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Abstract

We consider the solidification of a binary alloy in a mushy layer subject to Coriolis
effects. A near-eutectic approximation and large far-field temperature is employed in
order to study the dynamics of the mushy layer in the form of small deviations from the
classical case of convection in a horizontal porous layer of homogenous permeability.
The linear stability theory is used to investigate analytically the Coriolis effect in a
rotating mushy layer for, a diffusion time scale used by Amberg & Homsey (1993) and
Anderson & Worster (1996), and for a new diffusion time scale proposed in the current
study. As such, it is found that in contrast to the problem of a stationary mushy layer,
rotating the mushy layer has a stabilising effect on convection. For the case of the new
diffusion time scale proposed by the author, it is established that the viscosity at high
rotation rates has a destabilising effect on the onset of stationary convection, ie. the
higher the viscosity, the less stable the liquid. Finite amplitude results obtained by using a
weak non-linear analysis provide differential equations for the amplitude, corresponding
to both stationary and overstable convection. These amplitude equations permit one to
identify from the post-transient conditions that the fluid is subject to a pitchfork
bifurcation in the stationary case and to a Hopf bifurcation associated with the overstable
convection. Heat transfer results were evaluated from the amplitude solution and are
presented in terms of the Nusselt number for both stationary and overstable convection.
They show that rotation enhances the convective heat transfer in the case of stationary

convection and retards convective heat transfer in the oscillatory case, but only for low
values of the parameter y, = Pro 9 ,. The parameter 1/y, represents the coefficient of
the time derivative term in the Darcy equation. For high y, values, the contribution from

the time derivative term is small (and may be neglected), whilst for small x, values the

time derivative term may be retained.



Latin Symbols

Nomenclature

Composition.

Darcy number.
Unit vector in the direction of gravity.
Unit vector in the direction of the rotation.

Unit vector in the z-direction.

Gravitational acceleration [9.81 m/s’].
Height of the mushy layer [m].
Latent heat of fluid [kl/kg]

Characteristic permeability [ m®].

Dimensional permeability function.
Length of the mushy layer.

Nusselt number.

Reduced pressure.

Specific heat of fluid [kJ/kg].
Prandtl number.

Rescaled mushy layer Rayleigh number.
Mushy layer Rayleigh number.

x-component of wavenumber.

y-component of wavenumber.

z-component of wavenumber.

Modulus of amplitude, corresponding to overstable

convection.

Stefan number.

Time [s].

Dimensional temperature [K].

Taylor number.



Greek Symbols

a

p
Br

Horizontal x-component of velocity [m/s].
Dimensionless velocity vector.

Horizontal y-component of velocity [m/s].
Velocity of solidifying front [m/s].
Vertical component of velocity [m/s]
Horizontal length co-ordinate.

Slow space scale.

Horizontal width co-ordinate.

Vertical co-ordinate.

Scaled wavenumber.

Solutal expansion coefficient.

Thermal expansion coefficient [1/K].

=Pr¢ 9,.

=5,

=3%,-

Dimensionless depth of mushy layer.

Disturbance amplitude.

Porosity.

Solid fraction= 1-¢

Phase angle corresponding to oscillatory convection.
Relaxation time corresponding to stationary convection.
Coefficient of the diffusion term corresponding to
stationary convection.

=4n,.

Thermal diffusivity of liquid [ m® /s].

-3/0% .

Dynamic viscosity of the fluid [Pa-s].



v Kinematic viscosity [ m’ /s].

M(g)= kO/K*((p) Dimensionless permeability function.
0 Dimensionless temperature.
S, Mobility ratio.

Fluid density [ kg/m"].

r Slope of liquidus line.
o Oscillatory frequency [1/s].
G, Corresponds to the critical frequency for either stationary

or overstable convection.

1 Slow time scale at order €.

T, Slow time scale at order ¢ .

o Angular velocity of rotating mushy layer [rad/s].

Q = 1+ St/E = 1+ S/cq .

G =K_/Q%:.

Y Stream function.

3 Composition ratio.

€ ov Linear coefficient corresponding to overstable convection.
£d Linear coefficient corresponding to stationary convection.
¥ =4t

Superscripts

* Dimensional quantities.

asym Asymptotical quantities.

oblique Refers to quantities on the oblique plane containing the
streamlines.

() Refers to scaled terms used in the weak non-linear analysis

of overstable convection,



Subscripts

00 Refers to quantities at order £°5°

01 Refers to quantities at order ¢°5'

1 Refers to quantities at order ¢ .

2 Refers to quantities at order ¢ .

3 Refers to quantities at order ¢’

B Refers to basic flow quantities.

c Refers to characteristic values.

Cr. Refers to critical values.

E Refers to eutectic conditions.

h Refers to homogenous solutions to differential equations.
il Refers to quantities at order ¢°5'

i Refers to oscillatory frequency in Author’s scaling.
It Refers to liquid conditions

m Mush conditions

0 Refers to liquidus conditions.

ov Refers to overstable conditions.

p Refers to particular solutions to differential equations.
S Solid conditions

S Refers to solidus conditions.

st Refers to stationary conditions.

w Refers to far field conditions.

Over

Refers to scaled quantities.
Refers to perturbed quantities

Refers to scaled quantities

Derivative with respect to time.



1.Introduction

1.1 General

The internal structure of solid alloy depends largely on the history of its solidification
from the liquid melt phase. The geometry of the melt region, the rate of solidification,
and associated fluid motions in the liquid melt all contribute to the properties of the
microstructure of the final product. These properties are all determined by internal
processes that occur in response to external conditions such as the shape of the container
and the location of the cooled boundaries, degree of cooling, the initial concentration of
the liquid melt, and the existence of body forces such as those produced by gravitational,

rotational or magnetic forces.

The most commonly analysed case is one where the solidification of the liquid melt
occurs in the presence of the gravitational body force. In this case the natural convective
flow of the melt can be driven by thermal gradients that are set up by the imposed
cooling, or by compositional gradients that are generated when one component of the
alloy is preferentially incorporated within the growing solid, or by both thermal and
compositional gradients. A detailed description of the solidification process with regards
to the phase diagram is provided in Section 1.2. Often during the solidification process,
the planar solid-liquid melt interface is highly (morphologically) unstable and takes the
form of small dendrite arms occupying a zone of finite thickness, called the mushy layer
or mushy zone. These dendrite arms appear as a forest of solid crystals orientated
principally along the direction of strongest thermal gradient, with fluid filling the
interstitial spaces, see Figure 1. Figure 1 shows a mushy layer of ammonium chloride
crystals. The millimetre scale on the top left hand corner shows that the typical spacing
between the crystals is very small in comparison with the depth of the mushy layer,
which is of the order of 7mm. This dendrite zone can be thought of as performing a
function of smearing out the concentration jump over a much larger distance than the

planar front in the case of planar solidification.

It must be borne in mind that the dynamics in the mushy layer is governed by the

complex interaction between the compositional convection and the solidification process.



from below. Courtesy of Worster (1991)

A direct result of compositional convection is the formation of freckles, which are non-
uniformities that manifest themselves as vertical channels that are of a composition
different from the surrounding solid. In cross section they appear as “spots” and will
henceforth be referred to as freckles. In practice, the presence of freckles in the cast alloy
compromises the mechanical properties of the component. In the gas turbine blade
manufacture industry, where the blade is directionally cast in a “pigtail mould”, freckle
formation in the cast blades could cause catastrophic failure when the blade is subjected
to its harsh operating environment. The need to avoid such failures in practice coupled
with the limited understanding of the complex process of solidification has gained

considerable international interest among the fluid dynamicists, metallurgists, engineers

and applied mathematicians.

The freckles formed in solidified alloys has been compared to the freckles formed in
aqueous ammonium chloride salt solutions, and it was concluded that the mechanism for
freckle formation was as a result of convection through chimneys in the mushy layer, see

Copley et al (1970), Sample & Hellawell (1984) and Sarazin & Hellawell (1988).



Worster (1991) later supplemented this experimental work by providing an analytical
solution for the flow and temperature fields in chimneys. In addition Worster (1991)

provided a mechanism for the formation of chimneys.

The analogous behaviour that exists between a solidifying metallic alloy and a freezing
aqueous salt solution has led to numerous laboratory tests being undertaken, using
ammonium salts, to investigate compositional convection and its bearing on freckle
formation. Ammonium salts are preferred as a medium for performing laboratory
experiments due to its transparency, as far as flow visualisation 1s concerned, and also
due to the fact that it is easy to handle. Such experiments have directed much of the
current thought in this field. The solidification process always seems to occur in three
phases ( see Chen & Chen 1991 and Tait & Jaupart 1992). At the start a uniform layer of
dendritic crystals forms at the base of the experimental tank, and buoyant residual fluid,
depleted of the ammonium chloride taken up by the crystallised salt, rises convectively to
form a layer of double-diffusive fingers. A short time later, a few isolated convective
plumes begin to rise to a height much greater than the top layer of double-diffusive
fingers. Eventually, a chimney or vent forms beneath each plume, which extends through
the crystal pile to the base of the tank. The plume number and strength increases with
time, and as a result suppresses the double diffusive mode. This strengthened plume
activity decays with time, and the number of chimneys begin to decrease. The
experiments revealed that two modes of convection viz. the double-diffusive mode (
which emanates from the mush-liquid interface) and the mushy layer mode ( as a result of

plumes being emitted from chimneys in the mushy layer) exists in a solidifying system.

The experimental investigations led to the development of a mathematical model to
describe the flow physics in a solidifying alloy system. Fowler (1985) proposed a model
for mushy layer and investigated a limiting case where there was no coupling between the
convection and solidification processes. Worster (1992) later performed a stability
analysis of the liquid and mushy regions of the binary alloy system and found that the
model predicted the two modes of convection mentioned earlier. Up to this point it was

assumed that the double diffusive convection provides disturbances that initiate the



that was discovered during the weak non-linear analysis. Anderson & Worster (1996)
indicated that although there exists circumstances under which the oscillatory mode is the
most critical, it nonetheless gives way to the steady mode for larger values of Rayleigh
number. They also pointed out that in practice oscillatory convection may be confined to

situations close to the marginal conditions.

The current study utilises the parameter scalings as presented by Anderson & Worster
(1996), and includes the eftects of rotation. The study is structured as follows : Section 1;
the problem geometry is defined, outlining the body forces in the Darcy equation, and a
description of the solidification process is provided, whilst the momentum equation for
the mushy layer region is rescaled to include the Coriolis body force and a time
derivative on the velocity vector, Section 2; a linear stability analysis is performed for the
stationary and overstable convection cases adopting Anderson & Worster’s (1996)
scaling for time, Section 3; a linear stability analysis is performed for the Author’s
proposed scaling for time, Section 4; A weak non linear analysis of convection as a result
of rotational effects 1s performed for the Author’s scaling for time by expansion to higher
orders and a complete amplitude equation defining the leading order amplitude is
developed for both stationary and oscillatory convection, Section 5; The Nusselt number
for both the stationary and oscillatory is developed, Section 6; Graphical plots for the
flow, temperature and solid fraction patterns is provided for Anderson & Worster’s

(1996) scaling for time, Section 7; a conclusion summarising the findings in the thesis is

provided.



Solidification of binary alloys are to a large extent governed by the phase diagram which

differs for different alloys. The phase diagrams provide relations between composition ¢

and temperature T" at the solid/melt boundaries. A typical phase diagram for a binary

alloy system is shown in Figure 3 below.

T
A Liquidus
T |- L
Liquid — Melt Solidus
Line
TL(Co) ..............................
(Liquid + : Mush
Solid c,,) - (Liquid +Solid c)
T, :
! " Eutectic
¢, + Eutectic | c, + Eutectic
A | B )
c, C, Co C,=¢, ¢

Figure 3 : Sketch of phase diagram

During the solidification of binary alloys, the liquid melt will always solidify into an

extremely fine mixture usually visible under a microscope. The two separate parts of this

mixture initially exists as pure metal A and pure metal B as depicted in Figure 3. If we

assume that a small amount of pure metal A is solidified, then the remaining liquid melt

is left rich in metal B. This causes a slight shift in the composition to the right. To restore

the liquid composition to its equilibrium value, metal B will now solidify. Now if too

much of metal B solidifies, the liquid melt composition will shift to the left, thereby

causing metal A to solidify to restore equilibrium. Therefore, at constant temperature, the



liquid solidifies alternately pure A and pure B, resulting in an extremely fine mixture. An

alloy exhibiting this behaviour is referred to as an eutectic alloy.

In freezing aqueous ammonium salt (NH,Cl-H,0) systems as used in laboratory
experiments, the components A and B, in Figure 3, refers to the H,O and NH,CI

respectively, see Sarazin & Hellawell (1988).

The composition, referred to above, may be thought of as the weight percentage of each
component A and B in the alloy. The liquidus line T, (c") relates the composition of the
liquid in the porous mush to the temperature. The mushy layer is taken to be in thermo-

dynamic equilibrium and the relationship between T" and c’is given by the following

linear liquidus relation of the form
T =T (c)=T,+T(c -cy), (1.1)

where T is the gradient of the liquidus line at ¢, see Figure 3. Note that the relation
given in Eqn.(1.1) is valid for the range T < T <T,. For temperatures above the
melting point of the alloy ie. for T >T,, no solid is formed regardless of the

composition ¢ . When the temperature falls below the eutectic temperature, Ty, all

remaining liquid, which by that time has a composition c, solidifies immediately. Note
that the two solidus curves are assumed to be vertical, ie. the gradient of the solidus lines
are infinitely large. Noting that the segregation/partition coefficient is the ratio of the
liquidus to solidus line slopes, we may infer that in our case the segregation coefficient is
zero. The density in the liquid is a much stronger function of composition (c¢’) than it is
of temperature (T"), as shown in Figure 3. Adopting the Boussinesq approximation and
using the result given in Eqn.(1.1), we define a linear relation between the density p, and

the composition ¢ to be of the form,



o = e 1- B (T - T+ 07(e - eg)]= pute) (1 (7/0)-o [ - 1)) 12

where T is the slope of the liquidus curve. The effective expansion coefficient
[(B* /F)— BT*], may become positive and lead to buoyancy driven convection when

solutal effects dominate. Note that typically p™> T'B, (and B~ is positive) due to the fact
that density is largely a function of composition than it is of temperature, see vertical
solidus lines in Figure 3. This provides the explanation as to why a melt whose
composition is less than the eutectic composition ¢, releases more dense fluid, while a
melt whose composition exceeds ¢, releases less dense fluid when the fluid is cooled and
solidified. In the problem presented in Figure 2, the initial composition ¢, 1s taken to be

greater than the eutectic composition cy.

Many authors have proposed formulations for the governing equations in the mushy
layer, see Chiarelli & Worster (1995) and Brattkus & Davies (1988). The formulation
presented here follows closely that of Anderson & Worster (1996). Not far (at distances

L'<<g /o) 2y from the axis of rotation it may be assumed that the gravitational
buoyancy to be greater than the centrifugal buoyancy. For this reason the centrifugal
effect may be neglected thus limiting the effect of rotation to the Coriolis acceleration .
The centrifugal effects are taken to be constant and absorbed into the reduced pressure
term. The Darcy equation is extended only to include the time derivative and the Coriolis
terms, while the Boussinesq approximation is applied to account for the effects of the
density variations. Subject to these conditions the following dimensionless set of

governing equations for the continuity, energy, solute balance and Darcy equation

extended to include Coriolis effects is obtained :

V-U=0 (1.3)
[i—i](e—St )+U-vO-V% 4
ot oz 0 (1.4)
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0

(%-gj[(p@)mg@]w-ve:o (1.5)

A

U A A
S FH(eU=-Vp+ Ra 0e,- Ta” e x U. (1.6)

o]

In the system (1.3-1.6), ¢ refers to the solid fraction, U refers to the filtration velocity in
the mush, whilst 0 refers to the temperature. Note that the non-dimensional form of the
liquidus relation (¢ =0) has been used to replace the solute concentration by the non-

dimensional temperature, Eqn.(1.8) below. This is inferred from the simplified phase

diagram given in Figure 3. Eqns. (1.3-1.6) were rendered dimensionless by using V' (the

advance velocity of the melt/mush interface) for the velocity scale, 1 . = K*/ V' ( the

thermal diffusion length scale) for length, and « / (V") for the time scale, where « s

the thermal diffusivity of the liquid. The pressure scale is « p” /k0 where p” is the

dynamic viscosity of the liquid and k, is a characteristic permeability of the mush

defined as

& 1.7
< (L.7)

{y) =

The non-dimensional temperature for the mush (or equivalently the composition) is given
by

T -T(c,) _c-c,
= = =cC. (1.8)
T(c)-Tg c,-cg

o]

Refer Appendix A provides a detailed non-dimensionalisation analysis for (1.3-1.8).

The dimensionless parameters that emanate as a result of the non-dimensionalisation of
the governing equations are the Stefan number St, the concentration ratio £ , the mushy

layer Rayleigh number Ra_, the Taylor number Ta and a parameter y . which represents



the coefficient of the time derivative in the Darcy equation. These dimensionless

parameters may be presented as follows:

St = h _ D : (1.9)
qs(TL(Co) . TE) qSAT
g o S Ce (1.10)
Co_CE
Ram:%, (1.11)
\Y
* 2
Ta:rjlq)k"} , 1.12)
0
To=00PTd,, (1.13)

where h, is the latent heat, qq is the specific heat, cg is the solid composition, ¢, is the
eutectic composition, g* is the gravitational acceleration, ® " is the angular velocity of

rotation, and v" is the kinematic viscosity of the liquid. The Stefan number gives an

indication of the latent heat relative to the heat content, or internal energy. The

composition ratio ¢ relates the difference in characteristic compositions of the liquid and

solid phases with the compositional variation of the liquid within the mushy layer. In
Eqn.(1.13) Pr=v"/x" is the Prandtl number, § = 1% /k, is the mobility ratio which is
typically very large (§, ~ O(10° - 10°), see Worster (1992)) and can be thought of as

the square of the ratio of the thermal length scale ( on which the mushy layer height

depends) to the average spacing between the dendrites within the mushy layer.

The boundary conditions applicable to the system (1.3- 1.6) are given by



B=-1, w=0 at z=0
0=0, w=0, ¢=0 at z=3.

(1.14)

The parameter & = H'/(x "/ V") is the dimensionless depth of the layer, or growth Peclet
number that will play a major role in the scaling of the governing equations later on. For
all intents and purposes the growth Peclet number simply denotes the ratio between the
actual height of the domain H' and the length scale lo=x "/ V", which has been used in

the non-dimensionalization.

We follow Anderson & Worster(1996) in reducing the model asymptotically. We assume
that the mushy layer is thin so that &d<<1. Chen et al (1994) found that
V' =15x 10"cm/s as the mush height reached H' = lcm . Using a thermal diffusivity of
Kk =158x107cm’ /s, yields & =0.095, which satisfies the requirement & << 1. Worster
(1991) showed, by analysing the exact solution for a non-convecting mushy layer that as

0,=T,/AT> o  (where 0_>>1), the mush thickness is given by

O~ Ln(l + l/(:)m)z 1/6, . Physically this implies that the dimensionless mushy layer
thickness can be associated with the inverse of the non-dimensional far field temperature.

We also consider the case when the initial composition of the liquid is close to the

eutectic composition (¢, ~ ¢;) thus resulting in a large value for ¢ (see Eqn.(1.10))

which may be defined as,

Cs

é=§, (1.15)

where cg is O(1) as & — 0. This approximation (5 - 0, & — » ) corresponds to the near-
eutectic approximation used by Fowler (1985). This limit allows for the leading order
system describing the mushy layer to be expressed as a mushy layer of constant
permeability by usage of the permeability definition I1(¢)=1+ O(p) where ¢ is

O(¢,8) . The effects of permeability variations will then be introduced at a later stage as



perturbations to the system. We follow Anderson & Worster (1996) and assume that the

Stefan number is large by expressing it as,

w2

—t

1]
oo|m|

: (1.16)

where S =0O(1) as & 0. This is different from the Amberg & Homsey (1993) who

assumed a Stefan number of the form St= O(1).
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2. Case One : Time scale used by Anderson & Worster (1996)
2.1 Rescaled Equations
We proceed to rescale space and time and also introduce a new effective Rayleigh

number based on the mushy layer thickness ¢ as follows,
xe, +yé, + 7€, =5(xe, +yé, +7¢,), t=8°f, R’=5Ra,. (2.1a-c)

The scaling adopted for the dependent variables in Eqn.(2.1) is consistent with that used
by Anderson & Worster (1996). The time scale represented here is associated with the
diffusion time across the mushy layer. Next, we introduce the following scalings as used

in the non-linear analysis of Anderson & Worster (1996):

R_
U==U, p=Rp. (2.2a-b)

These scalings are applied to the system (1.3-1.6) and result in the following governing

set of equations:

V-U=0 (2.3)
[3 5@[9 S ] RU-V0=V?0

ot Tz 5 P)TEUYET 9
(3—5ij (1-9)0+ S0 |+ RU-VO =

Praaee 0 )0+ 5 Ot Vo =0 (2.5)
14U U= _ V5 o e, O

. ot +MI(¢p)U=-Vp-Rbe,-Ta"?e,x U (2.6)

where y = 8%, . Using the earlier definition for the thermal length scale, &, and ¥, the

expression for y may be transformed to the following form:

20



(2.7)

where Pr is the fluid Prandtl number, ¢, is the porosity and Da is the Darcy number
defined as Da=k,/(H")*. The Darcy number (Da=k,/(H)*) is very similar to the
mobility ratio (9 = li' / k, ), the only difference that being that it is the inverse of the

mobility ratio with the mushy layer height H' being replaced by the thermal length scale
[ ., as observed from their respective definitions. Vadasz (1998) was the first to point out
the definition of the parameter y in his paper on flows in porous media. In porous media
theory the value of y is usually quite big and allows to neglect the time derivative term,
hence usually it is neglected. In the current case the parameter y would be retained based
on the following arguments: the Prandt] number (Pr) in systems undergoing solidification
ranges from Pr=10 (for metallic alloys) to Pr=10 (for aqueous solutions). Vadasz
(1998) suggested that Da=10"", ¢, = 0.1, and Pr= 10" are typical values for a mushy
layer. Using Vadasz’s (1998) suggested values for the mushy layer yields y = 1.

Furthermore the mobility ratio may be recovered from the calculated value of y and a

growth Peclet number (8) using the relation y = 62)(0. Using the values of Prandtl

number (Pr), porosity (¢,), together with the calculated value of y yields a mobility

ratio of § = 1x10°. This value of mobility ratio is in total agreement with the value
range suggested by Worster (1991). In the present study we retain the time derivative
term in the equation in order to allow for the possibility of oscillatory convection and will
observe how the value of y affects the various parameters in the system. A full

derivation of the system (2.3-2.6) as well as the derivation of Eqn.(2.7) is provided in
Appendix B.
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2.2 Basic Flow Solution
There is a basic steady state (00 /0t = 09 5/0t = 0) represented by subscript ‘B’, which
is horizontally uniform (06 ,/0X = 8¢ ;/0X= 0, 005/0y = 09 5/3y = 0 ), corresponds to

zero flow (Uj = 0) and satisfies the following system of equations :

—6%:(1—%)9B+‘;—5%1=0 2.9)
_ddi—ZB_ReB:O (2.10a)
‘%:‘%:0. (2.10b)

It is interesting to note that Eqns.(2.8-2.10) resemble Anderson & Worster’s (1996)
system exactly. Eqns.(2.8 —2.10) are subject to the boundary conditions

6, =-1 at

NI
I
)

2.11)

B,=0, 0y=0, at

NI
1l
Dok

(2.12)

Using an expansion in & (where 8 << 1) to express the basic state solution as follows:
8(2) = 050(2) + 00,4, (2) + 570 4,(2) + O(5”) (2.13)

@B(z)z(PBO(Z)+6(P31(Z)+62(P32(Z)+0(63)- (2.14)
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Substituting expansions (2.13 — 2.14) in the system (2.8 — 2.10) and solving for the

functions of Z to the different orders in & yields the following result:

Q , _
GB(Z)z(Z—l)H{—E(Z —z)}L

0 4(Z)= -5 (2_1)+6{_(2_1) b2 (22—2)}, (2.16)

2
Cq Cq 2¢q

where Q =1+ S/cg = 1+ St/t . The parameter Q can assume values greater than unity,
ie. Q > 1.For Q =1, we note that the Stefan number becomes zero. This is unphysical as
the Stefan number St used in the current study is non zero. In the current study we ensure
that Q is always greater than unity. Recall that the assumption that £ = O(1/8) leads to a
small basic state solid fraction. A detailed derivation of the basic state solution is
presented in Appendix C. It is Interesting to note that in the limit & — 0 we find that

¢ 5 = 0 thereby corresponding to convection in a non-porous medium.

The scaling in the Stefan number leads to a basic solution that is slightly different to that

found by Amberg & Homsey (1993), see Eqns.(2.9a) and (2.9b) in their paper.

Note that the governing partial differential system (2.3 — 2.6) forms a three dimensional
non-linear coupled system . To provide a non-trivial solution to the system it is
convenient to apply the cur/ operator (V x) on Eqn.(2.6) and obtain an equation which

includes the vorticity, defined as ® = V x U, in the form

I dIl oU 26, 00
- — H + =1 _ =a _ T 1/2 - _ A ~
" s (9)o e [uey vex] a F R{—ay e x e, 2.17)
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It can be noticed that the vertical component of Eqn.(2.17) is independent of

temperature and may be given as,

0
[ =+ H((p)}co _=Ta"”? ow/0z (2.18)
¥ 0t

where o ,1s the vertical component of vorticity. Then, applying the curl operator (V x)

again on Eqn.(2.17) and using the property of U being solenoidal, which comes out as a
result of Eqn.(2.3) , and considering only the z-component of the result yields the

following equation,

190 dll ow 20
—— 4T (0) |VW+ — RV20+ Ta”?—2=0 2.19
L ot " (q’)} ez T Tz T (219)

where the horizontal Laplacian operator is defined in the form V2 = 8°/6%” + 0%/05* .

2.3 Linear Stability Analysis
The stability of the basic solution (2.15 —2.16) is examined by determining the growth

and decay of infinitesimal disturbances around this solution. We introduce normal-mode

perturbations to the basic state solution as follows:
B=0,+ aé(i)e"fei(s*m-“” +c.c (2.20)
0 =95+eh(2)e"e™ " 1 cc (2.21)

U=0+cUZ)ee ™™ 4 ¢ (2.22)

where o is the growth rate, s_ and s, are the horizontal wave numbers of the

perturbation and c.c represents the complex conjugate. By substituting the normal-mode
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expansions (2.20-2.22) in Eqns.(2.3-2.5) and Eqns.(2.18-2.19) yields the following

linearised heat and solute balance equations and Darcy equation to order ¢,

[6 - 6D]{é - (ﬁ} + RWDB, = (D* - 57)8 (2.23)

[G—SD]{(I—@B)OA—OB@+06—S(§}+R®DOB:O (2.24)

[%+ H((p)] (D*- )W+ BWL H((p)][DH (9).DW- Rs6 |+ TaD*W= 0, (2225)

where D=d/dZ and o =0, +ic;. A detailed derivation of Eqns.(2.18-2.19) and the
system (2.23-2.25) is given in Appendix D. The system is solved subject to the following

boundary conditions:

il

i
o ©
Ni
I
o

=P
i

-

) (2.26)

D> D>
=ik

1l

= )
B

1

)

NI

1l

—

We assume longitudinal roll solutions for y<<1 (y<<§). We are interested in the

solution to these equations for 6 <<1, so we follow Anderson & Worster (1996) an

expand the dependent variables in powers of & as follows,

G =04 +80, (2.27)
R = R, +5R,, (2.28)
0=0,+086,, (2.29)
¢ =0ut+00, (2.30)



W= W+ 8W,, - (2.31)

Note that owing to the fact that the basic state solid fraction is small, the permeability
function I1(¢) is expanded in a Taylor series following Anderson & Worster (1996) as

follows,

M(p)=1+5804K,. (2.32)

From Eqn.(2.16) ¢g =-(z-1)/cy, where the constant K, characterises the linear
variation of the permeability with the local solid fraction and must be positive in order to
ensure that the permeability decreases with increasing solid fraction. It can also be noted
from Eqn.(2.32) that at the leading order the permeability is constant. We proceed with
the expansion in powers of & and find from the solute balance equation, Eqn.(2.24), that

there exists an O(1/8) problem which may be expressed as,

G 00CsP o0 = 0, (2.33)

where 6, =0, +6,,. Eqn.(2.33) is solved by taking ¢ ,=0,, =0, ie. 6, = 0. Note

that to order O(8°) we find that

(D7 - )00 - QR gywgo = 0 (2.34)
CS(G atiog - D)(P o0t RogWeo =0 (2.35)
(D2 - sz)w00 - Ryp8°0,40 + TaD*wy = 0, (2.36)

subject to the boundary conditions
00=0, wgp=0
000=0, Weu=0, ¢4 =0

I
_ <

NI NI
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where Q = 1+ S/cg . See Appendix E for the derivation of the equations to order 0(5°).

The solution to order O(8°) may be presented as,
04 = —Agsin(nz)
Wy, = By sin(nz)

(6,+0:)

¢ o0 = ~Coo| €V + cos(nz) + —+ sin(nz)
n

(n?+s)(n+ $* + n°Ta)
Qs’

Rgo =
where the coefficients in Eqn.(2.39) and Eqn.(2.40) are given as

00 QR A 00
00

n(n’ +5s%)
N ) 2 Agp -
ch[n +(0r1+10“)]

Coo =

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

A detailed derivation of Eqns.(2.38-2.43) is provided in Appendix F. We note from

Eqn.(2.40) that o, and o, yet to be determined (where ¢, =0, +ic, ). In order to

evaluate these terms we need to continue our expansion to order O(5). At order O(5)

the modified heat balance equation and the Darcy equation is given as,

S

S

(D2 - 52)901 - QRpowy, = [(0 ot icil)_ D]{Qeoo - C_eso@oo] +

QR W, DO g, + QR
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(D? - 8 )wy, - "R oy + TaD Wy, = - + K9 |(D* - 8wy -

5 (orl+ic“)
L

KDy g Dw, + 52Rone o0t S2R00e 00 +K0g |- (2.45)

e

A detailed derivation of Eqns.(2.44-2.45) is provided in dppendix G. The existence of
solutions to Eqns.(2.44-2.45) requires that a solvability condition be satisfied. The
determination of the solvability condition involves decoupling Eqns.(2.44) and (2.45) to

obtain a single non-homogenous partial differential equation for 0,,. Multiplying the

resulting partial differential equation for 0, by 04, (Eqn.(2.38)) and integrating over the
region Ze€ [0,1], and using the boundary conditions 6,(0)=6,(1)=0 ,
W, (0) = W, (1) = 0 and d*w,,(0)/dz’ = P, d*w, (1)/dz’ = P, ,which is obtained from

Eqn.(2.45), to give the solvability condition that must be satisfied as,

(n?+s) (n*+s - n°Ta)
(1’ +s°+n°Ta)

_1_5_1 M 2 22_139_1_ 2 2_Q_ .
s o) ey e ) e,

= i 2 1 —(cr]+ici|)
QSC2 (n2+ ) %+ (o1 +i0,) L [+ )2 _ 0. (2.46)
S

2[n2+(0n+i<’n)z] [“2+("f'+i°i')2]

Note that the quantities P, and P, are scalar quantities that represent the second
derivative of the vertical component of the velocity, w,, at the lower and upper
boundary of the domain. Refer to Appendix H for a detailed derivation of the solvability
condition. The real and imaginary parts of the characteristic equation, Eqn.(2.46),
represents two conditions relating R,,, ¢, and ¢ ;. In the following section we proceed

to search for solutions to Eqn.(2.46) in order to determine the linear stability properties of

the mushy layer.
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2.4 Stationary Convection

For stationary convection ¢, and ¢, in Eqn.(2.46) are real and for marginal stability
6, =0, therefore the corresponding Rayleigh number correction R, associated with
stationary convection is obtained by substituting ¢, =0 in Eqn.(2.46) and is presented

in the form,

2,22 q
ROlc,sl - (T[ + Sz 7T2Ta) __l_ﬁ_}_ izl: 1 2 :\ (247)
R,, (n*+s’+n'Ta)4cy Qcg

Rescaling the wavenumber in the form o = s’ /n”, setting A = S/(Q ¢g)? and applying to

Eqn.(2.47) yields,

R - 1 2
nes _ (ro-Ta) 1K, m[—+ —2] (2.48)
R, (I+a+Ta)4 ¢ 4 1
Rescaling Eqn.(2.41) using the above scaling parameters yields,
20+ D@ +1+T
R?, = % © )(aa 2) (2.49)

The parameter A = S/(Qc¢,)’ refers to a ratio between the Stefan number and the
composition ratio. The parameter Q = 1+ S/c, may assume values greater than unity, as
mentioned earlier. If we select Q =2 say, then S/c, = 1. Noting that the composition
ratio ¢y can assume values ranging from cg =025 (for molten alloys) to about

¢ = 4 (for aqueous salt solutions) we may infer that the parameter A can assume values

ranging from A =0.0625 to A =1 across the band of composition ratios at Q = 2.

