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ABSTRACT

In this thesis the effect of antisymmetrization in diqhark models of baryons composed of light
(v and d) ql;arks is investigated. The diquark in this study is considered alternately as a point-
like and as a composite particle. The wave functions for both diquark and diquark-quark
| systems have been determined in a non-relativistic approximation by using the radial
Schrodinger equation and a range of central potentials. The ground state masses of the diquark-
quark system have been calculated in three distinct ways: |
(1) The ground state energy eigenvalues and the wave functions for the diquark and diquark-
quark, each being treated as a two-body system, have been calculated by using the generalized
Runge-Kutta and search methods.
(2) The expectation values for the potential energy and kinetic energy have been calculated
by using the wave functions derived in (1) for the two-body system without antisymmetrization.
These results have been checked by applying the virial theorem in paralle] calculations.
(3) The potential and kinetic energy expectation values have also been determined by taking
antisymmetrization into account via operator kemnels namely, norm, potential and kinetic energy
which have been derived by using the non-local Generator Coordinate Method (GCM). The
expectation values of these operator kernels have been calculated with respect to the wave
functions produced in (1). For the purpose of performing the integrations the wave functions
, expanded in terms of cubic splines, and Gaussian quadrature have been employed.

Lastly the diquark and diquark-quark ground state masses were calculated for each
approach, (1) - (3), and compared with
(a) each other,

(b) the results for a two-body system,



iii

(c) the results for a full three-body treatment and,

(d) the average mass of N-A.

The form factors and root mean square radii of the baryon for the four central potentials have
been calculated with antisymmetrization for each approach (1) - (3) and compared with

(a) each other,

(b) the results for the baryon without antisymmetrization

' (c) the results for the baryon with antisymmetrization including the meson cloud

(d) the experimental data.

The trends fqund are striking and it can be concluded that there is a strong dynamical effect

due to the presence of antisymmetrization in diquark models of baryons.



iv

PREFACE
The work described in this thesis was carried out in the Department of Physics, University of
Natal, Pietermaritzburg, from March 1994 to November 1997, under the supervision of Doctor
Robert M. Adam of the Department of Arts, Culture, Science and Technology, Pretoria and
Professor Clive Graham of the Department of Physics, Pietermaritzburg.
These studies represent original work by the author and have not otherwise been submitted in
any form for any degree or diploma to any University. Where use has been made of the work

of others it is duly acknowledged in the text.



LIST OF CONTENTS

1 INTRODUCTION

1.1

Why antisymmetrization?

1.2 Diquark models in action

1.3

Outline of study

2 TOTAL WAVE FUNCTION FOR THE DIQUARK-QUARK SYSTEM

21

22

23

24

25

2.6

2.7

Introduction

The Pauli Exclusion principle

The Space wave function

The Spin wave function

The Flavour wave function

The Projections in spin-flavour space

The colour wave function

3 SCHRODINGER EQUATION FOR THE DIQUARK-QUARK SYSTEM

3.1

32

Introduction

Central potentials

3.2.1 Bhaduri potential
3.2.2 Cornell potential
3.2.3 Martin potential

3.2.4 Quigg potential

3.3 Kinetic energy operator



vi

3.4 Virial theorem

3.5

Radial Schrodinger equation

4 THE SINGLE CHANNEL CASE

4.1

42

43

44

4.5

Introduction

Mean square radius

Expectation values without antisymmetrization

Expectation values with antisymmetrization

441

Operator kernels for diquark models of baryons

4.42 Norm kernel

443

444

4421 The direct part of the norm kernel

4422 The exchange part of the norm kernel

4423 The expectation values of the norm kernel

The potential energy kernel

443.1 The direct part of the potential energy kernel

4432 Thé exchange part of the potential energy kernel
4.4.3.3 The expectation values of the potential energy kernel
The kinetic energy kernel

4.4.4.1 The direct part of the kinetic energy kernel

4442 The exchange part of the kinetic energy kernel

4443 Expectation values of the kinetic energy kernel

Form factor

45.1

Introduction



vii

452 Form factor without antisymmetrization
4.5.3 Form factor with antisymmem'zatic;n
| 453.1 The norm kernel
4.5.3.2 The form factor operator kernel
4.53.2.1 The direct term

4.53.2.2 The exchange term

4.6 The Harmonic Oscillator

4.6.1 The direct term of the harmonic oscillator

4.6.2 The exchange term of the harmonic oscillator

5 THE COUPLED CHANNEL CASE

5.1

52

5.3

Introduction
Diquark-quark wave function
Operator kernels
5.3.1 The norm kernel
5.3.1.1 The direct norm kernel
5312 | The exchange norm kernel
5.3.2 The potential energy
5.3.2.1 The central potential
5.3.2.2 The spin-spin potential
5.3.3 The kinetic energy
5.3.3.1 The direct term |

5.3.3.2 The exchange term



viii

6 NUMERICAL ANALYSIS
6.1 Introduction
6.2 Generalized Runge-Kutta method
6.3  Spline functions
6.4 Gauss Quadrature
6.5 Diquark and diquark-quark wave functions
6.6 Calculating the mass without antisymmetrization
6.7 Calculating the mass of baryon including antisymmetrization

6.8 The calculations of the baryon form factors

7 CONCLUSION
7.1 Comparison of the different calculations of the A -N mass
7.2 The form factors

7.3  Summary and way forward

REFERENCE
APPENDIX
A1 Derivation of the operator kernel

A2 Fortran Programmes



ix

ACKNOWLEDGEMENTS

My gratitude is dedicated to

1. my supervisors Dr. R M. Adam and Prof. C. Graham, for continuously supporting and
selflessly guiding me through this work, especially during the early stages.

2. Drs. B.L.G. Bakker of the Vrije Universiteit in Amsterdam and E.J.O Gavin of the
department of Land affairs, Pretoria, for their enormous contribution towards the success
of this work.

3. University of Natal for offering me the post graduate assistantship.

4. Standard Bank of Pietermaritzburg branch for granting me a loan.

5. lastly but not least, my dear wife Phuti F. and my children, Thandi, Dumisani, Nomhle,
Tintswalo and Khut o0, for the patience and encouragement during the period over

which this work was done.



