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Abstract

The purpose of this dissertation is to review the salient features of non-Hermitian quan-
tum mechanics. An introduction to Hermitian quantum mechanics is included to make
this review as accessible as possible. Attempts at formulating a consistent physical the-
ory are introduced, before examining non-Hermitian theories’ uses as convenient com-
putational frameworks. Particular emphasis is placed on recent developments in open
quantum systems that utilise non-Hermitian Hamiltonians. Chapter four introduces a
logic that maps a non-Hermitian Hamiltonian onto a non-Hamiltonian algebra that has
a Hermitian Hamiltonian. This was put forward by Sergi, who then goes on to show its
application to a two level system. The time evolution is then derived in terms of the
density matrix model. This system can then be used to analyse different types of decay
such as coherence and population difference. This serves to illustrate the usefulness of

the approach.
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6 Appendix

6.1 Derivation of Hermitian linear automorphism with degeneracy
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Chapter 1

Introduction

The Hermitian condition has been the cornerstone of quantum mechanics. However, it
seems that while the non-Hermitian condition does not ensure real eigenvalues, attempts
are being made to find a more general condition that ensures real eigenvalues and allows

non-Hermitian Hamiltonians|1].

Why are non-Hermitian Hamiltonians of interest? It is hoped that previously unex-
plained or unsolvable systems may now be treated. Research into non-Hermitian Hamil-
tonians follows two paths. The first involves trying to find a physically reasonable alter-
native to Hermitian quantum mechanics. The second uses non-Hermitian Hamiltonians

to formulate new computational schemes in the hope of making problems more tractable.

Non-Hermitian Hamiltonians have been applied to a wide variety of fields and in some
cases are necessary to make the problem tractable. An example of an open quantum
system model that gives rise to non-Hermitian Liouville operator can be found in [2].

In particular in reference[2] some simple kinetic models of open quantum systems are
studied. The various systems are one-dimensional with particle reservoirs on each side,
allowing the systems to be driven far from equilibrium.

n? 02

where v(z) is the interaction potential. The time evolution of the system is given by the
Liouville-von Neumann equation[2]. By applying open boundary conditions, dissipative
effects on the properties of the various models can be investigated|[2].

While this is not directly applicable to the work covered in this thesis it does highlight
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the diverse applications that non-Hermitian quantum mechanics can be applied to. It
is hoped that current work in non-Hermitian quantum mechanics is presented in an
accessible manner.

An example of a more unusual application is the use of a non-Hermitian Hamiltonian
applied to the problem of unzipping DNA[3]. Other fields include quantum optics and

open quantum systems|[4].

The value of a non-Hermitian Hamiltonian comes from the fact that if it provides a
physically reasonable and consistent theory, then it will enrich the number of solvable

systems available to physicists.

The aim of this dissertation is to provide a review of the field of non-Hermitian quan-
tum mechanics that is accessible to researchers with little experience in the field. In
order to achieve this, various approaches are discussed with particular focus on the use
of non-Hermitian descriptions of open quantum systems. In addition, the more gen-
eral and popular non-Hermitian theories of PT-symmetric[1], [5] and pseudo-Hermitian

Hamiltonians[6], [7], [8] are introduced.

It is hoped that this review will allow readers to draw their own conclusions on
whether non-Hermitian quantum mechanics is likely to form a robust and considered

physical theory.

In an attempt to keep this review as accessible as possible, Chapter 2 is written to
provide an introduction to the use of Dirac notation in quantum mechanics. Important
concepts, particularly if they are of relevance to non-Hermitian theories, are also intro-

duced.

Chapter 3 is a review of the available literature on non-Hermitian quantum mechanics.

Non-Hermitian approaches used thus far can be broken into three groups:

1. A non-Hermitian Hamiltonian is used to represent open dynamics and attention is

given to the eigenvalue problem.

2. PT-symmetric Hamiltonains are frequently used and utilise a symmetry argument
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to ensure a real eigen-spectrum.

3. A more recent approach utilises pseudo-Hermitian Hamiltonians. While not as

popular as the PT-symmetric approach, it is a more general theory.

Approach 1 was used first and provides a look at early development in the field. Ap-

proaches 2 and 3 are discussed in detail and compared.

The fourth Chapter[9], [10] introduces some recent applications of non-Hermitian
theories to open quantum systems. By making use of non-Hermitian theories it is possible
to significantly reduce the computational load. This technique can be used to undertake

studies to investigate dissipation and coherence in a two-level system.
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Chapter 2

Hermitian quantum mechanics

By the end of the 19th century many physicists believed that in principle all major
problems in physics had been solved; that is to say, that the physical principles were
understood, and with enough information and computational power any problem could
in theory be solved. This belief was called into question in the early part of the 20th

century by physicists who were investigating the behaviour of black-body radiation.

A black body is one that absorbs all incident radiation and radiates at any tem-
perature greater than absolute zero. The emission of radiation occurs over a range of
frequencies, the power distribution of which exhibits a maximum dependent on the tem-
perature of the body. The theory of black-body radiation was initially attempted by
Wien in 1896[11]. Wien’s law agreed with experiment at high frequencies and as a result
enjoyed early success. However, it soon became apparent that it was unable to describe
the observed behaviour of black bodies at low frequencies. This failure of Wien’s law
prompted Planck to formulate an alternative theory of black-body radiation, which was
published in 1901[12]. It relates the power Ry radiated at a frequency f to the frequency

and absolute temperature T according to

_amh

W .
c? err — 1

Ry (2.1)

Here c is the vacuum speed of light, k the Boltzmann constant, and A a new universal

constant, named after Planck, and defined as
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h="=, (2.2)

E
f
where f is the radiation frequency and E the energy.

A startling aspect of Plank’s theory is an assumption he made: that a black body
modelled as a collection of oscillators absorbs and emits only discrete amounts of energy

described by E = hf[13]. At the time this was regarded as a mathematical device by

Planck and others, in that energy was considered to be continuous.

In 1905 physicists were faced with further evidence of quantization in nature in a land-
mark paper by Einstein. The quantization of electromagnetic radiation was central to his
explanation of the photoelectric effect, which suggested that electromagnetic radiation

was discrete, acting in this effect as if it possessed particle properties.

Further evidence for the particle-like nature of electromagnetic radiation was obtained
from the experiments of Compton in 1923. He noticed that when a graphite target is
bombarded with monochromatic X-rays, there is a decrease Af in the frequency of the
rays emerging from the target, implying that energy has been lost. Based on Einstein’s
assumption, the energy lost will be £ = hAf. Compton found that scattered X-rays
form two peaks of intensity; the first peak corresponds to the incident X-ray’s frequency,
while the second peak is shifted by a small amount. Accordingly, the incident X-ray
beam can be understood as a stream of particles, each termed a photon, that collide
with an electron in the target, losing energy in the process. Compton’s experiment also

confirmed that in certain effects electromagnetic radiation is discrete in nature[14].

In 1924 de Broglie postulated that wave-particle behaviour applies to matter as well
as to electromagnetic radiation. He derived an expression for the wavelength associated
with a moving particle. Known as the de Broglie wavelength, it is given by,

A= p (2.3)
where p is the particle’s momentum[14]. Due to a lack of experimental evidence support-
ing his postulate, it was regarded as not being physically relevant. This changed as a

result of an experiment in 1927 by Davisson and Germer which confirmed the de Broglie
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postulate.

These two physicists found that, by firing electrons at a nickel target, a diffraction
pattern was produced a clear example of wave behaviour. The diffraction pattern was

found to obey Bragg’s law for X-rays, namely
nA = 2dsin ¢, (2.4)

where d is the atom spacing in the lattice, A the de Broglie wavelength, and ¢ the angle
between the incident beam and the scattering plane. Such a clear example of matter

exhibiting wavelike behaviour provided confirmation of the de Broglie hypothesis.

Several new insights into the behaviour of energy and matter have occurred as a result
of experiment. Planck’s explanation of black-body radiation lead to the idea of discrete
quantities of energy. Eistein’s work on the photoelectric effect confirmed that energy
was discrete. The particle like nature of electromagnetic radiation was first revealed
by the experiments of Compton. It was postulated by de Broglie that wave particle
behaviour applies to both matter and electromagnetic radiation, confirmation was pro-
vided by Davisson and Germer. Collectively the work performed in this period lead
to a fundamental shift in understanding of the behaviour of electromagnetic radiation
and matter. However, as yet, there was no approach that encompassed these profound
changes in physics. This void was fulled by two approaches to quantum mechanics that

were developed by Schrodinger and Heisenberg respectively.

The two separate approaches to quantum mechanics were formulated by Schrédinger
and Heisenberg early in the 20th century[15]. The central feature in Schrédinger’s formal-
ism is wavefunctions, which have a probabilistic interpretation. In contrast, Heisenberg’s
formalism makes use of matrices and is known as matrix mechanics. These formalisms
were the first successful attempts to explain quantum mechanics that were not empirical

in nature. Heisenberg’s and Schrédinger’s approaches were unified later by Dirac.
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2.1 Quantum mechanics: Dirac’s approach

The standard formulation of quantum theory is constructed from a number of postulates.
The first states that each quantum state of a physical system is described by a state vector
of a Hilbert space[16], which is an inner product linear vector space of orthonormal vec-
tors. In this dissertation, Dirac bra-ket notation will be used throughout. Accordingly,
state vectors will be known as kets and written as |¢). Kets provide a description for
all possible physical states, and collectively make up a ket space where all the properties
associated with linear algebra apply. Bras are dual vectors of the kets and have a one to
one correspondence with kets and are written as (¢|[16]. Of importance in our treatment

of kets is the principle of superposition.

Any ket of a vector space in quantum mechanics can be written as a superposition of
two or more other kets of the space. The fundamental difference between superposition
in quantum and classical mechanics, is the indeterminacy present in quantum systems.
The superposition of two quantum states forms a new state describing the system. This
state gives the probability of obtaining a particular result, making quantum mechanics
indeterminate in nature.

