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Abstract

The molecular theory of the second Kerr-effect virial coefficient By describing
the effects of interacting pairs of molecules on the molecular Kerr constant for
molecules with non-linear symmetry is reviewed, and then extended to include
higher-order contributions arising from field gradient effects and molecular elec-

tric quadrupole moment contributions in the molecular interactions.

This investigation has been limited to non-dipolar species, where the perma-
nent electric quadrupole moment is the leading multipole moment, making these
molecules a useful test of the quadrupole-induced-dipole contributions. (In dipo-
lar species, the quadrupole contributions will likely be masked by the generally
much-larger contributions arising from the permanent electric dipole moment.)
The resulting expressions for contributions to By are evaluated numerically (us-

ing Gaussian quadrature) for the non-dipolar molecules CoHy, CoHg and COs.

CyoHg and CO, are axially-symmetric molecules, while CoHy is of lower (Dsgy)
symmetry. Attempts to approximate CoHy to axial symmetry in calculations of
By have yielded values which significantly underestimate the measured data. In-
clusion of the full molecular symmetry in the molecular-tensor theory yields a
substantial improvement in agreement with experimental results. For CO, and
CsHy, both of which have relatively large quadrupole moments and polarizabil-
ity anisotropies, the series of quadrupole-induced-dipole interaction terms are
found to contribute significantly to B, often in excess of 50%, while for CyHg,
which has a relatively tiny quadrupole moment and polarizability anisotropy, the

dipole-induced-dipole terms dominate, contributing in excess of 99% to Bp.
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Chapter 1

Review and Introduction

1.1 Review: Birefringence in the Kerr Effect

1.1.1 The Kerr Effect

When a substance, which is optically isotropic, is placed in a region with a strong
uniform electric field, the substance becomes birefringent. This effect was dis-
covered by the Reverend John Kerr in 1875 when he observed the birefringence
induced in glass when placed in a strong electric field [1]. Only gaseous media will
be considered in this work, where the field-induced birefringence arises through
both the partial alignment of the permanent molecular multipole moments as well
as the distortion of the electronic structure of the molecules in the presence of the
external static electric field. The Kerr constant K of a homogeneous substance

is defined by the relation

ny—n, =\KE?, (1.1)

which illustrates that the magnitude of the effect is found to be proportional to the
square of the electric field strength £. n is the refractive index for light when the
polarization vector is parallel to the direction of the applied electric field, while
n, is the refractive index for light with the polarization vector perpendicular to

the applied field. If linealy-polarized light enters this now-anisotropic medium

1



2 CHAPTER 1. REVIEW AND INTRODUCTION

propagating at right angles to the direction of E, the induced birefringence will
cause it to emerge from the medium elliptically polarized. The relative phase
retardation, in radians, between the parallel and perpendicular components of

the light-wave electric vector is

27l

¢ = —=(nj—n1), (1.2)

where [ is the distance which the light traverses in the birefringent medium and

A is the wavelength of the light.

1.1.2 Interaction Properties, Effects of the Density

The effect of two-body or higher-order interactions on optical properties is often
expressed by a virial expansion. The dependence of a measurable molecular-optic

property @ of a real gas on the molar volume V,, is written as [2]

Bo C
Q:AQ+V—5+V—§+..., (1.3)

where Ag, Bg and Cg are the first, second and third virial coefficients, respec-
tively, which are independent of V,,,, but are functions of frequency and temper-
ature. The first virial coefficient A describes the isolated molecule contribution
to Q. The second virial coefficient B describes the excess contribution to @
due to the interactions of molecular pairs, while the third virial coefficient Cg

describes contributions from the interaction of molecular triplets.

1.2 Introduction and the aims of this work

One of the principal goals in molecular optics is the experimental and theoreti-

cal determination of the electromagnetic properties of individual molecules. This
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is often achieved via experimental investigation of the interaction between light
and macroscopic samples of matter, and then coupling such measurements with
suitable molecular-tensor theories to relate the macroscopic observables to the

molecular property tensors of the molecules in the sample [3-8].

The measurement of the electro-optical Kerr effect of gases is an important tool
used to determine electric properties such as the polarizability and hyperpolariz-
ability tensors. These electric properties provide an insight into the structure and
charge distribution of molecules [3, 9, 10]. Careful consideration must be taken
of the fact that in a typical gas sample the molecules cannot be treated as though
they are independent systems, since the presence of molecular interactions can
affect the bulk properties of the sample, sometimes substantially modifying them
from those of an ideal gas. Pressure dependence studies can yield useful insights
into intermolecular interaction properties, allowing for testing of the long-range
model of intermolecular forces, thus making the Kerr electro-optic effect a very
useful technique. The Kerr effect in gases is, in general, very small in comparison
to that in liquids and solids. Thus making density-dependent contributions to
the effect are extremely difficult to measure with high accuracy and precision.

This explains the relative scarcity in experimental data in the case of gases.

This work reviews the molecular-tensor theory of the Kerr effect developed by
Couling and Graham [11, 12]. Subsequent work by Graham and Hohls [13] at-
tempted to extend this theory to include quadrupole-induced-dipole contributions
to Bk, though this work was never published, and has been found to contain
catastrophic errors, some of the contributing terms not having been accounted
for. The present investigation extends the molecular-tensor theory of the Kerr-
effect of Couling and Graham to include higher-order contributions arising from
field gradient effects and electric quadrupole moment contributions in the molec-
ular interactions. This theory is developed in Chapter 2, and in Chapter 3 is
applied to three non-dipolar species for which experimental By data are avail-

able, namely CyHy, CoHg and CO,. For CoHy and COs, which both have a
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relatively large permanent quadrupole moment and polarizability anisotropy, the
new higher-order contributions are found to often be quite substantial, sometimes
contributing more than 50% to Bg. The calculated By values are compared with
the available measured data, and are found to be in reasonable agreement after

inclusion of the new contributions.

While experimental investigations of the Kerr effect exist for other molecules
such as CSy, C¢Hg, CeH3F3 and CgFg [14, 15], the observations have been made
at relatively low pressures, so that second Kerr-effect virial coefficients were not
detectable. With the new theory, it will be possible to predict the By data for a

range of non-dipolar species which might be profitable for future measurement.



Chapter 2

Theory of the Kerr Effect

2.1 Introduction

In 1875, Kerr observed that when an isotropic medium is placed in a strong uni-
form electric field, it will generally become birefringent [1]. In this particular
review the investigation shall be limited to gaseous media, where the application
of a strong, uniform applied field gives rise to anisotropy in the molecular dis-
tribution either resulting from intrinsic anisotropy in the individual molecules,
or because anisotropy is induced in the molecules due to the applied field it-
self. The main focus of the Kerr-effect measurements in gases is to be able to
determine molecular polarizabilities and hyperpolarizabilities, as well the deter-
mination of the Kerr-effect virial coefficients. In order for these properties to be
determined, mathematical relationships between the macroscopic experimental
observables and molecular-property tensors are required. Such relationships al-
low for the molecular-property tensors to be extracted from the measured data.
In 1955, Buckingham and Pople [9] were able to develop such a theory for gases
comprised of axially-symmetric molecules at low pressure. Buckingham extended
this theory to dense gases of axially-symmetric molecules [10]. In 1995, Bucking-
ham’s theory was extended by Couling and Graham to include gases comprised
of molecules with symmetry lower than axial, and also including higher-order
molecular-interaction terms to ensure convergence to a meaningful result [11, 12].

This theory will be reviewed as part of this MSc project, in preparation for
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the inclusion of the new quadrupole-induced-dipole (QID) molecular-interaction
terms. This thesis is primarily concerned with inclusion of these higher-order
QID molecular-interaction terms and investigation of their relative contribution

to the second Kerr-effect virial coefficient By of non-dipolar molecules.

When an isotropic gas sample is placed in the presence of a strong uniform electric
field the gas becomes birefringent. This phenomenon is known as the quadratic
electro-optic (or Kerr) effect, and the molar Kerr constant ,,, K of a gas is defined
as [9]

6n (n” — nL) Vin

K = , (2.1)
(n? +2)° (e, + 2)* E2

m

where V,,, is the molar volume of the gas sample, n is the isotropic refractive
index, (”H —n L) is the difference in refractive indices for light polarized parallel
and perpendicular to the applied electric field, and ¢, is the dielectric constant
of the gas. The virial expansion of the molar Kerr constant is [10]

Ck

By
K =Ax+—+ -+, 2.2
K+Vm+vﬁ+ (2.2)

where A, Bx and Ck refer to the first, second and third Kerr-effect virial co-
efficients respectively. These coefficients are functions of temperature and the

frequency frequency of the probing electromagnetic radiation.

2.2 Non-interacting molecules

Consider an isotropic fluid contained inside a Kerr cell to which a static electric
field is applied. In order for the forces acting on the permanent and induced
multipoles of the molecules to be minimized they will tend to orient themselves
to the applied electric field. The medium becomes birefringent due to the resulting

anisotropy. If a linearly-polarized light beam were to pass through this medium,
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the emergent light would be elliptically polarized. This is caused by the phase
difference ¢ induced between the coherent resolved components of the incident
beam linearly-polarized perpendicular and parallel to the direction of the applied
electric field [9]. When the azimuth of the linearly-polarized incident beam has
an angle of 7 radians relative to the applied field the phase difference induced
is at a maximum. A light beam with wavelength A that propagates through a

birefringent medium of path length [ will experience an induced phase difference,

¢, of

B 27l (n” - nL)

¢ = 3 (2.3)

Suppose the light beam, which is now elliptically polarized, is passed through a
quarter-wave plate which has its fast axis set at an azimuth of 7. The emergent
light beam shall then be linearly polarized with its plane of polarization offset
from 7 by % The relationship between the induced phase difference and the Kerr

effect is given by

¢ =2rKIE?, (2.4)

where the Kerr constant K, which can be negative or positive, depends on the
specific sample that is being investigated, its temperature, and the wavelength of

the light beam. The Kerr constant K is defined as

(= ny)
K=

(2.5)
A Cartesian laboratory frame O (x,y, z) is considered to be fixed in a Kerr cell
such that = and y are set perpendicular and parallel to the direction of the
applied field respectively, with z in the direction of the of the beam propagating
through the cell. In the case of dilute fluids, where the molecular interactions

(p

are negligible, the induced oscillating dipole moment u ) of molecule p will result
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only from the oscillating electric field &p; of the light beam. Now since the fluid
experiences an application of a strong static electric field E; the optical-frequency
polarizability «;; is modified to a new effective poloarizability 7;; which can be

written as

_ O
- 98

1
= 4 + BijkEk + §7z‘jklEkEl + - (26)

Tij
Here, all tensors refer to the molecule-fixed axes O (1, 2, 3) of molecule p. The sub-
scripts 4, 7, --- indicate tensor components. When a suffix appears twice in the
same term, the Einstein summation convention is used, requiring a summation
over Cartesian components with respect to that term. The applied field causes a
distorting effect on the polarizability which can be described by the first and sec-
ond hyperpolarizability tensors f3;;; and 7;jz. Frequency doubling and frequency
tripling are caused by the first hyperpolarizability and second hyperpolarizabilty,
respectively. These describe the dipole moments (induced by a light-wave field)
that oscillate at twice and three times the incident frequency respectively. The
increase in moment per unit increase in the field is measured by m;;. This effective
polarizability has components parallel and perpendicular to the direction of the

biasing field with respect to the laboratory frame given by

Moo = TijQ5 05 (2.7)

and

Tyy = Tija;ay (2.8)

;respectively. Here af refers to the direction cosine between the x space-fixed
and the ¢ molecule-fixed axes and a! refers to the direction cosine between the
y space-fixed and the ¢ molecule-fixed axes. The differential polarizability in the
presence of the biasing field for a molecule held in a fixed spatial configuration 7

is given by



2.2. NON-INTERACTING MOLECULES 9

m (1, E) = mj (afaf — alal)
. (2.9)
= (i + BijpBal + ivijklEaiEa}” +oo ) (afal — alal) |

where F; has been written as Fa?. Since the molecule is tumbling in space, this
quantity needs to be averaged over all configurations in the presence of the biasing
influence of F;. The rotational motion of the molecules can be treated classically
at typical experimental temperatures. A Boltzmann-type weighting factor can
be employed to perform the average over molecular configuration, since the light
wave’s period of oscillation is much smaller than the time taken for the molecules
to rotate. The Boltzmann-type weighting factor is given by
f (7_ E) U(t,E) /chTdT

T = e UCERTar , (2.10)

where U (1, E) refers to the potential energy of the molecule in a specific configu-

ration 7 in the presence of the biasing field. In molecule-fixed axes this becomes

U(r,E) = o — M(O)E aijEEA — lbijlcE'E'Elc + ... (2.11)
= U°— 4" Ba? — Loy EPaa? — b ERatatal + - '

Here the field-free molecular potential energy is denoted by U, while the per-

manent dipole of the molecule is denoted by ,ugo)

, and a;; refers to the molecule’s
static polarizability, with b;;;, referring to the molecule’s static first-order hyper-

polarizabilty, etc. The difference between the refractive indices becomes

27TNA_
= ™
47'('60

(2.12)

where Ny is Avogadro’s number. The relation between the induced birefringence

and the biasing electric field requires the average differential polarizability to be
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evaluated. In order for this to be achieved, the biased averages are converted into

isotropic averages by Taylor expanding 7 in powers of E:

7=A+BE+CE*+--- (2.13)
where
A= (7)E:07
om
B=[2Z
(5F),..
and

2_
o1 (8_72) .
2 \or?) ,_,

The isotropic average (X) of a quantity X (7, F) with F = 0 is given by

B J X (7,0) e~ U°/ksT g7

<X> f e~ U%/ksT dr

(2.14)

In order to obtain expressions for A, B and C, determination of the isotropic
averages of the direction cosines is required. These general results are provided

by Buckingham and Pople [9] and by Barron [5] as follows:

S (afat) = (ala’) = (afaZ) = 36 (2.15)

| (afasug) = (atatot) = (aasar) = oo
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and
.

)
(afafaiaf) = 7= (8i0k + Oixdji + Sudjr)

(alalaial) = 35 (40:00 — 6indji — 0adjr) ¢ - (2.16)

L <afa§a3,§af> = 3—10 (45ij5kl - 5Z~k5ﬂ - 5il6jk:> J

When E = 0, A becomes zero since () = 0, and therefore no birefringence is

induced in the fluid. Differentiating equation (2.10) with respect to £ and putting

o7 o 1/ oU
B _/omN _ L /oY 2.1
(8E>E_O <8E> kT <”6E> ! (2.17)

E =0 gives

where

(2.18)

Both of the terms in equation (2.17) average to zero over all directions of af, so

that the leading non-vanishing term for the differential polarizability is C'

_ 1 (&7 _ 1/ 1 ar U U 1 U\ 2
C=3 (W)EZO =3 <m> ~ T <28_E8_E +7Tm> t STy <7T (52) > :
(2.19)

Differentiating equations (2.9) and (2.11) twice with respect to E and setting the

field to zero gives

271" X T
(3E2>E:0 = Vil 0, (ai aj — a?aé’.’)

(2.20)

oU? T T

(85) oy = —oweie

Equation (2.16) gives
1

(afajagal — alalaiaf) = — (=20;50k + 300 + 30ad;1) (2.21)

30
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such that

5 <@> = 3k (afafagaj — ajajaga )

) (2.22)
- 2
( = 30 i )
(__1 omoU . O°U 1 © ) o202 eoy )
_QkBT <28_E8_E * 7TaE’2> = kBTBl]kH’l <ai ajak:a“l - a?a?akal>
+ maijakl <ai ajakal — ajakal> ,
2 (0) 1
= T o Piijh — (yai5 — 3 ,
\ kT ot T Ty (Pt —30a).
(2.23)
and
( 2 \
b oy 1 © O/ 2 22o gy
™\ a7 = 3% a; a;apa; — a; a;a,a
2(’€BT)2< <3E> > 2 (k)2 W T (o ajaiol jakal)
= L (Oéi‘M(O)M<O) “ (,U(O))2>
\ 15 (kgT)*> \ 700 1Y :

o~

2.24)
where a = «;; and a = a;;. Consequently,

1 (9’7 _ 2 2 (0) 1 3 (0), (0)
3 <W>E:O = 30755 + 15kBTBiij/~Lj + TraT (Oéz‘jaz'j — 3aa) + 5kpT) <Oéz'jli¢ My —

(2.25)

so that equation (2.13) becomes

(1))
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—_ 2 2 (0) 1 3 (0) (0) 0))2 2
T = {@%‘m + g ity + g (Gt — 300) + 5o0s <Oéij,ui py —a(u?) >} B

(2.26)
The mean dynamic and static polarizabilities are given by [5]
( 1 \
o= 3 (a11 + agp + as3)
(2.27)
a = — (CLH + a9g + CL33)
( 3 J

The definition of the Kerr constant proposed by Otterbein [16] in the limit of low
density becomes

. Q(le—n)vm 2w N 4 o’
K= y _ . 2.28
Vol { 27 (4meg) E? }E:O 27 (4meo) (8E2 E=0 (2:2%)

Invoking equations (2.12) and (2.25) gives

_ 27N (0) (0),,(0)
mI = 405 aren) {Q’Yiijj + 50T [4ﬁz‘ijﬂj + 2 (ajai — 304@)] + G (aijui fy —
(2.29)

This equation is a generalized form of the Langevin-Born equation [9] which takes
into account the effects that high field strengths have on the polarizability. For
molecules that have a high symmetry this general equation becomes greatly sim-

plified.

The temperature-independent contribution to the Kerr effect, proportional to
the second hyperpolarizability, accounts for a measurable Kerr constant for atoms
like helium as well as for isotropically polarizable molecules such as methane. Al-
though the Langevin-Born theory predicts a zero effect for these systems, the
molar Kerr constant is in fact non-zero, and is given by

47TNA K

WK = A
81 (4720) |

(2.30)

()}
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~K refers to the second Kerr hyperpolarizability, defined by

1
WK = 10 (3Vijij — Yiijs) - (2.31)

2.3 Interacting molecules

The above Langevin-Born and Buckingham-Pople [9] theory of electro-optical
birefringence bears reference specifically to assemblies of non-interacting molecules,
and in order to take into account dense fluids where intermolecular interactions
are present, it needs to be modified. The molecular Kerr constant is given as per
equation (2.2),

Ck

By
WK = A+ 2K T 2.32
K+Vm+vw%+ (2.32)

where the coefficients Ax Bi and C'g refer to the first, second and third Kerr-
effect virial coefficients. These describe the contributions made to the molar Kerr
constant by non-interacting molecules, interacting pairs of molecules and inter-

acting triplets, respectively.