1 INTRODUCTION
1.1 WHY ANTISYMMETRIZATION?

The diquark system is formed as a bound state of two quarks and regarded as elementary
when it interacts with the third quark (spectator) to form a baryon. The computational labour
involved in baryon calculations using a diquark model is reduced since the dynamics are
mediated by the interactions within an effective two-body rather than three-body system.
According to Lichtenberg [1] many authors have assumed that diquarks can be treated as
elementary and as a result no attempt has been made to antisymmetrize the wave function under
the interchange of any two quarks in the system, that is, of a diquark pair and a spectator quark.
However, although quarks are fermions, correct antisymmetrization of the wave function is
often neglected in diquark calculations [1]. Antisymmetrization is necessary because of the
exchange of cluster quarks with the spectator inside baryons. Lichtenberg [1] pointed out that
if an attempt i1s made to syminetrize the wave function between a diquark pair and a quark
outside the diquark, then the wave function is more complicated, which results in losing some
of the value of the simple diquark picture (see also [2]). He furthermore pointed out that the
fact that some physicists obtain good predictions by using diquarks without completely
antisymmetrizing the wave function, shows that interference terms which result from
antisymmetrization are often less important. The only way to show that these interference terms
are indeed small, is to antisymmetrize the wave functions [1].

In this work a diquark is assumed not to be an elementary particle but rather a correlated
state of two quarks. Therefore the aim of this study is to investigate what effect antisy-
mmetrization has on the baryon mass in diquark models. It is with this in mind that a rigorous

determination of the effects of antisymmetrization in diquark-quark models of baryons within



the non-relativistic constituent quark model has been undertaken. The formalism has beeh
developed by Adam and Bakker [3]. The use of the non-local Generator Coordinate Method
(GCM) [4,5] in exchange operator kernels is proposed to theoretically study the effect of
antisymmetrization in diquark models of baryons. GCM was invented by Griffin, Hill and
Wheeler [6,7,8]. The GCM formalism has been applied to bound state problems and has proved
to be very powerful and general. Griffin and Wheeler [7] proposed that the distance between
the colliding particles must be the most importaﬁt degree of freedom which must also be kept
as the only generator coordinate. GCM is considered in this study and the required operator
kernels to be derived in chapter 4 are based on this method. In this work a non-relativistic
constituent quark formalism is applied to baryonic systems. In the model the state of the system
is completely characterized by the time independent diquark-quark wave function. Within this
approach, a systematic study of antisymmetrization in the ground state of a baryon built from

light (u and d) quarks is presented.

1.2 DIQUARK MODELS IN ACTION

A model in which a baryon is a bound state of a diquark-quark [9-13] is employed in this
work. The fact that [13] quarks cluster in pairs in baryons leading to a two-body structure is
a central idea in the diquark simplification of the quark model. The diquark is as old as the
quark mode] itself and was suggested by Gell-Mann in his pioneering paper on quarks [14]. He
suggested that a bound state of two quarks or diquark may be stable. Since then a number of
authors [9-13;15-19] have considered models containing diquarks. In particular, a model of
excited baryon states in which one quark acquires orbital angular momentum while the other

two quarks remain as an S-wave diquark, has been useful [17].



Leinwenberg [18] and Fleck et al [19], performed theoretical investigations of diquark
clustering which produced encouraging results. I‘Jeinwenberg employed a gauge invariant
method to investigate the clustering of the scalar diquark. Fleck et al.searched for the diquark
clustering in baryons by performing non-relativistic three-body calculations where ground
states and orbital excitations for different flavour combinations have been considered. A
diquark is regarded by Fleck et al [19] as a correlated pair of up (u) and down (d) quarks
having the right quantum numbers to combine with the third quark to form a baryon.
A diquark is defined by Anselmino [2] in two ways; first as any system of two quarks
considered collectively and second, as a two-quark correllation in a hadron containing more
than two quarks. According to a diquark model,if one quark is excited, the other two remain
unexcited relative to each other inside a baryon. The diquark may release a quark to be captured
by the spectator quark, which then becomes an unexcited diquark.
Close [20] proposed that one quark feels an attraction to two quarks in a baryon and that this
pair (diquark) can have the same effective colour charge as a single antiquark and in this way
attract and neutralize the third quark. Diquarks have played a role in the description of many
exclusion processes.
(a) NN elastic scattering [21]
(b) pp annihilation into hyperon-antihyperon pairs [22]
(¢) pp creation in photon-photon interactions [23]

(d) py elastic scattering [24]
(¢) Charmonjum decay into baryon-antibaryon pairs [25,26].

Lately a simplified diquark model has been used in the description of J/¥ -~ ppy [27]. It

has been also used to describe a violation of the Gottfried sum rule [28]. Diquarks were also



used to explain the abundant large - P, deuteron observed in 70-GeV pp interactions [29].

Concerning the baryon decays, in 1972 and 1973, Ono [30] used a diquark-quark model to
computerize the baryon decay rates where he found good agreement with experiment. By using
a diquark-quark model Bediaga et al [31] have been able to estimate the life-time of the
charmed baryon, /\C and its value was found to be in agreement with the experimental results.

To date about 300 papers on diquarks have been written [32].

1.3 OUTLINE OF STUDY
In chapter 2 the wave function for the diquark-quark system is discussed with respect to
symmetries;
(a) spatial, .
(b) spin,
(c) flavour and
(d) colour.
Chapter 3 is devoted to a discussion of the Schrodinger equation for the diquark-quark system
with four different central potentials:
(a) Bhaduri,
(b) Martin,
(c) Comell and, .
(d) Quigg.
A more detailed description of the operator kernels, namely
(a) norm kernel,

(b) potential energy kernel,



(c) kinetic energy kernel,

(d) form factor kernel,

(e) charge density and

(f) - root mean square radius,

is given in chapter 4. Chapter 4 is devoted to operator kemnels in the single channel case
whereas chapter 5 is devoted to operator kernels, namely

(a) norm kemnel,

(b) potential energy kernel and

(c) kinetic energy kernel

in the coupled channel case. The results are given in chapter 6. Concluding remarks and the way

forward are given in chapter 7.



2 TOTAL WAVE FUNCTION FOR THE DIQUARK-QUARK SYSTEM
2.1 INTRODUCTION
The total wave function of the diquark-quark (Dq) system is constructed such that it is
antisymmetric upon the exchange of any two quarks. The relation J =1 +S, where J is the
total angular momentum, i_ is the total orbital angular momentum and S is the total spin
angular momentum, will be used in this chapter in the discussion of spatial and spin parts of the
total wave function. The details of how the antisymmetric Dq wave function is constructed are

given in the following sections.

