u

with the boundary conditions u(x,T) = h(Sr). We consider the process u(z,t)

in the time interval 0 <t < T so that by [t0’s lemma,

ou ou 1 0%u ou
T)=|—— — 4 oz, t) =
u(z, T) (83 + p(z, t) e + 50 (x,t) 8952) dt + J(x,t)axth
ou
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Thus (1.5.3) is a local martingale and therefore we can take the expectations

conditional to z = S; to give
Eu(Sr,T)|S; = z] = u(x,t). (1.5.4)

Thus, recalling the boundary condition u(x,T) = h(Sr), we have that the
solution, u(z,t), of (1.5.4) has the Feynman-Kac representation.

Example: Let h(Sr) be the payoff at time T of a derivative security with
the underlying asset dS; = pS(x,t)dt + oS(z,t)dW,. We may rewrite this
as dS, = rS(x,t)dt + oS(z,t)dW{, where W is a Brownian motion under
the risk-neutral probability measure (). According to the risk-neutral pricing

formula (1.4.8), the price of the derivative security at time ¢ is
Uups — EQ [e_r(T_t)h(ST)‘%T} (155)

which is the discounted expectation under the martingale measure, (), as

achieved under the Martingale Approach.

1.6 Pricing Biases of the Black-Scholes Model

Although the Black-Scholes option-pricing model has been widely accepted in
the financial world, there are several assumptions underlying the model that
may be called into question. Most importantly the volatility and the interest
rate are considered constant. The volatility is the only unobservable parameter
in the Black-Scholes model. The model gives the price of the option as a
function of volatility. These computed volatilities are normally not constant
and they form a volatility smile. A volatility smile is the skewed pattern that
results from calculating implied volatilities across a range of strike prices.

In spite of the existence of the volatility smile the Black-Scholes equation
and the Black-Scholes formula are still broadly used in practice. A typical
approach is to regard the volatility surface as an information about the market

and use an implied volatility from it in a Black-Scholes valuation model. This
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was described by Rebonato R [77] in 1999 as using “the wrong number in the
wrong formula to get the right price”.

In the next Chapter we introduce two special kinds of exotic options, namely
the binary and barrier options. Exotic Options are path-dependent which
means that they include the behaviour of the path, rather than just the cur-
rent price or the price at expiry. These options are much cheaper than the
ordinary options because they risk either not being knock in or being knock
out. However, most of the exotic options are of European and American style
and follow similar patterns for valuation and hedging.

In order to create an exotic option financial analysts change some of the
properties of common European or American options. The changes include
strike price, time to expiration, type of settlement and the type of an underlying

asset or payout.
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Chapter 2

Exotic Options

Barrier options were first introduced by Merton [65] in 1973. He uses the same
strategy of portfolio hedging and replication as in the classical case. However,
Bowie and Carr [11] introduced an alternative approach to the valuation and
hedging of barrier options. Black [5] in his model shows how barrier options can
be replicated using portfolios of just a few options with fixed maturity. Carr
et al [15] extend Black’s [5] results to a symmetric volatility structure and to
more complex barrier options, such as partial and double barrier options.

In this Chapter we confine ourselves to only two types of exotic options,
namely the binary! and barrier options. We present some closed-form pricing

formulas for European binary and European barrier options.

2.1 Binary Options

A binary (or digital) option, also referred to as an all-or-nothing option or
bet option, is a contract the payoff of which depends in a discontinuous way
upon the terminal price of the underlying asset. There are mainly two types

of binary option which differ in terms of settlement as follows:

e A cash-or-nothing call is worthless if the asset price S finishes below

'European binary option is not path dependent, but is considered exotic [94].
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the strike price K at time T and pays a fixed amount, ¢, if it finishes
above the strike price K.

e An asset-or-nothing call is worthless if the underlying asset price S
finishes above the strike price K and pays an amount equal to the asset

price St if it finishes below the strike price K.

It is possible to imagine a digital option as a bet on whether the underlying
asset would be above (cash-or-nothing call) or below (cash-or-nothing put)
a strike price. The main property of a digital option is that the payoff is
determined at the beginning of the contract and does not depend upon the
amount by which the price of the underlying asset moves.

A payoff of a binary call option is defined as 1 if S > K and 0 if S < K.
Based upon the assumptions of the Black-Scholes model, the Black-Scholes
equation for a European call option takes the form Lpsups = 0, where the

operator Lpgg is given by

a 0 1,0

The value of a European binary call is u(?)(S, 7) = e7""®(d_) and the value of
a European binary put is pt®)(S,7) = e777®(1 — (d_)).

2.1.1 Cash-or-Nothing Call Option

In this option, if S never reaches the strike price K, then the option is worthless.
Thus on the line K and below the line K the value of the option is zero. If
S exceeds the strike price K, the final payment of an option is equal to a
fixed amount q. If e, (St,t) is the value of a cash-or-nothing call option on
its expiration date, then the final boundary condition of partial differential
equation Lpsups = 0 18 Ueon(ST,t) = ¢q for Sp > K and 0 otherwise. Using

the risk-neutral valuation approach, we get

Uur = e_TTEQ [ucon(ST7 t)‘%t]
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zeﬂv/muwASnﬂMSﬂﬂ%

— 00

=€ /K qh(ST)dST

= qe*”/K h(ST)dST
=gqe ""P(Sr > K).

(2.1.2)

Using the assumption that an asset price follows the log-normal distribution,

1
InSp ~ & {lnS%— (r— 202> ,0\/1 ,

the probability density function for St is given by

P(ST >K) :P(IHST >IHK)

(2.1.3)

S 2
—1-d -
=1 ®(—d_)

= o(d_)

where

2.1.2 Asset-or-Nothing Call Option

(2.1.4)

(2.1.5)

If an asset price does not reach the strike price K at expiration, the option

is worthless. This means that on the line K and below the line K the option

value is zero. If St goes beyond the price K, we let the final payment of the

option be Sy. If 40, (ST, t) is the value of an asset-or-nothing call option on
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its expiration date, then the final boundary condition of equation Lgsuggs = 0
iS Ugon (ST, t) = ST for Sy > K and 0 otherwise. With the assumption that the

expected return is the risk-free interest rate, we obtain

ur = €T E? [tgon (ST, 1))
=T / Uaon (S, )1 (S7)dSy
— T / Srh(S7)dSr. (2.1.6)
K
Since the asset price follows the log-normal distribution, the probability density

function for St is given by

h(Sr) =

(IHST_I))T (2.1.7)

1
oStV 2rT P [ 2702

1
with x =InS + <r — 202) 7. Applying the relationship between S and S we

let

St = Sexp (InSr —InS)
1
= Sexp {lnST—ij <7’— 202)7'

so that equation (2.1.6) can be expressed as

o0 1 1/(InSr—z) — o1\’
=5 e —= dSr. 2.1.8
0k USTWGX"[ 2( 2% ro @Y
1
Letting v = {(ln St —x) — 0'27'}, we can easily get dSr = oSp/Tdv. If
o\/T
1 1
Sy = K, then v = — [lns + (r + 02) T] = —dy. So equation (2.1.8)
o\T K 2

can be written as

= 5®(d,), (2.1.9)
where
di =d_+o\7T (2.1.10)
and
dy = 017 {mf(jt <ri;c72> r}. (2.1.11)
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2.2 Barrier Options

By definition barrier options acquire or lose their value if an asset goes above
or below a specified barrier, H. One barrier option specifies a barrier, H, such
that the option pays (knocks in) or does not (knocks out) according to whether
or not level H is attained from below (up) or above (down). There are thus four
possibilities: up-and-in, up-and-out, down-and-in and down-and-out options.

We define these options below:

e An up-and-out option loses its value if an asset price crosses H from

below prior to maturity.

e A down-and-out option loses its value if an asset price crosses H from

above prior to maturity.

e An up-and-in option pays off only if an asset crosses H from below prior

to maturity.

e A down-and-in option pays off only if an asset price crosses H from

above prior to maturity.

For example a down-and-out call with strike, K, maturity, 7', and the bar-
rier, H, pays h(St) if the asset price remains above H and nothing if the asset
price falls below H prior to maturity, whereas a down-and-in call is valueless
until the asset price crosses the barrier H from above. If that ever happens,
then it behaves like a standard call thereafter. Obviously the value of a down-
and-in call is just the difference between the value of a standard call and the
down-and-out, i.e., down-and-out call + down-and-in call = standard call since
the two portfolios are equivalent.

In this Section we treat a knock-out call as a geometric Brownian motion.
The barrier option in this Section has the explicit pricing formula, which is

based upon the reflection principle for Brownian motion.
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2.2.1 The Reflection Principle (Method of Images)

Suppose W is an arithmetic Brownian motion and define the running maxi-
mum and minimum by M,y = max,_, W, and N,y = min, < W, respectively.
Suppose we have K < w. Now, for every path that ends below K but pre-
viously reached a, there is another path that goes above 2a — K: we simply

reflect the path in a mirror at the level w. This is the reflection principle:

P[Wt<K,MtW>U)]:P[Wt>2U}—K]

:1—@(21”\/_;{). (2.2.1)

2.2.2 First Passage Times

In this Subsection we derive the probability density function for a Brownian
motion with a drift. This density function is used in the next section to obtain
an explicit formula for a knock-out barrier option.

To derive this formula we begin by letting W;, 0 < t < T', be a Brownian mo-
tion, defined on a probability space (2, S, P). Under @ the Brownian motion
W is a martingale. Define Y; = exp (;Wt - ;;t) and P(A) = E?[1,Y7].
Then by Girsanov’s Theorem VVtQ = W, — ut, is a standard Brownian motion

under (), which means that W, = ut + WtQ is a Brownian motion with drift p.
We have

P[Wt > y,Mt > OlW() = .T]

=F [1(Wt>y,Mt>0)Yt’W0 = x}

R S UL W S S VR
o/ 2t P 202t o2t P 202t K

pr pt) 1 /°° i +u2t (n—z—pt)*)
P o2  202) o\/2nt Jy P o2 202 exp 202t K
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2 2 2
ur Pt 1 /00 pr  pit (n+x — ut)
_ Iy o D Bt R TR TR g
exp( o2 202> o2t Jy P [ o? + 252 | P 202t "

_ 1 /mexp[_(n—w—ut)ﬂdn

o2nt o2t

2 (n +x — ut)?
exp< >g\/ﬁ/ expl Sy dn. (2.2.2)

Therefore the density probability function is found by differentiating equation

(2.2.2) with respect to y to obtain

0
f(z,y,t) = ——P[Wy >y, My > 0|W, = z]

Ay
1 (y —x — pt) {—qu} 1 (y +x — pt)
2t xPp 202t xp o? o\ 21t P 202t

2.2.3 Pricing the Knock-out Options

The price of a knock-out call satisfies a Black-Scholes equation that has been
modified to account for the barrier. This equation is used to solve for the price.
The first passage time? of a Brownian motion, ¢,, = min {¢ > 0; W; = m} is the
first time the Brownian motion reaches the level m. In this Subsection we derive
the probability density function of a first passage time without drift.

Let the stock price be denoted by S; = Se*Xt, where X; = (r— ;az)t—l—a2WtQ.
According to the risk-neutral method the pay off of a knock-out option under

measure () is given by

Ur = e’ [(ST - ) 1(;>T)}

- 77.T |:(ST B ) 1(min0§11§T Xv):| . (224)

On the other hand

—x — T 2 — 2 T
P | X7t >z, min Xv>m}:<b<w>—exp[—ﬂm}@< rham ),
0<v<T o ovT
(2.2.5)

2Tt is sometimes known as the hitting or stopping time.
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where K > H. It follows that

0 :
flz,m) = —£P {XT > x’ogngX” > m}

1 (z + uT)? 1 (r — 22 — uT)? — 4pzT
= exp |— - exp | —
oV 2rT oV T V2rTo? 202T

where f(x,m) is the joint probability distribution between m and x. Thus the

price of the knock-out option is given by
uw(T) = e””T/ (Se® — K)* f(x,m)dx

= Se_TT/OO e flo,m)dr — Ke'™" /Oo f(z,m)dx
h“% ln%

=Se I, — Ke''l, (2.2.6)
where
1 2 H
1 o <x — (r+ 202> T) rT 4+ In §(27”+02)
L=—r0 - d —
27 ovor T D P 202T T = exp =3
X dz

202T

L e {(x_QZ‘(TﬂUQ)T)Q
oV2rT Jm &

S 1 H? 1
In — + (r + 02) T —1-25 In — + (r + 02) T
— erT(I) K 2 o erT <S) P SK 2

oV T H oVT
(2.2.7)
and
I :/Oo f(z,m)dx
ln%
r K H
=P Xr 25, min X 2 S}
S 1, ] H? 1,
oVT H oVT
_ (2.2.8)
Therefore
S lfjg S 1*3—7’
W(T) = 5 |B(dy) — (H) S(d2)| + Ke T |®(d) + (H) o(d)| |
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(2.2.9)

where

1
ln}b; + (r+ 502)T
dy = Cd =d, —oVT,
" ov/T e
2 S 2 S
——=In— d d =d_— In —. 2.2.10
ovT "o - ovVT "y ( )

di:d_;'_—

European Down-and-Out Calls

A down-and-out option pays a rebate if the barrier is reached. The formula for
a down-and-out was first derived by Merton in 1973 [65] and later modified by
Cox and Rubinstein [21] in 1985.

Here the partial dfferential equation Lgsupgs = 0 for a Black-Sholes equation

is subject to the following terminal conditions
u(H,7) =R (2.2.11)

and
u(S,0) = (S — K), (2.2.12)
where R denote the rebate paid to the holder when the barrier is hit.

S 1
Let X; = lngt = (r — 202> t+ O'WtQ and M; = maxp<,<; X,. Here we

H
consider the case that S > H. Then we have ¢ = inf(t > 0; M; > In §> The

probability density function of the rebate term is

_ InH/S (lnH/S—(r—%ﬂ)t)Q
oV | 2t0?