The low density molar Kerr constant Ag is given by

while Bg describes the contribution arising from interacting pairs of molecules
to ,, K:
B = lim (K — Ag) V. (2.33)

Vim—o0

In 1955, Buckingham presented a statistical-mechanical theory of By for molecules
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with axial-symmetry [10]. Buckingham and Orr extended this theory, in 1969, to
include additional effects of polarizability and angle-dependent repulsive forces
to calculate values of By for CHyFy, CH3F and CHF3 [17]. Their experimental
values obtained approximate agreement for CH3F, while the calculated values for
CHF3 were found to be far too small [17]. They attributed this to the effects of
short-range interactions on the polarizability and potential energy, arguing that
the measurements of By for polar gases probably would not yield any useful in-
formation about the nature of intermolecular forces. In 1983, Buckingham et al.
resolved this conflict between experiment and theory for the fluromethanes [18].
The collision-induced polarizabilty was included into the theory and this in fact
was found to be the dominant contributor to Bx. A reasonable fit to the mea-
sured data for the fluromethanes over a range of temperature was achieved by
using a simple Stockmayer-type potential. The limiting factor of this theory was
the large uncertainty of around 50% in the experimental values. Couling and Gra-
ham, in 1995, developed a complete molecular-tensor theory of By for interacting
molecules with general symmetry [11, 12]. This theory will now be reviewed, and
will simultaneously be extended to include the quadrupole-induced-dipole inter-
action terms, followed by their application to non-dipolar molecules of axial and

lower symmetry.

For an ideal gas in the presence of a strong electric field E,,, the molecular theory
of the Kerr effect gives the difference in refractive index as
27N A

Ny = A 2.34
" ny (471'80) Vmﬂ ( )

where 7 is the average over all configurations of ;; (afaf — afajy-) of a representa-
tive isolated molecule in the presence of the biasing influence of the field F,. The
contribution given by a representative molecule 1 to the difference in refractive
index, (n, — ny), is modified by the presence of a neighbouring molecule 2. For
a pair of interacting molecules in a specific relative configuration 7, the contri-

bution of molecule 1 to the induced birefringence at a particular moment will be
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half of the total contribution of the interacting pair:

% {%ﬂm (T, E)} . (2.35)

Here,
712 (1 E) = 7ri(;2) (afa§ —afal) | (2.36)
where 7TZ(J1 2 is the differential polarizability (in molecule-fixed axes) of the inter-

acting pair. Initially the two molecules are allowed to rotate as a rigid whole in
the presence of the biasing electric field E;, the interacting pair being treated as
held in a fixed relative configuration 7. This gives a biased orientational average
m which, by Taylor expansion in powers of E, can subsequently be con-
verted into isotropic averages. The leading surviving term, unsurprisingly, is in

E2

Y

——— 1 (*7D (1, F)
(12) = | 2
712 (1, E) 5 ( 55 )EO E*| (2.37)

where

1 (9*72) (1, E) 1 /06?712 1 237T(12) oU(1?) (12)82U(12)
2 OE? E_0_§< OE? >_2kBT< 0E oE " om? >

2
RS S et <3U_(12)> ,
2 (kT)? OF

(2.38)

Here, U?) (7, E) refers to the potential energy of the interacting pair of molecules
in the presence of the applied field E;. Extrapolating the ideal-gas definition of
the molecular Kerr constant which was proposed by Otterbein [16], provided in

equation (2.28), to higher densities, the molar Kerr constant becomes
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B 27Ny 1 (0*x12 (1, E) 0T
mK_AK+/727(47T50) {5( OE?2 - @ oo P(T>d7'
E=0

Here, P (1) dr refers to the probability of molecule 1 having a neighbour in the
range (7,7 + d7). The intermolecular potential U!? (7) is related to this proba-
bility by

N 12
P(r)= _QVA e~ (U (@)/keT) (2.40)

where Q = V! [dr is the integral over the orientational coordinates of the
neighbouring molecule 2. By comparing equations (2.32) and (2.39), the second

Kerr-effect virial coefficient is found to be

By = —27TN‘% / 1 —027r(12) (7. E) om e’(U(u)(T)/kBT) dr.
270 (47so) J, | 2 OE? L. \oE?
- (2.41)

For the more general case of molecules with symmetry lower than axial, the Euler
angles and the intermolecular displacement R (as detailed in Appendix A.1) are

best used to express the interaction coordinates such that By can be written as

11, 12]

f f 27 27 T 27
2167r2 47r€0 R=0 Ja1=0 ,81 v1=0 Jaz=0 J B2=0 Jy2=0

BQW 827 (U2 () / kT
E=0 -

R2 sin Bl sin ﬁg dR dOél dﬂl d’)/l dOéQ dﬁg d’)/g .

By =

As in the case of an ideal gas, the total oscillating dipole moment induced in
a molecule is used to determine the refractive index of a dense gas. Now, the

dipole moment of a representative molecule 1 is induced by both the oscillating
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electric field &y; associated with the light wave, and also partly by the oscillating
field g"i(l) and field gradient L%(jl) arising at molecule one due to the oscillating
moments of the neighbouring molecule 2. It was at this point that Couling and
Graham [11, 12] made the assumption that the quadrupole and field-gradient
effects would be negligibly small and therefore omitted them from further con-
sideration. These contributions will however be retained in the present analysis.

Their inclusion yields the dipole moment of molecule 1 as [3]

1 1
D (&) = (aE}) + ﬁf};zEk + ﬁf}zzlEkEz + - > (@“’Oj + 9j(1))+§f4§]1~11 ((5‘703‘1@ + fj(;?) ,
(2.43)

where F; is the strong applied static field. The oscillating quadrupole moment of
molecule 1 is

) (&) = AL

o (G + 70) + Gl (G + 7)) (2.44)
The relation between the dipole moment of molecule 2 and the field due to this
oscillating moment measured at the origin of molecule 1 is expressed via T-tensors

[3] (see appendix A.1) as

1
1
and
1
F = Tip? — gTijkl@z(j) : (2.46)

The dipole and quadrupole moments of molecule 2 are themselves modified by
molecule 1’s oscillating dipole moment together with the oscillating field of the

light beam
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1 1
n? (&) = (0415?) + Bt Ex + §7i(J'21ilEkEl +ee ) (503' + 9]'(2)>+§A§§11 (503%: + 9;;?) :
(2.47)

and

91(12) (o) = A,(j; (5’% + 9152)> + Cg,il (é%kz + 9,5?) : (2.48)

The electric field arising at the origin of molecule 2 from the oscillating dipole

moment of molecule 1 is

1
while the field gradient is
1
T = ~Tiyy” - gTz‘jle;S) : (2.50)

Now the field gradient of the light wave &p,; can be neglected since the dimensions
of the molecules are extremely small in comparison to the optical wavelength. The
expression for the total dipole of molecule 1 is ultimately achieved by substituting
equations (2.47) to (2.50) into equations (2.45) and (2.46), followed by succes-
sive substitutions of 35@-(1), c%-@), gﬂ-(jl) and cgﬁ(jl), giving rise to a lengthy series of
terms which contribute to the net field ,931-(1) and field gradient 331-(;) in equations
(2.45) and (2.46). Finally, substituting these lengthy series into equation (2.43)
gives the final expression for the total oscillating dipole induced on molecule 1 by
the light wave in the presence of molecule 2. This somewhat large expression is
presented in Appendix A.2. The differential polarizability of a general molecule
p, which is in the presence of both the static applied field F; and a neighbouring
(1)

molecule ¢, is determined by differentiating the expression for p,”” with respect

to &p;- The resulting equation for the differential polarizability is also presented
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in Appendix A.2.

For a specific relative interaction configuration 7 of molecules p and ¢ in the

presence of the static applied field, the difference between the differential polar-

(»)

(z () vy
ij

izabilities 7;;"afaj and 7;;"a;aj is given by

7@ (1,E) = 7ri(§7) (afaf —ala?). (2.51)

In the long-range limit the assumption that the interacting molecules each re-
tain their separate identities is clearly valid. In the very short-range, when the
molecules come close enough together such that the charge distributions of the in-
teracting molecules begin to overlap, difficulties begin to arise since the molecules
can no longer be unambiguously defined. For a definitive description, ab initio
quantum-mechanical calculations are required, but these calculations are noto-
riously difficult to perform even for atoms [19], and are beyond the scope of
this analysis. Treating the interacting molecules as if they retain their separate
identities even in the short-range overlap region, the total dipole moment of the

interacting pair is given by

m'? =+ (2.52)

so that the differential polarizabilty of the interacting pair can be written as

W, ©
4z ou 0 (”Z’ tH )

V) — = 2.
T 0, 9 (2.53)

For a specific relative interaction configuration 7 of an interacting pair in the

presence of the static applied field, the difference between the differential polar-

(12) (12) 'y y

izabilities 7;;" ajaj and ;" a;a; is given by
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712 (1 E) = 7ri(;2) (afa§ — alal)
1 2 Tz
= (ﬂfj) + ng)) (afa? — alal) (2.54)

=7 (1, E)+7? (r,E).

The interacting pair’s potential energy in the presence of the biasing electric field

is given by
E
U1 (r,E) = UM (1,0) — / u? (1, B) atdE, (2.55)
0

(12)

where E; has been written as E'al and p; ' is the total dipole moment of the pair

in the presence of E;.

The dipole moment of the molecule p in the presence of molecule ¢ and the

static uniform applied field Fj is

1
P = ug;u( 05 B+ 59 BB +> (B +FP )+ SARE (2:56)
and
0 = buiy + AL, (Eos + B ) + CHLED (2.57)

where ué’;) and 0%) are the permanent dipole and quadrupole moments of the

025
molecule respectively, while F ) and F are the static field and field gradient
arising at molecule p due to the permanent and induced dipole and quadrupole
moments of molecule ¢ as given by

1

F® = T”M;q) _ 571(]129( 9) (2.58)
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and

1
E(]p) _ T(p)ﬂi(f) _ gTz‘jkl@/(g) ' (2.59)

ijk

Repeated substitutions of F* F?)

(9) (a) - : :
ot and 07 into equation (2.56) yields an

expression for Mff’ ) which is provided explicitly in Appendix A.3.

Equation (2.55) and the equation for uff’ ) in Appendix A.3 together yield an
expression for the potential energy of molecule p arising from the applied static
field F; and the fields arising from molecule ¢, this expression being provided in

Appendix A.4. The interacting pair’s potential energy becomes
U (7, B) =U" (1,0) + UW (1, E) + U? (1, E) . (2.60)

o212 (1 E)

1
The term 3 Yo

) in the expression for Bg given by equation
=0

Ei
(2.41) can now be evaluated. The isotropic averages in equation (2.38), namely

1 (0> (1, E) 1 /0?7012 1 287T(12) oU(1?) (12)62U(12)
2 OE? E_O_§< OE? >_2kBT< 0E oE | om? >

2
L et (GU_(H)>
2 (kT)? OF ’

(2.61)

are now evaluated. Equation (2.54), coupled with the recognition that molecule
1 and molecule 2 are identical such that the isotropic averages of their polariz-

abilities must be the same, gives rise to the following rearrangement:
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1 /90?712 1 /9?7 1 /9%x®
§< OE? >_§< DE? >+§< DE? >

2r)
- (%)

Similar arguments, together with equation (2.61), give

oW o)
OF OF

(12)62U(12) _ /o
oE2 /|

( 871'(12) 8U(12) 5
< OE OF >_<

s

and

oU(12) 2
(12) _
<7T ( OF ) > 2

Collecting the expressions gives

(o (2.

o o)
OF OF

)+

92Uy 92U
1) m=z=
OE? >+ <27T OE? >

1 9?72 (1. E) /0P 1 5

2 OE? O\ OF? kpT
E=0

)+

1 A
Y
o7 (5

oW oy
OF OF >

2)

oUW U
1)
<27T 0E OF

y

Vs

+(2

02U 2
"))

(o

(2.64)

o oU 2
oF OF

)t

(2.65)

23

(2.62)

(2.63)

Up to this point, the analysis has been general, allowing both for dipolar and

non-dipolar molecules.

This will aid future investigation of the quadrupole-

induced-dipole contribution for dipolar species, although it is anticipated that the

)}

U@\ 2
o)

1 2
) oUW o)

OE OF

)}



24 CHAPTER 2. THEORY OF THE KERR EFFECT

dipole-induced-dipole contribution will, in general, swamp the QID terms (possi-
ble exceptions are molecules with a small permanent dipole moment, like carbon
monoxide). From this juncture, the focus is solely on non-dipolar molecules, and

the surviving terms are

1 827T(12)(T’E> (8%) a9 + ag + oyg + a5 + ag + ar +
| =5 —\| == = Qg 3 4 5 6 7T
2 o0F? o o0E? E—0

+ 7o e+

+ 92043 + ‘92044 + 92045 + 82046 + 92047 tee
(2.66)

which are given explicitly below. The series of terms purely in the polarizability
have previously been evaluated up to as [11, 12], but have been extended here to
include ag and a7. The reason for this was to verify that the series had converged
to a meaningful numerical result: for CoH,4 at the lower temperatures of around
200 K, ag contributes 3.3% to By, which is non-negligible, while a7 has dimin-
ished to 0.25% of By, suggesting convergence of the series has been achieved. For
CO,, ag and a7 contribute only 0.3% and 0.01% to By respectively at 7' = 200
K, while for CyHg the respective contributions at 200 K are 1.2% and 0.06%.

The series of terms in the second hyperpolarizability term were previously found
to contribute negligibly for CoHy (0.04% at 333 K) [12], so are omitted here, as

are any contributions arising from the miniscule C-tensor.

Hohls [13] evaluated the terms fyas, f2ay and fcis. Unfortunately, the terms
for 304 and Ora5 in her thesis are missing some of the contributing expressions,
and while the lowest-order #>a3 term has all contributing expressions, the calcu-
lated contributions to Bx for CO,, for example, are 5 times smaller than what

is achieved in this work. The algebra in this work has consequently been thor-
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oughly re-checked to ensure no erroneous inputs via Mathematica, and found to

be accurate.

The explicit expressions for as to fya; are now provided.

1 (1) _(2) T, X, T, T T, T
Qay = T {ozab U } (agagaral — alajaral) (2.67)
0s =i {oblal)Tpol +alal) T, al)

el Tala) + aThala®)

cd “'ps

x (alafaral — alalalal) (2.68)

o = {olfal) Tl Tual]) + ol Ja) T, 0l Ty}

D70 0T, al)

(2) + a( cf “'pq ru

ru a

—l—ag}) Tbcagc) agl) Tyra

ol o Tuol)ol + oy T3 Tuoal2 )

x (agafagay — asata,a, ), (2.69)



CHAPTER 2. THEORY OF THE KERR EFFECT

1
Qas :k:BLT { ((lh) qu)Tqra( )Tstagu)Tuva%

—i-oz((lh) I()q)Tqra( )Tstatu)Tuva( )

+al) T a7, 0P Tyal)
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kT aw z] np “pq

a = L. {au) o Tyt a? Tip a). Ty a® Ty o)
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Using equations (2.21) and (2.27), the isotropic averages can be evaluated.

The procedure is illustrated by considering the term for a3 in equation (2.73):

(2 (1) 2) 2 ) (1) (1 2
02 a3 = 2_;0 (kBlT)2 { 6a00a§)TabCa£d) Age Tefge(()fg + 60[()a)bTabCa’£d) aée) a((if) nghe((]g)h

6000, Tonctr g, Tegobogy + 0000 Tuvcts 2 a7 Tronogh,

1200 T2 T, + 120 Tonca 0 T8}

(2.78)

The tensor manipulation facilities of the algebraic manipulation package Mathe-
matica are then used to evaluate the expressions for each term: these expressions
are extremely large, taking many pages to express, and so cannot be quoted here.
When numerically averaged (i.e. integrated) over pair interaction coordinates by
equation (2.42), each term’s contribution to B is obtained. A sample Fortran
program (to achieve numerical integration of the fyc term’s contribution via
equation (2.42), achieved by Gaussian quadrature) is contained in Appendix B.
This requires the classical intermolecular potential energy Uio(7). Couling and

Graham [12] have used the classical potential

UIQ(T) = ULJ + U,u,u + UM,G + UG,G + Uu,indu + UG,indu + Ushape (279)

where Uy is the Lennard-Jones 6:12 potential, U, ,, U,y and Ugy are the
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dipole-dipole, dipole-quadrupole and quadrupole-quadrupole interaction energies
of the two molecules, and U, inq, and Uging, are the dipole-induced-dipole and
quadrupole-induced-dipole interaction energies of the two molecules. Ugpape ac-
counts for the angular dependence of short-range repulsive force for non-spherical
molecules. Explicit expressions for these various contributions to Uo(7) have been

provided [11, 12].

In equation (2.42), the ranges of the angular variables were divided into 16 inter-
vals each, while the intermolecular separation was given a range of 0.1 nm to 3.0
nm divided into 64 intervals. The Fortran programs were run in double precision
on a dual core processor PC using the Salford F90 compiler. Program run-times

were of the order of 15 minutes each.

Computation of Bk for the species CoHy, CO5 and CyHg are now reported, to-

gether with comparison with available experimental data.



Chapter 3

Results and Discussion

3.1 Ethene

The molecular data required in the calculations of By for ethene (CoHy) are pre-
sented in Table 3.1. Use has been made of the optimized values for the Lennard-
Jones force constants Ry and €/k as well as the shape parameters D; and Dy
which were obtained by fitting the calculated second pressure virial coefficient
B(T) to experimental data [20] over a range of temperature [21]. Ethene is of
D5, symmetry, and the previous calculations of the second light-scattering virial
coefficient B, have demonstrated that only when full account of the molecular
symmetry is taken into consideration is agreement between measured and calcu-

lated B, values achieved (to better than 3%).

Tables 3.2 to 3.6 provide the relative magnitudes of the various contributions
to Bg calculated at intervals of temperature spanning 202.4 K and 363.7 K (cho-
sen because the measured data fall within these limits). At T'= 202.4 K, the pure

7
polarizability terms > «, contribute 53% to By, while the quadrupole series of

n=2

7
terms Y 0a,, account for 47%. As the temperature increases, the quadrupole
=3

terms bggin to gradually diminish, contributing only 11.5% to By at T = 363.7
K.