2.2 THE PAULI EXCLUSION PRINCIPLE

The Pauli exclusion principle is equivalent to the rule [33] that:

pairs of idéntical fermions can exist only in states whose total wave functions are

antisymmetric (change sign) under interchénge of the two particles.
In the case where all the three quarks of the baryon have the same flavour, the flavour factor
becomes symmetric under the interchange of any two quarks. The spin factor is also symmetric
under the interchange of any two quarks since all the quarks have the same spins and they point
in the same direction. The fact that the spins of the quarks couple together to form the total spin
of the baryon, implies that there is no orbital angular momentum (that is, L=0) for the three
quarks. This leads to the conclusion that the quarks are positioned in a symmetric way which
causes the space factor to be symmetric too, under the interchange of any two quarks. All three
factors are symmetric, and this causes the product of these factors to be symmetric as well.
This violates the Pauli exclusion principle. This contradiction between the quark model and the

Pauli exclusion principle was resolved in 1964 by Greenberg [34] by suggesting that quarks



must possess colour in addition to space, spin and isospin (flavour). This leads to thé
generalized Pauli exclusion principle [33] which states that:

the total wave function which consists of space, spin, isospin and colour must .

be antisymmetric for a pair of particles.
Mathematically the generalization of this principle can be expressed as (see also [35,36])

S

vo=w (E,8)%(5,8,m)v(T,t,m) ¥, 22.1)

—

where Y5, (Z,7) describes an orbital motion, ¥ (S, 3, m,) is the spin state, ¥ (T, t, m,) is
the isospin part and ¥ represents the totally antisymmetric colour singlet state. Therefore
the total wave function (¥, ) is antisymmetric on the interchange of each diquark constituent
with the spectator. The Pauli exclusion principle is an important tool of understanding fermion
systems and because the baryons are fermions they are therefore subject to the Pauli exclusion
principle.

In chapter 4 the spatial wave function which fully takes into account the antisymmetrization will

be discussed.

2.3 THE SPACE WAVE FUNCTION
For the diquark-quark model there are two orbital angular momenta ilz and T , Where
L |, 1s the orbital angular momentum of the chosen pair of quarks in their mutual centre-of-
mass frameand L , 1s the orbital angular momentum of the spectator quark about the center-
of-mass of the pair in the total centre-of-mass frame. The total orbital angular momentum can
therefore be written in the form
L=L1,+L, (2.3.2)

in the diquark-quark model.



For the lowest lying state (S-state):
L= 0 (2.3.3)
and furthermore it is assumed, in a single channel approach, that
I, =L,=0 23.4)
Denoting the wave function of the diquark by ¢; and that of the diquark-quark by Y5y the
unsymmetrized baryon wave function is then given by
v (€, 5) = o5(D) ® v (1) (2.3.5)
where £ is the relative coordinate of the pair of quarks and 7 is the relative coordiante of the
spectator quark a.boﬁt the centre-of-mass of the diquark in the total centre-of-mass frame. The

requirements that any bound state wave function and its derivative [37] must meet are

(a) @ and W5, must vanish at least at £ = +» and fj = =t respectively.

b) &, ——, ¥~ and 2 must be finite and continuous.
D
PTodg " M dn

The symmetrized space wave function of baryon will be discussed explicitly in chapter 4.

2.4 THE SPIN WAVE FUNCTION
Spin is a quantum degree of freedom. It is a form of angular momentum, an intrinsic

angular momentum which is not associated with orbital motion. The spin angular momentum

is represented by the vector S and the quantum number for the spin angular momentum by the

letter s. The total spin angular momentum can be expressed in the form (see also [38]):
S=5,+5,+5, (2.4.6)

for all the three quarks inside baryon.

A baryon is a bound triquark state with either spin- % or spin- % . Because in this work only

r8

the baryon with the flavour configuration uud or udd is treated, spin- -g’- will not be treated as



it is suitable for flavour configuration uuu. When the spins of two quarks in a baryon couple
they either form a scalar diquark, s,, = 0 or a vector diquark, s, = 1. Kobzarev et al. [39]
noted that in the ground state, the baryon has an equal probability of having either the scalar
or the vector diquark. The scalar diquark spin state is antisymmetric whereas the vector diquark
state is symmetric. In the case of the scalar diquark, the two quarks have opposite spin
whereas in the case of the vector diquark the spins are parallel. For the three-quark system there
are two kinds of mixed symmetric states, the I1_-type and I1, -type constructed as follows (see,
for example [40]):
(i) the I, -type state is constructed from coupling spins of quarks 1 and 2 to form a scalar
diquark which after coupling with spin of quark 3 the total spin S becomes
S=slz®s3=0®%=% (2.4.7)
In this state the spin wave functions are antisymmetric between quarks 1 and 2 but under the
interchange of quarks 1 and 3 or 2 and 3, they are neither symmetric nor antisymmetric.
(i) The I1,-type is constructed from coupling spins of quarks 1 and 2 to form a vector
diquark where after coupling with quark 3, the total spin S is
| 5=5,8s5,=18 2 =2 (2.48)
In this state the wave functions are only symmetric in quarks 1 and 2 and there is no possibility
for a totally antisymmetric spin-state for the bound triquark state taking place. By considering
2x2x2=8
=4+2+2, (2.4.9)
it is clear that there are 2° states in a baryon made of identical quarks because each quark can

be labelled as spin up or spin down. Equation (2.4.9) means that there are four symmetric

states, two mixed symmetric I1, -type and two mixed symmetric IT,-type states.
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For the coupling of quarks 2 and 3 as well as 1 and 3 to forms . ands , respectively, the same
procedure is followed.