Using (2.2.13), the payoff is given by

(2.2.13)

Uur = E@ [efrTl(ggT)}

_ /T - InH/S o (lnH/S — (r — %02> t>2 "
0

oV 2rt3 2to?

2

T n H InH/S — (r—102)t

_ s [T IS GRS Gk W LN
0 oV2rt3 2to

(2.2.14)
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The integrand in equation (2.2.14) is the probability density function of the
1
first passage time of In H/S of a Brownian motion with drift — <7’ — 202) and

diffusion coefficient o. Hence the integral can be rewritten as

Ry exp |— 5752 dt

/T InH/S (lnH/S—(r—%aZ)t)2

=P [max (—(7’ — ;az)t + aWt) <In I;]

0<t<T

=1-P [max (—(7" — ;02)t+ an) > In IS—{]

0<t<T
-W+ (7’ — %02> t
(2.2.15
i (2:2.15)

W (r— 30t
o/t

_1—2r

+e 2P

=1-0

European Up-and-Out Calls

Consider a European call, expiring at time 7', with strike price, K, and up-
and-out barrier, H. In this case we assume that S < K < H. The solution to

the diffusion equation, d.S; = rS;dt + aStthQ, for the asset price is given by

1
Sy = S0 exp [(r - 502)(T —t)+ thQ}

= Sy exp (O'Wt) ,
~ 0 1 1, ~ ~
where W, = (t+ W,* and ( = — (r —3° ) We define Mr = maxg<i<7 W; so
p <t<

that maxo<i<p Wt = Soe"MT. The option knocks out if and only if SOGUMT > H;

if Soe"MT < H, the payoff is

ur = (ST — K)Jr
= (Soe"WT — K)Jr

— oWr _ K)Y*1 _
(Soe ) (Son'MT S H)

— (Soe”"T —K)*1, i .
( 0€ ) (SoechT Z K, SoechT S H)

= (Soe’"T — K)*1, X . (2:2.16)
(WT > llng,MT < 1lnH>
o S(] o S()

According to the risk-neutral method the payoff at time zero is given by

ug = E9(e " uy)
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=e T /_Oo (S — K)" f(m, z)dz,

where f(m,z) is the probability density function under measure @ of the pair

(Myp, W) and is thus given by

f(m,x) = 2?7}1\/2_;5) exp (om: - ;O’QT - 21T(2m — ) ) (2.2.17)

1. H
We assume that Sy > 0 and Sy < H so that —lng > 0. When 0 < Sy < H,
9 0

the time-zero payoft of the up-and-out call is

/1111 / —T‘t a'h K)Q(Qm—x) o |: ]. 2T 1 (2 )2:| d d

Uy = — K)———%exp |ax — —a’T — — -
0= oo P 5 o7 (2m —a mdzx

1 1
\/T/ Soe” — K)exp { T+ ax — §a2T — 27@2} dx

1 1 /2. H
= [T S — K [ T —2T—<1—Wﬂd
2T St e Jexp |—rT + ax 5 5T S x
 Soly — KTy — Sols + KL, (2.2.18)

In this case

1 7 Ingg 1, z? e
27rT/11n§ exp Ux—rT+ax—§a T_ﬁ (2.2.19)
1 s Ingg 1, h?
I = 27TT/§1n§( exp [—TT—I—O@—Q& T_ﬁ dx (2.2.20)
sl 1 1 (2 H 2
I35 = \/_/ exp[am—TT+ah—2a2T—2T<lnSO—x>]dx
1m 1 2 HN\? 2h H a?
—7rT —QT—(I ) —Ih——-—=\d
\/W/ exp[x Tl +ox 2a HSO +0Tn80 2T1 T
(2.2.21)
and

FIn g 1 1 (2. H 2
L= / T —%—(1—)<1
4= \/27r_T exp [ L+ ax 2a 5T nS0 T T

1m 1 2 HN\*> 2z H 2?
/ ’ exp [—TT +axr — §a2T - — (ln S) Tl il x] dx.
0

7

27T
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Each of these integrals is of the form

vV 27T l ln£
\/27rT

_exp(5+ 7)

exp (ﬁ + ;62T>

= exp (5 + ;52T)

= exp (ﬁ + ;52T)

1
The integral I is of the form (2.2.23) with § = —rT — §a2T and 0 =0+« so

that 3 +

1
—°T
2

11n
el

2T
1
52T——
A+ 27T
Al
27T % *0—5
llnﬁ—éT
o o So
VT
llnﬁ—(ST
plo_K
VT
ln&—daT
P K
oVT

1, H 2
"0 exp (54—5:8—:6) dx

(x —0T) >dm

8T)

T)

1.2

e 27 dz

-0

-

o (o

1
For I, we have § = —rT — 5042T and 0 =

1
o =1 — 502. Therefore

2 /1
For I3 we have 8 = —rT — —a?T — = <

so that

[226

B+ 52T_ —rT — —a’T — =
1
+=T

202T+0aT—rT+2ln+21 —

—rT

1
=0 and do =1+ 502. Therefore

o ()}

1
a, so 3+ 5(52T

So
H

1, K
—In— — 0T
nSO

VT
1 So T
—lnﬁ—5T
VT

In f_; —doT
oVT

)}

e ()0l ()
1n§;)2 and § = J—l—omL;

1 2
2
2 /1
<a+a+ (
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1 H
:—<r—202>T+0aT—1—2<1+ )ln

So
r— Lo? H
=21 |1 ()
( * 0'2 ) t S(]
i (S)
H
and
1 H
(50T:U2T—|—<r 3 )T—i—ZlnSO
1 H\?
= (r+20)T+1n(SO> .
Therefore
a= () oo (n BN S ()] e
3=\ g " KS, \"s, . >
) 2 (1. H\*
Finally for I, we have g = —TT—aT—( lnS> and 6 = 0+ a +
0
2 /1. H
( lnSO) so that
1, Sp\ w2t
—0°T =1In | — 2.2.2
Frg) H(H) (2:2.27)
and
1 H\?
ool = <7’—20)T—|—1n (So) : (2.2.28)
Therefore

LT (}?)_3%1 [cp {d_ <T, ;;))} e {d_ (T, g)) H . (2.2.29)

Substitution of (2.2.24), (2.2.25), (2.2.26) and (2.2.29) into (2.2.18) yields,

sl () +la ()
) )
()™ bl ()} -0l ()

2

T (f;>+ l@ {d (T, lﬁ))} y {d (g)) }1 .
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Now we replace Sy by S; and assume that the underlying asset price at time ¢
is S;for 0 <t <T and 0 <S; < H as above. If the call has not knocked out

prior to time ¢, then equation (2.2.30) can be rewritten as

ult, 5,) = S, @ {d, (f(t))} o {d, (%) i
ey (%)} - ' (- (7))
)™ e () -+l ()
e () oo ()} o fo (D)

and satisfies the boundary conditions w(t,0) = 0, 0 <t < T, u(t,H) = 0,
0 S t <T and U(T,St> = h(St), 0 S St S H.

2.3 Complex Barrier Options

In the case of complicated barrier options an asset price is required not only
to cross a barrier but to spend a certain amount of time across the barrier in
order to knock in or out. In partial barrier options the barrier is active only
during an initial period. In other words the barrier disappears at a prescribed
time. So the payoff at maturity may be a function of the spot price. Double
barrier options are options that knock in or out at the first hitting time of
either a lower or upper barrier. In papers by Benson and Daniels [3], Rich [78§]
and Hsu [49] more detailed discussion of the nature and applications of various

types of barrier options can be found.
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Chapter 3

Stochastic Volatility Models

Stochastic volatility models are models in which the volatility changes ran-
domly according to some discrete processes or to some stochastic differential
equations. Essentially the stochastic volatility models are divided into two
classes, namely, the one-factor and the multifactor models. In one-factor mod-
els the Brownian motion is the only source of uncertainity, whereas in the
multifactor models further Brownian motions, or other random elements, are
taken into consideration. In the one-factor models the volatility is a deter-
ministic function of present or past values of the underlying price. The main
advantage of the one-factor models is that the volatility and the stock price
are perfectly correlated.

The theory of stochastic volatility models was introduced by Merton [67, 68|
and Cox and Ross [20] in 1976. Merton [67] assumes a mixture of continuous
and jump processes, whereas Cox and Ross [20] allow the volatility to be a
deterministic function of the underlying stock price. Johnson and Shanno
[57] propose a stochastic volatility model in which stock returns and return
volatility are correlated. Wiggins [92] derives statistical estimators for volatil-
ity process parameters and calculates parameter estimates using Monte Carlo
estimation methods for several individual stocks and stock indexes. Using a
Taylor series expansion Hull and White [53] derive an accurate formula for a

call option for which stock returns and stock volatility were uncorrelated. In
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1991 Stein and Stein [88] derived a stochastic volatility option pricing formula
that assumed volatility follows an Ornstein-Uhlenbeck (OU) process. Heston

(1993) [47] developed a closed-form solution for options with stochastic volatil-

ity.

3.1 Time-Dependent Volatility Models

Time-dependent volatility models relax the assumption that p, o and r are
constant, but instead are treated as functions of time. Under these relaxed
conditions the Black-Scholes equation for a standard European option takes
the form

ou 1 0%u Ju

ou 1 520U ou _
5 +30 (t)S 552 —i—T(t)SaS r(t)u. (3.1.1)

The price of a European call option is thus given by

u(S,t) = SB(d,) — K exp (— /Ota(s)ds) B(dy), (3.1.2)
where g . .
In — r(s —02(s))ds
. K+/°(t()+2 (5)) .
/0 o?(s)ds
and
i —d, - /Ot o2(5)ds. (3.1.4)

3.2 Discrete-Time Stochastic Volatility
Models

Discrete-time models of stochastic volatility focus on the statistical and de-
scriptive patterns of price changes in short-time intervals. Models of this kind
are adapted to indicate at least some of several well-documented features of
time series of logarithmic daily asset returns such as: skewness of distributions,

leptokurtosis, volatility clustering and their negative correlation [45]. In this
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Section we provide a brief overview of alternative approaches to the issue of
stochastic volatility. These alternative approaches include various mathemati-

cal techniques permitting one to construct stochastic models.

3.2.1 Generalized Autoregressive Heteroskedasticity

(GARCH) Models

These models were first introduced by Bollerslev [9] in 1986. He also derived
the conditions for stationarity of this class of models. The equation for the
GARCH model is

ok, =v+aw’_, + Boz_,, (3.2.1)

m = m—1
where « is the weight assigned to w?, ; and (3 is the weight assigned to o2,_.
This is known as GARCH(1, 1) model. The “(1,1)” in GARCH(1, 1) indicates
that o2, is based on the most recent observation of w? and the most recent
estimate of the variance rate.
The GARCH(1, 1) can be extended to a GARCH(p, ¢) formulation, in which
the current conditional variance is parametrised to depend upon ¢ lags of the

squared error and p lags of the conditional variance, i.e.

o2 = v+ aw? |+ aw? 5.+ aqwfn,q + 102, Bow? o+ o+ ﬂpwifp
q P
=0+ Y o+ Y B, . (3.2.2)
i=1 j=1

For these models the unconditional variance is

2 v

DY TSy

For a stationary GARCH(p, ¢) model we require that 0 < Y3/, o —>"%_, f; < 1,

(3.2.3)

g

v>0, 0, >0fori=12.... ,gand B; > 0 for j =1,2,........ ,p. Since o2 is
nonnegative and finite, GARCH models are less likely to violate nonnegative

constraints and that is why they remain popular.
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3.2.2 Constant Elasticity of Variance (CEV)

This model was proposed by Cox in 1975 [19] and it attempts to include the
behaviour of the volatility smile in the stochastic differential equation of an
asset price S. The CEV model of option pricing assumes that an asset price S

follows a stochastic differential equation
dS = pSdt + 0oS2 dW. (3.2.4)

The CEV model assumes the following relationship between an asset price S
and volatility o(S, 1),
o(S,t) = 0pS2 1, (3.2.5)

where o is a positive constant and 1 < 3 < 2. If § = 2, then the elasticity is
zero and asset prices are lognormally distributed as in the Black-Scholes model.
If 8 < 2, then volatility is a decreasing function of S whereas, if 3 > 2, then
the volatility is an increasing function of S. The CEV diffusion process was
firstly used to model heteroskedasticity in returns to common assets.

Now suppose that the asset price S follows the stochastic differential equa-
tion, (3.2.4), and define u as the price of a European option on an asset that

pays no dividend during the life of the contract. By Ito’s lemma

ou ou 1 9*u s Ou
- 2= 7y - B~ 527
du <8t —I—,LLSaS + 2005 8SQ> dt + 0oS anW. (3.2.6)

Using the continuous hedging and arbitrage arguments developed in Chapter 1,
Section (1.3), it is possible to show that u satisfies the CEV partial differential

equation

ou 1 5 30%u sOu
ot T 9705 gg TSt gg =ru. (3.27)

3.2.3 Jump-Diffusion Processes

An extension of the Black-Scholes model was proposed by Merton (1974) [66]

in which the stock returns are subject to unpredictable jumps and the Poisson

1

Process' serves as the starting point for jump processes. Runggaldier [80]

!The properties of Poisson Processes:
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further extended the Black-Scholes-Merton model. In this case we consider the
stochastic differential equation driven by both a Wiener process and a Poisson
random measure. We price a FEuropean call option when the underlying asset

is a jump process.

