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Abstract

We study the class of partial differential equations uy; = f(z,us)Uzr +
g(z,uz), with arbitrary functions f(z,u;) and g(z, u;), from the point of view
of group classification. The principal Lie algebra of infinitesimal symmetries
admitted by the whole class is three-dimensional. We use the method of pre-
liminary group classification to obtain a classification of these equations with
respect to a one-dimesional extension of the principal Lie algebra and then a
countable-dimensional subalgebra of their equivalence algebra. Each of these
equations admits an additional infinitesimal symmetry. L.V. Ovsiannikov [9]
has proposed an algorithm to construct efficiently the optimal system of an
arbitrary decomposable Lie algebra. We use this algorithm to construct an
optimal system of subalgebras of all dimensionalities (from one-dimensional
to six- dimensional) of a seven-dimensional solvable Lie algebra.
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Chapter 1

Introduction

Sophus Lie was the first person to consider the problem of classification of
partial differential equations according to their symmetries. Lie’s algorithm
for finding the symmetry group of a differential equation or system of differ-
ential equations can be found in the literature, in particular [4] - [7].

Ames et al. [10] investigated the group properties and associated Lie

algebra of the quasilinear hyperbolic equations of the form

Ut = f(ua:)ux:c-

The investigation was continued by Torrisi et al. [11] to include equations

of the form

U — f(IL', uz)uxz‘-

In this dissertation our goal is to get sufficiently acquainted with the
literature on this subject and to gain a deeper understanding of classification
and research methods. To do this we set out to give a detailed review of

papers [1] - [3] which deal with the equation



utt:f(xaux)uxr+g(x7ur), (11)

where f and ¢ are arbitrary functions of their arguments.

Other papers written on this subject include [13] - [17].

We do not claim originality in this study, but our contribution is the
provision of details. At the end of this exercise we have a rich classification
of this equation. This study and classification are important because these
equations feature prominently in many physical problems, namely, non-linear
wave equations involving non-homogeneous processes, non-linear telegraph
equation, equations of the flow of a one-dimensional gas, etc..

‘The classification problem of equation (1.1) reduces to the classification
of the subalgebras of an equivalence algebra. For each subalgebra of the full
Lie algebra there corresponds a set of group-invariant solutions of the given
system of partial differential equations. The problem of classifying all sub-
algebras of the Lie algebra L up to similarity is the problem of constructing
the optimal system of subalgebras 8L and this plays a very important role
in the group analysis of differential equations.

The presence of arbitrary functions in equation (1.1) does not allow us to
make profitable use of computer packages in the various symbolic languages,
such as REDUCE or MACSYMA.

Ibragimov et al. [8] suggested the method of preliminary group classifi-
cation. The essence of this method is to look for extensions of the principal
Lie algebra admitted by a class of differential equations among elements of

its equivalence algebra. The limitation of this method is that it can carry



out the classification only relative to the finite-dimensional subalgebras of
the full algebra of equivalence transformations.

Ovsiannikov [9] has proposed an algorithm which enables the optimal
systems of arbitrary decomposable Lie algebra to be efficiently constructed.

Using Lie-point symmetries we demonstrate the application of these two
methods to construct the optimal system of subalgebras § L of equation (1.1).

In Chapter 2 we construct the principal Lie algebra and the equivalence
transformations of equation (1.1).

In Chapter 3 using the method of preliminary group classification we
obtain a classification of equation (1.1) with respect to a one-dimensional
subalgebra of their equivalence algebra. Each of these equations admits an
additional infinitesimal symmetry beyond the principal Lie algebra.

In Chapter 4 we obtain a classification of equation (1.1) with respect to a
countable-dimensional subalgebra of their equivalence algebra. Again; each
of these equations admits an additional infinitesimal symmetry.

In Chapter 5 by using Ovsiannikov’s algorithm we construct the opti-
mal system 6L for all dimensionalities, namely, L, = Ui<k<e Ox(L7). The
arbitrariness in the process of the construction of the optimal solution is
minimized by normalizing the optimal system.

Finally, in Appendices A - D we tabulate some of the results obtained.



Chapter 2

The Equivalence

Transformations

2.1 The Principal Lie Algebra

In this section we wish to determine the Lie algebra admitted by the equation |
(1.1) for arbitrary functions f and g. We call this the principal Lie algebra
of the equation (1.1) and will denote it by Lyp.

Geometrically the equation (1.1) can be interpreted as a surface in the
(t, 2, u, Uty Uz, Uty Utg, Ugg) - SPace. The corresponding nonlinear group action
on the (t,z,u) - space translates into a linear infinitesimal action of this
algebra on the same space. The generators of the group which are elements

of Lp are of the form:

. d ] 2
X =4(,z, u)a + £a(t, x,u)b—w + (¢, z, u)a—u

These represent local vector fields on the (¢,z,u) - space. Lp will be

(2.1)

completely determined if we can find the coefficients £;, ¢, and 7 in (2.1).



Since the surface uy; — fuz. —¢ = 0 is a second order differential equation, the

infinitesimal action of X needs to be prolonged to the second order, namely,

- . 9 0 a 0 4]
2y _ 7
XD =X+ o, + Cza + (i1 + Cmauw + (92 Buns

Uy 8Utt

(2.2)
where

G = Di(n) = wDi(&) — usDil&2),

G2 = Dz(n) —wD:(6) — usDx(E2),

Cu = Di(G1) = uaDi(§1) — e De(&2), ' (2.3)
G2 = Do(li) = uatDe(§r) — unaDa(£2),

422 = D.‘L‘(CZ) - utzD:z:(fl) - urzD:z(fZ)

and the total derivatives D; and D, are given by

R T P L DL
0 J 0
D, = 2+'uz—+utz—+um—+.... (2.4)

oz Ou Ou, Ou,

The generator X is thus a local vector field extending X onto the
(£, , U, Us, Ug, Ust, Uss, Uz ) - SPACE.

The invariance condition for equation (1.1) is
X@)[u“ - f(xa ur)u:c:c - 9(93, u:c)] =0 (25)

restricted to the surface uy — fuz; —g = 0. This condition yields the following

equation

Ci1 — Coof — uu(fzfz + C2fu,) —§29z — (2w, = 0. (2-6)

5



From the linear independence of the variables u° and u., we obtain the

following determining equations:

(11 — oo f — €29z — C2Gu, =0,

£2fe + C2fu. = 0.

Since these equations are true for arbitrary f and g, it follows that

£2=0, C2=0

Equation (2.7) then becomes

Cn — C22f = 0.

In the case of arbitrary f it follows that
(11 =(2=0.

From equations (2.3), (2.9) and (2.11) we obtain

Dt(ﬂ) - UtDt(fl) = Cla
D:z:(n) - utDt(gl) = 0)
Dt(Cl) - uztDz(fl) = 0,

_utzDz(él) = 0.

(2.7)

(2.8)

(2.10)

(2.11)

(2.12)
(2.13)
(2.14)

(2.15)



Equation (2.15) gives

96 | 8&\
Uty (8_x+ur au> “'0

By the independence of uy, and u,,u, we have

064 _ 04

oz  Ou =0.

Equation (2.13) gives

on  On 0 ., 964\ _
8_x+u28u_ut (8_x+u23u =0

and hence by independence arguments

o _on_,
oz Ou

From (2.12) and (2.14) we obtain

0? 0? 0 0

and hence
0 _ 0% _ 0% _
ot otz T o

“Solving equations (2.17), (2.19) and (2.21) yields
fi=oa, &=0and g =c;+ cat,

where c;, ¢; and c3 are arbitrary constants.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)



The generator (2.1) then takes the form

- 5} d
X = Cl'a—t + (C2 + C3t) a—u (223)
The basis vectors for the principal Lie algebra Lp are therefore
, . 9 o D
X1 = 8 y X2 = y X3 =t—. (224)

ot ou Ju

2.2 The Equivalence Transformations

In this section we construct a subgroup E. of the group of all equivalence
transformations E of the equation (1.1). In particular, we will construct the
generators of the Lie algebra of the subgroup E..

By an equivalence transformation we mean a nondegenerate change of the
variable ¢, z and u, which takes any equation of the form (1.1) to an equation
of the same form. In general, after the transformation, the functions f(z,u,)
and g(z,u;) may be different. The method to construct £, was suggested by
Ovsiannikov [4] and is termed the Lie infinitesimal criterion.