The spin-1 state has the symmetric triplet states:

x1 ()x1(2), s=1, M =1
2 B
e = 4 (X1 (1) x_ 1 (2) +x 1 (1) X1 (2)), S=1, M =0
P J2\ 2 2 z z
x_1(1)x_1(2), s=1, M_=-1
2 2

(2.4.10)

where x 1 represents the spin up and x 1 represents the spin down. The spin-0 state has the
2 2

antisymmetric singlet state:

- 1
e = fx1(1)x 2
0 /2 ( 2

(2.4.11)
In spin formalism using the Clebsch-Gordan coefficients and T, = 0 , eqns (2.4.10) and (2.4.11)
can generally be written as

- 11
%-?J;;slszlswxsl(1)x52(2) 2.4.12)

1

where c =5, +s5,,s5 =5, =+= or L and x 1s the spin wave function of a quark.
2 2

2

Therefore the total spin wave function of the baryon is given in the form:

11 1
¥o= Y <EEslsz|so><sEos3|SMs>xsl(1)x (2)x_ (3) (2.4.13)

S s
2 3
5152530

where
s,*s,*s,=o+s =M_and 53=% (2.4.14)

Since the diquark is either a scalar or a vector, eqn. (2.4.13) becomes
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PPN (12, 3)

Nof

(2.4.15)

where the subscript 1 refers to the vector diquark and the state (12,3) refers to the diquark-

quark system comprised of the diquark, (12), and a quark 3. For the scalar diquark eqn.
(2.4.13) becomes

w;pin(12,3)0=;1. i () x1(2)x
‘/§ 2 7z 2 2 2

(2.4.16)
where the subscript O refers to the scalar diquark. On exchange of the diquark constituent,

that is, quark 2 with quark 3, eqn. (2.4.13) becomes

W;pir‘(l3,2)l=i[2Xl(l)Xl(B)X_l(z)_Xl(l)x‘l(B)Xl(z)
\/E 2 2 2 2 2 2
X 2 (1)x1(3)x1(2)]
2 2 2 (2.4.17)
when the vector diquark is taken into account and
WP (13,2) o= —Ixa (1) x_ 1 (3)x1(2) =x_1(1)x1(3)x1(2)]
? 2 3 5 7 3 3 Z
(2.4.18)

when the scalar diquark is considered. The next exchange of the diquark constituent, that is,

quark 1 with the external quark 2 in a baryon changes eqn. (2.4.13) into the form
peRin(32,1) =

2
NG

(2.4.19)
for the vector diquark and
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PPN (32, 1), = X

SIS

I
JZ
(2.4.20)

for the scalar diquark.

2.5 THE FLAVOUR WAVE FUNCTION
Baryons occur in groups or multiplets of like masses in which the particles differ with
respect to charge. The isospin is denoted ble. The z-component of the isospin, M, is
quantized according to
M, =T, T-1,.,-T | (2.5.21)
The main purpose of isospin formalism is to allow u and d quarks to be considered as identical
particles with respect to mass (see also[ 41]). According to elementary group theory, the three
fundamental multiplets (representations) of SU_(3) (F for flavour) can be given by (see also
[42]:
3x3x3=10+8+8+1 (2.5.22)
The relation (2.5.22) indicates that there are 10 symmetric states, 8 mixed symmetric mr_ -type
and 8 mixed symmetric 11, -type states. The 1, -type is antisymmetric and 1, -type is symmetric
under the exchange of quarks 1 and 2. In eqn. (2.5.22) 1 represents a totally antisymme'q‘ic state

under the exchange of any pair.

Therefore
( uu
Cb_t:lavour - J_l_ (ud +du) (2 5 23)
: \/2_ 5.
dd

for the vector diquark and



oty = L (ud - du) (2.5.24)
vz
for the scalar diquark.
For the r, -and 1, -types
goavowr = (g - gu)u (2.5.25)
V2
and
prisveur = 2 [ (ud + du)u - 2uud] (2.5.26)
NG

respectively. By analogy with spin wave function the following, for the bound states (12), (13)

and (32), can be found:

and

Wélavour(12,3)l = i[ZCi(l) C1(2)C 1(3)-C1(1)Z 1(2)C1(3)
\/-6-3 2 Z z H 2 2
2 1(1)21(2)21(3)]
2 2 Z (2.5.27)
lI;élavour(lzl3)0:_1_[ci (1) é_i(Z) C1(3) —é_l {(1)C1(2)C1(3)]
‘/_2— 2 2 2 2 ) B
(2.5.28)
wheveur (13,2) = 1120, (1)21 (3041 (2) ~23 (1) 21 (3) 21 (2)
‘/-6_3 P 7z z ] Z z
2. 1(1)¢1(3)21(2)]
2 ? 2 (2.5.29)
ilevour (13, 2) = L 120 (1)2 1(3)2,(2) -7 1 (1)21(3) 21 (2)]
2 : 32 3z 3
(2.5.30)
IR (32, 1) = = (205 (3001 (2)2 1 (1) =25 (3) 7 1 (2) 24 (1)
J& 7 3 H 3 7 2
-2 1(3)21(2) 23 (1)]
2 2 2 (2.5.31)
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flavour —
vt (32,1), =

N =

1
=17
/2

(2.5.32)

2.6 THE PROJECTIONS IN SPIN-FLAVOUR SPACE
The projections in spin-ﬂavour space are calculated as follows
P=<w(1,2,3) @ w(1,2,3)]¥:(3,1,2) Q v'(3,1,2)>
= <w(1,2,3) |w3'(3,1,2)><¥i(1,2,3)[¥(3,1,2)>

_— Y 5 5., (2.6.33)

12

J2 2

L

2
where

<tp§(1,2,3)|wg'(3,1,2)>=—sé’J

S (2.6.34)

and

=

2
tt

<wt(1,2,3)|wt'(3,1,2)> = -tt

Lt

2 L -
) 5., (2.6.35)
2

where the Wigner 6] [43] symbols are defined by

J1*t32%33%3

<j1j2(jlz)j3jm|jlj2j3(j23)j/m/>,=6jj’6rmnf(_l)
J, 3, 7
I, D (23,0 4. O
B Js J Juos

(2.6.36)

For the scalar and the vector diquark basis functions, the following matrix elements can be
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obtained by using eqns. (2.4.15) through (2.4.20):

<np;(1‘2,3)1|1p;’<31,2)1>=—%555, (2.6.37)
<wg(12,3)1|wg’(31,2>0>=géss, (2.6.38)
<W§(12'3)0|W§I(31’2)0>=%655’ | (2.6.39)
<w;(12,3)0|wg/(31,2)1>:gass, (2.6.40)

with analogous expressions holding for the isospin functions and for the (231) permutation. In
the case of central spin-independent potentials, the spin/isospin wave function will be a

symmetric mixture of vector and scalar basis functions. That is

1 s
W};S't) (1,2,3) = E{Wé ) (1,2, 3)1\Pét) (1, 213)1
el (1,2,3) % (1,2,3) ) (2.6.41)