Pricing a European Call in a Jump Model

Let N; be a Poisson Process on a probability space (2,3, P) relative to a

filtration &, ¢ > 0. We denote the intensity of N; by A, a positive constant,
and the compensated Poisson Process by M; = N, — At. Consider an asset

modeled as a geometric Poisson Process,
Sy = S,exp [(a — A\o)(T —t)] (o 4+ 1)V, (3.2.8)

for which the stochastic differential equation is

We assume that A = — in order to rule out arbitrage in (3.2.8). Under this
o
assumption \* = \ — s positive. Thus (3.2.8) may be rewritten as
Sr=S,exp[(r — No)(T —t)] (o + )N, (3.2.10)

Therefore the risk-neutral price of a European call option is given by

up = e " TEQ[(Sy — K)T|S]

—r(T—t)

—e (Siexp(r — No)(T — )] (0 + )V — K) |3,

e The probability that a jump occurs during a short time interval of length At is AAt+
o(At).

e The probability of two or more jumps occuring during a short time interval of length
At is negligible, i.e. o(At).

A"
(n!) et

e The probability of exactly n jumps occuring in a time interval of length ¢ is

e The mean waiting-time for a jump is %
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G AT —t) +

2 7 (St exp [(r — XNo)(T —t)] (o + 1) — K)

. ; |
XTI =) (Ste***"”*t)(a + 1) — K)+ : (3.2.11)

The j = 0 term in (3.2.11) is e (70 (Ste_’\*”(T_t) — K)+. When t = T, this

term is (S, — K)* and therefore the function u satisfies the terminal condition
w(T,S;) = (S, —K)* v S, >0. (3.2.12)

To derive the partial differential equation for u; we consider the stochastic

differential equation (3.2.9) which may be rewritten as
dS; = (r — XN0)Sdt + oSy —ydNy. (3.2.13)
This shows that the continuous part of the stock price satisfies
dS; = (r — XN'o)Sdt. (3.2.14)

On the other hand, if the stock price jumps at the time ¢, then AS; = S; —
St~y = 0Sy—), St = (6 + 1)Sy—). By the Ito-Doeblin? formula we have that

e "u(t, Sy) = u(0, Sp) + /Ot e "¢ [—ru(c Se)de + gt (¢, Se)de + gS(C Se)dS(c )]
—|—0§:< e "¢ [u(c, Se) — u(c, Sc(_))}
u(0, Sp) +/ [—TUCS) aa?(c,sc)—i-(r—)\*a)s SS(C S)] de

+/ e_rc u(c, Se) — u(c, Sc(,))} dN,

ou .
T —(c,S:) + (r—X0)S,

ou

85(0 S)] dc

OSO+/ [—rucS)

2It6-Doeblin formula for one jump process states that, if X(¢) is a jump process

and f(x) a function for which f/'(z) and f”(z) are defined and continuous, then

(X / F(X () dX"(s / (X ()dX ()X (5)+ S [F(X(s)) = F(X(5—))]-

0<s<t

(3.2.15)
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—f-/ 0’ + 1)5( )) — U(C, SC(_))} Mde

+/ (0 +1)Se—)) — ule, Se))| dM;;
(0, Sp) +/ [—ru(c, S.) + 2;‘(0,50)
Hr=Xo)S, §S<c Se) + N (ule, (o +1)Se) — ulc, S.))lde
N / 7 ule, (04 1)Suy) = ule, Se-))] dM (3.2.16)

The last integral in (3.2.16) is a martingale because M. is a martingale. In

addition, since the left-hand side of (3.2.16) is also a martingale, we can solve

for
u(0,.Sp) +/ —ru(c, S.) + g?(c, Se) + (r — A*U)SCSZ(C, Se)
+X (u(e, (0 +1)S.) — u(e, Se))]de (3.2.17)

which is itself a martingale. This can only happen if

ou . ou
E(t,St) + (r—\o)S, 5

——(t,5) + X [u(c, (o +1)S,) — u(c, S.)] = ru(t, S;)

(3.2.18)
for 0 <t < T and S; > 0. Equation (3.2.18) is sometimes called a differential-
difference equation because it involves u at two different values of the stock

price, namely S; and (o + 1)5;.

3.3 Pure Stochastic Volatility Models

These models are examples of multifactor models. In multifactor models the
movement of volatility, o, is correlated with the movement of the asset price
S. We suppose that under a risk-neutral measure () an asset price S follows a

stochastic differential equation
dS = pSdt + o(X)SdW}, (3.3.1)

where the volatility, o(X), is a function of X and is itself a stochastic process

governed by the equation

dX = adt + b(pdW}! + /1 — p2dW}?). (3.3.2)
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The parameters a and b are positive constants. W} and W2 are correlated
Brownian motions under Q with dW!dW? = pdt for some —1 < p < 1, where
p is the correlation coefficient between ! and W72. In this model the price of
the option depends upon two random variables which are the underlying asset
and the volatility function respectively. At time t the risk-neutral price of a

call expiring at time ¢ < T in this stochastic volatility model is [14]
ups = E [e 7T (Sp — K)Y[Sy] . (3.3.3)

This problem shows that the function ugg satisfies the partial differential equa-

tion
du ou ou 1, , 0%u Pu 1 ,0%u
(3.3.4)

The function upg also satisfies the boundary conditions

uw(S, X, T)=(S—K)" foral S >0, X >0, (3.3.5)

w(0,X,t)=0 forall0<¢t<T, X >0, (3.3.6)

u(S, X, t) = (S —e"TVE) forall0<t<T,S >0, (3.3.7)
(S, X, t)

blim u(S, X,t) =S5 forall0<t<T,S>0. (3.3.9)

Since W} and W7 are two-dimensional Brownian motions, we can derive the
partial differential equation of a European call option. For this purpose one
needs to specify the market price of volatility risk,® A(S, X, t).

Partial Differential Equation Approach

We start by constructing a portfolio, 7, consisting of

e 1 option with value u(S, X, t)

3The market price of risk is associated with the Girsanov transformation of the underlying

probability measure leading to a particular martingale measure [25].
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e —A shares
e —/A; of another option with value (S, X, t).

Then we have m = u — AS — Aju; and the corresponding change in the value

of this portfolio is given by
dr = du — AdS — Ayduy. (3.3.10)

By Ito’s lemma we get

ou ou ou
du Edt + %ds + a—XdX

T (a? (dS)? + Ou Z_(dX)?+ Ou (dS)(dX)). (3.3.11)

052 0X? 050X

In this case

(dS)? = o*(X)S%dt (3.3.12)
(dX)? = b3dt (3.3.13)
(dS)(dX) = (X )abSdt (3.3.14)
and hence (3.3.11) becomes
Ju ou 1
du= 2 dt + oo 1S + o(X)SdW;}|

ou
tox {adt +b (de} +4/1— deWEﬂ

+; [ (X )Szg; + b2§;g2 - 20—(X)absagz;(] dt
- Bﬁ: +“S§g a;; + 10 2(X )522252 +o(X )absag;X + 21?5; dt
[ (X )525 ban] AW} + b1 — p2dW?,
We can obtain a similar expression for ¢g;. Therefore
dr = du — AdS — A dul

+ l (X )SgS bpaa;é] dW} +b\/1 — p2dW? — ApSdt — Ao(X)dW}
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—A, laautl + usifg + a?;;(l + ;OQ(X)SZO;;; + a(X)abS;;g;( + ;bQ gi?;} dt
~A [U(X)S‘?;} + bpg;ﬂ AW} — Ayby/1— p2d W7

= [gj + ,uSgZ, + aggé + ;UQ(X)SQZZZ + a(X)abSagqu + ;bzg;é] dt
“A, [88“; + MS(Z:;I + a?;; + ;JQ(X)SQ %2;21 +o(X)abS 88;;;( + ;zﬁ g}‘;] dt
—ApSdt + [SZ —A— A{?ﬂ o(X)SdW} + [g;‘( — Alg;‘;] bpdW}

3u 8u1 9 2
+ [&){_Al&)(} b\/l—p th

To eliminate randomness the terms in dW}! and dW}? must be zero, i.e.

ou ouq
355 A — A1% =0, (3.3.15)
which implies that
At p0u (3.3.16)
—aS Tlas’ e
and
ou aul
— - A—=0. 3.1
ox ~ Sox =0 (8:3.17)
Also note that
ou ouy
Hence
ar= |20 2 L0y o (xyans T 1Oy,
ot 0X 2 052 050X 2 0X?
aul 8u1 1 2 282’&1 82’&1 1 282’&1
—A; | — — 4+ —0“(X X -
1 [at +a8X +20 (X)S 552 +o( )abSasaX —|—26 e dt

contains no stochastic term and is now risk-free. So

dm = rodt

=r(u—AS — Ajuy)dt.

Note that we have used arbitrage arguments to set the return on the portfolio

equal to the risk-free rate. Thus
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u ou 1 0%u Pu 1, 0%
—rAS —rAu = | — +a=— + = i —p2
T = TAS — i [875 +agy + 0 08 5 +o(XNabS 5o+ 5 0X2]
8u1 aul 1 2 282'&1 82'&1 28 Ul
—Ay | — —o’(X - :
l@t Tagx T3 X)Fgg ToX)abSaes Tl o
(3.3.19)
Furthermore from (3.3.18)
ou ouy
rAS = T[@S AlaS] S
(9 8U1
= TSaS AlTSﬁ
Hence equation (3.3.19) becomes
ou ou ou 1 o 0%u 0*u o 0%u
l@t +TS$ aa—X—Ff %(X)S @—i—a( )abSasaX ib oz U
8u1 8u1 8u1 1 2 28 u1 8 Ul 28 Ul
= —A —_— —_— —_— .
1[&5 TS5 tigx T o7 NS Gg FoMabSaeay ot oxe
Using (3.3.17) we have
ou
A = % (3.3.20)
X
Hence
au—}—rSa— aa—u—f—la( )SZi+ (X)abS Ou - 6282 —
ot 705 T ax 052 T g5ox T ax2 T
[
0X
8u1 8u1 (9u1 1 2 28 'Lbl 8271,1 28 Uuq
[(% TS5 tagx T o7 NS Gg FoMabSaaay ot oxe
- Ow
0X
This implies that
ou 8u ou ou 1 28
AMSXa% = S%*‘La?** (X5 g
0*u 5 0%u
To(X)abSFeax 2b ax2
Ju
=bI'(S, X, t)E)X
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where

=
I'(S, X,t) = A(S, X, t)\/1—p? . 3.3.21
( Y Y ) ( ? Y ) p +pU(X> ( )
Expression (3.3.21) is a linear combination of the market price of risk and the
market price of volatility, b is the volatility from the stochastic process of X

and A(S, X, t) is the market price of volatility risk. Therefore

ou Ou ou 1, , 0%u Pu 1,0
(3.3.22)

Note that, if W' and W2 are uncorrelated, i.e. p = 0, in this case I'(S, X, t) =

A(S, X, t) and the price of the option satisfies the partial differential equation

ou ou ou 1 0%u 0%u 1., 0%

T s -2 L 22 (x)2 LY L (X Ll

at—l—rSas—ir(a b )8X+20( )S 8SQ+O( )ab5858X+2b e ru
(3.3.23)

as in (3.3.4). It is not easy to solve equation (3.3.23) and often the only

alternative is to use numerical techniques to approximate solutions.

3.4 Mean-Reverting Models

Several approaches to model the behaviour of the variation of volatility have
been proposed in the literature. Many of the stochastic volatility models under
investigation use a mean-reverting process. Various stochastic volatility models
are obtained by making different choices of the dynamics for the stochastic
volatility process, X;. Suppose an asset price, S, follows a stochastic differential
process

dS = pSdt + o(X;)Sdw}. (3.4.1)

Now for the model to be mean reverting X; must satisfy a stochastic differential

equation of the form
dX, = a(b— X,)dt + adW?, (3.4.2)

where b is called the long-run mean level of X; and a is the rate of mean-
reversion. This model is called a mean-reverting model because b — X; goes to

b as X; wanders away, a measures the speed.
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Specifications of stochastic volatility proposed by other authors include the

following stochastic differential equations [64]:

dX; = a(b — X;)dt + aX;dW}? (3.4.3)
dX; = aX;dt + adW} (3.4.4)

dX; = X; 1 (b — aX})dt + adW? and (3.4.5)
dX; = a(b— X})dt + aX,dW?. (3.4.6)

We note that, whilst it is not possible to deal in detail with each of the stochas-
tic volatility models mentioned above, we look briefly at a few more popular

mean-reverting models.

3.4.1 Ornstein-Uhlenbeck (OU) Model

The Ornestein-Uhlenbeck model satisfies the following stochastic differential
equation,

dX; = a(b— X;)dt + adW}? (3.4.7)

where a is a positive constant. The Brownian motion W7 is given by

dW?2 = pW} + /1 — p2dW} (3.4.8)

where W} is also a Brownian motion independent of W}'. The stochastic dif-

ferential equation (3.4.7) can be solved explicity by considering

d[e™ (X, — b)] = e [dX, + a( X, — b)dt]
= ae™dW}?

so that

t
(X, — b) — (Xo—b) = / Qe dW2. (3.4.9)
0

Thus

t
Xi=1—-e™b+e "Xy + e_“t/ e dW?
0

/\ 2at __ 1
=(1—e™b+e "Xy +e "W (e 5 ))
a
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for some Brownian motion W. In this model X, is normally distributed with

mean b and variance o?/2a.

3.4.2 Cox-Ingersoll-Ross (CIR) Model

In the CIR model a stock S; and volatility o, respectively, satisfy the following
differential equations

dSt = /LStdt -+ O'tStthl (3410)
and
dv, = (a + bu))dt + c/or (pdwg +/1- p2th3) , (3.4.11)

where v; is the variance, a,b and ¢ are constants and dW,' and dW} are inde-
pendent Brownian motions. In the CIR model v; has a chi-squared distribution

with the mean given by

E(vvg = y) = —% + (y + Z) e (3.4.12)
and the variance by
ac? 2 a\ . aN _op
Var(vvg =y) = 0 (y + b) e+ 0 <y + %) e . (3.4.13)

Using the above equations we can find the limiting distribution of v; which is

a gamma distribution with the mean of —a/b and the variance ac?/20°.