Noting that R = R, + R, yields characteristic Rayleigh number values associated with

stationary convection which may be presented as

29



@+ D@ +1+Ta)|  [(a+1-Ta) 1K, 1 l]
R“‘:“\/ Qu {1+6£(Q+I+Ta)4 s +m(4+ nzj } (2.50)

where the subscript (), stands for identifying stationary convection. Note that as

st

Ta—> 0 Eqn.(2.50) collapses to the exact Rayleigh number definition as proposed by

Anderson & Worster (1996) and is presented using the current scaling as,

R, .= L1&31&9?»li 2.51
c,st—n(a+l) Q(X + 4CS+ 4+T[2 - ( )

The form of the equation, given by Eqn.(2.50), however presents the case when the
effects of rotation is included and it is this case that is our current area of interest.
Graphical representation of the characteristic curves for Ta=0, Ta=5, Ta=10,Ta=20,
Ta=50 and Ta=100 for different A values following Eqn.(2.50). It can be observed from
Figures 4 to 9 that as the Taylor number is increased from Ta=0 (non-rotating case) to
Ta=100, there is a corresponding increase in the critical Rayleigh and wave numbers
respectively. Another interesting feature that can be noted is that as the Rayleigh number
becomes larger the curves begin to flatten out or reach an asymptotical limit. The onset of
this asymptote occurred for wavenumber values (s/n) greater than unity, ie for larger
wavenumbers. This feature is most evident at Ta=50 and Ta=100. Incidentally this

feature persists for values of Taylor number greater than Ta=100.
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Figure 4 : Characteristic Rayleigh number curves at Ta=0 for different values of A
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Figure 5 : Characteristic Rayleigh number curves at Ta=5 for different values of X
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Figure 6 : Characteristic Rayleigh number curves at Ta=10 for different values of A
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Figure 7 : Characteristic Rayleigh number curves at Ta=20 for different values of A,
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Figure 8 : Characteristic Rayleigh number curves at Ta=50 for different values of A
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Figure 9 : Characteristic Rayleigh number curves at Ta=100 for different values of A



For high values of Taylor number Eqn.(2.50) may be approximated as,

Ta 1 1K, [2 1]]
- e — ———=tion S+ 2.52
Tlalf,rcluRC»S‘ {n Q] 1+a {H?{ 4Cs+ n2+4 (2.52)

Refer to Appendix I for the derivation of Eqn.(2.50) and Eqn.(2.52). Now it can be very
clearly seen from Eqn.(2.52) that for large values of wavenumber, o , we approach a

critical value for the asymptote at high Taylor numbers,

fT 1 K 2 1
R(c?f:tm) = [ﬂ Ha] |:1+ 6[— Z:l—+ Q?x[n—zwL Zj]} (2.53)
S

for appreciably large values of wavenumber, where R®™ represents the asymptotical

c,st
value of Rayleigh number. For all intents and purposes this represents the minimum point

for any given value of Taylor number and A wvalue. The critical Rayleigh and

wavenumbers are obtained by minimising R, in Eqn.(2.50) with respect to a , a process

which produces a cubic algebraic equation for o _ ., in the form,

cr,st

2
o+
Cs S

I<l 3 I<l
[4+6[—+ 4115}] o +[4(1+ Ta)+d C—(l+ 3Ta)+4n (1+ Ta)]

~4(1+ Ta)- 6[?(1— 3Ta)+ 4n (1+ Ta)ﬂ o+

S

t—4(1+ Ta)® - 6[?(1— Ta®) + 4, (1+ Ta)z] =0, (2.54a)

S

where 1, = QX(1/4 + 2/112) . It is interesting to note that for very small values of §, ie. as

6 — 0, Eqn.(2.54a) reduces to,

a’+ (1+Ta) a’ - (1+ Ta)a - (1+ Ta)* = 0, (2.54b)
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which is applicable to flow in a non-porous medium. Another point worthy of note is

that at very low Taylor numbers, ie. Ta— 0, Eqn.(2.54a) reduces to,
o+ a’-a-1=0. (2.54¢)

The only real and positive solution to Eqn.(2.54c) is o = 1. This corresponds to the
critical wavenumber evaluated by Anderson & Worster (1996) in their study of a non-
rotating (Ta=0) mushy layer. It can be noted that this critical value of wavenumber is
independent of the parameter A . The solution to Eqn.(2.54a) was obtained numerically
showing that only one real and positive root, associated with the various selected
parameter values, existed. Appendix J provides a derivation of Eqn.(2.54a). A solution to

Eqn.(2.54a) is presented for § =02, K, /¢ = 10, and Q = 2 in Figures 10 and 11.

Figure 10 provides a plot of the critical wavenumber as a function of the Taylor number
for different values of the parameter A . It can be observed from Figure 10 that for any
selected value of Taylor number there is very little variation in the critical wavenumber
across the parameter range A. However the critical wavenumber increases with
increasing Taylor number for a selected A curve. The locus of the critical Rayleigh
number values as a function of the Taylor number is shown in Figure 11. It can be seen

that increasing the value of the parameter A causes the gradient of the curves to increase

across the Taylor number range. If we set say S/cg =1 so that Q = 2, this implies that

A= §/(Q 05)2 = 1/(4cs): 1/(46(“;), where the value for &is fixed. It can be seen that

materials with high composition ratios ¢ (typically aqueous ammonium chloride) result
in low values for the parameter A, whilst those with low values of composition ratio
€ (typically liquid metals) result in relatively higher values of the parameter A . Therefore
for a particular setting of Taylor number it can be observed from Figure 10 that the onset
of the stationary mode of convection for liquid metals occurs at a higher value of critical

wavenumber in comparison to the lower value observed for the aqueous salts.
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o“[l+)\n2(a+l){ ! & Sin(o”)Dzo, (2.63)

(n2_0i2|)_(n2—0i21)2 Gy
which is of a form that was solved for by Anderson & Worster (1996).

It can be noted from Eqn.(2.60) and Eqn.(2.61) that the frequency ¢, couples these two
equations, and it is for this reason that they need to be solved simultaneously using a
numerical technique. It was decided upon to express Eqn.(2.61) in a manner such that o

is made the subject of the formula as follows,

o, = , (2.64)

1 , 1 21’ sino,,
= — - : 2.65
“ Qy FAT [(nz_oizl) (7‘(2—01-2[)2 0 ( )
1 1 2n’ sino-l}
a,=(2-Ta)—+An’(2+Ta - =+ 1 (2.66)
- @, )an—oi) -0 o,

2 .
1 2n SInG ;,

o) W o ]+1](1+Ta). (2.67)

1
a,=(1- Ta)a-k [7\712[

It can be observed that Eqn.(2.64) is a function of the frequency and the mentioned scaled
parameters. Note that Eqn.(2.64) yields two solutions to the wavenumber, given by o
and o, respectively, note the subscripts in Eqn.(2.64). Now we may proceed to generate
characteristic values for the wavenumber o for varying ¢, values at different parameter

values (ie. Ta, A, and y etc.). Note that the wavenumber can only assume values greater
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than or equal to zero, hence it satisfies the inequality, o, 2 0. Eqn.(2.64) produces two
real values for the wavenumber, which then produces two corresponding characteristic
values for the Rayleigh number, given by R_ , = Re +3R,, . Note that R, is as given

by Eqn.(2.49). The Rayleigh number curve producing the smaller critical Rayleigh
number value is then selected. Note that the characteristic values for the Rayleigh number

is given by,

(@+)(a+1+Ta) [(x+1-Ta) 1K, I n J
= ———————+ QA —+ ———F |+ coso,
R n\f Qo 1_+6 (o +1+Ta) 4 cs+ 4 (nz-ofl)—( G')

(2.68)

Refer to Appendix M for the derivation of Eqn.(2.64) and Eqns.(2.65-2.67). A graphical
representation of the characteristic curves for Ta=3 is presented below for the indicated
parameter settings. To illustrate the results in the following figures we have chosen to
show the case where S=cg so that Q =2. Further we have fixed &=02 and

K,/eg=1.

Figures 12a-12d also depicts the characteristic curve corresponding to stationary
convection (o, = 0). It can be noted that at A =04, Figure 12a, the curve denoted by
% =2 seems to intersect the stationary curve (¢, = 0) close to the minimum of the
stationary curve. The intersection point with the stationary curve denotes the transition to
stationary convection. However, the curve denoted by y = 10 and y = 50 never intersects
the stationary curve. The curve denoted by 3 =10 ends at the point s/m = 129. The
region beyond the endpoints of the curves for y =2, y =10, and y = 50 indicates the
absence of real positive solutions there. As the value of A is increased from A = 04 to

A =50, we see that the transition point to stationary convection moves towards the right
as observed from Figures 12b and 12d until it becomes detached from the stationary

curve at A =5.0 in Figure 12d for the selected range of y values. Physically the graphs
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imply that as the value of A increases for a particular setting of Taylor number , the
possibility of stationary convection diminishes and oscillatory convection exists over the
entire bandwidth of wavenumbers. It was found that the lowest oscillatory convection
threshold point exists for high y wvalues. In Figures 12a-12d, it can be noted that
increasing the A value for y = 50 served to decrease slightly the critical value at which
the onset of oscillatory convection results. The characteristic curves corresponding to

Ta=5 are presented below in Figures 13ato 13d for Q =2, § =02 and K,/cg=1.

[t can be observed that a similar behaviour as that reported for Ta=3 occurs at Ta=5. The
only difference is that at a higher Taylor number of Ta=5 and for at A =0.1-10, the

transition to stationary convection has moved further to the right of the minimum point
on the characteristic curve denoting stationary convection (o, = 0) for low values of the
parameter y . This is very clearly seen in on comparing Figures 12a-c to Figures 13a-c.
Again, it can be noted that at A =50 , Figure 13d, there is no transition to stationary
convection for the entire range of at y values. The interesting point to note is that at

Ta=5 the critical values for the Rayleigh number have increased in value and the absolute

difference between the stationary curve and the oscillatory curves for the different values
of 7 has diminished. Again, the region beyond the endpoints of the curves for y

indicates the absence of real positive solutions there.
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Figure 13 : Characteristic curves for Rayleigh number for selected values of v , at, (a) A =04 (b) L = 0.6

44



Ta=5
A=1.0

Reov
v
\

L N
8 F
7 | |
6
0 1 2 3 4
S/T
—cx‘\:O —y=3 x=10 ——x=50
©)
Ta=5
2=5.0

0“=0 — =3 =10 —y=50

(d)

Figure 13 : Characteristic curves for Rayleigh number for selected values of 7 , at, (¢) A =10 (d) A =50

45



We present yet another set of curves for Ta=6 in Figures 14a to 14d for Q =2, 6=02
and K, /cg = 1. As the Taylor number is increased beyond Ta=6, it becomes clear that for
A <1.0 the stationary mode becomes the more dangerous mode, ie. the critical Rayleigh
number for the onset of oscillatory convection becomes greater than the critical Rayleigh
number for the stationary mode. It can be seen that for A <1.0 increasing the Taylor
number renders the stationary mode most unstable. Though not presented, it was
confirmed that for A <5.0, increasing the Taylor number considerably, to say Ta=1000,
causes the stationary mode to become most unstable. This point may be inferred from
Figures 12d-14d for increasing Taylor numbers. It can be very clearly observed from
Figure 12d and Figure 13d that increasing the Taylor number from Ta=3 to Ta=6 has
moved the curves for the different y values closer to the stationary convection curve

(o,=0).
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Figures 15 to 18 denotes the non-zero solutions to Eqn.(2.61) as a function of the
wavenumber s/n for different values of A . These results are presented at Ta=3 for
different values of ¥ for Q =2, §=02 and K,/cg = 1. It can be noted from Figures 15
to 18 that as the value of y is increased from y =2 toy — c the curves tend to
approach the form of the curves presented by Anderson & Worster (1996) at high values
of y . At y =2 we note that the curves presented in Figure 15 for the different values of
A collapses to an asymptote denoted by a value of wavenumber on the x-axis. It can be
seen that increasing the value of the parameter A causes the curves to move towards this
asymptote. However, for large values of the parameter A , say A =5.0, it can be observed
from Figure 15 that the asymptote is reached only at very high values of the oscillatory
frequency (o). At x =5, approximately, there is a transition from the curves depicted
in Figure 15 to that of a form similar to Anderson & Worster (1996). Increasing the value
of 3 to x =50, we note that the resulting set of curves presented in Figure 17 resembles
the form of the curves presented by Anderson and Worster (1996). The curves presented
in Figure 18 for y — oo bears a strong resemblance to Anderson & Worster’s (1996)
curves. It can be seen in Figure 18 that at X =1 the oscillatory mode attaches to the

stationary mode at zero wavenumber (infinite Rayleigh number) and therefore exists for

all wavenumbers s.
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Figures 19 to 22 presents results at Ta=50 for different values of y for Q =2, $=02
and K, /cg = 1. [t can be noted that the asymptote for the curves for different values of A
at y = 2 has moved to the right but the basic form of the curves resembles Figure 15. It
may be inferred that the asymptote is a strong function of the Taylor number, a point that
will be elucidated on at a later stage. The point at which the curves showed transition to
the form of the curves presented by Anderson & Worster (1996) was found to occur at
y =9 and is presented in Figure 20. We also observe that increasing the Taylor number
has increased the value of y at which the curves begin to resemble Anderson &
Worster’s set of curves. We note from Figure 21 that only oscillatory convection is

possible for A >1.0 and is always the most unstable mode. This point is also evident in
Figure 17. The curves presented in Figure 12 for y — o bears a strong resemblance to

Anderson & Worster’s (1996) curves. It can be seen again in Figure 22 that at A =1 the
oscillatory mode attaches to the stationary mode at zero wavenumber (infinite Rayleigh

number) and therefore exists for all wavenumbers s.
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The asymptote discovered at low values of y will be explained in further detail by

examining the behaviour of Eqn.(2.61) a bit more closely. It was noted that this
behaviour occurred for high values of o, and low values of the parameter y = v/n’ .

Firstly multiplying Eqn.(2.61) by y yields, |

2 .
1 (o + 1)(a + 1- Ta) ; on sm(c”)}
. +y +vam(a +1 - ) =0. (269)
Q  (a+1+Ta) (AR ) (n’-c62) (x’-0}) o,
Applying the limit lirr(}(-) to Eqn.(2.69) as follows,
¥y
|1 (o Do+ 1- Ta) ) 1 2n’ sin(o“)}
limy — +y+7yA +1 - =0,
71—{% Q (u+1+Ta) [RRLCRCR (n-c2) (n*-¢2) o,
(2.70)

yields the following result for the location of the asymptote,

o =(s/x) = Ta-1. 2.71)

Eqn.(2.71) shows that the location of the asymptote is independent of the parameter A .
We may demonstrate that at Ta=3, the location of the asymptote given by Eqn.(2.71) is
s/n = V2 ~ 114 and corresponds to the value noted in Figure 15. Similarly for Ta=50, the
asymptote is found to be s/n = 7, which corresponds exactly to the value noted in Figure
19. It can be noted from Figures 15 and 19 that the curves corresponding to the different
values of A reaches the asymptote calculated using Eqn.(2.71) at high o, values only.
The corresponding asymptotical Rayleigh number at high values of ¢, may be inferred

from Eqn.(2.60) by applying the limit lim (-) and is given as,

o \/<a+1><a+1+Ta>W[M15 %}] 01

+
Qa (a+1+Ta)d cg 4
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It must be borne in mind that the asymptotical wavenumber found in Eqn.(2.71) and the
asymptotical Rayleigh number given in Eqn.(2.72) indicates the critical values for the
onset of convection at low settings of the parameter y . Refer to Appendix N for a

derivation of Eqns. (2.71-2.72).

The comparative behaviour of the critical Rayleigh number between the stationary mode
(black curve) and the oscillatory mode (blue curve) is presented in Figure 23 to 26. Also
indicated in Figures 23 to 26 is the frequency o, (red curve) along the oscillatory branch
with only the positive root shown. We have noted that the oscillatory mode depends on
the presence of the parameter A . To illustrate the results we have chosen to show the
case where S = ¢g so that Q = 2. We have also fixed 8 =02 and taken K,/cg=1. The
results will be presented for Ta=3, Ta=20, Ta=50, and Ta=100. For each of these Taylor
numbers we will allow the parameter y to assume the values, y =2, x =10, 3 = 50 and
¥ — <. It can be observed from Figure 23a that stationary mode is the most unstable
mode for A <0.25, whilst the oscillatory mode the most unstable A >0.25. The
transition to oscillatory convection occurs at A = 0.125. In figure 23b however, it is noted
that the oscillatory mode remains the most unstable mode for the entire bandwidth of A
values. In Figure 23c¢, ¥ = 50, it is noted that the stationary mode again becomes the most
unstable mode at low A values and the most unstable mode at higher A values. It can be
noted that the absolute difference between the two modes is extremely small for high A
values, ie. the curves for the stationary and oscillatory modes practically overlap. The
point at which the transition to oscillatory convection occurs is A =0.375. At very high
% values as depicted in Figure 23d that the result is similar to that in Figure 23a. the

transition to oscillatory convection occurs at A = 0.498 .
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To further investigate the effects of Taylor number on these curves we present results to
Ta=20 in Figure 24. From Figure 24a, y = 2, it can be noted that an increase in the
Taylor number caused the onset of an asymptote (as discussed above). The stationary
mode is the most unstable mode for the entire A domain. Figure 24b provides an
interesting result, in that increasing the Taylor number has caused the stationary mode to
now become the most unstable mode. It can be observed from Figure 24c¢ that increasing
the Taylor number has caused stationary mode to become the most unstable for low A
values and the oscillatory mode to become the most unstable for high A values. The
transition to oscillatory convection occurs at A = 0.1. From Figure 24d it can be noted
that increasing the Taylor number has only caused the exchange of stability point to move
to A =0.125. The stationary mode still is the most unstable at low A values and the

oscillatory mode is still the most unstable at high X values.
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We now present results for Ta=50 in Figure 25. It can be very clearly seen from Figures
25a and 25b that increasing the Taylor number for the lower y values causes the
stationary mode to become unstable. Figures 25¢ and 25d show that for the higher

values the oscillatory modes remain most unstable. This is in agreement with the
observations made from the characteristic Rayleigh number curves. In Figure 25d, the

exchange of stability occurs at A = 0.125.
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We now proceed to present the final graph set at Ta=]100 in Figure 26. It can be very
clearly seen from Figures 26a and 26 b that for small values of y the stationary mode
becomes the most unstable for increasing Taylor numbers. Comparing Figures 25¢ and
26¢ we note that the absolute difference between the stationary and oscillatory curves has
diminished. Although the oscillatory mode is still the most unstable mode, further
increases in the Taylor causes the stationary mode to become the most unstable mode, as
pointed out earlier. At very high y wvalues, the oscillatory mode still remains the most

unstable mode as observed from Figures 26¢-d.

Figures 23 to 26 show that either the stationary or the oscillatory mode of convection can

be the most unstable depending on the value of A for each setting of Taylor number and

AL -
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Figure 26 : Critical Rayleigh number R versus A at Ta=50 for (a) ¥ =2 and (b) y =10. Stationary
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We now compare the results of the current case involving rotation with that of Anderson
& Worster (1995), who neglected rotational effects. In order to compare our results with

Anderson & Worster (1995) we need to apply the limit y — oo and consider the problem

at different values of Taylor number. Note that y — o and Ta=0 represents the problem
solved by Anderson & Worster. This was presented earlier in Eqn.(2.62) and Eqn(2.63).
Figure 27a and 27b shows the variation of the critical Rayleigh numbers for the stationary
and oscillatory cases as a function of A for y — « for varying Taylor numbers. Note
that in Figures 27a and 27b the curve denoted by Ta=0 represents the result of Anderson
& Worster (1995). It can be very clearly seen in Figures 27a and 27b that as the Taylor
number is increased the critical Rayleigh number curves for both the stationary and
oscillatory case lies above the case when Ta=0. This implies that increasing the Taylor
number has a stabilising effect on the convection in the mushy layer as the onset of

convection in the presence of rotation is delayed.

It can also be noted from Figure 27¢ that increasing the Taylor number at high values of
% causes the oscillatory mode to become the most unstable mode. It can also be noted
from Figure 27¢ that stationary convection can only occur below A = 0.48 . For increasing
Taylor numbers the A values for transition to oscillatory convection decreases, thus
oscillatory convection occurs over a larger band of A values. At Ta=100 it can be seen
that no stationary convection is possible. In summary it can be seen that at high y values,

increasing the Taylor number results in the oscillatory mode becoming the most unstable

mode. This feature is clearly observed in Figures 23d to 26d as well.

In the interest of identifying ways in which instabilities in the mushy layer can be

avoided in practice, we investigate the dependence of the critical Rayleigh number and

the frequency o, on each of the experimental control parameters St, £, o as a function

of y and Ta.
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2.6 Parametric Dependencies

Figures 28a to 28d shows the critical Rayleigh number curves for the stationary and

oscillatory modes as well as the frequency ¢, for a variation in the Stefan number St for

increasing Taylor number. The other parameters are fixed as 6 =0.1, { = 3, K, = 3, and

y = 1. Note that only the positive root of the frequency is shown. We note from Figure
28a that at low Stefan numbers and Taylor number the stationary mode is the most
unstable mode. In Figure 28a for low Taylor numbers (Ta=3) the transition to oscillatory
convection occurs at about Stz 0.9 (ie. the oscillatory mode becomes the most unstable
mode). Note that as the Taylor number is increased the stationary mode becomes the

most unstable mode over the entire range of Stefan numbers, as observed from Figures

28b-d.
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Figures 29a to 29d shows the critical Rayleigh number curves for the stationary and
oscillatory modes as well as the frequency o, for a variation in the compositional ratio
¢ for increasing Taylor number. The other parameters are fixed as 6 =01, £ =3,
K, = 3, and St=5. It may be observed from Figure 29a that at low composition ratios (¢ )
the stationary mode is the most unstable. The oscillatory mode is most unstable for the
higher composition ratios with transition to oscillatory convection occurring at £ = 6. As
the Taylor number from is increased from Ta=3 to Ta=100, the stationary mode becomes

the most unstable mode across the range of selected & values, as can be observed from

Figures 29b to 29d.
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Figures 30a to 30d shows the critical Rayleigh number curves for the stationary and

oscillatory modes as well as the frequency ¢, for a variation in the mushy layer depth 6

for increasing Taylor number. The other parameters are fixed as y =1, { =3, K, =3,

and St=5.

It can be observed from Figures 30a to 30d that the curves for the oscillatory mode
adopts a flat shape over the appropriate & range. The stationary mode remains the most
stable mode over a wider range of & values at lower Taylor number settings, as can be
seen from Figure 30a. As the Taylor number is increased, this bandwidth of these
d values over which the stationary mode is stable becomes smaller as can be observed in
Figures 30b to 30d. This point may be illustrated by considering the transition points. The
transition to stationary convection occurs at ¢ = 0.112 for Ta=3, at 6 = 0.0625 for Ta=10,
at 6 = 0.025 for Ta=50 and at & = 0.024 for Ta=100. By increasing the Taylor number at
small values of y the stationary mode becomes the most unstable mode for larger

o values.

77



x=1
10 - ‘ 40
-
9 = ]
32
8 |
7 — | i | 24
2 e  — | b
m 5 i:—'—x \\lM i [ - 16
. | K
=
4 8
3 ;

2 ' 0
0 0.1 0.2 0.3 0.4 0.5 0.6
0

Rer,st Rer,ov G;,
(a)
Ta=10
. =1
16 | - 3 1 40
14 | 3
24
&
16
\l\\ - 8
B —
A _k_,_”‘ 0
0 0.1 0.2 0.3 0.4 0.5 0.6
0
— Ror,st Rer,ov —c;
(b)
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Figure 30 : Critical Rayleigh number R versus § at y =1 for (c¢) Ta=50 and (d) Ta=100. Stationary

mode (black curve), oscillatory mode (blue curve) and frequency G ;, (red curve)
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Figures 31a to 31d shows the critical Rayleigh number curves for the stationary and

oscillatory modes as well as the frequency ¢, for a variation in the Taylor number Ta for

increasing y values. The other parameters are fixedas 6 =01, £ = 3, K, = 3, and St=5.

The value of A was approximated to be about 0.8 for the case presented in Figures 31a to
31d. It can be observed from Figures 31a-b that the oscillatory mode is the most unstable

mode for the lower range of Taylor numbers. The transition to stationary convection
occurs at approximately Ta = 4. In figure 31c it can be noted that the stationary mode is
now most unstable for Taylor numbers Ta > 4 . The oscillatory mode however is the most
unstable for Taylor numbers Ta < 4. A similar behaviour is noted from Figure 31d, the
only difference being that the band of Taylor numbers within which oscillatory
convection is most unstable lies between Ta= 3 and Ta=z= 5. The endpoints refer to the
points of transition to stationary convection. Outside this band stationary convection is

the most unstable.
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2.7 Eigenfunctions for Oscillatory Case

To describe the oscillatory instability we shall develop and present the eigenfunctions for
the temperature, solid fraction and the stream function. We combine the basic-state
solution and the leading order solution defined by the given normal mode expansion,

Eqns.(2.20-2.22). Using the solutions given by Eqns.(2.38-2.41) we may proceed to

present the solutions to the eigenfunctions for 0, ¢ , and y defined in Eqns.(2.20-2.22).

Note that in evaluating the eigenfunctions we let s, = 0 so that s’ = s2. The solution to

the temperature field is given as;
6 =0, 2(eAy)sin(n7) cossX+ 80t (2.73)

The eigenfunction for the stream function is given as,

(n’+s") . _
—QRooS sm(nz)sm[sx+80”t]. (2.74)

v =-2(cAy)

Finally, the solution for the solid fraction is given as,

Q=05 2(8A00)#+_S)2>{(COS(KZ)+ cos[c G (Z- 1)])-cos[si+ 8o ”f]—

(0 i,/n -sin(nz) + sin[c J(Z- 1)]) sin[si+ Y ”f]} . (275)
Note that 6, and ¢ ; have been previously evaluated and are given by Eqns.(2.15-2.16).

Note that the system (2.73-2.75) contains a parameter €A, which represents the

amplitude. Note that ¢ is understood to be a small parameter as required by linear theory.
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A detailed derivation of the system (2.73-2.75) is provided in Appendix K. Graphical

plots will be provided in Section 6.
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3. Case Two : Time scale proposed by Author
3.1 Rescaled Equations

In this part of the study we propose a new scaling in time as compared to that proposed
by Anderson & Worster (1996). The scaling on the other dependent variables are as
presented by Anderson & Worster (1996). For clarity, the scaling on all the dependent
variables will be outlined. We use the same space and Rayleigh number scaling as

Anderson & Worster (1996) which is given as,
xe, + ye, +ze, = 6(Xe, +ye, + ze,), R’ =6Ra_. (3.1a-b)

We now introduce the following scales on the velocity vector and the pressure terms,

R_
= EU’ p = Rﬁ . (328.—b)

The author used the following scaling on time which is of the form,
t=9t, (3.3a)

(instead of t=§°t proposed by Anderson & Worster (1996)) and represents the diffusion
time scale across the mushy layer. We note that our time scaling (t=§t) represents a

relatively shorter time scale when compared to Anderson & Worster’s (1996) time

scaling (t=8°t). We propose to absorb the parameter x, in the scaling for time and

propose the following scaling for time,

t' =y 0 (3.3b)

These scalings are applied to the system (2.3-2.6), which results in the following scaled

set of governing equations,
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9.0-0, G4

0 a]{ §] — = =
- -—||8-—¢|+RU-VB=V"D, (3.5
E"[X‘at' YIS

0 a] cs} _ —

-l (1-¢)0+-2¢ |[+RU-VO=0, (3.6)
U —= = A V22 T 3.7
at'+l'[(q))U=—Vp—ROeZ—Ta e, xU (3.7)

where §, = 8y, . Recall that 3 is the growth Peclet number, and parameter y, is defined

as,

Yo=Progd,, (3.8)

where §, is the mobility ratio, Pr is the Prandtl number and ¢, is a characteristic value
for the porosity, all of which have been defined earlier in Section 2. Vadasz (1998)
suggested that for solidifying binary alloys, Pr=10", and ¢, = 0.1 represent typical
values in metallic systems. Obviously, in aqueous systems, the Prandtl number will be
considerably higher. In addition Worster (1992) suggested that mobility ratios have

values that lie within the range 9, e[10°, 10°]. Selecting §=0.1, Pr=10", ¢,= 0.1,

and §,=10" yields y,=1, implying that there exists combinations of the mentioned
parameters for which y, is of the order unity thus allowing the time derivative to be of

significance in the system (3.4-3.7). A full derivation of the system (3.4-3.7) is provided
in Appendix O.
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3.2 Basic Flow Solution
There is a basic steady state (00 5/t = 09 5/0t = 0) represented by subscript ‘B’, which
is horizontally uniform (90 ,/0X = 0¢5/6%x=0, 00,/0y=0¢3/0y =0 ), corresponds to

zero flow (U = 0) and satisfies the following system of equations :

df S d’0
b v s Gt G2
d | c
-5~ (1—¢B)98+€S@B}:o (3.10)
&
- 2RO, = 0. (3.11)

Eqns.(3.9-3.11) corresponds exactly with that given by the system (2.8-2.10) found

earlier using Anderson & Worster’s (1996) scaling. The system (3.9-3.11) is subject to
the boundary conditions,

Bg=-1 at

NI
1l
=

(3.12a)

(3.12b)

As before the solution to this systems is given as,

05(2)=(z- D+ 6{— %(22 - Z)} +
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S Gl PSS (Z‘l) (Z 91, (3.14)

9p o Cs
where Q = 1+ S/c, . This corresponds exactly to the solution given in Eqns.(2.14-2.15).
A detailed derivation is provided in Appendix C. Applying twice the curl operator
(Vx)on Eqn.(3.7) and considering only the vertical component of this results yields the

following form,

0 dIl ow 0o
T L Ry? 2—z_ ), 3.15
Lﬁt’ +H((p)1V W+ & 2 + RV 6 +Ta az (3.15)

where the horizontal Laplacian operator is defined in the form Vi =3°/%* + 3°/0%’

and the component of vertical vorticity is given as,

Lﬁi’ + H((p)lm , = Ta"” ow/o7 . (3.16)

Refer to Appendix D for a detailed derivation of Eqns.(3.15-3.16).

3.3 Linear Stability Analysis
The stability of the system (3.4-3.7) is examined by determining the growth and decay of

infinitesimal  disturbances to the steady solution. We introduce normal-mode

perturbations of the following form to order ¢,

0=0,+¢e0,=0,+e6(z)e” e 1 ce (3.17)
O =0g+e0,=05+e0(Z)e e 1o (3.18)
U=¢U, =0+ eﬁ(i)e“"ei(s"m-“y) +c.c, (3.19)

88



where is the growth rate, s_ and s, are the horizontal wave numbers of the perturbation

and (c.c) stands for the complex conjugate. Apply the normal-mode (3.17-3.19) to the
(3.5-3.7) and in Eqgns.(3.15-3.16) yields the following heat balance, solute balance and

Darcy equation to order €8,

S(XIG—D){Q—gcﬁ}RﬁDGB: (D? - s1)0 (3.20)
S(X,c-D){(l—¢3)é—93é+%—scﬁ}+R\§vDeg=O (3.21)
[0+ 11 ()] (D* - )W + [0+ TT(9) ] DI (9). DW - Rs?0 |+ TaD*W=0. (3.22)

The system above is solved subject to the following boundary conditions,

=0, w=0 at Z=0 (3.23a)
0=0, wW=0, ¢$=0 at 7=1 (3.23b)

A detailed derivation of the system (3.20-3.22) is given in Appendix P.