Using eqns. (2.6.37) through (2.6.40) and the identical results for the isospin matrix elements
it is easy to show that

<wls™(1,2,3) vl (3,1,2)>=1 (2.6.42)
Indeed, this must be so, because for a symmetric basis function any cyclic permutation maps the

basis function onto itself

2.7 THE COLOUR WAVE FUNCTION

The force between quarks originates as a result of the interaction between colour charges.
Colour theory assumes that any quark inside a baryon can take on one of the three different
colours, namely red (R), green (G) and blue (B). The baryons are colour singlet, that is, they

are colourless. The colour part of the baryon (Dq) wave function is therefore [44]
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- X (RR + GG + BB) (2.7.43)

73
This equation means that the diquark colour wave function is an anti-triplet. There are six ways

colour

of making a symmetric combination of two colours and three ways of forming an antisymmetric
combination (anti-triplet) (see also [20]). In other words any pair is in the 3 and is
antisymmetric. The six symmetric combinations are
RB + BR; RG + GR; BG + GB; RR; GG; and BB (2.7.44)
and the three antisymmetric combinations are
BR - RB; RG -GR and GB - BG. (2.7.45)
In qq system the state 3 indicates that indeed a diquark acts like an antiquark in colour space.
In qqq system
qqq=10+8+8+1 (2.7.46)
The singlet state 1 is an indication that qqq system is the physical system of baryons and it must
be borne in mind that there are the only physicaliy observed states. It must be noted that any
pair of quarks can have spin = 0 or 1 and SU(3) lavour = 3 Or 6. Here 0 and 3 are
antisymmetric and 1 and 6 are symmetric under interchange of the labels. If the qq structure of
a diquark D is considered, eqn.(2.7.43) becomés (see also [20, 44])

paas =i{i (GB-BG)R+-L(BR—RB)G+—1-(RG-GR)B} (2.7.472)

Colour ﬁ ﬁ ﬁ \/.2.

This equation is allowed and required by colour confinement and can be generalized as [45]
1
lpc - ﬁ e~ €91 9o I3 (2.7.48b)

where e, is the permutation symbol defined by e, = +1 ifi, k, 1 is an even permutation
of 1, 2,3 ore_  =-1 if any two of the subscripts i, k, | is an odd permutation of 1, 2, 3 or

£, = 0if any two of the subscripts i, k, | are equal. For example
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€ ,,56,5,=€,,=1 and ¢, =g, =¢,. =-1. This colour singlet consists of a triplet
combined with an anti-triplet. This equation is totally antisymmetric under exchange of any two
identical quarks and totally symmetric under a cyclic permutation. Any pair inside the baryon
is in the3 and is antisymmetric. The remainder of the wave function must therefore be totally

symmetric under exchange. The colour R, G or B of a quark can be represented by the so called

colour spinors, namely (see also [38], [45])

1 0
C,=R=| 0|, C,=G=[1], C,=B=| 0 (2.7.49)
0 1

It must be noted that the colour wave functions are acted upon by the so-called colour

operators. Eight independent colour operators are identified as follows (see also [38], [45]):

~ 1 .
C= E}\i (1=1,2,3,..,8) (2.7.50)
with
010 0 10 1 0 0
A =10 0f, A=l -1 0 0f, A,=| 0 -1 0],
000 0 00 0 0 0
0 0 -1 0 00
A,=l0 0 0Of,- A,=00 0], A =0 0 1],
100 100 010
00 O 1
A=[0 0 -1, A= 01 0 (2.7.51)
0 i O 0 0 -2
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3 SCHRODINGER EQUATION FOR THE DIQUARK-QUARK SYSTEM.

3.1 INTRODUCTION. |

The Schrodinger equation is required in this work to generate the data for the space wave
function and to determine the energy eigenvalue by the search method for both diquark and
diquark-quark systems. The treatment of the motion of quarks inside baryons is an example of
a few-body problem. In éuch systems each quark interacts with all the others. If the forces
acting between these quarks are known then the Schrodinger equation of their motion can be
written down.
A quark of constituent mass, m, moving in a field of spherical symmetry, obeys the
Schrodinger equation for a stationary state:

HY (r,0,9) =E¥(r,,9) (3.1.1)

where H is the Hamiltonian operator written as

H=-—V?+V(r) (3.1.2)

2m

"~ and ¥ (r, 6,9) is the wave function of the quark dependent onr, 6 and 3.

For three particles, equation (3.1.1) generalizes to

12 & \V 3
H=-1Y 1+ )
7w gy ) (3.13)

where V (r,,) is a central potential which is dependent on the relative distance only. The

Jacobi coordinates for three bodies are given by (see also [40, 46, 47]):

=%, -1 (3.1.4)
L _ 2 o ItE
n=—I(I,- ) ( 3.1.5)
/3 2
and
S
R = 3 (T,+T,+L,) (3.1.6)

where ¢ is the separation vector between any two chosen particles, 7 is the separation vector
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between spectator quark and the centre-of-mass of the diquark system and R is the relative

coordinate of the centre-of-mass of the diquark-quark system.

3.2 CENTRAL POTENTIALS

A range of central potentials have been u_sed in this work to balance the opposing
requirements of mathematical convenience and physical realism. They depend on the
coordinates of the system only. In other words, consideration is given to the motion of three
quarks inside a single baryon which are subject to forces that depend on the positions between
two quarks and between diquark and a quark. In the three-body problem, the central potential

energy in eqn.(3.1.3) for the three identical quarks, is written in the form (see also [47]):

1=i<j
=V(r,,) +V(r, +V(r,,)
=V(E) +V (&) +v (" (3.2.7)
where (see also [46, 48])
£E=% -%, (3.238)
2/ o -
&= r,-r,
= —i_’ ﬁ_’ ‘
2§+7n (3.2.9)
and
2/ - -
& =I,°I,
1z V3.
2‘5 5 n (3.2.10)

Four central potentials are employed in this study:
(a) Bhaduri potential [49],

(b) Comell potential [50],
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(c) Martin potential [S1] and
(d) Quigg potential [52].