Since the functions f and g in equation (1.1) vary during the action of
E., let us replace these with local variables f! and f? respectively. We now

wish to determine the infinitesimal generator Y of the group E:

Y = 61%+£2%+7]68—u+”k%
(2.25)
= X+uk—(9—k=12
afk’ T



where X is as in equation (2.1). The dependence of f* and u* are as follows:
5= f5(t, z,u, up, up) and p* = p*(t, z,u, ug, ug, 1, 7). Equation (1.1) thus

takes the form of the system:

utt_flu:l:x_f2:O7

(2.26)
fE=fk= ]f‘=0, k=1,2.
The action of ¥ extends to that of
(O B S S 9 (2.27)

Loff

where X is as in equation (2.2) and

af,,]f +w(l)claf11:t)

wg = Da(*) = FE Da(€1)~£2 Da(€2)= i Da(n)= 1, Da((1)— £, Da(G2), (2.28)

where
(l) a= t> U, Uy,
(i) wf =wf, wf =, wf =uf,,
and
~ 0 0
D, = —+ fF—.
YRRLET
k ok * . ~ J - 0 ~ 0
From f; = f} = fi =0, it follows that D, = —, D, = — and D, =—.
ot Ju Oue
By simplifying (2.28) for the various values of a we obtain
wi = pf = fE&) - e (s
wg = g = FE(G)u — fE(Ca)us (2:29)

wgl = l’L’l]ig - ‘l]f_z(c.2)ut'

9



The invariance conditions

?(utt - fluxz' - f2) = 0’

- ~ ~ (2.30)
Y(fH)=Y(fH) =Y(fi) =0 k=12
restricted to the surface uy — fluz, — f2 = 0, yield
wf=w§=w§1 =0, k=1,2
and hence also
pk — fE&)— fE (R = 0,
po = a6 — £ (&) = 0, (2.31)

lufu_ 5;((2)“: = 0.

Since equations (2.31) must hold for every f! and f2, we obtain:

pf=ph=pk =0, k=12,
(&2)e = (62)u = O, (2.32)

(C2)t = ((2)u = (C2)u, = 0.
Equations (2.32) yield:

pF = pk(z,ug f1, £2),

&= fz(x)-

We now have from equations (2.3)

10



_ On on 0 . 9
- Gonf)u(% ).

(2.33)
on o _ (% 06 ) &

@ = e "\ B T ) T

Oz Ou Oz
From equations (2.32) and (2.33) we have

_ O on 06\, O 0 9

(G = Fgg tue (8u - 89:) T gion M e T 5
(28 402 28
u _o,

510z T " 50 T Y 510u

2 2 2 2
(G2)u = a—77+uaca77 ut<a£1 +uza§1):0.

Ouldzx ou? Juldz ou?
(2.34)
From equations (2.33) and independence arguments we obtain
% _ o6 _,
Oz Ju
and
o 0% 0% _ O _@_%_0
Ou?  Otdz  Oudz ~ Otou T Ou 0z
We therefore have
61, = 61(t))
2 = ),
2 = Gl (2.35)
n = cau+ F(z)+ H(1),

,u'k = /*‘k(x/uz’ fl,fQ)-

11



The invariance condition (2.29) yields

i1 — ' Ugy — Caaft — i = 0. (2.36)

Using equations (2.3), (2.33), (2.35) and uy = flugs + f* we have

G = H(t)+ cue — (&) u,
(o = F'(z)+ aus — (&)'us,

(2.37)
Cu = H'(t)+ (e —2(6))(flugs + 7)) — (€)"ue,
(2 = F'"(z)+ [a1 — 2(&2) uee — (€2)"uc.
From (2.36) and (2.37) it follows that
(&0)"us + {[ex = 2(&)'1f* — ' = [en —_2(52)']f1}um+
= 2E) 1S + HY = P+ flug(&) — g2 =0, (2.38)

From the independence of u°, u;, u,, and u,, we obtain the following deter-

mining equations:

()" =0, | (2.39)
[er = 2(6)1f = p' = [ = 2(&)1f =0, (2.40)
[er = 2(&)1f* + H" — f1F" + flug(€)" — p* = 0. (2.41)

Equation (2.39) gives & = c3t + c3, where ¢; and c3 are arbitrary constants.

Let & = ¢(x), where ¢(z) is an arbitrary function of z.

12



From (2.40) we obtain

uh=2(¢ =) f1.

Differentiating (2.41) with respect to t we get H" = 0 and hence

H = c4t® + cst + g,

where ¢4, ¢s and c¢g are arbitrary constants.

Therefore from (2.41) we have

p? = (e — 260) f2 + 2¢4 + (¢"uz — F") f.

Altogether we have

&1 = ct+cs,
L2 = ‘P(x)’
n = au+ F(z)+ cit? + cst,

:ul = 2((PI - C2)f1)
o= (e —2c)f* 4 2¢q + (@"u, — F”) f1,

(2.42)

(2.43)

(2.44)

(2.45)

where ¢, ¢9, ¢3, ¢4, Cs are arbitrary constants and ¢(z) and F(z) are arbitrary

functions. The constant cg has been incorporated into the function F(z).

The infinite-dimensional subgroup E. of the equivalence transformations

has a Lie algebra generated by the following infinitesimal generators:

13



Y, = W

Yy = t%,

Vo= ar

Y, = t%+x%+2u%,

Y, = t%—Qf%—an%, (2.46)
Y, = tza%H%,

o = ugtog

Y, = w%+2¢’f%+s@”ux%,

Y = F%—F”f%.

The vector }72 is obtained by setting F' =1 in YF and it is included above
because it is part of the principal Lie algebra Lp.

The following reflections

t— —t,
T — —T,

(2.47)
U — —u,

gr——g

are included in the group E. obtained by integrating the vector fields (2.46).

14



Chapter 3

The ten-dimensional

subalgebra

3.1 The methdd of Preliminary Group Clas-

sification

In this section we briefly sketch the method of preliminary group classifica-
tion. In this method we will use any finite or countable-dimensional subalge-
bra of the algebra Lg, constructed in Chapter 2. Later on in Chapter 4, use
will be made of a countable-dimensional subalgebra. For now let us select a

ten-dimensional subalgebra Lo of L whose generators are as follows:

~ a
}/1 b—t,
~ 0
}/2 - EZ)
~ 0
YE‘I t%,

15



- 0

Yo = 37

A

Y = t%+x%+2u§u (3.1)
Y; = ;gt+faf+g§,

. 2

Yo = ;u+g;g

. 2

Since the functions f and g have the following dependence on the vari-
ables: f = f(z,u,) and g = g(z,u,), we have to prolong the generators (3.1)
to ones including the variable u,.

Therefore Y; needs to be prolonged to

where
77(1) = D.n — (Dz§2)uz

Hence the extensions are:

16



- 0

no= o

Y; = taa—u,

A

Y, = x;—quaiI,

Yo = t%-i—x;—x-l-?u%-i-uxai%, (3.2)

v = —%%H%w%,
2

Vs = %%Jr%,

Yo = u£+g2+uxi,
du ~0g 6uz_

g w0 d

2ou o9 Tou
By taking the projections of the generators (3.2) on the (z,u., f,g) - space

we obtain the following nonzero projections:

Zi=pr(Yius) i=1,2,...,7 (3.3)
or
i o= 2
Z = a(z,,’
Zy = “’a%*“’”;Tx’
Zy = f(v%+gaa, (3.4)



dg’
- 0
Zg = g(?_g +u$6_ux’
- s, 0
Z7 = . Cl:aur o a_g

We denote by L; the algebra whose basis is the set of generators (3.4).

By the preliminary group classification we will mean the classification of
all nonequivalent equations of the form (1.1) with respect to a given equiva-
lence group E.. It is worthwhile to note that E. is not necessarily the largest
equivalence group but it can be any subgroup of the group of all equivalence
transformations.

This method was proposed in [8] and it is applied when an equivalence
group is generated by a finite dimensional Lie algebra Lg. The essence of
the method is the determination of all the equivalence classes of subalgebras
of Lg of various dimensions; under conjugation or similarity. As regards to
equations of the form (1.1) the following propositions contain the essence of

the method:

Proposition 1 Let L,, be an m-dimensional subalgebra of L;. Let Z() (1=
1,2,...,m) be a basis of L, and Y) be the elements of the algebra L1 such
that Z&) = pr(Y®), i.e., if

7
7 — Z €% 7o (3.5)
a=1
then by (3.1) - (8.8) we have
7
YO = 5" Vs (3.6)
a=1

18



If the function.é f = ®(z,u;) and g = ['(x,u;) are invariant with respect to

the algebra L., then the equation
uy = Oz, ug)uzs + Iz, us) (3.7)
admits the generators
X% = projection of Y onto the (t,z,u) — space.
Proposition 2 Let equation (3.7) and the equation
uy = (2, uz)uze + Iz, uz) (3.8)

be constructed according to Proposition 1 via subalgebras L, and L', respec-
tively. If L, and L), are similar subalgebras in Lyo, then the equations (3.7)

and (3.8) are equivalent with respect to the equivalence group Gyo generated

by LlO'

From these propositions it follows that the problem of the preliminary
group classification of equation (1.1) with respect to the finite-dimensional
subalgebra Lo of L¢ is reduced to the algebraic problem of constructing the

nonsimilar subalgebras of L7 or determining the optimal system of subalge-

bras.

3.2 The adjoint group for the algebra L,

Here we wish to construct the é,djoint group of L. Before doing that, we give

some definitions and explain some terms.

19



Let G be a Lie group and L its Lie algebra. For each element T' € G there
exists an inner automorphism T, — TT,T~! of G. Each group automor-
phism induces a Lie algebra automorphism. The set of all automorphisms of
L induced from the inner automorphisms of G form a local Lie group called

the group of inner automorphisms of L or the adjoint group of L which we

denote by G4.