3.4.3 Wiggins Model
Wiggins (1987) [92] proposed the stochastic differential equation

dS; = uSydt + o(X;)dW}, (3.4.14)
where the volatility X; satisfies

dX; = aX;dt + a X dW}? (3.4.15)

with W}! and W? being the correlated Brownian motions. With this model as
basis Wiggins [92] derived a statistical estimator for volatility-process parame-
ters using a Monte Carlo approach. He showed that the Black-Scholes equation

overprices out-of-the-money calls in relation to in-the-money calls.

o4



3.4.4 Hull and White Model

Hull and White [53] proposed the following stochastic volatility model
dS; = uSidt + o(X;) Sy dW} (3.4.16)
with the volatility X, satisfying
dX; = a(Xy, t)dt + b( Xy, t)dW?, (3.4.17)

where dWW' and dWW? are independent Brownian motions. In their studies Hull
and White [53] analysed this model for the cases p = 0 and p # 0. Based
upon their analysis, they concluded that Black-Scholes formula overprices the

options and that the maturity time affects the degree of overpricing.

3.4.5 Heston’s Model

In the Heston [47] model the asset-price return process is modelled as
dS; = pSidt + /v S dW} (3.4.18)
with the variance v; satisfying
dvy = ag(ve — vy)dt + n\/U_tthZ, (3.4.19)

where dW!dW? = pdt. Using his model Heston [47] developed a new technique,
based upon characteristic functions, to derive a closed-form solution for the

price of a European call option on an asset.

3.5 Biases of the Stochastic Volatility Models

Although the Heston model gives a closed-form solution for an option price on
a stock price following the stochastic volatility process, the solution requires
evaluation of a difficult integral expression. Luckily, the Hull and White [54]

model provides an accurate approximation using a Taylor series expansion
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around a constant volatility. Adding this idea into the Black-Scholes call price
gives the Hull-White stochastic volatility model which may be used to correct

the Black-Scholes formula.
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Chapter 4

Bond Pricing and Interest Rate
Models

Most investors are risk averse and the risk is linked to the interest rate. Bonds
offer investors an excellent means of managing the overall portfolio risk. How-
ever, bond-pricing formulae cannot identify risk payoff because bond prices are
mainly determined by changes in interest rates.

The two more popular one-factor interest rate models are the Vasicek and
Cox-Ingersoll-Ross (CIR) models. Their popularity is due to their tractability
and their flexibility, i.e., they lead to analytic solutions of the bond-pricing
equation. These solutions are useful in providing models for the term structure
of the interest rate.

In their original paper Cox, Ingersoll and Ross [23] aimed to have a rela-
tionship between the term structure of interest rates and the yield on riskless
securities that differ only in their time to maturity. The exploitation of the
term structure gives extra information to predict the effect on the yield curve!.

In their analysis Chan et al [16] found that many of the well-known interest

LA yield curve is a graph in which interest rates are plotted against term to maturity for
bonds of the same quality. Once the figures are plotted, financial analysts study the graph
carefully because it contains an information (on investor’s expectations) about the future

trends of the interest rate.

o7



rate models perform poorly in their ability to summarize the actual behaviour
of the short rate because of their constraints on the term structure volatility.
Fong and Vasicek [31] in their model treated a volatility of the short-term rate
as a stochastic variable which better describes the term structure of interest
rates. All short rate models are theoretically constructed and not based upon
the observable rate.

In their model Longstaff and Schwartz [63] examined the effect of stochastic
interest rates. The Longstaff-Schwartz model is a well-known two-factor model
which is flexible in achieving good calibration to a variety of term structures.
Interest rate models such as those of Hull and White [52] and Ho and Lee
[48] incorporate time-dependent parameters. This has the added advantage of
allowing a yield curve to be fitted.

In this Chapter we firstly derive the bond-price formula under the assump-
tion that the interest rate is constant. We then present some well-known

interest-rate models and use these models for bond pricing.

4.1 Omne-Factor Bond-Pricing Equation

In this Section we derive the bond-price equation using the arbitrage pricing
approach. The method of applying the riskless hedging principle is similar but
slightly different from that used in Chapter 1 Section (1.3).

Let V(t,T) be the price at a time ¢ of a zero coupon bond paying 1 at a
later time T, i.e. V(T,T) = 1, and let the spot rate, r;, follow the stochastic
differential equation

dr = p(r, t)dt + o(r, t)dW, (4.1.1)

where W is a standard Brownian motion. By Ito’s Lemma we have

1 , O*V ov

= a(r,t) dt + b(r t)dW (4.1.2)
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where in this case

= T TR o
ov
d b(rt)=o0—. 4.1.3
an (r,t) e ( )
Consider a portfolio given by
T=V — AV, (4.1.4)

where Vi = V(r,T}) is a bond with maturity date 77, Vo = V(r,T3) is a bond
with maturity date T, and A is a constant to be determined. Differentiating

(4.1.4) with respect to V' we obtain
dr = dVi — AdVs, (4.1.5)

Substituting for dV; and dV; into (4.1.5), where dV; and dV; are defined as

follows:

d‘/l = aldt + bldW
d‘/g = agdt + bngV,

we obtain

dm = (a1 — Aag)dt + (b1 - Abg)dW (416)
To eliminate uncertainty we take A so that A = b;/by. This means that

dmr = (CLl — ACLQ)dt

= rudt,

where we have used arbitrage arguments to set the return on the portfolio equal

to the risk-free rate. Hence

rm = a1 — ﬁ(1
™= a1 bg 29
r(Vi— Vs ) =a — ﬁaa
b by
ap—rVi ag—1rVs
— _ 4.1.7
bl 5 (4.1.7)

29



The left side of (4.1.7) is a function of 77 and the right side is a function of
T5. So both sides are independent of T} and T5. Dropping the subscripts we

obtain

a—rV_
; —

where ) is called the market price of risk?. We can rewrite (4.1.8) as

A, (4.1.8)

a=1rV+\b (4.1.9)
so that
oV 9V 1,0V oV
E+ME+§U W—TV%‘)\O’E
oV 1 ,0°V oV
R I il (4110)

This is called a Black-Scholes partial differential equation for the pricing of a
bond option. In the case of a Black-Scholes equation i and ¢ are assumed to
be constant whereas in (4.1.10) these are functions of  and ¢. This means that
the different cases give rise to different solutions which depend upon the choice

of r; as well as initial conditions.

Market Price of Risk

Once u and o are computed, the market price of risk, A(r, t), can be estimated

using the following relation

O lulr.t) — olr. DA 1), (4.1.11)
where OR/JT is the slope of the yield curve at the origin. The yield to maturity
R(t,T) is defined by R(t,T) = —InV'(¢t,T)/(T — t), which gives the internal
rate of return at the time ¢ on the bond. The yield curve is the plot of R(¢,T)
against 7" and the dependence of the yield curve on the time to maturity (7'—t)

is called the term structure of interest rates.

2The market price of risk refers to the expected standardised excess rate of return above

the risk-free rate from a specific zero-coupon bond.
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4.1.1 A Solution to the Black-Scholes Equation

If we specify the values of u, o and A, we are able to solve (4.1.10) for certain

cases. Consider

V1L,V AV
— 4 -0 —— — = 4.1.12
o "2% o T =Y (4.1.12)

so that w = p — Ao is an unknown and is assumed to be constant. We assume

a solution of the form

V =exp[A(t,T)r + B(t,T)] (4.1.13)
where af)‘t/ = (Ar+ BV, ?; = AV, 8;:2/ = A?V. Substitution of them into
equation (4.1.12) gives

A'r + B + ;UZAQ +wA =r. (4.1.14)
If A”=1in (4.1.14), we obtain

B + ;0‘2142 +wA = 0. (4.1.15)

A direct integration of A’ =1 and (4.1.15) with respect ¢ gives
A=t-T

1 1
and B = —§w(t ~T)* - 602(75 —T)3

1 1
= —§w72 + 6027'3

respectively. Therefore

1 1
V =exp|—Tr — inQ + 60273 (4.1.16)

which is a solution of (4.1.12) when p and o are considered to be constants.

4.1.2 Representation of the Bond-Pricing Solution in
Stochastic Integral

The solution of the bond price (4.1.12) can be formally represented in an inte-

gral form in terms of the underlying process, namely,

T 1 /7
V(t,T) = Eyexp <—/t rpdn — §/t 0 (Tn,n)dn—/t

T@(Tn,n)de> (4.1.17)
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We define the auxiliary function

¢ 1 ¢ ¢
D(t,¢) = exp <—/ rpdn — 5/ 92(rn,n)dn —/ Q(Tn,n)de> (4.1.18)
t t t
and apply Itd’s differential rule to compute V' (r,t; () D(r,t; (). This gives

d(VD) = DAV + VdD + dVdD
ov v 1 2821/)

oV 1
- A L - ~ o D ~ D - — = 2)
( C—l—u 7"+20 2 d¢ + Do dW +V ( r 29 d¢

or
1
—VDOAW + 502\/Ddg — DQJ%VdC
T

ov ov. 1 ,0°V oV
=D — — T —- VD Do—
(ag = 00) 5+ 50" rV) d¢ — VDOAW + Do —dW
19)%

Next we integrate (4.1.19) from ¢ to T" and take the expectations. This gives
E,V(T, T)D(T,T) — V(t,T)D(t,t)] = 0. (4.1.20)
Since V(T,T) = 1 and D(¢,t) = 1, we obtain
V(t,T)=E(V(t,T)) (4.1.21)

and thus V (¢,7T) is a martingale.
In the next section we explore the solution of the one-factor bond-pricing

equation with different assumptions of the stochastic process for r;.

4.2 One-Factor Interest-Rate Models

One-factor interest-rate models are a popular class of interest-rate model that
play a prominent role in the pricing of interest-rate derivatives. Many of these

models can be nested within the stochastic process represented by
dry = a(b — ry)dt + ar®dW;, (4.2.1)

where p is the drift, o is the diffusion term of the interest-rate process and

W is a Brownian motion, a, b, 6 and « are constants. Such models include
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those of Vasicek [91] (6 = 0), CIR [23] (§ = 1) and Brennan and Schwartz [12]

(0 =1). To obtain a solution of equation (4.2.1) we take the expectation

U, = E(ry)

=79+ /Ot a(b—U,)dv. (4.2.2)
Differentiating equation (4.2.2) with respect to ¢t we obtain
U, = ab — aVl,. (4.2.3)
Therefore the solution of equation (4.2.2) is given by

\I]t = b + (\Ijo — b)efat. (424)

Vasicek Model

The Vasicek model is a type of one-factor model that explain the movements of
an interest rate when it is only driven by the market risk. Vasicek model was
introduced by Oldrich Vasicek in 1977 [91]. It was the first economic model to
capture the mean reversion.

The model for the interest rate, r;, in the Vasicek format follows the stochas-

tic differential equation
dry = a(b— ry)dt + odW,, (4.2.5)

where a, b and o are positive constants. In this case p(r,t) = a(b — r) and

o(r,t) = 0. The solution of the model is, for each v <,

¢
e = rpe T L b1 — e ) 4 O'/ e~ = qw, (4.2.6)

v

Here the interest rates, r;, are normally distributed with the expectation
E(r|Sy) = rpe” ) 4 b1 — e72(Y)] (4.2.7)

and the variance
2

Var(rSy,) = g—a {1 - 6_2““_”)} . (4.2.8)
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As t — oo, the limit of mean rate and variance, as long as a > 0, converge
to b and 02 /2a, respectively.
For the Vasicek model the partial differential equation for bond equation

(5.1.15) takes the form

oV 1 ,0*V ov
i —r)— — = 0. 4.2.
5 t50 52 +a(b—r) 5 rV =0 (4.2.9)

Suppose we assume the solution to be of the form [83, 86]
V(t;T) = A(t, T)e B¢, (4.2.10)

where V(¢,T) is the price at some time ¢ of a zero coupon bond maturing
at time, T, r is the short-term rate of interest at time, ¢, and A and B are

functions of only ¢ and T". Then

A, T) = exp | BED =T Zf)(a% —/2) JQBI;’ i (4.2.11)

and

1 — 07
B(#t,T)=—° . (4.2.12)
a

One of the main features of a Vasicek model is that all bond prices are
related to the same factor, the instantaneous interest rate. Thus all bond-price
movements are derived from movements of the same factor. This implies that
all bond prices are perfectly correlated. The main drawback of a Vasicek model
is that it allows the interest rate to become negative.