These potentials are discussed in the subsections below.

3.2.1 Bhaduri potential.

The central potential that will be used with the Schrodinger equation is given by

-2 ipr D (32.11)
qq r ij

13
This potential has been used by Bhaduri, Cobler and Nogami. It is sometimes called a "
Coulomb- plus-linear" potential [53] because it rises linearly in r at large distances and it is
coulombic in r at short distances .The potential was proposed to generate the spectra of
mesons. From the Lipkin rule [54,55,56], the qq interaction is half as strong as the Vs
potential in mesons [57, 58, 59]. This assumption is not rigorously justifiable although
compatible with the experimental results on baryons. That is,

1

Vi = —2-an (3.2.12)

where Vs is given by eqn. (3.2.11).
Equation (3.2.12) gives the relation between the quark-antiquark and the quark-quark

potentials. The shape of a typical qq potential is shown [60] in fig. 3.1.
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Fig.3.1 A funnel-like potential.
vwhere V denotes the potential and R denotes the relative coordinate of either the diquark or the
diquark-quark system. This potential is named a funnel-like potential because of its shape. The
relation between the diquark-quark potential and the quark-quark potential is analogous to eq.
(3.2.12)..
Vg, =2V, =V (3.2.13)
where V__andV__ are given by eqns. (3.2.11) and (3.2.12) respectively.

Equation (3.2.13) describes a two-body potential.

3.2.2 CORNELL POTENTIAL
This potential has the same form as that used by Bhaduri, that is, eqn.(3.2.11), and the
difference is only in the parameters [S0]. Eqns.(3.2.12) and (3.2.13) are also used for this

potential.
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3.2.3 MARTIN POTENTIAL
The power law potential
"V(r) =A+Br® : (3.2.14)
has been proposed by Martin for mesons [51]. Later on, Richard and Taxil [59] applied this
potential to baryon spectroscopy. In this work the parameters which were used by Richard and
Taxil have been adopted and are discussed in chapter 6. Eqns. (3.2.12) and (3.2.13) are still

applicable to this potential.

3.2.4 QUIGG POTENTIAL
Quigg and Rosner proposed the potential of the form [52]
Vi =Aln(Br) (3.2.15)
where A and B are the adjustable parameters. This equation was also used by Lipkin [53] in his

analysis. Eqns.(3.2.12) and (3.2.13) are similarly used for this potential.

3.3 KINETIC ENERGY OPERATOR.
The laplacian operator for the three identical quarks in eqn. (3.1.3) can be written as
3
Y Vi=Vi+Vi+V (3.3.16)
for the three-body problem. By using the Jacobi coordinates eqns. (3.1.4) through (3.1.6) and

the chain rule method, the following is obtained

- 9t - oF% = OR =
V. =25 .V + V=2V
1 arl § or, ”+ar1 R
o la 1g |
=V, -—=V +2V, (3.3.17a)
3 "3
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-~ - 1= 1=
and
T -29 +1v (3.3.17¢)

On squaring eqns. (3.3.17a) through (3.3.17c¢) the following are obtained

1 1
V§=V§+§V§+—9V§ , (3.3.18)
1 1
Vg =V§+-§V§+§V§ (3.3.19)
and
4 1
Vg = §V§ + EV}i (3.3.20)

Therefore on adding eqns. (3.3.18) through (3.3.20), eqn. (3.3.16) becomes

3

1
;Vf = 2V§+2V§+§V§ (3.3.21)
In this work, the motion of the baryon is ignored but the motion of the quarks inside a single
baryon is taken into account. Therefore the factor iV}i is dropped in eqn.(3.3.21) and this
3
leaves
3
Y V= 2(VE+ V2 (3.3.22)
i1 ¢ 1

This operator gives the kinetic energy operator of the baryon as

2.3 V? 2
r=-l Y =P vzevy (33.23)

B 25 m, m

where m =m =m, =m, is the mass of the quark.

3.4 VIRIAL THEOREM
For the stationary state, the virial theorem is written in the form (see also [61])
<T> = %<f.\7v> (3.4.24)
The quantity %{f .VV> is called the virial of the particle(s). When the forces are central and

conservative, eqn.(3.4.24) becomes
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<r> = Ler Vs (3.4.25)
2 dr

The virial theorem is applied in the calculations of both the diquark and diquark-quark systems

without effecting antisymmetrization.

3.5 RADIAL SCHRODINGER EQUATION

The Schrodinger equation is used with a range of central potentials discussed in section
3.2 to determine the wave functions for both diquark and diquark-quark systems in a non-
relativistic approximation. For spherically symmetric potentials, the angular part of the
Schrodinger equation is separable from the radial part. In this section the radial equation for
the central potentials is discussed. Eqn (3.1.2) can be written as

v2y + 2B (B - v(r))w=0 (3.5.26)

'.hZ
for a spherically symmetric potential where V° is the Laplacian operator, E is the energy

eigenvalue and V(r) is the central potential. By letting ¥ to be the function, ¥ (r, 6, 9) , the

following can be obtained.

voy = L 9° i 1 0 i n0%, 1 0%y
ror? r2sing 06 06 r?sin?6 99?

(3.5.27)

The solution of the Schrodinger equation can be separated by standard techniques [62], as

follows.
If
¥(r,6,9%) =R(r)Q(e,9) (3.5.28a)
and
2m
F(r) = ?[E—V(r)] (3.5.28b)

then
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ST JPNNUNNE Y I SN RO R
TR 3r? (rR) +riF () Q{Sine 56 (5% T sin2e 9e?
(3.5.29)
Eqn.(3.5.29) leads to [62]
2
19" Ry +F(r)--L1R=0 (3.5.30)
r dr? r?
and .
1 38, . .00 1 8%
- Y gy - - = = 3.5.31
siné GG(Sln 86). sin%6 997 = ( )

Eqs (3.5.30) and (3.5.31) are called the radial and the angular equations respectively. In order
to yield permissible solutions
R=1(1+1) ,1=0,1,2,... (3.5.32)
where | is the orBital angular momentum which determines the angular part of the wave
function. The values of | do not depend on the shape of the central potential, V(r). Therefore
eqn.(3.5.30) can also be written as [62]
h d?