The Lie algebra of G# is the adjoint algebra L4 (or ad L) of the algebra
L defined as follows:
For each X € L, the linear mapping;:

adx : L — L

defined by adx(¢) = [¢, X] is an automorphism of the algebra L. Since the
above map also satisfies the product rule for differentiation of the algebra
L, it is called the inner derivation of L. The set L4 of all inner derivations
together with the bracket [adx,ady] = adxy] is a Lie algebra, called the
adjoint algebra of L. Clearly the adjoint algebra L is the Lie algebra of the
adjoint group G4.

Two subalgebras in L are conjugate or similar if there exists an element
of G4 which maps one subalgebra into the other. The collection of all pair-
wise nonconjugate m—dimensional subalgebras is called an optimal system
of order m in L and is denoted by 6,, L. Since we will be determining an op-
timal system of order one, we will show that every element of L7 is conjugate

to one of various canonical forms.

We now wish to construct the adjoint group of the algebra L;. Let us

20



i
!
i

N
NN
CON
Ny
N
N
3

Zil o 0o Z 0 0 7,
Zol 0 0 Z, 0 0 Zy 0
o =2y —=Z,, 0 0 0 0 0
Zi 00 0 0 —Zs 0
Zs| 0 0 0 Zs 0 Zs 0
Ze| 0 —=Z, 0 0 —Z5 0 —2Z
Zr\'=Z, 0 0 0 0 Z 0

Table 3.1: Commutators of L7

denote the elements of ad L7 by the letter A. The generators of ad L7 are
Ay = Zoy Zg| —=, a=1,2,...,17. 3.9
> |22 57 (3.9)

The commutation table of L} is given in Table 3.1.

Using Table 3.1 and equation (3.9) we obtain the following generators:

— o a - a

Al = Z]____.+Z2_-',
073 07,

- = 0 = 0

Ay = Zy—=+ Zy—=,

: 207, 0z

- - 0 = 0

As = ~Zi—= - 2=,
0z, 0Z,

B, . d

Ay = —Zi—, (3.10)



As = —Zo—= —Zs—= — Z71—=,
¢ %07, o0z, oz,
- -~ 0 -~ 0
A7 = —Zo—=+ 27—
g 207, oz,
By letting
0 0
1 + 2 + 7
A 8Z1 $37 (')Zg Sy 027

and solving the initial value problem

dz,
da,-

we obtain the one-parameter groups of linear transformations.

1

For example taking A, we obtain

ZI Zl, Z —Zz, Z3—Z3+(1121, 4—Z4,
Z5 = Zs, Ze = Z, Z§ = Zr + a1y,
where a; € R.1

Therefore in the adjoint group of L7 we have

1 0a 000 O
01 0 000 a
601 0000
Mi(a)=|0 0 0 1.0 0 0 |,
00 0 0100
00 00010
00 0 0O0O0T1

IR is the set of real numbers and R+ is the set of positive real numbers.

22

= (¥ with ZLsz when a¢; =0 (k=1,2,...,7and i =1,2,...
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where a; € R.

Similarly for A, As,..., A7 we have

M;(az) =

Ms(as) =

M4(¢14) =

o OO O o o O

o O O O o ©

L R s N N = =

o O O o O

o o O o O

—

o O o o

23

o o O O = o ©o

o o0 o = O o O

= o O O

o o O

o O o O

—

o R, o o o o o ©Y = o o @

o = O O O O o

= o o o o O O _ O O O o o O

o O O O o O




1000000
010000 0
001000 0

Ms(as)=10 00 1 0 0 0],
0 0 0 as as O
00000 1 0
000 00 0 1
1 000000
0 a6 00 0 0 0
00 1000 0

Me(ag)=0 0 01 0 0 0 |,
00 00 a 0 0
000001 0
00 00 0 0 ag
1 0000 0 O
—a7 1000 0 0
0 0100 0 O

Mz(az)=| 0 0010 0 0f,
0 0001 00
0 0000 1 0
0 6000 ar 1

where a3, as,a7 € R and a3, a4,a6 € RF.

7
Let M = [] My(as). Then
a=1

24



az 0 aaz 0 0 0 0
—a3a7 a3@g Qo030 — ajazay 0 0 aqasas aiazag
0 0 1 0 0 0 0
M= 0 0 0 1 0 0 0
0 0 0 asag Q40¢ QAs506 0
0 0 0 0 0 1 0
0 0 0 0 0 ar ae
For each Z € L7 we have
Zzi:eiZiE (el,ez,...,e7). (3.11)
i=1
Let e = (el,€?,...,¢7), e = (e},e%,...,&") and &€ = Me.

Then the components of & are:

0]

as (61 + (1163) ,

7
a3 [—a7e* + age? + (azae — ajar) € + azase’® + arage’],

el (3.12)
ae (ase* + aqse® + asef),
eb,

a7e® + age’.

These transformations give rise to the adjoint group elements of the algebra

L;. The reflections (2.47) give rise to the following transformations:

7 — —Z1, Ty ~2Z, (3.13)

Zg — _Zg, Z5 — —ZS, 27 — —Z-,. (3.14)
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3.3 Optimal system of order one

In the next section we will be extending the algebra Lp by one-dimensional
subalgebras of L;. We therefore need to construct the optimal system of

one-dimensional subalgebras of L;. This is carried out as follows:

(i) By using M € G* and reflections (3.13) and (3.14) we map e =

(el,€?,...,€") to as simple a form & = (€!,€2%,...,€") as possible.

(i) We will then divide the vectors obtained into nonequivalent classes.
In any class we select a representative which has the simplest possible

form.

For M € G4 the mapping
€ = Me

leaves the components €3, e* and €® invariant in (3.12). Thus we need to
seek all the possibilities for €®, e* and €® and in each case simplify the other

components of e by the transformations (3.12).

CASE1: e3#0, e*#0, e5#0

By substituting

ol 7
a = —6—3, aeg = ]., ar = —% (315)
in (3.12) we obtain
) el 7
e = as (el - 6—363) =0, & = —%es + €. (3.16)
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From (3.15) and (3.16) and by keeping the other parameters arbitrary
any vector e is transformed to € = (0, &2, €3, &%, &5, &5, 0), provided Case
1 is valid.

We can further simplify the vector € by means of the transformations

(3.12) by putting a; = a7 = 0. Hence the components of the vector e

are transformed to the vector € having components:

et = 0,

e2 = az[e?+ az(ed + )],

é3 — 63,

& o= et (3.17)
e® = [as(e* + €®) + aqef],

66 — 66,

el = 0.

From the components of € we can distinguish the following four sub-

cases:

SUBCASE 1: e +e¥#0, e*+ef#0

By putting

asg 3 + 66, (318)
aq4 = ]_, a5 = " + 26 (319)

we get €2 =0, € = 0 and thus
€ =(0,0,¢%¢*0,¢€5 0). (3.20)
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SUBCASE 2 :

SUBCASE 3 :

The vector (3.20) can be written in the form
&=(0,0,0,5,0,1,0), a#0,—1, B#£0,—1 (3.21)

using the fact that any infinitesimal generator can be defined up
to a constant factor.

eS+ef#£0, et+ef=0

Substitution for a; using (3.18) in (3.17) yields €* = 0, &* =
—e8, &5 = aue’.

Thus

& =(0,0,€ —eb ase’, €%,0).

Here we have either ¢® = 0 or €5 # 0.

6
For €% # 0 : By using the factor ay = 2_5 and the reflection (3.13)

we obtain

e =(0,0,e>,—e% €% €%,0). (3.22)

Again using the fact that any infinitesimal generator can be de-

fined up to a constant factor we write vector (3.22) in the form
é=(0,0,c,-1,1,1,0), @« #0,—1. (3.23)
For €® = 0 we obtain
&=(0,0,a,—1,0,1,0), a #0,—1. (3.24)

eA+ef=0, et+ef#0
Substitution of (3.19) in (3.17) leads to
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SUBCASE 4 :

& = (0, aze?, —€5 ¢*,0,¢°,0).

Following the same procedure as in Subcase 2 we obtain from this

vector two different vectors:
e=(0,1,-1,3,0,1,0), B #0,—1, (3.25)

&=(0,0,—1,8,0,1,0), 8 #0,—1. (3.26)

e3+ef=0, et+e=0

Here vector (3.17) yields
& = (0,aze?, —eb —e® aqe®, €%, 0).

Using arbitrary positive factors for a3, a4 and the reflections (3.13)

and (3.14) we obtain from this vector the following four vectors:

&=(0,1,-1,-1,1,1,0), (3.27)
&=(0,0,—1,~1,1,1,0), (3.28)
&= (0,1,-1,-1,0,1,0), (3.29)
&= (0,0,-1,-1,0,1,0). (3.30)

In summary, for Case 1, any vector e is equivalent to vectors (3.21) and

(3.23) - (3.30). Using equation (3.11) we see that these vectors give rise
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to the following nonequivalent generators:

aZy+ BZo+ Zg, a #0, B#0,
a23—24+25+26, a #0,
7y~ Z3+ BZs+ Zs, B#0,

Gy Zo— it G+ Zs.