1
Consider a state |¢) that is in a superposition of two states |¢1) and |¢2), that produce

eigenvalues a and b.

|¢) = c1]o1) + c2|p2), (2.5)

where ¢; and ¢y are constants that in general are complex.

By making successive measurements of a system in a superposition of states, a series
of results will be obtained that will be either a or b. The probability of producing
a particular result is dependent on the weight that |¢1) and |¢2) are present in state
|¢)[15]. A dependent state is made up of two or more other states for example, state
|¢). The alternative is an independent state. The set of kets |¢;), where i = 1,2,...,n, is

linearly independent if
n
Zaz|¢@> =0 (2.6)
=1

and all a; = 0.
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The ordered product of kets |¢1) and |¢2) can be written as (|¢1), |¢2)), which Dirac

denoted as
(P1]92), (2.7)

termed the inner product. Inner products have the following properties[16]:

[

. (Y]d) = (p|1)*, where the complex conjugate is denoted by an asterisk.

2. (|ep) = c(1p|@), where ¢ is a number, possibly complex.

3. (¥[o+ @) = (¢]9) + (¢lw)

4. (p|p) > 0, that is, the inner product is always greater than zero unless |¢) is the
null ket.

5. If (p|¢) = 1, then |¢) is a normalised ket.
6. If neither |¢) or |¢) is the null ket, then they are orthogonal if (¢p|¢)) = 0.

7. An orthonormal basis is made up of normalised kets, where all kets in the basis
are orthogonal to one another. If |¢;) and |¢;) are members of such a set, then
(¢i|vj) = 0ij, where 9;; is the Kronecker delta defined by d;; = 1if i = j and 6;; =0
if ¢ # 7.

An orthonormal set can be produced from a linearly independent set that spans the

space by making use of the Gram-Schmidt process.

2.2 Linear operators, observables, and the Hermitian con-
dition
An observable is a linear Hermitian operator whose eigenkets |¢;) form a basis in state

space. A Hermitian operator A, is defined by

(0i Algj) = (9|Aldi)", (2.8)

where |¢;) and |¢;) are arbitrary vectors. In the standard (Hermitian) form of quantum
mechanics the Hamiltonian is required to be Hermitian. This ensures that the eigen-

values are real. The reality of the eigenvalues is desirable as non-real eigenvalues are
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non-sensical from a physical point of view. In addition, the Hermitian condition is nec-

essary to ensure a positive definite norm.

It is helpful to introduce the closure relation,

n

> loid(eil =1, (2.9)

=1
where 1 is the identity operator.

Using the closure relation an arbitrary ket can be written as
6) =D i) (¢ile), (2.10)
i=1

where n is possibly infinite.

It is postulated that a measurable physical quantity of a physical system is represented
by a linear Hermitian operator, termed an observable, that acts on vectors of the Hilbert
space representing the physical system. A measurement that is made when the system is

in a pure state yields an eigenvalue of the observable operator. This can be expressed as

Algi) = ail¢i), (2.11)

where A is an operator that operates on the eigenvector |a;) and a; is the associated

eigenvalue. The equation above is termed the eigenvalue equation of A.

The eigenvectors of an operator on the Hilbert space H span the space and can be
chosen to be an orthonormal basis of H [17]. The eigenvectors form an orthonormal ba-

sis on H if the eigenvectors are independent. This is a standard result from linear algebra.

It is now proved that the eigenvalues of a Hermitian operator are real.

Proof: Let A be a Hermitian linear operator.

Al¢i) = ai|di). (2.12)
Now introduce the ordered product,
(¢il Alpi) = ai{pilp:) (2.13)
but (¢i|A|¢;) must be real and non-zero since

(@il Alhi) = (il Ali)™ (2.14)
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Then a; must be real as (¢;|¢;) is the norm. Therefore if A is a Hermitian linear operator,

the associated eigenvalue will be real.

Now use the closure relation to write down a simplified expression for an observable[16],

A= Zai|¢i><¢i|- (2.15)

The expectation value of A is
(¢|Alp) = (4) (2.16)

which can be thought of as a quantum average. That is, multiple measurements of an

observable A, on an identical system, will yield the mean value (A).

Consider what happens when a measurement is taken. If we have a completely iso-
lated quantum system, and a measurement is taken, then we have brought a second
system into contact with the first, perturbing the system. Although measurements can
be taken while trying to minimise the effect of the measurement on the system, crucially,
some interference will occur allowing only a single measurement to be taken of an unper-

turbed system[15].

2.3 Quantum conditions

The peculiar nature of quantum mechanics is represented in large part by the non-
commutative multiplication between most operators.

One needs equations called quantum conditions. In order to determine these equa-
tions, in Dirac’s approach, the method of classical analogy is used. This method exploits
the fact that classical mechanics provides a valid description of dynamical systems, pro-
vided that the systems are large enough that any disturbance due to observation can be
neglected. Dirac concluded that classical mechanics must be a limiting case of quantum
mechanics. By making use of the common ground between quantum mechanics and clas-
sical mechanics, in the limiting case, the method of classical analogy hopes to determine

the laws of quantum mechanics by finding them as generalisation of classical laws[15].
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Now consider a system that is made up of a large number (N) of interacting particles.
When using canonical coordinates each particle will have position coordinates (¢) and
momentum coordinates (p) associated with them. If two variables v and v are functions

of a set of canonical coordinates, then the classical Poisson Bracket {u, v} is

ou Ov ou Ov
wvy =y (- — ), 2.17
0} = X e~ 50 (217)

where q = (r1,72,73) = (2,9, 2) and p = (p1,p2,P3) = (Pz, Py P2)-
It follows from equation (17) that[15]:

1. {u,v} = —{v,u}.
2. {u, c} = 0 where c is a number.
3. {u1 + ug,v} = {ur,v} + {ug,v}.

4. Tt follows from 3. and 1.
{u,v1 + vo} = {u,v1} + {u, va}.

5. {ugug, v} = {uy, v}us + ug{ug, v}.

6. It follows from 5. and 1.

{u,viva} = {u, vy va + vi{u, va}.

In addition, a useful identity is stated here without proof,

{u, {v,w}} + {v,{w,u}} + {w,{u,v}} = 0. (2.18)
The quantum analogy of a Poisson Bracket is the commutator,
[u,v] = uv — vu. (2.19)

The commutator satisfies all the properties (1 to 6), as can be shown from (2.19). Of
special significance are the canonical commutation relations, also called the fundamental

quantum conditions[16],

[Ti,Tj] =0
[pi,p;] = 0
[7"1', pj] = Zﬁéz] (2.20)
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where i, j = 1,2,3.

If multiple measurements of observables A and B are taken in quick succession and
always return the same results, a,, and b,, then A and B are termed compatible observ-
ables and will commute. Non-commuting observables are responsible for much of the

unintuitive behaviour present in quantum mechanics.

2.4 The Heisenberg uncertainty principle

Non-commuting observables result in the Heisenberg uncertainty principle which gives
the maximum accuracy that can be obtained when they are measured simultaneously[15].

The error AA in A, is defined as follows

AA = V((A—(4))%) = V((64)), (2.21)

where 64 = A — (A).

In order to derive the Heisenberg uncertainty principle let
(A+iXB)|) = 1) (2.22)

where A and B are non-commuting observables and A is any real number.

Now take the inner-product
(ul(A —iAB)(A 4 iAB)|u) > 0. (2.23)
Due to the non-negativity of the norm.

(1| A% + N2 B? — iABA + i AB|p)

v
L

(2.24)

V
o

(1| A% + XN2B% +i)\[A, B]|p) (2.25)

But if A and B are non-commuting observables then [A, B] = iC , where [A,B] =
AB — BA.

Therefore

(A?%) — N(C) + \2(B?) > 0. (2.26)

Now the minimum value of the left-hand side can be determined by differentiating with

respect to A,
—(C)+2)MB*) = 0 (2.27)

A = . (2.28)
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Substitute equation (2.28) into equation (2.26)

’(B% > 0 (2.29)

> 0 (2.30)

(B?) is non-negative, this can be seen by using the definition of an adjoint

(u|B'|¢) = (4]Bp), (2.31)

then (B2) can be expressed as
(ulB?|u) = (ulB?|w) (2.32)
= (uB'Bp). (2.33)

The above equation is the norm of vector B|u). Due to the non-negativity of the norm,
we can conclude (B?) is positive.

Therefore

<A2><Bz><c2>2+<(f> > 0 (2.34)
Wy > 9 (2.35)

A is Hermitian and (A) is real. Therefore A is Hermitian and similarly 6B is Her-
mitian. (A) and (B) will commute with any operator. Therefore A and § B must have
the same commutator as A and B. Then [0A,B] = C[16]. If this commutator is now

used instead of the commutator of A and B we obtain

(A e = 8 (2.36)

Now rewrite the above expression using (2.21)
(AA?(AB)* > <(’;>2, (2.37)
AAAB > u (2.38)

This result is the Heisenberg uncertainty principle. Consider two non-commuting observ-

ables A and B. We find that they cannot be measured without a minimum uncertainty



22

of Lo

R

For example, if position is measured then measurements can be taken of the momen-
tum but there will be some uncertainty present in these measurements. For the particular
case where C' is an operator a non-zero real number A and B can have no simultaneous

eigenkets. The uncertainty principle is peculiar to quantum mechanics[16].

2.5 The Schrodinger and Heisenberg pictures.

Thus far we have not considered quantum dynamics, only a single instant in time. The

expectation value for an observable A when ¢t = 0 is

(4(0)) = (¢(0)|A(0)[#(0)), (2.39)

while the expectation value at time t is

(A@®)) = (2(D)|A()|o(1)), (2.40)

where |¢(t)) is a normalised ket which completely describes the state of the system at

time t.