2
——(rR) +V{(r) (rR) +lM

(rR) =E(rR)
2m drz 2m re

(3.5.33)
If U(r) = r R(r), which is called a reduced wave function, and 1=0, eqn.(3.5.33) is much simpler
to solve than eqn (3.1.1) and has the form of one-dimensional Schrodinger equation but differs
as follows [63]:
(a) the vanabler, ranges‘ from zero to infinity whereas x is considered from the negative
infinity to the positive infinity.

(b) the radial wave function, R(r) is finite at the origin following the condition that U(0) = 0,

_ U(r)
—

where R (1)
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4 THE SINGLE CHANNEL CASE

4.1 INTRQDUCTION

This chapter treats the single channel case only, the coupled channel case being discussed
in chapter 5. In the single channel case only one spin state of the diquark is considered, that is,
either the scalar diquark or vector diquark. These are respectively the spin-0 and spin-1
channnels. If the two channels are simultaneously considered then the coupled channel case is
obtained. In this study numerical caiculations are performed only in the single channel case.
However the algebraic expressions for the coupled channel case are derived in chapter 5.

It has been shown in chapter 2 that the total baryon wave function in a non-relativistic
independent quark model consisting of four factors, namely colour, flavour, spin and spatial,
must be totally antisymmetric under an exchange of any two quarks. The main aim of this
chapter is to discuss and derive the spatial compdnent v, (£, 1) of the operator kernels

effecting the antisymmetrization.

4.2 MEAN SQUARE RADIUS

If the volume density of a system is p, the mean square radius is given by

293
pr“d’r
<r?>= f—— 4.2.1)
f pod*r
where r is measured relative to the centre-of-mass of the system.

For a two-quark system, o (T) is expressed in terms of the wave function @. Therefore

+ [le(z,-2,) |75 (2-2,)5 (% +%,) d°r, d°r (4.2.2)
Since the condition & (¥ +¥,) = 0, is imposed to remove the centre-of-mass, the equation

T, = -I,, holds. Therefore
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p(T) =2|®(27) | (4.2.3)

By substituting eqn. (4.2.3) into eqn. (4.2.1), the following is obtained
f|c1> (27) |%r?d>r

<r?>= (4.2.4)
f|®(2f) |2d°r
If ©/= 27 then
<(2)P>=<(27)2> =4 <r®> (4.2.5)
Therefore the root mean square (r.m.s) radius can be written in the form
1 o (/) |22 2d%r/ L
a?=2 /! | i (4.2.6)

2 f|¢(f/)|2d3r/

4.3 EXPECTATION VALUES WITHOUT ANTISYMMETRIZATION

In Quantum Physics, mathematical operators play a central role. An operator is considered
to be some instruction that when applied to a function, changes it into another function. In this
thesis an operator O is designated by the small circumflex over it. In order to calculate the mass
of the baryon the expectation value of the operator O must be defined. Two postulates of
quantum mechanics [63] are:
(i) the average of a large number of measurements of the observable O of which O is the
operator and & is the wave function is given by

f®*6¢d3r

<0> = (43.7)

f o*od °r
(i) the product of ®*® is a measure of the probability that the particle with state function
@ can be found at the position r of configuration space, that is, "¢ is a measure of particle

density at r.
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Eqn. (4.3.7) is called an expectation value of operator O. Therefore from eqn. (4.3.7) the
expectation value of the potential energy for both the diquark and the diquark-quark systems

can be respectively given by

. - (4.3.8)
[es@re5(2)a’e
and
w2 () Vs, (n) ¥ (7)) d°n
<Vs > = 5 (1) V5, (n) %5, (1 (4.3.9)
) [, ) e, (@) a’n

where £ and T are defined in eqns.(3.1.4) and (3.1.5).
The expectation value of the kinetic energy for both the diquark and the diquark-quark systems

are also given by means of the Virial theorem

L. dVs(E)
%f 2B E—2 o5 (E)a
<T-> = % (4.3.10)
[es (€ eg(2)ae
and
. V-_(n) .
Ll (in—2 e (#)ak
2 Dq dn Dg
<15 > = : 4.3.11)
[, (8) w5, (f) d°n

where <T-> and <T; > are generally defined in eqn. (3.4.25).

4.4 EXPECTATION VALUES WITH ANTISYMMETRIZATION
4.4.1 Operator kernels for diquark models of baryons
If the coordinates of the identical quarks 1,2 and 3 in a baryon are specified as 7 I

2

and T, then the coordinates of the centre-of-mass of the two-body substates 12, 13, and 23 are
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given by
T +7
2t 2
Rl2 - 2 ?
R’ _ itl + i;3
13 - 2
and
T +7T
g _ 2 3
R,, = > (4.4.12)

In the centre-of-mass the coordinates ¥, ¥, and T, obey the condition that

l’

-0 (4.4.13)

[t

T+ +
I'l r2

3

This condition represents the centre-of-mass at rest. In the diquark model the spatial wave
function must be in the following form:

v (E,1) = &5(2)®w. (7)) (4.4.14)
where £ and Tj are given by eqns. (3.1.4) and (3.1.5). Therefore the expectation value for the

operator O as given by eqn. (4.3.7) becomes

>

. [w(E, ) 0%, (E,f)dd™
<i>
for the baryon where <1 > is the normalization. By taking into account the effects of exchange

(4.4.15)

between the diquark pair and the external quark, the expectation value of the operator O is

defined as

-fi) 15 (X)) d*€d®nd Xd *x’

(4.4.16)
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Al®;(2)8(X-1j)1d%d’n (4.4.17)
then

b (4.4.18)

<1>
where K, (X, X 'y is the operator kernel, A is the antisymmetrization operator and ﬁ)sym is the

symmetrized form of the operator O.

To make eqns.(4.4.15) and (4.4.18) equivaleqt, eqn.(4.4.18) needs to be divided by the
expectation value of the norm kernel K; ( X,X') . There are two parts to any operator kernels -
direct and exchange. The capital letters D and E will be used for the direct and exchange parts

respectively.