Cox-Ingersoll-Ross Model

To rectify the drawbacks of the Vasicek model, Cox, Ingersoll and Ross (1985)

[23] proposed an alternative model for the interest rate as follows
drt = a(b - ’I"t)dt -+ U\/Ftth, (4213)
where a, b and o are positive constants. The expected value is given by

E(rS,) = rye ) 4 p[1 — e7altV)] (4.2.14)
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and the variance is

2 bo?
Var(nl®,) = r, Zofe 07 — 0] 4 20— IR (4.215)
a a

To prove (4.2.14) and (4.2.15) we take the integral of the stochastic differential
of the model (4.2.13) V v <t,

t t
Ty =1, + a/ (b —ry)dw + a/ VTwdW,y,. (4.2.16)
By itos lemma we have
t t t
ri =12+ 2a/ (b — ry)dw + 20/ r3 dW,, + 02/ Twdw
¢
=12+ (2ab + 02)/ Twdw — 2a/

v v

"2 dw + 20 /vt 3 dW,. (4.2.17)
In terms of its initial condition we can rewrite equation (4.2.16) as
t t
re =10+ a/o (b —71y)dw + 0/0 VTwdWy. (4.2.18)
Then the unconditional mean is
E9(r) =ro+a (bt — /Ot EQ(rw)dw> : (4.2.19)
Solving equation (4.2.19) we get the expected value
E°(r,) = b+ (ro — b)e™. (4.2.20)
Rearranging (4.2.20) we obtain
E9(r|S,) = rpe ) 4 p[1 — e7alt7Y)), (4.2.21)

Since the variance Var(r;) = E9(r?) + [E9(r;)]?, on reorganizing equation

(4.2.20) we obtain
t t
EQ(r2) = 12 + (2ab + 0?) / EQ(r2)dw — 2a / EQ(2)dw.  (4.2.22)
0 v

Substituting (4.2.20) into (4.2.22) and using the second moment, we obtain the

variance as follows:

Var(r,) = %[1 — e gu — M. (4.2.23)
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Rearranging equation (4.2.23) we obtain

o’ —a(t—v) —2a(t—v) bo —a(t—v)12
Var(rSe) = ru—le —e J+ 5 [1—e 2. (4.2.24)
a a

In the CIR model the partial differential equation for the bond equation
(5.1.15) is given by

ov. 1, 0%V ov B
e + 30 "5 +a(b— 7’)5 —rV =0. (4.2.25)

Using the same assumption, (4.2.10), we obtain

B 2y exp(y + a)T/2 (2ab)/o?
AT = G aenbn -1+ 2 (4:2.26)
and
B(t,T) = 2Aexp(y7) = ) (4.2.27)

(v +a)(exp(y7) = 1) + 2’

where v = va? + 202,

Hull and White Model

According to the Hull and White [52] model the bonds and European options
can be valued analytically in terms of the initial term structure and the value

of r at time ¢. The Hull-White stochastic differential equation is given by
d’r’t = a(@t — T’)dt + O'th, (4228)
where a and ¢ are constants. The function 6 is given by

= afgi’ D a0+ g;(l — ), (4.2.29)

where f(0,t) = —91In(V(0,t))/0t is the forward rate® that applies to time t as

observed at time zero. Assuming

V(t;T) = A(t, T)e "BET) (4.2.30)

3Forward rates are interest rates that can be locked in today for an investment in a future

time period and their value can be derived directly from zero-coupon bond prices
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we determine the functions A and B from an initial value of the discount bond
V(0,T) as
1— e—a(T—t)

B(t.T) = ———— (4.2.31)

and

0,2

A(t,T) = exp [— /tT 0.B(s, T)ds — 2 (B(,T) = T +1) - ZB(t,T)Z] .
(4.2.32)

4.2.1 Bond-Option Models Based on One-Factor
Interest-Rate Models

The pricing models of the bond and the bond option differ only in the terminal
conditions. The payoff functions for the bond price is V(r,T/) = F, where Ty
is the maturity date of the bond, F' is the face value of the bond and the bond
option value I'(r, Tr) = max [y(I'(r, Ty/) — K), 0] with Tt being the expiration
date of the bond option. Here v is a binary variable which takes the value 1
when the option is a call and -1 when the option is a put [59].

The value of the European call option on a zero coupon bond is given by

u(r,t) =V (r,t; Ty)®(dy) — KV (r,t; Tr)®(d-), (4.2.33)
where
t; T 1
In ;{/‘; : ;)) + 500 (Tr 1)
r,t;1r
dy = - d_=d, — Tr —t. 4.2.34
- v

4.3 Vasicek Models of Stochastic Volatility

In the stochastic volatility Vasicek model the interest rate, r;, follows the Va-

sicek model with stochastic volatility, i.e.,
dr; = a(b —r,)dt + f(Y;)dW} (4.3.1)

Y, = a(m — Y,)dt + 8 (de} +J1- deWf’) , (4.3.2)
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where the stochastic volatility o; given by the positive function, f(Y;) and dW}
and dW} are independent standard Brownian motions. In this case the interest
rate and volatility are correlated. Using this model Cotton et al [18] priced
the bond options.

4.4 Two-Factor Interest-Rate Models

A major disadvantage of one-factor interest rate models is the implication that
interest rates with different maturities are perfectly correlated. This can be

avoided by introducing a second factor.

4.4.1 Vasicek Model

For the two-factor Vasicek model we let the factors Y3; and Ys; be given by the

system of stochastic differential equations

dYy = (a1 — by Yi, — bioYay)dt + o1 dWE (4.4.1)
dYay = (ag — boy Yiydt — by Yay )dt + ood Wyl (4.4.2)

and
re =Y + Y1 + 72Yar, (4.4.3)

where all parameters are strictly positive and dWth and dWQ(f are correlated
. . . bin b2 o
Brownian motions. We assume the matrix B= has positive eigen-

b21 b22

values A\; and \,.
To eliminate the overparametrisation of the two-factor Vasicek model, we

reduce the model (4.4.1) and (4.4.2) to the canonical two-factor Vasicek model

dX1 = =M Xy, dt + dWS (4.4.4)
dX9y = =My Xppdt — My Xyt + AW (4.4.5)
re = vp + 1Y + v2Yoy, (4.4.6)
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where Wy, and Wy, are independent Brownian motions. The canonical two-
factor Vasicek model has thus few parameters that can be used to calibrate the
model.

Bond Prices

The price at a time t of a zero-coupon bond according to the risk-neutral pricing

formula is given by
T
V(t,T) = Elexp(— / rodv)[S,0 <t <T. (4.4.7)
t

Because r; is a function of the factors X;; and X5 and the solution of the
system of stochastic differential equation (4.4.4) and (4.4.5) is a martingale,

there must be some function f(¢,x;, o) such that
VI(t,T) = f(t, Xuz, Xou). (4.4.8)

t
The discount factor D; = exp (— / rvdv> satisfies dD; = —r,D,dt.
0
Therefore
d[DtV(t, T)] - d{th(t, Xlt; th)]
= —1 Dy f(t, Xuy, Xog)dt + Dyd[f(t, X1y, Xot)]

—D [—rfdt + 8fdt + gflXm + af dXQ]
+D B ng dX? + agaf@ dX1dX, + ;ng dXQ]

=D [—(vo + vy + vexe) f + 88{ — Alxlgjl — )\glxlgi - )\21'253{2
+;g?;+;gi£] dt + D [gjldwl +§J;dWQ1. (4.4.9)

Setting the dt term equal to zero, we obtain the partial differential equation

of of

= = \MT

375 (9x1

af 10*f 10%*f
_|_ — —
Ory 2023 203

— (Aa171 + Aap) = (Vg + V11 + Voxa) f

(4.4.10)

with the terminal condition f(T,z,25) = 1.
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To solve this equation we assume that [83]

f(t, xIy, ZL‘Q) = exXp [—ZL‘lAl (t, T) — IQAQ(t, T) — Ag(t, T)] . (4411)
af / / / af 3f a2f 2
Then — = [2;A AL+ A — = -A — =-A — =A
en ot [1'1 1 + T2 2 + 3]f7 axl lfa (9332 2f7 8(E% 1f7
OF A5 f and O _ A1 Ay f. Thus equation (4.4.10) becomes
81’% -2 8x18x2 TR d o

1 1
(A7 + A1+ Ao Ay — v1)zr + (Ay + Aoy — va)as + (A3 + 514% T §A§ —w)| f=0.

(4.4.12)
This gives us a system of three ordinary differential equations:
All = —/\1141 — )\21142 + v (4413)
A/Q = —>\2A2 + U9 (4414)
1 1
Al = —§A§ — §A§ + vg. (4.4.15)

To solve equation (4.4.14) we multiply both sides by an integrating factor e*2”

to get
T AL+ Xpe?T Ay = M, (4.4.16)
d
The left hand side can be written as e (e’\QTAQ) so that
T
4 (e’\QTAg) = eMTyy. (4.4.17)
dr

Integrating both sides of equation (4.4.17) gives

T Ay = 2ot 4 g (4.4.18)
A2
Therefore
Ay = g7 (K%AQT + k) . (4.4.19)
2

Using the initial condition A5(0) = 0 gives

Ay(t,T) = Z (1—e). (4.4.20)
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Substituting equation (4.4.20) into equation (4.4.13) yield

d
(M A = N (A + A))
— M7 (—)\21142 + Ul)
_ 6)\17 (_)\2;1}2(1 — 6_)‘27—) —+ Ul) . (4421)
2

If Ay = Ay, integrating from 0 to 7 gives

1 A A
AL, T) = — <U1 . 21U2> (1—e ™)+ 222 0-x (4.4.22)

/\1 /\1 )\1
If )\1 7é )\2 then

1 A21U2 A21U2

A, T) = " <U1 N ) (1—e™)+ m(ew —e ™). (4.4.23)

Finally equation (4.4.15) and the initial condition A3(0) = 0 gives

T 1 1
Ay = [ |-5480) = 543(0) + vo v (+:424)

4.4.2 Longstaff and Schwartz

For the two-factor Longstaff and Schwartz model we let the factors Y;; and Yo,

be given by the system of stochastic differential equations

dYye = ay(by — Yi)dt + /Y1, dWY, (4.4.25)
dYs = ag(by — Yy )dt + 1/ Yord W (4.4.26)

and
Ty = b1Y1 + baYoy (4.4.27)

where all parameters have nonnegative values and Wy; and W, are independent

Brownian motions. If we further let
61}/175 = Xlt and b2Yit = XQt, (4428)
the equation (4.4.27) becomes

re = X + Xog. (4.4.29)

71



Equations (4.4.25) and (4.4.26) can now be written as

dX1 = ay(bypn — Xup)dt + \/@dwff (4.4.30)
dXor = az(baopiz — Xop)dt + \/@de (4.4.31)

Since X; and X, describe one-factor CIR process, the Longstaff-Schwartz
model can be interpreted as a two-factor CIR model. Via the change of variable
it can be expressed as a stochastic volatility model. By setting v; = b?Y1;+b3Y5;,

where vdt is the variance of r;, we may rewrite (4.4.27) as

dry = 01Y1: + Do Yo,
— anby (1 — Yag)dt + biy/Yid WG

—|-CL2b2(,LLQ — }/Qt)dt + bz\/?%dwg

(a1b2 — agbl)rt + (CLQ — al)vt dt
by — by

= (albl,ul + agbopiy —

b1(b27’t - Ut)

dWe. 4.4.32

dWE +

4.5 Multifactor Interest Rate Models

Several multifactor interest-rate models have been proposed in the literature to
rectify the shortcomings of one-factor and two-factor models. For example, a
one-factor interest-rate model such as the Vasicek model does not have a large
range of shapes and provides a poor fit to some initial yield curves. Multifactor
interest rate models, however, offer large flexibility due to a larger number of
parameters.

In most cases to solve multifactor interest-rate models one has to resort to
numerical evaluation of solutions of coupled ordinary differential equations or

of an integral for the valuation of bond prices.
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Chapter 5

Symmetry Analysis of
Black-Scholes Equation

The concept of the symmetry of a differential equations was introduced by
Norwegian Sophus Lie [62] in 1870. Inter alia Lie used group theoretical meth-
ods to provide a classification of all ordinary differential equations of arbitrary
order in terms of their symmetry groups. Lie groups have had a profound
impact on all areas of mathematics, physics, engineering, biology, chemistry,
economics and finance.

The fundamentals of Lie’s theory are based upon the invariance of differ-
ential equations under transformation groups of independent and dependent
variables. Once the symmetry group of a system of equations is obtained,
it can be used to classify, simplify and to transform solutions to other solu-
tions. The construction of these particular solutions reduces the number of
independent variables in the equation. For example, invariance with respect to
a one-parameter group reduces the number of variables by one. This idea can
be further extended for two or more parameters.

The application of the Lie group method has been developed by a number
of mathematicians. Among the well-known researchers are Gazizov and Ibrag-
imov [39], who applied the Lie group methods to economics and finance by

computing all the symmetries of the Black-Scholes equation. Ovsiannikov [73]
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developed a systematic program of applying the Lie group methods to a wide
range of physically important problems.

In this Chapter we firstly look at some basic symmetry properties of a group
and then use a Lie group transformation to obtain the closed-form solution of
Black-Scholes equation. We further extend the discussion of group-theoretic

methods to partial differential equations.

5.1 Lie Groups

In this Section we define the general properties of a group and then extend
these group properties to that of Lie groups. Each Lie group is connected to
a Lie algebra and the notion of a vector field is closely related to that of a Lie

algebra.

5.1.1 The Lie Analysis

A group can be defined as the a set of elements G with the law of composition
¢ between the elements satisfying the closure, associative, identity and inverse
properties. The product of the two elements = and y of a Lie algebra [z, y] =
xy — yx, where [z, y] denotes their Lie Bracket. A Lie algebra is a vector space
equipped with bilinear map property, i.e., [z,y] = —[y,z], and furthermore
it also satisfies the Jacobi identity, i.e., [z, [y, 2]] + [y, [z, 2] + [z, [z,9]] = 0 V
vectors x,y, z in the Lie algebra. The Abelian group is a group G that satisfies
o(x,y) = ¢(y,z) V elements = and y in G. The Lie algebra is called Abelian if
[z,y] =0V x,y in the Lie algebra.

Infinitestimal Transformations

The differential operator G which is given by
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is a symmetry of the function f(z,y) if Gf = 0, that is,

0 0
o)+ na)s =0

The associated Lagrange’s system is

dx dy

E(x,y)  n(x,y)

We use (5.1.3) to determine the functions & and 7.

(5.1.2)

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

Example 1
Consider
G = —y0, + x0,
Then (5.1.4) becomes
of  of
—y= — =0
Yor T dy
The characteristic is found from the solution of the associated Lagrange’s sys-
tem
dv _dy _ df
-y 0
Consider
dv _dy
This implies that
0 = xdx + ydy
=d(2* + ).

(5.1.8)

The solution of (5.1.8) is any function of the form f(z? + y?) that possesses

(5.1.4) as a symmetry. In general we have from (5.1.3)

§x—ny=0

from which we obtain
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This means that for any n we can determine the required £&. The concept is
extended easily to any number of variables.