It is useful at this point to introduce the concept of a picture in quantum mechanics.
There are two extreme cases. The first is the Heisenberg picture where the operators are
dependent on time. The state vectors are time independent. The Heisenberg picture is
defined by

dl¢) ~ dA
=0 - #0. (2.41)

The second is the Schrodinger picture. In this picture the state vectors are time-
dependent, while the operators are time-independent. Unless an operator is explicitly
dependent on time. The Schrodinger picture is defined by

dA  9A

—_— = . 2.42
dt ot ( )

The transformation between pictures must be unitary to maintain the invariance of ob-

servables. Furthermore, it is required that the normalisation be independent of time[16].
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When

[6(t)) = U(t)|(0)), (2.43)
Alt) = UT(@)A0)U(1), (2.44)

the above conditions are satisfied. U(t) is a unitary operator, defined by
vut =UU =1, (2.45)

where [ is the identity matrix and the dagger denotes the adjoint. The adjoint operator
AT of the operator A is defined by

(V| AT|g) = (g Aly)*. (2.46)

It is postulated that the time evolution operator U(t) satisfies the equation[16],

_dU(t)
ih=— = HU(t). (2.47)

If H is assumed to be independent of time the solution to the above equation is

—iHt

U(t)=e

(2.48)

A common occurrence when working in the Schrédinger picture is to find a complete
set of commuting operators for the system which includes H. Therefore the basis kets

|pi) are also eigenkets of H. As a result
H|¢i) = Eil¢i), (2.49)

where |¢;) is the set of energy eigenkets and E; denotes an energy eigenvalue[16].

When t = 0 the system is in the state |¢(0)). Now use the closure relation

[6(0)) = D_ ) (wil6(0)) (2.50)

iH

and the time evolution operator U(t) = e~ n . Combining them we can write down lp(t))

_iHt

|6(1)) =D [hn) (Wnl$(0))e . (2.51)

If an energy eigenket is an initial state of the system, then |¢)(t)) can be written as

_ iBnt

[$(t)) = [Yn)e™ 7,

(2.52)
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where [1(t)) is still in the same eigenstate as |¢,,)[16].

We can now write the expectation value of observable A as

W®[AO0)|(1)) = (Ynl A0)[9n)- (2.53)
The above equation is independent of time. For this reason the energy eigenkets are

known as stationary states.

Now operate equation (2.47) on |¢(0))

dU (t)

ih—=16(0) = HU(8)|$(0))- (2.54)
But |¢(t)) = e~ #"|$(0)). Therefore
. d

ih—16(t)) = H|¢(2)), (2.55)

giving us the Schrédinger equation for the time evolution.

If H is conservative (independent of time), then the solution to the above equation is
U(t) = e Hn. (2.56)

Take the time derivative of equation (2.43) and use the above solution

d d

ZAWM = a[UT(t)A(O)U(t)} (2.57)
d = iHt _iHt
= (HA(@t) - T AO)He 1), (2.59)
Now use equation (2.43). Then
d DA i
AWM = —= + S [H, A®D), (2.60)

which is the equation of motion for the Heisenberg picture[16].

2.6 The density matrix

When working with a mixture of several quantum states, it is useful to use the density

matrix, as it is then straightforward to describe mixed states[17].
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Consider a simple mixed state for a two-level system with pure states |¢)1) and |2).
The probability of the system being in a particular state is given by =1 and . The

density matrix for the system is[17],

n=2
p=> vilthi)(ahil. (2.61)
If there were n possible states this would be generalised as

p= Z Yilthi) (il (2.62)

The density matrix can also be written as an operator. The density operator is a
linear operator that has the form of a matrix. The density matrix contains information

about the quantum state of a system as well as the uncertainty present[17].

The density operator p is said to be in a pure state if
Tr(p*) =1 (2.63)

where the trace (7r) is the sum of the diagonal elements in the density matrix. The
density operator is normalised if Tr(p) = 1. In general, the density operator can be

normalised as follows

r_ 14
Tr(p)’

where p' is the normalised density matrix[17].

p (2.64)

Expectation values can also be written in terms of the density matrix. Let O be a

linear operator. The expectation value of O can be written as

(O) =Tr(pO). (2.65)
The expectation value for a pure state is

(0) = (¢[O]4). (2.66)
The expectation value for a mixed state p can be written as

(O)y = Tr(pO) (2.67)
= D_wil¥[0lwy), (2.68)
J
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where w; is the probability of the system being in state |1;).

Then, the scalar product can be written in terms of the density matrix

o, 0)* = (D) (¥lo) (2.69)
= (¢lpl). (2.70)

The scalar product, [(¢,¥)|* = Tr(pP,), where P, = |¢)(¢|. Py is called the projector

operator of the state |¢).

The time evolution of the density operator for a pure state is defined by

9
[H, p] = ma{. (2.71)

This equation is called the von Neuman equation. When the von Neuman equation is
satisfied, the pure states evolve under Schrédinger evolution, namely the Schrédinger

picture. The time evolution can also be represented in the Heisenberg picture,

p(t) = Ul py(t)U. (2.72)

Now that time evolution and the scalar product have been defined, it is necessary to
consider pure and mixed states in greater detail. A density matrix can be written as a

linear combination of pure states. For example, a two-level system can be written as,
p=wpr+ (1 —w)ps, (2.73)

where p; and py are pure states and w is the weight (probability) of the system being in
the first state. Therefore,
p1+p2=1. (274)

If a state is pure the trace of the density matrix will be one. However, if a state is
mixed, the trace of the density matrix will be less than one. A measure of how mixed a
state is can be gained using[17]

M = Tr(p?). (2.75)
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By means of a density matrix, quantum states can be broken into pure or mixed states
and can then be treated appropriately. In particular, the density matrix is useful for a
compound system, one with many subsystems, that is difficult to treat without using the

density matrix.
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Chapter 3

Non-Hermitian quantum

mechanics

In quantum mechanics it is a requirement that the Hamiltonian must be Hermitian. This
is to ensure that the eigenvalues associated with the Hamiltonian are real. However, it
has been shown that a Hermitian Hamiltonian is not a necessary condition to guarantee
real eigenvalues for the Hamiltonian. There are two other approaches that can be taken.
The first has been developed primarily by Bender and associates and utilises space-time
reflection symmetry[1]. This is known as PT-symmetry. An alternative approach was
developed by Mostafazadeh who works with pseudo-Hermitian Hamiltonians[6]. Pseudo-

Hermitian Hamiltonians have real and positive eigenvalues[6], [11].

3.1 Historical development of non-Hermitian theories

One of the earliest uses of non-Hermitian Hamiltonians was by Wu in 1959. By making
use of a non-Hermitian Hamiltonian, Wu found that the ground state energy of Bose
spheres was no longer divergent. Wu made no attempt to justify his use of a non-

Hermitian Hamiltonian; he merely used it since it provided the correct results[18].

In 1967 Wong attempted to define a class of physically reasonable Hamiltonians[19].
He had noticed that the Hamiltonian of a closed system is Hermitian, but if the system

is perturbed the Hamiltonian is no longer Hermitian. Wong then proceeded by defining
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a perturbed Hamiltonian

H = Hy + gH, (3.1)

where g varies the influence of H. It is unclear with this class of Hamiltonian whether
complex eigenvalues are allowed, yet there is no justification for their admission on phys-

ical grounds.

A significant paper in the development of non-Hermitian quantum mechanics was the
publication by Haydock and Kelly in 1975[20]. They stated that while the Hermitian
condition was sufficient to ensure real eigenvalues, it was not necessary and sufficient.
This is very significant in the development of non-Hermitian quantum mechanics, as a

necessary and sufficient condition for real eigenvalues is obviously desirable.

While progress was made, for example a probability-conserving algorithm[21], the
next big step forward had to wait until 1997. This advance was a justification for the
use of complex eigenvalues. Here Hatano and Nelson[22] justified the use of complex
eigenvalues to “apply depinned field lines of a non-Hermitian external magnetic field to

a type II semiconductor.”

The following year Schrodinger operators with complex potentials but real eigenvalues
were found[23]. Such potentials with real eigenvalues are of interest, since any physically
acceptable non-Hermitian theory must have real eigenvalues or, if not, account for com-

plex eigenvalues in some way.

3.2 Applications

Non-Hermitian quantum mechanics has been applied to a wide variety of fields includ-
ing: field theory, statistical mechanics, quantum optics, and of particular interest to this

review, open quantum systems|[24].

Quantum optics, in particular, is a very useful field when considered in conjunc-
tion with non-Hermitian quantum mechanics: in large part because theories from non-

Hermitian quantum mechanics can be implemented and studied in an environment that
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is more easily controlled. An example of this can be seen in[25], which investigates the

behaviour of parity-time symmetry.

The two most popular approaches to non-Hermitian quantum mechanics are Mostafazadeh’s
pseudo-Hermitian Hamiltonians and Bender’s PT-symmetric as well as his C PT-symmetric
approach. Both approaches have been applied to many fields and are now discussed in

more detail.

3.3 PT-symmetry and C'PT-symmetry

PT-symmetric quantum mechanics was introduced by Bender and Boettcher. This dis-
cussion of PT-symmetry and C'PT-symmetry is heavily based on the work of Bender

and collaborators.

Interest in PT-symmetric Hamiltonians began after Bessis made the conjecture that
the Hamiltonian[5],
H =p® + 2%+ ia%, (3.2)

has a real and positive spectrum and hence real and positive eigenvalues, where p is the
momentum operator and x is the position coordinate[5]. Bender and Boettcher claim
that the reality of the spectrum is due to PT-symmetry. There is no rigorous proof of

this claim.