(3.31)

The restriction on the parameters a and 3 is changed in order to present
the generators in a compact form. For example, the vector (3.29) is

included in vector (3.24) if the condition 3 # —1 is cancelled.

Similarly the analysis of the other cases yields the following nonequivalent

generators:

CASE2: 240, e #0, =0

(123’1"24-*-27, (1750,

L (3.32)
ong + Z4, « # 0.
CASE3: e2#0, ¢*=0, e¢#0
Zy — s + Zg,
TEoTm s (3.33)
O{Z3 + ZG, (0 # 0.
CASE4:e2#0,et=0, =0
Zs, Zs+ Zs, Zs + Zs,
(3.34)

Zs+ Zs+ Zr, Za+ Zs — 7.
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CASE 5 : e3 =0, 64-','50, e8 #0

24 +ZS - 26)

. . . . (3.35)
71— Z4+ Zs + Zs.
CASE6:e2=0, e*#0, =0
Zay Ty Zay Zo+ Za,
o ST e (3.36)
Za+Zq7, v+ Zs+ Z7.
CASE7:e2=0,e*=0, e##0
Zs, 71+ Ze. (3.37)
CASE8: e2=0,¢e'=0, =0
Zl; Z2a 25, 27’
7o+ Zs, 7+ Zn,
LrTe T (3.38)

Zy+ Zs, Zs+ Zn, Zs — Zn,
Zi+ Zs+ Zry 7y + Zs — Zs.
Altogether from (3.31) - (3.38) we have the following optimal system of
one-dimensional subalgebras of L7 (o and f are arbitrary constants) :
Z(l) = 213 Z(2) = Z% Z(3) = 237 Z(4) = 24 + aZS?
Z0) = 75, 29 =Zs+aZs+BZs, 2 =17,
Z®) =7+ Zy, O =71+75, U0 =7+ Zs+ B,
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Z(n) = 21 + 27, Z(12) = Zz + 24, Z(IB) = ZQ + 25,

209 = 73+ Zs, 209 =123+ 75, 209 =75+7r,

20D = 75— 77, 299 =Zi+ Zs+ Z;, 20 = Zy + Zs + Za,

720 = Zl + Zs - 27, 7 = 0623 + Z4 + 27,
73 = Zs + Zs + 27, Z®) = Zs + Zs - 27,

209 = 7y — Gy 4 s+ Zs, T® =7, Iy + B+ Ze,

Z(26) = 023 - 24 + Zs + 23, Z(27) = Zz - 23 - 24 + Z5 + Ze,

3.4 Equations admitting an extension of al-

gebra Lp by one

To obtain all nonequivalent equations (1.1) admitting an extension by one of

the principal Lie algebra Lp we apply Propositions 1 and 2 to the optimal

system obtained in the previous section. For each subalgebra in the optimal

system we obtain equations of the form (1.1) such that they admit, together

with three basic generators of Lp, also a fourth generator X,. Whenever

these extensions occur, we list the corresponding functions f and ¢ and the

additional generator X,.

To illustrate the method we choose the following examples from our

optimal system:

(a) Consider Z(®%) :
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700 = 7 — 7+ 75+ Z

0 0 0

Invariants are found from the subsidiary equations:

do _du. __df _dy

1 uy  f 1

From these equation we obtain:

(i)

d_x_duz
1 ug
=1 =e %u,
(ii)
de __df
1 f
?Igzerf.
(iii)
dzr = dg
=>[3=¢g—=z.

where I, k = 1,2 and 3, are the labels for the characteristics.

— __fi+_
52 % ae. JaF T ag

(3.39)

(3.40)

(3.41)

By applying Proposition 1 we can take the invariance equations in the

form
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I, = ®(I) and I = T(I,). (3.42)

Let A = I} = e~%u,. From (3.40) and (3.42) we have
ef =®(A) = f=eT"0(N).

From (3.41) and (3.42) we have

In terms of equation (3.11) the subalgebra Z(?% is equivalent to the vector
e = (1,0,0,—1,1,1,0). Applying equation (3.6) to the subalgebra Z(** we

obtain

Y = V,-Y;+Yi+7Ys

— £2+i+ ﬁ-}—u i—fi-i—g
20t Oz 2 ou ~Of 0dg

By taking the projection of Y(*%) onto the (¢,z,u) - space we obtain the

additional generator X, of the subalgebra Z(¥, namely,

.9 .0, 9

Hence the equation
Uy = € Qe uy )uzr + [e ™ u,) +
admits the four-dimensional algebra L4 with generators
= 0 2 Jd 2 0 0

_ Y —_+ 7 v _ 1Y _a_ 2 a
=5 X =t andX4_t8t+23x+(t +2u) o
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: - 0
(b) Consider Z0®) = Zs = B9 :

Invariants of this subalgebra are
11 =7z, Iz = Uy, Ig = f (343)

In this case there are no invariant equations of the form (3.7) i.e., the invari-

ants (3.43) cannot be solved with respect to the functions f and g.

Proceeding in a similar manner we perform the calculations for the other
subalgebras in our dptimal system. In Appendix A we give the result of the
preliminary group classification of equation (1.1) admitting an extension of
the principal Lie algebra Lp by one dimension. There are 29 nonéquivalent

equations in this list.
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Chapter 4

The countable-dimensional

subalgebra

In this chapter we consider the equivalence transformations not contained
in L;p. We will investigate a countable-dimensional subalgebra Ly of the
infinite-dimensional equivalence algebra Lg or rather a countable number of
n-dimensional extensions L, of L;o. We then proceed with the method of
preliminary group classification for the equation (1.1) with respect to the

subalgebra L.

4.1 The countable-dimensional subalgebra L4

In this section we obtain a countable-dimensional subalgebra Ly of L.
After extending the generators (2.46) onto the (u,t,z,u, f, ¢) - space we

get the following full equivalence algebra L given by the following generators:

~ Jd
Yi = o
— 0
Yo = t—
2 au)
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> 8 0 0 0

Yo = tgptag +ug tuag
- t o 0
— 4.1
Y, zat+faf+ga (4.1)
- t2 0 0
Y = 'é‘a—u‘i‘b—g,
; a ., .0 9 N
Y, = w(w)%”w(x)faﬂo() fa_g_u"‘"(x)auz’
P = F(2)L - " f +F’( ) 9
F o= (l‘)%— (z) G

where ¢(z) and F(z) are arbitrary functions.
Taking the projections of generators (4.1) onto the (x, ug, f, g) - space

we obtain the following non-zero projections:

- - 0 5}
Zy = pr(Ys) = S + Uz
Zy = pr(Ya) = iy L
2 = DIy = aaf gag’
ZB = -PT(?S) = (9—’
3} ) I 5 9
Vo = prYy) = olz)5-+2¢ (z)f f+w”($)uzf 39 — us(2) 5
T Y% " 9 ' 0 .
We = prif) = ~F'(a)fg+ Fla) g

(4.2)

The table of commutators of Lg are given in Table 4.1.
From Table 4.1 we see that we obtain subalgebras of dimension n + 5,
n > 1, by taking the following functions of ¢ and F:

=1, z;

1

— 2
F—.’IJ, §$,..., ™

S|
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— -

A 7y s v, We
0

7 0 Vew—v  Wee26
Z, 0 ~Zy 0 0

Zs 0 Zs 0 0 0

Vo | Voeog 0 0 Vipyy Wea
Wp | Wop—err 0 0 —Wyp 0

Table 4.1: Commutators of L¢

We denote their corresponding generators by 1_)1, \72 and Wl, Wz, ...,Wn
respectively. '

The subalgebras L,,s are contained in the countable-dimensional subal-
gebra Ly which corresponds to the choice of F' as an analytic function of z.

The table of commutators of L5 are given in Table 4.9.

4.2 The adjoint algebra L},

In this section we construct the adjoint algebra L} which generates thé group
of inner automorphisms of the algebra L4. Similarly to equation (3.9) in
Section 3.2, each row of Table 4.2 can be considered as the coordinates of
the infinitesimal generator of the adjoint algebra L.

Our problem essentially now is to find all classes of the generators:

Z=eZ,+€ 7,4+ 7+ eV + eV, + Wy + W, + Zeiﬁ/} (4.3)

=1
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G L Zy; Vi Vi Wi W W,
7 0 o 0 -V 0 -W 0 n=2yy,
Zy 0 0 -Z3 0 0 0 0 0
Zs 0 Zs 0 0 0 0 0 0
Vi Vi 0 0 0 Vi 0 Wi Wa-1
Va 0 0 0 -V 0 Wi W W,
Wil W 00 0 W, 0 0 0
Wy 0 0 0 -W, -W, 0 0 0
Wo |=222W, 0. 0 ~Wey W, 0 0 0

Table 4.2: Commutators of L, .5
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nonequivalent with respect to the group of inner automorphisms. We will
investigate the automorphisms M;(a;) which correspond to the generators A;
(z > 8) since 1 < ¢ < 7 have been dealt with in Chapter 3.