In the system (3.20-3.23) D=d/dz and o=0,+ic,. Note also that ¢, and
0 s represents the basic state solution for the temperature distribution given by Eqn.(3.13-

3.14) and T1(¢)is the permeability function as a function of the solid fraction ¢ . Since
the basic state solid fraction is small and the perturbations to the solid fraction will also
be small, we follow a form similar Amberg and Homsey (1993) and propose a truncated

form of the function IT(¢) in a Taylor series expansion for ¢ << 1.

M(e)=1+K 0*+O(¢>) (3.24)
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It can be seen from Eqn.(3.24) that the effects of permeability are only introduced at
O(9?) . We shall not specify a form for the permeability at this stage but we require that

K, > 0 so that the permeability decreases with increasing solid fraction. Note that the

solid fraction may be written in terms of the basic solution and the pertubation as follows,
0 =0805t€9,, (3.25)

where ¢, =8¢, and ¢, = ¢(2)e*" e ™™ This implies that the permeability function
may be represented as II(¢)=TI1(5¢;+ep,). Since we only consider the order

O(6°) problem for the current study, the permeability function becomes IT (p)=Ti(eg,).
Applying this result to Eqn.(3.24) and using the expansion given in Eqn.(3.25) yields to

O(e?) the following form of the permeability function as used in the current study,

MEe,)=1+e’K g7 +0(). (3.26)

It should be borne in mind that ¢, represents the solution to the solid fraction at order

O(e). It can be seen that to O(:°) the permeability is 1, ie. the mushy layer is

homogenous medium at the zeroth order. Refer to Appendix Q for the derivation of
Eqgn.(3.26).

Consider the system (3.20-3.22) to order O(e§°)

(D?-s?) - QRW =0 (3.27)
(1.0 - D)esp + RW =0 (3.28)
[6+ 1](D? - §*)W- (0 + )Rs* + TaD*& = 0. (3.29)
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Refer to Appendix R for a detailed derivation of Eqns.(3.27-3.29). The solution to the
system (3.27-3.29) is given as,

0 = - B, sin(nZ) (3.30)
w = N, sin(nZ) (3.31)
§ = -C e 4 oy sin(nz) + cos(17)), (3.32)

where the coefficients B, and C, are given by,

N, = (gf)B, (3.33)

=

~ n(l+a)
" QeI+ ntyie)

(3.34)

In addition the characteristic Rayleigh number is given as,

R? - (I+a)

—m[(ml) (1+ o)+ Tal. (3.35)

The scaling o = s°/n*, y =4,/n° and R=R/rn* has been applied to Eqns.(3.30-3.35).
A detailed derivation of Eqns.(3.30-3.35) is given in Appendix S. It is interesting to note
thatas 0 - 0 and Ta—> 0, Eqn.(3.35) collapses to,

—, (+a)
R® = 2
Qunl (3.36)
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which resembles the form of the Rayleigh number definition obtained by Anderson &
Worster (1996) in the author’s notation. We now proceed to analyse the above results for

both stationary and oscillatory convection as separate analyses.

3.4 Stationary Convection

For stationary convection ¢ in Eqn.(3.35) 1is real and for marginal stability, ¢ =0,
therefore the corresponding characteristic values of Rayleigh number associated with
stationary convection are obtained by setting ¢ = 0 in Eqn.(3.35). This operation then

yields characteristic values of the form,

_ (1+a) (1+a)
R? = Ta.
= 0ar? | Qurl ¢

(3.37)

The first term in Eqn.(3.37) represents the characteristic Rayleigh number for convection

in the absence of rotation, whilst the second term introduces the contribution of rotation.
Minimising KS[)C with respect toa yields the critical wave number and Rayleigh number

for stationary convection,

Uy =VvTatl (3.38)

(1+ VTa+1). (339)

Refer to Appendix T for a derivation of the critical values given in Eqns.(3.38-3.39).
Note that the critical conditions proposed in Eqns.(3.38-3.39) closely resembles the form
defined by Vadasz (1998). By using the stability conditions in Eqns.(3.38-3.39) we can

establish the limit as Ta - « in the form,
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R, - [1+O(Ta")]/n0
Ta—= o : (3.40)
a . — Ta”

cr,st

Then using the definition of the Rayleigh number and of B = B (c, - cg), WE can express

the critical compositional difference over the porous layer as follows,

2 *\2 *
Bers = L}n*((: LU for Ta— . (3.41)
S g HB2(1+ Ste ) v

Eqn.(3.41) shows that the critical composition difference for a fast rotating mushy layer
depends on the inverse power of viscosity. For the case Ta — 0, the critical composition

difference is given as ,

N
— 4n’k .

Porst = g*H*(1+ St/é)ko '

for Ta—> 0. (3.42)

The result shown in Eqn.(3.42) for a non-rotating mushy layer shows that the critical
composition difference is in contrast to the result shown in Eqn.(3.41). Eqn.(3.41) implies

that at high rotational speeds (Ta >> 1) increasing the fluid viscosity has a destabilising

effect. This is because the as the difference p, = B*(co - CE) 1s made smaller, the
corresponding critical Rayleigh number for the onset of convection is also made smaller,
hence convection threshold point is lowered with increasing the fluid’s viscosity. On the
other hand, for the case with no rotation, Eqn.(3.42), increasing the fluid’s viscosity has
a stabilising effect since the convection threshold point occurs at a much higher Rayleigh

number. Refer to Appendix U for the derivation of the critical composition differences.
With the stability results evaluated, we may now proceed to present the complete

eigenfunction solutions. For three dimensional flow patterns corresponding to convection

rolls whose axes are parallel to the y direction, the variation of the variables in the y-
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direction vanishes, which allows the existence of a stream function, vy, to satisfy
identically the continuity equation (3.4). Note that despite the existence of a stream

function, the flow is still three dimensional and in general the component of filtration
velocity in the y direction does not vanish. Setting s =0 and s* = s>, which upon

substitution in the solution for 6, (Eqn.(3.17)) and accounting for the symmetry

conditions at the axis of rotation yields for stationary convection,
6, = -2B, cos(sX)sin(nz). (3.43)

Using Eqn.(3.32) and substituting in Eqn.(3.18) yields the solution for the solid fractior
D5

9, =-2C,[1+ cos(nZ)]cos(s) (3.44)

Using Eqn.(3.31) and substituting in Egn.(3.19) yields the solution for the vertical

component of the filtration velocity w,,
w, = 2N, cos(sX)sin(nz) . (3.45)
Now using Eqn.(3.45) and the vertical component of the vorticity given by

0w
_ 12 1
o,=Ta —62 s (3.46)

yields the y component of the velocity,

_ N, _
v, = 2Ta"? a—l/lzsm(sx) cos(nz). (3.47)

using the following form of the continuity equation,
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_ (3.48)

and the vertical component of the velocity, Eqn.(3.45) yields the x-component of the

velocity,
N
U, = —Za—,/lzsin(si) cos(nz) . (3.49)

Note that the coefficients N, and C, used above are as given in Eqns.(3.33-3.34). The

amplitude A, will be determined later when a weak non-linear analysis is performed.

The solution presented in Eqn.(3.47) and Eqn.(3.49) describes the convection cells which

are tilted in the y-direction, forming an angle tan™'(v,/4,) with respect to the x-axis. On
this tilted plane there is no velocity component normal to the plane, hence this is regarded
as the plane oblique plane containing the streamlines. From Eqn.(3.47) and Eqn.(3.49)

one can evaluate the ratio between the horizontal components of the filtration velocity in

the form,

ot | <
I

b= -Ta”. (3.50)

This result corresponds identically with that found by Vadasz (1998). Using the relation
given in Eqn.(3.50) and the critical value of the wave number, given by Eqn.(3.38),

allows us to describe the wave number in the oblique plane containing the streamlines in

the form,
oblique - — T
S = 8, cos(tan™ (9, /1)) = 7. (3.51)
(Ta+1)"
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Eqn.(3.51) implies that the wavelength of the roll measured in the plane containing the
streamlines is a function of the Taylor number, thus implying that it is dependent on

rotation.

A detailed derivation of the leading order solutions given in Eqns.(3.43-3.45), Eqn.(3.47),
Eqn.(3.49) and Eqn.(3.51) is provided in Appendix V.

3.5 Overstable Convection

For overstable convection we allow for the possibility of oscillatory motion and therefore
o is represented in the form ¢ = 6+ i0,. At the marginal stability state ¢, = 0 leaving
only the imaginary part in the equation. Substituting ¢ =ic, into Eqn.(3.35) and
imposing the condition ¢} > 0, which is the requirement for ¢, to be real in order to get
overstability possible at all, yields two algebraic equations by letting the real and
imaginary part of Eqn.(3.35) to vanish separately. This provides the solution for the
characteristic values of Rayleigh number and the frequency o, of the oscillations at

marginal stability, in the form,

P{2 = ((X + 1)2 (3 52)
c,ov T[2 Q .

0 2 2 1 3 3
P a+ 1 ’ ( 5 )

where the subscript (.),Ov stands for identifying the overstable convection. Appendix W
provides a detailed derivation of the characteristic Eqns.(3.52-3.53). An interesting point
to note is that the frequency o given in Eqn.(3.53) is identical to Vadasz’s (1998) results

for the case when y - 0. Vadasz (1998) stated that the case y - 0 depicted the lower

bound for the overstable characteristic curves. It can be observed from Eqn.(3.53) that
when there is no rotation (Ta=0) then oscillatory convection is impossible since ciz <0.

Minimising R, with respect to o yields the critical wave number and Rayleigh number

which is of the form,
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o =1 (3.54)

_ 2 {2
R === (3.55)
cr,ov T Q

1. (3.56)

Refer to Appendix X for a detailed derivation of the critical values in Eqns.(3.54-3.56). It
can be observed from Eqn.(3.56) that the Taylor number limit should be Ta> 2 in order

for the frequency to be real for o, = 1. This is however not sufficient in order to have

cr,ov
the instability setting in as overstable convection. For this to occur one must require the

overstable critical Rayleigh number to be less than the corresponding stationary critical

Rayleigh number, ie. R, ,, < R, . This condition implies that Ta> 4(2 -2 ) .

crov
Graphical representation of the characteristic curves is provided in Figure 32 for different
values of Taylor number. It can be observed from Figure 32 that the oscillatory mode
becomes the most unstable mode with increasing Taylor number. In the case of no
rotation (Ta=0) the stationary mode is the most unstable mode. The frequency ¢, as a
function of the wavenumber is shown in Figure 33a. Note that the points at which the
curves for each of the Taylor number values intersects the x-axis represents the points at
which stationary convection sets in. Figure 33b shows the variation of the critical

frequency as a function of the Taylor number. It can be observed that the critical

frequency increases proportionally with increasing Taylor number.

The complete eigenfunctions for the oscillatory case will be developed and presented in

the following section when the weak non-linear analysis of overstable convection is

undertaken.
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4. Weak Non-linear Analysis of Author scaling

For the weak non-linear analysis it is convenient to use the definition of the stream
function in the form TU=0dy/0Z; W=-0y/0X, and present Eqns.(3.5-3.6) and
Eqns.(3.15-3.16) in terms of the stream function, temperature and solid fraction,

following resolution of the coupling between the components of Eqn.(3.15), as follows,

0 6} S dy 00 dy 06 5
A P CABCLAE A B 4.1
8[“ or oz [9 a‘P}LR 07 0% 0% 0z 1)
0 6] Cg dy 06 _ oy 96
O e S s RLDE gV 42
B[X' ot oz {(1 909+ (P}L 0Z 0% 0% 0Z (42

5

0 i 0 oy 0I1 00 ? ATl
[;UWLH((P)} V2W+{at,+ﬂ(q>)}£0w —R—_]+Ta—W+Ta’/2V0 =0, (43

07 02 0% 07 07

where t' =7y t. Refer to Appendix Y for a detailed derivation of the stream function

representation illustrated in Eqns.(4.1-4.3). Note that the definition of the Laplacian

operator is given as V° = 62/622 + 62/622 . The point of the weak non-linear analysis is
to provide quantitative results regarding the amplitude of convection and the heat flux for
both the stationary and overstable cases. The existence of the codimension-2 point (CTP)
which exists at the point of intersection of the stationary and overstable solutions is
expected but not investigated in the current analysis. To investigate the solution in the
vicinity of the codimension-2 point requires a further expansion, over and above the one
that we use here. This expansion would then yield a differential equation for the

amplitude which is second order in time.
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4.1 Expansions around Stationary Solutions
The system (4.1-4.3) presented above contains a small parameter &, which represents the

mushy layer thickness. It was pointed out at the linear stability level that in the current
study we are only interested in solutions to order O(3°). The system (4.1-4.3) may be

presented to order O(8°) as follows,

§[ 0 i] fRVOO ROV I8 gy 4.4

Liar o T Nz ox ok oz (44)
( 9 a] v 00 oy o8 ‘s

c —_— — - R———=

s\Mrar "9z T N oz ox 0% o7 (4.5)

The stream function, temperature and solid fraction may be expanded in terms of a small

parameter ¢, which is defined as,

R 172
R— -1 , 4.7
following Newell & Whitehead (1969) and Segel (1969), in the form,

[W ,9,@]: [W BaeBa(P B]+ S[W ]aela(P]]+ 82[W25925(P2]+ 83[‘“ 3563’@3].*_ 0(84)7 (48)
where the basic motionless solution to order O(5°)is given as,

B,=2-1, 9g=0, yp=0. (4.9
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By using the definition for ¢ given in Eqn.(4.7), the Rayleigh number may be expanded
as R=R_(1+¢%). The permeability function, referred to in the system (4.4-4.6) was

defined at the linear stability level to order O(8°) as,

M(e¢)=1+8°K07 +OE"), (4.10)

where ¢, represents the solid fraction solution to order O(¢) . In addition we allow time

variations only at the slow time scale 1 = ¢’t' in order to prevent exponential growth and
reaching finite values for the amplitude at the steady state. Slow space scales are also
introduced, in the form X = ¢X, following Newell & Whitehead (1969) and Segel (1969),
in order to include a continuous finite band of horizontal modes. Substituting the
expansions (4.7), (4.8) and (4.10) as well as the slow time and space scales just defined
into the system (4.4-4.6) and equating like powers of ¢ produces a hierarchy of linear
partial differential equations to each order. Refer to Appendix Z for the derivation of the

system of equations to the different orders in ¢ .

At the leading order the O(e) equations are very similar to the equations solved at the

linear stability level, ie

— 00 oy

S l_R L_y2y -

el 8,=0 (4.11)
99, oy,
__R —

s 57 Re e 0 (4.12)

a0 R
Vi - R, oo+ Ta5= 0. (4.13)

The solution at this order is given by the eigenvalues of the stationary convection which

are of the form,
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Y, = [A,eisx + ATe"iSi]sin(nZ) (4.14)

6, = [Be* + Bje™™|sin(n2) (4.15)

0,=[Ce™ + Cle™[[1+ cos(nz)], (4.16)
where (.)" stands for identifying complex conjugate terms and the amplitudes A (1,X),
Al(1,X), B,(1,X), B|(x,X), C,(r,X) and C{(r,X) are allowed to vary over the slow

time and space scales. The relationship between the amplitudes is obtained by

substituting Eqns.(4.14-4.16) in the system (4.11-4.13) and is found to be,

QR o'’ . QR_a”
=it A, Bl =-i——A], (4.17)
n(l+a) t(l+a)
and,
R. |/2 . R (Xl/z .
Co-i—et A Clo et AT (4.18)
1 1 1 1
Cg Cq

The solution to Eqns.(4.11-4.13) and the relationships between the coefficients presented

in Eqns.(4.17-4.18) are derived in Appendix AA. The amplitudes A, and A, remain

undetermined at this stage, and will be determined from a solvability condition of the

order O(e”) equations at order ¢ .

Atorder £° the O(e”) equations are presented in the form,

=00, oy, _, dy, 0%, oy, 08, oy, 00

S -R_—/—-V%9,=R_—F+2—L_ L 9V, 09,
0z " 0% TR T omoz Nz ok ok 0z] 1Y
30, v, oy, [8\4} 00, oy, 00
—+R,—=-R,—+R_| ——L-——

0z 7 ox “oX Ul 8z 0X X 0z (4.20)
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Viy,-R %, +Ta62q/2
2

a9, 262‘4/1
o X 07’

o oX T oxoX’

=R (4.21)

where the right hand side of Eqns.(4.19-4.21) represents the non-homogenous part
consisting of terms that include known solutions evaluated at the leading order ¢ . These
non-homogenous terms forces a particular solution in addition to the solution of the
homogenous operator. De-coupling the equations and working out the particular solutions

yields the following complete solution to this order,

v, = [Ae™+ Aje ™ |sin(n?) (4.22)

isx * g% . —_ anRir * . _
0, = [B,e™ + Bje ™ |sin(n7z) + dntas 1y M SInCR2) (4.23)

2
0,= [Czeiﬁ N C’;e—isi][H cos(ni)]+ %A,AT[COS(%Z)— l]+
S

*

RCI‘

TCg

0A, . 0A

IsX I _—isx =
X e + X e }(H cos(nz)), (4.24)

where the relationship between the amplitudes B, and A, and C, and A, is identical to

that presented in Eqns.(4.17) and (4.18). A complete derivation of the solutions given in
(4.22-4.24) is presented in Appendix AB.

The equations at order O(e”) are presented in the form

ﬂa a — a2
S :P_“—Rcr%_V293:S%+R05L_I+R 5W2+2092_

104



R wwlaez_aw.662}+{6\u2ae_l_aw_zmgH%a_e._w_lae_l%&}
“|| 9z 0X 0% 0%

0z 90X 00X 0z 0z X oX 9z ) oX’
(4.25)
09, oy, 09, oy, 0y,
—CS aZ _Rcr a— - S 81 +Rcr a— Rcr aX

R {228, 0¥, 80_2 + aw_2@_,_mp__2a_e~_l}+{al_la_€a_,_@p_lae__ﬂ (4.26)
“I'l 0z 0x 00X 0z 0z 0X 0X 0z 0z 0X 0X 0z

08 , 52\1} 202 0 o, 62\1’2 6([)% 62W1
o - -2—V -2 +KTa——-
Vi, - Ry ot TaTos = 22K Wiy, -2 ¥y - 2ot K o s
do T Ay, 09, a9, 0 09, 29, 62\p]
P — — ——+ R —— .
Kc az az + Rcr aX Kc(Pchr '\— +Rcr ax a,[ cr aX aX2

(4.27)

The right hand side of Eqns.(4.25-4.27) consists of known solutions evaluated at orders ¢
and ¢ and the differential operator of the system (4.25-4.27) is identical to the operator

of the equations at order ¢ . Since equations (4.25-4.27) at order ¢’ are non-homogenous
versions of the equations at order ¢, a solvability condition for the for the equations at
order ¢ must be satisfied. This constrains the amplitude of the solution at order ¢ and
enables its determination. The solvability condition is obtained by decoupling
Eqns.(4.25-4.27) to yield a single partial differential equation for y, with a

corresponding forcing function which is represented in the following form,

2

9’ 0
viv? W})"’QRcr 8Y23+Taa 2

R Aa OR. Haw_lae_z_awﬂlae_z}+{awzae 0y, 00,] [0y, 00, oy, 00,]]
0X 0z 0x 0X 0z dz 0x 0X 62 0z 0X 0X 0z
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A 2 29
Wy 509, 0 1}, (4.28)

o 9% o X T oxoX  oxX?

where V2RHS(427) refers to the Laplacian operator V* = 0%/0x* + 07 /07" being
applied to the forcing function on the right hand side of Eqn.(4.27). By multiplying

Eqn.(4.28) by complex conjugate () of the stream function, which has the form,
v, = Ae ¥ sin(nz), (4.29)
integrating over, Xx¢e[0,L] and Ze[0]], and noting that vy ,(X,0)=y,(X])=0,

y4(0,Z) = v ,(L,Z) = 0 at the boundaries, yields the following differential equation for

the complex O(e) amplitude,

st

oA  0'A [&,0

o + 157 = [60 - AA Ja. (4.30)

The process of decoupling the equation at O(c’) as well as the derivation of the
amplitude equation (4.30) is outlined in Appendix AC. Note in Eqn.(4.30) that A=¢A,

and A" = ¢A| whilst the original time and space scales defined as t=t'/y, and X=X

are re-introduced as illustrated in Eqn.(4.30). The following notation was introduced,

2[Ta- (a +1)]

Mo = K 4.31)
Qy(o+ 1+ Ta)LQ; (@ + ){7Ta- Go+ )} - (@ + 1+ Ta)}
Cs
2[Ta+2(0 + 1
- K[ a+2(a + )] 432)
10+ Do + 1+ Ta){zﬁz“c—z(a + D){7Ta~ (Gu+ )} - (0 + 1+ Ta)]
S
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4 R

-1 (4.33)

cr,st

n°Q| - K{’3(a+l){5a+7—7Ta}+(a+1+Ta)
PAO R o

The coefficients referred to in Eqns.(4.31-4.33) are derived in detail in Appendix AC. It
can be noted from amplitude differential equation, Eqn.(4.30) , that the presence of space
scales results in the appearance of the diffusion term. With the imposition of the

symmetry conditions at the axis of rotation (X=0) leads to the amplitude relation,

A = —AT , thereby resulting in the O(¢) taking the form,
v, = F sin(sx) sin(nz) , (4.34)

where F, = 12A . This result satisfies the equations and all boundary conditions. A phase
angle is not involved, and a solution without slow space scales is possible. The diffusion
term is then negated from Eqn.(4.30), which then transforms to an ordinary differential

equation for the real amplitude D,,

n2%= £, - F°[F, (4.35)

where F=¢F,, £ = 4¢7, and 1, = 4n,. Equation (4.35) yields the following solutions at

steady state,

0 ¥ R<R

cr,st

F= (4.36)
+E2 VR>R

st cr,st

The steady amplitude solution, Eqn.(4.36) shows that a pitchfork bifurcation occurs at the
critical value of the Rayleigh number associated with stationary convection. The current

study will focus only on the case when the relaxation time n, Is positive. The results for
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the case when the relaxation time is negative will be presented nonetheless. Figures 34a-

34d shows the amplitude trend for varying Taylor number and 7y, values for different
values of the parameter ¢ = KC/(Q cs)z Ifweset K_=cg,and S=cg sothat Q =2 then

we may present the parameter ¢ as ¢ = l/ (405). It is very interesting to note that the

parameter A defined in Section 2 may be expressed for the above parameter settings as,

A= §/(Q cs)z = 1/(405) = ¢ . This is deemed to be an important result as it connects the
two different scalings used in Section 2 and Section 3. As pointed out earlier the
parameter ¢, may assume values ranging from cg = 0.125 ( for liquid metals) to ¢5 = 4.0
(for aqueous salts). This implies that ¢ may assume values ranging from € = 0.0625 to

about ¢ = 2.0.

It can be observed from Figure 34a-d that over that increasing the value of the parameter
%, serves to damp the relaxation time 1, . It is also very interesting to note that that Ta=3
represents a transition point in the sign of the relaxation time m,. It can be observed
from Figures 34a- 34d that at the lower values of ¢ (say ¢ = 0.1), the relaxation time
assumes a negative sign over a larger range of Taylor numbers before becoming positive
again at a Taylor number of approximately Ta = 30. At a larger value of § (say ¢ =1) it
can be noted very clearly from Figure 34 that the relaxation time sign is negative over a
very small range of Taylor numbers. It was found that to higher Taylor numbers the
curves presented in Figure 34 become asymptotical with respect to the x-axis. It is seen
that increasing the Taylor number considerably tends to damp out the relaxation time.
Figure 35 shows the variation of the parameter ¢ /e’ with the Taylor number for

different parameter settings for ¢ .

It can be noted from Figure 35 that a low values of the parametert (say ¢ = 0.1), the sign
of the linear amplitude coefficient remains positive over a larger range of Taylor
numbers. Increasing the value of § causes the range of Taylor number values over which
the linear amplitude is positive, to become smaller. It was found that once the curve for a

particular value of ¢ changes sign, it remains negative for increasing Taylor numbers and
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becomes asymptotical with respect to the x-axis. Another feature apparent from Figure 35
is that the Taylor number for which the curves change sign decreases as the value of the

parameter ¢ is increased.
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Figure 34 : Relaxation time n, versus the Taylor number for various ¢ values for different
settings in the parameter y, for (a) , =1 and (b) ¥, =10
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Figure 34 : Relaxation time n, versus the Taylor number for various € values for different
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4.2 Expansions around Overstable Solutions

Eqns.(4.4-4.6) are still applicable for the weak non-linear analysis of the overstable
convection in the mushy layer. Expansion (4.8) is still valid with the only difference
being that we refer to the corresponding critical values consistent with overstable
convection. Note that permeability definition as stated in Eqn.(4.10) is applicable for the
case of overstable convection. In addition we also introduce the slow time scales 1 = &°t’

and 1, =¢t’, but allow the short time scale t' to be present in order to represent the

amplitude fluctuations. We further rescale the short time scale in the form T =ot'

where the notation ¢, = o, . was used. Substituting these into the Eqns.(4.4-4.6) yield at

r

the leading order the following system of equations,

§[ 2 i] R, Wiy o 4.37
XIGOa’f az (P]+ cr ai [ ( )
0 0 oy,
Cq choﬁ—g (pl—Rcrg=0 (4.38)
0 ]2 , ( 0 ]ae 0%y
= ' - = —L —L
[006t+1 v,-R, GoatH aX+Ta pe 0. (4.39)

Refer to Appendix AD for a detailed derivation of the system (4.37-4.39) and the
governing systems to the different orders in ¢. The general solution for the stream

function vy, may be presented as,
v, = (AN L BT L AT D Bje ““Dlsin(zz), (4.40)

where the amplitudes A (1,,7,X) and B,(1,,7,X) describe the modulations of the

waves on the slow time (1,=¢t’, 1=¢’t") and space (X =¢X) scales for a Hopf
bifurcation. The concept of Hopf Bifurcation phenomena is well documented in Iooss &

Joseph (1980) and Drazin & Reid (1981). The special cases of a pure left travelling wave
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(B, = 0) or a pure right travelling wave (A, = 0) and of standing waves (A, =B, or
A, = +B]) can be recovered from Eqn.(4.40). By imposing the symmetry boundary

conditions at the axis of rotation, y, =0 at, yields upon substitution in Eqn.(4.40) the

following relations between the amplitudes,

B, =-A, and B, =-A,. 4.41)
This result shows very clearly that the boundary condition at the axis of rotation results
in a special case of standing waves thus eliminating travelling waves. The implications
are that we may eliminate slow space scales from the system of governing equations
using an argument similar to that presented in the case of stationary convection.
Furthermore the absence of the slow space scales negates the diffusion term in the

amplitude equation. Using the amplitude relations given in Eqn.(4.41) the solution for the

stream function, temperature and solid fraction at the leading order may be expressed as,
v, = 2i[A e+ Ale " ]sin(s%) sin(nz) (4.42)
0, = 2[CleiT + C;e'ﬁ]cos(si) sin(nz) (4.43)
0, = [Dl {e“‘zy"“(z“') +inyo , sin(nz) + cos(ni)}eiT +

D,*{e'"‘zy""(i'” - inyo , sin(nz) + cos(ni)}e"ﬁ] cos(sX) . (4.44)
The relationships between the coefficients in the system (4.42-4.44) is as follows,

.o ”QR, . aPorR_

C=i—=A o Tt
ORETIET S < l1r(l+0L)Al (4.43)

and,
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20 "R, .. 20"R, A

)Al, Dlzlcs( ) 2)A1.

D, = e (4.46)
l cs(l—nzyzcﬁ 1-n°y%0,

Refer to Appendix AE for a derivation of the solutions in Eqns.(4.42-4.44) and the

relationships between the coefficients presented in Eqns.(4.45-4.46).

The system of governing equations to order e’

S 0 0 ay , 2 - 00, dy , 00, aWIan:I
g _Z R - —L_ 4.47
S(X‘%a? az]q’“ X +V, Sx‘aro+R°f 0z 0X 0X 0z (4.47)

i E)j ov, 00, GATL ale)Gl:I
oo, - - - - LR 4.48
CS[X‘G"at 02/ Re oz TG0 TR 0n ik ok a7 (4.48)

0 ]2 , [ 0 ]ae, 0’y , a[ 0 ] ) 0 00,
e - ) N 5 =-2 —+ 1|V R ——
[“"at” Vi - Relooggt ) o 1o o \00gT )Y T e ok

(4.49)

Refer to Appendix AD for a derivation of the system (4.47-4.49). The solution to the
system (4.47-4.49) is obtained by superimposing the homogenous solution and the
particular solutions arising from the non-homogenous terms on the right hand side of
Eqns.(4.47-4.49), which incidentally are known from the solutions obtained at order ¢ .
The homogenous operator in Eqns.(4.47-4.49) is exactly the same as that for the
governing system at order &, hence the homogenous solution at order ¢° will resemble
the order ¢ solution somewhat and the stream function and temperature solution may be

presented as,
Wy = 2] Ae™ + Ale " |sin(s%) sin(n) (4.50)
0, = Z[CzeiT + C;e'ﬁ]cos(si) sin(nz) (4.51)
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The relationships between the coefficients are exactly the same as those given for A, and
C, are as given in Eqns.(4.45-4.45). When evaluating the right hand side of Eqns.(4.47-

4.49) in order to evaluate the particular solutions, it is observed that the these non-
homogenous terms will produces particular solutions of the form T sin( t)sin(sX) sin(nz)
or tcos(t)sin(sX)sin(nz) which are secular terms in solution, ie. they have a condition
of resonance unless 0A,/0t, =0 . To avoid resonance we obtain particular solutions by
setting 0A,/0t,=0. The particular solution for the stream function vanishes, ie
¥ ,, = 0, and the particular solution for the temperature and solid fraction may be given

as,
8,,=[b, + be + bje™ |sin(2n7) (452)

where the coefficients b,, b, and b, are related to the amplitude at order ¢ as follows,

aQ’R2 R
, = (ot 1)A,AI (4.53)
aQ’R
1= 2n(a + 1) ! (4.54)
b“ _ anRir *2
TR R (4.55)

The complete solution at this order is therefore Vo=V,, and 6,=0,,+6, . The

complete solution for the solid fraction at this order is given as,
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¢, = [Dz{e"‘z“’”(i'l) +1imy6 o Sin(nzZ) + cos(ni)}e” +

*

D, {e_iﬂzyc“(i_l) - inyo o sin(nZ) + Cos(n’z')} e'ﬁ] cos(sx) -

[fg{-ezm”cﬂi*>+inyoosﬁn(2n2)+-cos(znZ)}eﬂ‘+

*

E, {— e 2™ 190D _jnyg , sin(2nZ) + cos(2n2)}e"2ﬁ] cos(sX) +

G[cos(ZTrE) - 1] ,
(4.56)

where the amplitude relations for D, and D) are exactly the same as that presented in

Eqn.(4.46). The amplitude relations for F,, F, and G are given as,

QR?
B= A (4.57)
(o +D(1-m"057")
. QR? .
Fz = : Crz 22 A12 (4.58)
(o +D(Q-7ncgy77)
200R? .
=—FAA,. 4.59
(a+1) " (4.59)

Refer to Appendix AF for the derivation of the stream function, temperature and solid

fraction eigenfunctions and their associated coefficients.