These Hamiltonians are called PT-symmetric because they are invariant under a

parity and time reversal transformation,
[H,PT] = 0. (3.3)

However, under a time or a parity transformation the Hamiltonian is not necessarily

invariant[1]. The parity operator has the following effect
P:z — —xz (3.4)
p — —p. (3.5)
The effect of the time reversal operator is,

T:z — uzx, (3.6)
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i = —i (3.8)

The sign of the complex component changes when the time-reversal operator is ap-

plied; as a result, the canonical commutation relation holds[1],

[z, p] = i. (3.9)

This is relevant as the commutation relation is central to Hermitian quantum mechanics
and means that Heisenberg algebra still applies. Bender and associates modified equation

(3.2), arriving at a new class of Hamiltonian that is infinite in extent,
H = p* + 2%(iz)", (3.10)

where n is real[1]. This class of Hamiltonian is PT-symmetric and hence invariant under

a PT-transformation.

Using numerical methods this class of Hamiltonian has been found to have real and
positive eigenvalues when n > 0 [5]. A mixture of real eigenvalues and complex eigen-
values occur when n < 0. As n becomes more negative the number of pairs of complex
eigenvalues increases until there are only complex pairs of eigenvalues. This was verified

by Bender and associates numerically[1].

If the PT-symmetry of the Hamiltonian is unbroken, then the Hamiltonian H has
a real spectrum and the PT-operator will commute with H. Then assume that, the
PT-operator and the Hamiltonian have simultaneous eigenkets with ¢ (diagonalisable).
Using the above, it is possible to prove that the eigenvalues of the Hamiltonian are real[1].

If PT and H commute then,

PTH = HPT. (3.11)

Now operate from the right-hand side with T'P. Then

PTHTP = H. (3.12)
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The above equation is PT invariant since (T'P)l = PT and P and T are unitary.

Now we write down the time-independent Schrédinger equation,

H|pi) = Ei|¢s). (3.13)

Apply the PT transformation to equation (3.13)

PTHTP|¢;) = PTE;TP|¢;), (3.14)

but TE;T = E; and P? = I. Therefore,

PTHTPI¢:) = Ef|:). (3.15)

Now use equations (3.10) and (3.11) to yield

E|gi) = Ef|¢i). (3.16)

Therefore, E = E; hence the eigenvalues are real, E; € .

From this analysis it seems clear that a non-Hermitian Hamiltonian that is PT-
symmetric will have real eigenvalues. However, it is not at all clear whether PT-
symmetric Hamiltonians define a physical theory. Bender and associates’ definition of a
physical theory requires two conditions to be satisfied. The first requires a Hilbert space

of state vectors. An inner-product with a positive definite norm is the second[1].

The first condition appears to be satisfied on numerical grounds. PT-symmetric
Hamiltonians are not positive definite and this is problematic as the inner-product is

traditionally viewed as a probability in Hermitian quantum mechanics.
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Bender and associates[1] identified an underlying symmetry that is common to all
PT-symmetric Hamiltonians with unbroken symmetry. By introducing a new operator
C' it was found that a new dynamically determined inner-product could be defined. This

dynamically determined inner-product begins with the derivation of the new operator C.

Bender and his associates[1] began their derivation of C' by examining the Sturm-

Liouville differential equation, where the Hamiltonian is
H = p? + 22(iz)", (3.17)

where v > 0.

The Sturm-Liouville equation is

_¢n(x) + 1‘2(Z$)V¢n($) = Ean)n(ﬂi') (3'18)

In[1] the crucial features of of the Sturm-Liouville equation are summarised, namely
that, the eigenfunctions of the Hamiltonian ¢, (z), are simultaneous eigenstates of the

PT-operator

PT¢p(x) = Apdn (). (3.19)

Bender incorporates the pure phase A, into the eigenvalue ¢,, the new eigenvalue

can then be made unity using multiplicative rescaling results in,

PTgn(x) = ¢,(—x) (3.20)

= ¢n(x). (3.21)
The standard completeness relation is not satisfied by a PT-symmetric non-Hermitian
Hamiltonian with real eigenvalues. Therefore, we require a new completeness relation,

Y (1) bn(@)nly) = 8(x — y), (3.22)

n
where z,y € ®. This result was verified by Bender and associates numerically[1]. How-

ever, no information on how it was verified was included.

The validity of the new completeless relation is unclear. It remains an open mathe-

matical question[26].
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(f.9) = / dz[PTf (2))g(x), (3.23)

has been proposed where f(z) and g(z) are functions associated with PT-symmetric

systems. The inner-product (f, f) seems desirable as it is conserved in time[l].

The inner-product of the Hamiltonian’s eigenfunctions, ¢,, and ¢, is

(Pm> Pn) = (—=1)"Omn- (3.24)

This inner-product has norms that are +1 and there are equal numbers of both, resulting
in serious problems as a negative probability has no physical meaning. A consistent phys-

ical theory requires a positive definite norm to ensure that the eigenvalues are bounded.

The problem of the negative norm was tackled by looking for an underlying symme-
try. Bender claimed that any Hamiltonian with an unbroken PT-symmetry will have an
underlying symmetry. The equal numbers of positive and negative norm states connected

to the Hamiltonian, form the underlying symmetry.

A new operator C was introduced by Bender and associates to describe this symmetry.
This new operator must be linear and can be represented in the position space by writing

it as a sum over the energy eigenstates of the Hamiltonian[1]
C(m, y) = Z ¢n(‘r)¢n(y) (3'25)
n

The new operator has eigenvalues of £1. In addition it commutes with the Hamiltonian
H and the PT-operator and C? = I. Since C' commutes with H the eigenstates of H
will have a definite value of C[1]. These properties are similar to the charge conjugation

operator, hence both are called C.

The parity operator can be constructed in terms of eigenstates and is[1]
PT(z,y) = Y (=1)"¢n(x)dn(—y). (3.26)
n

The parity operator P is real while C' is complex. In addition P and C' do not

commute. This can be expressed in the position representation as|1]
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(CP)(x,y) = dn(x)dn(—y) (3.27)
and

(PO)(x,y) = > dn(—2)du(y)- (3.28)

If we examine these equations we see that
CP = (PC)*. (3.29)

Despite this C' commutes with the PT operator.

Now that the new operator C has been defined to explain the underlying symmetry,
it is possible to define a new inner-product. The new inner-product is dynamically

determined and must be positive definite and is defined by([1]

(flg) = / dx[PTf(2))g(z). (3.30)

Dynamically determined inner-products differ from the standard Hermitian inner-
product as they depend on the Hamiltonian. The new inner-product is positive definite
as the operator C contributes -1 to states with a negative PT-norm[l]. In addition it
is phase independent and conserved in time. If the parameter n tends towards zero,
then the Hamiltonian equation (3.10) becomes Hermitian, the CPT operator becomes
T which has the effect of complex conjugation on the Hamiltonian. However, since the
Hamiltonian is now Hermitian there is no change. It is promising that the dynamically
determined inner-product reduces to the standard inner-product from Hermitian quan-

tum mechanics.

A new completeness relation is required, this is stated below,

> 6n(@)[CPT¢n(y)] = 6(z —y). (3.31)

3.4 Pseudo-Hermiticity

In 2002 Mostafazadeh introduced the idea of pseudo-Hermiticity and showed that all
Hamiltonains with a real spectrum are in fact pseudo-Hermitian. Before defining pseudo-

Hermicity it is necessary to make an assumption. We work in a complex inner-product
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space[6], where we will be introducing automorphisms in our discussion of pseudo-Hermiticity.
(An automorphism is an invertible operator that maps an inner-product space onto
itself)[6]. Let |¢) and |¢) be arbitrary kets. Then we define a Hermitian linear au-

tomorphism 7 which must obey[11]

(Blnd) = (dnly), (3.32)

where 7 is an invertible operator.
Let A be an operator with an adjoint Af. and a pseudo-Hermitian adjoint[6] A%,
where A# is defined by
A" =AY, (3.33)

If A is a pseudo-Hermitian operator it satisfies[6]
A= A7, (3.34)

Mostafazdeh introduces several propositions that serve to provide the mathematical
framework necessary to work with pseudo-Hermitian Hamiltonians[6]. He first introduces
the indefinite inner-product and proposes that it will be invariant under a time translation

generated by the Hamiltonian H, if and only if the Hamiltonian is n-pseudo-Hermitian.

{QlP))n = (DInl), Alg),|) e H. (3.35)

In order to prove this result, it should be noted that n-pseudo-Hermiticity of H is

equivalent to

HY = nHp™ L. (3.36)

Now use the Schrédinger equation

d
i (1) = H|y(t) (3.37)
and its inverse
d
i {o(t)] = (o(t)] — H'. (3.38)
Combining these equations
OO = (O1H — HY (), (3.39)

Now let
P2 (1) = Hl (1) (3.40)
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and
i (61(0) = (o(0)] — H. (3.41)
Then,
(1(®)nleoa(1)) = (S(0)InH — H'nlwo(1). (3.42)
Therefore,
O[O, = GOlnH — Hinly(0). (343)

For the indefinite inner-product to be invariant in time, equation (3.36) must hold. If
equation (3.36) holds, then ((¢(t)[(t))), is a constant. An additional observation made
by Mostafazadeh noted that if 77 = 1, equation (3.36) reduces to Hf = H, which is the
condition for Hermiticity of the Hamiltonian[6]. This observation is encouraging and
suggests that pseudo-Hermiticity may indeed be a generalisation of Hermitian quantum

mechanics.

Now the implications of equation (3.36) can be investigated. The Eigenvalue equation
of H and its adjoint are,

H|E;) = Ei|E;) (3.44)
(E;|HT = (E;|E*. (3.45)

Now the indefinite inner products can be formed by making use of the above equations
and equation (3.36),
(EilH|Ej))n = Ej((Eil Ej))n (3.46)

(B HT|E)))y = B} (Bl Ej))y- (3.47)
Subtract and use 7H = HT# then,
0= (B — E)(Ei|E;)),. (3.48)

Equation (3.48) implies that an n-pseudo-Hermitian Hamiltonian will have a vanishing

n-semi-norm if the eigenvectors have non-real eigenvalues E; ¢ R[6]. Then
1B = (Eil Ei))y = 0. (3.49)

If any two eigenvalues are not complex conjugates, then the two eigenvectors will be

n-orthogonal(6]. If E; # E7 then
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((Ei|Ej))n = 0. (3.50)

Thus, eigenvectors with non-degenerate real eigenvalues will be n-orthogonal.

