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Abstract

This dissertation deals with the study of non-cooperative differential games with pure
state constraints. We propose a first order optimality result for the open-loop Nash
and Stackelberg equilibriums solutions of an N-player differential game with pure state
constraints. A numerical method to solve for an open-loop Nash equilibrium is discussed.

Numerical examples are included to illustrate this method.
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Chapter 1

Introduction

This dissertation deals with the study of differential games with pure state constraints.
The theory of a differential game is concerned with multiple player decision making.
A differential game comprises of, a dynamic decision process changing continuously in
time, the players, their respective payoff (cost) functions and the information that the

players may have access to.

Differential game theory can be considered as an extension of optimal control theory
[1]. Optimal control theory is concerned with the optimization of a single objective
function for one control variable only, whereas in an N-player differential game each
player optimizes his own payoff function subject to the dynamics of the game which is

given by a differential equation.

The study of differential games was first introduced by Isaacs [2] in 1954. In the early
development of the theory, applications of pursuit-evasion type problems were popu-
lar. In the 1970’s, an interest in the applications of differential games in economics
developed. Differential game theory has since been applied to a large array of topics in
economics, such as macroeconomics, microeconomics, industrial organization, oligopoly
theory, resource and environmental economics, labour economics, marketing, produc-

tion, and operations management, finance, and much more [3-6].

Primarily, the importance of differential games lies in military type applications such
as, missile guidance, aircraft controls and aerial tactics [7]. A lot of research has been

done on the application of differential games in warfare and pursuit [2, 8, 9].
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Noteworthy pioneers in the development of differential game theory include Friedman
[10], Basar and Olsder [11], Fudenberg and Tirole [12]. Most of this literature shows us
that differential games started off as an extension of optimal control theory [13]. The
connection between differential game theory and optimal control theory was clarified by

the study of the Maximum Principle [1].

Recently, most research on the topic of differential games has focused on the case of
N-player differential games with cooperation [14] and stochastic differential games [3].
Advances in mathematical computational tools have led to the study of numerical meth-
ods of differential games [15, 16]. The aim of this dissertation is to solve for the Nash
and Stackelberg equilibriums solutions of a differential game with pure state constraints

by using an application of the Maximum Principle.
A brief overview of the Chapters is as follows.

In Chapter 2, we review the concepts of constrained optimal control and optimization
problems. In Section 2.1 we introduce the Maximum Principle for an optimal control
problem with general inequality constraints. We then discuss the Maximum Principle
for current value problems. We then move on to Section 2.2, here we discuss sufficiency
conditions for optimal control problems. In Section 2.3 we describe the numerical method
known as the Forward-Backward Sweep to solve optimal control problems. We conclude
the section with some examples. Finally in Section 2.4 we discuss the Karush-Kuhn-

Tucker conditions for optimization problems with constraints.

In Chapter 3, we investigate the theories of N-player differential games. We begin
with a brief review of game theory and then move on to describe the theories of an
N-player differential game with pure state constraints. Here we illustrate how we can
use the maximum principle to obtain necessary conditions for the open-loop Nash and
Stackelberg equilibriums. The section is concluded with some examples to illustrate

these notions.

In Chapter 4, we investigate numerical methods to solve for an open-loop Nash equi-
librium. An algorithm for solving N-player differential games with the Hamiltonian
being a convex function to the control is described. The section is concluded with some

examples to illustrate this method. The chapter is concluded with some examples.
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In Chapter 5, we present the conclusion of the dissertation. Here we discuss the short-
comings of the N- player differential game problem. We then discuss how we may
improve the problem and the approach to solving it. We end the chapter by discussing

the agenda for future research of the problem.



Chapter 2

Overview of Constrained Optimal

Control Theory and Optimization

This chapter deals with the theory and the numerical simulation of constrained optimal
control and optimization problems. These concepts play an important role in the study

of differential games which is the main topic of this dissertation.

2.1 Optimal Control Problems with General Inequality

Constraints

We consider the constrained optimal control problem formulated as

T

max {J = S(z(T)) —1—/0 F(t,av(t),u(t))dt} ) (2.1)
subject to & = f(t,z(t),u(t)), x(0)= xo, (2.2)
g(t, z(t),u(t) >0, ¢e[0,T], (2.3)

h(t, z(t)) > 0, t € o,T], (2.4)

where, x(t) : [0,7] — R™ is called the state variable, u(t) : [0,7] — R™ is called
the control variable, the function f : [0,7] x R™ x R™ +— R™ in (2.2) describes the
dynamical system and the integrand of the integral, F': [0,7] x R” x R™ — R, in (2.1)
is called the running payoff. The function S : R x R™ + R in (2.1) is called terminal
payoff. The functions g : [0,7] x R™ x R™ +— RY is a mixed inequality constraint and

4
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h :[0,T] x R™ — R" is a pure state constraint. We assume that the functions g, h, f,

F and S are continuously differentiable in all their arguments.

Definition 2.1.1 (Admissible Control). A control u which satisfies the equations (2.2)

and (2.3) is called an admissible control.

For simplicity, we assume that the function h has only one component, that is r = 1.
At any point where h(t,z(t)) > 0, the corresponding constraint h(t,z(t)) > 0 is not
binding and can be ignored. Otherwise at any interval where h(t,z(t)) = 0, we require
the total derivative of the function h(t,z(t)) with respect to time, denoted as h(t, z(t))
to be positive in order for h(t,z(t)) to remain positive. The total time derivatives of the

function h(t,z(t)) can be worked out as follows

() = %h(t,x) — hy + hyi s

- ht + h$f7
and

. d?
h(t,z,u) = —sh(t,x) = hg (Wfu+3fe+ ft) + [ (Ehaw + hat) + Thet + het

dt?
= hy (Wfu + ffe+ f1) + FPhos + 2fhay + by

Definition 2.1.2 (Order of State Constraint). Let A(t,z(t)) : R" x R - R" be r € N
times continuously differentiable. The state constraint h(t,z(t)) > 0 is said to be of
4t order if the first time that the control u appears explicitly in the total derivative of

h(t,z(t)) with respect to t is at the j** derivative.
For simplicity, we will consider in the rest of this chapter only pure state constraints of
order one.
Definition 2.1.3 (Interior Interval, Boundary Interval, Junction Times). With regards
to the constraint h(t,z(t)) > 0 we have the following,
1. We call the interval (01,62) C [0,7] an interior interval if for the constraint
h(t,z(t)) > 0 we have h(t,z(t)) > 0 for all ¢t € (01, 62) with 61 < 5.

2. We call the interval [r1, 7o) the boundary interval if the optimal trajectory satisfies

h(t,x(t)) =0 for m <t < 7.
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3. Collectively (i) - (iii) given below are known as the junction times of the interval.

(i) If at ¢t = 7 we have the end of interior interval and the start of a boundary
interval, then 77 is called an entry time.
(ii) If at 72 we have the end of boundary interval and the start of a interior
interval, then 79 is called an exit time.
(iii) If A(7,z(7)) = 0 and if the trajectory is in the interior just before and after

T, then 7 is known as a contact time.

FiGure 2.1: Illustration of Interior Interval, Boundary Interval, Junction Times

Figure 2.1 presents an illustration of the interior interval, boundary interval, and junction

times as described in Definition 2.1.3.

For the rest of this chapter, we require that the mixed inequality constraints g satisfy

the constraint qualifications

(i) For all arguments of ¢, z(t), u(t),

rank [gz, diag(g)} =q, (2.6)

(ii) For any boundary interval |71, 72],

ranke | 9% ] 2, (2.7

ou
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for  as defined in equation (2.5).

The condition (2.6) indicates that the gradients of all the constraints g with respect to

u has to be linearly independent.

A first order optimality condition for the OCP (2.1)-(2.4) is now presented. The Hamil-
tonian allows us to handle the constraints (2.2) through a multiplier p. The Lagrangian
allows us to handle the mixed inequality constraints (2.3) through a multiplier  and
the pure state constraints (2.4) through a multiplier u. In practice there are two main
ways to handle pure state constraints namely, the direct and indirect adjoining methods.
In the direct adjoining method, the pure state constraints (2.4) is used directly to form
the Lagrangian via a multiplier whereas in the indirected adjoining method , the total
derivative of the pure state constraints (2.5) is used to form the Lagrangian when the

constraints (2.4) are biding.

The Hamiltonian function H : [0,7] x R™ x R™ x R™ — R is given by,
Hlt,x,u,p] = F(t,z,u) +p- f(t,z,u), (2.8)

where p is a row vector called the adjoint or co-state variable.

The Lagrangian function L : [0,7] x R™ x R™ x R™ x R? x R" — R using the indirect

adjoining method is given by,

L[t,x,u,p, 77):“’] = H(t,az,u,p) +n- g(t7$7u) + e h(tvxvu)' (29)

We are now ready to state the necessary conditions for the maximum principle with

general inequality constraints for problem (2.1)-(2.4).

Theorem 2.1.4 (Maximum Principle with General Inequality Constraints). Let the
control u* with corresponding state trajectory x* be an optimal solution for the problem
(2.1)-(2.4) satisfying the constraint qualifications (2.6)-(2.7). Then there exists adjoint
variable p, multipliers n, w, vy and the jump parameter C satisfying the following conditions

1)-(vi) at every time where u* is continuous,
(i)-(vi)

(i) The state equation

& = ft,2* (1), u* (b)), z*(0) = o, (2.10)
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1s satisfied together with the constraints
g(t,z*(t),u"(t)) > 0 and h(t,z*(t)) > 0. (2.11)
(i) The adjoint equation given by,
oL
)= —— 2.12
p=—7 (2.12)
with the transversality conditions
T7)=S,(T,z*(T)) + vhe (T, x*(T)),
P(T7) = Su(T,a*(T)) + yho(T.*(T)) o1,
720, yAT,2z*(T)) =0
(i) The Hamiltonian maximizing condition given by,
H(t,z*(t),u"(t),p(t)) = H(t, z"(t),u,p(t)), (2.14)
for each t € [0,T] for all u which satisfy
t,z*(t),u(t)] > 0, and
glta*(0) 1) 015,
hit,z*(t),u(t)] > 0 whenever h(t,z*(t)) = 0.
(iv) The jump conditions at any entry/contact time T are
p(r) = )+ C(Dhalr, " (7)) and 016)
H(r,2*(7),w*(r7),p(77)) = H(r, 2" (1), u*(77),p(77)) = {(T) e (7, 27(7))
(v) The Lagrange multipliers are such that
oL dH dL 0L
u lu=ur(ty= 0, 0 dr ot (2.17)
(vi) The complementary slackness conditions
n(t) =0, n(t) g(t,z*(t),u"(t)) =0,
p(t) =0, p(t) hit,z*(t)) =0, At) <0, (2.18)

hold.
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In the case where the terminal time 7" is unspecified, we have an extra necessary transver-

sality condition for 7™ to be optimal which is,

H(T*, 2% (T*),u*(T%), p(T™")) + Sp(T*, a*(T*)) = 0, (2.19)

as long as T € (0,00). It is important to note that if 7" is confined to an interval [7g, 7],
where 7, > 7, > 0, then we still use the additional tranversality condition (2.19) given
that T* € (74, 7). Now when we have the case where T = 7,, we will simply substitute
the equality sign of the additional tranversality condition (2.19) with < and for the case
where T = 73, we substitute the equality sign of the additional tranversality condition

(2.19) with >.

Example 2.1.1. Consider an economy consisting of two sectors where, sector 1 produces

investment goods and sector 2 produces consumption goods. Let

x;(t) = the production in sector i per unit of time, i = 1,2,

and let

u(t) = the proportion of investments allocated to sector 1

where
0<u(t)<1
The increase in production per unit of time in each sector is assumed to be proportional

to investment allocated to the sector hence, we have the following system with dynamics

Z1(t) = aux z1(0) = z19,
1) ' 0=, [0, 7. (2.20)
.Z:Q(t) = Oé(l — u)xl, $2(0) = 20,
where « s a positive constant.
The payoff functional is given as
T
J = / xodt, (2.21)
0

We aim to mazimize the total consumption in the given planning period [0,T].
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Solution. The Hamiltonian for the problem is given as

H[ta x17x27uap17p2] = F<t7xlax27u) +p1 . fl(t,xl,xQ,U) +p2 : fQ(t,fL'l,l'Q,’U,) (2 22)

=22 +p1 - (quxy) +p2 - (a(l —u)zy),

Applying the Hamiltonian maximization condition (ii7) of Theorem (2.1.4) we get

uf = argmax {H[t,z1,72,u,p1,p2)}
uelU

= argmaz {x2+ p1 - (quzy) + p2 - (a(l —u)xq)}
uelU

= argmaz {oux) (p1 — p2)}
uelU

1 if p;—p2 >0,

(2.23)

0 if pl—p2<0.