39
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Table 3.1: Molecular properties of ethene used in the calculation of B4 (T).

Properties Value Reference
Ro(nm) 0.4232 [11, 21, 22]
£/k(K) 190.0 [11, 21, 22]

D, 0.22965 11, 21, 22]
D, 0.21383 [11, 21, 22]
10%°4;; (Cm?) 5.370 [23]
107045 (Cm?) -10.92 [23]
10%0655 (Cm?) 5.549 23]
100 (C?m2J7Y) 4.7124 [11, 21, 24, 25]
10°Aa (C?m2J 1) 2.0215 [11, 21, 24, 25]
100, (C?m2J~1) 4.305 [11, 21, 24, 25]
10%00rg, (C?m2J 1) 3.804 [11, 21, 24, 25]
10033 (C?m2J71) 6.029 [11, 21, 24, 25]
10%% (C?m?2J 1) 4.571 (11, 21, 26]
10°Aa (C?m?2J71) 1.914 11, 21, 26]
10", (C*m2J71) 4.245 [11, 21, 26]
10%%a9, (C*m2J71) 3.666 (11, 21, 26]
10435 (C?m2J 1) 5.803 11, 21, 26]
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Table 3.2: The relative magnitudes of the various contributions to By for ethene

calculated at T' = 202.4 K.

1032x Value

COIltI'lbutlIlg Term W

% Contribution to By

s 25.885 49.703
o -57.240 -109.909
v 54.733 105.095
s 2.536 4.869
g 1.699 3.262
o 0.128 0.246

O013 -3.806 -7.308
Oy 17.141 32.913
0015 7.154 13.737
001 3.073 5.901
05007 0.776 1.490
Zn)an 27.741 53.004

;Ggan 24.339 46.996

By, 52.080 100
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Table 3.3: The relative magnitudes of the various contributions to By for ethene

calculated at T' = 250.0 K.

1032x Value

Contributing Term T mol % Contribution to By
s 7.852 30.982
s -19.836 -78.269
au 28.712 113.292
s 1.514 5.974
g 0.611 2.411
o 0.047 0.185

B0 -0.066 -0.260
Bc1s 4.147 16.363
O 1.598 6.305
Org 0.617 2.435
Os0r7 0.148 0.584
Zn)an 18.900 74577
;ann 6.443 25.423

By, 25.343 100
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Table 3.4: The relative magnitudes of the various contributions to By for ethene

calculated at T' = 300.0 K.

1032x Value

COIltI'lbutlIlg Term W

% Contribution to By

s 3.427 19.526
o -9.937 -56.617
v 19.718 112.344
s 1.098 6.256
g 0.345 1.966
oy 0.027 0.154

O013 0.330 1.880
0504 1.681 9.578
0015 0.607 3.458
Os0 0.210 1.196
05007 0.047 0.270
Zn)an 14.677 83.617
;Ggan 2.876 16.383

By, 17.552 100
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Table 3.5: The relative magnitudes of the various contributions to By for ethene

calculated at T' = 333.0 K.

1032x Value

COIltI'lblltlIlg Term W

% Contribution to By

s 2.264 15.217
o 7117 -47.835
v 16.515 111.001
s 0.938 6.304
g 0.270 1.815
o 0.021 0.141

0013 0.339 2.278
0504 1.105 7.427
Os0v5 0.388 2.608
001 0.127 0.854
05007 0.028 0.188
Zn)an 12.892 86.649
;ann 1.986 13.351

By, 14.878 100
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Table 3.6: The relative magnitudes of the various contributions to By for ethene

calculated at T' = 363.7 K.

1032x Value

COIltI'lbutlIlg Term W

% Contribution to By

s 1.639 12.490
a3 -5.507 -41.965
v 14.411 109.817
s 0.830 6.325
g 0.226 1.722
oy 0.018 0.137

O013 0.314 2.393
0504 0.807 6.150
0015 0.279 2.126
Os0 0.087 0.663
05007 0.018 0.137
Zn)an 11.618 88.532
;Ggan 1.505 11.468

By, 13.123 100
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Figure 3.1: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of ethene. The dotted curve is for the pure polarizability
terms, while the solid curve also includes quadrupole contributions, both curves
being for the molecular parameter set in Table 3.1. The dashed curve is for the
alternative force constants discussed in the text. Circles are the experimental
data of Buckingham et al.[27] while squares are the measured data of Tammer

and Hiittner [25].
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Figure 3.1 contains a plot of the available measured By data together with the
computed Bk curves both of the pure polarizability terms (dotted line) as well
as with inclusion of the quadrupole terms (solid line). Note that the collision-
induced 0304 term makes the dominant contribution to the quadrupole series for
all temperatures examined, and that the series converges quite rapidly by the yc7
term, which contributes 1.5% to By at 202.4 K, but only 0.14% at T = 363.7
K. It is especially at the lower temperatures that the higher-order terms require
inclusion, f,a contributing 6% to By at 202.4 K, although only contributing
0.7% at 363.7 K.

The experimental data are of limited precision, often with considerable error
bars, and the accuracy is questionable, with large scatter in the points. At the
lower temperatures, the measured data span a small range of pressure, so that

the extracted By values are rendered especially imprecise and inaccurate.

To explore the effect of a change in force constants on the calculated By curves,
calculations were performed for Ry = 0.41 nm, ¢/k = 195 K and D; = 0.22874,
Dy = 0.21298. The shape factors were obtained by optimizing the calculated
second pressure virial coefficients to the measured data, although the fit was 5%
more discrepant than for the carefully-optimized force constants in Table 3.1. The
dashed By curve in Figure 3.1 is obtained, which more closely matches the low-
temperature Bx measured data, although more precise re-measurements would
be useful to decide on the accuracy of these points. These new force constants
yield a second light-scattering virial coefficient at room temperature that is 15%
away from the measured data, suggesting that these force constants are not op-

timal.

Hohls’ calculated By terms are sometimes almost an order of magnitude in error
[13], and after a thorough and careful investigation of the present work, we con-

clude that something has gone awry in her analysis.
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Tammer and Hittner performed calculations of By for CoHy using DID the-
ory but approximating the molecule to be of axial symmetry [27]. At T' = 202.4
K, for example, their computed B is some 21% lower than our pure polarizabil-
ity term contributions, further indicating the necessity of taking full molecular

symmetry into account. They have neglected QID contributions altogether.

3.2 Carbon Dioxide

Table 3.7 contains the molecular properties required for the calculations of By
for the axially-symmertic carbon dioxide (COs) molecule. Again, the same op-
timized force constants established from earlier work on second light-scattering
virial coefficients [11] are used. Like CoHy, CO4 has a relatively large quadrupole
moment and polarizability anisotropy, and the quadrupole series of terms are
found to dominate By at the lower temperatures (67% of Bx at T = 200 K
and 56% at 380 K). Even at 490 K, as the quadrupole contribution diminishes,
the pure polarizability terms are only contributing almost equally to By as the
quadrupole terms. Here it is the fya3 term which dominates the quadrupole
series. Tables 3.8 to 3.11 present the relative magnitudes of the various contri-
butions to By over a range of temperature spanning 200 to 290 K. Figure 3.2
makes a comparison with the measured Bg data of Buckingham et al. [26] and

of Gentle et al. [28]
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Table 3.7: Molecular properties of carbon dioxide used in the calculation of

Bty (T .

Properties Value Reference
Ro(nm) 0.400 [11]
e/k(K) 190.0 [11]

D, 0.250 [11]

D, 0.000 [11]

10%96;; (Cm?) 7.50 [11]
10%%65, (Cm?) 7.50 [11]
1040033 (Cm?) -15.0 [11]
10% (C*m?J1) 2.9314 [11]
10%Aa (C*m?J 1) 2.349 [11]
1000y, (C?m2J 1) 2.149 [11]
10%%g, (C2m2J 1) 2.149 [11]
10933 (C2m2J 1) 4.497 [11]
10%% (C?*m?2J 1) 2.885 [11]
10%°Aq (C*m?J 1) 2.252 [11]
10%%ay; (C?m2J 1) 2.134 [11]
10%%ag9 (C*m?J 1) 2.134 [11]
10%%a33 (C*m?J1) 4.387 [11]
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Table 3.8: The relative magnitudes of the various contributions to By for carbon

dioxide calculated at T = 200.0 K.

1032x Value

COIltI'lblltlIlg Term W

% Contribution to By

s 3.080 19.941
s -5.075 -27.916
au 7.632 41.983
s 0.266 1.465
g 0.050 0.273
o 0.002 0.013

Bcs 10.288 56.593
Bc1s 1.571 8.642
Oscs 0.318 1.750
B0 0.041 0.228
fscry 0.005 0.030
Zn)an 5.955 32.757
;ann 12.224 67.243

By, 18.179 100
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Table 3.9: The relative magnitudes of the various contributions to By for carbon

dioxide calculated at T = 270.0 K.

1032x Value

) 2 mol 2 % Contribution to Bk

Contributing Term

s 1.204 14.836
as -2.982 -36.742
au 4.601 56.698
s 0.155 1.913
g 0.030 0.368
o 0.001 0.017

Orcrs 4.352 53.616
Oy 0.600 7.398
Ocus 0.135 1.659
frcrg 0.016 0.217
Osv7 0.002 0.030
Zn)an 3.010 37.081
;Ggan 5.107 62.919

By, 8.116 100
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Table 3.10: The relative magnitudes of the various contributions to By for carbon

dioxide calculated at T = 380.0 K.

Contributing Term #\% % Contribution to By

s 0.480 12.304
o -1.717 -43.975
v 2.856 73.165
s 0.096 2.459
g 0.019 0.491
o 0.001 0.024

O013 1.864 A7.747
05014 0.235 6.019
05015 0.060 1.531
001 0.008 0.205
Os007 0.001 0.031
Zn)an 1.736 44.468
;ann 2.168 55.532

By, 3.904 100
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Table 3.11: The relative magnitudes of the various contributions to By for carbon

dioxide calculated at T = 490.0 K.

Contributing Term #\% % Contribution to By

s 0.260 10.426
o -1.165 -46.715
v 2.094 83.945
s 0.071 2.866
g 0.015 0.588
o 0.001 0.030

0013 1.051 42.135
N 0.127 5.083
0015 0.035 1.418
O50 0.005 0.194
05007 0.001 0.031
Zn)an 1.276 51.139
;Ggan 1.219 48.861

By, 2.494 100
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Figure 3.2: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of CO,. The dashed curve is for the pure polarizability
terms, while the solid curve includes quadrupole contributions, both for the molec-
ular parameter set in Table 3.7. Squares are the experimental data of Buckingham

et al.[27] while circles are the measured data of Gentle et al. [26].
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For CO,, the #ya3 term makes the dominant contribution to the quadrupole
series over the range of experimental temperature, the series rapidly converging
by the 6;a4 term. The magnitude and sign of the various collision-induced terms
depends in part on the intermolecular potential, and hence on the permanent
electric quadrupole moment as well as the polarizability and induced dipole and
quadrupole moments. At 200 K, the terms in the polarizability contribute only
33% to B, the new QID terms accounting for the other 67%. Unfortunately,
the precision and accuracy of the measured By data are rather poor, so that a
future goal will be to revisit the experimental measurement of the Kerr effect for

this species.

3.3 Ethane

Table 3.12 contains the molecular data required in the calculation of By of
ethane (CoHg). Here, the relatively tiny quadrupole moment and polarizabil-
ity anisotropy of the molecule sees the quadrupole series contributing 0.5% or
less to the overall By values. The experimental data span 255 to 318 K [29], and
Tables 3.13 to 3.16 present the relative magnitudes of the various contributions

to By over the temperature range 200 to 320 K.
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Table 3.12: Molecular properties of ethane used in the calculation of B4 (T').

Properties Value Reference
Ro(nm) 0.4418 [11]
e/k(K) 230.0 [11]

D, 0.200 [11]

D, 0.000 [11]

10%9¢;; (Cm?) 1.67 [11]
1079055 (Cm?) 1.67 [11]
1040035 (Cm?) -3.34 [11]
10%q (C?m2J 1) 4.9680 [11]
101%Aa (C*m?J 1) 0.743 [11]
109y (C?m2J 1) 4.720 [11]
1000y, (C?m2J 1) 4.720 [11]
10%%33 (C?m2J 1) 5.464 [11]
10%% (C*m?J~1) 4.870 [11]
10%Aq (C?m2J 1) 0.638 [11]
10%%ay; (C?m2J 1) 4.657 [11]
10", (C*m2J~1) 4.657 [11]
10%a33 (C*m?J 1) 5.295 [11]
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Table 3.13: The relative magnitudes of the various contributions to Bx for ethane

calculated at T' = 200.0 K.

Contributing Term #\% % Contribution to By

s 0.303 1.000
s -7.633 -25.230
a 34.906 115.371
s 2.112 6.980
g 0.358 1.182
o 0.026 0.057

Oy 0.049 0.162
O, 0.096 0.318
Ocus 0.032 0.107
B 0.006 0.019
Osv7 0.001 0.002
Zn)an 30.071 99.391
;Ggan 0.037 0.122

By, 30.255 100
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Table 3.14: The relative magnitudes of the various contributions to Bx for ethane

calculated at T = 240.0 K.

1032x Value

) 2 mol 2 % Contribution to B

Contributing Term

s 0.171 0.752
s -4.734 -20.829
au 25.428 111.646
as 1.526 6.698
g 0.259 1.137
o 0.019 0.085

B0 0.031 0.136
0501, 0.061 0.266
Ocus 0.020 0.089
Ovg 0.004 0.016
Osr7 0.001 0.002
Zn)an 22.660 99.491
;ann 0.116 0.509

By, 22.776 100
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Table 3.15: The relative magnitudes of the various contributions to Bx for ethane

calculated at T' = 280.0 K.

Contributing Term #\% % Contribution to By

s 0.110 0.603
o -3.278 -17.951
a 19.938 109.182
s 1.192 6.527
g 0.203 1.114
o 0.015 0.085

Ot 0.021 0.117
O, 0.042 0.230
O 0.014 0.077
001 0.003 0.014
Os0v7 0.001 0.002
Zn)an 18.203 99.678
;Ggan 0.080 0.440

By, 18.262 100
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Table 3.16: The relative magnitudes of the various contributions to Bg for ethane

calculated at T = 320.0 K.

Contributing Term #\% % Contribution to By

) 0.077 0.500
o -2.430 -15.800
v 16.393 106.606
o 0.980 6.370
g 0.168 1.095
oy 0.130 0.843

0013 0.016 0.103
Bg004 0.031 0.201
Os0v5 0.010 0.068
0506 0.002 0.0124
05007 0.001 0.002
Zn)an 15.318 99.614
;ann 0.059 0.386

By, 15.377 100
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Figure 3.3: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of ethane. The solid curve includes quadrupole contribu-
tions, though more than 99.5% of By arises from the pure polarizability terms.

Squares are the measured data of Buckingham [27].
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3.4 Concluding Remarks

This project has seen the extension of the existing molecular-tensor theory of By
to include contributions arising from the molecular electric quadrupole moment.
For non-dipolar molecules which possess a relatively large permanent quadrupole
moment and polarizability anisotropy, these new terms are seen to make a con-
siderable contribution to By, often in excess of 50%. The calculated By values
for CoH4 and CO4 are seen to be in reasonable agreement with the existing ex-
perimental data, though the poor precision and accuracy of the measured data
would suggest that more refined experimental measurements are warranted. A
new Kerr-effect apparatus is under development [30], and will hopefully soon yield
more precise Bx measurements, which should provide a more stringent test of

the molecular-tensor theory presented here.



Appendix A

A.1 The Euler angles and the T-tensors.

The relative orientation of an interacting pair of modules under the influence of

a static applied electric field F; is shown in figure A.1.1 below

Figure A.1: Molecule-fixed axes O(1,2,3) and O(1’,2',3) of the interacting pair

of molecules 1 and 2 respectively. The space-fixed axes are O(x,y,z).

The space-fixed axes are defined by the direction of the applied uniform elec-
tric field, which is F,. The molar Kerr-constant determinations are performed in
the space-fixed axes, while to exploit the symmetry of the molecule its physical
property tensors must be referred to a system of molecule-fixed axes. Since the
molecules are tumbling around in space, their molecule-fixed axes are continu-

ally changing with respect to the space-fixed axes. The average projection of a

63
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molecule’s tensor properties in the space-fixed axes is then obtained by referring
the molecular-property tensors to molecule-fixed axes, and then projecting them
into the space-fixed axes and averaging the projection over the orientational mo-

tion of the molecule.

As before, the Greek tensor subscripts are used to denote the tensor in the
space-fixed axes while i,j,k and i’,j’,k’ denote the tensors for molecules 1 and
2 respectively, expressed in their own system of molecule-fixed axes as illustrated
in figure A.1.1. Nine direction cosines af are required to describe the relative
orientation of each set of molecule-fixed axes and the space-fixed axes. Euler
angles are used to describe an arbitrary rotation of a system of Cartesian axes
about its origin. For molecule 1, the nine direction cosines ai' can be expressed

as functions of three Euler angles aq, 81 and 7, as follows

cosy; siny; 0| |cosfBy 0 —sinf, cosay  sinop 0O
[ = | —siny; cosy; 0 0 1 0 —sina; cosaq O
0 0 1] |sinf; 0 cosf 0 0 1

cosa cosf3cosy; —sinagsiny;  sinagcosfcosy; + cosaisinay;  —sinficosy;
= | —cosaycosfsiny; —sinajcosy;  —sinajcosfisiny; + cosajcosy;  sinfisiny;

cosaisiny sinasing; cosf

(A.1)

For molecule 2, the relation between the Euler angles and direction cosines is

given as



A.1. THE EULER ANGLES AND THE T-TENSORS. 65

cosYye  sinyy O |cosBy 0 —sinf, cosag  sinap 0
aj = | —siny, cosy, 0 0 1 0 —sinay  cosas 0
0 0 1] |sinfy 0 cosfs 0 0 1

COS(pCOS32COS Yo —SingsSiny,  Sinapcosfacosys + cosagsinary,  —sinfacosys

= | —C0SQpCoSfesinys —sinycosys  —sinapcosPasiny, + cosascosys  sinfasiny,

COSra8in o sinaepsiny cosf
(A.2)
where
( )
0<a<2n
{ 0<p<n (A.3)
\ 0<~y<2rm )

The six Euler angle above, together with the R parameter (which gives the inter-
molecular separation), are sufficient to fully describe the relative configuration of

the two interacting molecules.