Mostafazadeh made a series of propositions, which are stated here without proof|6].
The first states that if V' is an inner-product space with a linear automorphism 7 and

linear operators O; and Oz, then|6]
1 1% =1,
2. (0F)# =0y,
3. (2101 + 2000)# = 2rO¥ + 207,

where z; and z9 are complex numbers.
Now if we have an inner-product space V(5 3) with linear automorphism and 7 3 3

with linear operators O1 : Vi — Vs, Oy : Vo — V3 and 7(1,2,3)> then
(0201)# = 07 OF.

A Hermitian linear automorphism 7 is defined as,
n=U'nU, (3.51)

where U is a unitary operator. If O is a linear operator, then it is n-pseudo-Hermitian if
and only if[6]

o =U'tou. (3.52)
As a result Mostafazadeh states[6] that pseudo-Hermiticity is unitary invariant.

Now if 11 and 79 are linear automorphisms, then
0% =n; "0 =0y 'Oy (3.53)
if and only if n; and 72 commute with O.
The propositions introduced above provide the mathematical structure that defines

the behaviour of pseudo-Hermitian Hamiltonians. In the next section the necessary

condition for a real eigenspectrum is shown.
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3.5 The necessary condition for a real eigenspectrum

The linear automorphism is given by

d"O
n= ZZ ’(Z)no’ ¢n0’a| +ZZ ’(Z)n , ¢n+aa| + |¢n+7 ><¢n_7a|)' (354)
no a=1 ny a=1

The inverse is

dng
=3 |thn,a) wno,a|+ZZ [n_s @) (Wn sl + [n,, ) (Wn_,al).  (3.55)
no a=1 ny a=1

The derivation of the linear automorphism can be found in the appendix.

The linear automorphism and its inverse satisfy the condition for pseudo-Hermiticity,

H' = nHn™', where H is the Hamiltonian[6].

Mostafazadeh introduced an additional theorem[6] which states: “if H is a non-
Hermitian Hamiltonian with a discrete spectrum and has a complete biorthonormal

eigenbasis, then H is pseudo-Hermitian if and only if one of the following conditions

hold”:
1. “The spectrum of H is real.”

2. “The complex eigenvalues come in complex conjugate pairs and the multiplicity of

the eigenvalue pairs is the same.”

It has been shown that all pseudo-Hermitian Hamiltonians satisfy the points above.
If in addition, the Hamiltonian has a complete biorthonormal eigenbasis, that provides
the necessary and sufficient condition for pseudo-Hermiticity. To ensure a real spectrum,
pseudo-Hermiticity is required but is not a sufficient condition on its own. Mostafazadeh
introduced a necessary and sufficient condition to ensure a real spectrum for pseudo-

Hermitian Hamiltonians with a complete set of biorthonormal eigenvectors[7].

Mostafazadeh then introduced another theorem|[7]. “Let H:H — H be a Hamiltonian
that acts on a Hilbert space H. The Hamiltonian must have a discrete spectrum while
allowing a complete set of biorthonormal eigenvectors {|v¢y,), |¢n)}”. The spectrum of H

will then be real if and only if there is an invertible linear operator O:H — H picked so
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that H is OOf-pseudo-Hermitian.

Proof:
Hlgn) = Enlin), (3.56)
HY|¢n) = Ejlén), (3.57)
(Pmltm) = Omn, (3.58)
> ln)(gnl = 1L (3.59)
Then O:H — H and Hy: H n—> H can be defined by
O =" |¢n)(n| (3.60)
and '
Hy =Y Enln)(n]. (3.61)
By inspecting equation (3.60) we can see :hat the inverse will be
071 =" |n)(¢nl (3.62)
and '
O~'HO = H,. (3.63)
To prove this result begin with
OT'HO = ) (In)(¢nlH|ton)(nl) (3.64)
= D (In)(¢n| Enlton) (n]) (3.65)
= Et;|n)i<n\ (3.66)
= > Euln)(n| = Ho (3.67)

3.6 A comparison of C' PT-symmetry and pseudo-Hermiticity

The most interesting question is whether C PT-symmetry is in fact a subclass of pseudo-
Hermiticity. Mostafazadeh claims that it is. He went on to prove that all diagonalisable
linear operators with a discrete spectrum will have an anti-linear symmetry, leading him

to the following two corollaries][8]:
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1. Any diagonalisable linear operator that possesses a discrete spectrum (real eigen-

values) is anti-pseudo-Hermitian.

2. Any diagonalisable pseudo-Hermitian linear operator that posseseses a discrete

spectrum will have anti-linear symmetry.

Since all PT-symmetry is an anti-linear symmetry, then PT-symmetric Hamiltonians

imply that n-pseudo-Hermiticity is present [27]
n=T1PT, (3.68)
where 7 is an anti-linear operator that obeys the relationship

(BIT) = (¢I7|9). (3.69)

This goes a long way to backing up Mostafazadeh’s claim that pseudo-Hermiticity
is the more general of the two frameworks. Mostafazadeh made further motivations
asserting that pseudo-Hermiticity is the more general framework. The first involved
showing that the PT-symmetric physical quantities can be constructed using the pseudo-

Hermitian quantisation scheme.

He further claimed that it is more practical to use the pseudo-Hermitian framework,
rather than working in the PT-symmetric framework directly. The fact that a PT-
symmetric theory can be constructed in the pseudo-Hermitian framework adds weight to
Mostafazdeh’s claim that pseudo-Hermitian quantum mechanics is the more general of

the two.

3.7 A comparison of PT-symmetry and Hermiticity

Bender and collaborators claimed that PT-symmetry is a more general form of quantum
mechanics than Hermitian quantum mechanics[27]. More details on these claims can be

found in [1].

Bender asserted that:

1. the PT-symmetric and the C'PT-symmetric together form a physically reasonable

alternative to Hermitian quantum mechanics.
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2. all Hermitian Hamiltonians are PT-symmetric: this was stated but not proved.

3. PT-symmetric Hamiltonians can be used to define real energy eigenvalues for a
quantum system. In addition, unitary time evolution can be defined if the C'PT-

inner product is used to define a Hilbert space.

A critique of PT-symmetric quantum mechanics was published by Mostafazadeh in
2004[27]. He attempted to show that C PT-symmetric quantum mechanics is not an ex-

tension of Hermitian quantum mechanics nor an alternative to it.

Mostafazadeh[27] began by making the following point: For an energy eigenvalue to
represent the position of a particle it must be associated with a linear operator which in
turn must be the observable for position. This is as a direct result of the postulates of
quantum mechanics. This has not been adhered to in the formulation of PT-symmetric

quantum mechanics (PTSQM).

The problem becomes clear when we consider the Schrodinger equation
d2x

2
[_d ; ﬁm)ﬂ} bu(2) = Bntn(x). (3.70)

Bender and collaborators showed that the Schrodinger equation satisfied the boundary
conditions and was orthogonal with respect to PT-symmetric and C PT-symmetric inner

products.

The positive definite inner product is defined by

($16)s = /C dz [CPT(x)] 6(x). (3.71)

The problem in the PT-symmetric formulation is that x is not necessarily position.
While in quantum mechanics z is associated with position, this stems from the postu-

lates. The question is then open as to what physical meaning does x have[27].

If = is to be the position operator in quantum mechanics, then PT-symmetric quan-
tum mechanics must be formulated as a physical theory. Mostafazadeh[27] asked the

following questions:

1. “what is the mathematical nature of state vectors?”
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2. “what are observables?”
3. “how are observables measured?”
4. how do PT-symmetric theories relate to known theories?

In need of clarification is the definition of Hermiticity. There is some ambiguity in

PT-symmetric quantum mechanics. The rigorous definition for Hermicity is

(V[Ag) = (Ay[9), (3.72)

where ¢ and i form an orthonormal basis. In Hermitian quantum mechanics
Aij = A} (3.73)

is equivalent since the Hilbert space has a fixed inner product and orthonormal basis.

In contrast, in PT-symmetric quantum mechanics, the inner product is not fixed, nor
are the observables[27]. Equation (3.73) should therefore not be used as a condition for

Hermiticity since (3.73) is basis dependent.

If we go on to choose the same measurement theory as quantum mechanics, then ob-
servables have to be defined as Hermitian operators acting on the Hilbert space. These

differ from Bender and collaborators’ C' PT-invariant operators [29].

If the above theory of observables is applied, then the operators z and p in the
Schrodinger equation are not physical observables. This is due to the fact that they are

not Hermitian when the inner product (3.71) is used.

Mostafazadeh asks the question what are the position and momentum operators in

PT-symmetric quantum mechanics?

Mostafazadeh uses a textbook result for a Hilbert space[27]: “up to some isomor-
phism there is a unique infinite-dimensional separable Hilbert space”, where L?(R) is the
Hilbertspace. The significance of this result is in the fact that for some unitary linear
transformation U[27],

U:H— L*(R), (3.74)
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that satisfies
(Ylg) = (Up|Ug), (3.75)

where ¢ and v are arbitrary € H.

Use the unitary equation (3.75) to construct physical observables for PT-symmetric

quantum systems using the Hamiltonian
H = p* 4 2%(iz)", (3.76)

where v € R..

The form of the new operators is [27]
O =U"'ou, (3.77)

where the Hermitian operator O, acts in L?(R).

The above equation gives the structure for observables in PT-symmetric quantum
mechanics. Using this structure Mostafazadeh went on to show that PT-symmetric

quantum mechanics reduces to Hermitian quantum mechanics.