The governing equations to order ¢’ was decoupled to provide a single equation for the

stream function in the form,
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2
o N, [ G ]am 0’
— 2 - R \Y —
[co(ﬁﬂjV\p3+QRCr GOaTH a>_<2+Ta622 L

0
R [coi+ 1) — RHS1+ V°RHS2, (4.60)
” ot 0xX

where RHS1 and RHS?2 are the non-homogenous terms defined as,

0y, 00, 0y, 3y, ], 6\412694_6%6\[,}_6\11_1} 461)
7 0% ox oz | | 0z ox 0% 0z ] oX

RHSI = QRcrH

9 ? 9
RHS2 = —2[00—?+ IJ[KC(pf+—)V2\yl—2—[coﬁ+ljvz\p2—

: o ) . 0p”
K.[ iu]%al_wf( [GO—NH]—_'-KCTa‘/-vli_w
\%0%1 05t ) oz 0z

K01 %e__x, o aat (;e_x‘ + R, af_o% (4.62)
where RHS1 and RHS2 stands to identify the right hand side terms which have been
evaluated from previously known solutions at orders ¢ and ¢” . Refer to Appendix AD for
the derivation of the system of equations to order ¢’ and the decoupled form stream
function partial differential equation given by Eqn.(4.60). The algebra associated with
the solutions at this order are extremely tedious so solutions to order will not be
established at this order. However the right hand side of Eqn.(4.62) contains terms that
are secular and thus cause resonance. In order to make the partial differential equation at
order ¢”, given by Eqn.(6.60), solvable we need to establish a solvability condition. We

proceed by multiplying Eqn.(4.60) by the complex conjugate solution of the stream

function at order ¢,
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y, = i2A}e™ sin(sX) sin(n2) (4.63)

and integrating over the length, X €[0,L] and height, Z €[0,1], of the mushy, using the
boundary conditions y,(0,Z) = v ,(L,Z) = y(X,0)= y4(X,L)=0 . The resulting
expression, after performing the mentioned operation, is representative of the relation that
needs to be satisfied in order to render Eqn.(4.60) solvable. The resulting solvability
condition may be expressed as,

dA :
- hy [&,, - h,ATAJA (4.64)

Eqn.(4.64) represents an ordinary differential equation for the unknown complex

amplitude of the convection at order ¢ . Refer to Appendix AG for a complete derivation
of the solvability condition. A scaling of the form A=¢A, and A" = ¢A; has been used

on the amplitude in Eqn.(4.64). The original time scale of the form t= t/y, has also

been reintroduced in Eqn.(4.64) and the following notation has been adopted,

, hy =h) +im,, hy,=nh)+im,,, (4.65)

cr,ov

while the definition of h), , m,,, h}, and m,, is given as

21’y
ho, =
S (4.66)
21’y

m,=-——3

T (4.67)
he. = l 2( 1( . 2 . 2
b= gntle )2+ Q)= j[(1+ 02,y + 20,h, - (14 02, + 20,1, |, (4.68)
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my, = - j[(1+02)h, - 2000,0] - 1[(1+ 02)h, - 20h, (4.69)

where

1 1 22v6, . 1 )
h,=- §0 o (700 + l){g(lH 3n’y 203)— qugoo sin(n’yo ) + m81n(2ﬂ2Y0 o)} -

0

0

1 6Y6 op°
—8-112(7oc+1){ Yl _

. 1 )
qogo 47T2Y00q0 sin(n 2Y(’o)+ in 2YG qo S1n(2n2y00)}

0

(4.692)

6y6 ,p° £ . 1 .
hy = - _00“2(70‘ + 1)[ qo;o " 4n 2Y00q0 Sm(“2Y00)+ 4112}'(5 oqo Slrl(2n2}’60) +

1 1 , 22vo, . 1 )
gnz(h + l)lg(lH 3n’y 'Gé)— —qogoo sin(n*yo ) + 74112}'0 7 sm(2nzyco)]

0

(4.69b)
h, = %n3(7oc + l)(l— co- Ta) - 1o OETS%(ZOY 263) sin(n*yo ) - 4;(;0 sin(nyo ) +

5(3— ny 203)— };Tgsin(%zy(SOO} + ﬁa};o (1— Go- Ta)p0 sin(n*yo ) -

" (04 1)[- uELLERE Mops I f°] —

16 5p° cos(n’ys,), (4.69¢)
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4y00(5+ nzyzcé) KR o, 10
q’g’ g’ 2q

0 ¢0
of—

h

| %(1- 62~ Ta)(7a + 1){—

3
%G—Opo(l— 0(2) - Ta)cos(n2y00)+

1 4yo 5+752y2c52 ) 4y
Zn3(7a+l)c{— 0(2 o 0)sm(n2yoo)_

0
1°qg g

Gy

sin(n’yo ) +

%(3— ny 2(53)— %sin(hzyc 00} +n’yo op’ sin(n*y6 ). (4.69d)

Note that in Eqns.4.68 and Eqns.4.69(a-d) the parameters j,and j, is defined as,

16( + EQ0, . 860 w0
" el DA w e P r (g Y- n o) |
In addition p°, s°, q° and g’ are defined as,
°:l+cos(n2yco), g°=(9—n2y203)
q’ = (l—nzyzcé), £ =1-cos(2n’y5,). 4.71)

Refer to Appendix AG for a derivation of the coefficients in Eqns.(4.66-4.69).
[t is convenient to represent Eqn.(4.64) for the complex amplitude as a system of two

equations for the absolute value of the amplitude (r = |A|) and its phase angle (® ) in the

form

A=r1e; A'=re™ (4.72)

with AA" = r* and
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h’, e [£,, - b ]r (4.73)

do

E - mZI&.rov - m42r2 > (474)
where ,

h(J)I = h(3)2hgl - My,m, 5 My, = h(3)2m2l + h(2)|m325 hgz = hgl/hgl . (4.75)

Refer to Appendix AH for the derivation of Eqns.(4.74-4.75). The sign of the coefficient
of the non-linear term, ie. h), indicates whether the bifurcation is forward or inverse.
When hj, > 0 the bifurcation is forward while a negative value of h), suggests an
inverse bifurcation. The point where hJ, changes sign is known as the (non-equilibrium)
tricritical point. Figures 36a-36d shows the variation of the coefficient of the non linear

term, hj,, as a function of the Taylor number for different values of the parameter
£ = Kc/(Q 05)2 . If we set K_=cg, and S=cg so that Q =2 then we may present the

parameter ¢ as ¢ = 1/ (405). [t 1s very interesting to note that the parameter A defined in

Section 2 may be expressed for the above parameter settings  as,

A= §/ (Q 05)2 = 1/ (403) = ¢ . As pointed out earlier the parameter ¢ may assume values
ranging from cg = 0.125 ( for liquid metals) to ¢g = 4.0 (for aqueous salts). This implies

that ¢ may assume values ranging from ¢ = 0.0625 to about £ = 2.0.

Figures 36a-d shows the variation of the non-linear coefficient as a function of y, for
various Taylor number values and ¢ values. The linear stability results are insufficient to
stipulate a maximum value for y, consistent with overstable convection. For this reason
we are not able to pin point the domain of y, values for which overstable convection is

possible. The points of intersection with the horizontal x-axis are referred to as the

tricritical points. It can be observed from Figures 36a to 36d that there exists two

tricritical points for the low ¢ values and Taylor number values (see curve corresponding
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to Ta=10 in Figures 36a-b) and at least three tricritical points for the higher § values and

higher Taylor number values ( see curve corresponding to Ta=100 in Figures 36¢-d).

However as the value for ¢ increases for the higher Taylor number settings, the number

of tricritical points decreases correspondingly, a trend that is in contrast to the lower

Taylor number case. It must be borne in mind that the relaxation time hj, is always

positive in the parameter domain considered.
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ooefﬁcient,hg2 as a function of 3, (a) =01 and (b) € =03 for selected settings of Taylor
number,
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Figure 36 : Finite amplitude results for overstable convection : Variation of the non linear
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Eqn.(4.73) yields at the post-transient state r* = h,¢,, for supercritical values of R,

where hY, = 1/h%, , hence providing the solution for r in the form,

0 vV R<R,,
r= . (4.76)

t [hg4&~ ov]l/2 v Rz Rcr,ov

With solution of r being defined at the post-transient state, the post-transient amplitude

solution may be defined as,
A=re® =40, ) e, @.77)

where the non linear frequency correction ® is obtained by substituting the solution for

r’ in Eqn.(4.74) which may be presented as,

. do
® = ai (m2l - m31hg4)€ ov (4.78)

The post-transient values of |A| as presented in Eqn.(4.76) were evaluated in terms of

10g10[|A|/e] and are presented graphically in Figures 37a to 37d. It can be observed from

Figures 37a to 37d that the solutions diverge in the vicinity of the CTP points

The bucket shaped curves for some of the Taylor number settings attributed to the
presence of two co-dimension two (CTP) points very close to each other. The curves
presented in Figures 37a to 37d nonetheless give a very clear indication that the points of
divergence indicate that the CTP point is close by. At these points of divergence, ie. in
the CTP neighbourhood, a different expansion is needed to investigate the solution there,

as the divergence of the amplitude violates the assumptions made regarding the amplitude

expansion.
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Figure 37 : Finite amplitude results for overstable convection : Post -transient amplitude as a
function of y, for different values of Taylor number for (a) € = 0.land (b) £=03.
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Figure 37 : Finite amplitude results for overstable convection :
function of y, for different values of Taylor number for (¢) £ =0.7 and (d) € =1.0.
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The post-transient values for the non-linear frequency correction were evaluated using

Eqn.(4.78) in terms of loglo[(]f)/é OV] and are presented in Figures 38a to 38d as a function

of y, for various Taylor number values over a range of ¢ values. It can be observed from
Figures 38a to 38d that the nonlinear frequency correction diverges in the vicinity of the
CTP points. The behaviour observed in Figures 38a to 38d are is very similar to the that
presented in Figures 37a to 37d. A very clear feature presented by Figures 38a to 38d is
that for low Taylor numbers (Ta=10), the CTP points move to the left as the value of ¢ is
increased. Increasing the value of ¢ for higher Taylor numbers (say Ta=100) reduces the
number of solutions for the midrange y, values. The same argument applies to the

intermediate Taylor numbers, a feature that is quite apparent in Figures 38a to 38d.
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Figure 38 : Finite amplitude results for overstable convection : Post -transient non linear frequency
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Figure 38 : Finite amplitude results for overstable convection : Post -transient non linear frequency
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5. Heat Flux and Nusselt number : Author’s Scaling
This part of the study will be allocated to determining the heat flux in terms of the
Nusselt number for both the stationary and overstable convection by making use of the

of the previously evaluated amplitude results.

5.1 Nusselt number for Stationary convection

The mean Nusselt number may be defined as,

Nu, = _T[—W@+69/62]d§, (5.1)
0

1
L

where L is the length of the domain and may well be taken as the cell wavelength. Using

the fact that,

0 fr _ e

a—_z—i[—wmae/az] dx=0, (5.2)
implies that the Nusselt number is not a function of Z and may therefore be evaluated for
convenience at Z= 0 where W= 0. Using the solutions for 0 at the different orders and
using the result just evaluated above allows the Nusselt number definition given in

Eqn.(5.1) to be represented as,

L
Nuy, = %ﬂdeB [dz|_ +edd, /2| +e%do,/dz]_ + 0(83)] dx. (5.3)

Substituting the solutions to the different orders in 6 and evaluating the integral given in

Eqn.(5.3) yields the following Nusselt number definition for the case of stationary

convection,
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4o+ D[RR, - 1]

Nug = 1+ + O(e?) YR>R, . (54)

n“[;g(a + D(5a +7-TTa)+ (o + 1+ Ta)}

Note that the slow space scales have been eliminated from Eqn.(5.4) using the arguments

as presented in Section 4.1. Refer to Appendix Al for the derivation of the Nusselt
number for stationary convection. It can be observed from Eqn.(5.4 ) that Nug =1

¥ R< R, ,, indicating that the convection heat transfer branches off from the conductive

cr,st 2
heat transfer line at the critical value of Rayleigh number. The variation of the Nusselt

number as a function of the Taylor number was evaluated for different values of € and is

presented in Figure 39 in terms of loglo[(msl - 1)/82].
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Figure 39 : Heat transfer results for stationary convection : post-transient Nusselt numbers as a function of
Taylor number for different values of €.

We may observe that the for a constant value of ¢, increasing the Taylor number

2

increases the values the heat flux value, thus implying that rotation enhances heat transfer
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as far as stationary convection is concerned. We may now proceed to develop the Nusselt

number for oscillatory convection.
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5.2 Nusselt number for Overstable convection
The heat flux corresponding to overstable convection may be evaluated as for stationary
convection, the only difference being that here a time average over one cycle is

performed. The pertinent form of the equation at z= 0 may be given as,

L 1 2n
Nu,, = Sl 6[

L

J[do /7, + 50, a7+ e7d0, /e + O")|dxd.  (5.5)

0

The mean Nusselt number presented in Eqn.(5.5) has the meaning of being averaged in
space as well as in time. To order ¢’ this yields for the post transient state,

— 4(o + DQ S
Nug, = 1+ ———F5—

=[R/R,., - 1]+ O") vR2R,,,. (5.6)

T

Note that hS, = 1/h}, and hj, is defined in Eqn.(4.75). Refer to Appendix Al for the
derivation of Eqn.(5.6). Figures 40a to 40d shows the variation of the Nusselt number as

a function of 7y, for different Taylor numbers and selected ¢ wvalues, in terms of

log,o[(moV - ].)/82]. It can be noted from Figures 40a to 40d that the Nusselt number
solutions diverge in the presence of the CTP points. In general it can be observed from
Figures 40a to 40 d that increasing the parameter value for £ results in a decrease in the
Nusselt number, for all the Taylor numbers, thereby causing a retardation in the heat
transfer. For a fixed ¢ value, increasing the Taylor number (from Ta=50 to Ta=100)
causes the Nusselt number to decrease for low y, (say 7, < 1.1) values whilst a notable

increase is heat transfer is observed for high 7y, values(say y, > 11).
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Figure 40 : Heat transfer results for overstable convection : Post -transient Nusselt number as a function of

y, for different values of Taylor number for (a) & = 0.1 and (b) € =0.3.
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Figure 40 : Heat transfer results for overstable convection : Post -transient Nusselt number as a function of
%, for different values of Taylor number for (¢) £ =0.7 and (d) £ =1.0.
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6. Structure of the thermal, flow and solid fraction fields

To describe the flow and heat transfer we recall the eigenfunctions representing
perturbations to the thermal, flow field and solid fraction developed in Section 2.4.2 for
Anderson & Worster’s (1996) scaling. Combining these perturbations with the basic state
solution developed in Section 2.1 yields the following full solutions for the thermal, flow

and solid fraction,

0 = 0, - 2A sin(nZ) cossx + 80, 1] (6.1)
= 0- 2AMsin(n2)sin[s>—(+ 50 ] (6.2)
Ve QR s h
=0, 2AM{(COS(R2) + cos[o. (z- 1)])-cos[s>_(+ 5o . f]—
=03 QCS(TEZ_GI'ZI) il il

(0 il/n -sin(nz) + sin[o (z- 1)])-sin[s>"(+ o0 ”f]} . (6.3)

Note that 6, and ¢, have been previously evaluated and are given by Eqns.(2.15-2.16).
Note that the amplitude A in the system (6.1-6.3) is defined as A = €A, . Note that ¢ is

understood to be a small as required by weak non-linear theory. An amplitude value of

A=0.01 is selected and is henceforth used in all of the graphical plots that follow.

The structure of the solutions presented in the system (6.1-6.3) varies quite dramatically
with the values of frequency o, wavenumber s, Taylor number Ta, and the parameter
x = Pro,/Da. The quantities just mentioned are related to important physical processes
that occur within the mushy layer. The linear stability analysis presented in Section 2.2
for Anderson & Worster’s (1996) scaling provided ample insight into the effect of these

parameters on the flow physics within the mushy layer. Setting the frequency, ¢, = 0
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Figure 41 : Streamline plot for the case Ta=50, A =10

results in the onset of stationary convection, a case which is presented in Figure 41a (for
the flowfield). Figure 41b represents a case when stationary convection is the most

unstable mode thereby resulting ¢,, = 0.

The case presented by ¢, # O corresponds to the case of oscillatory convection as

presented in the system (6.1-6.3). These oscillations could manifest themselves as left or
right travelling waves, or any combination thereof, including standing waves. The wave
form that occurs within the mushy layer is highly system dependent. For example, the

boundary condition at the axis of rotation viz. y ,, = 0 at X=0 causes the solutions to the

thermal, flow and solid fraction to assume the form of left travelling waves. For the
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purposes of the current study we shall only focus on left travelling waves in order to
illustrate the important flow characteristics within the mushy layer. Incidentally the
system presented in the system (6.1-6.3)  represents left travelling waves. The
streamlines presented in Figure 41c represents left travelling convection cells. At any
instant in time the form of these convection cells are identical to the stationary convection
cells presented in Figure 4la. Eqns.(6.1-6.3) provides mathematical rationale for the
horizontal translation, by a shift of the horizontal co-ordinate with increasing time. This
implies that the thermal and flow fields are identical to the stationary case, as pointed out

earlier. For this reason, only a single set of results are presented for the flow field.

The most profound effect of left translation can be observed for the solid fraction plots
corresponding to the case of ¢, # 0. Due to the left translation of the convection cells,
the solid fingers/dendrites are no longer aligned vertically as, presented in the stationary
case, but now tends to slope monotonically in the direction of translation as observed
from Figures 42b,c,f and Figures 43b,c,f. The results presented in Figures 42¢ and 43e

represent the case when y - 0 which results in the stationary mode manifesting itself as

the most dangerous mode (note that y = 3 /n*). The point is that as y - 0 (or at high
frequencies) the characteristic Rayleigh number approaches an asymptote which for all
intents and purposes is taken as the convection threshold point for the onset of stationary

convection. This was motivated mathematically in Section 2.3 and Section 2.4.

It can be observed from Figures 42 b-c and 43b-c that the increasing the parameter value
for ¥ has very little effect of the slope of the solid finger/dendrite. It should be noted that
the spaces between the streamlines for the solid fingers/dendrites represents the
surrounding liquid melt in the pores/channels. It can be observed from Figure 42¢,f that
increasing the Taylor number from Ta=3 to Ta=50 for fluids that have high 7y wvalues
prevents any channels from forming. Figure 42f captures the wavy nature of the solidified
surface very well. The maximum points on the solid finger/dendrite plots were connected

to illustrate the nature of the slopes of the solid fingers in the oscillatory case relative to

the stationary case.
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Figure 43 : Solid fraction plot showing solid finger slopes superimposed for the case L = 1.0

Increasing the value of 4 from A = 0.5 to A = 1.0 for Ta=3 causes the slope of the solid
finger/dendrite to become steeper. Perhaps the most interesting feature is noted from
Figures 43e,d (as was in Figure 42e,d) in that it can be observed that increasing the
Taylor number for low values of the parameter y actually forces the fingers/dendrites to
become vertically aligned. This is important since the implications are that for select
combinations of Taylor number and y we have vertically orientated solid
fingers/dendrites. At high Taylor numbers and y values it can be seen that the slope of
that solid fingers/dendrites changes from monotonic to non-monotonic. Increasing the
value of L to A = 1.0 suppressed the formation of channels as can be observed when
comparing Figures 42 b-f and Figures 43b-f. The most profound effect of increasing the

value of & can be observed from Figure 43f. It can be seen that virtually no channels

appear in the whole domain considered.

The effect of the non-vertically orientated solid finger/dendrites is the horizontal

translation of these fields. The fact that the thermal and flow fields does not differ from
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the stationary case is as a result of the near-eutectic approximation upon which the
solutions are based. The appearance of the convection rolls is similar to that of a porous
medium of uniform permeability. This is attributed to the fact that the thermal and flow
fields are decoupled from the solid fraction perturbation at the leading order. With this in
mind the nature of the solid fraction fingers/dendrites forces the flow towards the left. It
can be observed from Figures 42 and 43 that the left sloping channels forces the flow in
that direction, or so it seems. The coupling between the flow field and the solid fraction
occurs to higher orders in 6. The governing equations need to evaluated to higher orders
to observe the interaction between the flow and solid fraction, but for the current study
the linear stability results and the leading order perturbations are sufficient to infer flow

patterns at higher orders.

The results presented in Figures 42 and 43 prove that increasing the Taylor number

encourages a solid front with almost no channels, as observed from Figures 42f and 43f

for high y values. It can be clearly observed from Figure 42 and 43f that for higher A

values the solidification front has become flatter.
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7. Summary and Conclusions

Analytical results were presented for convection in a solidifying binary alloy system at
the near-eutectic point subject to Coriolis effects. The model is based on a simple model
of the mushy layer given by Amberg & Homsey (1993) in which the dynamics of the
mushy layer are decoupled from the dynamics of the overlying melt. The problem was
investigated using the time scale proposed by Anderson & Worster (1996) and for a time
scale proposed by the author. Linear stability analyses were performed for both the
scalings above whilst a weak non linear analysis was performed for the Author’s time
scale only. In addition the heat transfer was inferred from the Nusselt number solutions
that were developed for both stationary and overstable convection for the Author’s
scaling. The weak non-linear analysis utilized a permeability definition which was similar
to that of Amberg & Homsey (1993) with the only difference being that the effects

permeability was only introduced at the third order of the disturbance amplitude ¢ . In
addition a new parameter € = K_ /ché was pointed out. This parameter served as a
toggle switch between a mushy layer uniform or non-uniform permeability where £ = 0

represents the homogenous mushy layer and ¢ # 0 indicates a non-homogenous mushy

layer. For the current study only ¢ # 0 was considered. The most interesting and salient
features that were observed will be discussed separately for Anderson & Worster’s
(1996) scaling and the Author’s time scale. The time scale used by Anderson & Wortser
(1996) and the Author will henceforth be referred to as ”Anderson & Worster’s scaling”

and “Govender’s scaling” respectively.

Firstly for Anderson & Worster’s scaling a full linear stability analysis was performed. It

was found that the stationary mode became the most dangerous mode for increasing
Taylor numbers and the parameter A = S/ Q% . The oscillatory mode still appeared to
manifest itself but only at very high y = Pr¢,/Da values, whilst at the lower y values
the stationary mode was deemed to be the most dangerous. Figures 12-14 depicts this
transition very clearly. Another interesting feature that was observed (and worthy of note)

is that at low values of the parameter 3, for increasing Taylor numbers, the characteristic

curves tended to reach and asymptote as shown in Figures 15 and 19. As the value of %
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is increased to a very large value the curves resemble that presented by Anderson &
Worster (1996). This feature is apparent from Figures 15-22. The most interesting feature
though was observed at at low values of the parameter y for increasing Taylor numbers.
The curves for the different values of the parameter A tended converge to an
asymptotical wave number for the case y — O(or at high frequenciess ). The
characteristic equation for the asymptotical Rayleigh number was developed and is given
in Eqn.(2.72). It must be borne in mind that this represents the asymptote at high
frequencies and is distinctly different from the case of stationary convection where
o, = 0. However if the critical Rayleigh number corresponding to stationary convection
is less than the asymptotical Rayleigh number mentioned above then only can we set
6, = 0. The results presented in Figures 24a,b and 26 a,b represents a case where the
overstable asymptotical Rayleigh number was greater than the critical Rayleigh number
associated with stationary convection over the entire A domain. In this instance the
stationary mode is the most dangerous and the frequency ¢, =0 applies. The results
presented in Figure 26¢c shows a good illustration of a case of high frequency overstable
convection the more dangerous mode in comparison to the stationary convection case. In
this case the asymptotical Rayleigh number associated with overstable convection is less
than the critical Rayleigh number for stationary convection over the entire A domain,
thereby implying that ¢, # 0. Incidentally these results are in total agreement with that
observed from the characteristic Rayleigh number plots in F igures 12-14. It was also
demonstrated that the effect of rotation has a stabilising effect in comparison to a
stationary mushy layer. Figure 27 shows that the critical values for the onset of
convection for both stationary and overstable convection are greater than that of the non-

rotating case, thereby implying that the non-rotating case is the most unstable.

The subsequent part of the linear stability analysis involved studying the stability of the

system with regards to the various parameters as presented in Section 2.4.1. The stability
results were presented as a function of the Stefan number St, the composition ratio & , the
mushy layer depth & ~ 1/T, and the Taylor number Ta. It must be borne in mind that once

a material is selected the values for St, y = Pr¢,/Da and ¢ are fixed. The remaining
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control parameters are & ~ 1/T, ( the farfield or furnace temperature) and the Taylor

number.

It was found that increasing the Taylor number rendered the stationary mode most
dangerous over the entire St domain. The oscillatory mode only manifested itself at low
Taylor number values (Ta=3), but for St> 1, as observed from Figure 28. The effect of
increasing the Taylor number as a function of the composition ratio rendered the
stationary mode unstable. The oscillatory mode was most unstable at low Taylor numbers
(Ta=3) but for £ > 6 as observed from Figure 29. The variation of the Taylor number as a
function the mushy layer height is provided in Figure 30. It was observed that the
oscillatory mode was most unstable for small & values or large far field temperatures T, .
The effect of rotation however reduced this bandwidth of mushy layer heights over which
the oscillatory mode is most unstable. The bandwidth of mushy layer heights over which
the stationary mode is most unstable is increased with increasing rotation. Figure 31
shows the variation of the stability parameters as a function of the Taylor number. The
results indicate that increasing the value of the parameter y over the range of Taylor
number values enhances the oscillatory mode. This feature agrees with the results

observed from the characteristic curves presented in Figures 12-14.

The following part of the study involved analyzing the system of governing equations for
the Govender’s scaling and included both a linear stability analysis and a weak non linear
analysis to establish the amplitude explicitly for the leading order solution. The linear
results obtained for the case of stationary convection resembled Vadasz’s (1998) solution.
The linear stability results obtained for the overstable convection resembled Vadasz’s
(1998) overstable convection results for a certain parameter setting. Figure 32 suggested
that the case of no rotation (Ta=0) is the most unstable in comparison to the case
including rotational effects. It was observed that the oscillatory mode is independent of
the Taylor number, thus no comment can be made with regards to the stability of the

oscillatory mode with regards to the case of no rotation where Ta=0.
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A weak non linear analysis was performed for both the stationary and overstable

solutions. A new parameter viz. t =K, /ché was pointed out so as to distinguish

between a mushy layer of uniform and non-uniform permeability. It is worth pointing out

that if K_ = cg and if S = cg so that Q = 2, we obtain an expression for the parameter €

which is of the form ¢ = 1/ (4cs) = A . This is deemed to be an important result as it relates

the parameters ¢ and A under the above mentioned circumstances. The most striking
feature of the weak non linear results corresponding to stationary convection showed that
increasing the parameter value for y,=08Pr¢,5, reduced the bandwidth of Taylor
number values over which the relaxation time is positive. Similarly the linear amplitude
coefficient assumed positive values over a larger range of Taylor number values for

smaller ¢ values as compared to larger values.

No conclusion concerning the nature of the bifurcation (ie. if it is inverse or forward)
could be made at weak non-linear level corresponding to the case of overstable
convection as the results obtained at the linear stability level were insufficient. The
presence of co-dimension 2 points (CTP) were also noted in the vicinity of the tricritical
points, ie. the point where the bifurcation changes sign. It was noted that there existed
multiple CTP points. The results for the modulus of the amplitude indicated that the
effect of increasing the value for £ caused the amplitude of convection to get smaller.
Physically this implies that as the permeability of the mush becomes more non-uniform,
the strength of the oscillatory convection mode begins to damp out. It was found that

increasing the parameter value for ¢ damped out the frequency correction, but very

slightly.

The Nusselt number solutions were developed for both the stationary and overstable
cases. For the stationary case is was observed that for a particular value of t , increasing
the Taylor number enhances the heat transfer. For a fixed Taylor number above Ta=3, it
can be seen that increasing the value of the parameter ¢ enhances the heat transfer. This

is in contrast to the results obtained less than Ta=3. The results produced by the
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oscillatory case showed that increasing the parameter value for ¢ reduces the heat
transfer. For a fixed value for the parameter € , increasing the Taylor number retards the

convective heat transfer for low y, values, which is in contrast to the result at high y,

values.

Finally the graphical solutions presented for the flow and solid fraction indicated the
form of the solid fingers/dendrites formed. It was also inferred that the solid
fingers/dendrites with non-vertical channels caused the horizontal translation of the
flowfield. The transformation of the slope of the channels from monotonic variation to a

non-monotonic variation was also illustrated for a particular parameter combination.

It was also inferred from the leading order solutions of the perturbations to the flow and
solid fraction that the presence of solid fingers/dendrites tends to confine the flow into
steady patterns. From a practical point of view we thus require that oscillatory convection

be confined to cases close to marginal conditions.

The most important result of the study was that the effect of rotation does indeed have a
stabilising effect on convection in the mushy layer ie. the critical Rayleigh numbers for
both stationary and overstable convection for the rotating mushy layer (for Anderson &
Worster’s (1996) scaling) were greater than the critical Rayleigh numbers for both

stationary and overstable convection for the non rotating (Ta=0) mushy layer.
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Appendix A : Non-dimensionalistation of the governing system of equations
The non-dimensional analysis of the governing system of equations corresponding to
flow and heat transfer in the rotating mushy layer will be performed using appropriate

scaling parameters.

The dimensional continuity equation applicable to the problem may be represented as,

+v - [plou, =0, S

where ()’ represents the dimensional quantities, p~ is the fluid phase density, ¢ is the

porosity and U; is the fluid average velocity. Letting U" = ¢ U, then Eqn.(1) may be

written as

—+ v [p'U]=0. )

Expanding Eqn.(2) yields the following dimensional form of the continuity equation

*

ap
ot

—+p

0 ¢+p*v*-U*+U*-V*p‘=0. (3)

at”

Using k"/V" for the length scale, «'/V" for the time scale and V' for the velocity

scale we may proceed to non-dimensionalise the continuity equation as follows,

*

) V%3t L V?Pap V7 v %S .
* + PR ¥ . + . =
K Ot P K Ot P K U+ K UVp =0 (4)

Dividing Eqn.(4) by V*Z/ k", yields the following form of the continuity equation,
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op” .00 . .
¢é%+p é%+pV-U+[IVp - 0. (S5a)

Dividing Eqn.(5a) by a reference value of density p, yields

op 8
¢£+p5%+mwu+tyvp=o, (5b)

where p = p*/p; .
Noting that the definition for the fluid density is given as
p=[1-B.0+B.c|, (6a)

where

*

* T _T
BT:BT(TL_TE) and 6 = TL—T;’ (6b)
and
. ¢ -c
B.=P (CO—CE) and c= L (6¢)
Co~Cg
Substituting Eqn.(6a) in Eqn.(5b) yields
¢ 00 00 00 oc
o~ PO Gt Bae T 0Be S+ 8B, S - BrU V4 B U Ves
(1-p0+Pc)V-U=0. (7)
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Now, since B, <<1 and B <<1 we apply the Boussinesq approximation and neglect
density variations (in terms containing B or p, as their coefficient) everywhere, except

in body forces or buoyancy terms in the extended Darcy equation. Therefore Eqn.(7)

becomes

%+V-U:O. (®)
ot

Most of the publications thus far have assumed that ¢ = ¢, thus implying that the

continuity equation may be presented as
V-U=0. 9
Eqn.(9) is identical to Eqn.(1.3).