From condition (ii) of Theorem (2.1.4) we find that the adjoint equation is given by,

= — g, {z2 +p1- (qun) +pa - (a1 —w)z1)}
)

= —prau — paar(l — u),

and

on
61‘2

= _8£ {za +p1 - (quzy) + p2 - (a(l —u)z1)}
€2

p2 =

=1,

with the transversality conditions

pl(T) = Sz, (Tvxl(T)) =0,

and

pQ(T) = sz(Ta x2(T)) =0.
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Putting all together gives

(

1 if p1 — p2 > 0,
W=
0 if p1—p2 < 0.
i = oulx, x1(0) = x10,
(2.24)
I.Q = Oé(l — uﬁ)SUl, 1‘2(0) = X920,
p1 = -prau—pec(l —u), pi(T) =0,
P2 = —1, p2(T) = 0.
Solving (2.24) yields
1 if 0<t<T-2,
u =
0 if T—2<t<T,
. :L‘loeat if 0<t<T —2,
331 ==
z10e®T=2 if T—2<t<T,
. 20 if 0<t<T -2,
332 ==
zo0 + azio(t — T+ 2)eT=2 if T—-2<t<T,
. 2elzat+alT=2) jf 0<t<T -2,
P = N 9 )
St—=1) if T—2<t<T,
p5; =1 —t.
|

Example 2.1.2 (Price of Goods). We consider a firm manufacturing a good where,

x(t) = the sale price of a good at time t,
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and for the controls, at each time t, a good is produced by the firm. So the controls for

our problem are defined as:

u(t) = rate of production of a good at time t,
and
d = rate of consumption of a good at time t,
c(s) = cost function,

we assume for the sake of definiteness that

The price increases when the consumption of goods is larger than the production of goods,

and decreases otherwise. That is we have the following system with dynamics

&(t) = x(t)(d —u(t)), =(0)==z9, te]0,T],

We have constraints given by
x(t) > 0. (2.25)

The payoff functional is measured by the profit generated by sales, minus the cost c(u(t))
of producing the good at rate u(t). that is

T
J—/O d-a(t) — cult))] dt.

We aim to find an optimal solution for the problem.

Solution. The Hamiltonian for the problem is given as

H[t,z,u,p| = F(t,z,u)+p- f(t,z,u)
5 (2.26)

:d-x—%+p~m(d—u),
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and the Lagrangian for the problem is given as

L[t,x,u,p,,u} :H[tvxauap]—'_ﬂf(tvxau)
2

:d-ar—%—i—p-x(d—u)—i—u-x(d—u).

Applying the Hamiltonian maximization condition (ii7) of Theorem (2.1.4) we get

uﬁ e a'rgmal‘ {H[t7$,u,p]}
uelU

2
= argmax {d-:):— u—i—p-x(d—u)} (2.27)
uelU 2

=—-p-x,

for each t € [0,T] and for all v which satisfy

x(d—wu) > 0.

From condition (ii) of Theorem (2.1.4) we find that the adjoint equation is given by

__9L

P ox
__9 d-ﬂc—u—2+ cx(d—u) 4+ p-x(d—u)
- Ox o °P a

=—d—(p+p)-(d—wu),
with the transversality conditions

p(T) = Sa(T,2(T)) + vha (T, x(T))

=7
v =20, yz(I)=0.

From condition (vi) of Theorem (2.1.4) we find that the complementary slackness con-

ditions,

uw=>0, pr=0, p<o0.
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Putting all together gives

& = x(d—ub)
= z(d + px), z(0) = o,
(2.28)
po=—d—(p+p)-(d-u), p(T) =1,
=—d—(p+p)-(d+pz), 7>0, vya(T)=0.
which satisfy the constraints
z(d —u) >0, (2.29)
and the slackness conditions
w>0, pr=0, p<o0. (2.30)
to determine the state x and the adjoint variable p.
|

Example 2.1.3 (Commodity Trading). Let

x1(t) = the money on hand at time t,

xa(t) = the amount of wheat owned at time t,

and for the controls, at each time t, we have the possibility to buy or to sell some wheat.

So the controls for our problem are defined as:

u(t) = amount of wheat bought/sold at time t,

where u(t) > 0 means we are buying wheat u(t) < 0 means we are selling wheat. Also

s = cost of storing a unit of amount of wheat for a unit of time,

q = price of wheat at time t,

where s > 0.
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We have the following system with dynamics

Z1(t) = —s - m2(t) —q(t) -u(t), z1(0) = z10,

te[0,T]. (2.31)
.fz(t) = u(t), $2(0) = 20,
We have constraints given by
.’L'l(t) Z Oa
2(t) > 0, (2.32)
—4 <u(t) <4

The payoff functional for the firm is given as
J = [21(T) + q(T) - 22(T)] ,

We aim to find an optimal solution for the problem.

Solution. In order to solve the problem, let us consider a particular situation, i.e
s=3, and q(t)=1t>+1,
The Hamiltonian for the problem is given as

H[tv x17x2au7p17p2] = F(t7x1ax2au) +p1- fl(ta .’L'l,xg,U) +p2- fz(t,xl,l'g,U) (2 33)

=p1 - (u—t*u—3z2) +p2 - u,

and the Lagrangian for the problem is given as

Lit,x1, 29, u,p1,p2, pi1, po] = H[t,x1, 22,0, p1,p2) + p1 - f1(t, x1, x2,u) + pa - fo(t, x1, x2, 1)
= (p1+ 1) - (u—t?u — 322) + (p2 + p2) - u.

Applying the Hamiltonian maximization condition (#i7) of Theorem (2.1.4) we get

ut = argmazx {HIt,x1,x2,u,p1,p2)}
uelU
= argmazx {p1 . (u — 2y — 3372) +Dp2- U}
uelU

4 if ps+pr —p1t2 > 0, (2.34)

= 0 if po4p—mt*=0,
—4 if po+p—pit? <O0.
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for each t € [0,T] and for all v which satisfy
u—t2u—3x2>0, u>0.

From condition (ii) of Theorem (2.1.4) we find that the adjoint equation is given by

=5 {(pl + ) - (u—t2u — 3x2) + (p2 + p2) u}

and

= o {(p1 4+ m) - (U*tzu — 3x2) + (p2 + po) - u}

=3(p1+m),

with the transversality conditions

pi(T) = Suy (T, 21(T)) + 1hiay (T, 21(T))
=1+ 15

1 >0, ya1(T)=0,
and

p2(T) = Sup (T, 22(T)) + v2hou, (T, 22(T))
=T?+ 1+,

Y2 Z O, Y2 l‘Q(T) =0.
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From condition (v) of Theorem (2.1.4) we find that the Lagrange multipliers are such

that,

ut = argmazx {L[t, 21, T2,u,p1,pa, 1, p2]}
uelU

= argrréa:v {(p1 + ) - (u — t?u — 31‘2) + (p2 + p2) - u}
ue

(2.35)
4 if (pr+p) - (1—12) + (p2+ p2) >0,
= 0 if (pr+m) - (1—1t2)+ (p2+ p2) =0,
—4 if (pr4m) - (1 =) + (p2 + p2) <O0.

From condition (vi) of Theorem (2.1.4) we find that the complementary slackness con-

ditions,

p1 >0, prx1 =0, p <0,
p2 >0, p2xe =0, pz <0.

Putting all together gives

g1 =3z — (t2+1) -uf,  31(0) = 210,
Zy = ul, x2(0) = g
P =0, p(T) =1+, (2.36)

4! > 07 it .1'1(T) = 07

P2 =3(p1+m), p2(T) =T + 1+ 7.
¥2 >0, v 22(T) =0.

\

which satisfy the constraints

u—t2u — 3wy >0, u>0, (2.37)

and the slackness conditions

>Oa €T :Oa . Soa
H1 = M1 X1 M1 (2.38)

p2 >0, pgxo =0, pig <0,
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to determine the states x1,x2 and the adjoint variables p1, po.

2.1.1 Current-Value Formulation

When the running payoff is discounted, we can still write the maximum principle in the

usual form using the current value formulation of the problem.

maximize {J =e"TS(x(T)) + /OT e TR (t, 2 (t), u(t))dt} ,

(2.39)

subject to & = f(t,z(t),u(t)), z(0) = xq, te 0,71,
g(t, x(t), u(t)) >0, te 0,7, (2.40)
h(t,z(t)) > 0, te 0,7, (2.41)

The term e~ is the discount factor and r > 0 is called the discount rate.

The standard Lagrangian function for problem (2.39)-(2.41) is given as,

L(taxvuapau) = H(t,l’,’lhp) +779(t7377’u) +/’L : h(tvxuu)v
- eirtF(tvxau) +D- f(t,l’,U) +779(t7$:U) +Mh(t,$,’U,),

where h(t, x,u) is defined as in (2.5). If we multiply this Lagrangian by €' we will obtain

the current value Lagrangian function which is given as,

L¢=Le" = F(t,x,u) +p- e’”tf(t,x,u) +n- ertg(t>$au) T erth(t>$au)
= F(t,z,u) + Mf(t,z,u) + ¢ - gt x,u) + v - h(t, z,u)
= Ht,z,u,\) + - g(t,z,u)+v- h(t,x,u)

where A = p- e, ¢ = €"'n, v = "1y and the
HE(t,z,u,\) = F(t,z,u) +p- e f(t,z,u)

is the current value Hamiltonian function.

From \ = p- €™ it follows that,

A =74 etp. (2.42)
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From L¢ = Le™, it follows that

aLc _ 6rt6£
or Oz

(2.43)

From (2.42) and (2.43) we see that the adjoint equation will take on the form,

. OL°
A—rl=—
" ox

with the corresponding current value transversality condition given by

MT) = e Tp(T)
= Su(T,2*(T)) + e Tyhy (T, z*(T))

where § = e"T.
We are now ready to state the maximum principle for problem (2.39)-(2.41).

Theorem 2.1.5 (Maximum Principle with General Inequality Constraints). Let the
control u* with corresponding state trajectory x* be an optimal solution for the problem
(2.39)-(2.41) satisfying the constraint qualifications (2.6)-(2.7). Then there exists an
adjoint variable A, multipliers p,v,6 and the jump parameter C satisfying the following

conditions (i)-(vi) at every time where u* is continuous,

(i) The state equation
z* = f(t,z"(t),u"(t)), z%(0) = o, (2.44)
is satisfied together with the constraints
g(t,x*(t),u*(t)) >0 and h(t,z*(t)) > 0. (2.45)
(i) The adjoint equation given by

. OL°
A—TA=—
" oz

(2.46)
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with the transversality conditions

)‘(Ti) = Sx(T7 .’L'*(T)) + 5h1’(T7 ‘T*(T))7

(2.47)
>0, dAn(T,x*(T))=0.
(i1i) The Hamiltonian maximizing condition given by
HE(t, 2™ (t), u (), A(t)) = HE(t, z7(t), u, A?)), (2.48)
for each t € [0,T] for all u which satisfy
t,z*(t),u(t)] > 0, and
glt (1), u(t) 010
hit,z*(t),u(t)] > 0 whenever h(t,z*(t)) = 0.
(iv) The jump conditions at any entry/contact time T are
M77) = MN11) + () he (T, 2% (7)) and
(1) = A + (a2 (7)) 250)

He(r, 2" (1), u*(77), A(77)) = H (7,27 (7), v (77), A7) = C(7) (7, 27(7)).

(v) The Lagrange multipliers are such that

OL dH®  dL°® 9L

By = =0 = = (2.51)

(vi) The complementary slackness conditions
t,x*(t)) =0, »(t) <rv(t), (2.52)
)

hold.

Example 2.1.4 (Vidale-Wolfe Advertising Model). We consider a firm wanting to in-

crease their total number customers through advertising. Let

x(t) = market share of the firm at time t,
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and for the controls, at each time t, an advertising strateqy is implemented by the firm.

So the controls for our problem are defined as:

u(t) = advertising effort of the firm at time t,

and
r = interest rate,
¢ = Firm’s fractional revenue potential,
c(s) = advertising cost function

We assume for the sake of definiteness that

where k is a positive constant.

The number of customers at the firm is the difference between the number of customers
attracted to the firm and the number of customers repelled from the firm, hence we have

the following system with dynamics

i(t) = u(t)(1—2(t)) —z(t), z(0)==z0, te][0,T). (2.53)

We have constraints given by

0<a(t) <1. (2.54)

The payoff functional for the firm is given as

T
7= [ et o2 - ctu)) an

We aim to find an optimal solution for the problem.

Solution. The Hamiltonian for the problem is given as

Helt,x,u,\] = F(t,x,u)+ X f(t,z,u)
u? (2.55)
:(;ﬁ'x—k?—i—)\-(u(l—m)—x),



Chapter 2. An overview of constrained optimal control theory and optimization

22

and the Lagrangian for the problem is given as

Ltz u, A\ v] = He[t,z,u, N +v1 - f(t,x,u) — v - f(t,x,u)
:gb-:c—ku;—i—()\—l—l/)'(u(l—x)—x),

where v = vy — 19 and HC[t, x, u, A is defined as in (2.55).