If L2(R) is the Hilbert space, then the PT-symmetric system can be described in

terms of Hermitian quantum systems. The Hamiltonian is
H=UHU"! (3.78)

and the observable O is
O=U0oU L (3.79)

Since PT-symmetric quantum mechanics reduces to Hermitian quantum mechanics, we
can conclude that PT-symmetric quantum mechanics does not serve for a fundamental

physical theory.

Mostafazadeh argued that CPTSQM (CPT-symmetric quantum mechanics) can be
reduced to ordinary quantum mechanics by using similarity transformations. He then
concluded that CPTSQM is equivalent to Hermitian quantum mechanics. While inter-

esting that CPTSQM reduces in this way, it is just as interesting to consider whether
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one can transform from non-Hermitian quantum mechanics to PTSQM.

Mostafazadeh attempted to address this problem in his 2004 paper [28]. In it he
attempts to show the unitary equivalence between PTSQM and Hermitian quantum me-
chanics. In addition, he demonstrates that Hermitian Hamiltonians can be recovered

from every PT-symmetric Hamiltonian.

Bender and collaborators followed Mostafazadeh’s paper with one of their own in 2006.
They acknowledged that PT-symmetric systems are equivalent to Hermitian systems.

They then went on to examine the efficiency of the two frameworks for calculation[29].

Mosatafazadeh has made compelling arguments against PTSQM being considered a
fundamental physical theory and it does seem unlikely that PTSQM will become one.
However, this does not mean that PTSQM cannot be used to perform calculations effi-

ciently, even if it does not constitute a new theory|[29].

Bender and his collaborators have not provided any convincing counter arguments
that C PT-symmetric quantum mechanics should be seen as a fundamental physical the-

ory. Yet, it is of use as a scheme for efficient calculations in certain circumstances.
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Chapter 4

Application of non-Hermitian

theories to a two-level system

Open quantum systems interact with the environment. This interaction is typically mod-
eled by coupling a subsystem (system of interest) to a heat bath. In numerical models,
the heat bath is typically made up of a large number of harmonic oscillators, and thus,
has many degrees of freedom. In reality, all systems are open quantum systems, as all

systems are coupled to the environment to some degree.

We will make use of a non-Hermitian framework for ease of computation. First the
equations of motion will be discussed, before considering a two-level system.

A non-Hermitian Hamiltonian approach is adopted, together with a two-level system
that is coupled to a dissipative environment (open quantum system). The population
change and the coherence that are then present in the system can be calculated when us-
ing an appropriate model that utilises the non-Hermitian approach discussed in the next
section. If the phase angles between the components of a quantum system are ordered,
then the components are said to be coherent. Population difference is the difference
in population between states. For the two-level system, there are only two states: the

ground state and the excited.



47

4.1 Non-Hermitian dynamics

Non-Hermitian quantum mechanics has interesting applications to open quantum sys-
tems. In particular, non-Hermitian theories can be used as tools to model the behaviour

of open quantum systems.

Previous approaches utilising non-Hermitian theories make use of quantum trajectory
jumps to represent the dynamics of the open quantum system[9]. Thus far in this review
of non-Hermitian theories, PT-symmetric and pseudo- Hermitian approaches have been
examined. An additional approach put forward by Sergi[9] introduces a general structure
for non-Hermitian equations of motion. This general structure allows the time evolution,
to be defined in terms of a non-Hermitian Hamiltonian. Utilising non-Hermitian evolu-
tion allows for a computational advantage: the number of degrees of freedom constituting

the bath can be reduced.

Let H be a non-Hermitian Hamiltonian, H % HT. The time evolution for an arbitrary

quantum observable y is given by

45_

—ih—p = [p, H. (4.1)

Equation (4.1) is a statement of Heisenberg’s law of evolution for observables. It can be

rewritten in matrix form as[9]

. 0 1 p
—th—p=\p H .
Let ©, the sympletic matrix be defined as[9]
0 1
0 =
-1 0
Ld T 4 A
—zhﬁp = PPy (4.2)
= [oe. 1] . (4.3)
Q
The column vector is
p
P = N
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The right-hand side of equation (4.2) highlights the underlying anti-symmetric nature
of the quantum evolution[9]. Sergi goes on to propose that more general algebras and

brackets can be defined by modifying the sympletic matrix 2.

Now, split the Hamiltonian into its Hermitian and non-Hermitian portions

where I;T_i_ = % (ﬁ—i—ﬁ”) and H_ = % (I:I—I:IT>

Then, the commutator can be split into two parts[9],

By exploiting the separation of the commutator, it can be shown that the commutator
of an operator with a non-Hermitian Hamiltonian is equivalent to a non-Hamiltonian

operator. One begins by defining the anti-symmetric matrix operator[9],

0 1+ H_ (H,)™!
Q,+ = NI
-1-(H_ "H.) 0
Then,
0.0 = o Qihg, (4.6)
= |:p(t)7ﬁ+:| ’ (4 7)
-+
where
I

Equation (4.7) contains a non-Hamiltonian commutator. Of particular interest are
equations (4.6) and (4.7) which show the mapping between the commutator with a non-
Hermitian Hamiltonian H and also the non-Hamiltonian commutator, which is defined

in terms of H[9].

When working with non-Hermitian dynamics, the equivalence between the Heisen-

berg and Schrodinger picture is lost. From this point onwards, we will work in the
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Schrédinger picture. In Schrodinger’s picture, starting from the equations of motion for
state vectors|9],

%m = —%Pﬁ\m + =), (4.8)

, (4.9)

St =P

d. i
<pa\ = %<p\H+ + {pl

where I' is a Hermitian operator defined by = —iH_.

The equation of motion for the density matrix, that contains an anti-commutator

[y is
d . (2 P T Ta .
pri |:H+7p(t):| % [F,P(t)kr (4.10)
but since I' = —ifl,,
H =T, (4.11)

Make use of (4.11) and rewrite the equation of motion in matrix form
L d T
—zh%p(t) = 'OIL‘A'/)PL (4.12)
= [o. 1] (4.13)
where A is the general matrix operator defined by,

0 14+il(H )™
—1+i(H,)"'T 0

A:

If the inverse of H exists then the logic leading to non-Hamiltonian dynamics equa-
tion (4.6) can be reversed and we can get back to non-Hermitian dynamics[9]. It can
be shown that from an arbitrary Hermitian Hamiltonian, it is possible to define non-

Hermitian dynamics.

Let ‘H be an arbitrary Hermitian Hamiltonian: since H is Hermitian it has a real

spectrum of eigenvalues. Let é be a non-Hermitian operator. Then,

¢#¢h. (4.14)
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Now let )¢ be an anti-symmetric non-Hermitian matrix,

.
Qe = ) ¢
—CT 0

A non-Hermitian evolution can be defined for any observable by using this anti-

symmetric matrix[9]. The non-Hermitian evolution is defined in terms of a non-Hermitian

commutator.
Ld
zh%p(t) = pTH.QC.pH (4.15)
= |pw.A, (4.16)
where
0
H

is a two-dimensional column vector.
Equations (4.15) and (4.16) define a way to go from a general Hermitian Hamiltonian

to defining non-Hermitian dynamics in terms of the Hermitian Hamiltonian.

4.2 Conserved quantities and mixed states

Conserved quantities are quantities, within the system, that do not change in time. We
begin by finding the change-of time-law for the determinant of the density operator[10].

This is done using the evolution equation and the matrix identity IndetB = trinB.

Now applying the identity to the evolution equation produces

d 2 .
—detp(t) = —detp H_. 4.1
6tdetp(t) mdetp(t)tr (4.18)
Then integrate,
detp(t) = detp(0)eFOT (4.19)

Here ' is a self-adjoint operator, called the decay-rate operator [10]. If trT' < 0, then at
large times the determinant will in the end have zero determinant state. The behaviour
of the trace is particularly significant: if the trace vanishes then the evolution does not

lead to a sink dynamics[10].
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The rate of evolution of the purity operator is given by[10]

0 .. AR(pT)
where
R(p,T) = tr(p*D)trp — tr(pD)tr(p?). (4.21)

Sergi and Zloshchastiev[10] noted that the purity is conserved under general non-
Hermitian evolution if %(p,I") = 0; this condition depends on the state of the system.
They go on to show that for a two-dimensional Hilbert space, purity is conserved for all
states that have an initial density matrix with a zero-determinant[10].

If a state is not pure then it is a mixed state. Mixed states are simply the mixture of

several states (statistical ensemble) which are described by density matrices

PO = |y') (). (4.22)

This mixture of states can then be expressed as a linear combination, where the

coefficients p; must satisfy the normalisation condition
p=> pip". (4.23)
i

For time-dependent functions[10]

o tr(p()
pi(t)zpim

If at t = 0, p; and p;(0) have equal traces, then p; = p;(0). The normalization

, 0<pi(t) < 1. (4.24)

condition is then,
> pt) =1. (4.25)
i

The expression for a mixed state can now be written as

pt) = Z pi(t)pgs (8)- (4.26)

4.3 A two-level non-Hermitian system

A system with two possible states is termed a two-level system. Since there are only two
states, the system must be in either the ground state, or the excited state. While a simple
system, it is used often to explain physical phenomen. A famous example of a two-level

system is spin, spin half particles have only two energy levels and are an example of a
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natural two-level system.

The system to be considered is a non-Hermitian two-level system that is used by Sergi
and Zloschastiev[10]: where the ground state and the excited state are denoted as |g)

and |e) respectively. The Pauli operators keep their standard form[10],

0 1
oz = le)(gl +[g) (e = ;
1 0
0 —2
oy =i(le) (gl — |g)(el) = ,
i 0
1 0
62 = le)e] —1g)(gl =
0 -1

In reference[10] emphasis was placed on studying observables; in particular, two ob-
servables: the population difference and coherence. In order to determine the exact

expression for these observables we make use of
o(t)x(t
- (f250) o
p(t)
where (x) is the observable of interest. For the 6, case we substitute the Pauli operator

0, and the density matrix into the above equation. This yields the population difference

o i) ~ poslt)
A\ _ P11(t) — P22
(62) = 1) T pmall) (4.28)

Similarly, the coherence is given by

o\ P2(t) + pa(t)
(6z)t = PROFY0R (4.29)

Notice that the expression for coherence contains off-diagonal density matrix terms.