The automorphism M;(a;) for ¢ > 8 can be expressed as follows:

For n > 3 we have

- -2 0 - 0 - 0
Angs = =Wy — Wiy —mr — Wz (4.4)
n 07, ov; oV,
The one-parameter group of linear transformation is obtained by solving the
equations:
dZ! n—2 - dvy - av -
: = - ny L =~ n—1j 2 = —Wn (4:5)
dants 7 danys dan+5

subject to the initial conditions Z{ =7y, V;’ =W, V! = V, when anys = 0.
Thus /—1‘,,4.5 generates the following one-parameter group of linear trans-

formations:

Z{ =7 - _n—Wnan+5, Zé = Zy, Z:; = Z3,
‘71' = Vl - Wn—lan+5’ VZI = ‘72 - Wnan+5, (46)
Wi =Wy, Wj = Wa, W, =W,,

where n > 3. The transformation (4.6) can be represented by the following

matrix:
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1 0 0 0 0 0 0
0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

Mors{ants) = 0 0 0 0 1 0 0
0 0 0 —ams O ... 1 0

LDZZ0 0 00 0 —amps ... 01

From the above matrix we obtain the following transformation of compo-

nents:
& = €, i#n+4, n+5,
gntt = entt - an+5647 (47)
_ n—2
gts = et g e — Gnpsel,

where n > 3.

Only the automorphism Mg(as) changes the component e? of equation
(4.3) and this occurs only when the component e* # 0. The optimal system
of one-dimensional subalgebras obtained in Section 3.3 has four vectors with
e* # 0, namely,

ZY = ‘71 + Wz,

ZW) = 7,4+ Vi + Wh,
Z09 = Zy+ Vi + W,
Z0Y = Zi4V, — W

These vectors have e! = e¢* = 0. Thus Ms(as) changes only e” and now &’
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can be annulled by putting as =

Therefore the subalgebras Z(),

e’ .
i (4.7) as follows:

= ¢’ —aget
7
e

— T &
ol

= 0.

Z(19), Z(29) and Z() are equivalent to the

subalgebras Z(1), Z(® and Z©®). We have thus reduced the number of one-

dimensional subalgebras obtained in Chapter 3 by four.

As a result of this the optimal system of one-dimensional subalgebras of

L7 relative to the adjoint algebra L} written in the form:

7 =e'Z) + €7y + €75 + €'V, + €V, + 8 W, + W,

are

2=V, 20 =i,

Z(S) = Zl, 2(4) = Zl + 022,

20 = Zy, 20 =L+ )7+ (1 + )7 - 1Th,

ALES Wz, Z® = 22 + ‘71, ZO = Za + ‘71,

209 =37+ (1+ B)Zy + Vi — 1V,

Z(ll) = 22 + Wl., 2(12) == 23 + W], 2(13) = Zl + Z3,

I =2+ Wy, Z09=Z34+W,, Z09=7,- W,

Z~(17) = QZI + Zz + Wz, 2(18) = Zl + 23 + Wg,

209 = 7\ + Zy — W,

Z9 = %Zl +Zs+ Vi — %‘72,

20 = 37+ (14 B) 2, — LWy + WA,

709 = (v )2+ Z5 - LV, 20 = 17+ Zs — LV + W
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4.3 One-dimensional Optimal System of sub-
algebras of Ly

In this section we will construct the one-dimensional optimal system of sub-
algebras of L. Using the chain of transformations (4.7) we simplify and then

divide any vectors of the form:

2 = ZO 4 3" Sy, (4.8)

=1

into nonequivalent classes.

For the vectors ZU, ZB, Z¥, ~ Z[l, 7z z03 zba z[7 708 zbel
Z, Z12% and Z[, Z[?2 with & # - n > 3 the transformation (4.7) only

n—27

n+4 n+5

changes the components e"*t* and &"*® as follows:

é"+4=e"+4—an+se4, e =e z#n+4,n23,64740,
sn+s 5 5_ n—2
ents = ™S —apyge® — 22el
= e fa,,s (__65 _ n_;zel)
= " 4 an+s€(€', 65))
e = € 1#n+5 n>3.

Using the appropriate factors for a; the components €' (¢ > 8) become
zero and the components ¢’ (i < 7) remain unchanged. We need to perform
only a finite number of transformations to annul the components e', provided

that the sum in equation (4.3) is finite.
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The vector ZIl with a = 1=, n > 3, simplifies as follows:

YA 6] —

ta .
bt 0 (14 9 ik £ e
= 35+ U+ - Tt L ST

Therefore Z!®! can be written as

—92. .
‘/2+MWna n > 3.

ZW=gZAwn—mu+mZ—

Similarly vector Z*¥ with o = —1-, n > 3 can be simplified to the form:

9 9 -9 .
Z[22]=%Zl+(n—2)zs—n Vo + uW,, n>3.

In the case of vectors Z['% and Z[ their components include e! = .
e*=1, e =—1, €4 =0, ¢ =0. Thus the transformation (4.7) only changes

the components of Z['% and Z12° as follows:

é"+4 — e'rL+4

— Qp45€
— 4
nd _ An45,
sn+5 n+5 __ 5 _ n—=2,1
[ = € Gny5€ ™ €
n+5

— 5 1
= et +;an+5,

and

e =¢ i#n+4,n+5 n>3.

We can annul the last component eV of equation (4.8) by the transformation

My and then use the transformations My_;, My_s,..., Mg to bring the
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vectors Z[19 and Z[29 to the form:
ZH = ZO 4 6W,, 1= 10, 20.

Thus vectors Z[1% and Z[2% are similar to 21 and Z(9 respectively.
Finally, the vectors Z21, ZI¥l ZI7l, z11 7121 Z[15] and Z1€] are unchanged

by the transformation (4.7) since their components include ¢! = e = ¢* = 0.

Thus the optimal system of one-dimensional subalgebras of Ly which we

have now constructed is as follows:
M=V, Z¥W=Wre, Z¥=2+aZ,

. . - . 1 - I
M =2+ Wray, ¥ =(G+0)0i+ (1 +8) 2~ 51,

n—2

2
=4, 2= G4,

Vot uW,, n>3,

29 =27+ (n—-2)(1+8)Z -

219 = %Zl +(1+B8)Z, + Vi — %‘72
200 = 7y 4 Wy, 200 =7, 4 7,
0 =7 4 W,, ZM=aZ + 7, +W,,
M= Z 4 2o+ Wy, 20 =Z, + 7, — W,
Zhel — %ZZ + 2+ V- %Vz
=tz +B% - 3V + W,

. 1 . L .
2% = (3 + ) + By~ 5T,
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- B - -2
Zhg]:-gzlﬂn—z)za 5 Vot uWo, n >3,

. O B
AL —%Zl + Z3 — §V2 + Wi

To compact the generators we let the function F'(z) be as follows:

For vectors Z13 and Z11% : (obtained from the vectors Z®, Z® and

70, 707 respectively) F(z) is an analytic function with either:

(i) £'(0) =0, F"(O) =0,
or (i) F'(0) =1, F"(0) =0,
or (i) F'(0) = F"(0) =1.
For vectors Z% : (obtained from the vectors Z(12), Z(1%) and Z(19)) F(z)
is an analytic function with either:
(i) F'(0) =0, F"(0)=0,
or (ii) F'(0)=1, F"(0)=0,
or (iii) F'(0) =0, F"(0)= +l1.

4.4 Equations admitting an extension of al-
gebra Lp by one

Following the procedure of in Section 3.5 we obtain equations of the form
(1.1) such that they admit, together with three basis vectors (2 24) of the

principal Lie algebra Ly, also a fourth generator X4
In Appendix B we give the result of the preliminary group classification

of equation (1.1) with respect to a countable-dimensional subalgebra Ly of
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the equivalence algebra Lg. For this particular classification we obtain 22

nonequivalent equations.
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Chapter 5

Ovsiannikov’s algorithm

In this chapter we demonstrate the application of the recently developed
Ovsiannikov’s algorithm to construct the optimal system of the subalgebras

of a seven-dimensional solvable algebra of equation (1.1).

5.1 Preliminaries

In this section we will give some important definitions and notations that
will be used in this chapter.

Definition 5.1 : Let L be an algebra. A subalgebra J C L is called an
ideal of L ifforany X € J,Y € L, [X,Y] € J.

Definition 5.2 : The ideal L) = [L, L] is called the commutant of
the Lie algebra L. The commutant of the commutant L(? = [LM, L] is
called the second commutant of the Lie algebra L. The (k + 1)th commutant
is L1 = [L®), [9)],

L7 is a g—dimensional solvable Lie algebra if there exists a chain of sub-
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algebras

LWcr®c...cLleVcrLld=1rs
such that L) is a k—dimensional Lie algebra and L{(*-1 is an ideal of
LB k=1,2,...,q.
Definition 5.3 : The Killing’s polynomial (or the characteristic poly-

nomial) of the Lie algebra L™ for the variable Z is

X(£,2) = det(\I —adz) = X — ()N T+ (DN — .+ (=1 7ry(£) N

(5.1)
where 7,_; # 0 and [ > 0.