The differential equation for the dimensional form of the energy equation is given as,

M

aT * *,__ & * *, a(‘P
Qo g+ a U VT =Y (K V'T)+ 1, e (10)

if we assume no contraction upon change of phase. The physical prameters in Eqn.(10)
are the specific heat per unit volume g, the latent heat of solidification per unit volume,
h, and the thermal conductivity k. The subscripts ‘s’, ‘f*, ‘m’ denote the properties of
the solid, liquid and mushy phases respectively. The volume fraction of solid dendrites,

of uniform composition cg, is denoted by ¢ . The specific heat per unit volume of the

mushy phase is given by,
Am =99, + (1= 0)q;- (11)

The thermal conductivity of the mushy phase is given as,
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k,=ok +(1-9)k;. (12)

If the specific heats and thermal conductivities are assumed to be to be equal then

Eqn.(11-12) may be presented as,

9, =99,+(1-9)q,=q,, (13)

km:(pks+(1_q))ks: ks' (14)

Using the results in Eqns.(13-14), Eqn.(10) may be presented as,

*

QU VT =7 (k7T )+ b, 2 15
s Ty U = : + ¥ .
qb at qb m fs 5‘[ ( )
Dividing Eqn.(15) by q, yields,
a " * E * * * * h a(P
=+t U VT =V (VT )+ L= (
i VT (16)

where k* is the thermal diffusivity. Rearranging Eqn.(16) as following,

i[T* h, ] U VT =V
T TS R (17)

5

Using the transformation,

0 0 . 0
0= 2 v o, a8

ot

to denote the solidifying translating front allows Eqn.(17) to be expressed follows,
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* a * h * * ok E *
[—a*—v *][T——rscpj+U-VT:KV2T. (19)
d

Using k*/V" for the length scale and « '/ V"™ for the time scale we may proceed to non-

dimensionalise the energy equation (16) as follows,

V2(a a3\ . h, & . VR
T B -
ot oz q, K K

which when divided through by & / Kk yields,

[3 ij[T* by J+U VT = VT 21
ot oz vVl @

N

Using the following definition for the dimensional temperture

T = (T,(c,) - Ty 0+ To(c,)= ATO+ T, (22)

allows Eqn.(21) to be written as,

[i-ﬁ][ne By } U-V(ATH)=V?
P - Sq) +U- = V*(ATH). (23)
Dividing Eqn.(23) by AT yields,

[Q—ij(e—swﬁu-vezvze

ot 0z ’ @24)

where St = h,, /(q,AT). Incidentally Eqn.(24) is identical to Eqn.(1.4).
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The dimensional form of the solute balance equation is given as,
ac* * * W * ok * aq)
(1-0) o+ U VT =V D,V T ) (¢ ¢ ), (25)
0
where D, represents the solutal diffusivity and is given as,

D, =(-0)D;. (26)

Rearranging Eqn.(25) yields,
a * , w* * % % p * x
y[(l—(p)c +elp [+ UV =DV ((1- g)V'c). 27)

Applying Eqn.(18) to Eqn.(27) to accommodate the translational effect of the solidifying

front yields,
[ v a*][(l— ) +cp [+ UV =DV (- V). (28)
ot 0z § '

Using « */ V" for the length scale and « */ V™ for the time scale we may proceed to non-

dimensionalise the continuity equation as follows,

*2 *2

V3o & .V )
U-Vc =K—,2va-((1—<p)vc)_ (29)

i sllomwe )Y

*
K

which when divided through by V7 /x" yields,

o 0 R . f *
[8_'[_5][(1_(”0 +c;(p]+U-Vc :%DfV-((l—Q)VC)- (30)
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Using the following definition for the dimensional concentration,
c*=(co—cE)6+cO:Ac6+co, (31)

and applying to Eqn.(30) yields the following,

d 8] c.-¢ D,
O O (1= 0+ =0 |+ AcU.VO = Ac——D,V-((1- 9)V8). (32)
Ac[at 0z {( ?) co—cEq)} kT (- 0)v0)
Dividing Eqn.(32) by Ac yields,
o 0 1
= _Zlla- Vo= —DV-((1-0)Ve), 33
[at aZ][(l 9)0+E0 ]+ U-V8 = DV ((1-9)76) (33)

where Le represents the Lewis number defined as Le= k'/D, and & represents the

concentration ratio defined as,

'
Cs—co

§ = (B4

Co_CE

In the case of solidifying binary alloys the value of Lewis number is very high, thus
implying that the effects of the term on the right hand side of Eqn.(33) are very small.

Eqn.(33) may be approximated as follows for very high Lewis numbers,

o 0
[a-aj[(l—w)e+gw]+u-ve=o. (35)

Eqn.(35) is identical to Eqn.(1.5).
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The dimensional form of the Darcy equation may be written as follows,

100"
- Ak + *
o ot K

*

1 * % * %A 1 * A *
i*U:——,,Vp+pge"——2u) e, xU . (36)
p p S0

A basic approximation of fluid mechanics is the Boussinesq approximation, which
consists of setting p’ = p, except in buoyancy terms emanating from body forces in the
Darcy equation. Similarly we may also assume that the porosity is constant everywhere in

the Darcy equation, 1e. ¢ = ¢,(as was assumed in the continuity equation above), except
in those terms containing permeability variations. Multiplying Eqn.(36) by p;K'/n",
noting that v* = p”"/p;, accounting for the translational effects by using Eqn.(18), and

implementing the above definitions for the density and porosity yields the following

form of the Darcy equation,

’ a * 6 * * K* *  * K‘ * * * A I<‘ EDN *
V —|U +U =- ,,Vp+—.,(pf—p0)gen— 20 e, xU . (37)
g ! TV

Note that ég and e, represents the unit vectors for gravity and rotation. We follow
Anderson & Wortser (1996) and use V', k'/V", k"/V'? to scale the velocity, length
and time scales, and ku"/k, to scale the pressure term, where k” is the thermal

diffusivity of the liquid, p” is the dynamic viscosity and k, is a characteristic value of
permeability in the mushy layer. Implementing these scales in Eqn.(1) and dividing by

V" yields and equation of the form,

ot oz

K*v‘z[a aj K K/, .. K
K*V*d)o U+U=——Vp+*—*(pf—po)geg—¢ov*

L TPy 2078, xU.  (38)

Recalling the linear liquidus relation as presented in Eqn.(1.2) in Section 1.2, and using a

density relation of the form p* - p; = p;B*(c* - CO) for the case when solutal buoyancy
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effects dominate over thermal buoyancy effects. This also implies that density is largely a
function of composition than it is of temperature. In addition the linear liquidus relation
provides an additional relation between the temperature and the composition which is
given as ¢ ~ ¢, = AcB . Applying these results to Eqn.(38) yields the following form of

the Darcy equation,

K*v*z(a 0

K*V*¢0

Multiply Eqn.(39) by 1(0) = k,/K’ to yield,

* 9 * * k .
k,V (8 0 ko8 Acg N (40)

- |U+T(p)U=-V o 08, - —2
ot 82) 1) p¥ vV © ooV ® %

K*V*¢0
The thermal diffusion length spacing may be defined as .= k /V", which may be

rearranged to obtain a velocity definition of the form V" = / | .. Substituting this form

in Eqn.(40) yields,

kB Acg’l, 20 'k
0 28, xU. (41)

vk e (I18Y

L‘C[ﬁ i]U Do) = -7
Zvp, ot og) VT HOU= Ve

Eqn.(41) may be written in terms of dimensionless groups as follows,

i(i i}U M(p)U=-Vp+Ra, e, - Ta"%

XO at az + ((P) - p+ m eg - a’ e(:) X U . (42)
With reference to Eqn.(42), %, =0, Pr8,, where ¢, is the porosity, Pr is the Prandtl

number and 9, = li. / k, is the mobility ratio which may thought of as the square of the

thermal length scale (on which the depth of the mushy layer depends) to the average
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spacing between the dendrites within the mushy layer. This is very similar to the porous

media Darcy number. The other dimensionless group identified in Eqn.(42) is the mushy
layer Rayleigh number which is defined as Ra = B*Acg*kolx./v*K* that describes the

buoyancy effects due to compostion differences. Finally the Taylor number that appears

in Eqn.(42) is defined as Ta = (2(1) k,/ c{)ov*)2 and describes the effect of rotation on the

mushy layer.

The parameter , in Eqn.(42) usually assumes values that are large, thus implying that
the contribution from the first term in Eqn.(42) is very small. This provides the
justification for neglecting the time and space derivative from the Darcy equation. In
some instances linked to modern porous media applications the value of y, can become
a unit order of magnitude or even smaller, in which case the time and space derivative
term should be retained. In the current study we retain only the time derivative in the
Darcy equation in order to allow for the possibility of overstable convection and will
observe how the value of y, affects the frequency of overstable solutions. The following

truncated form of the Darcy equation results,

~

Lo Ot

+11(9)U=-Vp+Ra ¢ - Ta"¢ x U, (43)

which is identical to Eqn.(1.6) in Section].2.
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Appendix B : Derivation of the governing system of equations for Anderson &

Worster’s (1996) scaling

The system of governing equations analysed by Anderson & Worster (1996) was scaled
in space, and time in terms of the dimensionless mushy layer growth parameter & . The
Rayleigh number, velocity and pressure were also scaled in terms this parameter. The
parameter Jis the ratio between the height of the mushy layer and the thermal lengtt

scale (defined in Appendix A) and is sometimes referred to as the growth Peclet number.

Worster scaled space and time as follows,
xé, +yé, +z€,=0(Xe, +y&, +7¢,), t=58"t (1a-b)

whilst the Rayleigh number, velocity and pressure were scaed as,
2 R_ _
R"=6Ra_, U=§U, p=Rp. (2a-c)

These scalings were then applied to the continuity equation (1.3) to yield,
vV.-U=0, (2d)

which is identical to Eqn.(2.3).

Now considering applying the scalings defined in (1a-b and 2a-c) to the heat balance

equation yields,

[_i li] 0 E R = 1_2
7ot saz/\" 5 e UV v 3

<

Multiplying this equation by §° yields,
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(i_si][e_:(p]+1z—.v@=we, @)

which is identical to Eqn.(2.4).

Applying the scalings given in Eqn.(la-b) and Eqn.(2a-c) to the solute balance equation
(1.5) yields,

1o 10 c R =
(S—Qa—f—ggj{(l—@)9+—§@1+8—2U-V9=0- )

Multiplying Eqn.(5) by §* gives,

(i—é‘)i][(l— )0+ S %Rﬁﬁe—o (6)
i Coaz) N VT B

which is identical to Eqn.(2.5).

Finally apply the scalings given by Eqn.(1a-b) and Eqn.(2a-c) to the Darcy equation (1.6)

to gives,

U (7

where €, = -&,and e, = ¢, by virtue of the system of co-ordinates presented in Figure

2a. Multiplying Eqn.(7) by §/R yields,

aﬁ =3 o= 6Ram ~ A 17
sg, ar @)U =-Vp- =08, - Ta"8,x U. (®)
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Substituting R* = §Ra_ in Eqn.(8) reduces its to,

1 oU N — X o
37y E+H((p)U=-Vﬁ—R6ez—Ta‘/2erU. 9)
0

The coefficient of the time derivative 1/ 5y, may be simplified by using the definitions
for dand y,. Knowing that § = H*/IK‘ and y,=0,Prd, (where §,= li./ko) and

introducing in the expression for 1/ 5%y, vields,

1%, D 1
Lo b b D 1 (10)
0%, H “o,Prl, H%,Pr ¢,Pr
where 3 = Pr¢,/Da. Substituting the result of Eqn.(10) in Eqn.(9) yields,
10U S -
——+TI(9)U=-Vp-Roe,-Ta"¢,x U, (11)

Y Ot
which is identical to Eqn.(2.6).
It should be noted that Vadasz(1998) was the first to point out the scaling y = ¢, Pr/Da.

The parameter Da refers to the Darcy number, which is very similar to the mobility ratio

the only difference being that it is the reciprocal of the mobility ratio with the thermal

length scale being replaced by the mushy layer height.
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Appendix C : Derivation of the Basic solution

The basic flow solution to the system represents flow corresponding to the conduction
solution. At a later disturbances in the form of perturbations will be applied to the system
and the stability thereof will be investigated. In order to establish the basic flow we need
to analyse the equation set corresponding to the motionless state where the flow velocity
is zero and the temperature and solid fraction is horizontally uniform. For this state, the

governing system that needs to be solved may be presented as,

540, - Sy, |- !
dz| ® 5 7B a7 (V)
d[ c

‘SE (1_(PB)98+€S(PB—|:O )

dps

~—IB_Rp.-=
o RO =0, 3)

where the subscript “B” refers to the basic state. Eqns.(1-3) are subject to the boundary
conditions 85(0)=0, 6,(1)=-1 and ¢ 4(1)= 0 at each order in &. It can be observed
that the equations system presented in Eqns.(1-2) represents a coupled non linear system.
A solution in terms of the parameter &is anticipated. This may be achieved by
developing asymtotic expansions for the basic temperature and the solid fraction in terms
of the small parameter § where & <<1. The expansions for the basic temperature and

solid fraction in terms of & may be presented as,

98:980(2)"'5681(2)"'52632(2)"'0(63) €]

(PB:(PBO(Z)+6(PBI(Z)+62(P82(Z)+0(63)' (5)
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The idea is to solve for the solid fraction and the temperature at each order in &. The
final solution is then presented as a function of the solutions evaluated at each order and

.

To order O(58°) the governing system is given as,

< dog, d2930

_QYBo _ 6

S dz dz? (©)
d

03—20 (7)

=0, (8)

which upon solving subject to the boundary conditions stated earlier yields the following

solution for the basic temperature at O(8°),

B, =2 1. 9
Similarly the solution for the solid fraction at this order is given as,

Pgo=0. (10)
We now proceed to solve the system of equations for the basic flow to the next order in

8. The governing equations to order O(8) is given in terms of the lower order O(5°)

solutions as follows,
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4’6 g =dog  dOg,

- _ 11
@7 0z dz (I
d(‘pBl :_ideBO (12)
dz cg dz

Substituting the O(5°) solutions in Eqns.(11-12) and decoupling the equation to obtain a

single differential equation for the basic temperature as,

=-Q0. (13)
Solving Eqn.(13) subject to the stated boundary conditions yields,
Q
981=—5(22—2). (14)

Solving Eqn.(12) by similar methods yields the following solution for the solid fraction at

this order,

®B|=—é(i-1)- (15)

Now we present the governing system of equations for the temperature and solid fraction

to order O(5°) in terms of the solutions evaluated at the lower orders,

dzesz <40, B do g,

7 ~° 4z @ (16)
dog, dog db 5, dg g
@z " az Pegg Om dz (17
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In this case we solve for the solid fraction first at order O(5%). Substituting the lower
order solutions in Eqn.(17), then integrating with respect to z, and finally solving for the
integration constant by applying the given boundary conditions yields the following

solution for the solid fraction at this order,

(PBz:i "(2_1) +%(22_2) : (18)

Cs Cs

Now we concentrate on evaluating the basic temperature at this order. Note that

integrating Eqn.(16) once with respect to z yields,

db g,
dz

:g(PBz‘eBNLCsza (19)

where Cj, is the integration constant at this order. Now by substituting Eqn.(18) and the

temperature solution given by Eqn.(14) in Eqn.(19), integrating the result and applying

the boundary conditions given earlier, yields,

O (1., 1., Sf{1, ) 1{.S 1)_
eBZ:?EZ—EZ -\ T2 -7 |+ |25+ Z. (20)

The full solutions for both the basic temperature and the solid fraction is given by

substituting the solutions evaluated for each order in & in Eqns.(4-5) to yield,

0,(Z)=(Z- 1)+5{-%(z:’-— 2)%
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——+—(7°-7)|. (22)

. @Z-) | @z Q0
¢g(z)=-9 ¢ + 0 2 2,

Eqns.(21-22) are identical to the solution for the basic temperature and solid fraction as

presented in Eqns.(2.15-2.16).
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Appendix D : (a) Presentation of the Darcy equation in terms of the vertical
component of velocity
(b) Derivation of the perturbed heat balance, solute balance and modified Darcy

equation
(a) Presentation of the Darcy equation in terms of the vertical component of velocity

Before presenting a derivation of the perturbed system of equations, we need to modify
the Darcy equation to a form that allows for ease of analysis. We proceed to develop this
desired form of the Darcy equation by applying the curl operator (V x ) Eqn.(2.6) in order

to eliminate the pressure terms as follows,

10(VxU _ B
;%+ V x ([1(p)U) =-R(V x 8&,)- Ta"V x (&, x T). 0

The theorem V x (?ﬁ) = 0 was used to eliminate the pressure terms in Eqn.(1). Noting

that ® =V x U and acknowledging that TI(¢) is a function of Z only, allows one to
represent Eqn.(1) as,

~ A ~ A A A

e e, e e e e

>
>

o>

1 8(0 ) y z X y z X y z
;8—E+ 0/0X  0/oy 0/0z |=-Rj3/oX 08/0y 6/62—Ta'/2V>< 0 0 1 (2)
H(p)u M(e)v T(p)Ww 0 0 0 u v w

Performing the operations denoted in the matrices yields,
1 do ov ou 0w 0ou ov 0du
—+ 11 —_——_é—H ———e —-——e -
y ot (‘p){ax ay] . (‘p){ax az}’“n(‘p) 0% oy |
dil . dIi 00 . 08 oU
at s L pl s Y. 2 98
0 et 0 e R{ 0y [ pe ey}+ Ta P (3)
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It can be seen that the three terms following the time derivative in Eqn.(3) is simply the

vorticity definition in expanded notation. Eqn.(3) may simply be written as,

10 drl , 00 AP
;a—u%Jr I (g)o +E[ﬁéy—véx]—TaV' A —R[::e ”_e.]' *)

Eqn.(4) is identical to the equation presented in Eqn.(2.17). It may be noticed from
Eqn.(4) that the z-component is independent of temperature. This component is of

importance and will be used later in another computation. Writing the z-component of

Eqn.(4) as,

l_a_+H Tl/Qa_W_O 5

Rewriting Eqn.(5) for the vorticity as follows,

lﬁ I _ /2 a=/as
Xaer (¢)|o,=Ta’” 0wW/0z, (6)

which is identical to Eqn.(2.18). Note that, in Eqn.(6), o . represents the z-component of

the vorticity vector.

Applying the curl operator once more, on Eqn.(4)

10(Vxo) [dn ] 1, 8(V x U) 00 . 00
— 077 A _ wa _ 2\ " ~) A YA
NPT +Vx[H((p)w]+Vx dz[uey vex] Ta 7 ”_valaye‘_aiey]

(7)
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Eqgn.(7) may be written in matrix notation as,

~ A A~ A A ~ ~ A~ A~

L3 e, e, e, e e, e, e, e, e,

——lbjox ofoy ofoz+| ofox  o/oy  ofor |+ ofox 8/ 0/07-
* ® ® ® I, (e, H(e)e, [-vdl/dz udl/dz 0

X y z

()

Lo L a0 [o% 2]
T 57 T Nexaz T Cayez T 0% oyt |t

Evaluating the above matrices and considering only the z-component of the result yields,

10, (am 6mx] Lo ov| 00, 0% 0% o)
- a = .
Lot O3 "%y Tty 0z | 0% o0y

Noting that o =0wW/0y-0v/0Z, o, 6=-0W/0X+0u/0Z and recalling from the

continuity equation that 0W/0Z = - 9U/0X - 6V/0y yields upon substitution in Eqn.(9) the

following equation,

L2 Ho) [62v_v+ 0w asz] dnow 00, olo% %]
| T AT 2 St = == 2 —2 |-
voi Nty T e2) wmax "t a2 N e (0

Using the definition of vertical component of the vorticity given by Eqn.(6) above and
noting that V*w = 8’w/0x’ + 0°W/0y’ + 0°w/0Z" and V9, = 0%/6%°+0/0y® allows

Eqn.(10) to be written in the form,

2—

+H((p)}+Taaa

dll ow {16

10 10
——+1I Viw+ —— 20 =
[X PYi ((p)} dz 7% | 1 3 R[X a{+H((p)]VHe 0. (11)
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Eqn.(11) resembles the final form of the modified form of the Darcy equation that will
henceforth be used in the curreny study. We may now proceed to propose the perturbed

system of governing equations.

(b) Derivation of the perturbed heat balance, solute balance and modified Darcy

equation

For the derivation of the perturbation equations we adopt normal mode expansions for the

temperature, solid fraction and velocity as,

0=0g+e0, =0,+c0(Z)ee ™Y (12)
0=05+80,=0g+eR(Z)ee ™™ (13)
U=0+cU, =0+ eU(Z)e"e ™" (14)

Applying the expansions given in (12-14) to the heat balance equation (2.4) yields the

following perturbed to order ,
0 0 S _
[a?" 5 E] 1[9B 160, - g(% + stp,)}L ReUV(0,+¢0,)=V3(0,+¢0,), (15)

Neglecting the O(e?) and presenting the heat balance equation to order O(g) yields,

o .0 S _ 2
5055|050 |+ RW DB, =V, (16)

which after applying the definitions for the disturbed temperature, solid fraction and

velocity as presented in Eqns.(12-14) at order O(g) yields the following form of the heat

balance equation,
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SN,

(G—SD){Q— @}RﬁDeB:(Dhsz)é. (17)

Incidentally, Eqn.(17) is identical to Eqn.(2.23).

Apply (12-14) to the solute balance equation (2.5) and using the sequence of steps

outlined above yields,
~ N Co A A
(6 -d8D) (1-<pB)e—eB<p+§<p +RwD, =0, (18)

where the O(e?) terms have been neglected and the terms with the subscripts “B” refers

to the basic solution. Eqn.(18) is identical to Eqn.(2.24).

Now apply the expansions (12-14) to the Darcy Equation given by Eqn.(11) and use
exactly the same computation procedure as that outlined for the heat balance equation

above to easily give the following disturbed form of the equation,
2
O 9 2\~ [6) S Iy 22
[T H((p)] (D?-s )w+[;+ H(@)][DH DW - R |+ TaD*W = 0. (19)

Note that in Eqns.(15-19) that D=d/dz and s’ = si+si. Eqn.(19) is identical to
Eqn.(2.25).
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Appendix E : Derivation of the governing system of partial differential equations for

the O(5°) case for Anderson & Worster’s (1996) scaling

In order to derive the equations to orderO(8”) we first propose an expansion of the

perturbed quatities in terms of the parameter o as follows,

0 =0y t00,, (1)
R=R,, +0R,, @)
6=0,+056,, 3)
9 =00t30, 4
W= Wy + 0w, (5)

where the parameter § << 1. Introducing the expansions (1-5) in the perturbed heat

balance equation (2.23) yields,

S
(0 00 T80 - 6D) B0 +88,, - g((P 00 T 99 01) T (Roo + 6Rm)(woo + 6WOI)DOB =

(Dz - s )(6 o0 T 6601) (6).

Firstly it is interesting to note that Eqn.(6) contains an O(8 ") form which is of the form,

Y oog(P 0 =0 (7)
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The solution to Eqn.(7) is simply taken to assume the form ¢4, =0 ,+16,,= 0. Using

this solution and considering Eqn.(6) to O(8") yields the following form of the heat

balance equation,
(DZ - Sz)e 00 = §(D - 001)@ 00 t RooWeoD0 5o, (®)

where ¢, = 0, + 10, . Adopting exactly the same sequence of steps used to compute the

heat balance equation to order O(5°), we proceed to develop the solute balance equation

from Eqn.(2.24) as,
Cs (0 o~ D)(P o0t RogWeoDbgy = 0. )

For the Darcy equation we assume a definition for the permeability to be of the form,
[T(p)=1+804K,, where ¢4 - (Z-1)/cg is the solid fraction at order O(8) for the

basic state solid fraction. To order O(8°) the permeability is uniform and I1(9)=1 is

used in the the Darcy equation. Applying this permeability definition and adopting

exactly the same approach as that used to evaluate the heat and solute balance equations

to this order, yields the following form of the Darcy equation to order O(§°),
(D? - 6wy, - SRy 4y + TaD*wy, = 0. (10)

We notice that Eqn.(8) and Eqn.(9) are coupled in terms temperature, solid fraction and

the vertical component of the velocity. By writing Eqn.(9) as,

RyWoo DB
B (an

S

(D -0 01)(P 00 =
Substituting Eqn.(11) in Eqn.(8) yields an equation of the form,
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S
(D2 - 52)6 00 = C_RooWooDe o+ RogWgo DO g (12)

S

Refining Eqn.(12) further as follows,

S
(Dz - s’ )6 00 = [] ! E:_] RgWooDB g = QR W DO g5, (13)

S

where Q = 1+ S/c, . Noting that D 5, = 1, the modified heat balance equation (13), the

solute balance equation (9) and the Darcy equation (10) may be presented as,

(Dz - S2)600 - QR Wy =0 (14)
CS<G S T D)(P w T RogWe = 0 (15)
(D2 - Sz)Woo = "Ry + TaD*wy, = 0, (16)

which is identical to the system of equations presented in Eqns.(2.34-2.36).
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Appendix F : Derivation of the temperature, solid fraction, and vertical component

of velocity at O(8°) for Anderson & Worster’s (1996) scaling

The solutions to the system of equations (2.34-2.36) is provided. This system of

equations is given as,

(DZ - Sz)e 00~ QRgWg =0 (1)
CS(G a0, - D)(Poo + RyoWe =0 (2)
(D? - 8wy, - SR g + TaD Wy, = 0. 3)

Following Anderson & Worster (1996), we conjecture a solution for the temperature

which is of the form,
000 = ~Agsin(nz), ()

and satisfies the imposed boundary conditions. Substituting Eqn.(4) in Eqgn.(1) and
performing the respective derivatives with respect to z yields the following expression

for the vertical component of the velocity,

(n?+s)
Wy, = Ay, sin(nz) = By, sin(nz), (5)
QR,,

which is identical to Eqn.(2.39), where,

BOO - Q ROO AOO . (6)

178



It can be noted that coefficient relation given by Eqn.(6) is identical to Eqn.(2.42). We
may now proceed to establish the solute balance solution at this order using the solutions
evaluated for the temperature and the vertical component of velocity as given by Eqn.(4)

and Eqn.(5).
From Eqn.(2), the solute balance equation, we have,
Cs(o a0y - D)‘P 00 = ~RggWoo, (7

which takes the following form after substituting for the vertical component of velocity

as given by Eqn.(5),

TN

n2+sz)

Q

Cq (D— (0 L tio “))q) w = Ay sin(nz) . (8)

Eqn.(8) represents a non-homogenous ordinary differential equation for the solid fraction.

We proceed by first solving the homogenous part,

(D_(Grl+i0il))q)00,h =0, 9
which may be written as,

— :(orl+ioi,)d2. (10)

The solution to this equation is simply given as

>

(o, +i0,)Z

0 oon = Cpe , (12)
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where C, is simply an integration constant that will be solved for based on the full
solution of the solid fraction in relation to the imposed boundary condition. We now

move on to seek a solution for the non-homgenous part of Eqn.(8).

We proceed by proposing a probable particular solution solution to Eqn.(8). This is given

as,
0 oo, = Ay 8in(nz) + B, cos(nz). (13)
The non-homgenous equation for the solid fraction is given as,

n2+s2)

d ) o
CS(E—(0”+10“)]([)OOIPZ a Ay, sin(nz). (14)

TN

Substituting Eqn.(13) in Eqn.(14), performing the required derivatives and equating the

like trigonometric terms, yields the following relationships for the coefficients,

Apo = —Bpo (15)

00 - (16)

Noting that the full solution to the solid fraction is given by ¢ o, = ¢ oon t 9o, and using

the coefficients evaluated in Eqns.(15-16) together with the homogenous solution (12)

and the particular solution (13) yield the following form of the solid fraction,
(o+i0;))zZ 0.rl+i0-il . — —
0 =C,e ey TBOp sin(nz) + By, cos(nz). (17)
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Applying the boundary condition @, (1)=0 to Eqn.(17) yields the following relation

between the coefficients in Eqn.(17),
C, = Bye (18)

Substituting the relation given in Eqn.(18) in Eqn.(17) and using the coefficient relation
given in Eqn.(16) gives the following full solution for the solid fraction,

— (°,|+i0n)(z") = Gl’l + 10]] . —
0o = —Cpo| € +cos(nz)+ ———sin(nZ) |, (19)
it
where
n(n?+s%)
Coo = ) — 2780 20)
ch[n +(0r,+10“)]

Eqn.(19) is identical to Eqn.(2.40) whilst Eqn.(20) is identical to Eqn.(2.43). Substituting
the solutions given by Eqns.(5-6) in Eqn.(3) and using the amplitude relation given in
Eqn.(6) yields the following relation for the Rayleigh number (after minor algebraic

manipulation);

s (nz + sz)(n2 +§° 4 nzTa)
Rg = 05’ . (21)

Eqn.(21) is identical to Eqn.(2.41)
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Appendix G : Derivation of the governing system of partial differential equations

for the O(3') case for Anderson & Worster’s (1996) scaling

In order to derive the equations to orderO(8°) we first propose an expansion of the

perturbed quatities in terms of the parameter § as follows,

0 =04100,, )
R=R, +8R,, (2)
6=0,+80,, 3)
9 =90 +09y €
W= Woo T 0W,, (5)

where the parameter § << 1. Introducing the expansions (1-5) in the perturbed heat

balance equation (2.23) yields,

S
(G 00 T80 - 6D) O +88, - g((p 00 + 00 on) + (Roo + 6Ron)(woo * 6W01)D65 =

(D* - §)(8,, +804,) (6).

Taking 64y = 0,5 +10 ;= 0 and considering Eqn.(6) to O(3') yields the following form

of the heat balance equation after minor algebraic manipulation,
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(D= )84, + 5(06) - D)oo - RogWoy = (601 = D)Bgo + RegWooDB gy + RoyWog , (7)

where 6, =0, +10, and O is the basic temperature solution at order O(6)and is
simply inferred from Eqn.(2.15). Adopting exactly the same sequence of steps used to
compute the heat balance equation to order O(8), we simply present the solute balance

equation from Eqn.(2.24) as,

Cs(0 o1~ D)(P ot RgWo, = _(001 - D)@ ot (001 - D)e 800 o0 ~ RogWeoDO gy = Rgywyy  (8)

It can be noted that the heat balance equation (7) and the solute balance equation (8) are
coupled in temperature, solid fraction and vertical velocity. Ideally we prefer to have a
modified heat balance equation which is composed of the temperature and vertical
velocity. Using exactly the same technique as that outlined in Appendix E to decouple the
heat and solute balance equations, we obtain the following modified heat balance

equation,

(D*- 50, - QRoWy, = [(, +i0,)) - D]

S
Q84 - C_eBo(Poo t

s
QR WeDB g, + QR Wy, (9)

which is identical to Eqn.(2.44). For the Darcy equation we assume a definition for the
permeability to be of the form, I1(¢)=1+03¢5K,, where ¢4 - (Z-1)/c is the solid

fraction at order O(8) for the basic state solid fraction. Applying the permeability

function definition together with the definitions given above for the dependant variables

and parameters to Eqn.(2.25) gives,

5 2 b
[ 101 +1+8K,0 Bl] (Dz— 52)(W00+6W0|)+{ ~ +1+8K0 B'][D(HSK’([) B')'
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D(weo # 8w, )~ 5 (Ry +8Ry JB oo + 684,)|+ TaD(wee 8wy, )= 0. (10)

We can now expand Eqn.(10) and collect those terms to order O(8), the result of which
contains known and unknown solutions for the temperature and vertical component of

velocity. Separating the unknown solutions for the temperature and solid fraction from
the known solutions evaluated at orderO(SO), yields the following non-homogenous

partial differential equation at order O(3),

6,110,

) +Kp B,](D2 - )woo -

(D? - 52wy, - PRy, + TaD w,, = —2{

2 2 0r|+i0il
KID(‘PBIDWOO+SR01600+SR00900 X +KI(PBI s (11)

which is identical to Eqn.(2.45).
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Appendix H : Derivation of solvability condition at O(3') for Anderson &
Worster’s (1996) scaling

In essence the solvability condition to an ordinary or partial differential equation is
simply a parametric relation that renders the equation solvable. In our case the solvability
condition would provide a relation between the Rayleigh number and frequency which
are both a function of important parameters such as the Stefan number, composition, and
permeability (to mention a few) that govern the flow patterns in the mushy layer. The
various parameter settings found this way are defined in a manner that makes the system
of equations solvable. The system of equations of which we are interested in finding a

solvability condition for is given as,

_ S
(DZ - S2)901 - QRywy, = [(0 A T10,)- D][Qeoo - C_eBO(P oo} t

s
QRyyWeDO g, + QR wy, ()

Grl+l(5”

(D? - §*)w,, - S*Rygf,, + TaD’w,, = —2[
X

+ Ko Bl](DZ - Sz)Woo -

6, tio,
K,Dg g, Dw, + S2Roneoo + SZROOGOOI: I ) -+ Ko BI] . @)

To ease the calculation of the solvability condition, we may adopt the following symbolic

notation,
(D2 -s’ )901 - QRgwy, = RHS, 3)
(DZ - SZ)Wm =Ry, + TaD’wy, = RHS,,. 4
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where the right hand sides of Eqn.(3) and Eqn.(4) represent the respective function

evaluated at the lower order and a full description of them is provided in Eqns.(1-2).
Attention is also drawn to the scalar values P, and P, referred to below Eqn.(2.46) are

defined with respect to Eqn.(4) as,

P = (Dz - Sz)wm(o) - SzRooem(O) t TaD2WO|(O) = RHS,, (0) (5)

P, = (D? - 82wy, (1) - "Ry o, (1) + TaDw,, (1) = RHS ., (1) , 6)

2

which represent the Darcy equation evaluated at Z=0 and Z=1 respectively. Noting

that w,(X,0) = wy,(X,1) = 0,,(%,0) = 0,,(X,1) = 0, reduces the system (5-6) to,

2 RHSDarcy(O)

Pl =D W01(O) = (1+ Ta) Q)
) RHSDarcy(l)

Pz =D WOI(l) = (l+ Ta) . )

Incidentally it was found that P, + P, = 0. The relations given in Eqn.(7-8) will prove
useful later in the evaluation of the solvability condition. We decouple Eqns.(3-4) and

obtain a single partial differntial equation for the vertical component of the velocity as

follows,
(Dz - Sz)2WOI ~ Qs"RG W, + Ta(D2 - 52)D2W01 = S"RoRHS,, + (Dz - Sz)RHSDarcy )

where D= d/dZ. We multiply Eqn.(9) by the the eigenfunction W, = By, sin(nz) and

integrate over the domain Z € [0,1], to give the following representation of Eqn.(9),
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1 I 1
J(Dz - 32)2 Wy, Wo,dZ - J.Q S'R2,W,,. WoodZ + JTa(Dz - §)D Wy, W, dZ =

0 0 0

[$RRHS, .. weodZ + [(D? - 2 )RHS
0

0

Darcy * WOOdZ . (1 O)

heat

Noting that w,(X,0) = w,,(X,1) = 0 , allows the left hand side of Eqn.(10) to fall away,

thereby allowing it to be presented as,

[$*RGRHS,, . wy,dz+ [(D? - s*)RHS

0 0

WydZ =0, (11)

Darcy *

Using Mathematica to evaluate the above integrals and remembering that P, + P, = 0,

which is obtained from Eqns.(7-8), yields the following expression for the solvability

condition,

K, R QO K 2, )
—ER, 8+ 2 2+mRoos2 (n2+sz)——0°‘ Roosz[*%h] —(n S) +
deg 2 2y 2 2¢c x /) QR

(n?+s?) S
- Qc?