A convenient check when running simulations is to ensure that the identity

detp _4detp(0)€(%t)
(trp)* (trp)?

(62)f +(0y)F +(62)f =14 ol < 1, (4.30)

holds[10].
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All pure states lie on the Bloch sphere,
(60)7 +(6y)F + (32)F = 1. (4.31)

A Bloch sphere can be thought of as a three-dimensional vector that defines a sphere
with a radius that cannot be larger than unity[13]. In ideal conditions where the system
is closed, there would be transitions between the two states and the Hamiltonian would

be in the standard Hermitian form for a two-level system,
H, = —hQ6,. (4.32)

Sergi and Zloschastiev added open-system dynamics to the model by introducing an

anti-Hermitian Hamiltonian of the form[10],
ﬁ, = ihQ(aof + a16, + aga‘y + a35‘2). (4.33)

The total Hamiltonian can be obtained by adding the two portions of the total Hamil-

tonian together, I;Lr and H_

H = H +H, (4.34)

= hQ [i(aof + a0, + azoy + azo;) — O'x} (4.35)

The non-Hermitian Hamiltonian can be written in terms of the decay-rate operator

A

L,

[ = hQ(yB6, — agdy — W&, —~I). (4.36)

Then,
H = H, +i (4.37)
= 1|64 +i(y] — VBG4, + asdy + W&Z)] . (4.38)

Now choose

a = -, (439)
ap = 767 (440)
as = W=1/(1+42)(1-52) - a (4.41)

We ensure that the density matrix is always finite[10] through our choice of ~.
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The coefficients a;(i = 0, ...,3) are assumed to be real. Consider the expression for

W. It is clear that,
(1+7%)(1 = 5% > a3. (4.42)

We adopt the same initial condition used in [10]

. 10
p(0) = ,
00
the simplicity of this condition is convinient.
Below is the equation of motion
o) = B, )]~ T H (1) (443
dtp - A +5 P [T P ) .
the diagonal terms are
1 et
p11(t) = §W[Al cos(wt)] + By sin(wt) 4+ C1 cosh(I't) + Dy sinh(I't)] (4.44)
Y
and
1 efl_‘t
paa(t) = iw[/u cos(wt)] + By sin(wt) + Cy cosh(I't) + Dy sinh(I't)]. (4.45)
y
Similarly, the off-diagonal terms are
1 €7Ft
p12(t) = §W[A2 cos(wt)] + Bg sin(wt) + Co cosh(I't) + Do sinh(I't)] (4.46)
Y
and
1 efl_‘t
p21(t) = §W[A3 cos(wt)] + Bgsin(wt) 4+ Cs cosh(I't) + D3 sinh(T't)], (4.47)
Y

where I' = 2902 > 0 and w = 282. The decay-rate coefficient is I' and the tunneling fre-
quency is w. The decay rate I' specifies the rate that decay from the excited state to the
ground state happens. The tunneling frequency is the frequency with which tunneling

can occur either from the ground to the excited state or in the opposite direction.

The new coefficients are[10]

Ay =2 +42 = W2, By =28W, Cy = > +~+>+ W2, Dy =29W, (4.48)
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A2 = —CQ = iW(l — a2 + i’yﬂ), BQ = —(")/ + ZB), DQ = iBQ, (4.49)
A3 = —C3 = A}, B3 = B}, D3 = Dj, (4.50)
Ay =-Cy=—(1—ag)*—+*p% By=D,=0. (4.51)

The density matrix remains Hermitian since po; = p12. However, the trace is no longer
conserved. We expect the non-conservation of the trace when the Hermitian system is
coupled to the environment. This coupling is described by the anti-Hermitian portion of
the Hamiltonian, which allows probability to be gained or lost by the system[10].

Sergi and Zloschastiev[10] found that the exact evolution of the trace is given by

Tt

tr(p(t)) = mF(t), (4.52)

where T'(t) = Ascos(wt) + 3B sin(wt) + Cscosh(I't) + 3D sinh(T't). Here two new
coefficients have been introduced, As = Ay — 1+ 3% and C5 = 1 — ag + 2.
By using the definition for observables and the solution for the density operator, the

exact time-dependence of the average Pauli operators can be determined[10].

CATES T%t)[AG (cos(wt) — cosh(T't)) — vAs sin(wt) + SC5 sinh(T't)], (4.53)
(Gy)t = Tit)[W(ag — 1)(cos(wt) — cosh(I't)) + SC5 sin(wt) — yAs sinh(I't)],  (4.54)
5 ) = — A 1B i C h(’ 1D inh(I" 4

(6.0 = T—[ 7 cos(wt) + 5B sin(wt) + C7 cosh(I't) 4+ 5 D1sin (T't)], (4.55)

where Ag = —yBW, A7 = C5 — W2 and C7 = A5 + W?2.

4.4 QObservables and their asymptotic limits

The asymptotic values were also determined in [10] and found to be,

lim (6,); = —(AQ)~1 lim (H.); =8, (4.56)

t——+o0 t——+o00

. Sy (a2 — 1)(y + W) + v52
tllgloowyh  ar—1l—n(y+W) (4.57)
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G t+AW
tl§+moo<az>t S (4.58)

Fig 4.1, Fig 4.2 and Fig 4.3 show analytical plots of the profiles (), % and %

1
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\ t
\\ (ﬁQ)fl(it pore
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Figure 4.1: Analytical plots showing the profiles of (5), % and %, where 5 = 0.7

v
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Figure 4.2: Analytical plots showing the profiles of (d,)¢, Ui{iigt and %, where 8 = 0.7
and % =0.5.
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Figure 4.3: Analytical plots showing the profiles of (5.)¢, %gt and gg;, where, 5 = 0.7

v
and 5= 0.2.
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As t tends towards infinity in an open quantum system, it is expected that the

population difference will go to zero as the system reaches equilibrium:

lim (5.); = 0. (4.59)

t—+00

Sergi and Zloshchastiev[10] determined that this is equivalent to the following condi-

tions
as —y\/1—=p32=0, W =+/1- /2, (4.60)
which allows the anti-Hermitian Hamiltonian to be simplified to[12]

A

040 = hyQ[B6, — /1 — B2(6y +~162) — I]. (4.61)

We now make use of these new constraints and determine the new analytical solutions,

-T
pu(t) = ;526;72 [Ag cos(wt) + 72 cosh(T't) — 2W ((Bsin(wt) + ysinh(T'))],  (4.62)
1 eIt

p12(t) = 2 [Ag(cos(wt) — cosh(T't)) + Bs(sinh(I't) — isin(wt))], (4.63)

1 Tt
=

where 4 = \/1+12 , As = 5% — 2W?, Ag = W(yB +i(yW — 1)) and Bs = B(3? —
W) +inW(y = W).

Consider Fig 4.4, Fig 4.5 and Fig 4.6, these three figures show the profiles for three

p22(t) [(29W — 7%)(cos(wt)) — cosh(T't)] (4.64)

averages. The constraints change for the different graphs. It can be seen from the graphs

that as t tends towards infinity the graphs are tending towards some limiting factor.
In reference [10] these limiting values have been calculated and are as follows;
. ~ _ -1 . N _
i (62) = ~(h)™, Tim (A () =5 (4.65)

and

lim (G,); = —/1— 2. (4.66)

t——+o0
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The critical frequency w, is defined by

we = Pewsy, (4.67)

2
where w; = 2Q and 8% = 1— (ngl> The critical frequency is bounded by w < w, < w.

These relations were summarized by Sergi and Zloshchastiev[10] by noting that as
measures the difference between the system’s critical frequency and the tunneling fre-

quency for the system that has been introduced above.

1
\ <A(}z t
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280t

Figure 4.4: Analytical plots showing the profiles of (5)¢, %75)15 and g&t, where 5 = 0.8

and % =1.0.

One of the properties that is well suited to investigation using a non-Hermitian Hamil-
tonian is dephasing. Dephasing is the process that takes an initial non-diagonal density
matrix and causes it to become a diagonal matrix at large times. It is of interest to see

what effect non-Hermitian dynamics has on dephasing (see [10] for details).

In order to investigate dephasing it is necessary to choose an initial density matrix

that has off-diagonal terms|[10]

k,m=g,e )

NI—= N
Wl o=

and then choose the anti-Hermitian portion of the Hamiltonian to be[10]

Pk — 0 [&y —(o. + f)] . (4.68)
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Figure 4.5: Analytical plots showing the profiles of (5.)¢, % and %, where 5 =0.9

v
and 5= 0.5.
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Figure 4.6: Analytical plots showing the profiles of (d.)¢, % and Q{, where 5 =0.9

7 _
and 5 =02
This choice means that the evolution equation produces

A L _ory
pu(t) = ge = (4.69)

pr2(t) = P (t) = 76_2“ [(y =) +1] (4.70)
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and

. 1 -
pgg(t) = ? [(6 e _ 1)2 + 72] . (471)
Now the averages are

72

(Ou)t = W, (4.72)

. 71 —e )
=" 4.73
(Gy)e A2 cosh(T't) — 1 (4.73)
The definition of average defined in Eq (2.27) is being used.
Now we consider Fig 4.7, Fig 4.8 and Fig 4.9. From the graphs we can see that as ¢

tends towards infinity
(Gz)t = (Gy)t (4.74)

in the limit ¢ approaching infinity.