Now suppose that x is the independent variable and y is the dependent
variable. We can then determine the first extension of G in order to find the
second extension and then apply it to the Black-Scholes equation. Under the

infinitesimal transformation

T=z+e(z,y)  J=y+en(ry)
the first derivative transforms according to

dy _ d(y +en)
Az d(z + €€)
dy ~ dn
:mfg
1 _>

-+ de

dy (dy _dyde
 dx ¢ dr dxdx

=y +e(n —y'¢). (5.1.11)
The corresponding generator is
G = €0, + 10, + (' — y'€)dy (5.1.12)

and is called the first extension of G. Similarly the second derivative is trans-
formed as
@_ //+(// 2/// ! 5113
o =Y e =2y —y'E) (5.1.13)

and the second extensions of G is
G =0, +n0y+ (f =€)y + (" — 24" — /"0, (5.1.14)

In the case of a function, f(z,y,7,y”,...y™), the infinitesimal transformation

is generated by GI" [69], where
G =G+ =3 |y o, (5.1.15)
i=1 =1\ J

is the nth extension of G, so that the symmetry condition GI™ f = 0 is satisfied.
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5.2 Calculation of Infinitesimal Symmetries

In this Section we extend the discussion of group-theoretic methods to partial

differential equations. Consider the PDE of the second order [39],

0
7’LL - J(t,m,u,u(l),u(g)) = 0, (5.2.1)
ot
. . . . : ou
where u is a function of independent variables ¢t and x = 2*, ugq) = 9y and
:I;Z
92
U@y = 8.78“]., 1=1,.....n, 7 =1,.....,n, are the first-order and second-order
r'ox

partial derivatives, respectively.

The invertible transformations of the variables, ¢, x and u, are
t=f(t,r,u,a), T =g'(t,z,u,a), u=k(t,r,ua), i=1,..,n, (52.2)

depending upon a continuous parameter a and are said to be symmetry trans-
formation of (5.2.1) if (5.2.1) has the same form in the new variables ¢, T and w.
The set G contains the identity transformation ¢ = ¢, =° = 2, u = u, the
inverse to any transformation from G and the composition of any two trans-
formations from G. From Lie theory the construction of the symmetry group

G is equivalent to determination of its infinitesimal transformations:
tt+af(t,z,u), T~z +afi(t,z,u), T~u+an(t,z,u). (5.2.3)
An operator admitted by (5.2.1) is given by

X = Ot wu) 2 4 €t v u) 2+ (t, 2, 0) 2

o o o (5.2.4)

The group transformations, (5.2.2), corresponding to the infinitesimal trans-

formations with (5.2.4) are found by solving the Lie equations

dt 0/ — — dz i du -
% _f (t,l’,U), % _é (t,CL’,U), % —77(757%“) (525)
with the initial conditions
ﬂa:() = t, Ti|a:0 - l‘i, u a=0 — U. (526)
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By definition the transformations, (5.2.2), form a symmetry group G of (5.2.1)

if the function w = u(¢, ) satisfies the equation

ou -

71} — J(t,7,u, ﬂ(l),ﬂ(g)) =0 (5.2.7)
ot

whenever the function u = u(t, z) satisfies (5.2.1). The infinitesimal transfor-

mation of this new change of variable is written as

Ju _ Ou ou _ Ou

FTArT: + aozo(t,x,u,Ut,U(l)), a7 o + aai(t,x,u,ut,u(l)),

0*u 0*u

g ~ i + @y (T, o, u, U, Uy, Ugm, U2)), (5.2.8)

where the functions ap,a; and «;; are obtained by differentiation of £° &t n

and are given by the prolongation formulas:

0 0 ; 0 0 :
a0 = Dy(n) = ZrDUE) = ZDi(ED), @ = Dily) = FDiE") = 2 Di(Ed),
32 82
a5 = Dj(oy) — 8:&5’” D;(§™) — 8t; D;(&9). (5.2.9)

Here D, and D; represents total differentiation with respect to t and z, re-

spectively, i.e.

D _Q+@Q+@g+ .....
ot T otot | o2 ot ’

0 ou 0 0’u 0O

Di=o5itoriar T aonion

TR . (5.2.10)

Substitution of (5.2.3) and (5.2.8) into the LHS of (5.2.7) gives:

ou _ ou
G J(E,7, 0,0y, U) = 9 Stz u,u), ue)
aJ oJ  aJ  aJ ., dJ,

Therefore the determining equation of (5.2.7) gives

8y 9] _9J _9J
Oy i K Oy ‘i 8un ox?

, 81] 0
— - = =0. 5.2.12
S0 3 atf ( )
Equation (5.2.12) can be written as

0
X (8?: — J(t, T, U, U1y, U(Q))> =0, (5.2.13)
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where X denotes the prolongation of the operator (5.2.7) to the first-order and

second-order derivatives

o ) ) ) ) )
X = €0t 2, u) 2 4 €1t 2, 0)— + )t 2, 1) + G — s v
St u)g + &G u)gs dnlt e u) g+ g - =g — = Sig,~
(5.2.14)

The determining equation (5.2.14) is a linear homogeneous PDE of the second-
order for the unknown functions, £°(¢, z,u), £ (t, z,u) and n(t, z,u), of the in-
dependent variables ¢, x and u.

Example 2

We consider the classical Black-Scholes case

T Frr— = ru. (5.2.15)
x x

Let
0 0 0
X=¢ — + £ — —. 2.1
Ot )y +E () Fntm g (5:216)
Then the second prolongation of X is
os 0 ds 0 9% 0
xPlo x> = 2.1
+ Ot Ouy + 0x Ou, + 012 OUyy (5.2.17)
which gives the invariance condition
ou 9 0? 1 g 1 2 9 (92§ .
In this case
s ou o Ou 1
ot Dy(n) — EDt(g ) — %Dt(f )
_On, udn du (00 duoe”
SOt Otou Ot \ Ot Ot Ou
ou (0 Ou o
os ou ou
— =D — —D, (&%) — —D, (&
g oudy ou (0 oude?
S Or  Oxdu Ot \ Oz  Ox Ou
ou (0" Ou o€t
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and

o’c [0S 0*u o O%u .
o —b, (ax) - T D) - D)
0*u ou 9%u ou
S VR 1y U9y 0y 9U o0
o Fuowdd puot puouoe
Otox Ox  Otdx Ox Ou  Ox%2 Ox 0220z Ou’ o

where
on  Oudn
2 _ —_r _ 7
Di(n) = Ds (895 + ox 3u>
0P Ou &P Pudn  Ou( 0*n | Oud®y
=022 9rouoe 02 ou  ox \Oudr | 0z ow?
Pn  Ou d*n  Pudn [(ou\® %
=022 200 0u0n T onzou  \ow) our (5:2.22)
Similarly
020 ou 90 00t (0u\’ 9%
2,0y _ ou guos ou
D(&%) = 0z2 + 28:B oudzr + 0x? ou + ox ) Ou? (5:2.23)
and
02" _ou ot 0Pudgt  (0u)’ 9%
20¢ly _ ou guos cu
D(&) = 0x? + 2895 oudx + 0z2 ou + oxr ) ou?’ (5:2.24)
Hence
Po ot oy Puon (o) oy oo
ox?  0x2 Ox Oudx  0x20u oxr | 0Ou? 0x? Oz

it S o _2mT TS

Y0220z 0x Oz Ox2 oudxr  Ox 0x2 Ju
B Y Y ST

ox ) Ou? otox Ox Otox Ox du Ot Oz
Oudu 92 Oudtuo®  Ou <8u> 2 92¢0

SOt o2 ou Ot \ox) our

Puduog'  oudg <8u> 2920 Ou 0u €

(5.2.25)

Ot Ox Oudxr Ot 0z Ou Ot
Substitution of (5.2.19), (5.2.20) and (5.2.25) into (5.2.18) yields

0%u ou on  Oudn OuoE° Ou\> 0% Quott  Oudu e
2 O"U 40U,y on  oudn Juog
TS Tt T o Y avou T ot o

ou Oz Ot ot Oz Ou

ot

9y  Oudn _0ude  (Ou 0 0udg  Ouduog
Or OzxOu Ox Oz or ) Ou ot Ox ot 0x Ou
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1, ., {a%wau o OPudn (au>282n L0 0% du g

T o T o ouwor T o ou \ox) owr  “9x2or  C0:201 0u

e <8u>2 ¢ <8u>3 ¢ Pu O Pudude  0ud
ox

" Oz Ox2 oxou \ox) ou? 0xot Ox  0x0tdr Ou Ot Ox2
20 2 0 2 0240
Oudu 920 Oudude®  du (?;) 85]:0, (52.26)

Ot o2 ou Ot ou?

Ox Ot Oudx Ot 0x? Ou ot

Separating (5.2.26) with respect to the derivatives of u gives us the overdeter-

mined system of PDEs:

82“@. 8750_0
otor Ox ou
a8
0x2 0z ou
Pu 8750_0
otor or
Pu 2, .¢1 2,201 2 20
au 2. 1 2 28277
ou , o¢! on o¢! 2 2 0% 1, 202"
or e ot +Tx8u Txax tow 8u8x_20x 0x? =0
ooy o
ot~ ou ot
0 0 1 0?
— —m+aiz+ma—n+f o’z 28;2]—0- (5.2.27)

Solving the above system of equations we obtain the 7 Lie-point symmetries

0
X, = go(x,t)%7 @(z,t) is a solution of the BS equation

X3 = uaau
Xy = :cai
X5 = 2t§ + (Inz + pt):caa + 2frtu§u
Xg = a%xaa + (Inx — pt)uaau
X;= 20%? gt + 20*txIn xaé;
+ [(Ina = pt)? + 207t — 0*1] “aau’ (5.2.28)
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1
where p =1r — 502.

5.2.1 Reduction of Order

If we let

X=Xo+ X35+ Xy

0 0 0
=5 + us + T (5.2.29)

then the characteristic equation is given by
B R (5.2.30)

for which u = kf(k), where k = xe'. Differentiating x and u with respect to x

and ¢, we obtain

Ok . o, 0k

o = zet, o el i 0, (5.2.31)
ou Ok /
Eza(fwef), (5.2.32)
8u ali ’
and )
82'& afi ’ "
33 = ((%) (2f +rf"). (5.2.34)

When one substitutes (5.2.31), (5.2.32), (5.2.33) and (5.2.34), equation
(5.2.15) can be reduced to

1 " /
§U2I€2f + (1 +r+ 02) kf + f=0. (5.2.35)
It is straighforward to show that the solution of equation (5.2.35) is given by
f(r) = Ax™* 4 Brm (5.2.36)

where

—(1+7“—|—%02)—\/(14—7“—!—%02)2—202
2

(5.2.37)

ny =
g
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and

—(1—|—T—|—%O’2)—|—\/(1—|—T+%0'2)2—20'2
5 :

(5.2.38)

Ng =
o

In terms of our original variables
u(z,t) = Ag™Tlemttl 4 pynatienattl (5.2.39)

where A and B are constants.

5.3 Group Invariant Solutions
Let the risk free spot rate r follow the stochastic differential equation
3 9 3/2| 2 3/2
dr = [47‘ —qr } codt + cr’’=dWs, (5.3.1)

where ¢ and ¢ are constants. In terms of (5.3.1) the partial differential equation

may be written as

_ = —V. 5.3.2
c2r3 Ot 4r or = or? 627"2 ( )

2 0V 3 oV 9*V 2
2 ( T 2)

Using Dimsym [81] of Reduce [46], we obtain the four Lie symmetries:

0 0 (c @322 — e3Pt 4+ 4r — 4cPqrt) . O
27 _ —_— —_—
Xi=t ot 2tr 81“ 2027"3/2 V@V
0 (Pt - 2)
Xo=t2 v
2= Vav LW Vav
0
X = =
T ot
0

Any linear combination of these symmetries can be used to reduce the order of
the PDE. However, [71] found the optimal system of the subalgebra equivalent

to a unique element of the set under some element of the adjoint representation:

Ad(e™) X, = Z adX

62

:Xj—E[Xi,Xj]‘i‘g

(X, [Xi, X)) — - - (5.3.4)
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Now one considers the linear combination of the symmetry generators
X = a1X1 + CLQXQ -+ &3X3 + CZ4X4. (535)

We may rescale a;(# 0) such that a; = 1. Acting on X by Ad(e’*3), with §

being the root of the quadratic equation
8% — a0 +az = 0, (5.3.6)

we obtain

X=X, +al X, +al X, (5.3.7)

Here the coefficients al and a} are given by
1 1 Looic 0
ay = as — 20, a3 = 5¢°q (6 —0)+ 2 +ay|. (5.3.8)

In order to ensure a minimal set of reductions one may construct the one-
dimensional optimal system. Therefore the one-dimensional subalgebra spanned
by X with a; # 0 is equivalent to the one spanned by X;+aX,+8Xy, o, 3 € R.
Similarly, if a; = 0, ay # 0 and setting a, = 1 and if ay = 0, a3 # 0 and setting

a3 = 1, we obtain the set of one-dimensional optimal system as

[Xl +OZX2+ﬁX4;X2 —|—OéX3;X3—|—O./X4;X4]. (539)
Example 3
Consider
X = OZX3 + XQ
9, 0 o (Ag*tr—2q). . 0
— . ti — _ .
a8t+ ot T8r+ 2,/r VaV
9 (A¢tr—2q) . 0
_ =z e —. 3.1
(t+a)8t r8r+ NG o7 (5.3.10)

The associated Lagrange’s system is given by

At dr 2/rdV

— = — = . 5.3.11
t+a —r  (Eg*tr —2q)V ( )
Choosing
dt d
= o2 (5.3.12)
t+o  —r
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=In(t+a)=—Inr+nw. (5.3.13)