5 )| 1 . n2(1+e °“') )
(77 +5*)Rys” 4+2(n +001) (rrol) =0. (12)

Multiplying  Eqn.(12) by -(n*+s*)/s’R,, and using the fact that

QSZR00 = (n2 + sz)(nz +5°+ nzTa) , allows Eqn.(12) to be written in the following form

after minor algebraic operation,
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(T[z-{—52)2(7[2-{—52_nzTa)l:lE-{—E:l_(nz_{—sz)z ROI +( 2 2)%

(n2+sz+n2Ta) 4oy 2y ? TS i
§ 2 l G Tl',2 l+e “l)
cé(n +S) 4+ (n +001) (n to )2 0. 1)

where ¢ =0 ,+10,. Eqn.(13) is similar to the solvability condition presented in

Eqn.(2.46).
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Appendix I : Derivation of the characteristic Rayleigh number and asymtotical

Rayleigh number, corresponding to Anderson & Worster’s (1996) scaling

The Rayleigh number correction corresponding to the case of stationary convection is
obtained by substituting 6 =6 ,=0,=0 in Eqn.(2.46). The result of this operation

gives,

(1

K, (n2+sz—n2Ta) S [1 2]
4 1

R, 1
R 4 2,2, v T o2lat 2
Ry 4 ¢ (n +8 47 Ta) Qg

Rescaling the wavenumber by setting o = Sz/ n’ and defining a parameter of the form,

A= §/Q cs , allows Eqn.(1) to be written in the form,

R, (1+a-Ta) 1K,

1 2
R, (+to+Ta)4c, [4+n2]’ )

which corresponds identically to Eqn.(2.48). Noting that the definition of the Rayleigh

number my be presented as,

_ ROI
R = R00[1+6R—W 3)

00
The Rayleigh number established at order O(8°) was found to be of the form,

R _n_z((x+1)((x+l+Ta)
0o o ' 4

Substituting Eqn.(2) and Eqn.(4) in Eqn.(3) gives an expression of the form
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(o« + )(1+ + Ta) [(Ha—Ta)l& P iD
Rc’s‘:n\/ Qua {HS (1+ 0+ Ta) 4 ¢ i e )

which is identical to Eqn.(2.50). It can be noted, as pointed out in the Section 2.3, that for
the case of Ta— 0, Eqn.(5) collapses to the Rayleigh number proposed by Anderson &
Worster (1996), given as,

1 1 K, 1 2
Rc,sl:ﬂ(a-kl) a 1+5 ZC—-FQX Z+n—2 , (6)
S

the only differnce being that Eqn.(6) is in the Author’s current scaling.

It was noted from the characteristic curves presented in Figures 4 to 9 in Section 2.3 that
as the Taylor number is increased, the Rayleigh number shows no appreciable changes

with respect to the wavenumber. For the case of very high Taylor numbers we may obtain

the minimum Rayleigh numbers from the limit, Tlim R, . Before applying this limit, we

write Eqn.(5) in the following form,

o+ DTa(yTa+ o/Ta+ 1) [(1/Ta+a/Ta—'l)1Kl 1 2}
R n\/ 0a {HS (1/Ta+a/Ta+1)Zz+m\[ ] - (N

Now applying the limit Tlalill R. . to Eqn.(7) negates terms that are of the order O(1/Ta),

thereby resulting in the following definition of the Rayleigh number at high values of

Taylor number,

; ITa [ 1 1 K 12
R(abym): i [__ il _
=Ty 1+a I+38 4CS+QX e ®
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Eqn.(8) is exactly the same as Eqn.(2.52).With reference to Figures 4 to 9 it can be

inferred that the minimum of the characteristic curve that forms the asymptote with the x-

axis occurs at high wavenumbers. Applying the limit lmR_ to Eqn.(8) yields the

critical value for high Taylor numbers and is expressed as,

RO = |2 1+6{ 15+Q}F+ij
cr,st =T Q 4 Cs v 4 7[2 . (9)

Eqn.(9) is identical to Eqn.(2.53).
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Appendix J : Derivation of the cubic equation for the critical wavenumber

corresponding to Anderson & Worster’s (1996) scaling

To find the convection threshold point for stationary convection, we actually seek the
minimum points on the characteristic curves corresponding to the different parameter
settings. These points are denoted by differentiating the characteristic Rayleigh number

with respect to the wavenumber and solving for the resulting polynomial for the critical

wavenumber as a function of the system parameters, ie. we solve dR / do = 0. Firstly

¢,st

the characteristic Rayleigh number for stationary convection was found to be of the form,

RC’SI:n\/(ow1)(l+a+Ta){1+5[(l+a—Ta)1K1+QK[1+ZQD] o

Oa (1+0 +Ta) 4 ¢

Applying the derivative dR_ /da =0 to Eqn.(1) yields the following expression in

symbolic form,

AT it 2]

S

(@+1)(1+a+Ta) d (1+o-Ta) I K, 1 2
J o -daH“S[—(Hmﬁmg*m[fnzwzo @

Setting 1, = 1+6Q K[l/4 +2/n 2] , allows Eqn.(2) to be written in the form,
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+

do o (1+a+Ta)4cS

d[\/(“”)(““*Ta)Hnm,Jra[“”Ta“K‘]

J(u+1)(1+u+Ta) d {6[(1+Q—Ta)1K]}:O .

— i
a “do | \(I+a+Ta)4 cg

Using Mathematica to evaluate derivatives in Eqn.(3) and collecting the like coefficients

for the critical wavenumber as follows,

at:0 (4)
a’: K S +4eqn,, %)
o’ K §(1+3Ta)+deen,, (Ta+ 1) (6)
a: -Kd(1-3Ta)-4cen, (Ta+ 1) (7
a’: -K8+K Ta% - degn, - 8csTan,, - 4csTa™, . (8)

These terms may then be included in the third order polynomial, divided by ¢ and

substituting 1, = 1+ SQX[l/4 +2/ 7{2] to give,
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Kl 3 Kl 2
{4+6[—+ 4nSHa + {4(”“)%[7(” 3Ta)+4ns(1+Ta)]]a +

CS S

{—4(1+ Ta)- 6[%(1— 3Ta)+4n,(1+ Ta)] ]a +

S

S

{-4(“ Ta)* - 6[?(1— Ta®)+4n,(1+ Ta)z” =0,09

which is identical to Eqn.(2.54a). Note that in Eqn.(9), 1, = Qk[l/4 + 2/1t 2] :
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Appendix K : Derivation of the eigenfunctions for the temperature, stream function
and solid fraction for the (a) oscillatory convection case, and (b) stationary

convection case for Anderson & Worster’s (1996) scaling

The expansion for the temperature in terms of the basic solution and the perturbation may

be written as,
0=0,+eb,4(Z)e"e™ +cc, (1)

where the notation c.c stands to identify the complex conjugate of the first two terms in

Eqn.(1).
(a) Eigenfunctions for Oscillatory Convection

The solution for 6 ,, was established earlier and is respresented as,
B0 = ~Ag SIn(nz). (2)

In the current study we let s, = 0 so that s’ = s, thereby implying that there flowfield,
though three-dimensional, is not a function of the co-ordinate y. Applying the above and

noting that ¢ = ic , we may proceed to write Eqn.(1) in the following way,
0=0,+e0,(Z)e Ve, (3)

The exponential terms may now be written in terms of sines and cosines using the

following general notation,

e™ = cos(M) + isin(M) . %)
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Applying the theorem illustrated in Eqn.(4) and the temperature solution provided in
Eqn.(2) to Eqn.(3) yields the following form,

0 =0y - (2Ay,)sin(nz)cos(s, X+ 0,0 + isin(s,X+ 0, )]+ c.c, (5)

which when added to the complex conjugate yields the following solution for

temperature,
0=0,- z(gAOO)sin(nZ) cos(s, X +0 1), (6)

which is identical to the solution presented in Eqn.(2.73). The solution for the vertical
component of the velocity follows exactly the same lines as that used for the
determination of the temperature above. The process will not be repeated, but the result

thereof is,

(n°+5°)

+ _
w=0+ Z(SAOO)nQTsin(nZ) cos(s X+ 0 ,t). (7
00

Using the definition of the stream function viz, W = - dy /0X , we may integrate Eqn.(7)

with respect to X to give the following definition for the stream function,

2

y=0- 2(8A00)@

OR s sin(nz)sin(s, X+ 0 ,t), (8)

which is identical to Eqn.(2.74).

We now proceed to develop the eigenfunction for the solid fraction by first providing a

definition in terms of the basic flow and the perturbation as follows,
O=0gteQ oo(z)ei(sxmcm tC.C. 9)
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In this case the solid fraction ¢, is given as,

_ i6;,(z-1) — 10_11 . _
g = ~Cool + cos(nz) + h sin(nZ) |, (10)
where
C _MA (11)
00 — ch[nz_oizl] 00 -

It can be noted that Eqn.(10) has both real and imaginary parts. Applying theorem (4) to
Eqn.(10) yields,

0o = ~Cop {cos[c ((z- l)]+ cos(nZ)} + i{sin[o ((Z- l)]+ o, /n si.n(ni)}] . (12)

Applying theorem (4) on Eqn.(9) yields the following form,

0 =05 Ca {codo, (2= D]+ cos(wn} + ifsino (- D] o, /nsin(r2) ||

[cos(sxi+ o,b)+isin(sX+o ”f)]+ c.c. (13)

Performing the algebra in Eqn.(13) above and adding the result to the complex conjugate

yields,

0 =0y 2(sAOO) n(n rs ) >{(cos[o“(2— l)]+ cos(nZ)).cos[sX+ o ”f]—

ch(nz—c.z

1l

(0 4/ .sin(nz) + sin[c G (Z- 1)])}.sin[si+ 8o ”f] , (14)
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which is identical to Eqn.(2.75).

(b) Eigenfunctions for Stationary Convection

The eigenfunctions for the the temperature, stream function and the solid fraction for the

stationary case are obtained by substituting ¢, = 0 in the solutions for the oscillatory

case. This is fairly simple and the temperature, stream function and solid fraction are

given as,
8= 0, - 2(sA,)sin(nZ) cos(sx) (15)
Y = 0- By, sin(nZ)sin(sx) (16)
9 = 95~ Cool1+ cos(nZ))cos(sx). (17)

Eqns.(15-17) are identical to Eqns.(2.55-2.57). The coefficients in Eqns.(16-17) are

defined as,

2+ 2
B, 2(8A00)(T;2R0:S) (18)
and
2+ 2
Coo = 2(eAy)) (KQC; ) . (19)
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Appendix L : Derivation of the equation for the characteristic Rayleigh number and

oscillatory frequency for Anderson & Worster’s (1996) scaling

Recall that the solvability condition was found to be of the form,

2 AV (r2+ 2 -12Ta) 1 K R o
) e o e R

_§_ 2 221 Oy T
ch(ﬂ +S) 4+2(n2+6§1)+ (n2+c(2”)2 ’

where 6 =0, +i0,. The characteristic Rayleigh number and the corresponding
oscillatory frequency equations for the case of oscillatory convection are obtained by

substituting 6 = i6,, in Eqn.(1). Eqn.(1) then assumes the following form,

(r?+ ) (n?+* - 1°Ta) 1K, Qo] ¢, Ry (o, 5 Qioy
(25 - 2°Ta) 4Cs+2X ~(n2+Y) OO+(1I +s?) S
i , oyl i, n2(1+e'“’”) )

0q " | o ) oy | @

Eqn.(2) is of the form Re + iIm =0, which case we require that Re=0and Im=0 need

oy _

to be satisfied. Using this fact and noting that " = cos(c ) -1isin(c,,), Eqn.(2)

provides two equations by equating the real and imaginary parts to zero. These equations

are for the Rayleigh number correction for oscillatory convection,

Ry, (n+s?-7’Ta)1K, S |1 n’

R,, - (ﬁ2+82+n2Ta)Zz+b?§ Z+—(ﬁ2_0,21)2 (1+COSGH) ; 3)
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and for the frequency,

2 Y (2 + 8- 1°Ta)o, 1
g e

i 2, 2\ i B T ing. |=0
Q(:é(1T +S)[2(n2—0,21) (nz—cfl)zsmcn | @

Applying the scaling o = SZ/th , A= §/ch§ and y = X/n2 to Eqns.(3-4) and dividing

the frequency equation (4) by ¢, yields,

1 n’
—+72(1+cosci,) (5)

4 (n?-0?)

R 1+o-Ta)l
Ol,ov:( ta a)'_&%-Q)L
R, (I+o+Ta)4 c,

_1_(a+1)(a+l—Ta) 5 1 21’ sino B
G"[QY 1+ Ta) +1+ a2 (1+a) (752_0-2)_(1{2—(5?])2 . =0. (6)

1l

Eqns.(5-6) are identical to Eqns.(2.60-2.61). If the limit Ta— 0 and y - » , is applied
to Eqn.(5) and Eqn.(6), we obtain,

ROIov l 1 1 T[Z
= ——1 4 Q) —+ ——— (1 +coso, 7
Ry 4 cq !4 (nz—ofl)z( ]) (7
] 21°  sino,
o, 1+An*(1+a) - L =0 8
l{ |:(T[20-121) (1‘[2—(5?')2 G ﬂ ’ ( )
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which represents the exact form of the equations solved by Anderson & Worster
(1996) for oscillatory convection, the only difference being that Eqns.(7-8) are
presented in the author’s scaling. Incidentally Eqns.(7-8) are identical to Eqns.(2.62-
2.63).
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Appendix M : Derivation of the characteristic equation for the wavenumber as a

function of the frequency for Anderson and Worster’s (1996) scaling

We observe from Eqn.(2.60) and (2.61) that the frequency appears implicitly, thus
implying that the characteristic values for the wavenumber and the frequency need to
be evaluated numerically in order to predict the Rayleigh number correction from
Eqn.(2.61). It was decided that it would be easier to solve for the wavenumber as a
function of the frequency and the system parameters. The frequency equation may be

stated as,

1 (o +1)(c +1- Ta) 1 2r*  sino,,

— +1+ (14 - =
Qy  (a+1+Ta) wll+a) (nz—oizl) (nz—o.z)z 0 0@

Using the following variables to represent the parameters,

1
X, = ar (2)

and

nz—o-z)_(nz—o.z)z oy | )
Substituting Eqns.(2-3) in Eqn.(1) yields the following form of Eqn.(1),

(o +1)(a +1- Ta)
' (0 +1+Ta)

+1+(1+ )X, = 0. (4)

Multiplying Eqn.(4) by (o + 1+ Ta) to give,
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Xl((x+1)((x+1—Ta)+((x+1+Ta)+X2(1+0L)((x+1+Ta): 0. (5)

Expanding Eqn.(5) and grouping the like coefficients to yield an expression of the form,

(%, + X, o +[2(X, + X, ) Ta(X, - X, )+ 1o+ [(X 0+ X, )+ Ta(X, - X, )+ Ta+ 1]=o0.

(6)
If,
a, = (X, +X,) (7
a, = 2(X, + X, )+ Ta(X, - X, )+1 8)
a3:(X1+X2)+Ta(X2—X1)+Ta+1, )
then Eqn.(6) may be presented in terms of the quadratic formula as follows,
~a, t4a; -4daa,
O, = : (10)

2a,

It can be noted that Eqn.(10) produces two roots for the wavenumber for a given
frequency and a particular parameter setting. Obviously if only positive values of
wavenumber are sought, and if one value is positive and the other is negative then only
the positive root 1s considered. If both the roots are positive, then the root corresponding
to the lower critical Rayleigh number is selected as it represents a lower convection
threshold point. The definitions for X,and X, are substituted in Eqns.(7-9) and are

rearranged as follows,
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1 5 1 2n*  sino
alz—+ﬂ', A ( o\~ ' (11)

2-Ta) 1 %24 Ta) 1 2n*  sino, (1
a,=(2-Ta)y—+n + Ta -
? Qy (nz—ciz,) (nz—cfl)z 0 (12

2r*  sino

1 , 1
a3:(1Ta)Qy+[n {(nchl)—(nzcz)z s }+1}(1+Ta). (13)

il

Eqns.(10-13) are identical to Eqns.(2.64-2.67).
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Appendix N : Derivation of the asymptotic wavenumber and Rayleigh number for

Anderson & Worster’s (1996) scaling

[t was found that for low values of the parameter y the curves of freqency versus the
wavenumber reaches and asymptote, see Figures 15 and 19. This was found to occur at

very high values of frequency. Considering the frequency equation,

(o + 1)(ct +1-Ta)

+1+ 1+ 0a)X, =0
Tt X0, M
where
1
X, =—
by 2)
and
X 2 1 2n*  sing,,
=T - i 3
: (nz_glzl) (n2—0121)2 0y ©)

Multiply Eqn.(1) by y to yield,

i(a+1)(a+1-Ta)
Q  (a+1+Ta)

+y+y(l+a)X, =0, 4)

Applying the limit lyljr&() to Eqn.(4) for small values of vy gives

((x+1)(0L+1—Ta):O. (5
Solving for the wavenumber yields,

o =Ta-1, (and « = -1 which is not of physical significance) (6)
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which represents the wavenumber towards which the curves for the different values of A

converge. Eqn.(6) is identical to Eqn.(2.71).

The Rayleigh number corresponding to oscillatory convection is given as,

Reo = Roo(1 9 ROl,ov/ROO)‘ (7)

The correction Rayleigh number is given by Eqn.(2.60) as,

Ryo (I+a-Ta) 1K, 1 g
T T S (14 cosa, )|
R,, (l+a+Ta)4 C ¥ 4+ (nz_oizl)( +COSG|I) (8)

Substituting Eqn.(8) in Eqn.(7) and using the definition of the Rayleigh number as given
by Eqn.(2.49), yields the following characteristic Rayleigh number for oscillatory

convection,

R = n\/(a ot Ta)[lw{—(lw - Ta)lKWQkFJr LA )(1+COSGM)D

a0 (1+0+Ta) 4 c 4 (x%-o?

€

which is identical to Eqn.(2.68). Substituting the limit o 0~ o in Eqn.(9) yields,

(o + 1)(at + 1+ Ta) (I+0-Ta) 1K, QA
R(asym) — \/7 1 6 - 1
€. T a ) ¥ (1+(x +Ta) 4 ¢ ¥ 4 )0 (10)

which is identical to Eqn.(2.72).
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Appendix O : Derivation of the governing system of equations for the Author’s

scaling

The system of governing equations analysed by Anderson & Worster (1996) was scaled
in space, and time in terms of the dimensionless mushy layer growth parameter 6. The
Rayleigh number, velocity and pressure were also scaled in terms this parameter. The
parameter O is the ratio between the height of the mushy layer and the thermal length

scale (defined in Appendix A) and is sometimes referred to as the growth Peclet number.

The current scaling for space and time may be presented as,
xe, +ye, +ze,=5(Xe +ye, +2z¢,), t=05t (la-b)

whilst the Rayleigh number, velocity and pressure were scaed as,

R_ ~
U=—-U, p=Rp. (2a-c)

R’ =%Ra_,
am 6

These scalings were then applied to the continuity equation (1.3) to yield,
V.U=0, (2d)

which is identical to Eqn.(3.4).

Now considering applying the scalings defined in (la-b and 2a-c) to the heat balance

equation yields,
16 19 S|, R 1o
[ —.-——_][e—gwj+—zU-ve=—zvze~ ®)

Multiplying this equation by & yields,
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0 aj( EJ -
—_=lle-= RU-VO=V. 4)
6(8'[ " 5"

Applying the scalings given in Eqn.(la-b) and Eqn.(2a-c) to the solute balance equation
(1.5) yields,

10 1 aj Cs ] R_ —
——-——|(1-09)0+ = —U-Vo=0. 5
[sat 6@2{( PR e g ©)
Multiplying Eqn.(5) by 8 gives,
0 8] Cq _
———||(1-9)0 + = RU-V6=0. 6
6(8'{ 0z {( ?) +6(P}r ©

Finally apply the scalings given by Eqn.(la-b) and Eqn.(2a-c) to the Darcy equation (1.6)

to gives,

R— — ~ /24
o0 @ U= Vp-Ra 0@, Ta"%, x U ©)

where €, = -€,and €, = €, by virtue of the system of co-ordinates presented in Figure

2a. Multiplying Eqn.(7) by 8/R yields,

U — -_ OdRa _
— 4+ (YU =-Vp- —™0e - Ta"’%e
6X,0 ot ((P) P R <, Ta erU, (8)

Substituting R* = §Ra_ in Eqn.(8) reduces it to,

~

U _
—+II(p)U=-Vp-ROeé -Ta’e x U
51, (9) p-Robe,-Ta’"¢e, x U. (9)
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If we set y, = 87,, where 3, = Pr¢,9,. In addition, if we set t' = yt, then we may write

the heat balance, solute balance and Darcy equations given above as,

V.U=0 (10)
6[ 0 i}[e S ]+Rﬁ VOo=V? (11
X,I atr a-i S(P - ( )
6( 9 i] (1-9)0+-S¢ |[+RU.V0 =0 12
Y150 37 (P)+6(P+ Vo = (12)
oU — = U T
a—t,+H((p)U=—Vp—R@eZ—TaV‘elxU. (13)

Eqgns.(10-13) are identical to the system presented in Eqns.(3.4-3.8).
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Appendix P : Derivation of the perturbed heat balance, solute balance and modified

Darcy equation for the Author’s scaling

For the derivation of the perturbation equations we adopt normal mode expansions for the

temperature, solid fraction and velocity as,

0 = OB+861 = eB_}_gé(z)ecl’ei(sxmsyy) (1)
=0 B + EQ, = Qg + g(ﬁ(z)ecl'ei(s_\.iﬂ_vy) (2)
U =0+ Eﬁl =0+ 8ﬁ(z)ecl'ei(sxi+s_\,y) . (3)

Applying the expansions given in (1-3) to the heat balance equation (3.5) yields the
following perturbed to order ,

o0 g _
S(X,at,—£]1[93+ge,-g(%mml)}RgUlv(Oﬁge,):v2(98+sel), (4)

Neglecting the O(?) and presenting the heat balance equation to order O(¢) yields,

0 0 S .
6[7(1at:_gj{el_gq)lkaWlDOB:Vzela (5)

which after applying the definitions for the disturbed temperature, solid fraction and

velocity as presented in Eqns.(1-3) at order O(e) yields the following form of the heat

balance equation,

oo|c/;|

5(3.0 - D)[é -

qs} RWDH , = (D* - 2§ . (6)
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Incidentally, Eqn.(6) is identical to Eqn.(3.20).

Apply (1-3) to the solute balance equation (3.6) and using the sequence of steps outlined

above yields,
~ “ C N A
B(X,G—D){(I—QB)G—GBQ+§S@ +RWDH, = 0, (7

where the O(g”) terms have been neglected and the terms with the subscripts “B” refers

to the basic solution. Eqn.(7) is identical to Eqn.(3.21).

Now apply the expansions (1-3) to the Darcy Equation given by Eqn.(3.7) and use
exactly the same computation procedure as that outlined for the heat balance equation

above to easily give the following disturbed form of the equation,
2?2\ = 2pA 25
[0+ I(9)] (D - *)W+[o +T1(o)| DI DW - ’R|+ TaD*W = 0. (8)

Note that in Eqns.(5-8) that D= d/dz and s’ = s + 57 . Eqn.(8) is identical to Eqn.(3.22).
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Appendix Q : Derivation of the permeability function used in Author’s scaling

Amberg & Homsey (1993) and Anderson & Worster (1995) used a Taylor series
expansion of the permeability function as a function of the solid fraction for ¢ <<1,

given in their notation as,
M(9)=1+Ko + Ky ++0(¢”), (D

where K,, K, ,...defines the permeability constants. The implications of Eqn.(1) is that
the effects of permeability are introduced at each order of the computation. In the current
study we follow Amberg & Homsey (1993) and Anderson & Worster (1995) with the
only difference being that we introduce the effects of permeability from the third order of

disturbance only. Our new formulation of the permeability function is given as,

M(p)=1+Kp°, (2)

where the constant K_> 0, so that the permeability decreases with increasing solid

fraction. Noting that the solid fraction may be written in terms of the basic state and soild

fraction as follows,

P=0g+EQ,, (3)

e represents the solid fraction eigenfunction evaluated at the

where ¢, = ¢(Z)e
leading order. In the current study we only extend our expansions for the dependant
variables to order O(8°). The basic solution solid fraction to order O(5°) was found to

be ¢ 5, = 0. Substituting this result in Eqn.(3) yields the following definition for the solid

fraction,

P =¢€0,. 4)
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Using the result presented in Eqn.(4), we may present the permeability function as

H(sq)l):l+Kc82(pf, (5)

which is identical to Eqn.(3.26). As pointed out earlier, it can be noted from Eqn.(5) that

the permeability effects are only introduced at the third order O(e*) .
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Appendix R : Derivation of the system of governing equations at 0(8°) for the

Author’s scaling

The perturbed system of governing equations found for the author’s scaling may be

summarised as,

3(x,0 —D){é—?(ﬁ}R@DeB: (D*-5%)6 (1)
5(;(,0—D)[(l—(pB)é—quS+(;—S(§}+RVLVDGB:0 )
o+ ()] (D? - & )w+[o + Ll (o) DI DW~ §’R§ |+ TaD*W = 0, 3)

where D=d/dz and * =+ si. As pointed out earlier, we are only interested in the

O(8°%) problem, so we need a representation of this case by reconsidering the system (1-

3). Expanding Eqn.(1) yields,
5(3,0 - D) - S(,0 - D)j + RWDB, = (D? - 5°)0 . (4)

Although an expansion of the dependant variables in terms & could be undertaken, we do

not do this for clarity as the order O(8) is not investigated here. We retain the dependant

variable scaling here and present the O(e6°) system inferred from Eqn.(4) as,

~

-3(x,0 - D)§ + RWDB , = (D* - )8, (5)

for the heat balance equation. By following the same steps as that above the soute balance

equation may be presented as,
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cs(1,0 - D) + RWDB 5, = 0, (6)

at order O(ed°) . For the Darcy equation we recall that [T(sg )= 1+ K¢ *p+, and present

it as,
[6+ 1]°(D? - §*)W-[o + 1]s’R + TaD*Ww = 0, 7)
at order O(e8”) . Recalling that D, = 1, and decoupling the heat and solute balance

equation we may present the following system of governing equations for the modifed

heat balance, solute balance and Darcy equations at order O(8°),

(D*-5s%)6 - QRW =0 (8)
cs(x 0 - D)(ﬁ +RW=0 9
[6 + 1]°(D? - s*)w-[o + 1]s’R6 + TaD*W = 0. (10)

Eqns.(8-10) are identical to the systems presented in Eqns.(3.27-3.29).
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Appendix S : Derivation of the perturbed functions for the temperature, solid

fraction and vertical velocity component for the Author’s scaling

The system that needs to be solved may be represented as,

(D*-s*)f - QRW=0 1)
¢s(1,0-D)jp+ Rw=0 ©)
[0 +1](D? - s*)W-[o + 1]s°R + TaD’W = 0. 3)

As before we select an eigenfuncion for the temperature to be of the form,

0 = - B, sin(nZ) . Substituting this in Eqn.(1) yields a solution for the vertical component

of the velocity to be of the form,

2 (752 + 32) - s
W = TB' sin(nz) = N, sin(nz), 4
where
n’+ s l+a
Nl = ( )B = ( )B, 5 (5)

QR ' QR

where the scaling « =s’/n* and R=R/n”. Note that Eqns.(4-5) are identical to
Eqn.(3.31) and Eqn.(3.33). The solution for the solid fraction follows exactly the sames
sequence of steps as outlined in Appendix F, the only difference being that the parameter
%, preceeds o . The solution procedure won’t be repeated here but the final solution is

provided in the form,

¢ = —Cl[e”z“’(z"’ +ony sin(nz) + cos(ni)] , (6)
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where the coefficient,

~ n(l+a)
e QCS(1+ n’y’c?

B,. Q
)

and the scaling v = ¢ ]/nz has been used. Note that Eqns.(6-7) are identical to Eqn.(3.32)
and Eqn.(3.34).

Substituting the solution for the temperature and vertical velocity given above in the

Darcy Eqn,
[o +1]*(D? - s?)Ww-[o + 1]s’R6 + TaD*W = 0, (8)
gives,
N 1
R=—1 ? .
B [0+ o ([c +1]7 1+ o)+ Ta) 9)

Using the relation between N, and B, , given by Eqn.(5) as,

Z

D (14 a)

B" oR (10

P~

and upon substitution in Eqn.(9) yields,

(1+a)

RR= ———
[o +1]Qa

(lo+1°(1+ 0)+ Ta). (11)

Using the scaling, R = R/n 2 allows Eqn.(11) to be written as,
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—, (1+a)

:m([c+il.]z(l+a)+Ta), (12)

which is identical to Eqn.(3.35).
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Appendix T : Derivation of the critical wavenumber and Rayleigh number for

stationary convection for the Author’s scaling

The expression for the Rayleigh number in terms of the oscillatory frequency is given as,

(1+a)
) [c +1]Qn’a

D2

[0+ 1P(1+ @)+ Ta). (1)

Substituting ¢ = 0 in Eqn.(1) to obtain the Rayleigh number for stationary convection

yields the following expression,

~ (1+a)
C Qn’a

R? (1+a + Ta), 2)

which may be written as,

§=1/Qi2.\/(1;a)(1+a+Ta). 3)

Minimising Eqn.(3) with respect to the wavenumber as follows,

®_ 4 [0

- o (1+a+Ta)=0, @)

and using trivial algebraic manipulation yields the following simple result for the critical

wavenumber,

O q=vTa+1, (5)

which is identical to Eqn.(3.38). Substituting Eqn.(5) in the definition for the Rayleigh

number yields the critical Rayleigh number defined as,
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-, 1+vTa+1
R = %(Taw 1+Ta+ 1). (6)

Eqn.(6) may be refined further by expanding the brackets and grouping as follows,

RE - ((Ta+ 1)+ 24/Tat 1+1). 7

cr,st Q T 2

The terms within brackets may be factorised to yield,

R, - — (1+VTa+ 1), )

Qn’

which may be written as,

|

R =
cr,st n \/5

(14 VTa+1), )

which represents the critical Rayleigh number for stationary convection and is identical to

Eqn.(3.39).
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Appendix U : Derivation of the critical composition difference for stationary

convection for the Author’s scaling

The critical wave number and Rayleigh number found for stationary convection at the

linear stability level are,

0, q=vTa+l (1)

— 1 '
Rew= T0 (14 VTa+ 1). )

These equations may be represented in the following form,

0y = VTayl+1/Ta 3)

R, ., = (1+ JTa,/1+ l/Ta). (4)

1
T/
For the case of high Taylor numbers, Ta - «» , Eqns.(3-4) reduces to,

oy =Ta (5)

R, - —=(1+Ta), ©)

v Q

and are identical to the expressions presented in Eqn.(3.40). From Eqn.(6) it can be

concluded that as Ta~> o then v/Ta >> 1. Hence Eqn.(6) can be expressed as,

=~ _Ta

Rcr)sl = TC‘\/E . (7)
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Using the definition of the Rayleigh number given as

~ prAcgk, k" /V

Ra e
vV K

m

®)
Recall that the Rayleigh number was scaled in the form,

R’ =6Ra,, 9
and in the stationary case a further scaling on the Rayleigh number of the form,

R=17"R, (10)
was undertaken. Substituting Eqn.(10) in Eqn.(9) yields,

'R’ =6Ra, . (11)
Substituting Eqn.(11) in Eqn(8) yields the following expression,

_ Sp'Ace’ k. x/V”
R, - Pace kv (12)
VKT

Recalling that § = H'/(x"/V") and rearranging Eqn.(12) for the viscosity p*Ac yields,

= g kOH* . (13)

Using the critical Rayleigh number defined in Eqn.(7), and substituting in Eqn.(13) to
yield,
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£ x 2
. Tav k n

= o (14)
T
where the Taylor number is defined as,
* 2
Ta = {2“)* k"} . (15)
v,
Introducing definition of the Taylor number given by Eqn.(15) in Eqn.(14) yields,
4n0 " Pkok
Ae= =5 16
bAe="mavy? (16)

Recalling that Q = 1+ St/¢ and letting B =p"Ac, allows Eqn.(16) to be presented as,

— 4An’p *2k01<* 1

Pevst = g H'p2Q(1+Syg) v’

(17)

which represents the critical compositional difference at high Taylor numbers and is

identical to Eqn.(3.41).