Similarly we can see that (5.); is approaching negative one. Where

(02 = 1 — cosh(I't) — v%sinh(I't)
ozt = 42 cosh(T't) — 1

(4.75)
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Figure 4.7: Analytical plots showing the profiles of (5.):, “7&™ and fT))t’ where 5 = 0.8
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Figure 4.9: Analytical plots showing the profiles of (5)¢, <I%5>t and %, where 5 = 0.8

and v = 0.2.
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Chapter 5

Conclusion

Non-Hermitian quantum mechanics can be used as a computational framework. At-
tempts are also being made to formulate a fundamental non-Hermitian physical theory.
Attempts at formulating a physically reasonable theory are put forward but neither of
the two mathematical frameworks, PT-symmetric and pseudo-Hermitian, appear to be

a fundamental theory at the moment.

The major complication with both frameworks is the exotic inner products that they

utilise, that vary with basis.

A comparison of the two frameworks is extremely interesting. The first point of
interest concerns the relationship between PT-symmetric and pseudo-Hermitian quan-
tum mechanics. The PT-symmetric framework is a special case of the pseudo-Hermitian
framework, implying that the latter is the more general of the two. The second concerns

the ability to transform between Hermitian and non-Hermitian Hamiltonians.

It is the opinion of the author at the time of writing that, it is extremely unlikely
that the PT-symmetric framework will form a fundamental theory. However, the fact
that it is possible to transform from Hermitian to non-Hermitian Hamiltonians provides
an opportunity to exploit these frameworks to ease the computational burden for certain

problems.

Both frameworks have been applied to a wide variety of different problems, in partic-
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ular, the PT-symmetric formalism has been widely used. Some examples of these fields

include: quantum optics, open quantum systems and nuclear physics amongst others.

Recent applications of non-Hermitian theories to open quantum systems have been
discussed. These applications are an example of non-Hermitian Hamiltonians’ uses in for-
mulating a convenient numerical scheme. By exploiting the ability to transform between
Hermitian and non-Hermitian Hamiltonians, a more efficient numerical scheme can be
formulated. Using a non-Hermitian Hamiltonian for the calculations allows a significant
reduction in the number of degrees of freedom, resulting in more efficient computations.

This has been covered in more detail in Chapter four.
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Chapter 6
Appendix

6.1 Derivation of Hermitian linear automorphism with de-

generacy

The derivation of the Hermitian linear automorphism makes use of Mostafazadeh’s ap-
proach. It is included due to the importance of the Hermitian linear automorphism in
the formulation of pseudo-Hermitian quantum mechanics.

If H is an n-pseudo-Hermitian Hamiltonian with a complete biorthonormal eigenbasis

{|tn, a), |pn,a)} and a discrete spectrum|6], then, by definition,

H\¢n7a> = EnW}n;a>; (61)
HY ¢y, a) = Epy|dn,a), (6.2)
<¢m7 b‘wna a> = Omndabs (6.3)

dnp, dn
DO bna)(Wn,al =YY [, a)(én,al = 1, (6.4)

n a=1 n a=1

where d,, is the degree of degeneracy (multiplicity) of the eigenvalue FE,, and a and b are

the degeneracy labels.

In order to derive an expression for the Hermitian linear automorphism, an extra

result is required, called proposition seven by Mostafazadeh. Proposition seven can be
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derived by making use of equations (6.1) and (6.2) and then using equation (3.36),

nHn b, a) = E|¢n, a). (6.5)

We now operate from the left with n=1,

Hy Yén,a) = 0 'Epldn,a) (6.6)
= E;(n " on,a)). (6.7)

Now
E}|én,a) = H'|¢n, a). (6.8)

Operate from the left with =,

N Epl¢n,a) = 1 H ¢, a) (6.9)
— Hy |én,a). (6.10)

Therefore,
n ' Hi|¢n,a) = Hy™ Y |én, a). (6.11)

Then proposition seven can be written as,

H(p ' én),a) = Ex(n~"|on,a)) =0 " H|én, a). (6.12)

Mostafazadeh’s notation is now adopted; the subscript ”70” denotes real eigenvalues
and the corresponding basis eigenvectors. The subscript ”4” denotes complex eigenval-

ues that have ”+” imaginary parts and their corresponding basis eigenvectors|6].

Now using the new notation and equation (6.4),

7LO d”+
I - ZZ ‘wnoa ¢n07a| + ZZ ¢n+7 ¢n+)a| + an 9 ><¢n_)a|)7 (613)
nog a=1 ny a=l1

where a is an index for the real components and « applies to the complex components.

Now use equation (6.4) to write the Hamiltonian as

dng n .

‘H ZZH’d}nO’ ¢n07a| + Z Z H |11Z)TL+7 ¢n+7a‘ + ’1/}71 9 ><¢n_7a|)' (614)

ng a=1 ny a=1
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Use equation (6.14) and proposition 7 to write the Hamiltonian as

dn dn
H:ZZETLOW)HW ¢noya|+zz n+|wn+a ¢n+7a‘+ Z+|¢n_,a>(¢n_,a|)~
ng a=1 ny a=1

(6.15)
Any linear combination of degenerate eigenvectors belonging to the same eigenvalue

is also an eigenket of that eigenvalue, so

dn,

|’9Z}n0> = ZCa|wnma>- (6.16)
a=1

To find a given Cy, let @ be a particular a. Multiply (6.16) on the left-hand side with
(Dng» al,

dng,

<¢noaa|7/)no> = ZC %07&!1%0» >

= Z Cabrynyda

a=1m0
== Ca. (617)
Substitute equation (6.17) into (6.16),
dng
[Yng) = Z<¢noaa’wno>‘wnoaa>' (6.18)
a=1

Since an inner product is a number we can write

dng
|thn ) Z |thng > @) (Do altng)- (6.19)
Therefore
dng
I= Z [y, @) (Gno» al, (6.20)
is the closure relation for the degenerate state. Now,
-1 _ -1
n ’¢nova> = In ‘anma)
dng
= > (10, B){bno» b bno» @)
b=1
dng
= Z<¢no7 b‘n_l‘¢nova>’¢no7 b). (6.21)
b=1

Similarly for the first complex case,

dn,

|wn+> = Z Ca|wn+7 a>~ (6.22)
a=1
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Let a be a particular o. Now multiply equation (6.22) on the left-hand side with (¢, , a.
Then

d7l+

<¢n+adw}n+> = an<¢n+,d|wn+aa>
a=1

dn,

= Z Ca 5n+n+ daa
a=1

- C@ .

Therefore
Ca = <¢n+7a|¢n+>' (623)

Substitute equation (6.23) into (6.22),

dn_,

|¢n+> = Z<¢n+;a|¢n+>’¢n+a>
a=1

dn,

- Z ‘¢n+a O‘><¢n+’ a’¢”+>'

a=1

(6.24)

Therefore,
dn,,
I = Z |¢n+aa><¢n+;0¢’ (625)
a=1

is the closure relation for the degenerate state. Now,

7771|¢n77a> = Inil‘d)nf)a)

dn.,

= D _1ne: B)(dn Bl |én_, 0). (6.26)
B=1

Then
dn,

N o a) = (b, BN dn_, @)t B). (6.27)
B=1

Now for the other case,

dn

Wn_) = Calthn_, ). (6.28)



70

To find a given C,

left-hand side with (¢, _,&|. Then

Therefore,

Substitute equation (6.29) into (6.23),

Therefore

But

where ngo)

where C

<¢n_ ) 5‘|¢n_> =

dn,

Z Ca<¢n_ ’ 5é|¢)n_ ) Oé)
a=1

dn,

Z Coc(snfn, 6&04
=1

Ca

Co = <¢n77a|r¢)n—>‘

dn,

|¢n+ ijn , & ¢n 705|1;Z)n >

I = ’¢n77a><¢n770“-

n71‘¢n+7a> =

N bng, @)

= <¢n07 amil‘(ﬁnm b>

7771 ’¢n+7

= (bn_, aln " on, , B).

n_l‘(ﬁnf,

Inil‘qﬁ’rhr) O[>

S [¥n_s B)(bn_, Bléns )
p=1

dn.,

> {bn s Blon, )b, B).
B=

1

dn,

Z C nO) ’¢TL07

dn

ZC pn_, 8

dn.,

Z Co pn, . B)

let & be a particular . Multiply the above equation on the

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)
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Where Cg:};w_) == <¢n+70“77_1‘¢n775>'

CC(LZO) and C’égi) are complex coefficients. These complex coefficients can be thought

-1

of as matrices since n and ™" are Hermitian operators. It is possible to make a unitary

transformation of the Hilbert space to map the biorthonormal system of eigenbasis vectors
of the Hamiltonian to a new system, in which these matrices are diagonal. If the basis
vectors are further rescaled, then C’C(LZO) and C(gzi) will become the identity matrix. It is
assumed that such a transformation has been performed without loss of generality.

Then
|¢n07 CL> = 7]|wn07 CL>, (636)

and

|Pnss @) = nlthns, a). (6.37)

Now by making use of the above result and the definitions it is possible to obtain the

pseudo-Hermitian orthonormality relations

<<wnoa a’wmoa b>>77 = 5nom05ab7 (638)

<<¢niaa|¢m;75>>ﬁ = 6nim;5a6- (6.39)

From equation(6.33), (6.34) and (6.35)

’¢no7a> = 77_1|¢n0’a>7 (6'40)
V) = 0 s, ). (6.41)

Now substitute equation (6.40) and (6.41) into equation (6.13)

dng d”+
I:ZZH_”@W ¢n0aa|+zz 1|¢n y (¥ ¢n+aa‘+77 |¢n+aa><¢n_aa‘)-
no a=1 nt a=1

(6.42)
Then operate 1 from the left-hand side

dno d"+

D=3 |bng: a)bngsal + > > (Sn_ )by, al + |6, ) (bn_,0l).  (6.43)

ng a=1 ny a=1
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By substituting equation (6.40) and (6.41) into equation (6.13) we obtain,

dng dns

07 =30 g @) (g al + 303 (1 @) (G, sl + [y, @) (W, ).

no a=1 ny a=1

(6.44)
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