Applying the Hamiltonian maximization condition (#iz) of Theorem (2.1.5) we get

uf = argmaz {HC[t,z,u, N}
uelU

= argmax {¢ox—kqi2+)\-(u(1—x)—x)}
uclU 2

A-(I—2)

S —

for each t € [0, T7] for all u which satisfy
u(l—x)—x >0,
r—u(l—2x)>0.
From condition (ii) of Theorem (2.1.5) we find that the adjoint equation is given by,

. OL°
Ao =—
" ox

:_6{gb-x—k“;+(A+u)‘(u(1—w)—w)}

ox
=—¢d+AN+v)(ut1l),

along with the transversality conditions

/\(T) = Sx(T, :L’(T)) + (51V$h1(T, a:(T)) + 62th2(T, a:(T)),
=4d1, — 6o

(51 Z O, 51 a:(T) =0
(52 Z 0, 52 (1 — :B(T)) = 0.
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From condition (v) of Theorem (2.1.5) we find that the Lagrange multipliers are such

that,

u' = argmaz {L[t,z,u, \,v]}
uelU

w2
:argglljaa: ¢-x—k2+()\+l/)-(u(1—x)—x)}
A+v)-(1—2)
k

From condition (vi) of Theorem (2.1.5) we find that the complementary slackness con-

ditions,

Vl(t) 0, V1<t> {L'(t) = 0, Ijl(t) S 0,
va(t) 2 0, wa(t) (1 —x(t) =0, vat) <0.

v

Putting all together gives

( z =uf(l—1x) -z, z(0) = o,
A (1 —x)?
R
A=rA ==+ A+v) (uf+1) (2.56)
:—¢+(>\+l/)<)\.(1k_x)+l>, )\(T):(Sl—ég,
01 CU(T):O, 01 >0,
(52 (1—1’(T)):0, 5220.

\

where, v = v| — vy, satisfying the constraints

u(l—x)—2x >0,

(2.57)
r—u(l—2x)>0.
and the slackness conditions
vi(t) >0, vi(t)z(t) =0, vi(t) <0,
() 20, ) a(®) =0, n() 055)
I/Q(t) Z 0, I/Q(t) (1 — ac(t)) = 0, Vg(t) § 0.

to determine the state  and the adjoint variable A.



Chapter 2. An overview of constrained optimal control theory and optimization 24

Remark 2.1.6. The system of ODE (2.56) - (2.58) is strongly coupled and therefore
difficult to solve analytically. In Section 2.3 we will propose a numerical method for its

solution.

2.2 Sufficiency Conditions for Optimal Control Problems

The maximum principle only provides necessary conditions for optimality, but it does
not ensure that the given solution is optimal and whether an optimal solution exists.
With some concavity conditions imposed on the Hamiltonian, the extremal provided by

the maximum principle can be proven to be an optimal solution of the problem.

Optimal control theory has two main types of sufficiency theorems which are known as
the Mangasarian and the Arrow theorems. Both of these theorems are important results

since many applications rely on them [20].

Before we state the sufficiency conditions for problem (2.39) - (2.41), we must introduce

the direct adjoining current value Hamiltonian function which is given by,

HS =He™ = F(t,z,u) + A- e f(t, 2, u)
= F(t,z,u) + 2 f(t,z,u),

and the direct adjoing current value Lagrangian function which is given by,

d

L =F(tz,u) +p®- e f(t,z,u) + 0 gtz u) + pt - eh(t,z)
= H + . g(t,z,u) +ve h(t,z).

where A% = e\, v = "'ud and ¢? = e"n? are multipliers in the direct formulation

which can be expressed in terms of the multipliers A, v and ¢ in the indirect formulation.

In order to formulate the sufficient conditions we need the following definition
() = A(t) + v(t)ha(t, 2% (1)) and v4(t) = v(t).

We will now state the Mangasarian sufficiency theorem for OCP (2.39) - (2.41) following
closely [21].
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Theorem 2.2.1 (Mangasarian Sufficiency Theorem). Let the control u* with corre-
sponding state trajectory x*, the adjoint function \¢, the function v®, %, and the con-
stants 6 and  satisfy all conditions (i)-(vi) of Theorem (2.1.5) and let A4 (t) = A(t) +
v(t)hg(t, z*(t)). Suppose that the set U is convex for every x € R™,t € [0,T], the partial
derivatives of the functions F(t,z,u) and f(t,x,u) are continuous with respect to their
arguments. If the Hamiltonian function Hcd(t,:c,u, ) exists and is concave in (z,u)
for all t, the terminal payoff S(T,x) is concave in x, g(t,x,u) is quasiconcave in (z,u)

and the function h(t,x) is quasiconcave in x, then (z*,u*) is an optimal solution.

Furthermore if the Hamiltonian function HE (t, 2, u, \%) is strictly concave in (z,u) for

all t, then the optimal solution (z*,u*) is unique.

For most problems in optimal control theory sufficiency can be shown using the Man-
gasarian but there are many important problems in economics where we may find that
the Hamiltonian function is not concave, hence we need to weaken this concavity condi-
tion as suggested by Arrow [17]. In order to do this we first need to define the mazimized

Hamiltonian function H? : R” x R™ x R — R given as,

H(t,z,u, \%) = mazimize e (t, z,u, \?). (2.59)
ulg(t,z,u)>0

Let us assume that the maximisation problem in equation (2.59), has a unique solution

denoted as u = uf(t,z, \?). We can then write
HY(t, 2 u, \Y) = H (8, 2, uf, A7), (2.60)

Taking the partial derivatives with respect to = in equation (2.60) yields

:
Hi(t, 2,0\ = HE (¢, 2, ub, AY) + HE (¢, 2,0, /\d)%;. (2.61)

To prove that
Hi(t,z,u, \) = HE (¢, 2, uf, M), (2.62)

it is enough to prove that

H, (t,m,uﬁ,xd)%—m =0 (2.63)
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for all . To do this we must consider the two cases of: (i) the unconstrained global maxi-
mum of H® occurring in the interior of U(£). So for this case we have HE' (, z, uf, p) = 0.
(ii) the unconstrained global maximum of H “ oecurring outside of U (t). So for this case

out

we have e 0, since changing the state x does not effect the optimal value of the
i

control u. We have then proven (2.62).

Definition 2.2.2 (Quasi-concave). Consider the function f(z) defined on a convex
subset S € R" is said to be quasi-concave if for all real ainR, the set x € S: f(z) > «

is convex.

We will now state the Arrow sufficiency theorem for OCP (2.39) - (2.41) following closely
21, 22).

Theorem 2.2.3 (Arrow Sufficiency Theorem). Let the control u* with corresponding
state trajectory x*, the adjoint function A%, the function v¢, %, and the constants 6 and
¢ satisfy all conditions (i)-(vi) of Theorem (2.1.5) and let \4(t) = \(t) +v(t)ha(t, z*(t)).
Suppose that the set U is convex for every x € Rt € [0,T], the partial derivatives of
the functions F(t,z,u) and f(t,x,u) are continuous with respect to their arguments. If
the Hamiltonian function H*(t, x,u, \?) defined in (2.59) exists and is concave in x for
all t, the terminal payoff S(T, x) is concave in x, g(t,z,u) is quasi-concave in (x,u) and

the function h(t,x) is quasi-concave in x, then (x*,u*) is an optimal solution.

Furthermore if the mazimized Hamiltonian function H* is strictly concave in x for all

t, then the optimal state * (but not necessarily u*) is unique.

To summarize, the Mangasarian sufficiency theorem basically says that the maximum
principle is also sufficient if the Hamiltonian is concave with respect to both the state x
and the control u, whereas with the Arrow sufficiency theorem we need the maximized

Hamiltonian to be concave with respect to only the state x [20].

2.3 Numerical Solutions of Optimal Control Problems

This section is devoted to the presentation of the Forward-Backward sweep algorithm
for the solution of optimal control problems. The algorithm alternates the numerical
solution of the state equations forward in time, the adjoint equation backward in time

and the update of the optimal control using the maximisation principle.
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We present the algorithm for a basic optimal control problems without constraints. It

can be extended in a straightforward way to a problem with constraints.

Consider the controlled dynamics below
z(t) = f(t,z(t),u(t)), =(0)=uz9, te]0,T], (2.64)
with payoff functionals given as
T
J =5(x(T)) —|—/ F(t,z(t),u(t))dt. (2.65)
0

An application of the maximum principle gives the following necessary conditions for

optimality
&* = VpH(t, 2", u",p), xz*(0) = xo, (2.66)
p* = —V.H(t,z* u*, p), p(T) = VS(z(T)), (2.67)
H (t,z",u*,p) > H(t,z*,u,p), (2.68)

for the Hamiltonian function

H(t,x,u,p) :pf(t,q:,u)JrF(t,x,u),

2.3.1 Forward-Backward Sweep Algorithm

Consider the following algorithm from [23].

Algorithm 2.3.1 (Forward-Backward Sweep). The iterative algorithm to solve (2.64)-

(2.65) when H is a concave function of u is given by

1. Discretise the time variable t € [0,T] as to = 0,t1 = At, to = 2At,... tx =
kAL, ..., tny = NAt, where At is the time step and consider a piece-wise constant

guess of the control variable

u(t) =ug, t€ [tk,...,t]\[],

2. Using the initial guess for u from step 1 and the initial condition x(0) = xo, we

solve the state equation (2.66) forward in time.
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3. Using the transversality condition p(T') = V3S(x(t)) the values for w and x, we
solve the adjoint equation (2.67) backwards in time for the adjoint p .
4. Update the control u using the mazximality condition (2.68).
5. Check the convergence that is, check that for v € x,u,p,
N+1 N+1

€2 1w =3 [v6) = vouli) | 20, (2.69)

where € is the tolerance, v(i) is the solution at the current iteration and vyq(i) is

the solution at the last iteration.

(a) If (2.69) is satisfied, then end the iterative procedure and output the optimal

solution

(b) If (2.69) is not satisfied, then go back to step 2.

In steps 2 and 3 any good ODE solver may be used. We will use the Runge-Kutta 4
(RK4) algorithm. Hence in order to solve the state given by the differential equation

T = f(t,:c(t),u(t)), x(O) = Zo,
forward in time using RK4, we have
For 1 =1,2,... N,

h
xz(i+1) :a:(z‘)+6(K1+2K2+2K3+K4),

where K7 = f(t(i), x(i), u(i)),
Ko = f(t(i) + 2, 2(6) + 2 K1, $(u(i) + uiy1)),
K3 = f(t(i) + %, 2(i) + 5 Ka, 5 (u(i) + u(i + 1))),
Ky = f(t(i) + h,z(i) + hK3,u(i + 1)),
T
=5

and solving the adjoint given by the differential equation

p=—-V.H(t z,u,p), p(T)=VS(x(T)),
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backward in time using RK4 gives us

For i=N+4+1,N,N—-1,...,2

h
p(i —1) = p(i) — E(Kl + 2Ky + 2K3 + Ky) ,

where K1 = =V, H (t(i), (i), u(i), p(7)),
Ko =~V H (1) — &, 1) + (i — 1)), J(u(i) +uli — 1)), p(i) — BKY),
Ky = -V H(t(i) — 2, 3(x(i) + 2(i — 1)), 3 (u(@) + u(i — 1)), p(i) — 2K>),
Ky = -V H(t(i) — h,z(i —1),u(i — 1),p(i) — hK3),
LT
=

We will demonstrate below that the RK4 is accurate for the solution of optimal control
problems. For this we will display for some problems, the norm of the difference between

the exact solution and the approximate solution.

There are different norms that can be used to measure the error in the solution of an
optimal control problem. If there are discontinuities or singularities in the solution then
the L1 norm is found to be the most suitable to use. The Ly norm is used when there
is a uniform mesh . The max (or infinity) norm is the most sensitive measure of error
and returns the value of the maximum absolute error over the entire domain of solutions

[24].

We recall below the definitions of the L, Ls and Lo, error norms of any vector y =

(ylvyN)
N
Li=llg-ylh=>_ldi-vl,
ile 1/2
LzZHQ—?/Hz:(Z’%—yiF) )
=1
Loo =|| 9 — ¥ llco=max | §;i —y; |, i=1,2,...N.

where ¢ and y denotes the respective vectors of size N of the approximate and exact

solutions.

Consider the following example from [17].



Chapter 2. An overview of constrained optimal control theory and optimization 30

Example 2.3.1. Find the optimal control which mazimizes the payoff

T
= — (z(t)? + c-u(t)?
P= [ = (alep 4 e utt?)

subject to the system with dynamics

where ¢ > 0.

The ezxact solutions were found analytically by Sydseter et al. [17] to be

(e—r(T—t) _ er(T—t))
u*(t) = xo ,

r3 (erT + 677“T)

r(T—t) —r(T—t)
x*(t):x()(e +e )7

erT + efrT

—r(T—t) _ r(T—t)
p*(t) = 2x9 (e ‘ )

r(erT +erT)
with r = %
Solution. The Hamiltonian for the problem is given by

H(t,x,u,p) =p- f(t,z,u)+ F(t,z,u)

=p-u—2a—c-u’

Applying the maximum principle, we obtain the following necessary conditions which

will assist us in solving the problem numerically

uw =2

2¢’
T =u, ZL’(O):$0,
p =2z, p(T)=0.