Now for the case when Ta — 0, the critcal wavenumber and Rayleigh number may be

given as,
g =1 (18)
— 2
R, ., = )
cr,st 7'[\/6 (19)
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Substituting these values for the critical composition difference in the following

expression,

= 4k "1’ .
Pera = g H'(1+ St/¢ )k, Y

(20)

>

which represents the critical composition difference in the case of no rotation, and is

identical to Eqn.(3.42).
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Appendix V : Derivation of the leading order temperature, solid fraction, and
velocity solutions together with the definition of the wavenumber on the oblique
plane containing the streamlines for the case of stationary convection for the

Author’s scaling

For the case of stationary convection, the eigenfunctions for the temperature, solid

fraction and vertical component of velocity may be presented as

0,=0@)e " +cc )
0,=0Z)e " 1 cc )
Wl = ﬁei(sxi”-"y) +cC.C. (3)

where c.c stands for the complex conjugate and,

0 = -B, sin(17) (4)

W = N, sin(nz) 5

¢ = -C[1+cos(xz)], (6)
where

N, - (gﬁa)Bl )

- "%Z:‘)B,. ®)
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The scaling o = s*/n*, R=R/n’ and y = y,/n’ has been used in the above equations.
In the current study we assume that s, = 0 so that §' = si , thereby enabling the solution

for the temperature equation (1) to be of the form,

0, = -2B, cos(sX) sin(nZ) . 9)
Similarly, the solid fraction is given as,

0, = —2C,[1+ cos(ni)]cos(si), (10)
and the vertical component of the velocity as,

W, = 2N, cos(sX)sin(nZ) . (11)

The method used to compute Eqns.(9-11) is identical to that employed earlier in

Appendix K. Eqns.(9-11) are identical to Eqns.(3.43-3.45).

Noting that although the y-co-ordinate does not appear in the eigenfunctions (9-11), the
flow is still three dimensional. The three flow vectors are just not a function of . We

anticipate a stream function to describe the resulting flow. The plane containing the

streamlines is somewhat oblique in nature due to the presence of a flow in the y-direction

that is independent of the ¥ co-ordinate. To find the wavenumber on this oblique plane

we need to first evluate the the y-component of the velocity.

Recall from Eqn.(2.18) that the vertical component of the vorticity is given by

z

o _@ @_Tlﬂai
Tlex oy | Y ez (12)

Noting that there are no variations in the y-directions and using Eqn.(11) yields,
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N
v, =2Ta" a—,/lzsin(si) cos(nZz) . (13)

Eqn.(13) is identical to Eqn.(3.47). Now using the continuity equation 0u/0X = - 0W/0Z

and Eqn.(11) to evaluate the horizontal component of the velocity yields,
_ N, . _ _
u, = —ZWsm(sx) cos(nz), (14)

which 1s identical to Eqn.(3.49). The solutions presented by Eqns.(13-14) represents the

convection cells that are tilted in the y-direction and form and angle tan™'(V,/q,) relative
to the x-axis. Incidentally there is no velocity component normal to this plane, and is
therefore deemed to be the plane that contains the streamlines. The ratio between the y-
component and the x-component of the velocities is simply inferred from Eqns.(13-14)

and may be presented as,

|<|

t=-Ta"?, (15)

1

=1

which is identical to Eqn.(3.50). The wavenumber on the oblique plane containing the

streamlines is given as

(oblique) _ “lr= /=
Scr,sl - Scr,st COS(tan (vl/ul)) ' (16)
.. . . . . 2 2
The critical wavenumber for stationary convection is given as o ost = Serat / n°=+Ta+1,

thereby allowing the original wavenumber to be written as, s

> Scr,st

= n(Ta+1)".
The oblique plane angle relative to the x-axis may be defined as, v, = tan”'(V,/1,).
This could be rewritten as, tan(v, )= (7,/0,)=-Ta"”. Now using a trigonometric

1dentity of the form,
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tan’ (v, )+ 1= —5——.
b cosz(uob.)

Using the fact that tan(v )= -Ta"’

result,

Ta+1l=———,
T o5 (0 )

which may be rearranged to give,

1
COS(U ob_) = (Ta+ 1)1/2 .

Substituting Eqn.(19) in Eqn.(16) and using the fact that s

cr,st

. (Ta+ )" m
sl — g cos(v,) = . =
(©0) (Ta+ 1)~ (Ta+ D"

cr,st cr,st

which is identical to Eqn.(3.51).

228

(17)

, we may rewrite Eqn.(17) to yield the following

(18)

(19)

= n(Ta+ 1)'/4 gives,

(20)



Appendix W : Derivation of the characteristic Rayleigh number and the frequency

of the oscillations for the case of oscillatory convection for the Author’s scaling

The general definition for the Rayleigh number is given as,

_, (1+a)

- m([oJril.]z(lJr o)+ Ta). )

For the case of ocillatory convection, we set ¢ = io; in the expression for the general

definition for the Rayleigh number, Eqn.(1), which yields,

EZ:%([ioi+1]z(1+ a)+Ta). )

Eqgn.(2) may be expanded to give the following expression,
[io, + 1]on’aR? = (1+ o)([~0? + 26, + 1J(1 + o) + Ta), (3)
which after equating real and imaginary parts yields the two equations of the form,

anaﬁiov:(1+0c)([1—0i2](1+ a)+Ta), 4)

and

o, Qn’aR; = (1+ (x)(20i(1+ oc)). (5)

From Eqn.(5) we get the definition of the Rayleigh number presented as,

- 2
2 _ 2
Rcr,ov - T 2(X (1 + (X) s (6)



which is identical to Eqn.(3.52). Now substituting Eqn.(6) in Eqn.(4) yields the following

expression
21+ 0) = (1+ a)([1- 02 ](1+ o) + Ta). ©

Refining Eqn.(7) and solving for o yields the following expression for the frequency,

R ®

which is identical to Eqn.(3.53).
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Appendix X : Derivation of the critical wavenumber, Rayleigh number and

frequency for the case of oscillatory convection for the Author’s scaling

The characteristic wavenumber for oscillatory convection is given as

— 12 (1+a)

= ) . 1
Rcr,ov Vo \/E ( )

Minimising the Rayleigh number given by Eqn.(1) yields the following critical

wavenumber relation,

cr,ov

1
do 25((1+1)+(X=O, (2)

which after solving for « , yields the following critical wavenumber,

O = 1. (3)

which is identical to Eqn.(3.54). Substituting this result in,

= 112 (+a)
crov T Q ' \/a ? (4)
yields,
R _2/2
crov o Q > (5)

which is identical to Eqn.(3.55). Once more substituting Eqn.(3) in,
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yields,

Ta
2_ ¢
04—2

1

-1,

which is identical to Eqn.(3.56).
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Appendix Y : Weak non-linear analysis : A stream function representation of the

governing equations for the Author’s scaling

For the weak non-linear analysis it is convenient to use the definition of the stream
function in the form, U= dy/0Z, W= -0y /0X. Recall that the heat balance equation

corresponding to the author’s scaling may be presented as,

0 a][ S ] 90 90—,
g = — —=V?%. 1
6£X‘at' oz)\V o)t Ru R 1

Applying the stream function definition given in the opening paragraph allows Eqn.(1) to

be written as,

5( 0 i][e §}+Ra—“’@ R%@—We 2
oo ™ oz 57 0z 0% ox 0z | (2)

which is identical to Eqn.(4.1). Similary one may present the solute balance equation in

exactly the same manner as follows,

g 0 c dy 00 dy 06
5[ ——][1— g4 } REZE gMWA_
gy "o ATl e H R Ry 5570 (3)

which is identical to Eqn.(4.2). Note that ¥, = 8y, (where %o=Pré 9, )and t' =y t.

Recall that the Darcy equation was found to be of the form,

U = —
5o T (@)U =-Vp-Roe,-Ta’¢,x T (4)

In order to get the Darcy equation represented in terms of stream functions we need to

first write the Eqn.(4) in component form as follows,
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=-a—E+TaVZV
0x

ot’

8V _ aﬁ /2—
=-—-T

a‘[,+1'I((p)v = a’‘u

ow op

P
—+1I =-—-R0O.
ot' + (o)W 0z

First differentiate Eqn.(5) with respect Z to give,

62ﬁ (o ) G 6H((p) ? P Ta,ﬁa_?
0z0t 0z T 070% 0z

Now differentiate Eqn.(7) with respect to X as follows,

o°w ¢ ow 0P Rae
+ —=- -R—.
oxor T O o T amer R ax

Subract Eqn.(9) from Eqn.(8) to give,

{a 1[6u 6w] _0ll(g) T,/,av Rae
+u——= cf—+R—.
oz ox) " oz Y 2 ax

Now differentiate Eqn.(6) with respect to Z to give,

9°v v, 0l _ 0%

ou
+11(o 112

0z 0z0y 07

Now differentiate Eqn.(7) with respect to ¥ to give,
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(6)
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®)

)

(10)

(11)



N2 T 62— ae
AU PN Ly (12)
oyot' 0y 0yoz 0y
Now subtract Eqn.(12) from Eqn.(11) to give,
0 ov ow| _0oll(o) o O 00 )
—- =-Ta”” —+R—. 13
{6‘[’ ' H(q’)}[ 07 ay] Vo2 0z oy (13)
From Eqn.(13) we get,
0 oV p0u 06 0l(9) [ 0 }6W
—=- —+R—- + +11 -—. 14
{av*n(q’)] 7”1 R VT TG (14

Substituting Eqn.(14) in Eqn.(10) yields,

0 lou ow) [0 _dll(e) [0 06
{—+H((p)} [%'E}{m”mq’)}“ - :R{a +H((p)} 2t

ou n08 ., 0l(e) G,
_ 227 _ 2 2T L Ta | —+ 10 (15
Iaaz+RIa p= vTa o +Ta 6t’+ (0) p (15)

Introducing the stream function definition in Eqn.(15) and neglecting effects in the y-

direction yields,

0 : d [aw o1l (¢) ae] %y oT1 (o)
V2 _ 172
[at'm@)} W+{8t’+n(@)1 0z oz Now  Poz

which is identical to Eqn.(4.3).
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Appendix Z : Weak non-linear analysis — Stationary convection : Derivation of the

governing equations for each order of the disturbance amplitude ¢

The governing equations to each order of the disturbance amplitude is derived for the
stationary case by considering each of the energy balance, solute balance and Darcy
equations separately. To further clarify the process each term in each of the governing
equations are then considered separately so as to ensure that the correct equation set to

each order is obtained.

For the case of stationary convection we allow variations only at the slow time scale

t=¢’t' in order to prevent exponential growth and reaching finite values for the
amplitude at steady state. Slow spaces scale are also adopted in the form X = ¢X so as to
include a continuous finite band of horizontal modes. Bearing these scalings in mind we

may propose the following form of the energy equation,

- o 0 Oy 98 Oy 8 oy a8 _ oy o0
_s[ ; —_—] ROV o Qw30 0y 08 L 0y ab
T2 T Nz o T N X Nox oz Xz

%0, 0%
= 0

VO +2
T axax T ox

(1)

In addition we expand the dependant variables in terms of the disturbance amplitude as

follows,

[Wnea(P]: [W 8:05,0 B]+ E[W ],9,,([)1]+ 82[W2a92>q’2]+ 83[W 3:937@3]~ 2)

In addition the expansion for the permeability function and the Rayleigh number is given

as,

D(o)=1+e"Kol, R=R,(1+¢7). (3)

236



The basic solution depicted by subscript “B” in Eqn.(2) is given as,

[W 8:05,0 B]: [0>(E— 1)>0]- (4)

Using these expansions (where necessary) we consider each term in Eqn.(1) separately
and adopt the following naming convention, where the subscript “E” refers to the energy

equation.

-, 0 0
tlE:_SEX|a_T_£(Pa ®)

which to the different orders in the disturbance amplitude is presented as,

_0
te(e))= s% (5a)
_0
te(e?) = s% (5b)
(0 0

Next consider the second term,

t.=R——
2E 07 0%’ ©)

'[ZE(SI)= 0 (63)
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oy, 06
t2E(82): cr %a—il

3\ _ anaez_a\Vzae_l
be(®’)=Re 57 0% 0z ox )

We now consider the third term

oy 00
N Lk

0z 0X’
which to different orders of the disturbance amplitude produces,
tJE(g I) =0
t3E(8 2) =0

N_p V199
t3E(8 )_ Rcr 07 oX :

Now consider the fourth term

oy 06
0xX 0z’

tig=-R

which to different orders of the disturbance amplitude yields,

v,

te(e')= -R,, =
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(6b)

(6¢)

(7

(72)

(7b)

(7¢)

(8)

(8a)



t4E(82) = _Rcr{aw—z_F %a—el

X

v,

0X 0z

|

vy, 00,

t4E(83) = _}'{crl:aawi3 +

Considering the fifth term,

g v
S 0X 0z’

to the different orders of the disturbance amplitude yields,

tSE(s'): 0

v,

tSE(gz) = _Rcr 8X

RN LR

0X
Considering the sixth term,
tee = V70,
which simply yields

tsﬁ(gl)z Vzel

0X 0X 0z

0X 0z

|
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(8b)

(8¢)

©)

(92)

(9b)

(9¢)

(10)

(10a)

(10b)



tee(e%) = V20, (10c)
to the different orders of the disturbance amplitude.

Considering the seventh term,

t,g = 2¢ a(:an , (11)
and considering to the different orders of the disturbance amplitude yields,
te(e') = 0 (11a)
e(6?) = 2;;2% (11b)
te(e%) =2 aig;{. (11c)
Finally considering the eighth term,
tep = €° 6262 , (12)
0X
to the different orders of the disturbance amplitude yields
te(e')= 0 (12)
th(gz): 0 (12b)
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tee(e?) = > (12¢)

It can be observed that the energy balance and solute blance equations are very similar,
the only difference being that the solute balance equations omits the Laplacian operator.
For this reason, the process adopted above won’t be repeated for the solute balance
equation set. We now proceed to develop the Darcy equation to different orders of the
disturbance amplitude. The Darcy equation containing the slow time and space scales

may be presented as,

2

5 2 0 2 9%y d 2oty
2 V2 2 2 2_ H :l
l:S —aT+H((p)} \p+2{a —aT+H((p)} 6)‘(8X+8 {a aT+ (0) 8X2+

G dy ol (o) [ G }ae [ d }ae
2 0 V) plerl P Rele? > A
[8 aﬁn(q’)} 2 0% e 5y HH(0) o - Rejem o+ 11(9) | 5

- 0. (13)

It should be pointed out that the effects of permeability are only felt at order O(e*) . With
this in mind it can be seen that the last term in Eqn.(13) falls away at the first two orders
of the disturbance amplitude. Using the proposed expansions for the permeability
function and the Rayleigh number we may consider each term in Eqn.(13) separately for

clarity, noting that the variables with the subscript “D” refers to the Darcy equation.

Referring to the first term in Eqn.(13),

a 2
tm{szﬁﬂ(@)} Vi, (14)
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and considering to each order of the disturbance amplitude yields,

tole')= V2y, (14a)

hD(gz): Vi, (14b)
3 2 2g 2 a 2

tole’)= 2y, + 2K g7V Y25V (14c)

Considering the second term in Eqn.(13),

2 .
G =28 6?24 T (o) oy (15)
20 o 5x0X

and developing to the different orders of the disturbance amplitude yields,

to(e')= 0 (152)
2 62W|

t(e?) = 2oy (15b)
2 52W2

tp(e?) = 2o (15¢)

Analysing the third term in Eqn.(13),

t., =g’ 20 I S0ty
iD T € a‘c + ((P) ax2 > (16)

and considering to the different orders of the disturbance amplitude yields,
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0
t3D(£3) = 6)\(1121 .

Recalling the fourth term in Eqn.(13),

oy oMl (p)
t4D_{2q_+H((p)}E o

oy, 0¢;

3) _ | |

t4D(8 )— Kc 07 0z :
Recalling the fifth term in Eqn.(13),

i

0
tip = ‘R{EZ“*‘H((P)} 0%’
X

ot

and considering to each order of the disturbance amplitude yields,
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(16a)

(16b)

(16¢)

(17)

(172)

(17b)

(17¢)

(18)



1:SD(gl)z_}{crg (183)

5 06
tSD(g_): _Rcr a; (18b)
29 (ae 06, 0 09
N R 2R | Ly Kot __1]' 18
tole’)= R, ox olax P ax T ot ox (18¢)

Recalling the sixth term in Eqn.(13),

0 09
= ~Re|e’ — —~ 19

and considering to each order of the disturbance amplitude yields,

tiple')= 0 (19a)
2 ael

toolE*) = Ry 5 (19b)
20

teole?)= -Ry —7. (19¢)

to=Ta ", (20)

and considering to the different orders of the disturbance amplitude yields,
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R
t,p(e’)= Ta 6;23 :

Finally recalling the eighth term in Eqn.(13),

oll(9)

t. = TaV?v, —,
8D i aZ

and considering to the different orders of the disturbance amplitude yields,

tSD(gl): 0
tso(gz)z 0
tep(e?) = K Ta’?v %91
8D - c I az ‘

(20a)

(20b)

(20¢)

(21)

(21a)

(21b)

(21¢c)

We may now proceed to build the governing system of equations to each order by taking

into account the terms developed to each order of the disturbance amplitude for the

energy, solute and Darcy equations. This process is simply achieved by collecting the

respective terms for each of the

Eqns.(5-21) above.
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The governing system to order O(e ') is given as,

§%—Rc,%—vzel=o (222)
5 5
e, %- Rc,%l -0 (22b)
2 00, az\‘Pl
\Y WI—R”E+T& Py =0, (22¢)

which is identical to the system presented in Eqns.(4.11-4.13).

Next we propose the goiverning system to order O(e*) which is given as,

=00, vy, 2 oy, azel oy, 00, a\l’lael]
g2 g M2 g g Wi 590 p I VAT g
0z o % TR X R a2 o ok oz | BV
09, v, oy, {6%391 oy 661
90 g Ne o Wy o 1OV, 09, OY, 09, 23
“Toz T ax, o aX | ez 0% 0% 0z (235)
00 GV 00 %y
Vi,-R —2+T L-R —-2—L
Vom Ba g T2 T Re o T mox (23¢)

which is identical to Eqns.(4.19-4.21).
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Finally by carefully collecting the terms pertinent to order O(¢*) and using the fact that

v, = -Ta"? 8y, /0Z , we may present the governing system to order O(¢*) as follows,
dy, 0 0,

_00 oy
—3_ vy =S—t+R 4R +2—=-
07 o 0X s 01 R 0X R 0X T 0%0Z

N Haw, %, oy, aezHawz&_aw2&}+{%&_w_]&}+azel}

0z 0X 0X 0z 0z 0% 0% 0% 0Z 0X 00X 0z | oX°
(24a)
00 4 vy, 09, oy, dv ,
—c.—_R = - = _
o7 Ra g TG PRaTr T Ra Ty

oy, 98, 8\;}1892} oy, 00, oy,08,] [0y, 30, oy ae}
R _ vy 0¥, 00| JOY,09, 0y, 09,
H 0z 0x 0% 0z) |0z ox ox oz | 0z 0X 09X 07| (240)

00 0y F 0%y 502 92
Vi, R, 2+ Ta' 3 = -2K 0 2V7y - 2~V - 2oz TR
W3 cr 6X =2 C(‘p] W| a \VI a aX KCTa az az
(3([)2 oy 00 09, 0 08, 09, 02
K, R KR, Sy L8 g P OV,
c az az cr a c(pl cr a-— cr 8X aT Rcr 8X aX2 b (24C)

which is identical to Eqns.(4.25-4.27).
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Appendix AA : Weak non-linear Analysis — Stationary convection : Derivation of

the eigenfunctions to the leading order O(¢)

The eigenfunctions to the leading order system

=09, oy | 2

S—-R —-V48 =0 1
0z " 0% : M
a9, ay |

-¢c.—-R_ — =0 2
“9z TN %, @
2 00, 82W1

\% W]—RcrEJrTaE—:O, 3)

is sought. The solutions to the stream function and temperature is given as

v, =A™+ Ale™ sin(nz) (4)
0, =[B,e™ + Ble ™ sin(n2). (5)
Substituting Eqn.(4) in Eqn.(2) yields the following differential equation,

99, ina "R, is% * sk o=
P ‘. [Ale -Ae ]sm(nz), (6)

which upon integration with respect to Z yields,

i *R isx isx
(-P 1= C . [IA]CISx - A|e_lsx:|cos(ﬂ:z) + CE ? (7)
S
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where C, represents the integration constant. Applying the boundary condition

¢,(1)= 0 to Eqn.(7) in order to solve for the integration constant, yields the following

final solution for the solid fraction at the leading order,
0, = [CleiSX +Cre™ ][1+ cos(n2)), (8)
which is identical to Eqn.(4.16). Note that

. l/?.R . '(x]/2R .
C =——%A, and C =- >’ )

s Cq

which is identical to Eqn.(4.18)

We now set out to evaluate the relationship between the coefficients A, and B,. From

the solute balance equation (2) we have,

a(pl Rcr a\pl
0z ¢y 0%, (10)

which upon substitution in the energy equation (1) yields

——-V%,=0. (11)

Setting Q = 1+ S/cg we may present Eqn.(11) as,

oy |

2 —_—
VO, +QR, — =0, (12)
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which for all intents and purposes represents the modified heat balance equation. Using
the definition for the stream function and temperature given in Eqns.(4-5) above and

substituting in Eqn.(12) above gives,
~n(1+ OL)[BIeiSi + B;e_iﬁ]sin(n'z') +QR_ina l/2[Alei5§ - A;e_iﬁ]sin(ni) =0. (13)

Equating the like exponential indices gives the following relation between the

amplitiudes,

QR o

QR /2 ,
B=1——"— i i
n(1+ cx)

AI and B:z—lmA], (14)

which is identical to Eqn.(4.17).
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Appendix AB : Weak non-linear Analysis — Stationary convection : Derivation of

the eigenfunctions to order O(g”)

At order O(e®) of the disturbance amplitude the modified heat balance and Darcy

equation is given as,

oy

v292+QRcra—;=RHsA (M
2 09, az\l’z
Vi, - R, o+ Ta—g® = RES,, 2

where RHS, and RHS; are evaluated from known solutions at order O(t) and is given

as,

210 ’R2 0A, . O0A. __
RHS, = - ———% A A'sin(217)- QR | —L e + —L "% | sin(n7z) -
A (1+(x) A sin(2nz) RC{ X e+ % e sin(nz)

*

2imo, 2 %eﬁ—@e'iSi sin(nz) (3)
0X 0X

and,

*

0B, 0B ol oA, o oAl ],
RHSB:RU[ﬁe Tox ¢ ]sm(nz)—?_ma‘ﬂ[a—xle —a—X'e *|sin(nz). (4)

Decoupling Eqns.(1-2) by multiplying Eqn.(1) by R, 8/6%() and Eqn.(2) by V?() and

adding the result to yield a single equation for the stream function, given as,

2 2

oy 0 0
4 2 2 2 _y? —
Vot QR T Ta Vi, = ¥ RHS; + R, ——RHS, . (5)
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We may express the right hand side of Eqn.(5) symbolically as,

RHS, = V’RHS +Rﬂ5:RHS (6)
We may further evaluate Eqn.(6) , taking into account the relationship between the
coefficients A, and B, and that between the critical Rayleigh number and wavenumber,

yields

*

2in” A, L . _
*sin(nz)+ — M [(Ta+ )-o ]Eile sin(nz)

2in’ [a

a2

0A
Ta+1]aX

(7

Using the result of the critical wave number for the case of stationary convection given as

a=0,=+vTa+1, (8)

results in the right hand side of Eqn.(7) collapsing to zero, ie. RHS, = 0. Note that the
subscripts referring to the critical values have been omitted for clarity. The implications
of the result RHS; = 0 is that the particular solution for the stream function at this order
vanishes thus resulting in the homogenous solution being the only solution. The solutiuon

to the stream function at this order resembles the form of the homogenous solution for the

stream function found at the leading order and is given as,
Y, = [AzeiSi + A;e"iSi]sin(ni), 9)
which is identical to Eqn.(4.22).

We now proceed to decouple the energy and Darcy equation at this order in order to

obtain a single equation for the temperature at this order. This is achieved by multiplying
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the energy equation (1) by [V 2y Taaz/aiz](.) and the Darcy equation (2) by
QR 0/ 0% (). The resulting Darcy equation is then subtracted from the energy equation

to give,

0%0,
[V2+Tad?/07’ V26, + QR e [V?+Tad?/07’ |RHS, - QR

0

RHS,. (10)

Adopting exactly the same method as outlined above for the evaluation of the streamline

solution, we attack Eqn.(10) to result in the following net result,

~ 0%, 8n'aQR? .
[V2+Tad?/022 |77, + QR?, e el (Ta+1)A A sin@rz). (1)

As before the terms containing the slow spaces scales cancelled out as a result of
algebraic maniplulations. The homogenous solution to Eqn.(11) is known and was found
at the leading order. At this point we concern ourselves with establishing the correct

particular solution. We select a trial function of the form,
0,,=B,sin(2nz) + C cos(2n2), (12)

which upon substitution in Eqn.(11) yields the following results for the coefficients of the

trial functions selected in Eqn.(12),

_LREFAA* d C 0
P 2nfa+ 1) and L, =4 (13)

The resulting solution for the temperature at this order is simply the sum of the

homogenous and particular solutions respectively which is given as,

2p2

is% * _isx] - _ o cr ¥l =
ezz[Bze + Ble ]sm(nZ)+ mAlAl sin(21z), (14)
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which is identical to Eqn.(4.23).

Now we need only find the solution to the solid fraction at this order. Recalling the solute

balance equation to this order,

oy, oy, 00, Oy, 00, oy |
_r Vo g | OV g OV 15
o7 - Raox TRl 52 ox T ox oz | R ax (15)

and substituting the known solutions on the right hand side yields the following form of

the solid fraction to be solved,

Op, 1 2naQRerA* in(217) - ina. R {A AT —isi} S
oy lra) ™  sin(2nz) - ina "R A€ ,€ 0 (sIn(nZ) -

*

R % ISX a‘Al —IsX : = 16
o aXe + 6Xe sin(nz) . (16)

Integrating Eqn.(16) with respect to Z,

1] aQR;

cr

Cq (1+a)

0, =

A A cos(2nZ) + ia °R {AzeiSi - Aje™ } cos(nz) +

+C,, (17

R, J0A, « 0A]
T

isx. | M —isx —
X © + X € }cos(nz)

where C , represents the integration constant. Using the boundary condition ¢,(1)= 0,

we may evaluate the integration constant and thereby present the full solution to the solid

fraction at this order as,
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1 QR2 * = : isX ¥ —isX =
0, = g (;1+ ac)’ A A (cos(21Z) - 1) + i R, {Aze -Ae }(cos(n 7)+ 1)+

R_[8A, . BA,
—{ aX] e 4 a—X'e"”}(cos(nZ)+ 1)] . (18)

which may be rearranged as,

2

9,=1{C,e™+ Cre ™ J(cos(nz) + 1) + @R A A (cos(2nZ) - 1)+

cs(1+ a)

ILcr a‘ kl isX n 61 k'Il —15% ( = l) 19
— — +
e | 9 e P e cos(nz)+1), (19)

which is identical to Eqn.(4.24).
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Appendix AC : Weak non-linear Analysis — Stationary convection : Derivation of

the leading order amplitude differential equation at order O(e*)

The decoupled Darcy equation in terms of the stream function only may be presented as,

2 2 a
O¥s 14 y2y = V?RHS, + R, ~= RHS, (1)
0X 0z"

V2(V2W3)+QRir cr a

where RHS,, represents the right hand side of the Darcy equation at this order and is

given as

0 0’y 097 8%y,
=- -2—Viy - + KeTa———-
RHS, = -2K 07V y, 2a v, 26x8X cTa— -
dg: a8, 5. 00, 0 09, 09, oy,
EP—— R,—+R,—F—+R . 2
Kooz oz R ox TR R ox 0t “ X 0X® 2)

dy, 00, 6\;}1662} oy, 09, 6\;}2661} {8\4}1861 8\4},66,}
:Q — —— — —r + —_— = —
RHS, R“H 07 0 ox 0z | 0z o% 0% 0z 0z 0X 09X 0z

dy _OR oy, 0’0, 0%,

Q - - 3
Re g 0X L) ¢ pxX0X oX* (3)

Now we multiply Eqn.(1) by the complex conjugate of the leading order solution y , and
note that the stream function v , is zero at the boundaries of the mushy layer, X € [0,L]
and Z e[0,1]. The above operation enables the left hand side of Eqn.(1) to cancel off,
leaving behind the right hand side solution which represents the solvability condition.

The evaluation of the left hand side is complex from a algebraic point of view hence this

process will be broken down into several sub-steps in order to maintain clarity
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1L
RHS,, = [ [RHS,, .y dxdz , @)
00

yields,

Chnla QRS
S e

) CAA [A A+ AA e'z‘“]sm (nZ)cos(2nZ) dxdzZ ®
(o +

which after integration produces,

" 1[2(1, 2Q 3R:rL «\2
RHS,, = —W(AIAI) : €)

Following this procedure yields the following final result for the solvability condition

contributed by the terms from the energy equation,

" 120 °Q° R L ~2 ima”R_L ,3°B, nzaQRzL .
— Cr _ cr A Ccr AA _
RIS Ao +1) (2.4) 2 T 2 o

ina QRZL , 0A,
=z oL 9% rar B (10)
2 0X

We now proceed to evaluate the solvability condition contributed by the terms in the

Darcy equation. Again we will evaluate one term and list the rest.

Recalling the first term from Eqn.(2),

RHS,,, = _2ch)1v W (11)

Using the lower order solutions for the stream functions and the solid fraction that are

pertinent to the case of stationary convection yields the following form of Eqn.(11),
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* 3 -3isX

K 1sX ¥ 1SX * 1SX . p—
RHS,, = -2n°0(a + DRZ, C—;[Afe“x ~AIART -A AT e A ]Sm(nz).
S

(14 cos(nz))”. (12)

Applying the Laplacian operator on Eqn.(12) (as illustrated in Eqn.(1)) yields the

following expression,

! K isX * g% * is% * isx1 -
RHS,, =2n'a’(a + )RE = [9Afe3’s’ ~ATATET - A AT e+ 9A] 3e_‘x's“]sm(ni).