The general form of the T-tensors is

W = (—1)"7®@ (A.4)

where n is the order of the T-tensor. The second-rank T-tensor is given as
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1 1
T(l) — —1 - o 25 -5 A
o8 = Ines VaVgR Ireg (BRoRz — R*043)R (A.5)

where R is the relative separation of the interacting molecules measured from

their respective origins. The third-rank T-tensor is given as [3]

1 3
T = - V,VsV,R' =
£0 aVp 'YR 4

aby 4m mE

[5RQR5R7 — RQ(Raéﬁ,y + Rgdya + R»ydag)]R*?.
(A.6)

A.2 The Total Oscillating Dipole Moment of Molecule
1 in the presence of Molecule 2

The total electric dipole moment induced on a representative molecule 1 in terms
of molecular-property tensors is given below. The inducing electric field is that
of the light beam & as well as the field due to the oscillating multipole moments

of the neighbouring molecule 2.
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The differential polarizability of molecule 1 in the presence of both the applied

(1)
static field and a neighbouring molecule 2 is given as ijl ) = aZTJ Applying this
on the above equation gives
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ence of both the applied static field and a neighbouring molecule 2 with respect

to the electric field F is given as
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The second derivative of the differential polarizability of molecule 1 in the pres-
ence of both the applied static field and a neighbouring molecule 2 with respect
to the electric field E' is given as
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A.3 The Total Static Dipole Moment of Molecule

p in the presence of Molecule ¢

The terms contributing to the static dipole moment are given below:
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A.4 The Potential Energy of a Representative
Molecule p.

The potential energy of an interacting molecule p under the influence of the static

electric field F; may be written as
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The first derivative of the potential with respect to the static electric field is

given by
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Appendix B

B.1 Fortran code used to calculate the 6;a35 con-
tribution to the second Kerr virial coeffi-

cient.

PROGRAM KERR_(2A3

2 September 2016

PROGRAM TO CALCULATE TERM Q2A3 FOR C2H4 USING GAUSSIAN INTEGRATION WITH
64 INTERVALS FOR THE RANGE, AND 16 INTERVALS FOR ALL ANGULAR VARIABLES
(I.E. ALPHA1, BETA1l, GAMMA1l, ALPHA2, BETA2 AND GAMMA2).

DOUBLE PRECISION IS USED THROUGHOUT.

Q QO Q a a a Q@

IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON COEF1,DCTC
DIMENSION COEF2(64,2),COEF1(16,2),SEP(64),AL1(16),BE1(16),GA1(16)

154
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+

,AL2(16) ,BE2(16) ,GA2(16) ,DCTC(9,16,16,16) ,FI(16,16,16,16,16) ,D1(6

+

4),E1(16,16,16,16,16) ,F1(16,16,16,16,16) ,SE3(64) ,SE4(64) ,SE5(64),

+

SE6(64) ,SE8(64) ,SE12(64) ,G1(16,16,16) ,DDP(16,16,16,16,16) ,DQP(16,

+

16,16,16,16) ,DIDP(16,16,16,16,16)
INTEGER X1,X2,X3,X4,X5,%X6,X7

C
C MOLECULAR DATA FOR ethene (632.8 nm)
C

SS1=0.000000
$S2=0.000000
$S3=0.000000
SS4=0.000000
SS5=0.000000
$S6=0.000000
SS7=0.000000
DIP=0.000

A11=4.305

A22=3.804

A33=6.029
ALDYN=(A11+A22+A33) /3
V11=4.245

V22=3.666

V33=5.803
ALSTAT=(V11+V22+V33)/3
Q1=5.370

Q2=-10.92
AMIN1=0.1000
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AMAX1=3.0000

C
C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS64.DAT:

C
OPEN (UNIT=10,FILE=’GAUSS64.DAT’)
DO 10 ICTR1=1,64
DO 20 ICTR2=1,2
READ(10,1010,END=11)COEF2(ICTR1,ICTR2)

1010 FORMAT (F18.15)
20 CONTINUE
10 CONTINUE
11 CLOSE(UNIT=10)
C

C CALCULATE THE INTEGRATION POINTS FOR THE RANGE:

C
SEP1=(AMAX1-AMIN1)/2
SEP2=(AMAX1+AMIN1)/2
DO 30 INDX=1,64
SEP (INDX)=SEP1*COEF2 (INDX, 1) +SEP2
30 CONTINUE
C

C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS16.DAT:
C
OPEN(UNIT=11,FILE=’GAUSS16.DAT’)
DO 100 ICTR1=1,16
DO 110 ICTR2=1,2
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READ(11,6000,END=12) COEF1(ICTR1,ICTR2)
6000 FORMAT (F18.15)
110 CONTINUE
100 CONTINUE
12 CLOSE(UNIT=11)

C
C CALCULATE THE INTEGRATION POINTS FOR ALPHA1:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

AL11=(AMAX-AMIN)/2.
AL12=(AMAX+AMIN) /2.
DO 120 INDX=1,16
AL1(INDX)=AL11*COEF1 (INDX,1)+AL12
120 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR BETA1:
C

AMIN=0.0

AMAX=3.14159265358979323846

BE11=(AMAX-AMIN) /2.
BE12=(AMAX+AMIN) /2.
DO 121 INDX=1,16
BE1 (INDX)=BE11*COEF1(INDX,1)+BE12
121 CONTINUE
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C CALCULATE THE INTEGRATION POINTS FOR GAMMAL1:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

GA11=(AMAX-AMIN)/2.
GA12=(AMAX+AMIN) /2.
DO 122 INDX=1,16
GA1(INDX)=GA11*COEF1 (INDX,1)+GA12
122 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR ALPHA2:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

AL21=(AMAX-AMIN) /2.
AL22=(AMAX+AMIN) /2.
DO 123 INDX=1,16
AL2(INDX)=AL21*COEF1 (INDX,1)+AL22
123 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR BETA2:
C

AMIN=0.0

AMAX=3.14159265358979323846

BE21=(AMAX-AMIN) /2.
BE22=(AMAX+AMIN) /2.
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DO 124 INDX=1,16
BE2 (INDX)=BE21*COEF1 (INDX,1)+BE22
124 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR GAMMAZ2:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

GA21=(AMAX-AMIN)/2.
GA22=(AMAX+AMIN) /2.
DO 125 INDX=1,16
GA2 (INDX)=GA21*COEF1 (INDX, 1) +GA22
125 CONTINUE

OPEN(UNIT=4,FILE="kt2a3_202K’)

C
C MOLECULAR PARAMETERS:
C

TEMP=202.4
TEMPK=TEMP*1.380622E-23
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R=0.4232

PARAM2=190.0

SHAPE1=0.22965

SHAPE2=0.21383

C

C CALCULATION OF THE LENNARD-JONES 6:12 POTENTIAL & STORAGE OF THE
C VALUES IN AN ARRAY:

C

DO 61 X1=1,64

D1(X1)=4.*PARAM2x*1.380622E-23* ((R/SEP (X1))**12-(R/SEP (X1) ) **6)
SE12(X1)=SEP(X1)%%12

SE5(X1)=SEP (X1)**5

SE8(X1)=SEP (X1)**8

SE3(X1)=SEP(X1)*%*3

SE4 (X1)=SEP(X1)*x4

SE6 (X1)=SEP (X1) %6

61 CONTINUE

C

C THE DIRECTION COSINE TENSOR COMPONENTS ARE STORED IN AN ARRAY:
C
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C

DO 66 X4=1,16
DO 77 X3=1,16
DO 88 X2=1,16

C DIRECTION COSINE TENSOR COMPONENTS:

C

A1=COS(AL1(X2))*C0S (BE1(X3))*COS(GA1(X4))-1.+SIN(AL1(X2))*SIN(GAL
(X4))
A2=SIN(AL1(X2))*COS(BE1(X3))*C0S(GA1(X4))+COS(AL1(X2))*SIN(GAL(X4
))

A3=-1.*SIN(BE1(X3))*C0S(GA1(X4))

A4=-1.%COS (AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))-1.*SIN(AL1(X2))*COS
(GA1(X4))
A5=-1.*SIN(AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))+COS(AL1(X2))*COS (GA
1(X4))

A6=SIN(BE1(X3))*SIN(GA1(X4))

A7=C0S (AL1(X2))*SIN(BE1(X3))

A8=SIN(AL1(X2))*SIN(BE1(X3))

A9=COS(BE1(X3))

DCTC(1,X2,X3,X4)=A1
DCTC(2,X2,X3,X4)=A2
DCTC(3,X2,X3,X4)=A3
DCTC(4,X2,X3,X4)=A4
DCTC(5,X2,X3,X4)=A5
DCTC(6,X2,X3,X4)=A6
DCTC(7,X2,X3,X4)=A7
DCTC(8,X2,X3,X4)=A8
DCTC(9,X2,X3,X4)=A9
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88 CONTINUE
7 CONTINUE
66 CONTINUE

C

C THE MULTIPOLE INTERACTION ENERGIES ARE CALCULATED AND STORED
C IN ARRAYS:
C

DO 939 X7=1,16
WRITE(4,1000)X7

1000 FORMAT (1X, ’INDEX (IN RANGE 1 TO 16) IS CURRENTLY ’,I2 )
WRITE(6,1111)X7

1111 FORMAT (1X, ’Index (in range 1 to 16) is currently ’,I2 )
DO 40 X6=1,16

DO 50 X6=1,16

C
C MOLECULE 2’S DIRECTION COSINE TENSOR COMPONENTS:
C

B1=DCTC(1,X5,X6,X7)
B2=DCTC(2,X5,X6,X7)
B3=DCTC(3,X5,X6,X7)
B4=DCTC(4,X5,X6,X7)
B5=DCTC(5,X5,X6,X7)
B6=DCTC(6,X5,X6,X7)
B7=DCTC(7,X5,X6,X7)
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B8=DCTC(8,X5,X6,X7)
B9=DCTC(9,X5,X6,X7)

DO 60 X4=1,16
DO 70 X3=1,16
DO 80 X2=1,16

C
C MOLECULE 1’S DIRECTION COSINE TENSOR COMPONENTS:
C

A1=DCTC(1,X2,X3,X4)
A2=DCTC(2,X2,X3,X4)
A3=DCTC(3,X2,X3,X4)
A4=DCTC(4,X2,X3,X4)
A5=DCTC(5,X2,X3,X4)
A6=DCTC(6,X2,X3,X4)
A7=DCTC(7,X2,X3,X4)
A8=DCTC(8,X2,X3,X4)
A9=DCTC(9,X2,X3,X4)

C
C CALCULATION OF THE DIPOLE-DIPOLE POTENTIAL:
C
DDP(X2,X3,X4,X5,X6)=8.98758E-24*DIP**2% (-2*xA9*BO+A6+xB6+A3*B3)

C
C CALCULATION OF THE DIPOLE-QUADRUPOLE POTENTIAL:
C
DQP(X2,X3,X4,X5,X6)=8.98758E-25*xDIP* (Q2* (-2*%A9*BO**2+ (2% A6*B6+2%A



164

C

APPENDIX B.

3*B3+2* A9k *k 22k AB*k*x2—-AG* % 2+A5**2-A3*k2+A2%*2) *BO+2x AQ*B8**2+ (- 2*A
6+%B5-2*A3*B2) *B8+A9*B6**2+ (2*xA5*A8-2%A6*A9) *B6-A9*B5**2+A9*B3*x*2+
(2%A2%xA8-2%A3%A9) *B3-A9*B2**2) +Q1* (2% A9*xBO**2+ (2% A6*B6+2*xA3%B3+2
*AQK*k2—Dk AT *x2-AB**k 2+ A4*x2—-A3*%*2+A1%%2) *BO+2x AQ*B7**2+ (-2 A6*xB4-2
*xA3%B1) *B7+A9*B6**2+ (2% A4*A7-2xA6%A9) *B6-A9*BA**2+A0*B3*x2+ (2xA1*
A7-2%A3%A9) *B3-A9*B1*%2) )

C CALCULATION OF THE DIPOLE-INDUCED DIPOLE POTENTIAL:

C

C

DIDP(X2,X3,X4,X5,X6)=-0.50%ALSTAT*8.07765E-27*DIP**2* (3*BO**2

+ +3%xA9%x*x2-2)

C CALCULATION OF THE QUADRUPOLE-QUADRUPOLE POTENTIAL:

C

quadl=-16.*(a6*a9-ab*a8) * (b6*b9-b5*b8) -16.* (a3*a9-a2*a8) * (b3*b9-b
2xb8) +4 . * (2. ¥a9**2-2  *a8**2-ab**2+ab*x2-a3x*2+a2**2) * (b9-b8) * (b9+
b8)+ (4. *a9*x2+4 . xa8**2+3 . ¥ab**2-3 . *abx*2+a3**2-a2**2) * (b6**2-b5*
*x2)+4 . x (a3*xab-a2*ab) x (b3*¥b6-b2*b5) +(—4. *a9**2+4 , *a8x*2+ab**2—-ab**
2+3.*xa3*%*2-3 . %a2x*2) * (b3**2-b2**2)

quad2=-16.* (a6*a9-ad*a7)* (b6*b9-bd*b7)-16.* (a3*a9-al*a7)* (b3*b9-b
1#¥D7)+4 . x (2. %a9**2-2 . *aT**2-ab**2+ad**2-a3*x2+alx*2) * (b9-b7) * (b9+
b7)+ (4. %a9*x2+4 . xaT7**2+3 . ¥ab**2-3 . kad**2+a3**2-al**2) * (b6**2-b4*
x2)+4 . x (a3xab-al*ad) x (b3*¥b6-blxbd) +(-4.*aQ**2+4  *aTx*2+ab**2—-ad**
2+3 . %a3**2-3 . kalx*2) * (b3**2-b1*%2)

quad3=4.% (4. %A9%*2-2  * (AB**2+AT**2+A6**2+A3**2) +AS*k2+A4*x*2+A2%*2
+A1%%2) *BO**2-16 . % (2. *A6%A9-AS5*xA8-A4*A7) *B6%B9-16% (2. *A3%A9-A2%A8
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C

FORTRAN CODE 165

—A1*A7)*B3*¥BO—-4 . % (2. %A9*x2-2 kAT **2-A6**2+A4**2-A3%*2+A1%*2) xB8**
2416. % (A6*A9-A4*A7) *B5xB8+16 . * (A3*A9-A1*A7) *B2*B8—-4 . x (2. *AQ**2-2,
*AB**2—AG**x2+A5x*x2—A3*k2+A2%*2) *xB7*x2+16 . x (A6¥A9-A5*A8) *B4*B7+16.
* (A3*%A9-A2xA8) *B1*B7+(-8. %A% *2+4 . * (AB**2+A7*%2) +6 . xA6**2-3 . * (A5*
*2+A4%*2) +2%x A%k 2-A2%*%2-A1**2) *B6**2+4 . * (2. *A3xA6-A2*A5-A1xA4) *B3
*B6+ (4. ¥AQx*2-4  *xAT+x2-3 . xA6**2+3 . ¥ Ad**2-A3**2+A1%x2) *B5*x*2-4 . * (A
3*%A6-A1*A4) *B2xB5+ (4. *AQ**2-4  kAB**2-3 . ¥ AG**2+3 . k ASk*k2—A3**2+A2%*
2) *B4x*2-4 . % (A3*xA6-A2%A5) *B1*B4+(-8. %AQ**2+4 . * (ABx*2+AT7**2)+2 . *xA6
*xk2=ABkk2—A4**2+6  kA3*k2-3 . k (A2**2+A1**2) ) kB3*x2+ (4 . kAQ*x2-4 . xAT*
*2-A6**2+A4xx2-3  kA3*¥*2+3 . kA1 *2) ¥B2x*2+ (4, *AQx*x2—-4 A8+ *2-AB**2+
AB*%2-3 . xA3**2+3 . xA2%*2) *B1**2

E1(X2,X3,X4,X5,X6)=8.98758E-26%*(1./3.) *(Q2**2*xQUAD1+Q1**2*QUAD
2+Q1*Q2*xQUAD3)

C CALCULATION OF THE QUADRUPOLE-INDUCED DIPOLE POTENTIAL:

C

QID1=Q2%*2% (4. *AQ**4+ (-8 . xA8**x2+4 ¥ AS+*2+4  *A2%*2) kAQ**2+ (-8, *A5x*
A6-8.%A2*A3) *AB*AO+4 . kAB* x4+ (4. xAG**2+4  xA3*%*2) *AB**2+A6**4+ (-2
ABSxx2+2  xA3*%x2-2 . % A2%*2) kAG**x2+A5xk4+ (2. kA2x*2-2  *xA3*x2) *A5**2+A3
*xk4=2 KkADAkx2kAZxk*k2+A2x k4 ) +Q1k* 2% (4. %Ak ¥4+ (=8 . xAT**2+4 . ¥ Ad**2+4  *
A1xx2) % A9**2+ (-8 . xA4*A6-8. *A1*A3) ¥AT*AQ+4 . ¥ AT**4+ (4 % A6**2+4 . *A3%
*2) kAT k¥ 2+A6* x4+ (=2, % Ad*x2+2  kA3**2-2  xA1**2) * AG*x*x2+A4d* x4+ (2. xA1*
*2-2  xA3%k2) ¥ ALkk D+ A3k kA-2 kA1 k¥ 2k A3k *k 2+ A1 kk4) +Q1* Q2% (8. xAQ**4+ (-
8. *xAB*x2-8 . xAT**2+4  *AD**2+4  kAAx*2+4  kA2**2+4  *xA1*%2) ¥ AQx*2+ ( (-8
.*AB5*xA6-8.%A2%A3) A8+ (-8.*A4*xA6-8.%A1*A3) *A7) *A9+ (8. xAT**2+4 . xAG*
*x2—4  xAA*x*2+4  kA3%*k2-4  kAL1x*2) % A8**2+ (8. ¥A4*A5+8. *A1xA2) xAT*A8+ (4
KAGK*2—4 Kk AB**2+4  kA3KkD-4  xA2k*2) kAT #%2+2  kAG* ¥4+ (2. kAB**¥2-2  x
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AdxxQ+4 Kk A3%*k2-2 Kk A2%*k2-2 *kA1**2) kAG*k*x2+ (2. kAd*x*2—-2  kA3**k2+2  *xA1%
*2) kAB5**k2+ (2. kA2%*k2-2  kA3*k*2) kAd*k*x2+2  k A3%kk4+ (-2 . kA2%*2-2  *kA1%%2)
*A3%%2+2 . kAL k*kDkAD*%2)