We will use the values of z(0) = 1 for the initial condition, ¢ = 1 for the constant c,
T = 2 for the terminal time, N = 1000 for the number of subintervals and ¢ = 0.001 for

the tolerance to solve the problem numerically using Algorithm 2.3.1.
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Hence using Algorithm 2.3.1 we obtain the following graphical results given by Figures
2.2-2.3

-0.5

—¥— Approximate x(t)
Approximate u(t)
Approximate p(t)
Exact x(t), ut), p(t)
T T

0 02 04 06 0.8 1 12 14 16 18 2

FIGURE 2.2

In Figure 2.2 we present the approximated optimal solutions of the state, control and
adjoint plotted against their respective exact solutions for Example 2.3.1. The fact that
the approximated optimal solution of the control, state and adjoint lies on the curve of
its respective exact solution verifies that the results obtained from Algorithm 2.3.1 are

indeed correct.

041

06

-0.81

Final Payoffis: J =-0.96395

approx.

Payoff J

Jexact='0'96403

FIGURE 2.3: Optimal Payoff J*(t) for Example 2.1.2
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In Figure 2.3 we present the approximated optimal solution plotted against the exact
solution of the payoff J*(t) for Example 2.3.1. The value of the final payoff is given for
the approximate solution as J; (t) = 0.96395 and for the exact solution as JZ, () =

approx
0.96403.

In order to verify our solution we will need to check the efficiency and accuracy of the

results by finding the error norms.

N H xapprox. — Texact Hoo ” Uapprox. — Uexact Hoo H papprox. — DPexact Hoo
10 1.8381 x 1073 5.9773 x 1074 1.4647 x 1073

50 2.0976 x 10~* 8.4515 x 10~* 2.1960 x 104
100 2.2935 x 10~* 9.0854 x 1074 1.8572 x 1074
500 2.7569 x 10~% 9.6262 x 10~* 1.7581 x 1074
1000 2.8006 x 10~% 9.6957 x 10~* 1.7552 x 1074

TABLE 2.1: Error norms for Example 2.3.1 for various values of N.

Example 2.3.2. Recall that previously the solution of Example 2.1.2 was found to satisfy

ut = —px
& =x(d—ub) z(0) = o, (2.70)
poo=—d—(p+p)-(d—ub), p(T) =1,
v>0, vya(T)=0.
which satisfy the constraints
2(d—u) >0, (2.71)
and the slackness conditions
>0, px=0, p<o. (2.72)
Solution. We will use the values of x(0) = 1 for the initial condition, d = 0.8 for

the consumption rate d, T' = 1 for the terminal time, N = 1000 for the number of
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subintervals and ¢ = 0.001 for the tolerance to solve the problem numerically using

Algorithm 2.3.1.

Hence using Algorithm 2.3.1 we obtain the following graphical results given by Figure

2.4-25

0.5

-

——x(t)

u(t)
—o—
—— )

-05

FiGUurE 2.4: Opt

imal State z*(t), Control u*(t), Adjoint A*(¢) and Multiplier p*(t)
for Example 2.1.2

In Figure 2.4 we present the approximated optimal solutions of the state, control, adjoint

and Lagrange multiplier for Example 2.1.2.

0.7

0.6

0.5
0

Final Payoff is: J=0.84807

FIGURE 2.5: Payoff J for Example 2.1.2
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In Figure 2.5 we present the approximated optimal solution of the payoff J*(¢) for
Example 2.1.2. The value of the final payoff is given for the approximate solution as

J*(t) = 0.84807.

Example 2.3.3. Recall that previously the solution of Example 2.1.1 was found to satisfy

(

4 1 if pr—p2>0,
U =
0 if p1—p2<0.
1:1 = O(’LLti:L'l, 1‘1(0) = 10,
(2.73)

.%:2 = a(l — ’U,ﬁ).%'l, .%'2(0) = T20,

p1 = —prou—pea(l —w),  pi(T) =0,
L p? = _17 pQ(T) = 07

with the exact solutions given as

1 if 0<t<T -2,

u pry

0 if T—2<t<T,

x10e™ if 0<t<T-—2,
x] =

z10e®T=2 if T—2<t<T,

20 if OStST—2,
x5 =

$20+a9€10(t—T+%)6aT72 @f T—-2<t<T,
ot = Ze(-attal=2) 4f 0<t<T -2,

Q(t—T) if T—2<t<T,

py =T —t.
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Solution. We will use the values of 21(0) = 0.6 and x2(0) = 0.4 for the initial conditions,
o = 1, for the constant, T' = 3 for the terminal time, N = 1000 for the number of
subintervals and ¢ = 0.001 for the tolerance to solve the problem numerically using

Algorithm 2.3.1.

By using Algorithm 2.3.1 we obtain the following graphical results given by Figure 2.6
-2.9

o— u(t)
# —8—Uu

®

exact

08r B

04r B

02- B

FIGURE 2.6: Optimal Control u*(t) for Example 2.1.1

In Figure 2.6 we present the approximated optimal solutions plotted against the exact

solutions of the control for Example 2.1.1.

—— X, ®
—o—X,(t) g

35H g x

‘exact ®

FIGURE 2.7: Optimal States z7(t), 25(¢) for Example 2.1.1
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In Figure 2.7 we present the approximated optimal solutions plotted against the exact

solutions of the state for Example 2.1.1.

T
—p—p,®
P —o—p,(t)
— 5 Peaetl®

FIGURE 2.8: Optimal Ajoints p(t), p5(t) for Example 2.1.1

In Figure 2.8 we present the approximated optimal solutions plotted against the exact

solutions of the adjoint for Example 2.1.1.

3.5F

3F Final Payoff is: J =4.4615

and J =4.4621
exact

Payoff J
N
T

051

FI1GURE 2.9: Payoff P for Example 2.1.1

In Figure 2.9 we present the approximated optimal solution of the payoff J*(¢) for
Example 2.1.1. The value of the final payoff is given for the approximate solution as

J*(t) = 4.4615 and for the exact solution as JZ .. (t) = 4.4621.

exact
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The fact that the approximated optimal solution of the control, state, adjoint and payoff
lies on the curve of its respective exact solution verifies that the results obtained from

Algorithm 2.3.1 are indeed correct.

The following table verifies the efficiency and accuracy of the results by displaying the

€Iror norms.

N | Iterations | || 21 — 71 ||oo | [| T2 = T2 [|loo | [[u—Tlloc | [|P1 = D1 llc | || P2 = D2 |00
100 14 7.0831 x 1073 | 6.8497 x 1073 | 7.7515 x 102 | 6.5239 x 104 | 6.5239 x 104
250 14 21739 x 1073 1.9344 x 1072 | 1.5564 x 1072 | 5.3563 x 102 | 5.3563 x 102
500 14 2.8851 x 1072 | 3.0193 x 1073 | 1.5564 x 102 | 5.1461 x 1073 | 5.1461 x 10~
1000 14 1.4409 x 1073 [ 1.2975 x 1073 | 6.2439 x 102 | 5.1200 x 10~* | 5.1200 x 10~

TABLE 2.2: Error norms for Example 2.1.1 for various values of N.
]

Example 2.3.4. Recall that previously the solution of Example 2.1.4 was found to satisfy

( A-(1—2x)
# SRARE A
u 5 )
0y =uf(l —z) -z, z(0) = zo,
A=rX ==+ \+v)(uF+1), NT)=0d—d,
(51 x(T)ZO, (5120,
52 (1—1’(T)):0, 5220.

where v = vy — o, satisfying the constraints

u(l—x)—x >0,

(2.74)
x—u(l—2x) >0,
and the slackness conditions
vi(t) >0, vi(t) z(t) =0, vi(t) <0,
()20, n(®)a(t) =0, ) -
va(t) >0, wa(t) (1 —=x(t)) =0, va(t) <O0.

to determine the state x and the adjoint variable .
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Solution. We will use the values of

x(0) = 0.45 for the initial condition,

k =1 for the constants,

r = 0.09 for the interest rates,

¢ = 0.5 for the fractional revenues,

T =1 for the terminal time,

N = 1000 for the number of subintervals and

e = 0.001 for the tolerance
to solve the problem numerically using Algorithm 2.3.1.

Hence using Algorithm 2.3.1 we obtain the following graphical results given by Figure
2.10 - 2.11

0.45 \
—o— x()
uct)
04 o— () 1
—— )
035} B
03 B
L.
025} |
.
02 TN Y
0151 - E
01 N B
005} 'y g
0
0 0.1 02 03 0.4 05 06 0.7 08 0.9

FIGURE 2.10: Optimal State z*(¢), Control u*(t), Adjoint A*(¢) and Multiplier p*(t)
for Example 2.1.4

In Figure 2.10 we present the approximated optimal solutions of the state, control,

adjoint and Lagrange multiplier for Example 2.1.4.
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022

0.2

0.18
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Payoff J

0.14

0.12 Final Payoff is: J=0.14483
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FI1GURE 2.11: Payoff P for Example 2.1.4

In Figure 2.11 we present the approximated optimal solution of the payoff J*(t) for

Example 2.1.4. The value of the final payoff is given for the approximate solution as

J*(t) = 0.14483.

|
2.4 Constrained Optimization
The general form of a constrained optimization problem (COP) is
mazimize f(x)
T,u
subject to g;(z) =0, i=1,2,...,m, (2.76)

where f and all the g;’s and h;’s are differentiable.

By use of the Karush-Kuhn-Tucker (KKT) conditions the idea of Lagrange multipliers
can be extended to handle inequality constraints as well as equality constraints. These

conditions provide a first order optimality condition for the problem (2.76) known as
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the KKT conditions. The full set of KKT conditions are given by,

V@) + Y mVgi(@) + > 1 Vhi(x);(x) =0,
i=1 j=1

gi(x) =0, for i=1,2,...,m

. (2.77)
M]h](‘r)](x) :0’ fOI‘ J = 1727"‘7p
hj(xz) >0, for j=1,2,...,p

p; >0, for j=1,2,....p

where 11,72, ...1, are the Lagrange multipliers and g1, pi2, ... jtp are the KKT multi-

pliers.

Let us consider the utility maximization problem. This problem is studied in various ar-
eas of economics and finance [25-27]. For the basic problem a utility function determines
the satisfaction or utility experienced by a consumer after receiving a certain amount
of a specific good (or service) and a different amount of another good (or service). The
problem the consumer faces is to calculate the amount of each good (or service) they

need to buy in order to maximize their utility while abiding by a fixed budget.
Consider the simple modified utility maximization problem from [28].

Example 2.4.1. Consider a firm selling two products in a competitive market where,

x1 = a unit of the first product,

T9 = a unit of the second product,

A unit of the first product x1 costs p1 and a unit of the second product xo costs pa. The
consumer wishes to spend a complete total of B. The consumer can buy no more than
d1 units of the first product and ds units of the second product. The consumer aims to

mazximize their utility which is given by

U(z1,22) =alnz; + (1 —a)lnmz
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Solution. Mathematically this problem is to be formulated as the following COP,

maximize alnzy + (1 — a) lnxg
1,2

subject to p1x1 + pexe = B,
x1 < dy,

xTo S dg.

Let a = 0.4, py = 20, ps = 30, B = 600, d; = 20, do = 15. The Lagrangian for the

problem is given as,

L(xy,xo,m, p1, p2) = 0.4In21+0.6 In x9+n [600 — 2021 — 3022|411 [20 — 21]+pe [15 — 2] .

Applying the KKT conditions we get the following system of equations,

w1120 —x1] =0, p2[15 — z9] =0,
p1 >0, pg > 0.

We will now consider the following four cases,

w2 — 20—y =0, 52 — 300 — pg = 0,
600 — 2021 — 3022 = 0,
20 — a1 >0, 15— a5 >0, (2.78)

Case 1: u1 =0, puo =0, 20 —x1 # 0, 15 — z9 # 0, for this case solving the above

system of equations given by (2.78) simultaneously we get the values of,

21 =12, 25 =12, n = gl5, p1 =0, p2 = 0.

Case 2: u1 =0, pua #0, 20 —x1 # 0, 15 — z90 = 0, for this case solving the above

system of equations given by (2.78) simultaneously we get the values of,

15 1 1
T = 5, 1.2:157”:%7 Ml:()? /’LQ:_%

Case 3: pu1 #0, e =0, 20— 21 =0, 15 — z2 # 0, for this case solving the above

system of equations given by (2.78) simultaneously we get the values of,

_ _20 . _ _3 _ 1 _
1 =20, 22 =3, 1= 15550 M1 = —35, 2 =0.
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Case 4: p1 #0, pug #0, 20 —x1 =0, 15 — z2 = 0, for this case solving the above
system of equations given by (2.78) simultaneously we get the values of z1, and
9 as 20 and 15 respectively. Notice that for these values of x1 and x5 the budget

constraint 20z + 30z = 600 is not satisfied, hence we can disregard this case.

From the dual feasibility condition of the KKT we know that gy > 0 and ps > 0 hence
we only consider those solutions which satisfy this condition. The optimal solution is
identified as,

1
=12 =12 = — =0 =0.
z1 ; L2 » N 600’ M1 y M2

with the maximum f(z) = 0.4Inz; + 0.6 Inzy = In(12).