Hence

w=r(t+ ). (5.3.14)

When one takes

e 2rdv (53.15)
t+a (At =29V’ a

it implies that
1 1
V= (t+a) 2 exp [—2q262at — q] f(w@). (5.3.16)

Differentiation of (5.3.16) with respect to ¢ and r gives the ODE

" 3 2 / 2
3 2 2 _
w’f + (2w + 02w> f — (aq + 02w> f=0. (5.3.17)
Thus
2 2
- {blN (z, k, 2) 4 bU (z, k, 2)} , (5.3.18)
Aw Aw
where
l_1+\/02+32 k_2c+\/02+32 __c+\/02+32
N 2c ’ N 2c ’ v 4c
(5.3.19)

and b; and by are arbitrage constants. N(d,e,.) and U(d,e,.) are Kummer
N and Kummer U special functions [1]. In terms of the original variables we

obtain the group invariant solution

1 2
V(r,t) = (t+a) 2" exp [—262q2at — q] r(t+ a)’

T
x [blN (z, k, 027“(252—1—(1)) + byU (l,l@ c%”(?fz—ka)ﬂ . (5.3.20)

5.4 Bond-Pricing and Interest-Rate Models

In this Section we present the solutions to the bond-pricing equation. We
further present the Lie point symmetries of Vasicek and Cox-Ingersoll-Ross

Models.
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5.4.1 Bond Pricing

Goard [44] assumed that the spot rate r follows the stochastic process,
dr = Arbdt + crzdW, (5.4.1)

t
where b = s (1 — T) _ 1 Then the partial differential equation may be
r

written as

20V OV OV or
W— = 4.2
Zor o Tz T g (5.4.2)

where 3 = cr®2. If one uses the symmetry with generator [44]

t\ 0 r o
X=1—-=|=+==— 5.4.3
( T) ot * Tor’ ( )
t

then (5.4.2) has an invariant solution V' = ¥(z) and z = r <1 — T)’ where ¥
needs to satisfy

22\11”—1-(204 22—2qz—2) V- 2y—o (5.4.4)

2 Tc2 c2 ' o

By using reduction of order (see example 3), we find the general solution to

T
(5.4.4) when ¢ =0 and ay = 5 %

U= [A /z exp <z - T22022> dz + B} exp(—T7%z), (5.4.5)

where A and B are arbitrary constants. Thus we may write the bond price

t
solution from V = V¥(z) and z =r (1 - T) as

V(t,T) = [A /T(lt/T) exp (T (z

Using equation (5.4.4), one may construct the yield function, giving investment

_ T%%)) dz + B] e T (5.4.6)

return as a function of a waiting time to maturity.

5.4.2 Interest-Rate Models

According to Sinkala et al [84] the Vasicek and CIR models can be connected

using a point transformation under the terminal condition T"— ¢ = 0.
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The symmetries admitted by the Vasicek equation are

0
r=2
YT o
0
'y =u—
2 u@u
20 o? 0
at s = 7
Ty =e [2a8r+( +2a2 b>u8u]

2 2
1‘\5262at [<61—0> 0 05+(02+C3T_r2)u@]

2a ) Or 2420t ou
0 0 o? 0

F — —2at I R o

6= ¢ [(04 * ar)@u ou <2a2 + T) u@u]

0

I, = t)—

7 ¢(T7 )8U7

b o?(a*b — o) o? 4a*b — 302 o? — a?b 4
where ¢y = ————M ¢y = — —¢], (3 = ———— ¢4 = ——— an

¢(r,t) is any solution of a Vasicek model.

The symmetries admitted by the CIR equation are

Xy = uaau
Xy =¢" [raau + flygt (v1 vgr)uai]
Xy=e [rgr — flygt + (v3 mﬂui]
X5 = 9(r, t)("i’
where v; = W, vy = va—l;a’ vy = W, vy = a;7 and J(r,t) is

any solution of a CIR model.
Using these symmetries one may construct an invariant solution. Any so-
lution of the Vasicek maybe transformed into a solution of the corresponding

CIR equation. These transformations may be found in Sinkala et al [85].

87



Chapter 6

Pricing the Risks of Default

Basically there are two approaches to model default/credit risk, namely, the
Structural! approach and the Reduced-Form approach. Originated from the
theoretical framework of Black and Scholes [7] and Merton [66], the structural
approach or cause and effect approach models the cause of the default. The
Black-Scholes-Merton (BSM) model is restricted to a zero-coupon bond, an
equity value is viewed as a standard call option of the firm assets and the firm
debt as a default-free debt less than a put option. With zero-coupon bonds the
default boundary is zero until the bond matures and therefore default never
occurs before the bond’s maturity. This means that default can only happen at
the maturity of a zero-coupon bond. However, the construction of the Black-
Scholes-Merton framework excludes the possibility of default before maturity,
the effect of stochastic interest rate and the valuation of coupon-paying bond.

Black and Cox (1976) [6], supplement the Black-Scholes-Merton framework
by developing a model that can detect an early default feature by introducing a

default barrier. Thus the Black-Cox models were the first of the so-called first

IStructural models inputs are similar in nature to those used by rating agencies: Moody’s
and Standard and Poor’s key variables in the bond-rating process include, namely, asset
liability ratios, coverage ratio (cash flow or relative to debt service payments), growth of
cash flow or return on assets, dividend and other payouts, business risks (volatility of cash

flows or value of assets) and asset liquidity and recovery ratios in default.
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passage models. Geske [40] extended the BSM model by capturing default at
a different time horizon. Huang and Huang [50] used several structural models
including those of Longstaff and Schwartz [63] and Leland and Toft [61] to
predict yield spread. Zhou [95, 96] incorporated jumps into a setting used
by Longstaff and Schwartz [63]. However, his model is very computationally
exhaustive.

The reduced-form or intensity-based approach was presented by Jarrow and
Turnbull [56], Lando [60], Duffie and Singleton [28] to differentiate from struc-
tural models. In this approach the default occurs completely unexpectedly or
by surprise. In this case the time of default is modelled directly as the time
of the first jump of a Poisson Process with stochastic intensity or compensator
process. This assumption greatly reduces the complexity since the Poisson
Process has very nice mathematical properties. Duffie and Lando [27] gave
the conditions for the existence of an intensity and calculate it in terms of the
conditional-asset density. However, according to Giesecke [41] the Duffie-Lando
model fails in other situations in which the barrier is unobservable and the
model has no intensity like first-passage models. Using his approach Giesecke
[41] introduced a trend of a default model and proved that all models of in-
complete information lead to a reduced-form security pricing formula in their
trend. Hence he interpreted the trend as the cumulative intensity.

In this Chapter we look at the theoretical framework of pricing a defaultable

bonds.

6.1 Reduced-Form Approach

In the reduced-form models the time of default is modelled directly as the time
of the first jump of a Poisson Process with random intensity. In this group
of models a striking similarity to default-free interest-rate modeling is found.
There are various of models that fall into the class of reduced-form models. We

are only going to consider the Jarrow-Turnbull and Duffie-Singleton models.
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6.1.1 The Jarrow-Turnbull Model

The Jarrow-Turnbull model is a simple model of default and recovery based
upon the Poisson default process. In their model Jarrow and Turnbull [56]
assume that, no matter when default occurs, the recovery payment is paid at

maturity time 7". Then the coupon-bond value can be written as

T T n T
Vi :/ YuVuAy EXP (—/ Awdw> + D yr,¢5exp (—/ )\wdw> ,  (6.1.1)
t t j=1 t

where ~; is the risk-free discount factor, v is the constant recovery rate and
¢; is the jth coupon. Under the assumption that default can occur only at

coupon times, (6.1.1) can be simplified into

n J n n
‘/t = Z VT]‘UT]')\T]‘ €Xp (_ Z ATk) + ZVTjCj exp <_ Z )\Tk> . (612)
k=1

j=1 k=1 j=1
6.1.2 The Duffie-Singleton Models

The Duffie-Singleton model allows the payment of recovery to occur at any
time, but the amount of recovery is restricted to being the proportion of the
bond price at default time as if it did not default. At default the recovery price
is some fraction of the final price immediately prior to default. The debt value

at time ¢ is given by

~ paE[D(t+ At, 7))+ (1 —p)E[D(t + At, T)]

D4 = 1+rAt
1—pAt(l—a)]”
1+ rAt
e—p(l—a)T

— E, [exp (- /t e + wv]duﬂ ar, (6.1.3)

where w, = p,(1 — ), « is a recovery rate and (6.1.3) applies when r and @
are not constant. The product p(1 — «) serves as a spread over the risk-free

discount rate. When the default probability is small, the product is small and
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the credit spread is small. When the recovery is high, i.e., 1 — « is small, the

product is small and the credit spread is small.

6.2 Structural Approach

The value of the defaultable claim consists of two components, namely the
terminal payoff and the rebate. When the underlying asset price hits the
barrier, the firm’s equity can be knocked out by bankruptcy so that the bond
holder is able to receive a rebate. As a result the firm’s equity is modelled as a
down-and-out option and corporate debt is valued as a portfolio of default-free

debt, a short put option and a long down-and-in call.

6.2.1 Merton Model

According to Merton [66] the default occurs if Sy < H for some barrier value
H. The price of a defaultable bond at time ¢ is simply the price of a European
digital option which pays 1 if S7 exceeds the barrier and 0 otherwise. It is
explicitly given by u(t, S;), where

U(t, S) = EQ [eir(Tit)]-ST>H‘St = 5}

=" T09(d,) (6.2.1)
and d_ is the distance to default defined by

1
dAln;qL(r—202> (T —1t)
+_ .

oI —t

The main advantage of the Merton-based models is that, since they are based

(6.2.2)

on the market values and not on actuarial analysis, they provide us with risk-
neutral probabilities of default and can therefore be used in the calculation of

the credit-risk spreads.
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6.2.2 Black-Cox Model

In the Black and Cox approach [6] the default occurs the first time the under-

lying asset reaches the boundary H. Under the measure, ), we have

o
EQ |:1inft§k:§T Sp>H | \St:|

_ p[ inf ((r - 202)(1{ A —Wt)) > ln[;]St —s|. (6.2.3)

t<k<T

From the point of view of a partial differential equation we have
E¢ [e""(T_t)l(inftSkg Sk>H)|St} = ups(t, St 0), (6.2.4)

where upg(t, S¢; o) is the solution to the following BS partial differential equa-
tion

Lps(o)ups =0 fors>H, t<T (6.2.5)
with the terminal conditions upg(t, H;0) = 0 for t < T and ups(T,s;0) =1
for s > H. In this case Lps(o) represents the Black-Scholes partial differential

operator at volatility level o:

o 1 0? 0
LBS(O') = & + 50’282@ ‘I— 7"3%. (626)

The solution to (6.2.5) is given by

s =it~ (7))
- [CD(J*) N (;1) N (3_)] ) (6.2.7)

where

S 1
o i (’” 27 )T~

dy =+ 6.2.8
* T =1 (6:28)

6.3 Stochastic Volatility Models

6.3.1 Two factor Stochastic Volatility Models

We consider under measure () the following equations chosen by the market

through the market price of volatility risk A:

dSt = TStdt + g(Xt)StdI/Vl (631)
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dX; = |a(m—X;) — V\\//EA(Xt)] dt + 3 (detl + /1 — p2dW3) . (6.3.2)

where dW1dW3 = p is the correlation which captures the leverage effect. The
driving volatility X; evolves with mean m, a rate of mean reversion o > 0
and the volatility of volatility (vol-vol) 3. The function g is assumed to be
sufficiently regular, nonnegative, bounded and bounded away from zero.

We introduce a small parameter € such that the mean-reversion rate de-
fined by 1/€ becomes large. In the Ornstein-Uhlenbeck (OU) case the variance
v? = 3?/2a is to be a fixed constant o(1), which in terms of e implies that
B = vv2/\/c and a = 1/e. By Girsanov’s Theorem the stochastic differential

equation (6.3.1) takes the form
dS§ = rSgdt + g(X5)SedW,. (6.3.3)

Hence

[T e V2 e VY2 o
AX; = | m = X{) = A, )1dt+ N (6.3.4)

where dW7? = pdW!++/1 — p2dW2, (5§, Xf) indicate explicitly the dependence
upon € and the function A is given by
Alz) = W +O(x)n/1— 2. (6.3.5)
g(x

We assume that the market price of volatility risk © is a bounded function of
x only.

Consider the payoff function h(s). Then the price of a European option at
maturity time 7" is u¢(t, s, z) = E© ( IO p(S%)|SE = 5, Xf = :B)

If we substitute the rescaled parameters o and [, then the BS partial dif-

ferential equation becomes

ous 1 ., 0% pry2 O*uc V2 %S
ot * 2g(x) o * Ve Sg(x)830x+ € Ox?
ous . 1 ous
( 5 U ) + [e(m —z) — fA(x) o 0 (6.3.6)
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with the terminal condition u¢(7, s, z) = h(s). The partial differential equation
(6.3.6) involves terms of order 1/¢, 1/4/€ and 1. In order to account for these

three different orders, we introduce the following operator notations

2

0
.2 7 _ .

Ly=v 52 + (m — ) 5 (6.3.7)
L = pvV/2sg(x) > + \/§I/A(x)2 (6.3.8)

L=p N o1 Ox o

and
B 0 1 5 o 02 0

Lg _LBS_ a+§g(l’) S @—FT’S%7 (639)

where alg is the infinitesimal generator of OU process X. L; contains the
mixed partial derivative due to the correlation between the two Brownian mo-
tion W' and W? and L,, also denoted by Lps(g(z)), is the Black-Scholes
operator at the volatility level g(x). Then the pricing differential equation

\/_

The accuracy of the corrected Black-Scholes price is given by
|u(t, s, ) — (uo(t, s) +u(t,s))| = o(e|lne|) (6.3.11)

and the correction u(t, s) satisfies

82u0 83u0
C 3
+ Cj3s 953

u(t,s) = Cys? 5a?