Definition 5.4 : The maximal value of the number / in equation (5.1),

obtained when the vector ¥ ranges over the whole space L", is called the rank

of the Lie algebra L".

Definition 5.5 : Let G be a group acting on a set S and z € S. The

stabilizer of  is the set of elements ¢ € G such that gz = z.

Definition 5.6 : The normalizer of a subalgebra K of a algebra L is
defined by

Norp(K)={z € L|[z,K]C K}, (5.2)

If K = Nor(K), we call K self-normalizing

5.2 Ovsiannikov’s algorithm

In this section we will give a brief outline of Ovsiannikov’s algorithm. A

more detailed discussion of this method can be found in [9].
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Let A be the group of inner automorphisms of a finite n—dimensional Lie
algebra L. The calculation of the optimal system of subalgebras 64 L begins

by fixing the composition series of ideals
0=JoCJiCJoC...CJs=1, (5.3)

where each J, is the ideal in L, J, # J,4; where it is impossible to condense
the series (5.3) any further. For s > 1 there exists o (1 < o < s) such
that the factor algebra L/J, is isomorphic to some subalgebra N C L. This
provides the algebra L with a decomposition into a semidirect sum of the

proper ideal J (with J = J;) and the subalgebra N as follows:

L=J@&,N. (5.4)

In this case the group of inner automorphisms A is also decomposed into the
semidirect product A = A; ®, An of the proper invariant subgroup Ay and
the subgroup An. The use of these decompositions allow the calculation of

04L in two steps:

Step 1 The optimal system 64, N = {N, | p € P} is calculated and the
stabilizer A, C A of the subalgebra N, is found for each p € P. Np (p =
1,2,...,P) are representatives of 6N

Step 2 The optimal system 04,(J + N,) = {K,, | ¢ € Q,} is calculated.

Then the set of all subalgebras {K,, | ¢ € @,} is the optimal sysfem 04L.

This two-step algorithm is performed as many times as the decompositions

(5.4) admits the series (5.3).
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An a,ddition-al condition requires that the optimal system be a normalized
one since for any K € 04L, Nor,K € 64L. From [12] we see that the
advantage of having normalized lists is that the problem of merging several -

sublists into a single overall list becomes greatly simplified.

5.3 The algebra L

In this chapter to simplify the calculations we choose the following basis for

the algebra Ly:

X o= aix’

% = a%

% o= 2,

X, = maix_ f%, (5.5)
Xs = uxaiuz—f%,

Xe = w%-i—fa—a];,

X, = gz%+f%-

The following relation exists between the basis (5.5) and the basis Z;, Z,
..., Z7 from (3.4), namely,

X_’l = 22) )-(‘2 = ZS) 1?3 - Zl’ X‘i = 27’
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X X% X X X% X X
X | o0 0 0 0 X 0 0
X,| 0 0 0 o 0 0 X
X! 0 0 0 X 0 X5 0
X,| 0 0o -X 0 X, =X, 0
X=X 0 60 -X, 0 0 0
Xs| 0 0 X X. 0 0 0
X 0 =X 0 o 0 0 0

Table 5.1: Commutators of L~

)25:26‘24, )_(‘6=Z3+Z‘4—Z& X'r:Za-

The commutator relations for the algebra L; are given in Table 5.1.

The general vector x € L7 is written in the form

and hence every x is represented by the seven-dimensional vector = (2!, z2,...

7 -
The inner derivation mapping ady for the general vector v = Y v*X,, is
a=1

adyx = [x,v] = (v®z! +viz® —vi2*t — vie®) X,
+(v72? — v22") X, + (v82® — v328) X,

+((v® — v8)zt — vizs + viz®) X,
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The representation of the mapping ady in matrix form follows:

(5 0 vt —v®  —o! 0 0 |
0 v 0 0 0 0 —v?
0 0 8 0 0 —v® 0
ady=10 0 0 v°—0% —v* ot 0
0 0 O 0 0 0 0
0 0 0 0 0 0 0
| 0 0 0 0 0 0 0

The Killing’s polynomial of L7 is

0
0
X(Z,A) = det(A] —adz) = 0
0
0
0

= XA — z8)(A — 28) (A — 2T)(\ — (2% — xP)).

Thus the rank of the algebra L; is 3.

The commutants of the algebra L; have the form
{0} =LP c{X,} =LP c (X, X, X, X} =LY,

Therefore the algebra L7 is solvable.
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The generators of the group of inner automorphisms of the algebra L,

are:

- 0
— 5_7
A= e ozt’
- 0
—_ 7
A2 = T _8:1:2’
AS = 4i + zei)
Ox! Oz3
- 0 0
Ay = -2+ (2% -28= 5.6)
dx? ( ozt A
i = g0 a0
Ozl dz4’
- d 3}
A = —zP—+z*—
0x3 oz*’
- d
A7 = —(172—-.
Oz?
These generators yield the following seven-dimensional group of linear
transformations on the (z!,z2,...,z")—space:
Ay ¥ = z! + a 2%,
A 2 __ 7
As ¥ = 29 + agz’,
Az : 2V =z 4 a3z, ¥ = 2 + a2,
A4 2V = 1 — a4a:5, ¥ = o4 + a4(a;5 _ ze), (57)
As zV = asx!, 2¥ = asa?,
Ag : zV =az'2®, z¥ = aez?,
A v _ 2
Aq V' = arz?,

where a1, a3, a3, a4 € ® and a5, ag, a7 € R+, The calculation for Ag is given

in Appendix E.
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The transformation (5.7) leaves the components x5, ¢ and z7 of the
vector under consideration invariant.
The group of equivalence transformations includes the following reflec-

tions:

ot — —z!, 2% — —1B, (5.8)
— —z!, z?— —2? 1t — -z, (5.9)
et — —z? 22— 2% (5.10)

For our purposes we only use the transformations (5.8) and (5.9).

The algebra L7 can be decomposed into a direct sum of the proper ideal

J = {Xl, X, )—(‘3} and the subalgebra N = {)24, Xs, Xe, )27} as follows:

L, = J&N

UL L (5.11)
= {Xl) X27 X3}® {X47 X53 X6> X7}

The algebra L7 is the factor algebra of Lo with respect to its ideal which

is the three-dimensional principle Lie algebra Lp i.e. Ly = Lo/ Lp.

5.4 Application of the algorithm

In this section we use the two-step algorithm to construct 8L;. In Step 1
we construct the optimal system of the algebra N. N, (p =1,2,..., P) are
representatives of ON. In Step 2 we complete every subalgebra N, to the

subalgebras K,, (¢ = 1,2,...,Q) which are representatives of the optimal
system 6L7.
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5.4.1 Step 1 : Construction of Optimal System N

Every s—dimensional subalgebra M; C N (s = 1,2,3) can be represented by

matrix @ as follows:

The approach we will use is to simplify this matrix ¢ by means of transfor-
mations of bases, inner automorphisms (5.6) and reflections (5.8) and (5.9).
We will then divide the matrices we obtain into nonequivalent classes and in
any class we select a representative having the simplest possible form.

First we assume that there is a nonzero element in the first column,
say z*. Then after B—transformations (linear combinations of rows) we ob-

tain y* = z* = 0. We have z° = z° otherwise z* can be annulled by the

automorphism As.

Let the 2 x 3 submatrix ¢); of the matrix ) have the form:

The rank Q; may be equal to 2,1,0. When the rank Q; = 2, we have three-
dimensional subalgebras of N and rank @, = 0,1 we have one- and two-

dimensional subalgebras of N respectively. Therefore we have the following

Cases.

CASE 1: rank Q, =2
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We reduce Q; by B—transformations preserving the first column of Q

to one of the following forms :

Ql— 10y7/
' 0 1 27 ,

-1y6’0
[0 0 1

2 _

,_[o1o]
< {001}

(1) For )1, matrix @ has the form:

xr T T
Q=1]0 1 0 y"|,z*=2°%
0 0 1 27

Using B—transformations we make z°> = z® = 0 and as a result

we obtain the following generators:

H = X +2'Xs,

. H, = X's + y7’_X77, (5.12)
Hy = Xe + 27 X—,-.

These generators have the following commutator relations:

[ﬁ1, ﬁg] = 24, [Hl, ﬁS] = —X4, [ﬁz, H;;] = O (513)

The vectors (5.12) generate a subalgebra if the commutators (5.13)
are linear combinations of ﬁl, ﬁg and ﬁ3. Therefore 27 = 0. Thus

the first subalgebra of NV is

N1 = {X,;,Xs + QX7,X6 + ,3)27}, Va,ﬁ € §R
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(ii) For @%, matrix @ has the form:

1 z2 2° =z
Q=101 ¢ 0 |, 2" =2
00 0 1

Using B—transformations we make z° = z7 = 0 .Thus z° = 0 and

we obtain the following generators:

ﬁl = Xm
ﬁz = )25 + ye'Xe,
ﬁg - )27.

These generators have the following commutator rela.tions:
[y, By = (1—y*) Xy, [Hi,H| =0, [Hy, Hs]=0.
The subalgebra of N is therefore
N, = {X;,Xs + a)ze,fﬂ, Va e R.
(iii) For @3, we obtain the subalgebra
Ny = {X, X6, X7}, Vo€ R.