2
S

(1 + cos(rci))2 +

~2na (o + DR C—;[A,}em - ATATET - A AT 4 A e DY [sin(nZ).
S

(1+ cos(nZ))z] . (13)

Multiplying this equation by v, = A e *sin(nZz) and integrating over X €[0,L] and

z €[0,1] as follows,

1 L
RHS,, = [[RHS,, v dxdz, (14)
00
yields,
, L K
RS, = [ [an‘a’(a+ DRE —FAJ9AT™ - AZAT - A AT % 1 9AT e |sin (n2)
00 S

(1+ cos(nZ))dedZ+
I L K
- [ J2n%alo + DR2 Z2 AT[ANM - AZAT A AT 624 AT e |D?[sin(n2).
00

>
Cs
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(] + cos(ni))z]sin(ni)didi, (15)
which after integration provides,

" _10 K *
RHS,, = ——n'a(a+1)RiL (AA7)
S

2

(16)

Following exactly the same procedure as this for the remaining terms, we evaluate the

solvability condition contributed by the Darcy terms,

o [-10K , 1K
RHS, ={——=n'o(a+1)’REL+(Ta- )~ —cn'alo+ DR2L+
8 ¢ 4 cs
5K, o 1, . 0A
ggn azQRirL}(A]AI) + E(OL + l)n4[Ta— (o + 1)]LA1 a—rl+
oL, ,0A, 1 L0°A
{an(a +1)- QRix-} 3 1A, 5X2 + 5712(& + l)LA] ale +
e QRIL
T, TAAL (17)

Now we may combine the results of Eqn.(10) and Eqn.(17) by simply adding them to

give the following result,

. 0A 0°A
LAIAT+5, 4 LA+, —5= 0, (18)

where
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f - "ZQ (a4 1o + 1+ Ta) 2£I)<2cc§ 6+ D50 -7+ 7Ta)- (o 14 Ta) | (19)
s, = %(a + Dn*(Ta- (o + 1) (20)
t, = (o + 1)(c + 1+ Ta) (21)
-2 Qu+2:Ta). (22)

Reintroducing the original timescale t=¢’y,t , slow space scales, X=¢X and

rearranging Eqn.(18) as follows,

s, VoA () 2%A [ t|] s
e |22, | 2 =|-—"|eA-AA, 23
[X,fi] at+[fi] o U f)" @)

which may further be written as

oA 3’A [e;

Mo 3= M5 =

: o An"A, (24)

ox> L
where A=¢A, and A" =¢A], whilst 82:[R/Rcr’sl—1]. Eqn.(24) is identical to

Eqn.(4.30). The coefficients in Eqn.(24) are very simply evaluated from the definition of
the terms in Eqns.(19-22) and are simply listed as,

2[Ta- (o + 1)

Mo = (25)

0y (o + 1+ Ta)lzglj;cz (o + 1){7Ta- (5o + )} - (@ + 1+ Ta)}
S
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2[Ta+ 2(o + 1)]

(26)

=
1l

10 (o + Do+ 1+ Ta)Lé(;Cz (c + 1){7Ta- (50 + 7)} (o +1+ Ta)}

o _ 4 R

-1]. 27)

cr,st

Eo =
K
n29[2Q2°C2 (o0 + {50 + 7-7Ta} + (o + 1+ Ta)}

S

Eqns.(25-27) are identical to Eqns.(4.31-4.33).
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Appendix AD : Weak non linear analysis — Overstable convection : Derivation of the

governing equations for each order of the disturbance amplitude ¢

The governing equations to each order of the disturbance amplitude is derived for the
case of overstable convection by considering each of the energy balance, solute balance
and Darcy equations separately. To further clarify the process each term in each of the
governing equations are then considered separately so as to ensure that the correct

equation set to each order is obtained.

For the case of overstable convection we allow variations at the slow time scales 1 = ¢°t’
and t,=¢'t’" and allow the short time scale t' to be present in order to represent the
amplitude fluctuations. We rescale the short time scale in the form, t =o', where
0y=0,,- Slow spaces scale are also adopted in the form X =¢X so as to include a

continuous finite band of horizontal modes. Bearing these scalings in mind we may

propose the following form of the energy equation,

— 0o 0 oy 00 oy 00 oy 06 oy 09
S T BT ]
w7 T R T X Vv Rax oz

V0+2 _
T axax Tt e

5% 0%
° == 0
M

In addition we expand the dependant variables in terms of the disturbance amplitude as

follows,

[v.0.0]=[v5.00.05]+e[v 0,0, ]+ ¢2[u,.0,.0,]+ e[y 1.05,04]. (2)

In addition the expansion for the permeability function and the Rayleigh number is given

as

2
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H((p): l+82:[<c(p|2’

R=R_(1+¢?). 3)

The basic solution depicted by subscript “B” in Eqn.(2) is given as,

[v5.05.04]=[0.Z-1).0].

Using these expansions (where necessary) we consider each term in Eqn.(1) separately
and adopt the following naming convention, where the subscript “E” refers to the energy
equation. Note that all the terms in the energy and solute balance equations in the case of
overstable convection are identical to the stationary case except for the time derivatives
that use a different scaling. For these two equations, this is trivial and only the first term

in the energy and solute blance equations are affected. The rest of the terms remain

(4)

unchanged. The first term of the energy equation is given as,

0
-S GoxlﬁJrle

g =

Using the expansion for the solid fraction given above and considering Eqn.(5) to the

0, . 0 2 .
€ - - _ .

0

different orders of the disturbance amplitudes yields,

0

tIE(gl GOXIE—

)--3

- d
tele?) = - o1,

0
GOX|8_?_

(e)- 5|

%

ﬂ] g 99,

02)%2 Pt g (3b)
6] —~ 00, — 0¢

N -S 2 _ I

a7, 7> o, Sy, o, (5¢)

264



The other terms in the energy and solute balance equations are exactly the same as that

evaluated for the stationary case.

Representing the term containing the time derivative and the permeability function may

be represented as,

~

0 0 0 s o
T, = 005?+8‘a+8267+1+8 K%, (6)

thereby enabling the Darcy equation containing the slow time and space scales may be

presented as,

Oy, 0%
T L
sxoX L axe

T V7iy +2eTy,” +

oy 9K(9) 30 30
v RT. E_ReT. 2
Doz oz Digg e T

It should be pointed out that the effects of permeability are only felt at order O(¢*) . With
this in mind it can be seen that the last term in Eqn.(7) falls away at the first two orders of
the disturbance amplitude. For these two orders Eqn.(7) is simply divided by Tj,,, thereby
simplifying the task of evaluating the Darcy equation to the different orders. Using the
proposed expansions for the permeability function and the Rayleigh number we may

consider each term in Eqn.(7) separately for clarity, noting that the variables with the

subscript “D” refers to the Darcy equation.

Referring to the first term in Eqn.(7),

tp = TDnzvz\V ) ®

265



and considering to each order of the disturbance amplitude yields,

a 2

tlD(s'):[coﬁu] V2, (82)
o N, G 0 )

t,D(82)= Goﬁ""l \% \;12+2aT 006_?-” Vi, (8b)

0

3 0 ’ 2 0 2 0 2
t]D(s ): 008_?” Vig,+2 008—?“ Kc(p,+gv Yot

0 3 B*
2—[0‘,ﬁ+1jv2w2+a

2 8¢
o Vi, ( )

2
T()

Considering the second term in Eqn.(7),

2 az‘V
t)p = 2e T, 30X’ )
and developing to the different orders of the disturbance amplitude yields,

toe')=0 (9a)

o oty
2 I

to(e )=2(00ﬁ+lj P (9b)
o oty G 0 0%y

o= 0y )] Thry Do B, ) 20

0(e)= 200 33 oxoX o, \%0at Y pmex )

Analysing the third term in Eqn.(7),
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R
typ = szTsz ﬁ >

and considering to the different orders of the disturbance amplitude yields,

Recalling the fourth term in Eqn.(11),

dy 9l (p)

DT a7 bz

and considering to each order of the disturbance amplitude yields,

0 oy, do?
o)oK [n e

Recalling the fifth term in Eqn.(7),
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(10)

(10a)

(10b)

(10¢)

(11

(11a)

(11b)

(11c)



09

tsp = —RTp, % >

and considering to each order of the disturbance amplitude yields,

)= - — —+1|—-R —+ 1| —
tiole”) R“mo@°m+'(ﬁ \%057T ") ox

0 06 0 00 o 09 a0
tSD(gz)z—Rcr(GOF\_"’-I-l)O 3_Rcr(00ﬁ+1] l_I(cr[— 2+K(P2——l-+

01, 0X 1o

Recalling the sixth term in Eqn.(7),

00
tep = —RETDl & s

and considering to each order of the disturbance amplitude yields,

0 00 0 06
t 3:—R[ — J L-R, .
GD(g ) cr GO at + aX Rcr aTO aX

Recalling the seventh term in Eqn.(7),
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(12)

(12a)

(12b)

.08,

ot E
(12¢)

(13)

(13b)

(13¢)



(14)

0%y ,
tole!)= Ta = (14a)
: oy, (14b)
tm(s )z Ta Py
3 02 3 14
t7D(s ): Ta Py (14c)
Finally recalling the eighth term in Eqn.(7),
v __ oIl ((P)
tp=Ta v—0C, (15)
and considering to the different orders of the disturbance amplitude yields,
too(e')= 0 (15a)
tep(e?)= 0 (15b)
(15¢)
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We may now proceed to build the governing system of equations to each order by taking
into account the terms developed to each order of the disturbance amplitude for the
energy, solute and Darcy equations. This process is simply achieved by collecting the
respective terms for each of the energy, solute balance and Darcy equations from

Eqns.(5-15) above.

The governing equations to the leading order are given as,

_ o 0 Gl
S(choﬁ—a—z](pﬁRcra—)_(l-k V%, =0 (16a)
o 0 oy, ,
CS XIGO a?’ E (pl cr ai = 0 (16b)
o )’ G 06 0%y
(008_T+1] Vzwl—Rcr(Goﬁ-Fl]a—il-FTa 822] =0, (16¢)

which is identical to eqns.(4.37-4.39).

The system of governing equations to order ¢~

_ o 0 oy _ 09 oy, 00, oy, o
s[ —~——J LR M g , y, 00, dy, dy,
K057 " 57) 02T Ra g ¥V 0= -8 ’arO+R°{ oz ox  ox oz | U7
0 a] v, 99 oy, 00, dy, 00
. —e g, -R Y2 _ O |08, OV, 00,
S[X‘G‘)at 02/ 72 Re ox | K% o1, R“[ 0z 0X 0% az} (17b)
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which is identical to Eqns.(4.47-4.49).

Finally the governing equations to order ¢° were decoupled to provide a single equation

for the stream function since this form is required to obtain the solvability condition. The

decoupled equation to order ¢ is exclusive of the slow space scales and is given as,

&\, ) G R a*
ooﬁntl Vi, + QR 005—?+1 P +TaEV Y, =

0 0
Rcr(007+ 1} — RHSI1+ V°RHS2, (18)
ot 0X

where RHS1 and RHS2 are the non-homogenous terms defined as,

oy, 99 0 0
RHSI= QR Ii W_l 2 _ W_x 8\p_21+ I:OW_z a_e_l_ aW_z a\V_l _ aW_l (19)
0z 0X 0X 0z 0z 0X 0X 0z 0X

d d 0 d
RHS2:—2( - ]( 2 *‘]Vz - —( — ] LT
008t+l KC('D'+81 v, 2810 008t+1V\p2

0 3¢° dy G, 20 do;
K( —~+1j —— "+t R |0y =+1] - Py,
N 57 ") oz oz T RelCogptl) 5y K TaTvi

00 0 08 0 06
R.K.p?—1+R, = =L
cr c(\DI ai cr a‘[ ai + Rcr 6‘[0 ai > (20)

which is identical to Eqns.(4.60-4.62)
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Appendix AE : Weak non-linear Analysis — Overstable convection : Derivation of

the eigenfunctions to the leading order O(g)

The special case of standing waves is analysed by applying the boundary conditions
applicable to the stream function adjacent the axis of rotation. This results in the

following form of the stream function and temperature to the leading order,
v, = 2i[A ™ + Ale™ |sin(s%)sin(nz) (1)
0,= Z[CleiST + C:e'isr]cos(si) sin(nz). )

We now proceed to develop the solution for the solid fraction by stating the solute

balance equation to the leading order as follows,

c[xci—ij(p -R %:O 3)
S 1 Oa? az 1 cr ai ‘ (
Eqn.(3) may be rearranged as,
(PR R, T .
Dot 0z e 0% )

Using the solution for the stream function stated in Eqn.(1) , Eqn.(4) may then be written

as,
0 0 .2 Rcr i * i .
X0, P 0, =2ina ‘. [A,e +Ae ]cos(sx)sm(ni). ®))

The solution to for the solid fraction assumes a solution of the form,
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0,= [0,@Me" + 5] (@Mie ™ |cos(sx). (6)

Substituting Eqn.(6) in Eqn.(5) and collecting like indices of the exponential terms which

are a function of time, yields two differential equations that need to be solved,

- . _ do, 2ina’’R
coeff(e”) L 1Yo, iMp, - M, d(P‘z'I - c < A, sin(nz) @)
S

.dp;  2ina PR

coeff(e™) : -nyo iM[p; - M] — = = < Al sin(nz) . (8)
dz Cg
First we start by solving Eqn.(7),
N do, 2ima”R,
76 M9, - M, d_l = A, sin(nz). (9)
z Cg

We first solve the homogenous part of Eqn.(9),

dop, .,
Az 000, =0, (10)

the solution to which is given as,

9, = Ce™r, (11)
Solving the full non-homogenous equation (9),

do, 2ina PR, A,

R LY =—Tﬁlsin(n2), (12)
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by assuming a particular solution of the form,
¢, = P sin(nz)+ P, cos(nz). (13)

Substituting Eqn.(13) in Eqn.(12) and equating like coefficients of like trigonometric

terms as follows,

2ina "R, A,

coeff :sin(nz) : 7P, +n’yo,iP = . M, (14)

coeff :cos(nz) : nP -n’y0,iP,=0. (15)
Resolving these coefficients allows the particular solution to be written as,

0, = Pz[inyc o SIn(nz) + cos(nZ)] , (16)
where the definition for P, is given as,

p, - 2ina PR, 1 A 17

Cg n(l—nzyzcé) M,

The solution to the solid fraction is given as,

7, = C.e™ ™7 1 P[inyo,, sin(nz) + cos(nZ)]. (18)

Applying the boundary condition ¢,(1)=0 allows one to solve for the integration

constant C, , thus enabling the solution to be written as,
— in?yo, (Z- . C —
0, = Pz[e' D 4 inye , sin(nZ) + cos(nz)]. (19)
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Using exactly the same procedure as that outlined above, the solution for the solid

fraction corresponding to the contribution from the complex conjugate yields,
57 = Ble ™ inyo, sinrz) + cos(n2)] (20)
where the definition for P, is given as,

b 2ina ’R,, 1 A
2 CS Tt(l—thY2G(2))M:'

*
1

21

The full solution to the solid fraction may then be presented by substituting the solutions

in Eqns.(19-20) in Eqn.(6) to give,

0, = {D,[ei"zy"“(i“) +inyo , Sin(nzZ) + <:os(1c2)]eiT +

D;[e ")~ inyo , sin(nz) + cos(rz)]e } cos(sx),  (22)
where,
2(1 |/2R 2a ]/2R
D =i—5—A,, D =i—/—%—A.. 23
‘ cs(l—nzyzcé) 1 1 cs(l—nzyzcé) 1 (23)

Note that Eqn.(22) is identical to Eqn.(4.44) and Eqn(23) 1s identical to Eqn.(4.46).

We now proceed to develop the relationship between the coefficients A, and C,. Using

the modified heat balance equation at the leading order,

oy
2 —I e
Ve, + QR P 0, (24)
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and substituting the leading order stream function and temperature solutions yields the

following form of Eqn.(24),
“2n*(a + 1)[C,eiT + CTe_iT]cos(sX) sin(nz) +

2mia PQR [A " + Afe™" |cos(s¥) sin(nZ) = 0, (25)

Equating coefficients of like exponential terms yields,

. i« "QR
ffle”) : = —x*
coe (e ) =l ) N (26)
coeft(e™) o 9TOR 27
O ) A &7

Eqns.(26-27) compare identically with Eqn.(4.45).
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Appendix AF : Weak non-linear Analysis — Overstable convection : Derivation of

the eigenfunctions to order O(g?)

. . 2 . -
The governing equations to order O(e”) is given as,

_ 0 a] oy, ) — 00, oy, 08, anaWI}
——— —2,9% =-Sy,—t+R — 1

S(X‘Goat 0z 92+ Re 5% | 9, SXI@TO+ “| 9z 90X 0X 0% M
0 a] o, 09, {aw,ae, awlae,}
—-—|p,-R,—F=- -R —L_ L1 2

CS(X‘GOFN 0702 RaDg =G TR 52 ox ok o7 @

2 2
0 0 00 0° 0 0 0 09,
[00%4-1] vzwz-Ru[ 0~+lj—+T .. —2—(005?+1]V2\p| R, ———

9 0X 0z’ 01, “ 01, 0X
(3)
Decoupling Eqns.(1-2) yields the modified heat balance equation,
0 oy, 06, Oy, 0
V3, +QR, 2= QR [ LR RATRA A RS )
0x 0z 0X 0x 0z

which is solved together with the Darcy equation (3),

0 }2 [ i jae 8%y 5 [ 5 ] 3 8,
—+1] Viy,-R —=+]1 —r=- — ’ —
(“‘)at v,- R, cOa P + Ta pe= 2aTO o +1|Vy , + R

To omit terms that produce resonance at this order, we obtain particular solutions by

setting, 0A, /01, = 0. Eqns.(4-5) may now be written as,

a ja
V292+QR Wz:—QR ana_el_OWIan

9% “| 9z 0% 0% 0z ©)
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o N, [ 5 }aez GRTR
— - —+1 =2+ Ta—5=0. 7
[606?+1j Vi, - R, G°6t+1 pe +Ta = (7N

The homogeneous solution to these equation are exactly of the same form as the lower

order solutions, except for the coefficients, and may be written as,
Y,y = Zi[AzeiT + A;e"ﬁ]sin(si) sin(nz) (8)

0,,= 2[(326iT + C;e'ﬁ]cos(si) sin(nz) . 9)

The relationship between the coefficients are identical to that presented at the lower
order. It can be very clearly seen that the particular solution to Eqn.(7) is zero, thus

implying that to this order the full solution for the stream function is simply given as,
v, =2{[Ae" + A |sin(sx)sin(n2), (10)

which is identical to Eqn.(4.50). We now proceed to solve for the particular solution for
the temperature at this order. As before we evaluate the right hand side of Eqn.(6) using

the leading order solutions in the process and present the following form of the equation

to be solved,

9
V2, +QR, 2= RHS, (11)
0X
where
ZK(XQszr 2 2% * ¥ 2t .- _
RHS, = - W[Ale +2AAT+ A% [sin(217) . (12)
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Decoupling the modified heat balance and Darcy equations by applying the Laplacian

operator V*()) on the Darcy equation (7) and the operator R, 3/ 0%() on the modified
heat balance equation (11), the result of which is added to provide a single partial

differential equation for the temperature at this order,

o N, (8 o, 0,
Goﬁ+1 \% 92+QRCr Goﬁ-kl 8X2 +TaEV 92 = RHSB, (13)
where
0 X 0°
RHS, = 00§+1 \% RHSA+TagRHSA. (14)

The result of the operations on RHS, as depicted in Eqn.(14) is carried out and presented

as,

32n°a QR

RHS; = -
B (a+1)

o é[AfeziT +A] 2e“m] sin2nz) +

32n°aQ R, ey 1
WlGO[Afez - A% 2”]sm(2n2)+

810 Q’R2 o~ . er o
e (Tar DIATe™ +24,A] + A} %> |sin(2n7). (15)

We select a particular solution of the form,

8., = [b,+ be’™ + bl [sin(2n7) (16)
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Substituting Eqn.(16) in Eqn.(13) and collecting coefficients of like terms yields the

following solutions for the coefficients of the particular solution presented in eqn.(16),

aQ’R?
b = ——9AZ (17)
Y on{a 1)

2p 2
* (XQ Rcr *2

_ (18
Y on(e+ D) 1%
aQ’R? .
=—<LAA . 19
b, r(e+1) 7 (19)

Eqns.(17-19) are identical to Eqns.(4.53-4.55). The full solution to the temperature at this

order is given as,
0, = [b2 + ble2iT + bTe'm]sin(ZnZ) , (20)

where the coefficients are defined in Eqns.(17-19). Eqn.(20), incidentally is identical to
the solution presented by Eqn.(4.52).

We now proceed to develop the solution for the solid fraction at this order. Although it is

not used in any computations henceforth, it will nonetheless be provided very briefly.

The solid fraction equation that needs to be solved at this order may be presented as,

(x o i—ﬂj(p = 2ina ? R, [A eﬁ+A*e'ﬁ]cos(s>"<)sin(n2)—
Yot 0z "7 cg b ° ?

2.Tt(x€21{(2;r 2 207 * *9 27 - _
_m—[Ale +2A A+ A} e sin217). 1)
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A particular solution of the form,
0., = [D.0," + Dipse ™ |eos(sT) + [Ep e + Ergpe ™ + G |sin(2n2) 22)

Substituting Eqn.(22) in Egn.(21), performing the derivatives and equating the
coefficients of the like indices of the exponential time terms, allows the terms which are a
function of z in Eqn.(22) to be solved for. The full solution to Eqn.(22) is complicated
and great care must be exercised in the algebraic process. The full solution for the solid

fraction at this order is given as,

¢, = [D2 {ei“z“"’(z‘l) +iny0 , sin(nZ) + cos(ni)}eiT +
D; {e“”zy"“(z‘l) - inyo , sin(nZz) + cos(ni)}e‘ﬁ] cos(sX) -
[Fz {—ezmzy"“(z"l) +inyo , sin(21Z) + cos(27t2)}eZiT +
E {— e 10D _inye sin(2nZ) + cos(ZnZ)}e’N] cos(sX) +

Gleos(2nZ) - 1],
(23)

where the amplitude relations for D, and D) are exactly the same as that presented in

Eqn.(4.46). The amplitude relations for F,, F, and G are given as,

F _ aQRzr AZ

P o(a+D(-nteyH @4)
B aQRZ e

Po(at DI-nley?) ! (25)
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20QR? \
e W (26)
(a+1)

Eqns.(23-26) are identical to Eqns.(4.56-4.59). It is very interesting to note that the first
term in Eqn.(23) resembles the solution to the leading order solid fraction. The two terms
that follow the mentioned term simply implies the particular solution as a result of the

nonlinear terms present on the right hand side of the solute balance equation (2).

282



Appendix AG : Weak non-linear Analysis — Overstable convection : Derivation of

the leading order amplitude differential equation at order O(g*)

The governing equations to order ¢’ was decoupled to provide a single equation for the

stream function in the form,

o ) o )y, 0?
[ooa—?uj V4W3+QR;(00E+1] e +Ta—822V2\p3:
R[ i+1)iRHS1+V2Rﬂsz (1)
705t ) o% :

where RHS1 and RHS?2 are the non-homogenous terms defined in Eqns.(4.61-4.62).

Now we multiply Eqn.(1) by the complex conjugate of the leading order solution vy, and
note that the stream function v, is zero at the boundaries of the mushy layer, X €[0,L]
and Z €[0,1]. The above operation enables the left hand side of Eqn.(1) to cancel off,

leaving behind the right hand side solution which represents the solvability condition

given as,

1 L2n L

o ) . .
HHRW[GO—N+1J—_RH31 y didxdz+ [ | [V?RHS2.y dTdxdz=0,  (la)
FE dt 0x e

]
O\_.H

Noting that,
0 0

we multiply Eqn.(1a) by the operator [8/ ot + 1], thus enabling Eqn.(1a) to be expressed

as,
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2

1L 2= 5 2 2 _ ~ LL
M { [G"a +} a—XRHSI}-wldtdidz+(”

0

where,
oy, 36, 8\4}16\“} {8\4}2% 8w28w|}_8w|
RHSI_QR”{ 67 8x  0x 0z ) | 0z 0x 0% 0z 0%
o )’ 0 G o )
RHSZIH=—2[005+I] [K°¢%+8—I}V2W1_2a[606_?+1] Vi, -

0 jzaqﬁaw, ( 0 ]209 807 dy,
v —— + R —+ 1 + KcTa —+
K“[G°8t+1 0z 0z e\%0 5T P 0z 0z

[v?RHS2,, -y dTdxdz = 0,
0

(Tc)

2)

RK[ 0 1] , 99, R[ aH]aae R[ 9, ]aae
Koo gzt Y| 0 55 [ Rl 07 Y 5 xR0 57 Y o, v

In Eqn.(3), RHS1 and RHS2  stands to identify the right hand side terms which have

been evaluated from previously known solutions at orders ¢ and ¢°. The evaluation of
the left hand side is complex from a algebraic point of view hence this process will be
broken down into several sub-steps in order to maintain clarity throughout. In addition we

shall refer to RHS2 , as RHS2 for clarity. A detailed solution of the first term in Eqn.(3)

will be provided whilst the final result of the remaining terms will be listed.

Recalling the first term from Eqn.(3),

By, 00, oy, a0
RHSM=QRU{W'O'— v 2}

0z 0X 0x 0z
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Using the lower order solutions for the temperature and the stream functions we may

evaluate Eqn.(4) to be,
RHS,, = -QR,, {2in°0 [Ae" + Ale™[[Ce™ + Cle |sin(2n2)| -
QR {4in 2q V2 [AleiT +Ae ][b2 +be’ + b?e‘ﬁ]cos(si) sin(nZ) cos(2n2)} (5)

Applying the operator shown in Eqn.(1) on Eqn.(5) as follows,

, 0 ’5
RHS,, = R_ ooﬁ+l gRHSAI,

yields the following result,

!

RHS,, = -4ir’a QRZ0[(A b, + Ajb, e + 9A,b,e™ + 9ATb ™ + (ATb, + Ab)e |
sin(sx) sin(nz) cos(2nZ) +
8i'1 0 QR%0,[(A,b, + A7b,Je™ + 3A b,e™ - 346 + (Alb, + Abr)e |
sin(sx)sin(nz)cos(2nz) +
4in 0 QR [(A b, + ATb,Je + A b’ + Albie™ + (AT, + Ab;)e]

sin(sX) sin(nz) cos(2nZ).

(6)
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Multiplying this equation by w,= 2iATe'iT sin(sX)sin(nZ) and integrating over the

domain X €[0,L] and z €[0,1] and over time t €[0,2n] as follows,

RHS,, = HszHSAl’.q/lde‘XdZ , (7
000

which after integration produces,

RHS,, =21'aQR21(1+i0,) [A]A b, + A’b,]. (8)

The exact procedure is followed for the remaining terms for RHS, and the final form of
the solution to RHS, 1s given as,

RHS,| = 2x'0QRLL(1+i0,) [AIAb, + A} %D, ]-

n.

2w QREL(1+i0,) AT, (9)

We now proceed to evaluate the solvability condition contributed by the terms in the

Darcy equation. Again we will evaluate one term and list the rest.

Recalling the first term from Eqn.(3),

i 2 .0
RI—ISDI:_‘?’(GOﬁﬂl-lj (KC(PI+6_T]V2WI (10)

Using the lower order solutions for the stream functions and the solid fraction that are

pertinent to the case of overstable convection and solving the first part of Eqn.(10),
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) 0
RHS,, :[Kc(pfqta—T]VWl , (11)

yields the following form of Eqn.(11),

t

RHS,, = -2in*(x + DKK[A £ + Alfle [ [A "+ Ale™ |cos’ (s%) sin(sx) sin(n2) -

- AL o
2in (o + 1)\:%?—16” + 0% e“”}sin(si) sin(nz), (12)
T T

where f, and f, are functions of Z given as,

z

£ o= g™ ol inyo , sin(nz) + cos(nz) (13)

£ = e ™D _jnys sin(nz) + cos(nZ) (14)

z

whilst the coefficient K, is simply,

2a*R
Ko = iﬁ. (15)
cs(l—n Y 00)

Now applying the following operator,

aQ

2
RHS,, = —2(00;—?“] RHS,, , (16)

2n
on Eqn.(12) and noting that all exponential terms for time that are of the order Jeiimd?
0

produces a result of zero enables Eqn.(12) to be written in the following truncated form,
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RS, = 4in*(o + DK KZAZAL(1+ 56, ) (2 + 26,8 )" cos’ (sX)sin(s%)sin(n2) +
20A, & .,
4in* (o + 1)(1+ i(so)7 a—rle” sin(sX)sin(nz) - (17)

Multiplying this equation by y | = 2%?6“ sin(sx)sin(nZz) and integrating over X € [0,L]

and Z €[0,1] and in time over t e [0,2n]as follows,

RHS,, =

[ e

L
[rES,, .y dxdz, (18)
0

which after integration provides,

)2 .o\, «OA
RHS,, = -161(a + 1)(1+ ico)chKgKo(AlAl)7 +an’(o + 1)2(1+ 100) LA a_rl,

(19)
where ,

Cq= H{Vz[(ff £ 26,8 )cos* (sX)sin(s%) sin(x2) | sin(s%) sin(nz)dxdz.  (20)

Following exactly the same procedure as this for the remaining terms, we evaluate the

solvability condition contributed by the Darcy terms, to give an expression of the form,

* * aA
RHS,| = -167°(a + )(1+i0,) KK (A A]) +4n°(@ +1)*(1+i0,) LA; —t4
ina T
., 810QR2K K? .
812K K2(1+ o, ) Kk ATA] 7 4~ 20 (g e AZAT -

(o +1)

* . * * aA
87K KiTax AZA;? - 21°0QR’ (1+i0,) LA,A| - 20°aQR2 (14 0 LA —h.en
T

288



where

Ky = ]Lj {V 2[Dz(fz2 + 2fzf:)cos2 (sX) sin(sX) sin(ni)]}. sin(sX) sin(nz)dxdz,

(22)

where D, = d/dz . Now the solvability condition is simply be found by adding Eqn.(9)

and Eqn.(21) and presenting as,

. 0A . )2
t A a—rl+ t,A A+ tC(A,Al) =0,

where
t = 4n*(o + 1)500(i— 0‘0>L

t,=~-8n° (o + 1)20'0(1+ ioo)zL

t, = 4n (o + 1)3(2+ Q)(H 16 0)2 +16n° (o + 1)KCK(2)KOGO(GO - i)+

817K K2k ][(1+ io, ) - Ta] .

(23)

(24)

(25)

(26)

Reintroducing the original unscaled time as t=¢’y,T and setting A=¢A, and

A’ = ¢A], whilst performing some minor algebra on Eqn.(23), allows the following form

of the amplitude equation,

iA__[ 2 t_b] [ t_CJAA* A
df - T[Yta ﬁov tb >

which may be further presented as,
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%1% = hm[% ov hzzAA*]A ’ (28)

where

t t
h,, = [—n2y 7[3] and h,, = [_t_cj . (29)

a b

Incidentally Eqn.(28) is identical to Eqn.(4.64). In addition we note that

, (30)

and the coefficients given in Eqn.(29) contain real and imaginary parts which may then

be represented in the following manner,

h,, = h), +im,, and h,, = h%, + im,,. (31)

Eqns.(30-31) are identical to the set presented in Eqn.(4.65).
The next step involves solving for the individual components of the terms in Eqn.(31).

Firstly we evaluate the term,

t
h;, = [-HZY —b], (32)
which results in the following form,

) 2nzy(1+ i00)2
o = (o + 1)300(i— 00) ' (33)
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2

nL
L [ {do,/dz|_, d=di=1. (13)
00

Nt = 2nL

The second term in Eqn.(12) is given as,

2r

__ i L N
Nug = L J 2n[Cle” + C,e"”]cos(si) dxdt = 0. (14)
0

O!——.l“

Finally the third term is given as,

2r

ﬂ{—zﬂ[czeﬁ + C;e'ﬁ]cos(si) +
00

‘

I\I_ovz
Hov2 2n

—

22[b, + b + bje ™ [{dxdt (15)

Performing the integration yields the following result,

Nu,,, = 21b,, (16)
where
ocQ2Rzr .
b, = T ) A (17)

Using the fact that n2aQR? = 2(c + 1), and using the definition for b, as provided by
Eqn.(17), yields the following result,

— 4o +1)Q ,
Nug, = ——5—AA]. (18)
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The solution for the Nusslet number is given as,

— Ha+1)Q 5 .
NUOV: 1+ - 5 ¢ AlAl.
T

(19)

Noting that A = ¢A, and A" = ¢A] and AA’ = 1?, allows Eqn.(19) to be written as,

_ 40 + 1)
Nugy = 1+ (7172)8. (20)

Recall that the modulus of the amplitude was found to be of the form r” = hd,¢ _,, where

£,=8°= [R/ Reov 1] . Applying this to Eqn.(20) allows the Nusselt number at the post

transient state for order & to be given as

4(a + Q)
2

Nug, = 1+ [R/R,,.. - 1]+ O VR>R, . 1)

cr,ov

Note that hS, = 1/hS, and h), is defined in Eqn.(4.75). Eqn.(21) is identical to Eqn.(5.6).
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