QID2=Q2%*2* (4 . *BO**4+ (-8 . *B8**2+4 , *xB5**2+4 . xB2**2) ¥BO**2+ (-8 . *B5*
B6-8.*B2*B3) xB8*BO+4 . *B8**4+ (4. *B6**2+4 . *B3%*2) *B8**2+B6**4+ (-2 *
B5**2+2  xB3*%x2-2 . xB2**2) *xB6**2+B5x*4+ (2. *B2x*2-2, *xB3*x2) *B5**2+B3
*x4-2  *B2**2xB3**2+B2**4) +Q1k* 2% (4 . ¥*BO**4+ (-8 . ¥B7T**2+4 . *B4**2+4 , *
B1x%2) *BO**2+(-8.*B4*B6-8. *B1*B3) *B7*BO+4 . xB7**4+ (4. ¥*B6**2+4 . *B3%
*x2) *B7**2+B6* x4+ (=2, xB4**2+2 . *B3**2-2 . *B1**2) xB6**2+B4* x4+ (2. xB1*
*2-2, ¥B3%%2) *B4**x2+B3**4-2  *B1**x2%B3**2+B1%%4) +Q1*Q2* (8. *BO**4+ (-
8.*%B8**2-8 . *B7*x2+4 , *B5**2+4 . *B4**2+4  xB2**2+4 , *B1x*x2) *B9**2+ ( (-8
. *B5*B6-8. *B2*B3) *B8+ (-8. *B4*B6-8 . *B1*xB3) *B7) *B9+ (8. *B7**2+4 . *B6*
*x2-4 xBA**2+4  ¥B3*%*2-4  *B1x*2) *B8**2+ (8. *B4*B5+8. *B1*B2) *B7*B8+ (4
.¥B6*x2-4  *B5**2+4  xB3**2-4  xB2**2) *B7**2+2 . *B6**4+ (-2, *Bb**2-2 %
B4x*2+4  xB3*x2-2 . xB2**2-2 . *B1**2) xB6**2+ (2. xB4*%2-2 . *B3**2+2 . *B1%
*x2) *B5**2+ (2. ¥B2**2-2, *B3**2) *B4**2+2 , *B3x*4+ (-2, *B2**2-2 . *B1x*2)
*B3*%2+2 ., ¥B1**2xB2*%2)

F1(X2,X3,X4,X5,X6)=-0.5%8.07765E-29*ALSTAT* (QID1+QID2)

C CALCULATION OF THE INTEGRATION ARGUMENT:

C

C

C 2nd Rank T-Tensor:

C
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C

T11=2. %AT**2—-A4**2-A1*%*2
T22=2 . xA8**2-AB**2-A2%*2
T33=2.%A9**2-A6**2-A3**2
T12=2 . *xA7*A8-A4d*xAB-A1%A2
T13=2.%xA7*A9-A4*A6-A1%A3
T23=2.*xA8%A9-A5+xA6-A2*A3

C 3rd Rand T-Tensor:

C

C

+

T111=2%A7**3-3%A4**2%xAT7-3*xA1x*x2*xA7
T222=2%A8**3-3*xA5**2*xA8-3*A2**2*A8
T333=2%A0**3-3*xA6**2*xA0-3*xA3**2*A9
T112=2%A7**2*%A8-A4**2%xA8-A1*x*x2xA8-2xA4*AD*xA7T-2xA1xA2*%A7
T122=2%A7*A8**2-2%A4d*xA5*xA8-2%A1*A2%xA8-AB**x2*xA7-A2%*2%A7
T133=2%A7*A9*x2-2%A4*A6*A9-2%A1*xA3*A9-AG**x2xAT-A3**2*A7
T233=2%A8*A9**2-2%A5*xA6*A9-2%xA2*A3*xA0-AB**x2xA8-A3**2*A8
T113=2%A7**2%A0-A4**2%xA0-A1**x2%A0-2x A4+ A6*AT-2%xA1*xA3*A7
T223=2%A8**x2xA0—-A5**2%A0-A2%*2*xA9-2*xAD*xAG*A8-2xA2+xA3*A8
T123=2%A7+*A8*AO-A4*AD*xAO-A1*xA2%AO-A4+xAG*AB-A1*xA3*xA8-AD*xAG*AT-A2*A
3*AT7

C Dynamic Polarizability of molecule 2 in

C molecule-fixed axes of molecule 1:

C
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+

+

+

+

+

+

+

+

+

+

+

+
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Z11 = A33* (A7T**2xBO**2+ (2% A4*A7*B6+2xA1*AT*B3) *BO+A4**2xBE**2+2% A
1%A4A*B3*B6+A1x*x2*%B3%*2) +A22% (A7 **2xB8**2+ (2% A4*A7T*xB5+2xA1*A7*B2
) *B8+A4**2xB5**2+2% A1 % AA*xB2*B5+A1+*x2xB2**2) +A1 1% (A7**2*B7**2+ (2
*A4*AT*BA+2xA1%AT*B1) *B7T+A4**2xB4**2+2*%A1xA4*B1*B4+A1**2xB1*%*2)

Z22 = A33* (A8*x2xBO**2+ (2+xA5*xA8*B6+2+%A2xA8*B3) *BO+AL**2*B6**2+2%A
2xA5*B3*B6+A2%*2xB3%x2) +A22% (AB**2%xB8**2+ (2% A5*xA8*B5+2*A2*xA8*B2
) *B8+AL**2xB5**x2+2% A2k A5*B2*B5+A2%*2*xB2*x2) +A1 1% (A8**2*xB7**2+ (2
*AS5*xA8*B4+2%A2*xA8*B1) *B7+AS**2*B4**2+2*xA2* A5¥B1*B4+A2**2%B1**2)

Z33 = A33% (A9**2xBO**2+ (2+¥A6*A9*xB6+2xA3%A0*B3) *BO+AG**2¥BO**2+2% A
3*xA6*B3*B6+A3*%*2+xB3**2) +A22% (AQ*x2*B8x* 2+ (2*xA6¥A9*B5+2*A3*xA9*B2
) *B8+AG**2xB5**2+2%A3*x A6*B2*B5+A3*x2xB2**2) +A1 1% (A9**2*B7**2+ (2
*A6*xA9*B4+2+xA3%A9*B1) *B7+AG**2*B4**2+2*xA3*A6¥B1*xB4+A3**2+B1x*2)

Z12 = A33* (A7*A8xBI**2+( (A4*xAB+A5*AT7) *B6+ (A1*A8+A2%A7) *B3) *BO+A4x*
A5*B6**2+ (A1*A5+A2%A4) *B3*B6+A1*xA2*B3**2) +A22*% (A7*A8*B8**2+ ( (A4
*A8+A5*A7) *B5+ (A1*A8+A2%A7) *B2) xB8+A4*A5*B5**2+ (A1*xA5+A2xA4) *B2
*B5+A1*xA2+B2*%*2) +A11% (A7*A8*B7*x2+ ( (A4*A8+AL*A7) *B4+ (A1*A8+A2%*A
7)*B1) *B7+A4*A5xB4**2+ (A1*A5+A2*A4) *B1*B4+A1*A2*B1*%2)

Z13 = A33% (A7*A9*xBO**2+ ((A4*xA9+A6*A7) *xB6+(A1*A9+A3%A7) *B3) *BO+A4x*
A6*B6**2+ (A1*%A6+A3%A4) *B3*B6+A1*A3*B3*x2) +A22* (A7*A9*B8**2+ ( (A4
*A9+A6*A7) *B5+ (A1*A9+A3*A7) *B2) *B8+A4*AG*B5**2+ (A1*xA6+A3%A4) *xB2
*B5+A1*xA3%B2*%*2) +A11% (A7*A9*B7+x2+( (A4*A9+A6*A7) *B4+(A1*A9+A3*A
7)*B1) *B7+A4xA6%BA**2+ (A1*A6+A3%A4) *B1*B4+A1*A3*B1**2)

723 = A33%(A8*xA9*BO**x2+ ( (A5*A9+A6*A8) *B6+ (A2*A9+A3*A8) *B3) *B9+A5x*
A6*B6**2+ (A2%A6+A3%A5) *B3*xB6+A2*%A3*%B3%*2) +A22% (A8*A9*xB8**2+ ( (A5
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C

+

+

+

*A9+A6*A8) *B5+ (A2%A9+A3*A8) *B2) *xB8+A5*xA6*xB5x*2+ (A2*xA6+A3%A5) *B2
*B5+A2%xA3%B2%%2) +A11% (A8*A9*B7**x2+ ( (AS*xA9+A6*A8) *B4+ (A2*xA9+A3*A
8)*B1) *B7+A5xA6%xB4**x2+ (A2%A6+A3%A5) *B1*xB4+A2%xA3*B1**2)

C Static Polarizability of molecule 2 in

C molecule-fixed axes of molecule 1:

C

+

+

+

+

+

+

+

+

Wil = V33* (A7**2%BO*x*2+ (2%xA4*xA7T*B6+2*A1*xA7*B3) *BO+A4**2*B6**x2+2*A
1%A4*B3*B6+A1x*x2*%B3%*2) +V22% (A7**2xB8**2+ (2% A4*A7+xB5+2xA1*A7*B2
) *B8+A4**2xB5**2+2% A1k A4+xB2*B5+A1**2xB2*x2) +V1 1k (A7**2*B7**2+ (2
* A4k AT*B4A+2% A1k AT*B1) *B7+A4x*x2%BA**2+2% A1 % A4*B1*B4A+A1*x*x2*xB1xx2)

W22 = V33*% (A8**2*BOx*2+ (2*xA5*xA8*B6+2*A2xA8%B3) *BO+AL**2*xB6**2+2% A
2xA5*B3*B6+A2x*x2%xB3**2) +V22* (A8**2%B8**2+ (2% A5 A8*B5+2* A2+ A8*B2
) *B8+AB**2xB5**2+2% A2+ A5*B2*B5+A2%x2xB2**2) +V11x (A8**2*B7*x2+ (2
*AD*A8*B4A+2xA2%A8*B1) *B7+AL**2xB4**2+2*% A2xA5*B1*B4+A2**2xB1%%*2)

W33 = V33*% (A9**2%xBO**2+ (2xA6%xA9*B6+2*%A3%A9*B3) *BO+AB**2*xB6**2+2%A
3*xA6*B3*B6+A3**x2%B3%*2) +V22% (A9**2xB8**2+ (2% A6%A9*B5+2xA3*xA9*B2
) *B8+A6**2kB5**2+2%A3%A6*B2*B5+A3%*2%B2**2) +V1 1% (A9**2%B7*x2+ (2
*A6*AO*B4A+2xA3¥A9*B1) *B7+AG**2+B4A**2+2*% A3*xA6¥B1*B4A+A3**2xB1*%*2)

W12 = V33% (A7*A8*BO**2+( (A4*A8+A5*A7) *B6+ (A1*xA8+A2%A7) *B3) xBO+A4*
A5*B6**2+ (A1*xA5+A2xA4) *xB3*B6+A1xA2xB3+*2) +V22% (A7*A8*B8**2+ ( (A4
*A8+A5*A7) *B5+ (A1*A8+A2%A7) *B2) xB8+A4*A5*B5**2+ (A1*xA5+A2xA4) *B2
*B5+A1%A2+B2%x2) +V11% (A7*A8*B7**2+( (A4*A8+AB*A7) B4+ (A1*xA8+A2x*A
7)*B1) *B7+A4*A5*BA**2+(A1*A5+A2%A4) *B1*BA+A1xA2*B1*2)
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W13 = V33* (A7*A9*BO**2+ ((A4*A9+A6%A7) *B6+(A1xA9+A3%A7) xB3) *BO+A4*
+  A6*B6**2+(A1*¥A6+A3%A4) *B3*B6+A1kA3%B3**2) +V22* (A7*A9*B8*x2+ ( (A4
+  *xA9+A6%A7)*B5+(A1xA9+A3xA7) *B2) *B8+A4*AG*B5x*2+ (A1*xA6+A3xA4) *B2
+  *B5+A1*%A3%B2*x2) +V11x (A7T*xA9*B7**2+ ((A4*xA9+A6%A7) *B4+ (A1*xA9+A3*A
+  T7)*B1)*B7+A4*A6*B4**2+(A1*A6+A3%A4) *B1*B4+A1*A3%B1**2)

W23 = V33*(A8*A9*BO**2+( (A5*A9+A6*A8) *B6+ (A2+¥A9+A3%A8) *B3) xBO+A5*
+  A6*B6**2+(A2*%A6+A3%A5) *B3*B6+A2%A3%B3**2) +V22* (A8*xA9*B8**2+ ( (A5
+  *xA9+A6+%A8) *B5+ (A2%xA9+A3%A8) *B2) *B8+A5*AG6*B5**2+ (A2*xA6+A3*A5) *B2
+  *B5+A2%A3%B2**2) +V11x (A8*xA9*B7x*2+ ( (A5*A9+A6*A8) *B4+ (A2*A9+A3*A
+  8)%*B1)*B7+A5*A6%B4**2+ (A2*A6+A3*%A5) *B1xB4+A2xA3*B1%*2)

C
C Quadrupole Moment of molecule 2 in

C molecule-fixed axes of molecule 1:

C

Q11 = A7**x2xB8**2x(Q2+2%A4*xA7*B5*xB8*()2+2*A1xA7*B2*xB8*(2+A4**2*B5

[y

**k 2% Q2+2*% A1 xA4*B2*B5*Q2+A1x*x2xB2** 2% Q2+AT7*x*x2*¥BO** 2% (-Q2-Q1) +2
*A4xAT*B6%xBO* (-Q2-Q1) +2*xA1*A7*B3*B9* (—Q2-Q1) +A4**x2xB6**2% (-2
-Q1)+2*%A1*A4*B3*B6* (—Q2-Q1) +A1+*2+B3**2* (-Q2-Q1) +A7**2xB7** 2%
Q1+2xA4*xA7*B4*xB7*Q1+2*xA1*A7*B1*B7*xQ1+A4**x2*xB4*x*x2xQ1+2*xA1*xA4*B

g s w N

1xB4xQ1+A1xx2xB1x*x2xQ1

Q22 = A8**x2xB8**2x(2+2xA5*xA8*B5*xB8*()2+2*A2*xA8*B2*xB8*(2+A5**2*B5

—

*k 2k Q2+ 2% A2x AS*B2*xB5* Q2+ A2+ % 2% B2+ % 2% Q2+ A8**x2xBO* k2% (-Q2-Q1) +2
2  xAB5*A8*B6*B9* (—Q2-Q1)+2*A2xA8*B3*xBI* (—Q2-Q1) +A5**2xB6**2* (—Q2
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3
4

g s w N o1

N O o0k W N

N OO o W N

-Q1)+2*%A2*A5%B3*B6* (—Q2-Q1) +A2**2+¥B3** 2% (—Q2-Q1) +A8**2*B7 %2
Q1+2*%A5*%A8*%B4*B7*Q1+2*xA2xA8*xB1*B7*(Q1+A5**x2%B4*x2*%Q1+2*xA2*xA5%B
1xB4xQ1+A2%*x2xB1*x2%(Q1

Q33 = A9**2xB8**2x(2+2*A6*xA9*B5*xB8*(2+2*xA3*A9*B2*B8*()2+A6**2*B5

*k 2k Q2+ 2% A3*x A6*B2*xB5*Q2+A3* % 2%xB2* % 2% Q2+ A9 **x2xBO* k2% (-Q2-Q1) +2
*A6xA9*¥B6xBO* (-Q2-Q1) +2*xA3*A9*B3*B9* (—Q2-Q1) +A6**x2xB6** 2% (-2
-Q1)+2*%A3*A6%B3*B6* (-Q2-Q1) +A3**2+xB3** 2% (-Q2-Q1) +A9* ¥ 2k B7 %2
Q1+2%xA6*%A9*B4*B7*(1+2*%A3%A9*B1*B7*(1+A6**2*B4x*2*x(1+2*%A3*A6*B
1%B4*Q1+A3%*2*B1*x*x2%(1

Q12 = AT7*A8xB8**2x()2+A4*xA8*B5*xB8*(2+A5*A7*B5*xB8*(2+A1*A8*B2*B8x*

Q2+A2xA7*B2*B8*Q2+A4*xA5*xB5*x*x2*x(2+A1*xA5*xB2*xB5*Q2+A2*%A4*B2*xB5*(
2+A1*A2*%B2*% k2% Q2+A7*A8*xBO**x2x (-Q2-Q1) +A4*A8*B6*B9* (-Q2-Q1) +A5
*A7*B6*B9* (-Q2-Q1) +A1xA8%B3*B9* (-Q2-Q1) +A2*A7*B3*B9* (-Q2-Q1) +
A4xAB5*B6**2% (-Q2-Q1) +A1*xA5+B3*B6* (-Q2-Q1) +A2*A4xB3*B6* (-Q2-Q1
) +AT*A2¥B3*x 2% (—Q2-Q1) +A7*A8*B7**x2%xQ1+A4+xA8*xBA*B7*Q1+A5*xA7*B4
*B7*Q1+A1*xA8*B1*B7*xQ1+A2*%A7*B1*xB7*Q1+A4*A5*xB4**2*xQ1+A1*xA5*xB1x*
B4xQ1+A2*%A4*B1*B4*xQ1+A1*A2xB1x*2x(Q1

Q13 = A7*A9*B8**2x()2+A4*xAO0*B5xB8*(2+A6xA7*B5*xB8*(2+A1*A9*B2*B8x*

Q2+A3*xA7*B2*B8*Q2+A4*xA6*xB5**x2x(2+A1*xA6*B2*xB5*(Q2+A3*A4*B2*xB5*(
2+A1*%A3*B2xx2*%Q2+A7*A9*BO*x2* (-Q2-Q1) +A4*A9*B6*BI* (-Q2-Q1) +A6
*A7*B6*B9* (—Q2-Q1) +A1*A9*B3*B9* (—-Q2-Q1) +A3*xA7*B3*B9* (-Q2-Q1)+
Ad*xA6*xB6**2x (—-Q2-Q1) +A1*A6*B3*B6* (-Q2-Q1) +A3*xA4*B3*B6+* (-Q2-Q1
) +A1I*A3*%B3**2% (~Q2-Q1) +A7*A9*B7**x2+xQ1+A4xA9*BA*B7*Q1+A6*xA7*B4
*B7*Q1+A1xA9*B1*B7*Q1+A3*xA7*B1*B7*Q1+A4*xA6*B4**2xQ1+A1*A6*B1*
B4xQ1+A3*%A4*B1*B4*xQ1+A1*xA3*B1x*2x(Q1