Chapter 3

N-player Differential Games

Previously in Chapter 2 we dealt with the case where a single individual made a decision
and optimized a payoff. In this chapter, we consider the case of an N-player differential
game where there are many decision makers, which we will call players, aim to optimize

their respective objective functions under the dynamics of the game.

Differential games are an extension of static game where players choose their strategy
from a finite number of possibilities. These games are also called matrix game [29-33].
Unlike in optimal control or optimisation problems where it is very clear what optimality
is, in game theory the concept of solution is not trivial. This is because what one player

considers as optimality can be very disastrous for any of the other players.

Different concepts of solutions have been proposed [30]. One solution concept is that of
Pareto optimality, where it is not possible to strictly increase the payoff of one player
without strictly decreasing the payoff of the other. Another concept of solution in game
theory, which we will focus on in this dissertation is the concept of Nash equilibrium.
A set of strategies is called a Nash equilibrium if any player who deviates from the
equilibrium strategy fails to improve his payoff. Other solution concepts can e found in

[34-37).

A noteworthy classification in game theory is between cooperative and non-cooperative
games. In a cooperative game, the players can communicate and negotiate with each
other and arrive at a mutual decision for their actions [38]. In a non-cooperative game
there is no form of communication between the players, therefore each player will aim
to optimize their objective function whilst deducing the behaviour of the other players.

43
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3.1 Formulation of the Problem

Definition 3.1.1 (N-player differential game). In general a N-player differential game

played on a time interval [0, 7] has following elements:

(i) A set of players N = {1,2,...,n},
(ii) For each Player i € N, a vector of controls u;(t) € U; C R™, where Uj; is the set
of admissible control values for Player ¢,
(iii) A vector of state variables z € X C R",where X is the set of admissible states. The
evolution of the state variables is governed by a system of differential equations,

called the state equations:

i(t) = fta(),ult),  2(0) = o (3.1)

where u(t) = (ui(t),ua(t),...,un(t)). Equation (3.1) is often called the state
equation. It describes the state of the game at every time t.

(iv) A payoff for Player i € N,

T
Ji(u) iS,‘(:U(T))-F/O Fi(t,z(t),u(t))dt, (3.2)

where function Fj is Player i’s running payoff and function S; is his terminal payoff,
(v) An information structure, that is information available to Player ¢ when he chooses
strategy w;(t) at time ¢,
(vi) A strategy set W;, where a strategy v; € ¥, is a decision rule that defines the

control u;(t) € U; as a function of the information available at time ¢ .

We may have additional constraints on either the control set of the players U; or on the
state of the game X. This may lead to having a strategy set depending on the control set
U;. In this dissertation, we will consider the case for where the set of admissible states

is defined via an inequality of the form,
h(t,z) > 0, (3.3)

which is called a pure state constraint.
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In order to have a well posed problem we need to specify what information is available

to the players.

Definition 3.1.2. In the N-player differential game given by Definition 3.1.1 of a du-

ration [0,7], we say that Player i’s information structures is

(i) Open-loop if at time ¢ the only information available to Player 7 is the initial state
of the game x(, hence his strategy set can be written as U,(t) = {0} ,t € [0,T].

(ii) Feedback if Player i uses the state of the game (¢,x(t)) as information basis,
hence his strategy set can be written as U, (t) = {x(t)},t €[0,T).

(iii) Closed-loop perfect state if Player i recalls the whole history of the state up to

time ¢, hence his strategy set can be written as W;(¢) = {z(s), 0 < s < t},t € [0,T].

(iv) e-delayed closed-loop perfect state if the information available to Player i is
the state with a delay of € units, hence his strategy set can be written as

U;(t) = {x(s), 0<s<t—e}, where e > 0 is fixed.

Note that we will be focusing on open-loop games only. Feedback equilibrium solutions
are found using a dynamic programming approach. The theorem presented below, spec-
ifies conditions on the functions f, F, ¢ for which the differential equation given by

(3.1) has a unique solution.

Theorem 3.1.3. For the N-player differential game given by Definition 3.1.1 of a du-

ration [0,T] which has any one of the information structures given above. If

(i) f(t,x,ur,ug,...,uy) is continuous in t € [0,T] for each x € R, i € N,
(ii) f(t,x,u1,u,...,uy) is uniformly Lipschitz in x,uy,uo, ..., u,. That is for some
k>0,

’f(t7x7u17u27"’7un)_f(tvfadlade"vdn) |§ k max {‘ .Ii(t)—.’i'(t) ‘ +Z | U; — Us |

Ost=T ieEN
‘T()’ j() € Cn[ov T]’

uz(),ﬂz() € Ui (Z € N)

(1i1) for vy € W;, (i € N), ¥i(t,x) is continuous in t for each z(-) € C"[0,T] and
uniformly Lipschitz in z(-) € C"[0,T],

differential equation given by (3.1) has a unique solution that is continuous.

2
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3.1.1 Open-Loop Nash Equilibrium

The idea of a Nash equilibrium was proposed by John Forbes Nash, Jr [20, 39]. Game
situations where cooperation between the players are not allowed normally concern Nash
equilibrium solutions. The Nash equilibrium solution concept safe guards against any
attempts by a single player of unilaterally altering his strategy, since a deviation from

the Nash equilibrium may not be beneficial to him [34].

*.] as the n-tuple of strategies for the players such that

For brevity, we denote [u;,u*,

[wi, u* ;] = (u*{, Wy, ooy Uy Uiy U gy e e ,uj;)

The Nash equilibrium can be defined as,

Definition 3.1.4 (Nash Equilibrium). A Nash solution v}, i € N is defined by
Ji(u®) = Ji([us, ul]), (3.4)
for all admissible u;, ¢ € N, where J; is the criterion which Player ¢ wants to maximize.

and hence in terms of optimization and optimal control we have,

Theorem 3.1.5 (Nash Equilibrium). The n-tuple of control functions u* is an open-
loop Nash Equilibrium for the N -player differential game given by Definition 3.1.1 and
constrained by (3.3) if for alli € N the following holds

e For Player i, the control u} gives the solution to the OCP:
T
max J,([uz,u*_z]) = Sl(:c(T)) +/ Fi(t,az, [ui,uii])dt, (35)
0
over all the controls u;, for the system with dynamics
&= f(t,x, [u, u)), z(0) = xg € R, (3.6)
subject to the pure state constraints

h(t, z(t)) > 0. (3.7)
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From Definition 3.1.5, we can see that finding a Nash equilibrium amounts to simulta-
neously solving optimal control problems, one for each player. Thanks to the maximum
principle, we can derive a set of necessary conditions for the Nash equilibrium of any

differential game. For ¢ = 1,2,...,n we introduce the Hamiltonian of Player ¢ as
H’i(taxvuapi) :pi-f(t,l‘,ll)—FE(t,fE,u), (38)

which allows us to handle the constraints (3.6) through a multiplier p. Using the indirect

adjoining method [see, Section 2.1], we define the Lagrangian of Player i as,

Ll’[t’x’uvpinui] = Hi(tvmauapi) + g h(t,.’E,ll), (39)

which allows us to handle the constraints (3.7) through a multiplier u.

We require that the maximisation condition of the maximum principle [see, Theorem

2.1.4], always has a solution as presented in the following assumption.
Assumption 1. For all (t,x) € [0,T] x RN and any vectors p;, € RY, there exists a

unique n-tuple uf € U; such that

ug = argmazx {Hi(t, x, [ug, uﬁ_l],pz)} ) (3.10)
u; €U;

for each t € [0, T] for all u; which satisfies

hlt,z(t),u;(t)] > 0 whenever h[t,z(t)] = 0.

where H; is the Hamiltonian function as defined by (3.8). The corresponding map will
be denoted by

(t7 ﬂf,pi) = ug(ta xapi)'

We can now propose a method for finding open loop Nash equilibrium for an N-player

differential game.

Proposition 3.1.6. Let Assumption 1 hold. Fori € N, let the control u} be an optimal
solution for the N-player differential game given by Definition 3.1.1 and constrained by
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(5.8). Then u; solves the following two point boundary value problem (BVP)

,

o= f(t ), z(0) = o,
. 0L i B
pi == o (t,x,ui, 1),  pi(T) = VaSi(x(T)) +yVh(T,z(T)), (3.11)

v 20, yh(T,2*(T)) = 0.

which satisfies the complementary slackness conditions,

Consider the following example for the case where N = 2 from Bressan [40].

Example 3.1.1 (Producer-Consumer Game). We consider a firm manufacturing a good

where,

x(t) = the sale price of a good at time t,

and for the controls, at each time t, a good is produced by the firm at rate u; and

consumed by the consumer at rate us. So the controls for our problem are defined as:

ui(t) = rate of production of a good at time t,
ug(t) = rate of consumption of a good at time t,
and
ci(s) = cost function of Firm i

we assume for the sake of definiteness that

2

c(s) = %,
ca(s) = 2v/s.

The price increases when the consumption of goods is larger than the production of goods,

and decreases otherwise, that is we have the following system with dynamics

#(t) = x(t)(ua(t) —w(t), (0) =z, ¢€l0,T],
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with constraints given by
x(t) > 0. (3.12)

The payoff functional for Firm 1 is measured by the profit generated by sales, minus
the cost c1(ui(t)) of producing the good at rate ui(t) and for Firm 2 is measured by the
initial capital the consumer has, minus the price payed to buy the x(t)us(t) of producing

the good at rate ui(t), that is we have

T
= /0 [2(t) - ua(t) — 2 (un (£))]
T
o = /0 lea(us(t)) — 2(t) - us(b)] dt, (3.13)

We aim to find the necessary conditions for an open-loop Nash Equilibrium for the

problem.

Solution. The Hamiltonian functions for the players in this problem is given by

Hi(t,x,uy,u2,p1) =p1- f(t,x,ur,u) + Fi(t, o, u1, u)
2

u
=p1 - x(ug —uy) + zTug — ?1,

and

Ho(t,z,ur,ug,p2) = p2- f(t, 2z, u1,uz) + Fa(t, x,u1, uz)
= po - x(ug — uy) + 2y/uz — Tus.

The Lagrangian functions for the players in this problem is given by

Lilt,x,ur,ug, pi, ] = Hilt,x,ur,ug, p1] + g1 - h(t, @, u1, uz)
- Hl[taxvulau%pl] +/,61 : (ht + hx : f)
2

u
zxuz—?1+m-(p1+u1)(uQ—U1),

and

LQ[t7x7u17u27p27u2] = HQ[t,fE,Ul,UZ,pQ] + H2 - I:L(tuxaula’UZ)
= Holt, x,u1, u2, p2] + pi2 - (he + hao - f)
= 2\/ug — zus + x - (p2 + p2) (ug — uy).
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From Assumption 1 and the Hamiltonian maximization condition (i) of Theorem

(2.1.4) we can write our pair of optimal controls (ui (t,z, A1), ug(t, x,A2)) as

uﬁ = argmax {Hi(t,x,u1,uz, A1)}
u1€ls
=argmazx {p1 - x(ug —uy) + Tus — —
u1 €U 2
= —pP1x
and
ug = argmax {Ha(t,x,u1,uz, X2)}
uz€Uz
= argmazx {ps - x(ug — uy) + 24/uz — xus}
ug€Usz
=T W2
(- (1= p2))

for each t € [0,T] and for all u;,us which satisfies

x(ug —uy) > 0.

From condition (ii) of Theorem (2.1.4) we find that the adjoint equations are given by,

0Ly

b=
0

u2
=5 {$U2— ?1+x-(p1+m)(u2 —ul)}

= (p1 + p1) (w1 — ug) — ug,
and
, dLo
P2 =
gx
= {2V —zuy 2 (2 + pi2) (2 — 1)}

= (p2 + p2) (u1 — u2) + ug,

along with the transversality conditions

pi(T) =VSi(T,z(T))+ 6 VA(T,z(T))
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and

p2(T) =VSo(T,x(T)) + 62Vh(T, z(T))

521’(T) = 0, 52 2 0.

Putting all together gives

i = a(uh — )
1
: ). #(0) = a0,
<(1‘ (1 —p2))?
pr = (pr+ ) (W — ub) — u, pi(T) =
1
= —(p1+ 1) < +p1$> - , 61z2(T) =0,
(- (1 —p2))? (- (1 - p2))? (3.14)
61 Z 07
B2 = (p2+ p2) (uf — uf) + i, p2(T) = b2,
1 1
() #r) + L ha(T) =0,
(- (1= p2))? (- (1= p2))?
dg > 0.
which satisfy the constraints
z(ug —u1) >0, (3.15)

and the slackness conditions

>0, z=0, 1 <0,
H1 = M1 M1 (3.16)

N220a M2I207 MZSO

to determine the state x and the adjoint variables p; and po.

Remark 3.1.7. In Section 4.1 we will solve this problem further using a numerical method.