CASE 2: rank @, =1

We now consider two-dimensional subalgebras of N. The matrix Q

then has the form:



Again by B—transformations we reduce the submatrix @1 to one of the

following possible forms:
1 y6/ y7/
Q1= :
0 0 O
0 1 y7/
Qi = :
00 O
0 01
Qf = :
[ 000 }
(i) For @1, we obtain the following generators:

H = Xi+2'X;,
H = Xs+y"Xe+y"Xs,
and therefore
[Hi, Hy = (1—vy*)X,.
These vectors generate subalgebras when either z7 = 0 or y% = 1.

For 27 = 0 we obtain the subalgebra
Ny = {X4,X5 + aX'G + ﬂX7}, Vo, € R.

For y* = 1 and 27 # 0, H, becomes X, + X; as a result of

B—transformations and automorphism As in (5.7) and hence

Ns = {X‘; + X7,X5 + Xe + ﬂX7}, VB € .
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(i) For ®, we have
No = {X:, Xs + X7}, VBeER.
(ii1) For Q%, we have
Ny = {Xs+ X5 + X5, X7}

and

Ng = {X4> X7}
CASE 3 : rank Q1 =0
In this case we obtain the following one-dimensional subalgebras of V:
Ng = {X4+X5 +X6+C¥X7}, ‘v’ae §R,

Nip = {X4 + X‘7},

Nll = {24}1

Suppose that z* = y* = z* = 0 in the first column of . The prob-
lem now simplifies greatly in order to compute all nonsimilar subalgebras of
the algebra {Xs, Xs, X7}. The group of inner automorphisms acts trivially
on this algebra (z®, 28, and z7 are its invariants). We will only consider
B—transformations. The rank of ) may equal 3,2,1 or 0.

For rank () = 3 we have

N12 = {/?5,X6,X7}-
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For the other cases we choose Q% (1 = 1,...,6) as was discussed above. Hence

the subalgebras of {X;s, X¢, X} are:
Nia = {Xs + aXq, Xs + BXr},

Nya = {Xs + aXe, X7},
Nis = { X6, X7},
Ny = {Xs, aXe, 8X1},
Nyz = {Xs + BX:}, .
Nig = {X7},
Nyo = {0},
where a, 3 € R.

The subalgebras N, (p = 1,2,...,19) obtained above are the entire

representatives of the optimal system 6 N.

5.4.2 Step 2 : Construction of Optimal System 6L

Here we illustrate Step 2 of the algorithm by constructing four- and five-
dimensional subalgebras of L7 corresponding to the subalgebra N; = {X4 +
X5 + X, X7}

The four-dimensional subalgebras LT C L are represented by the matrix:

L N9 corresponds to the ideal {)21,)-('2,}_('3} in the decomposition (5.11) .
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(o1 2?2 23111 0]
R ytoy? y30 0 0 1
2 22 23000 0
42 £1000 0|

Let R, be the 2x3 submatrix in the lower left corner of R. Since the rank R =
4, the rank R; = 2. The matrix R, can be reduced by B—transformations

to one of the following forms:

(10 0
- }

) [ 1 22 0
R} = ,
0 0 1

010
001/

CASE 1 : For R}, we use B—transformations to bring 2! = z? = y! = y2 = 0 and

R =

the matrix R now has the form:

00 2|1 110

00 %[00 0 1
R =

10 0/(000O0

_Olt3'0000
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Therefore the four generators are

H = 27X+ Xi+ X5 + Xs,
H = y¥X;+ Xs,

H = X,

H = X, +t¥X;.

The commutator relation of these generators are:
[I_:il, ﬁz] = (2% - ya’))za —y¥ X,
[Hy, Hs) = -X,, [H),H)=-1¥X, —t¥X;, (5.14)
[Hy, Hs] =0, [Hy, Hyl = ~X,, [Ha Hy=0.

The right hand side of each commutator in (5.14) must be linear com-
binations of Hy, Hy, Hs, and Hy. It therefore follows that z¥ = y% =
t3l = 0.

Therefore the first four-dimensional subalgebra of L7 is
‘ LZ,I = {XU )_(‘2’ )_(‘4 + Xs + Xs, X7}

CASE 2 : For R?, we proceed as in Case 1 to obtain the following four-dimensional

subalgebra of 4L :
LZ,Z = {XI’XS'; )_(‘4 + X:s + Xe,f(}}.

CASE 3 : For R}, after applying B—transformations and the automorphism As
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we obtain the following four generators :

H‘Z = ylle +X73

HS = X27
H‘g == )23.
The commutator [ﬁl, ﬁgl — — X, — X5. This is not a linear combination

of the vectors ﬁl, ﬁz, ﬁg, }74 and hence in this case we do not have a

contribution to the optimal system 6L-.

Five-dimensional subalgebras L] C L7 are represented by the matrix:

H = X4+X5+X6,

(21 22 21110

yt oy? y310 0 0 1
R=1]2" 22 22|10 000
2 3100 0 0

] u! u? w0 0 0 0

Let R; be the 3 x 3 submatrix in the lower left

rank R = 5, the rank R; = 3. We reduce R; to the identity matrix by
B—transformations. We then annul all z (k = 1,2,3) by B—transformations

which preserve the structure of N;. We thus obtain only the following five-

dimensional subalgebra:

L;.l = {Xl))_(’% XSa Xl{ + )?5 + )-(‘6,)-{‘7}.

To summarize, the list of four- and five- dimensional subalgebras of 8L

corresponding to the form Ny consists of Lf,, L], and L, respectively.
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Proceeding analogously with the other elements of IV, we obtain all the
possible subalgebras of §L;. In [3], Chupakhin obtained the complete list of
6 L7, which consists of 397 representatives.

We now need to normalize the optimal system 6L;. For example, we

consider L] ,, = {X, + X3+ X5} and apply Definition 5.6 to obtain
NOTL7L1,24 = {Xz,)-(‘s,)?s}-
Also in [3], Chupakhin obtained 36 self-normalized subalgebras of L.

The one-dimensional nonsimilar subalgebras 6, (L7) are presented in Ap-
pendix C. In 3], the list of the two-dimensional nonsimilar subalgebras 6 (L7)
can be found. The complete list of the self-normalized subalgebras are pre-

sented in Appendix D.
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Concluding Remarks

In this exercise a deeper understanding of the construction of principal Lie
algebras and equivalence transformations and the construction of optimal
systems of subalgebras using the methods of preliminary group classification

and Ovsiannikov’s algorithm has been gained.

Although not covered in this study, it would be interesting to extend this

analysis to other classes of equations, for example, equations of the form:
Ut = f(xau:caut)ul‘l‘ + g(mauraui)'

The resulting classification could then be compared with the results obtained

in this research report.

Also, the problem of the preliminary group classification of equation (1.1)

with respect to the two-dimensional extensions of the principal Lie algebra

has still to be solved.
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APPENDIX A

Equation usy =

Additional generator X.;
3

N Z Invariant A
1z o,

2 7 gz

3 ZB®  wu/z

4' Zg?éo uz/

b} ZQO T

6 z%o ug [zt

7T Z T

8 Z®

9 ZO)

10 Z09 =7y,

11 ZOY 22 — 2y,
12 Z0?2 ¢

13 z0% ¢

14 ZU4Y  wu,/z

15 Z0% y, —zln|z|
16 Z0% g

17 7209 ¢

18 Z08 22 — 2y,
19 Z09 g2 2y,
20 Z(0) 2 4 2y,
21 Z((,?:lz) T

22 Z((f;z, Uy — oz ln ||
23 Z(# y, —zln|z|
24 Z(®)  y, +zln|z|
25 Z(2) =Ty,

26 Z* y, +In|z|

27 Z%) .

28 foi% g= o)y,

29 Z(*) y,4zln|z

Quz, + T

Quz, + T

Qu,, + T

7 {Puy, + T'}

uP  {Buze + '}

u{Qugr + z°Tus}

buyy — ' Qu, + T
e”{@uu + I‘}

Qu,, + '+

Uﬂx{éua:z + Fua:}

Su,, + T —2d

e*s {®uy, +I'}

Puze + T +us

Qu,, + [ +1n|z|

bu,, + T — Oln|z|

Pugr + (1 — @)z tu, + T
Quzp — (1 + D)z u, + T
e*{Puz, — P + '}

Puge + (1 —@)z 4+ T
Qu, + (1 4+ @)z + T

e“/*®{uzy — 27y — In|®| + T’}
2°®{uzr —olnlz| —ln|®|+ I}

Puye + (1 —®)In|z|+ T
Quzr + (1 +@)In|z|+T
e *Quy + T+

P {Bu,, + 71T}
bu,uzy + I' + In |ug)
77Uz, + '+ oln|z|
zQuy, + T + u,

XS
s

el
8 o 2 4 2u
(1-2)t2 +z2 +2ul
ﬁté% —2u8‘9—u

2-tE +2z2 +2(0 + 2)Z

) % 2 )
2t5; + 21?5; + (t + 4u)8—

2% + 222 + (2% +4u)z;

Y
3
(t2 - (L‘2) ™

3 3 el
tB— - 25; — .’Ezgé
2&: + (t2 — .122):9%

F) ]
tgz - x2£
(2-0)2 + Qa:g% + (022 + 4u)2
(B2 4+ 22 + 4u) =
262+ 22 + (12— +4u)Z
tZ+22 + (124 2u)2

(8 + 2)t53; + 2:1:56; + 2(—z + u)g%

2l 38

(24 0)tE +2z2 +[ot? +2(2 + o)u]2

t2 4222 + (-2 -2z + 2u) 2

Table A : Result of the classification of Chapter 3 (¢ =1/a,y = 8/a,® and T

are arbitary functions of X).