Q23 = A8*A9*B8**2x()2+A5xA9*xB5xB8*(2+A6*A8*B5*B8*()2+A2*xA9*xB2xB8*

Q2+A3xA8*B2xB8*(2+A5*A6*B5**2x()2+A2*xA6*%B2*xBb*x(2+A3*xA5*B2*xB5*(
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2+A2*xA3*B2*x*x2*x2+A8%A9*BO**2* (-Q2-Q1) +A5*A9*B6*B9* (-Q2-Q1) +A6
*A8*B6*BI9* (-Q2-Q1) +A2*xA9xB3*B9* (-Q2-Q1) +A3*A8*B3*xB9* (-Q2-Q1) +
ABxAG6*B6**2% (—Q2-Q1) +A2*%A6*xB3*%B6* (—Q2-Q1) +A3*A5*xB3*B6* (—-Q2-Q1
) +A2xA3*B3** 2% (—Q2-Q1) +A8*A9*B7**2+(Q1+A5xA9*BA*B7*Q1+A6+xA8%B4
*B7*Q1+A2%xA9*B1*B7*Q1+A3*xA8*xB1*B7*Q1+A5*xA6*B4**2xQ1+A2*A6*B1*

N o ok W N

B4x()1+A3*xA5xB1xB4*Q1+A2*«A3*B1*x*2x*(1

D97 =(A33*%Q33**2*T333+*2xV33x*2+4*A33%(23*(33*T233*T333*V33**2+2

[

*A33*%Q22x%(33*T223*xT333*V33**x2+4+xA33*(13*(33*T133*xT333*V33**2+
4xA33*Q12*xQ33*%T123*%T333*V33**2+2xA33*(11*xQ33*%T113*T333*V33**2
+4%A33%(23%*x2xT233**x2xV33**2+4*A33*(22*(23*T223*xT233*V33**2+8
*A33*Q13%(23*%T133*T233*V33**2+8*xA33*(12*x(23*T123*T233*V33**2+
4xA33%(011xQ23*T113*T233*V33**2+A33*(22*%*2*xT223%*2*xV33**x2+4*A3
3*Q13xQ22*xT133*T223*V33**2+4*A33*(12*(22*xT123*xT223*V33**2+2*A
33*xQ11xQ22*xT113*xT223*V33**2+4*xA33%(13**2*T133**2%xV33**2+8xA33
*Q12%xQ13*T123*%T133*V33**2+4*A33*%Q11%Q13*T113*T133*V33**2+4*A3

© 00 N O o s~ W N

3kQ124%2%T123%*2xV33**2+4%A33*%Q11%Q12*%T113*T123*V33**2+A33*(Q1
1xx2%T113%x2%V33**k2+A22% (33 %% 2% T233%*x2xV22x*x2+4xA22% (23 %3 3*T
; 223%T233%V22x*2+2xA22%(22x(33*T222*T233*V22*x*x2+4*xA22*(13* (33 *
< T123*T233*V22x*2+4%xA22%Q12%(Q33*T122*%T233*V22**x2+2xA22%(Q11*(Q33
= *T112xT233%V22+*2+4xA22*% (23 %% 2% T223%*x2xV22x*x2+4x A22%(22%Q23*T
> 222%T223*V22xx2+8xA22+(13*(23*T123+T223*V22**2+8xA22*(12*(23*
7?7 T122%T223%V22*xx2+4xA22%Q11%(23*T112xT223%V22**2+A22*%(22%*2*T2
Q@  22%*%2%V22%x2+4xA22%(13*Q22%T123*T222*V22%*2+4%xA22*%(12*(Q22*T12
1 2+T222*V22%x2+2xA22%(11%xQ22*T112+T222V22**2+4*A22%(13**2%xT12
3xx2xV22xx2+8xA22x(Q12%x(13*%T122*xT123*V22**2+4+xA22%x(Q11xQ13*T112
*T123%V22%%x2+4%A22%(Q12%*2*xT122%* 2+ V22x*x2+4%A22+(11%Q12*T112*T
122xV22xx2+A22+Q11%2*T11 2% 2% V22%%x2+A1 1% (Q33* x24T 133+ 2% V11 %

g s w N

2+4xA11%Q23*Q33*T123*%T133*V11x*x2+2xA11xQ22*x(Q33*T122xT133*V11*



B.1.

FORTRAN CODE 173

*2+4xA11%Q13*%Q33*T113*T133*%V11**x2+4%xA11+xQ12*xQ33*T112¥T133*V11
*%2+2%A11%Q11*%Q33*T111*T133*V11%*x2+4%A11%Q23%*2*%T123%*2%V1 1%
2+4xA11%Q22*Q23*T122+T123*%V11x*x2+8*A11xQ13*Q23*T113*T123*V11x

© 00 N O

*2+8xA11x012*%Q23*T112%T123%V11%*x2+4xA11+xQ11*Q23*T111+xT123*V11
*k2+A11%Q22%x2%T122% 2% V1 14%2+4%xA11%(13*%Q22*%T113*T122%V11x*2+
; 4xA11xQ12%xQ22%T112%xT122%V11+x2+2%A11%Q11%Q22*T111%T122%V11%%*2
< +4xA11xQ13%x2%xT113%%x2+V11x*x2+8%A11xQ12xQ13*%T112xT113*V11*x2+4
= *xA11xQ11%Q13*T111*T113%V114%2+4%xA11%xQ124*2%T1124%2%V11%%2+4%A
> 11xQ11*Q12*%T111xT1124V11#%x2+A11%xQ1 1%k 2xT111%*2*V11%%2)

D101 =(Q33**2*T333**2xV33%*2+4*(23*x(33*T233*T333*V33**2+2xQ22*(Q3

[

3xT223*T333*V33**x2+4*x()13*%(33*T133*T333*V33**2+4*(Q12*(33*T123*
T333*V33**2+2x(Q11+(Q33*T113*T333*V33**2+4*(Q23* %2+ T233**2*V33**
2+4xQ22xQ23*T223*xT233*V33**x2+8x(13*(Q23*T133*T233*V33**2+8*(Q12
*(23*T123*xT233%V33**2+4x(Q11%Q23*T113*T233*V33**2+(22+*2xT223
*2%V33%%2+4x(Q13%()22+%T133*T223%V33**2+4x(Q12%x(22*T123*T223*V33*
*2+2%Q11%(22%T113%T223%V33**2+4x(Q13%*2*¥T133%*2*V33**x2+8*Q12*(
13%T123%T133*V33**2+4*Q11*Q13*T113*T133*V33**x2+4+Q12+*2*T123
*2%V33%%2+4x(Q11xQ12+%T113*T123%xV33**2+Q11#%2xT113%*2%xV33**2+Q3

© 00 N o o b~ W N

3xx2%T233%x 2% V22xx2+4%()23*%(33*T223*T233*V22*x*2+2*%(22*%(33*T222
*T233*%V22**2+4x(13*(33*T123*%T233*V22**2+4*Q12*(33*T122*xT233*V
; 22%x2+2%Q11xQ33*T112*%T233*V22*x*2+4%()23% % 2% T223 %% 2% V2 2% % 2+4+(2
< 2%Q23%T222*T223*V22xx2+8%()13*%(23*T123*T223%V22**x2+8%()12*x(23*T
= 122%T223%V22*x*2+4*Q11%xQ23*T112*%T223*V22**2+Q22*%*2*¥T222%*2*V22
> kk2+4%Q13%(22%T123%T222+ V224 2+4x(12xQ22%T122%xT222%xV22**2+2%(Q
? 11xQ22%T112%T222%V22*x*x2+4% (134 % 2% T123 %% 2% V22 % 2+8*(12*(Q13*T12
@  2xT123%V22**2+4*Q11%xQ13*T112+%T123*V22%*2+4*Q12%*2*xT122%*2*%V22
1 *%2+4%Q11xQ12%T112%xT122%V22xx2+Q1 1424 T11 2%k 2% V22%%x2+(Q33**x 2T
2 133#%2xV114%2+4x(Q23*(33*%T123*T133*xV11x2+2xQ22*x(Q33*T122*xT133*
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V114%2+4xQ13%(33*%T113*T133*V11*2+4xQ12%(Q33*T112+¥T133*V11**2+
2%Q11xQ33*T111*T133%V11kx*x2+4x(23%*2*%T123 %% 2% V11 %*2+4*(22*Q23*
T122%T123*%V11x*x2+8xQ13*%Q23*T113*T123*%V11x*2+8*(12+xQ23*T112*T1
23%V114%2+4xQ11%(23*T111*T123%V11%2+Q22%*2%xT122%%2xV11x*x2+4
Q13%Q22*T113*T122%V11**2+4*xQ12%xQ22*T112*%T122xV11%*x2+2%Q11xQ22
*T111*T122%V11%x2+4%(Q13%*x2*xT113%*2+xV11xx2+8*(12xQ13*T112%T113

© 0 N O O > W

*V11xx2+4%Q11%Q13*T111xT113%V11x*2+4%Q1 2% 2% T11 2% 2% V11 k% 2+4
Q11*Q12*%T111*T112%V1 1%k 2+Q11k*2xT111x*2*xV11%*2)

D105 =(A33*(-Q2-Q1) **2*xT333*%*x2*xW33**x2+2xA33* (-Q2-Q1) *Q2*xT223*T33

[

3*xW33%*2+2+A33*xQ1* (-Q2-Q1) *T113*T333*W33**2+A33*x 2+ *2+¥T223%*2
*W33**%2+2%A33*Q1x (2% T113*xT223*%W33**2+A33* Q1 #*2*%T113%*2xW33%**2
+2*%A33* (-Q2-Q1) **2*T233+xT333*W23*W33+2*%A33* (-Q2-Q1) *Q2*T222%T
333*W23*xW33+2%A33*xQ1* (-Q2-Q1) *T112*T333*W23*W33+2*A33* (-Q2-Q1
) *Q2*%T223*T233*W23*W33+2*%A33*Q1* (-Q2-Q1) *T113+T233*W23*W33+2
A33*Q2x*2+T222*xT223*xW23*W33+2*%A33*Q1x(2*xT112*T223*W23*W33+2*A
33*xQ1*Q2xT113*T222*W23*xW33+2%A33*(1**2+%T112*xT113*xW23*W33+2*A3
3x(-Q2-Q1) **2+T133*T333*W13*xW33+2+A33* (-Q2-Q1) *Q2*T122*T333*W

© 0 N O o b~ W N

13*W33+2xA33*Q1* (-Q2-Q1) *T111+T333*W13*W33+2*xA33* (-Q2-Q1) *Q2*
T133*T223*W13*W33+2*xA33*Q2**2*xT122*%T223*xW13*xW33+2*A33*Q1*(2*T
; 111*T223%xW13*W33+2*xA33*Q1* (-Q2-Q1) *T113*T133*xW13*W33+2xA33*Q1
< *Q2*T113*T122*W13*W33+2*A33*Q1*+*x2*xT111*T113*W13*xW33+A22* (-Q2-
= Q1) **2*T333%*x2*xW23*x*x2+2xA22% (-Q2-Q1) *Q2*T223*T333*xW23**2+2* A2
> 2*%Q1*(-Q2-Q1)*T113*T333*%W23**2+A33* (-Q2-Q1) **2*xT233** 2% W23+ *2
7?7 +2%A33*%(-Q2-Q1) *Q2*T222+T233*W23**2+2%A33*Q1* (-Q2-Q1) *T112*T2
@ 33*%W23*%2+A22% Q2% ¥ 2*xT223% % 2*xW23* %2+ 2% A22%x Q1 xQ2*T113*T223*W23*
1 *2+A33%Q2% % 2% T222% %2k W23%*2+2% A33*xQ1*%Q2*T112*T222*W23%*2+A22%
Qlx*x2*xT113%*2xW23**2+A33*xQ1k*k2*T112x*x2*xW23**2+2xA22* (-Q2-Q1) *
*2*T233*T333*W22xW23+2xA22x (-Q2-Q1) *Q2*T222*T333*W22xW23+2*A2

W N

2xQ1* (-Q2-Q1) *T112*T333*xW22*W23+2xA22* (-Q2-Q1) *Q2xT223*T233*W
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© o0 N O O
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22%W23+2*%A22*%Q1* (-Q2-Q1) *T113%T233*«W22*W23+2*A22*Q2**2*xT222x T
223%xW22*W23+2xA22*%Q1*Q2*T112*T223*W22*xW23+2*xA22%xQ1*xQ2*T113*T2
22xW22*W23+2%xA22* Q12+ T112*xT113*W22*xW23+2*%A33%* (-Q2-Q1) **2xT1
33%T233*W13*W23+2*xA33* (-Q2-Q1) *Q2*T122%xT233*W13*W23+2*xA33*Q1 *
(-Q2-Q1)*T111*T233*W13*xW23+2*A33* (-Q2-Q1) *Q2*T133*T222*W13*W2
3+2*%A33%Q2*%2*xT122xT222*W13*xW23+2*xA33*Q1*xQ2*T111*xT222*%W13*W23
+2%A33*Q1* (-Q2-Q1) *T112+T133*xW13*W23+2*xA33*Q1*Q2+T112*xT122*W1
3*W23+2xA33*Q1**x2xT111+T112%W13*W23+2*xA22* (-Q2-Q1) **2%T133*T3
33*W12xW23+2*A22x (-Q2-Q1) *Q2*xT122*T333*W12*xW23+2*xA22xQ1* (-Q2-
Q1) *T111+T333*xW12*xW23+2%A22* (-Q2-Q1) *Q2*T133*T223*xW12*W23+2%*A
22%Q2*%*x2xT122%xT223*xW12*W23+2*xA22%Q1*xQ2*T111*xT223*W12*xW23+2*A2
2%Q1* (-Q2-Q1) *T113*T133*W12xW23+2xA22Q1*Q2*T113*T122*xW12xW23
+2%A22*xQ1**2+xT111xT113*W124W23+A22* (-Q2-Q1) *¥*2*T233**x2*xW22* *2
+2%A22* (-Q2-Q1) *Q2*T222+T233*xW22**2+2%xA22*Q1* (-Q2-Q1) *T112*T2
33kW22%%2+A22% Q2% % 2*T222%*x 2xW22%*x2+2%A22*Q1*Q2*T112*xT222%xW22*
*2+A22% Q12+ T11 2% % 2* W22+ x2+2%xA22* (-Q2-Q1) *¥*2*xT133*xT233*W12*W
22+2xA22% (-Q2-Q1) *Q2*T122*xT233*W12*xW22+2*A22+Q1* (-Q2-Q1) *T111
*T233*W12+xW22+2xA22* (-Q2-Q1) *Q2*T133*T222*W12+¥W22+2*xA22* Q2% *2
*T122+T222*W12xW22+2*xA22*Q1*xQ2+xT111+T222*%W12*W22+2xA22*Q1* (-Q
2-Q1) *T112+T133*xW12*W22+2xA22*Q1*Q2+T112*T122+W12xW22+2%xA22xQ
1x*x2%T111*T112+%W12+%W22+A11% (-Q2-Q1) **2*xT333% ¢ 2¥W13**2+2xA1 1% (
-Q2-Q1) *Q2*T223*T333*xW13x*x2+2%xA11%Q1* (-Q2-Q1) *T113*T333*xW13**
2+A11*Q2%*2+T223%* 2* W13+ *2+2*xA11*Q1#Q2*xT113*T223*W13**2+A33* (
-Q2-Q1) **2*%xT133%*x2xW13**x2+2%A33*% (—Q2-Q1) *Q2*T122*T133*W13**2+
2xA33*Q1* (-Q2-Q1) *T111+T133*W13**2+A33* Q2% * 2+ T122%* 2*W13**2+2
*A33*%Q1*Q2*T111xT122xW13%*2+A11*xQ1**x2*T113**x2%xW13**x2+A33*Q1**
2%T11 1% 2xW13*%2+2%A1 1% (—Q2-Q1) **2*T233+%T333*W12*xW13+2*xA1 1% (-
Q2-Q1) *Q2*T222*T333*W12+xW13+2*xA11*Q1* (-Q2-Q1) *T112*xT333*W12*W
13+2*xA11x (-Q2-Q1) *Q2*T223*T233*xW12*xW13+2xA11*xQ1* (-Q2-Q1) *T113
*¥T233*xW12*xW13+2%A11xQ2%*x2*xT222%T223*W12*xW13+2*xA11*xQ1*xQ2*T112x%
T223*xW12*xW13+2%A11*xQ1*Q2*xT113*xT222*xW12*xW13+2*xA11*xQ1**2xT112*T
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113*xW12xW13+2%A1 1+ (-Q2-Q1) **2*T133*T333*xW11xW13+2*xA11* (-Q2-Q1
)*Q2%T122+T333*W11*W13+2xA11*Q1* (-Q2-Q1) *T111*T333*W11*xW13+2x*
A11%(-Q2-Q1) *Q2+T133*T223*W11*W13+2*A11%Q2*x*x2*xT122+T223*xW1 1 *W
13+2%A11*xQ1*Q2*T111xT223*W11xW13+2*xA11*Q1* (-Q2-Q1) *T113*T133*
W11*xW13+2xA11*Q1*Q2*T113*xT122%xW11*xW13+2*xA11xQ1*x*2*xT111*xT113%*W
11xW13+A11% (-Q2-Q1) *¥*2xT233**2*xW12*x*x2+2xA1 1+ (-Q2-Q1) *Q2*xT222*
T233*W12x*2+2*%A11%Q1* (-Q2-Q1) *T112*T233*W12*x*2+A11*Q2**2xT222
*k 2k W12k 2+2k A1 1k Q1*Q2*xT112%T222+W1 2% 2+A22% (-Q2-Q1) **2xT133%
*2xW12%%2+2%A22% (-Q2-Q1) *Q2*xT122+¢T133*xW12**2+2xA22*xQ1* (-Q2-Q1
)*T111*T133*xW12%*2+A22%xQ2**k 24 T122% ¥ 2x W1 24 ¥ 2+2%A22*x Q1 *Q2+T111%
T122xW12%%2+A11xQ1**2*%T112%*2%xW12%*2+A22%Q1k*x2*T11 1 k*k2%xW12%**2
+2xA11% (-Q2-Q1) **2+T133*T233*xW11*W12+2xA11* (-Q2-Q1) *Q2*T122*T
233*xW11*W12+2xA11*Q1* (-Q2-Q1) *T111%T233*W11*xW12+2*xA11* (-Q2-Q1
) *Q2*T133*T222*W11¥W12+2*x A1 1k Q2+ 2xT122*T222W11xW12+2xA11xQ1
*Q2+T111*T222xW11xW12+2*xA11xQ1* (-Q2-Q1) *T112*T133*xW11*xW12+2xA
11%Q1*Q2*T112*%T122%xW11*xW12+2%A11*xQ1**x2*%T111*T112*xW11*W12+A1 1%
(—Q2-Q1) **2*xT133%*2xW11**x2+2%A11% (—Q2-Q1) *Q2*T122*T133*W11**2
+2%A11*Q1* (-Q2-Q1) *T111*T133*W11k*2+A11%Q2** 2% T1 224 2xW1 1k 2+
2%A11*Q1*Q24T111*T122*xW1 12+ A1 1¢Q1 2% T111kk 2% W1 1%*2)