Consider the following example for the case where N = 2 from Torres and Esparza [1].
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Example 3.1.2 (Duopolistic Market). Consider two firms, Firm 1 and Firm 2, selling

the same product in a competitive market where,

x(t) = Firm 1 ’s market share at time t,

1 —xz(t) = Firm 2’s market share at time t,

and for the controls, at each time t, an advertising strategy is implemented by the firms.

So the controls for our problem are defined as:

ui(t) = advertising effort of Firm i at time t,
and
ri = Firm i’s interest rate,
¢; = Firm i’s fractional revenue potential,
ci(s) = advertising cost function.

We assume for the sake of completeness that

where k; is a positive constant.

The number of customers at Firm 1 increases by the advertising efforts of Firm 1 and
the advertising efforts of Firm 2 draws customers away from Firm 1, hence we have the

following system with dynamics
(t) = ur(t)(1 — z(t)) — ua(t)z(t), x(0)==mz9, te€]0,T], (3.17)
with constraints given by
0<xz(t) <1, (3.18)
The payoff functionals for the 2 firms are given as

T
prim 1 _ /0 e [Bre(t) — ex (un (1)) db,

] T
prim 2 _ / e (o (1 — a(t)) — ealua(t)] dt.
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Here, the action of one firm does not directly effect the other firms payoff, but it effects
the payoff indirectly through the state dynamics. We aim to find the necessary conditions

for an open-loop Nash Equilibrium for the problem.

Solution. The Hamiltonian functions for the players in this problem is given by

H{(t,x,up,ug, A1) = At - f(t, 2, u1,u2) + Fi(t, x,up, up)

k 2
= i(ur(1 =) = upa) + 1o -~

and
HS(t,x,ur,ug, A2) = Ao~ f(t, 2, u1,u2) + Fo(t, x,ur, ug)

2

= X (u1(1 — 2) — ugxw) + ¢o(1 — ) — 5

where A\ = €"! - p; and Ay = €2 - po.

The Lagrangian functions for the players in this problem is given by

LT[t,:L',Ul,UQ,)\l,Vll,l/lQ] == Hf[tax7u17u27)\l} + V11 f — V12~ f

= H{[t,z,u1,uz, \1] + (v11 — v12) (ur(1 — &) — uaw)

klu%
=M\ +v)(ur(l — ) —ugx) + g1z — —
and
Lg[tam,UhUZ?)\QaVthZQ] = HQC[t,.’E,Ul,’U,Q,)\Q} + V21 f — 22 f
= HS[t, x,u1,uz, o] + (v21 — v22) (ur(l — &) — uaw)
kou2
=N+ vo)(u1(l — ) —ugx) + po(l — ) — %

where v1 = v11 — v19 and vy = V91 — V99,

From Assumption 1 and the Hamiltonian maximization condition (i7i) of Theorem

2.1.5) we can write our pair of optimal controls uf t,x, A1 ,uﬁ t,x, X)) as
1 2

uﬁ = argmax {H{(t,z,u1,u2, A1)}
u1€U1 )
k
= argmax {Al(ul(l — ) —uax) + P — 1101}
u1 €Uy 2
. /\1(1 — {/C)

kr 7
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and

us, = argmax {HS(t, x,ui,uz, X2)}
u2€U2

k 2
= argmazx {)\Q(ul(l — ) —ugx) + ¢2(1 — ) — 2u2}
uz €U 2
—)\Qw

ko

for each t € [0, 7] and for all u;, us which satisfy

up(l —x) — ugx > 0,

ugx —ui(l —x) > 0.

From condition (ii) of Theorem (2.1.5) we find that the adjoint equations are given by,

oL
g hu?
= "oz {()\1 +v1)(ur(l — x) —ugx) + d1 — 12u1}

= (M +v1)(ur +u2) — @1,

Xl — 7”1/\1 =

and

'LL2
= et (1 = 0) = o) 4 01— ) - P22

= (A2 + v2)(u1 + u2) + @2,

along with the transversality conditions

M(T) = VSi(T,2(T)) + 61,Vh(T, 2(T)) + 612V ho(T, z(T)),

= 011 — 012,

)\Q(T) = VSQ(T, ZC(T)) + 091 Vhy (T, ZL‘(T)) + 522Vh2(T, ZL‘(T)),

= 021 — 022,

(5111‘(T) == O, 512 (1 - .’E(T)) == O, 521 CL‘(T) == 0, 522 (1 - I‘(T)) == 0,

011 >0,  012>0, 0d21 >0, d22 >0.
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Putting all together gives

i o=ui(l—2)—ubz
M1 —2)2  Aox?
Uik
kl k'Q
XN o=+ O+ )+ b)) — o

A (1 — A
=711+ (A + 1) (M—]g) — ¢1,

X =7odo+ (Ao + I/Q)(ug + ug) + @2,

A(1— A
=122 + (A2 + 1) (l(klx)—]::) + 2,

z(0) = o,

M (T) =011 — 912
511 2(T) = 0, 615 (1 — 2(T)) = 0,

011 >0, d12 >0,

A2(T) = 021 — 022,
521 SE(T) == 0, 522 (1 - a:(T)) == 0,

021 >0, d22 > 0.
which satisfy the constraints
u1(l —x) —ugx > 0,
( ) (3.20)
ugr —ui(l —x) >0,
and the slackness conditions
vi1 20, vnz=0, v1 <0,
vi2 >0, wvio(l—2a)=0, v <0,
12 = 12 ( ) 12 (3.21)
vo1 >0, wvorx=0, v <0,
[ 12220, v (1-—2)=0, v <0.
to determine the state x and the adjoint variables A\; and As.
|

Remark 3.1.8. In order to ensure that the open-loop Nash equilibrium for the N-player

differential is indeed optimal, we will need to check for sufficiency.

Sufficiency Conditions of open-loop Nash equilibrium solutions

Using the maximum principle to solve the N-player differential game problem only

provides us with necessary conditions for optimality, but it does not assure us that the

(3.19)
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n-tuple of controls (uf,u,...,u)) is indeed an open-loop Nash equilibrium since this
n-tuple may not be optimal. We will use Theorem (2.2.1) to derive a set of sufficiency

conditions for the problem.

Theorem 3.1.9 (Sufficient Conditions for open-loop Nash equilibrium). For the N-
player differential game given by Definition 3.1.1 and constrained by (3.3), consider the

measurable function t — u; € U; and the continuous functions x*,p;, p; satisfying

(

a'c:f(t,x,uf), ZL’(O):.T(),

) O0L; .

| 720, 7y A(T,2(T)) = 0.

together with

Hz-(t,x*,u;‘,pf) = Irtneag {Hi(t,x*,ui,p;‘)},

for all u; which satisfy

hlt,xz(t),u;(t)] > 0, whenever h[t,z(t)] = 0.

and also the complementary slackness conditions,

pi(t) 20, pi(t) h(t, 2*(t)) =0, fu(t) < 0.

Suppose that the set U; is convex for every x € R™, t € [0,T], the partial derivatives of

the functions F;(t,z,u;) and f(t,x,u;) are continuous with respect to their arguments.

If the Hamiltonian function H; exists and is concave in x,u; for all t, the terminal
payoff Si(T, x) is concave in z, and h(t,x) is quasiconcave in (z,u;), then u} is a Nash

equilibrium solution and x* is the corresponding trajectory.

If the Hamiltonian function H; is strictly concave in (x,u;) for all t, then u} is the

unique Nash equilibrium solution and x* is the corresponding trajectory.
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3.1.2 Open-Loop Stackelberg Equilibrium

Here we have an asymmetric game situation where the players can communicate, and
therefore they can swap ideas on their strategies. For this equilibrium solution there is a
hierarchy in the decision making process. The concept of solutions for hierarchical game
situations where one player has domination over the other player was introduced by von
Stackelberg in 1934. Hierarchical game situation results in players taking on either the
role of a leader or of a follower [41]. A Stackelberg solution is obtained when the leaders
have achieved their maximum payoff, based on and considering the optimal strategies

of the followers [42].

We will consider a 2-player differential game where Player 1 takes on the role of the

leader and Player 2 takes on the role of the follower.

Let us consider the following definition.

Definition 3.1.10 (Best Response). The strategy us € Us is Player 2’s best response

to Player 1’s strategy u; € Uy if

Jo(ur,ue) > Jo(ui,us)  Yuy € Uy  uy # uz

i.e Player 2’s strategy uo will give the highest possible payoff given that Player 1 plays

strategy u1.

We are now ready to define the Stackelberg equilibrium.

The set of best responses for Player 2, given Player 1 chooses the strategy u; € U is

denoted as

Rg(ul) = {UQ S UQ; JQ(Ul,UQ) > Jg(ul,ué) VU§ e Uy uy 75 uZ},

and similarly the set of best responses for Player 1, given Player 2 chooses the strategy

ug € Uy is denoted as

Rl(UQ) = {u1 e Uy; Jl(Ul,'LLQ) > Jl('U/T,'LLQ) Vuik elUy up # UT}

Hence assuming Player 1 chooses any admissible control uf : [0,7] + U; then the set

of best responses for Player 2 is Ro(u}). This simply means that Ro(uj) is the set of
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all admissible control functions wug : [0,7] — Uz in relation with uj that maximizes the

payoff for Player 2. That is, the set of best responses for Player 2 solves the OCP
T
maximize Jo(uj, ug) = So(z(T)) +/ Fo(t, x(t), ui(t), ua(t))dt,
0

over all the controls uy, ug, for the system with dynamics

&(t) = f(t,@,ui,uz), «(0) =o€ R",
h(t, .Z') >0 UQ(t) e Us.

Definition 3.1.11 (Open-Loop Stackelberg Equilibrium). A pair of control functions
t — (uj(t),us(t)) is an open-loop Stackelberg equilibrium for the 2-player differential
game within the framework of Definition 3.1.1 and constrained by (3.3) if the following

conditions hold:

(i) u3 € Ra(u})
(ii) Given any admissible control u; for Player 1 and every best response uy € Ra(uq)

for Player 2, we have

J1 (’LLT, u;) = U2g7L£S(Uul)J1(U17 UQ)

subject to the dynamics

(t) = f(t,z,uj,u3), z(0)=x0€R",
h(t,z) > 0.

From Definition 3.1.11, we can see that for us to get an open-loop Stackelberg equilib-
rium, Player 1 will have to find the best response of Player 2 for each and every one
of his controls uj, and he will have to choose the control function uj such that his own

payoff will be maximized.

Due to the hierarchy between the leader and follower a set of necessary conditions for
an open-loop Stackelberg equilibrium will first be found for the follower and then for
the leader [43]. To find these necessary conditions, we use a combination of variational

analysis [see, 44—46] along with the maximum principle.

Let (u}, u3) be the controls for Players 1 and 2 respectively and z* be the corresponding

optimal trajectory of the dynamic system.
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For Player 2: We know that w3 is the optimal response for Player 2, thus by the

maximum principle there exists an adjoint vector p3 such that

T*(t) = f(t,x*, ui,u3), z%(0) =z

. 0Ly
> t . t’x*7u*7u*’ *7 * ,
p5(t) Oz ( 15 U2, D3, H3) (3.22)
p5(T) = VSy(a*(T)) +yVh(T,2*(T))
v >0, ~h(T,z*(T)) =0.
Furthermore, the subsequent conditions for optimality
uy € argmax {Ha(t,z*,ui,uz,p3)} (3.23)
uz2€Usz
for almost every ¢ € [0,T] for all uj, ug which satisfy
hlt, z*(t), u1(t), uz(t)] > 0. whenever h(t,z*(t)) = 0. (3.24)

hold.

For Player 1: In order to obtain a set of necessary conditions for optimality, we will

need to assume
Assumption 2. For every (t,z,ui,p2) € [0,T] x R™ x Uy x R™ there exists a unique

optimal choice ug € Uy for Player 2, to be specific

ug = argmax {Ha(t,x,u1,u2,p2)}
ug €U

for all uy,us which satisfy

hlt, z(t),u1(t), ua(t)] > 0, whenever hlt,z(t)] = 0.

We are now able to construct Player 1’s optimization problem as an OCP. This OCP
will have an extended state space with the state variables (x,p2) € R™ x R™. That is,

the OCP for Player 1 is

T
maximize Si (2(T)) + /0 Fut 2(8), un(t), (b, o(t), ur (6), po(0)))dt (3.25)
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for the system on R?" with dynamics

l'(t) - f(t7x7u17ug(t7xaul7p2))7 Q?(O) = Zo,
. O0Lo "

pz(t) = _%(t,l’,UbUQ(t,.ﬁ,Ul,pQ),,UQ),
p2(T) = VSa(z(T)) +yVh(T,z(T)),

v>0, vh(T, z(T)) =0.

(3.26)

Although this is clearly a standard problem in optimal control theory, notice that the
of state variables (z,p2) are not both given at time ¢t = 0. Rather, at t = 0 the initial
constraint x = xg is given while at ¢ = T the end condition py = VS2(z) + yV.h(T, x)

is provided.
To ensure the existence of solution to (3.26), we need the following assumption.