(6.3.12)

with boundary condition u(7,s) = 0. The correction price is given explicitly

by

0s2 0s3

where ug(t, s) is the BS price with constant volatility . The parameters Cs

2 3
uo(t, s) — (T —t) <(Jgs2(9 Yo 4 03336 “°> : (6.3.13)

and Cj are small quantities of order /e given by

Co = 2 (2 (9()6' @) — (M@ ) (6:3.14)
pr\/e

€
C3 = NG

(9(x)g' (), (6.3.15)
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where (-) denotes the averaging with respect to the invariant distribution
®(m, v?) of the Ornstein-Uhlenbeck process X;. The effective constant volatil-
ity @ is defined by

7 =(g*) (6.3.16)

and the function ¢(z) is a solution of the Poisson equation

0? 9,
VQ(%:S + (m — :v)af =g(z)* — <92> : (6.3.17)

The implied volatility /¢ of a European call option with mean-reverting stochas-

tic volatility can be written as

In(K
IF=a nT( _/f) + b+ o(v/e), (6.3.18)
where
C
a=—s (6.3.19)
154
and
(5 3 Cy

The parameters a and b, respectively, are estimated as the slope and intercept
of the line of the best fit of the observed implied volatilities plotted as the
function of log-moneyness-to-maturity ratio (LMMR). The parameters Cy and
('3 are given by

Co=7|(@G—b)—alr+ 202) (6.3.21)

and
C3 = —av”. (6.3.22)
6.3.2 Multifactor Stochastic Volatility Models

We consider a family of two-factor stochastic volatility models (S, X, Z;).
Zy follows another diffusion process. Then the model can be written as the

stochastic volatility Ornstein-Uhlenbeck under the risk-neutral measure ) as
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dX, = [a(my — X,) — v,V20M(X,, Z,)] dt + v,V/20 (deJ AN dWQ)
(6.3.24)

dZy = |0(me — Z)) — vV265(Xy, Z,)| dt
/28 (deW,} +padW2 411 = pi— p%ZdW?’) . (6.3.25)

where (Wy, Wy, W3) are independent Brownian motions and the instant corre-
lation coefficients pi, p» and pyo satisfy p? < 1, p? + p2, < 1, respectively. The
random volatility o, depends upon the two volatility factors, X; and Z;, and
the functions A and ¥ are given by

A(t,s,x) = W +O(z,2)\/1 — pi, (6.3.26)

[(t,s,x) = palp=r) +O(z, 2)p12 + €(z, 2)\/ 1 — p3 — pis. (6.3.27)

9(x, 2)
The volatility function g(z,z) is assumed to be smooth in z, bounded and
bounded away from zero and the market price of volatility risks, ¥(z, z), and
¢(x, z) are bounded functions of x and z. The two stochastic volatility factors
X; and Z,; are differentiated by their intrinsic time scales. X; is fast reverting
on a short time scale 1/« and Z; is slowly varying on a long time scale, 1/4,

1

1
ie., 5 <1< —,a— o0and d — 0. Thus the payoff of a European option at
e

maturity 7' is
u(t,s,x,2) = B9 [e‘r(T_t)h(STﬂSt =s, X, =x,7;, = z} : (6.3.28)

Let u® be the price of an European option which solves a partial differential
equation L“%uS® = 0 with the terminal condition u(T,s,z,2) = h(s), € =
1/, € and « are relatively small 0 < €, a << 1. The partial differential
operator L% is defined by
s 1 1 5
LY = ZLog+ —=Ly + Ly + V6 My + 6M; + (| =M, (6.3.29)
€ NG €
where the component operators are given by

0? 0
Ly=vl—— + (m, —x)

o - (6.3.30)
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2

0
Ly = pivgV2sg(x, 2) — Ag(x, z)%, (6.3.31)

0s0x
0 1 , 02 0
Ly(g(z, 2)) = 5% g(x 2)%s? 52" (Sas - ) , (6.3.32)
M sg(x,2)=——=— o — V25 (x z)2 (6.3.33)
O gs0, T oz -
5 0° 3}
M, = v 5.2 + (ms z)& (6.3.34)
and
82
My = 2v4v5(p1p2 + pr2y/1 — pl)axaz (6.3.35)
The price approximation is
u(t, s, x, 2) = UC(t, s, ), (6.3.36)
where
2 0 0? 0? 0?
€,0 ~ 1 é €.2 7 € 3
u“(t, s, x, z) ~ ug(t, s, z)—(T—t) LT( ) <C’ 095 + CYs S 9e00 >+C'S Ep 5 +Css 95
(6.3.37)
and the relevant parameters are defined by
5 _1/5\/5 0¢(x, z)
Cy = 7 <Z($,z) 5 : (6.3.38)
5 p2V/o O¢(z, )
C) = 7 <g(x,z) pe : (6.3.39)
c_ _Vg\/E Op(, z)
Cs = 3 <A($,z) e (6.3.40)
and
€ __ ply\/E 8@5(1‘,2)
Cs = 7 <g(:r;,z) pe : (6.3.41)

The effective volatility =(g?(-, z)) and the function ¢(z, z) is a solution of the
Poisson equation

Lop(z, 2) = ¢*(x, 2) — 7°(2). (6.3.42)

The first-order price ug(t, s, z) satisfies

Ly(T(2))up(t, s, z) =0 (6.3.43)
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with boundary condition u(t, s, 2) = h(s). The implied volatility I¢° of an
FEuropean call option is approximated by

In(K/s)
T—-1

I'~ 7 [0+ a’ (T — )] + b+ (T - 1), (6.3.44)

where the z-dependent parameters are defined by

Cs
= —— 6.3.45
a 5 ( )
C&
5 1
=_——1 6.3.46
a 5 ( )
.G 3 o) _ G5
bza+03<r+20)_a (6.3.47)
and
5 5
p = 0 (r - 302) _ G (6.3.48)
o] 2 o
Therefore the calibration formulas deduced are
5 _ |6 L, 5
coza[a (r—za)—b], (6.3.49)
C? = —a’7, (6.3.50)
1
Cs—5 [cf(r - o)+ be} (6.3.51)
and
C3 = —a‘c". (6.3.52)
6.4 Pricing Defaultable Bonds
We introduce @, defined by
Uit s) = E [e "D f(E)1ear| Wy = s > H], (6.4.1)

where W is a Brownian motion with volatility ¢ and & is the first time W

hits the boundary H. By the Girsanov transformation equation (6.4.1) can be
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rewritten as the first-passage structural model for a driftless Brownian motion.

Therefore

ﬂl(t, S) =

(G >p/2 LG IS U E 0

V21 32 P T 05 (k1) 8 ) (k= t)]g""“dk'

(6.4.2)

The function g which is proportional to the small parameter Cj5 is given by

efr(T t) 1 2 r — 4 o . 2
ot) = Cy [ (\/T__+4p VT =i t)fI)(d)Jr(T Hp— 1)p q;édiL;

where

1
d= —§p6\/T —t and p=1-_. (6.4.4)
o

Therefore the price I'(0, T') of the defaultable bond at time zero is approximated
by
T(0,T) ~ Lps(0, s) + TCsII5(0, s) + iy (0, s), (6.4.5)

where II3 is defined as

Il; = 2 <52 OLos (t, 5)) . (6.4.6)

6.5 Models with Fast and Slow Volatility Fac-
tors

Here we consider stochastic volatility models with two components driving the
volatility, one fast and one slow. According to Fouque et al [32, 33, 36] a
stochastic volatility factor running on a slow-scale means that it takes a long
time, compared with typical maturities, for this factor to change significantly
and uncorrelate. In the slow-scale limit this would then become a constant
volatility stationary at the present level. In this limit the price of European
options is obtained by the usual Black-Scholes pricing theory at this constant
volatility level. A stochastic volatility running on a fast-scale means that it

takes a short time for the factor to come back to its mean level and uncorrelate.
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In the fast-scale limit this would then also become a constant volatility factor

at an effective level @ given by the average square volatility

—2 1 T 2

the slow volatility factor being stationary, and where it is assumed that the

fast volatility factor is mean reverting.

6.5.1 Fast Volatility Factor

To analyze a fast volatility factor we consider the stochastic volatility models,
(6.3.1) and (6.3.2). The assumption is that the parameter « is taken as the
mean reversion rate of the process X. In other words 1/« is the time scale of
this process, meaning that it reverts to its mean over times of order 1/a. Small
values of « correspond to slow mean reversion and large values of a correspond

to fast mean reversion. The first order of the approximation price is given by
II(t, s, x) = Ips(t, s;7) + (¢, s) (6.5.2)

with TI; (¢, s) denoting the first order correction proportional to 1/y/a. I (¢, s)

is given as the solution of

0?11 0 0?11

= _ 2 BS 2 BS

Lps(@)Il; = —Cys 55z C’gs—as (s 9e? > (6.5.3)
with terminal condition II;(7,s) = 0. When one introduces the corrected

effective volatility & by 62 = 7% + 205, the first term in the new approximation

is Ts(t, s;5). This lead to the correction II; being defined by

- 11
Lps(o)Il; = _038885 (sZaasfS (t,s; 5) (6.5.4)

with boundary condition IT; (T, s) = 0. Therefore the first order of the approx-

imation price becomes
II(t,s,2) ~ Mpg(t,s;6) + (L, s). (6.5.5)

According to [33] the accuracy of this approximation is of order 1/« in the case

of a smooth payoff h and of order (In )/« in the case of call options.
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6.5.2 Slow Volatility Factor

To analyze a slow volatility factor we consider under measure () the following

stochastic volatility models

dSt = TStdt + g(Xt)Stthl (656)
dX, = |B(ms — X,) — VQ\/%A(Xt)} dt + v\ 284 (6.5.7)

The parameter 5 > 0 is assumed to correspond to the long-time scale 1/ and
the volatility factor X; changes slowly. The price of the defaultable bond in
this case is

F(t,T) = 1(inft§k§TSk>H)u(t7 St,Xt), (658)

where
u(t, s, z) = ups(t,s; g(x)) + uia(t, s) + ue(t, s) + uq(t, s). (6.5.9)

The function u,4(t, s) is given by

wialt, 8) = 2(T — t)g(z) [00< )8;35 + Oy (2)s ai (8;(?5)], (6.5.10)

where ugg(t, s, g(x)) is evaluated at (t,s,g(x)). Co(z) and Ci(x) are small

parameters of order v/ and are functions of the model parameters:

Co(z) = —\/EVA(x)g,(:U) (6.5.11)

and
Ci(z) = \EW g(x)g (x). (6.5.12)

The functions ui.(t, s) and wuy4(t, s), respectively, are given by

o2 o ( 0
ure(t, s) = —(T — t)? [oo(a;)ﬁ 5:;%01( )55 <s2 aZ’jS)] (6.5.13)

and

uldts

s \P/2
(f)) - /tT In( S/tg/)z exp [_m_ <T+ (g(fg)p) >(k—t)]gkdk.
(6.5.14)
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6.6 Stochastic Volatility Effects in Yield Spread

The idea behind fitting the model to the current market yield curve is to
fit it to given points and analyze the goodness of fit regarding the resulting
residuals. The best model must have few enough parameters so that a good fit
is significant and enough to ensure that a good fit is possible.

To compute a yield spread Fouque et al [33] use two-factor and multifactor
stochastic volatility models. Their focus was to combine the role of the mean
reversion time 1/« and the correlation p on the yield spread curve. They use
various values for «, corresponding to volatility factors that range from slowly
mean reverting (o« = 0.05) to fast mean reverting (a« = 10). The constant
volatility yield was computed using the formula

X(0,7) = —;m [@(OL) - (;)1_"2 (ID(J_)] , (6.6.1)

where X (0,7) is the yield spread at time zero. For the stochastic volatility
yield was computed using Monte Carlo simulations. The yield spread was
taken from the market places of corporate bonds for two firms rated BBB
and a firm rated A. They firstly fit the Black-Cox yield spread by varying the
volatility & and the leverage H/s. Next was the exploitation of the role of the
parameters (C7, Cy, C3) in adjusting the yield spread for stochastic volatility.
The correction assisted the data to match yield spreads maturities one year
and above, compared with only four years and above with the first-passage

model.
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Chapter 7

Conclusion

Estimation of probability of defaults is an important task in credit analysis and
risk management of bond portfolios. An important way to monitor risk-neutral
probabilities of default is to observe an appropriate spread on the market. The
problem is much of the information that markets provide is the spread of
traded securities. Therefore the probabilities of default directly available are
the probabilities of default of bonds maturing at one specific date.

From the theory of arbitrage pricing we know that there exists a probability,
equivalent to the original historical probability, that is risk-neutral for nonde-
faultable bonds. In the default context we show that there exists an equivalent
probability that is risk-neutral for defaultable bonds.

Foque et al [33] presented a mathematical framework for default event mod-
elling that is flexible enough to reproduce the real features of credit events in
financial world. The basic idea is to work with small and large intervals sep-
arately, where we assume that the mean reversion is slow or fast, and then
the constant volatility model is a better approximation. They concluded that
approximation methods are very efficient in capturing the effects of stochastic
volatility to the first-passage model developed by Black and Cox [6] in mod-
elling defaultable bonds. By using models incorporating fast and slow stochas-
tic volatility factors and a combination of singular and regular perturbations

techniques they obtain reasonable fits to defaultable bonds data.
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Chebbi [17] in his recent paper using the first-passage model concluded that
the credit spreads observed in the market are largely explained by the risk of
default. The basic ideas lead to an expression of the option price which may
be used to correct the Black-Scholes formula.

In spite of all these approaches and methods we still experience the market

crash, which means there is a lot of research to be done in finance.
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