D110 =((-Q2-Q1) **2*xT333**2*xW33**2+2* (-Q2-Q1) *Q2*T223*T333*W33**2

1

© 00 N O o s~ W N

+2xQ1* (-Q2-Q1) *T113*T333*W33**2+Q2**2xT223** 2*W33**2+2x Q1 ¥ Q2%
T113+T223*W33**2+Q1*x*x2*xT113**%2xW33**2+2* (-Q2-Q1) **2+xT233*xT333
*W23*W33+2* (-Q2-Q1) *Q2*xT222*T333*%W23*W33+2*Q1* (-Q2-Q1) *T112*T
333*xW23*W33+2* (-Q2-Q1) *Q2+T223*T233*W23*xW33+2*xQ1* (-Q2-Q1) *T11
3xT233*W23*xW33+2*x(2%*x2*xT222*xT223*xW23*W33+2*xQ1*xQ2*T112*xT223*W2
3xW33+2xQ1*Q2*T113*T222*W23*xW33+2*xQ1#*x2*T112*T113*W23*xW33+2* (
-Q2-Q1) **2+T133*T333*W13*xW33+2* (-Q2-Q1) *Q2*T122+T333*W13*W33+
2xQ1* (-Q2-Q1) *T111*T333*W13*W33+2* (-Q2-Q1) *Q2+T133+T223*W13*W
33+2xQ2**2*xT122xT223*W13*W33+2*xQ1*Q2+T111*T223*W13*xW33+2*Q1% (
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-Q2-Q1) *T113*T133*xW13*xW33+2xQ1*Q2+T113*T122*W13*W33+2*Q1**x2xT
111*T113*xW13*W33+ (—Q2-Q1) **2*T333**2xW23xx 2+ 2% (—-Q2-Q1) *Q2*T22
3*T333*W23**2+2%xQ1* (-Q2-Q1) *T113*T333*%W23**2+ (-Q2-Q1) **x2xT233
*x 2k W23*k2+2% (-Q2-Q1) *Q2*xT222+T233*W23**2+2*xQ1* (-Q2-Q1) *T112*
T233*xW23%*2+Q2**2*xT223%*2xW23*x*2+2xQ1*xQ2*T113*T223*W23**2+Q2%
*2xT222%% 2% W23%%2+2xQ 1k Q2% T112%T222*W23**2+Q1*x*2%xT113%* 2% W23*
*2+Q1x*2%T1 124 % 2xW23%%2+2% (-Q2-Q1) *¥*x2*xT233*xT333*xW22*xW23+2% (-Q
2-Q1) *Q2*T222+T333*xW22*xW23+2*Q1* (-Q2-Q1) *T112+¥T333*W22*xW23+2*
(-Q2-Q1) *Q2*T223*T233*xW22*W23+2*Q1* (-Q2-Q1) *T113*T233*W22xW23
+2%Q2%*%2xT222%T223*%W22xW23+2*%Q1*Q2*T112*xT223*xW22*W23+2*Q1*xQ2*
T113+T222*xW22*W23+2*Q1**2+T112xT113*W22+W23+2* (-Q2-Q1) **2*T13
3*T233*W13*xW23+2*x (-Q2-Q1) *Q2+T122*T233*W13*xW23+2*xQ1* (-Q2-Q1) *
T111%T233*xW13*W23+2* (-Q2-Q1) *Q2*T133*T222+W13*xW23+2*Q2**x2*xT12
2xT222*W13*W23+2*xQ1*Q2+T111*xT222+W13*xW23+2*Q1* (-Q2-Q1) *T112%T
133%W13*xW23+2*%Q1*Q2*T112*xT122%xW13*xW23+2*xQ1**2*T111*T112xW13*W
23+2*% (-Q2-Q1) **x2*xT133*T333*xW12*W23+2* (-Q2-Q1) *Q2*xT122*T333*W1
2xW23+2*Q1* (-Q2-Q1) *T111xT333*W12+W23+2* (-Q2-Q1) *Q2*xT133*T223
*W12xW23+2xQ2%*2*xT122%T223*W12xW23+2*xQ1*Q2*T111*T223*xW12*xW23+
2%Q1* (-Q2-Q1) *T113*T133*xW12xW23+2*%Q1*Q2+T113*T122*xW12*xW23+2*Q
1%%2%T111+T113*xW12xW23+ (—Q2-Q1) **2*T233**x2*xW22**x 2+ 2% (-Q2-Q1) *
Q2xT222*T233*W22**2+2*Q1* (-Q2-Q1) *T112*xT233*W22**x2+Q2**2+xT222
*k kW24 2+ 2k 1k Q2% T1 1 2% T222xW22% % 2+Q 1+ % 2xT11 24k 2k W22k *k 2+ 2% (-
Q2-Q1) **2+T133*T233*xW12xW22+2* (-Q2-Q1) *Q2*T122xT233*W12+W22+2
*Q1* (-Q2-Q1) *T111*T233*W12xW22+2* (-Q2-Q1) *Q2*T133*T222*W12*W2
2+2x Q2% k2 T122*xT222*W124W22+2* Q1 *Q2+T111*xT222+W12*xW22+2* Q1 (-
Q2-Q1) *T112*T133*xW12*xW22+2*xQ1Q2+T112*T122*W12*xW22+2*xQ1*x*x2%T1
11*T112xW12*W22+ (-Q2-Q1) **2+T333**2*W13**2+2*% (-Q2-Q1) *Q2*xT223
*T333*W13**2+2xQ1* (-Q2-Q1) *T113*T333*W13**2+Q2**2xT223**2%W13
*k2+2%Q1kQ2*T113*T223*xW13%*2+ (—Q2-Q1) **2*T133%*2*xW13**2+2% (-Q
2-Q1) *Q2*T122xT133*W13**2+2*xQ1* (-Q2-Q1) *T111+T133*W13**2+Q2%*
2xT122%*%2xW13*x*x2+2xQ1*xQ2*%T111*T122%W13**2+Q1k*2%xT113**x2%W13**
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9 2+Q1*x2+%T11 1 2xW13%*2+2% (~Q2-Q1) **2*xT233*T333*W12*xW13+2* (-Q2

-Q1) *Q2*T222*T333*W12*xW13+2xQ1* (-Q2-Q1) *T112*T333*W12*xW13+2% (
; -Q2-Q1) *Q2+T223*T233*W12xW13+2*Q1* (-Q2-Q1) *T113+T233*xW12*xW13+
< 2xQ2%%2%T222%T223*W12*xW13+2*%Q1*xQ2*T112*xT223*W12*xW13+2*xQ1*xQ2*T
= 113*T222*xW124%W13+2%Q1 % 2% T112*T113xW12xW13+2% (-Q2-Q1) **2*T133
> *T333*xW11*W13+2* (-Q2-Q1) *Q2*xT122*T333*W11*xW13+2xQ1* (-Q2-Q1) *T
? 111+T333*xW11*W13+2% (-Q2-Q1) *Q2+T133*T223*W11*xW13+2*Q2**2xT122
@ *T223*W11*W13+2xQ1*Q2*xT111xT223%W11*W13+2*Q1* (-Q2-Q1)*T113%T1
1 33*%W11xW13+2%xQ1*xQ2*T113*T122*%W11xW13+2*%Q1**2*xT111*T113*xW11*xW1
3+(—Q2-Q1) **2*%T233%*2xW12%%2+2x (-Q2-Q1) *Q2*T222*T233*W12**2+2
*Q1* (-Q2-Q1) *T112*T233*W1 2% *2+Q2* ¥ 2xT222% % 2xW1 2% *x2+2* Q1 *Q2*T1
12%T222*xW12%%2+ (—Q2-Q1) #*2*T133%*2xW12**2+2% (-Q2-Q1) *Q2*T122*
T133*W12x*2+2*%Q1* (-Q2-Q1) *T111*T133*W12+*2+Q2**x2*T122%*x2xW12*
*2+42%Q1*%Q2*%T111xT122xW12%%2+Q1k*k2*xT1 1 2%k 2% W1 2%k 2+Q1**2*xT11 1 %%
2¥W12%%242% (—-Q2-Q1) **2*T133+T233*%W11*xW12+2* (-Q2-Q1) *Q2*T122T
233*xW11*W12+2xQ1* (-Q2-Q1) *T111*T233*W11*xW12+2* (-Q2-Q1) *Q2*T13

© 00 N O o s~ W N

3xT222%W11xW12+2%Q2%*2xT122%xT222*xW11kxW12+2*xQ1*xQ2*T111xT222*W1
1xW12+2*Q1* (-Q2-Q1) *T112*T133*W11*xW12+2*Q1*Q2+xT112+T122«W11*W
; 1242%Q1**x2+T111xT112*xW11xW12+ (—Q2-Q1) **2*xT133**2xW11**2+2% (-Q
< 2-Q1)*Q2*T122*T133*xW11*x2+2%Q1* (-Q2-Q1) *T111*T133*W11**2+Q2%*
= 2xT122%*%2%W11x*x2+2%xQ1*xQ2%T111*T122%W1 1%k 2+Q1k*x2%xT11 1k*k2%W1 1 %%
> 2)

D115 =(A33*(-Q2-Q1)*Q33*T333**2xV33*W33+2xA33* (-Q2-Q1) *Q23*T233*
1 T333%V33*W33+A33%Q2*Q33%T223*T333*V33xW33+A33* (-Q2-Q1) *Q22*T2
23%T333*V33*W33+2xA33*%Q13* (-Q2-Q1) *T133+xT333*V33*W33+2*A33*Q1
2% (-Q2-Q1) *T123*T333*V33*W33+A33*Q1*Q33+T113*T333*V33*W33+A33
*Q11*%(-Q2-Q1) *T113*T333*V33*W33+2xA33*Q2*x(23*T223+xT233*V33*W3

g s w N

3+2xA33*(1*xQ23*T113*T233*V33*xW33+A33*(2*Q22*xT223**2*xV33*xW33+2
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*A33*Q13*(2*xT133*T223*V33*W33+2*xA33*(12*xQ2*T123*T223*V33*xW33+
A33%Q1*Q22xT113%T223*V33*W33+A33*Q11*Q2*T113*T223*V33*xW33+2*A
33*Q1*Q13*T113*T133*V33*W33+2*xA33*(1*xQ12*xT113*T123*%V33*xW33+A3
3%Q1*Q11xT113%x2xV33xW33+A33* (-Q2-Q1) *Q33*T233*T333*V33*W23+A
33*Q2x(33*xT222*xT333*V33*W23+A33*Q1*(33*xT112*xT333*V33*W23+2*A3
3x(-Q2-Q1) *Q23*T233**2*V33*xW23+A33* (-Q2-Q1) *Q22*T223%T233*V33
*xW23+2+A33*xQ2xQ23*T222+T233*V33*W23+2xA33*Q13* (-Q2-Q1) *T133%T
233*V33*%W23+2*%A33%Q12* (-Q2-Q1) *T123%T233*V33*W23+A33*xQ11* (-Q2
-Q1)*T113%T233*%V33*W23+2*%A33*%Q1*Q23*T112*T233*V33*xW23+A33*(Q2*
Q22xT222xT223*V33*xW23+A33*Q1*(22*T112*xT223*V33*W23+2xA33*(Q13*
Q2xT133*T222xV33*xW23+2xA33*(12*(2*T123*%T222*xV33*xW23+A33*Q11*Q
2%T113%T222xV33*xW23+2*A33*Q1*Q13*%T112*T133*V33*W23+2¢A33*Q1*Q
12xT112+T123%V33*W23+A33%Q1*Q11+T112*T113xV33*W23+A22* (-Q2-Q1
) *Q33*T233*T333*%V22xW23+2*xA22* (-Q2-Q1) *Q23*T223*T333*V22*W23+
A22% (-Q2-Q1) *Q22*T222%T333*V22+xW23+2*%A22%Q13* (-Q2-Q1) *T123*T3
33%V22+W23+2*xA22%Q12* (-Q2-Q1) *T122%T333*V22+W23+A22*Q1 1% (-Q2-
Q1) *T112*T333xV22xW23+A22*%Q2*Q33*T223*T233*V22+xW23+A22*Q1*Q33
*T113%T233*V22*xW23+2%A22*(2*(23*T223**x2xV22*xW23+A22*(2*()22*T2
22%T223*V22xW23+2*xA22*%Q13*Q2*T123*%T223*V22*xW23+2*A22xQ12*(2*T
122xT223*V22xW23+2xA22*%(1*Q23*T113*xT223*V22xW23+A22*xQ11*Q2*T1
12xT223%V22xW23+A22xQ1xQ22*T113*T222+V22xW23+2%xA22*xQ1*xQ13*T11
3xT123%V22xW23+2xA22%(1*xQ12*T113*T122xV22xW23+A22*xQ1+Q11*T112
*xT113*%V22+W23+A22% (-Q2-Q1) *Q33*T233*x2*xV22+W22+2*xA22* (-Q2-Q1)
*xQ23*T223+T233*%V22*W22+A22xQ2+(33*xT222*%T233*V22*W22+A22* (-Q2-
Q1) *Q22*T222%T233*V22*W22+2xA22*Q13* (-Q2-Q1) *T123+xT233*V22*W2
2+2*%A22*%Q12% (-Q2-Q1) *T122xT233+V22*W22+A22*Q1*Q33*T112*T233*V
22*W22+A22xQ11% (-Q2-Q1) *T112*%T233*xV22*W22+2xA22*(2*xQ23*T222% T
223%xV22xW22+2xA22xQ1*Q23*T112xT223*V22*xW22+A22*Q2*(Q22*T222%*2
*V22xW22+2xA22%(13%Q2*T123*T222xV22xW22+2%A22*x(12*(Q2*T122%T22
2xV22+W22+A22x(Q1x(022*T112xT222+xV22+xW22+A22xQ11%xQ2*xT112*xT222%V
22xW22+2xA22xQ1x(Q13*%T112*xT123%V22+W22+2xA22*Q1*Q12*xT112xT122%
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V22xW22+A22*xQ1*Q11*T1124%2xV22xW22+A33* (-Q2-Q1) *Q33*T133*T333
*V33*W13+A33*Q2*Q33*T122*T333*V33*xW13+A33*xQ1*Q33*T111*xT333*V3
3*xW13+2xA33* (-Q2-Q1) *Q23*T133*T233*V33*xW13+2*A33+%Q2*xQ23*T122%
T233#V33*xW13+2+%A33*%Q1*Q23*T111xT233*V33+xW13+A33* (-Q2-Q1) *Q22*
T133*T223*V33*W13+A33*%Q2*xQ22*%T122*%T223*V33*W13+A33*%Q1*Q22*T11
1%T223*V33*W13+2+%A33*Q13* (—Q2-Q1) *T133**2*xV33*xW13+2*xA33*Q12* (
-Q2-Q1) *T123*T133*V33*W13+2*xA33*Q13*xQ2*xT122+T133*V33*W13+A33*
Q11*(-Q2-Q1) *T113*T133*V33*xW13+2%A33+%Q1*Q13*T111*T133*V33*xW13
+2%A33*%Q12*%Q2%T122*T123*V33*W13+2*xA33*Q1*xQ12*xT111*T123*V33*W1
3+A33%Q11*xQ2*T113*T122*V33*W13+A33*Q1*xQ11*T111*T113*V33*W13+A
11 (-Q2-Q1) *Q33*T133*T333*V11*W13+2*xA11* (-Q2-Q1) *Q23*T123*T33
3xV11+W13+A11%(-Q2-Q1) *Q22*%T122+%T333*xV11*xW13+2xA11xQ13* (-Q2-Q
1) *T113%T333*V11*W13+2*xA11*Q12* (-Q2-Q1) *T112*T333*V11xW13+A11
*Q11* (-Q2-Q1) *T111*T333*V11*xW13+A11%Q2*Q33*T133+%T223*V11*xW13+
2xA11xQ2xQ23*%T123*%T223*V11xW13+A11*xQ2xQ22*%T122*%T223*V11*xW13+2
*A11xQ13*Q2*%T113*xT223*%V11*W13+2%xA11*xQ12*Q2*T112*%T223*V11xW13+
A11*Q11%Q2*T111xT223*%V11*xW13+A11*xQ1*Q33*T113*T133*V11xW13+2*A
11xQ1*Q23*T113*T123*V11*xW13+A11xQ1*xQ22*%T113*T122%V11xW13+2*A1
1%Q1*Q13*T113%%2%V11xW13+2xA11*xQ1*Q12*T112*xT113*xV11xW13+A11*Q
1*Q11*T111*T113*%V11xW13+A22* (-Q2-Q1) *Q33*T133*T233*V22+xW12+A2
2xQ2xQ33*T122xT233*xV22*xW12+A22%xQ1*Q33*T111*xT233*V22*xW12+2%xA22
*(-Q2-Q1) *Q23*T133*T223*V22*xW12+2xA22*Q2*%Q23*T122*xT223*V22%W1
2+2xA22*%Q1*Q23*xT111*T223*V22*xW12+A22% (-Q2-Q1) *Q22*xT133*T222*V
22%W12+A22x(02xQ22*%T122*%T222%V22xW12+A22%Q1*xQ22*T111*T222*%V22%
W12+2%A22*Q13* (-Q2-Q1) *T123+T133*V22*xW12+2*xA22*Q12* (-Q2-Q1) *T
122*T133%xV22+xW12+A22+%Q11* (-Q2-Q1) *T112*xT133%V22+xW12+2xA22*Q13
*¥Q2%T122*%T123%V22*xW12+2%xA22%xQ1*xQ13*T111*T123*V22xW12+2*%A22*(Q1
2xQ2%T122%%2*%V22*xW12+A22%Q11*xQ2*T112*T122%V22*xW12+2*%A22*Q1*Q1
2xT111xT122%V22xW12+A22%xQ1*Q11*T111xT112%V22xW12+A11*x (-Q2-Q1)
*Q33*T133+T233%V11*W12+2%xA11* (-Q2-Q1) *Q23*T123+T233*V11*W12+A
11 (-Q2-Q1) *Q22*T122*xT233*V11W12+2*xA11*Q13* (-Q2-Q1) *T113*T23
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3xV11xW12+2xA11%Q12* (-Q2-Q1) *T112*T233*V11xW12+A11*Q11* (-Q2-Q
1)*T111%T233*V11*W12+A11%Q2+Q33*T133*T222*V11*W12+2*xA11*Q2*Q2
3xT123%T222+V11xW12+A11xQ2xQ22*xT122%xT222xV11xW12+2xA11xQ13*Q2
*T113xT222%xV11*W12+2%A11%xQ12%(2*xT112%xT222%V11+xW12+A11%Q11*Q2%
T111%T222%V11xW12+A11%Q1*Q33*T112%T133*V11*xW12+2xA11*Q1*xQ23*T
112xT123*V11xW12+A11xQ1*Q22%T112%xT122%xV11xW12+2xA11xQ1*Q13*T1
12xT113*V11*W12+2%A11*Q1%Q12*T112%*2+V11xW12+A11xQ1+Q11*T111*
T112%V11xW12+A11% (-Q2-Q1) *Q33*T133*%*2xV11*xW11+2xA11* (-Q2-Q1) *
Q23*T123*%T133xV11xW11+A11*%Q2*%Q33*T122*T133+V11xW11+A11* (-Q2-Q
1) *Q22*%T122+T133*V11*W11+2%A11*%Q13* (-Q2-Q1) *T113*xT133*V11xW11
+2*%A11%Q12% (-Q2-Q1) *T112xT133*V11+xW11+A11*Q1*Q33*T111xT133*V1
1xW11+A11%Q11* (-Q2-Q1) *T111*T133*V11*W11+2xA11*Q2xQ23*T122*T1
23*%V11*W11+2xA11xQ1*Q23*T111+T123%V11*W11+A11%Q2*xQ22*T122%*2%
V11xW11+2xA11xQ13%Q2*T113*T122%V11xW11+2%xA11xQ12xQ2*T112+T122
*V11kW11+A11xQ1xQ22%T111xT122%V11xW11+A11%xQ11*xQ2*T111xT122*V1
1xW11+2%xA11xQ1+Q13*T111*T113*V11xW11+2xA11xQ1xQ12+%T111*T112%V
11xW11+A11%Q1*Q11*T111x*2xV11*W11)