Assumption 3. For all fired t € [0,T] and u; € Uy, the maps

(z,p2) > F(t, @, uy,po) = Fl(t,a:,ul,ug(t,x,ul,pg))

(z,p2) > f(t, 2, up,p2) = f(t,x,ul,ug(t,:c,ul,pg))

(z,p2) > L(t, 2, u1,pa, ) = —VauLo(t, @, uy, ub(t, 2, u1, pa), o)
z = S1(T,2(T)) = VSi(T,z) +yVh(T,z),

x = So(T,z(T)) = VSo(T, ) + yVh(T, z),
are continuously differentiable.

If we apply the maximum principle for constrained initial and end points to the OCP
(3.25)-(3.26), then we will obtain a set of necessary condition for open-loop Stackelberg

equilibrium solutions.

Theorem 3.1.12 (Open-loop Stackelberg equilibrium necessary conditions). Let As-
sumption 2 and 3 hold. Let t — (uj,u3) be the open-loop Stackelberg equilibrium for
the 2-player differential game within the framework of Definition 3.1.1 with constraint
(3.3), and x*,p5 be the corresponding trajectory and adjoint vector for Player 2 that
satisfy (3.22)-(3.24).
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Then there exists a constant kg > 0 and two absolutely continuous adjoint vectors k1, ko

which are not all equal to zero, that satisfy the equations

.o oF af oL
K1 = —Kog; — Klgy — K29, (3.27)
Lo OF of oL ’
K2 = —Kogy, — HlaTJJ; — R2gp,>
for almost every t € [0,T] together with the boundary conditions
ko(0) =0,
2(0) . - (3.28)
Iil(T) == H()Sl - K/Q(T)D SQ.
Furthermore, for almost every t € [0,T] we have
koF (8, 2% (1), ur, pi(t)) + k1 (8) F (£, 2 (8), ug, pi(t
) = argman . PO E O 0E0) £ mOF @ ri0) |
u1€ly Fro(t)L(E, 27 (1), u1, p3(t), p3(t))
for all uy,ugy which satisfy
hlt, z(t), u1(t), uz(t)] >0, whenever hlt,z(t)] = 0. (3.30)

The right hand side of (3.27) is calculated at (¢, x*(t), p5(t), u3(t), ul), also the function
D2S, denotes the Hessian matrix of second derivatives of the function Sy(x) + yh(T, )

at point x.
Consider the following example from Bressan [40].

Example 3.1.3 (Growth of an Economy). We consider the growth of an economy with

respect to Player 1 (government) and Player 2 (capitalist) where,

x(t) = the total wealth of the Capitalists at time t,

a = constant growth rate of the wealth,

and for the controls, at each time t, the government will impose a capital tax rate which
will effect the amount of consumption of the capitalists. So the controls for our problem

are defined as:

ui(t) = capital tax rate imposed by the government,

ug(t) = instantaneous amount of consumption,
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also, we have
¢; = a utility function,
we assume for the sake of definiteness that
2
¢S
qb@(s) = 12 .
We have the following system with dynamics
z(t) = ax(t) — ur(t)z(t) — ua(t), =(0) =xo, te][0,T]. (3.31)

We have constraints given by

z(t) > 0.

The payoff functionals for the 2 players are given as

We aim to find an open-loop Stackelberg Equilibrium for the problem, where the govern-

ment is the leader who announces in advance the tax rate ui and the capitalists are the

followers.

Solution. The Hamiltonian function for the capitalists in this problem is given by

Ho(t,z,ur,ua,p2) = pa- f(t, 2, u1,uz) + Fa(t, x,u1, uz)
62(u2)2

=py(ax — urx — ug) + 5

and the Lagrangian function for the capitalists in this problem is given by

Lolt, @, w1, ug, pa, pa] = Halt, z, u1,uz, pa] + p2 - h(t, 2, us, us)
— H2[t7x7u17u27p2] + H2 - (ht + hx . f)

— HZ[tamaulau2ap2] +;u2 : f

= (p2 + p2) (ax — w1z — ug) + 5

CQ(U2)2 ‘
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From Assumption 2 we have the unique optimal choice uﬁ2 € U, for the capitalists given

as

ug = argmax {Ha(t,z,u1,u2,p2)}
uz€ls 9
= argmaz {p2(ax —uix —ug) + CQ(UQ)}
uz €Uz 2
_ P2

C2

for all uq, us which satisfy

ar —uix — ug > 0.

From Assumption 3 we have the following functions

F(taiﬁaUlva) :Fl(t7x7u1>uﬁ2(tamaulap2))
B c1(urx)?
= 72 ,

f(t7x7u17p2> :f(t7x7u17uﬁ2(taxvu17p2))

1

=ar —u1T — U,

b2
=ar —ul1xr — —,

C2
~ 0 §
L(t,x,lﬂ,pg,ﬂg) - —%LQ(?@$7U17U2(t7$7ulap2)7ﬂ2)
) 2
T ox {(PQ + p2) (az — w T — ug) + 62(;2) }

= —(p2 + p2) (@ —u1),

So(T,z(T)) = VSs(x)+ Vvyh(T,x)
=14+n7.

Hence the government who is our leader will have the following optimization problem

to solve

maximize {b:c(T) + /0 ' {W] dt}
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for the system with dynamics

z(t) = ax — uyx — 12, z(0) = o,
C2

po(t) = —(p2 + p2) (@ —u1), p2(T) =1+~
v>0, vz(T)=0.

By applying Theorem (3.1.12) we obtain the optimal control for constants kg > 0, k1, Ko

as

uq = argmax {Fcoﬁ’ + f<c1f+ /@gi}
u1 >0

2
= argmazx {ﬁocl(uzlx) + k1(ax — wjz — —) + ko(—(p2 + p2) (@ — uy))

u1>0 C2

K12 — K2(p2 + p2)
KoC1T2

for all u1,us which satisfy

ar —uix — ug > 0.

Putting all together gives

x :(a—uﬁ)m—p—2
C2
( mx+/€2pz) P2
=la——= |z — =,
Koc1x? co
po = —(p2+ p2)(a —ub)
K1Z + Ka2p2
= p2+H2 2 —-al,
KOC1T

K1 = —Kocliﬂ(uﬁ)Q — kia— u’i)

Koc1x2 Koc1x2

. K1
Ko = f—l—ﬁg(a—uq)
2

:ﬂ—ﬁ Hlx—liz(p2+,u2)_a
2 Koc1x2 '

2

2
= —KoC1T <E1$ Fa(pe + Mz)) + K1 (Klgg n2p2 + p2) -

|

(3.32)
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with the initial and end conditions

z(0) = o, p2(T) =1+,
Hl(T) = Hob, HQ(O) = 0, (333)
Y l’(T) =0, v = 0.

to determine the state z and the adjoint variables p; and po
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Numerical Algorithms for

Differential Games

In the previous section we have seen that analytically solving an N-player differential
game problem completely is a challenging task. In this chapter, we propose numerical

algorithms that allows us to approximately solve an N-player differential game.

This is done by adapting the Forward-Backward sweep algorithm presented in Section
2.3 for the solution of differential games. The algorithm is derived from the maximum
principle of optimal control. As we have pointed out in Section 3.1.1, finding open
loop Nash equilibrium for a differential game amounts to solving many optimal control

problems, one for each player.

For i = 1,2,...,n, consider the N-player differential game which has the following

system with dynamics
2(t) = f(t,z(t),u(t)), «(0)=z0, €[0T}, (4.1)
and payoff functionals given as
T
Ji(u(t)) = S;(z(T)) —1—/0 Fi(t,z(t),u(t))dt, (4.2)

where u(t) = (ui(t), ua(t),. .., un(t)).

66
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We denote [u;, u*,;] as the n-tuple of strategies for the players such that

[wi, u* ;] = (u{,u’z‘, e W UG U ,u:) .

Applying the maximum principle, we obtain the following necessary conditions for op-

timization.

x = f(t,x,u;), x(0) = xo, (4.3)

p; = - g (t,z,u;,pi), pi(T) = VS8;(z(T)), (4.4)

u; = argmazx {Hi(t, x*, [u,, uii]ﬂﬁ)} . (4.5)
u; €U;

for the Hamiltonian functions

H’i(tux7u7pi) :p’bf(taxau)—i_ﬂ(taxau)a

When the strategy of the players are unbounded, the maximality conditions amounts to
0H; _o
aui

In order to solve (4.1)-(4.2) we will use an extension of the Forward-Backward Sweep

algorithm.

4.1 Forward-Backward Sweep Algorithm

Consider the following algorithm which is an extension of Algorithm 2.3.1.
Algorithm 4.1.1 (Forward-Backward Sweep). The iterative algorithm to solve (4.1)-

(4.2) when H; is a concave function of u; is given by

1. Discretise the time variable t € [0,T] as tg = 0,t1 = At, to = 2At,... tx =
kAt, ... .ty = NAt, where At is the time step and consider a piece-wise constant

guess for the strategy of the players

u(t) = u(tk), t e [tk,...,t]\/],
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2. Using the initial guess for u; from step 1 and the initial condition x(0) = xo, we
solve the state equation (4.3) forward in time.
3. Using the transversality condition p;(T) = V;S;(x) and the stored values for u;
and x, we solve the adjoint equation (4.4) backwards in time for the adjoint p; .
4. Update the control u using the mazimality condition (4.5).
5. Check the convergence that is, check that for v € x,u;, p;,
N+1 N+1

e 1ol |- 3 [ w(i) - o) | >0, (4.6)
=1 =1

where € is the tolerance, v(i) is the solution at the current iteration and vq(i) is

the solution at the last iteration.

(a) If (4.6) is satisfied, then end the iterative procedure and output the optimal

solution

(b) If (4.6) is not satisfied, then go back to step 2.

Lets now consider the following example for the case where N = 2 from Sethi and

Thompson [22].

Example 4.1.1 (Bilinear Quadratic Advertising Model). We consider a simple adver-

tising competition game between Firm i for i = 1,2 where,

x;(t) = the market share Firm i has at time t

and for the controls, at each time t, an advertising rate is implemented by each of the

firms. So the controls for our problem are defined as:
u;(t) = advertising rate Firm i at time t

and also the following parameters are defined as:

a; = ineffectiveness of Firm i’s advertising strategy
b; = effectiveness of Firm i’s advertising strateqy
¢; = cost of Firm i’s advertising

w; = Firm i’s wealth
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We have the following system with dynamics

.Z"l(t> = b1u1 (t)(l — a:l(t) — xg(t)) — alxl(t),

(4.7)
xl(()) = 10, t e [O,T},
and
Za(t) = boug(t)(1 — x1(t) — z2(t)) — agxa(t), (4.8)
xQ(O) = X920, t e [0, T}.
and payoff functional for Firm i is given as
prirmi _ / leis(t) — (us(£))?] dt + wiai(T). (4.9)
0

where b;, a;, w;, ¢;, and r are positive constants. We aim to find the necessary condi-

tions for the open-loop Nash Equilibrium.

Solution. The Hamiltonian for each of the firms are

Hl(t7x1)x27u17u27p117p12) =

and

Hy(t,x1, 2, w1, ug, pa1,pa2) =

pr1(brur (1 — 21 — x9) — a1m1) + c121 — u? (4.10)

+p12(baug(l — 21 — x2) — agxa),

P21 (blul(l — T — SUQ) — alxl) + Ccoxo — u% (4‘11)

+pa22(boua(l — x1 — x2) — asza),

where the adjoint variables for each of firms are denoted as p11, p12, P21, P22.

Applying the maximum principle
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We obtain the following necessary conditions for optimization.

up = argmax {H\(t, x], 25, u}, ub, p11, p12)}
ul =2
~ pubi(1 =z — x2)
- 5 7
u; :(ZTQZL(?%' {H2(tax91‘:33;“?»“;]?217]922)}
U=
~ pazba(l —x1 — 19)
= 5 ,
i = bui(l— o} — 23) — aia]
prb? (1 — xt — a%
_ 1( . 1 5) — i, 21(0) = 210,
i3 = bouz(l — 2} — a3) — asa
paab3 (1 — ¥ —
= 1l 9 ! 2) — ag3, 12(0) = w20,
ply = — Ve Hi(t, x7, 25, ui, u3, p11, p12)

= pribiu] + priar + prabous — 1
(1 — 1 — .’L’g)

- a— (p1107 + prap2ob3) + priay — c1, p1a(T) = wy,

ok

P12 = —VmHl(t,x’f,x;,u”{,uz,pu,pw)

= pribiu] + praboui — aspi2
(1 — 1 — IL’Q)

I e— (1107 + p12pa2b3) — aspra, p12(T) = 0,

P51 = —Va, Ho(t, o7, 23, u7, u3, p21, p22)
= pa1b1u] + paobous — a1pa:
= (1_965_962) (pnmlbf +p§263) + po1a1, p21(T) =0,
D3y = —Va, Ho(t, 27, 25, ui, u3, p21, p22)
= pa1b1u] + pazboul + paoaz — c2
(1 —x1 — x9)

i e— (p11p2167 + P32b3) + p2sas — ¢, pao(T) = wo.