67



APPENDIX B

N Z Invariant A Equation uy = Additional generator )?4
1z o, Su,. +T Z%
2 Z0 2 duyy — LiGu, + T P2
3 728 w/x z*{®uz, + I'} 1-9t2+a2 +2ul
4 ZW g Quy, — =00y, 4T (t2+2F)2
5 7B, 2 o { Buzy + T} Bt —ul
6 ok us/z W {@ugs + 2T} (2= MZ+2L +20+2)E
7 Z6l oy, /gt 2P0 {Du,, (1-8)2 + 22

—plalel e u(n - Dinfel +T]) ot Z)E
8 ZIM e {Quz, + I'} tg —22
9 ZBl 4, Quz + [+ 22 4+ 22
10 28 ey, w8 { Duze + Tu, ) g —2& - 2w
11 zbo o ev=/F' @ {u,, — FF','uz-{—F} ta%—QFé%
12z oy, /g - Quy, + T +Inlz| 2t%+2x§—z+(t2+4u)%
13 Zb2A g, /z —In|z| Ouy +T —ln|z] 2% + 222 + (27 + 4u) 2
14 ZM  w,/z—aln|z| z*®{uzr — aln|z| + T} (2—a)t%+2m%+(z2+4u)a%
15 204 u,/z —zln|z| Su,+(1—®)ln|z|+T 2t%+2x:—z+(t2+x2+4u)%
16 Z09 w /z+In|z| Pug+(1+®)In|z|+T % +2zL + (12— 22 +4u) 2
17 Z0el gz, e ®us + 4z t2+22 + (2 +2u)2
18 207 wytlnfal o {@ue + I} (B+2)t% +2L +(u—2)L
19 Z:[le] x Quz Uz + T + In fuy| t% + (2 + QU)%
20 ZLJ ooy, 27 ®uzp + I +olnz| 1+t +22

| HEB + (2 + o)) 2

21 ZWO g, [gn+l 2" ®u,z + T ntl + 22

~#lnls] Hr =2 - p(n—1)@)hale| +[2nu —(n—2)¢? + 222 ] 2
22 Z020] Uz + ln |z] zQuzr + T + u, t%+2$;—z+(—t2-2x+4u)—a-

du

Table B : Result of the classification of Chapter 4 (¢ = 1/a,7 = 8/, ® and T

are arbitary functions of \).
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APPENDIX C

In Table C.1 and Table C.2 the one-dimensional nonsimilar subalgebras
61(L7) are given. In the first column the number of the subalgebra, in the
second column its basis and conditions for the parameters o, 8 and in the

last column the basis of the normalizer of this subalgebra are given.

N | Basis of subalgebra Normalizer of subalgebra

1| X Ly

2 Xz L,

3 | Xs )21,)22,)231)25,)263)27

4 | X, X1, Xa, X4, X5, Xy Xz

5 | Xs Xs, Xs, Xs, Xo, X

6 | Xe X1, X5, Xs, Xeo, X

7 | X7 X1, X3, X4, X5, Ko, X7

8 | X+ X5+ Xs+aXs,a#0| X, X5+ X, X7

9 | X+ X5+ Xs X, X4, X5 + Xo, X

10 | £X; + X, + X5 + Xs Xo, X, Xs + Xo

11| X3+ X4+ X7 X1, X3 + X, X7

12 | X, + X, X1, X4, X5 + X

13| £X, + X3 + X, X0, Xa, Xa+ X4, Xs + L(Ks + %)
14 | £X, + X, X, X0 X, Xs + X0, X — X
15 | X5 + X, X1, X2, Xs + Xy, Xs + 1 X6, X

TABLE C.1 : Optimal system of one-dimensional subalgebras (L)
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N | Basis of subalgebra Normalizer of subalgebra
16 | Xs +aXs +BXr,a#0,1,8+£0 | X5, Xe, X

17 | X5+ Xo + X0, 8 #0 X4, X5, Xoy X

18 | Xp + X5 + aXs,a £ 0,1 Xz, X5, Xs

19 | Xs + aXs, @ #0,1 Xa, X5, Xo, Xv

20 | X, + X5 + Xe Xa, X4, X5, Xo

21 | X5 + Xo X3y X4y Xs, Xo, X1

22 | Xy + Xs + X1, B #0 X3, Xs, Xe, Xz

23 | X + 5)?7,,3 #0 Xs,Xs,Xe,X7

24 )Zz + X;; + Xs Xz,Xs,X‘s

25 | X, + Xs Xz,Xs,Xs,Xs

26 | X5 + Xs X2, X3, X5, X

27 | Xy + Xs + aXr,a #£0 X1, X, X7

28 | Xo + fX7,8#0 Xy, Xs, Xe, X

29 )21 +X2 +X‘6 Xl)X2’X6’

30 | X + Xo X1, X5, X5, Xs

31 | X; + X X1, Xz, X5, Xo

32 | X5 + X7 X1, X5, X5, X7

33 | X, + X X, Xa, X4, Xe, X7

34 | X, + Xs X1, X5, Xa, X5, X6 + X
35 | X1 + X, X1, X2, X3, Xay Xs + Ko, Xs

TABLE C.2 : Optimal system of one-dimensional subalgebras 61(L7)
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APPENDIX D

In Table D.1 and Table D.2 the self-normalized subalgebras of L; are given.

N | Basis of Subalgebra Dimension
1| X, + X5 + Xy, 1(Xs + X7) 2
2 | £X,+ Xo, Xs + X5, Xs — X7

3 | Xo+ Xy Xs + 1 X6, X7

4 | X+ Xp, X+ X4, Xs + 1 X, X

5 | X2 Xy + Xs 4 Xy, Xs + 1(Xs + X7) 3
6 | X5, Xe, X7

7 Xl + X'z,Xs + X?,XG

8 | Xy+ X3, X5, X1+ Xo

9 | Xy, Xs, Xe, X

10 | Xy, X5, Xe, X7

11 | X5, Xs, X6, X

12 | X3, Xs, X, Xz

13 | X1, X, + X4, Xs + X7, Xs — X

14 | Xi + X2, X4, Xs + X7, X 4
15 | Xy, X3+ X4, X5 + 1 X, X7

16 | X5, Xs + X4, X5 + 1 X6, X;

17 | X1, X5 + X3, X5, X + X

18 | X; + X5, X3, X5 + X7, X

19 | X1, Xz + Xa, Xa + X4, 1(Xe + X7)

TABLE D.1 : Self-normalized suba.lgebra,é of L.
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N | Basis of Subalgebra Dimension
20 | X1, X4, X5, Xe, X7

21 | Xy, X4, X5, Xs, X

22 | Xy, Xy, Xs, X, X

23 | X1, X3, Xs, Xs, X 5
24 | X,, X3, X5, Xe, X7

25 | X1, X, + X3, X4, X5, X6 + X

26 | Xy, £X; + X4, X3, Xs + X7, X6 ~ Xy

27 | Xy, Xo, X5 + X, X5 + 1 X6, X

28 | X1, Xz, X4, X5, Xo, X

29 | Xy, X3, X4, X5, Xe, Xz 6
30 | Xy, X5, X3, Xs, X6, X

31| Ly 7

TABLE D.2 : Self-normalized subalgebras of L.
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APPENDIX E

Consider the vector

- 0 d

a3 47
As = —2 6:1:3+$ Ozt

Using the First Fundamental Theorem of Lie [7] we solve the following

initial value problem to obtain the one-parameter Lie group of transforma-

tions:
dx3l 5 dz¥ s d.’l,‘k'
= -, = » = 07 k= 1a27 ’ 7
de ’ de ’ de 56,
subject to the conditions z/' = 27, j =1,...,7 when € = 0.
3r
Considering only = —z3 results in
€
¥ = —2%+ 28
= (1-¢)z3

From the definition of the group of transformation [7] we have z3 =

(1 — €¢')z¥ and this leads to
¥ =1 =€)l -e2®=(1—-( +e—¢e))z

Therefore the law of composition is ¢(a,b) = a + b — ab.
To find €' we proceed as follows:

Leta+b—ab=corb=

where e is the identity element. For a = ¢

a—_
and b= e~! we get
=> el = ¢
1—c¢
|
el €
=€ = 1—¢L
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Hence ¢! = 1 — ¢ implies ¥ = ¢

-1

z3.

Thus vector Ag yields the following one-parameter group of linear trans-

formations:

1/

27

3/

44

57/

6/

T
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