D119 =((-Q2-Q1)*Q33*T333**2xV33xW33+2* (-Q2-Q1) *Q23+*T233*T333%V33

[
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*W33+Q2+Q33*T223*T333*V33*W33+(-Q2-Q1) *Q22*T223*T333*V33*W33+
2xQ13% (-Q2-Q1) *T133*T333*%V33*W33+2*xQ12* (-Q2-Q1) *T123*T333*V33
*W33+Q1*Q33*T113+T333*V33*W33+Q11* (-Q2-Q1) *T113*T333*V33*W33+
2xQ2*Q23*T223*%T233*V33*xW33+2*(1*xQ23*T113*T233*V33*xW33+Q2* Q22
T223*%2xV33*W33+2*%Q13*(Q2*T133*%T223*V33*xW33+2*(12*xQ2*T123*T223
*V33*W33+Q1xQ22xT113*xT223*xV33*W33+Q11*Q2*T113*xT223*V33*W33+2*
Q1*Q13*T113*T133*V33*W33+2*xQ1*xQ12+¥T113*xT123*V33*W33+Q1*(11*T1
13%*2xV33*W33+ (-Q2-Q1) *Q33*T233+xT333*V33*W23+Q2+Q33*xT222*T333
*xV33%W23+Q1*Q33*T112*xT333*V33*W23+2* (-Q2-Q1) *Q23*T233*%*2* V33
W23+ (-Q2-Q1) *Q22*T223*xT233*V33*W23+2*%Q2*Q23*T222*T233*V33+W23
+2*%Q13* (-Q2-Q1) *T133+T233*V33*W23+2*xQ12* (-Q2-Q1) *T123+xT233*V3
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3*xW23+Q11*% (-Q2-Q1) *T113*T233*V33*xW23+2*xQ1*Q23*T112*T233*V33*W
23+02xQ22*T222*T223*%V33*xW23+Q1*Q22*T112*%T223*V33*xW23+2*(13*Q2
*T133xT222*V33*W23+2*Q12*(Q2*T123*%T222*xV33*xW23+Q11*Q2+*T113*T22
2*%V33xW23+2xQ1*Q13*T112%xT133*V33*W23+2xQ1*(12*T112*xT123*V33*W
23+Q1*Q11*T112+T113%V33*W23+(-Q2-Q1) *Q33+T233+T333+V22*W23+2%
(-Q2-Q1) *Q23*T223+T333*V22*W23+ (-Q2-Q1) *Q22+T222*T333*V22xW23
+2*%Q13* (-Q2-Q1) *T123+T333*V22*W23+2*Q12* (-Q2-Q1) *T122+T333*V2
2xW23+Q11* (-Q2-Q1) *T112*T333*V22*xW23+Q2*Q33*T223*T233*V22xW23
+Q1xQ33*T113*xT233*V22xW23+2*xQ2*(23*T223**2xV22xW23+Q2*Q22*T22
2xT223*V22xW23+2xQ13*Q2*T123*T223%V22*xW23+2*Q12%(2*xT122*xT223
V22xW23+2xQ1%(23*%T113*T223%V22+xW23+Q11*(2*xT112xT223*V22*xW23+(Q
1xQ22%T113*T222xV22xW23+2%(1*xQ13*T113*T123*%V22*xW23+2*Q1xQ12*T
113*%T122xV22xW23+Q1*Q11*T112xT113*%V22+W23+(-Q2-Q1) *Q33+T233**
2xV22*W22+2* (-Q2-Q1) *Q23*T223+T233*V22*W22+Q2+Q33*xT222*T233*V
22*xW22+(-Q2-Q1) *Q22%T222*T233*V22*xW22+2*xQ13* (-Q2-Q1) *T123%T23
3xV22xW22+2xQ12% (-Q2-Q1) *T122+T233*V22*xW22+Q1*Q33*T112*xT233*V
22*W22+Q11* (-Q2-Q1) *T112*T233*V22*W22+2x Q2+ Q23+ T222*T223* V22
W22+2xQ1*Q23*T112+%T223*V22xW22+(2*(Q22*T222**2xV22*xW22+2*(Q13*(
2%T123*T222xV22xW22+2*x(12*xQ2*T122*%T222xV22*xW22+Q1*Q22*T112*T2
22xV22+W22+Q11xQ2*T112%xT222xV22xW22+2xQ1*Q13*T112*xT123*V22*W2
2+2xQ1*Q12xT112+T122%V22*W22+Q1*Q11*xT112%*2xV22*xW22+ (-Q2-Q1) *
Q33*T133*T333*V33*xW13+Q2*Q33*T122+%T333*V33*W13+Q1*(33*xT111*T3
33*%V33*W13+2* (-Q2-Q1) *Q23*T133+T233*%V33*W13+2*%Q2*Q23*T122xT23
3*xV33*W13+2xQ1*xQ23*T111xT233*V33*W13+(-Q2-Q1) *Q22*T133*T223*V
33xW13+Q2*xQ22*T122*T223*V33*xW13+Q1*(Q22*%T111+T223*V33*xW13+2*(Q1
3*x (-Q2-Q1) *T133*x2*V33*xW13+2*Q12* (-Q2-Q1) *T123+T133+V33*W13+2
*Q13%Q2*xT122%T133*V33*W13+Q11* (-Q2-Q1) *T113*T133%V33xW13+2*Q1
*Q13*T111xT133*V33*xW13+2xQ12x(2*xT122%xT123*V33*W13+2xQ1*(12*T1
11xT123%V33*W13+Q11%Q2*T113*T122%V33*xW13+Q1*Q11*T111xT113*V33
*W13+(-Q2-Q1) *Q33*T133+T333*V11*W13+2% (-Q2-Q1) *Q23*T123+T333
V11*W13+(-Q2-Q1) *Q22%T122*T333*V11xW13+2+Q13* (-Q2-Q1) *T113*T3
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33%xV11xW13+2xQ12* (-Q2-Q1) *T112*T333*V11*W13+Q11* (-Q2-Q1) *T111
*T333%V11xW13+Q2*xQ33*xT133+%T223*V11xW13+2xQ2*Q23*T123*xT223*V11
*W13+Q2+¢Q22xT122xT223*V11xW13+2xQ13*x(2*xT113*xT223*V11+xW13+2*Q1
2x%Q2xT112xT223%V11xW13+Q11*xQ2*T111%T223*V11xW13+Q1*Q33*T113*T
133*V11xW13+2xQ1+Q23*T113*T123*V11xW13+Q1*Q22*xT113*T122%V11*W
13+2xQ1*Q13*T113**2+V11*W13+2xQ1*Q12*xT112*T113*xV11+xW13+Q1*Q11
*T111*T113*xV11xW13+(-Q2-Q1) *Q33*T133xT233*%V22+W12+Q2+Q33*xT122
*xT233*%V22+W12+Q1%Q33*T111*T233*V22*xW12+2% (-Q2-Q1) *Q23*T133*T2
23*V22*W12+2xQ2x(23*T122%xT223*V22+xW12+2xQ1xQ23*T111*T223*xV22*
W12+ (-Q2-Q1) *Q22*T133xT222*V22+W12+Q2+Q22*T122*T222*V22*xW12+Q
1%Q22xT111*T222xV22xW12+2xQ13* (-Q2-Q1) *T123*T133*V22*W12+2*Q1
2% (-Q2-Q1) *T122xT133*V22*W12+Q11* (-Q2-Q1) *T112xT133*V22*W12+2
*Q13*%Q2*T122%T123%xV22xW12+2xQ1xQ13*T111*T123*V22xW12+2*x(12*Q2
*T122x+2%V22xW12+Q11xQ2*T112xT122%V22xW12+2%xQ1%Q12*xT111xT122%
V22xW12+Q1*Q11*T111xT112xV22xW12+ (-Q2-Q1) *Q33*T133*T233*V11*W
12+2% (-Q2-Q1) *Q23*T123*T233*V11xW12+(-Q2-Q1) *Q22*xT122*T233*V1
1xW12+2*Q13* (-Q2-Q1) *T113xT233*V11*W12+2*%Q12* (-Q2-Q1) *T112xT2
33*%V11*W12+Q11x (-Q2-Q1) *T111*T233+V11xW12+Q2*Q33*T133+xT222*V1
1xW12+2xQ2+%Q23*T123*T222%V11xW12+Q2xQ22*T122*T222*V11xW12+2*(Q
13%xQ2*T113%T222+%V11*W12+2%Q12xQ2*T112%xT222*xV11xW12+Q11%Q2*T11
1xT222%xV11*W12+Q1xQ33*T112xT133%V11xW12+2xQ1*Q23*T112*xT123*V1
1xW12+Q1*Q22%T112+T122xV11xW12+2%Q1*xQ13*T112%T113*%V11xW12+2%(Q
1%Q12xT112%%2xV114W12+Q1*Q11xT111*T112xV11xW12+ (-Q2-Q1) *Q33*T
133%*2xV11*W11+2% (-Q2-Q1) *Q23*T123+T133*V11*W11+Q2%Q33+xT122*T
133*%V11*W11+(-Q2-Q1) *Q22+T122*T133+V11xW11+2+xQ13* (-Q2-Q1) *T11
3xT133*xV11*W11+2xQ12* (-Q2-Q1) *T112*T133*V11*W11+Q1*Q33*T111*T
133%V11*W11+Q11x (-Q2-Q1) *T111*T133*V11xW11+2xQ2+Q23*xT122*T123
*V11xW11+2%xQ1*Q23*T111xT123%V11xW11+Q2*xQ22*xT122%%2xV11xW11+2%
Q13*Q2+T113*xT1224V11*W11+2+%Q12*xQ2+T112xT122*xV11*W11+Q1*Q22*T1
11xT122%V11xW11+Q11xQ2+T111xT122%xV11xW11+2%xQ1xQ13+*T111*T113*V
11xW11+2+Q1*Q12xT111*T112xV11xW11+Q1*Q11*T111%kx2xV11%xW11)
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C

APPENDIX B.

TERM=(D97-ALDYN*D101+D105-ALDYN*D110+2.%D115-2.xALDYN*D119)

FI(X2,X3,X4,X5,X6)=(1/(1080.%3.14159265358979323846%*%2) ) * (SI

+ N(BE1(X3))*SIN(BE2(X6)))*TERM

C CALCULATION OF THE SHAPE POTENTIAL:

C

80
70
60
50

cl444

+

+

G1(X3,X4,X6)=4.*PARAM2x*1.380622E-23*R**12*% (SHAPE1x* (3. *COS (BE1(X3)

) **2+3 . *C0S (BE2(X6) ) **2-2.) +SHAPE2* (3. *C0OS (GA1 (X4) ) **2xSIN (BE1 (X3
)) *%2+3.%C0S (GA2 (X7) ) **2xSIN (BE2(X6) ) *%2-2.))

CONTINUE
CONTINUE
CONTINUE
CONTINUE

WRITE(4,1444)term
FORMAT(1X, ’term IS’,E15.7)
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40 CONTINUE

C
C THE INTEGRAL IS CALCULATED:

C

386=0.00

DO 940 X6=1,16
o WRITE(6,1911)X6

c1911  FORMAT (1X, ’sub-index (in range 1 to 16) is currently ’,I2 )
8585=0.00
DO 950 X5=1,16
S554=0.00
DO 960 X4=1,16
S553=0.00
DO 970 X3=1,16
352=0.00
DO 980 X2=1,16
SS51=0.00
DO 990 X1=1,64

C
C SUMMATION OF THE ENERGY TERMS WITH SUBSEQUENT DIVISION BY (-KkT):
C

G3=-1.*(D1(X1)+E1(X2,X3,X4,X5,X6)/SE5(X1)+F1(X2,X3,X4,X5,X6) /SES(
+ X1)+G1(X3,X4,X6)/SE12(X1)+DDP(X2,X3,X4,X5,X6) /SE3(X1)+DIDP(X2,X3,
+ X4,X5,X6)/SE6(X1)+DQP(X2,X3,X4,X5,X6) /SE4(X1) ) /TEMPK
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5000
5010
990

940

939

APPENDIX B.

IF(G3.LT.-85) GO TO 5000

G4=2.71828**G3

GO TO 5010

G4=0

S51=SS1+(FI(X2,X3,X4,X5,X6)/(SEP(X1) **6) ) *G4*COEF2(X1,2)
CONTINUE

S$S2=SS2+SS1*COEF1(X2,2)

CONTINUE
SS3=5S53+SS2*COEF1 (X3,2)

CONTINUE
SS4=SS4+SS3*COEF1(X4,2)

CONTINUE
SS5=SS5+SS4*COEF1(X5,2)

CONTINUE
SS6=SS6+SS5*COEF1(X6,2)

CONTINUE
SS7=SS7+SS6*COEF1(X7,2)

CONTINUE
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ANS=8S7*SEP1*AL11*BE11*GA11*AL21*BE21*GA21*%6.022169%*2x*
+ 8.987552%x3%1E-36/ (TEMP*1.380622) **2

C
C THE INTEGRAL IS PRINTED TOGETHER WITH MOLECULAR DATA USED
C

WRITE(4,2266)

2266  FORMAT(1X,’THE Q2A3 TERM CONTRIBUTION TO B(Kerr) FOR ETHENE:’)
WRITE(4,2267)

2267  FORMAT(1X,’ ?)
WRITE(4,2269)

2269  FORMAT(1X,’ )
WRITE(4,1140)ANS

1140  FORMAT(1X,’THE INTEGRAL IS’,E15.7)
WRITE(4,2150)

2150  FORMAT(1X,’INPUT DATA:’)
WRITE(4,2155) TEMP

2155  FORMAT(1X,’TEMPERATURE: ’ JF10.5)
WRITE(4,9260)ALDYN

9260  FORMAT(1X,’MEAN DYNAMIC ALPHA:’,F10.5)
WRITE(4,9261)A11

9261  FORMAT(1X,’DYNAMIC ALPHA11: ’,F10.5)
WRITE(4,9262)A22

9262  FORMAT(1X,’DYNAMIC ALPHA22: ’,F10.5)
WRITE(4,9263)A33

9263  FORMAT(1X,’DYNAMIC ALPHA33: ’,F10.5)
WRITE(4,9264) ALSTAT

9264  FORMAT(1X,’MEAN STATIC ALPHA: ’,F10.5)
WRITE(4,9961)V11

9961  FORMAT(1X,’STATIC ALPHA11: ’,F10.5)
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WRITE(4,9962)V22

9962  FORMAT(1X,’STATIC ALPHA22: ’ JF10.5)
WRITE(4,9963)V33

9963  FORMAT(1X,’STATIC ALPHA33: ’ ,F10.5)
WRITE(4,2190)Q1

2190  FORMAT(1X,’THETA11: ’,F10.5)
WRITE(4,2241)Q2

2241  FORMAT(1X,’ THETA22: ’ ,F10.5)
WRITE(4,2210)R

2210  FORMAT(1X,’R(0): ’ ,F6.5)
WRITE(4,2220)SHAPE1

2220  FORMAT(1X,’SHAPE FACTOR 1: ’ JF10.5)
WRITE(4,2221) SHAPE2

2221  FORMAT(1X,’SHAPE FACTOR 2: ’ ,F10.5)
WRITE(4,2230) PARAM2

2230  FORMAT(1X,’E/K: ’ F9.5)
WRITE(4,2235) AMIN1, AMAX1

2235  FORMAT(1X,’MIN AND MAX POINTS OF RANGE (64 INTERVALS):’,2(F10.5,3

+ X))

WRITE(4,2240)

2240  FORMAT(1X,’END BT’)
WRITE(4,2261)

2261  FORMAT(1X,’ )
WRITE(4,2262)

2262  FORMAT(1X,’ ?)
WRITE(4,2263)

2263  FORMAT(1X,’ )
WRITE(4,2264)

2264  FORMAT(1X,’ ?)
WRITE(4,2265)

2265  FORMAT(1X,’ )
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close(unit=4)

END
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