We will use the values of x1(0) = 0.45 and z2(0) = 0.35 for the initial condition,
a1 = 0.25, ao = 0.65, by = 0.75, by = 0.35, ¢1 = cg = 1, for the constants, T'= 1 for the
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terminal time, N = 1000 for the number of subintervals and ¢ = 0.001 for the tolerance

to solve the problem numerically.

Hence using Algorithm 4.1.1 we obtain the following graphical results given by Figure
4.1-44

0.1

o o
8 8
r

Control u(t)
o
o
~

FIGURE 4.1: Optimal Controls u}(¢) and uj(¢) for Example 4.1.1

In Figure 4.1 we present the approximated optimal solutions of the control for Example
4.1.1. For this example the control u; represented the advertising rate of its respective
Firm at time ¢. From Figure 4.5 we see that the market share for both firms increases,

reaches some turning point and then decreases. Also we see that Firm 1 has a greater

advertising rate than Firm 2 on the interval ¢ € [0, 1].
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FIGURE 4.2: Optimal States z7j(t) and x3(t) for Example 4.1.1

In Figure 4.2 we present the approximated optimal solutions of the state for Example
4.1.1. For this example the state x; represented the market share of its respective Firm at
time t. From Figure 4.2 we see that the market share for both of the firms is decreasing.

Also we see that Firm 1 has a greater market share than Firm 2 on the interval ¢ € [0, 1].

1.4 T T T

—— Firm 1
1.2 =©—Firm 2| |

Adjoint p(t)

0.2 4
p
04 21
Y P1z
0.2 1 L L 1
0 0.2 0.4 0.6 0.8 1

t

FIGURE 4.3: Optimal Adjoints pj;(t), pis(t), ps1(t) and pi,(t) for Example 4.1.1

In Figure 4.3 we present the approximated optimal solutions of the adjoint for Example
4.1.1. The adjoint here represents the marginal value of the market share. In other

words, the adjoint for this example is the rate of change in the payoff for small changes
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in the market share. From Figure 4.3 we see that for Firm 1, p;; decreases whilst p1a

increases and for Firm 2, pe; increases whilst peo decreases on the interval ¢ € [0, 1].

0.85 T T
\ == Firm 1
0.8 w
075 4
0.7 1
0.65 - Final Payoff is: J,=0.77158 4
5
=
% 06 J,=0.44389 1
o

FIGURE 4.4: Optimal Payoffs J;(t) and J;(¢) for Example 4.1.1

In Figure 4.4 we present the approximated optimal solution of the payoff functions J; (¢)
and J3(t) for Example 4.1.1. From Figure 4.4 we see that the value of the final payoffs
are given as J;(t) = 0.77158 and Jj(t) = 0.44389. Also from Figure 4.4 we see that
Firm 1 has a greater payoff than Firm 2 on the interval ¢ € [0, 1].
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Example 4.1.2. Recall that previously the solution of Example 3.1.2 was found to satisfy

)\1(1 — .Z')
FEEELLE]
# —)\2.’E
U2 - k2 5
AES ug(l —z) — ug:v, z(0) = xo,

Xl =11 + (/\1 + Vl)(uﬁ + ’U,ﬁ) — @1 )\1(T) =611 — 012 (4'12)
511 JY(T) = O, 512 (1 — l’(T)) = 0,
011 >0, 6122>0,
o =1+ (Ao + Vz)(uq + ug) + ¢2, Xao(T) = 621 — I,
do1 z(T) =0, d92 (1 —2(T)) =0,
021 >0, 422 > 0.
for all uy,us which satisfy the constraints
up(l —x) —ugx >0, (4.13)
ugr —ui(l —x) > 0.
and the slackness conditions
1/11:L‘:0, V12 (1—{[}) :0,
vorx =0, vo(l1—1z)=0, (4.14)

vi1 20, vi22>0, vo1 20, vo2 >0,

ri1 <0, v12 <0, v <0, w3 <0.

We will use the values of x(0) = 0.45 for the initial condition, ki = ko = 1, r1 =
0.09, ro = 0.08, ¢1 = @2 = 0.5, for the constants, interest rates and fractional revenues,
T =1 for the terminal time, N = 1000 for the number of subintervals and e = 0.001 for

the tolerance to solve the problem numerically using Algorithm 4.1.1.

Solution. Hence using Algorithm 4.1.1 we obtain the following graphical results given

by Figure 4.5 - 4.9
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FIGURE 4.5: Optimal Controls v (¢) and u}(¢) for Example 3.1.2

In Figure 4.5 we present the approximated optimal solutions of the control for Example
3.1.2. For this example the control u; represented the advertising effort of its respective
Firm at time t. From Figure 4.5 we see that the advertising effort of both firms is

decreasing. Also we see that Firm 1 has a greater advertising effort than Firm 2 over

the interval ¢ € [0, 1].

0.56 T T T
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0.54 - 1
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0.52 - 4

0.5 4
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0.46 W—— i
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0.44 : : : :

FIGURE 4.6: Optimal State x*(t) for Example 3.1.2

In Figure 4.6 we present the approximated optimal solutions of the state for Example
3.1.2. For this example the state x; represented the market share of its respective Firm

at time t. From Figure 4.6 we see that the market share for Firm 1 increases whilst the
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market share for Firm 2 decreases. Also we see that Firm 2 has a greater market share

than Firm 1 over the interval ¢ € [0, 1].
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0.4 —6—Fim2|

Adjoint A(t)

0 0.2 0.4 0.6 0.8 1
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FIGURE 4.7: Optimal Adjoints Aj(t) and A5(¢) for Example 3.1.2

In Figure 4.7 we present the approximated optimal solutions of the adjoint for Example
3.1.2. The adjoint here represents the marginal value of the market share. In other
words, the adjoint for this example is the rate of change in the payoff for small changes

in the market share. From Figure 4.7 we see that for Firm 1, A\; decreases whilst for

Firm 2, Ao increases on the interval ¢ € [0, 1].

Firm 1
1
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o
4
|
) |

4
4
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Firm 2

0 0.2 0.4 0.6 0.8 1

FIGURE 4.8: Optimal Lagrange Multipliers v{ (t) and v3(¢) for Example 3.1.2
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In Figure 4.8 we present the approximated optimal solution of the Lagrange multipliers
vi(t) and v5(t) for Example 3.1.2. For simplicity, when solving this example we let the
multiplier 11 = v11 — 12 and 9 = 91 — 99, The multiplier for this example is the rate
of change in the payoff for small changes in the pure state constraint. From Figure 4.8

we see that 11 = v, = 0.

0.26 T T
¢
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0 0.2 0.4 0.6 0.8 1

t

FIGURE 4.9: Optimal Payoffs J;(t) and J3(¢) for Example 3.1.2

In Figure 4.9 we present the approximated optimal solution of the payoff functions J; (¢)
and J3(t) for Example 3.1.2. From Figure 4.9 we see that the value of the final payoffs
are given as Jy(t) = 0.21274 and J5(¢) = 0.25035. Also from Figure 4.9 we see that
Firm 2 has a greater payoff than Firm 1 on the interval ¢ € [0, 1].
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Example 4.1.3. Recall that previously the solution of Example 3.1.1 was found to satisfy

¢

uq = —p1°7,
i 1
uy = -
(- (1—p2))

b= a(uh ), 2(0) = o,

p1 = (p1+m) (ug - ug) - ug, p1(T) = 6 (4.15)
61 2(T) =0,
5 >0,

P2 = (pa+pe) (uh —ud)+ub,  po(T) = by,
b2 z(T') =0,
do > 0.

which satisfy the slackness conditions

>0, z=0, 1 <0,
H1 = M1 M1 (4.16)

/1’220’ /1’21":07 M2§0
to determine the state x and the adjoint variables p1 and po.

We will use the values of x(0) = 1, T =1, N = 1000 and ¢ = 0.001 for the initial
condition, terminal time, number of subintervals and tolerance respectively to solve the

problem numerically using Algorithm 4.1.1.

Solution. Hence using Algorithm 4.1.1 we obtain the following graphical results given

by Figure 4.10 - 4.14
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FIGURE 4.10: Optimal Controls uj(¢) and u%(t) for Example 3.1.1

In Figure 4.10 we present the approximated optimal solutions of the control for Example
3.1.1. For this example the control u; and us represented the production and consump-
tion rates respectively. From Figure 4.10 we see that the rate of production is increasing
whilst the rate of consumption is decreasing. Also we see that the rate of consumption

is greater than the rate of production over the interval ¢ € [0, 1].

t

FIGURE 4.11: Optimal State z*(t) for Example 3.1.1

In Figure 4.11 we present the approximated optimal solutions of the state for Example
3.1.1. For this example the state x represented the sale price. From Figure 4.11 we see

that the sale price is increasing on the interval ¢ € [0, 1].
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FIGURE 4.12: Optimal Adjoints Aj(¢) and A5(¢) for Example 3.1.1

In Figure 4.12 we present the approximated optimal solutions of the adjoint for Example
3.1.1. The adjoint here represents the marginal value of the sale price. In other words,
the adjoint for this example is the rate of change in the payoff for small changes in the
sale price. From Figure 4.12 we see that for the producer, A; decreases whilst for the

consumer, \g increases on the interval ¢ € [0, 1].
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FIGURE 4.13: Optimal Lagrange Multipliers pj(¢) and pj(t) for Example 3.1.1

In Figure 4.13 we present the approximated optimal solution of the Lagrange multipliers

wi(t) and p3(t) for Example 3.1.1. The multiplier for this example is the rate of change
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in the payoff for small changes in the pure state constraint. From Figure 4.13 we see

that u; = pe = 0.
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FIGURE 4.14: Optimal Payoffs J;(t) and J3(¢) for Example 3.1.1

In Figure 4.14 we present the approximated optimal solution of the payoff functions
Ji(t) and J3(t) for Example 3.1.1. From Figure 4.14 we see that the value of the final
payoffs are given as J;(t) = 0.45188 and J;5(t) = 0.68441. Also from Figure 4.4 we see

that the consumer has a greater payoff than the producer on the interval ¢ € [0, 1].



Chapter 5

Conclusion

This dissertation successfully obtained open-loop Nash and Stackelberg equilibrium solu-
tions for an N-player differential game with pure state constraints by using an application

of the maximum principle.

In solving for an open-loop Nash equilibrium, an application of the maximum principle
yielded a set of necessary conditions for the solution. By assuming concavity and con-
vexity of the appropriate functions and sets, we were able to get sufficient conditions
for an existence of an open-loop Nash equilibrium solution. However, in practice there
may be situations where these concavity and convexity assumptions fail, and hence the

solutions may not be optimal.

Also for an open-loop Nash Equilibrium to exist, every player has to be able to deduce
the equilibrium strategies for themselves and their opponents. In practice, these players
can be people, animals, or computer programs. As a result there is a possibility of human
error, mistakes or technical malfunctions while implementing a strategy, and hence the

game will involve some uncertainty.

A possible solution to the above problems for the open-loop Nash equilibriums would
be to introduce the notion of a randomized strategy to the two player differential game.
By adding the element of probability to the strategies, we obtain a class of differential
games known as stochastic differential games. For this class of differential games, we
will obtain a more general existence of an open-loop Nash equilibrium. The theory of
stochastic differential games provides us with the first possible area for future work in
differential games.
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Another shortcoming of an open-loop Nash equilibrium is that it’s possible for a game to
have multiple equilibrium solutions. Sufficient conditions guarantee that an equilibrium
solution exists but the players might not know which solution they should focus on. A
remedy to this problem would be to allow the players to communicate with each other
so that they can choose an equilibrium through negotiation. This leads us to a class
games known as cooperative differential games, providing us with the second possible

area for future work in differential games.

In solving for the necessary conditions of an open-loop Stackelberg equilibrium, we used a
combination of variational calculus and the application of the maximum principle. Here,
we first found a set of necessary conditions for the follower and then for the leader. In
order to solve for this equilibrium solution, we had assumed that the roles of the players
remained fixed at the beginning of the game. However, in practice this is not always the
case. It is not always of a players best interest to remain the leader, or alternatively the
follower of the game. Also, there are situations in which being the leader may be of best
interest to both of the players or alternatively to none of them. There are also situations
that may arise in which the roles of the players are not clear. A possible solution to this
leadership problem would be to introduce the notion of a mixed leadership differential
game as in Basar et al [41]. The theory of mixed leadership differential games provides

us with the third possible area for future work in differential games.

Also in solving for the necessary conditions of an open-loop Stackelberg equilibrium, we
had focused on a game situation with a single leader and follower. In practice, there are
many differential game situations where there are multiple leaders and followers. Hence
an extension of the theory to solve for an an open-loop Stackelberg equilibrium with

multiple leaders and followers may be the fourth possible area for future work.

In solving an N-player differential game problem completely we had to adopt the use of
computer techniques and numerical methods. We successfully described and illustrated
a numerical algorithm for solving for an open-loop Nash equilibrium, but failed to do
so for an open-loop Stackelberg equilibrium. This paves the way for the fifth area for
future work in the sense that we can apply numerical methods to solve for an open-loop

Stackelberg equilibrium of an N-player differential differential game.
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