4.4.2 The norm kernel
4.4.2.1 The direct part of the norm kernel
Equation (4.4.17) becomes

KD (

X,X') = [o3(£) 5 (X-1i) 05(8) 3(X
=5(X-X') [os(E)e5(E)a% (4.4.19)

for the unnormalized o (E) )

4.4.2.2 The exchange part of the norm kernel

Equation (4.4.17) becomes

Ky (X,X) =2[e5(8) 8 (X-5) o5(2) 5 (X -1 d°ed *n
2 * i hpd — —
=2(2)% () =% LR e (1 L7+ 2F1) (4420
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where the factor 2 arises from the equivalence of the (13) and (23) permutations in

even parity states. The variables £/and 7/

1- /3
=5+ 4421
2& o1l ( )

and

3. 1
- - _ta 4422
> £ 57 ( )

These coordinates describe the exchange between quark 2 and quark 3 in a diquark and a

diquark-quark respectively.

4.4.2.3 The expectation values of the norm kernel
The expectation values of the direct and exchange parts of the norm kemel are

respectively

<K (X, X ) > = [wl () o5 (E) o5(2) w5, (X) dEd X (4.4.23)
and -
7 b g4 2 * s * s hpd
CKE(R, %) > = 1280 g (% q>5(|ix’+_1_x|)¢5(|%x’+—x|w_ (X

X7 (X')?2dxax /dn | (4.4.24)
where

= — (4.4.25)
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4.4.3 The potential energy kernel
4.4.3.1 The direct part of the potential energy kernel

Equation (4.4.17) must now be written in the form

1 2f¢5<2>v<|73>?+i£l>q>5<é>d3g} (4.4.26)
or
K2, R =5 (X-R){[o5(E)v5(8) 05 (E) a%¢
+ 2f¢g(€)vu‘/7—>?— 1&()%(5)&5} (4.4.27)
which implies that eqns (4.4.26) and (4.4.27) are equivalent.
4.4.3.2 The exchange part of the potential energy kernel
Equation (4.4.17) takes the form:
KE (X, X) =2[@%(2)@(2—ﬁ)§v<rij)%(é)6(2’—ﬁ’)d3ad3n
=2 (L)l AR LR he (1 1%+ 250
V3 Vi3 V33
VO 28 LE ev AR 25 v 25 L7
3.3 V3ioo5 VERENE]
(4.4.28)

for the exchange term for the potential energy kernel and the factor 2 has the same meaning as

in section 4.4.2.2.
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4.4.3.3 The expectation values of the potential energy kernel.

The expectation values for the direct and exchange terms are respectively expressed

in the following forms

{V( EE-SES JIOY —E+—3X|)}§szd£d><du
2 2 2
(4.4.292)
or
3 o XD kT z iy
<KP (X, XD > = U5 (X) 05 (B) V5 (8) 05 (8) w5, (X) d’gd X
2 * e * 72 l"' \/§"’ = i
+ 16m fqu(x>d>5(£)V(|-2-a+7><|)%(§)w5q(><)
£2X 2dEdxdp (4.4.29b)
or
<KP(X,X)> = [wl ()05 (8) V5 (8) &5 (2) vy (X)dEd X
C S e 1- /32 = -
+16n2f‘P5q(X)q>5(§)V(,—2-E‘TXI)%(E)WEQ(X)
| £°X ’dgdXdnp (4.4.29¢)
£.X
h =2
where 1 X and
<KF (X, R > =802 (=) fol (K)el(| 2R+ L)oo (| =8+ 2% ) (&)
’ ﬁfDQDﬁﬁDﬁﬁDq
{v<|ii’+ii|>+v<|—i’+ix1>+v<|ii’—if<|>
YERNE] 3 3 VERRRE]

X 2(X) 2dxdx ‘dn (4.4.30)
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4.4.4 The kinetic energy kernel
4.4.4.1 The direct part of the kinetic energy kernel
The direct term for the kinetic energy kernel is given by

[e5(8)8 (X-1i) (2V2+2V2) @5(£) & (X'-fi) d°¢d’n

= ——6<>“<->?’>{f<p—D<E)v24>—D(€>d3a - V;, [o5 (E) cbg(é)d%}
(4.4.31)

where the expression 2V{ + 2V is defined in eqn.(3.3.22).

4.4.5.2 The exchange part of the kinetic energy kernel
The exchange term of the kinetic operator kernel is given by
s 3/ ooz 2 2 s 3 3
KP(X,X') = -Z—f@(i) & (X-1) (V2+V§)®—(§ )& (X-1i)) d*ed"n
= - [L(E) 8 (X-1i) (V; +V2+V,+ V. ) 05 (E) 5 (X ') d *ed
(4.4.32)

After some algebra, eqn. (4.4.32) becomes

KTE(X,X/):—l(i)3@E(Iixl+—2—X|)V2®5(|iX+iX/|)
I CANE R 5
+q>_(|_)2+ii’|)vzq>5(|_l_§’+i)‘('|)

Ve VRV
F V2Ol (| R 2R oy (| =5+ L)
ERE 3B
* 1 - - -
+V}2(,q>6(|__x+ix’|)<p6(|__l_x’+ix|)
YR 5

(4.4.33)
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4.4.4.3 The expectation values of the Kinetic energy operator kernel
The expectation values for eqns. (4.4.31) and (4.4.33) are respectively
D“"/_hz*"*"z Tyw. (wy 343
<KL (X, R)> = - [ (D) ef(E) Viog(8) vy, (X) ded X
= - [ (D) Vieg, (X) o5 (B) @5 (£)d°Ed X (4.4.34)
and

<KE(§<,>Z/)>=8n2fwi (X)KE(X, X, ) w- (X)x2(x)2dxdX'dn  (4.4.35)

4.5 FORM FACTOR
4.5.1 INTRODUCTION
The form factor is defined as [40]

F(3) =fp<f)eiff-fd3r (4.5.36)
where p () is the charge density normalized to unity and @ is the wave number vector, that
is fp(f)d3r =1 (4.5.37)
For a point distribution,

F(§) =1 (4.5.38)
For a spherically symmetric uniform charge distribution, o () = o, with a charge edge at =R
the form factor, eqn.(4.5.36), becomes [40]

dnip,

F(q) = (sin(gR) ~qRcos (qR) ) (4.5.39)

3
q
For a smooth charge distribution [40]

3

P g our (4.5.40)

p(x) =E

, Where s a constant, the form factor, eqn. (4.5.36) becomes
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q 2
F(q) = (1+=2)7° (4.5.41)
. Pl '

Equation (4.5.41) is called the dipole form factor. Taking p® = 0.71GeV ? [64] gives good
agreement with the proton experimental form factor, 0.83 fm [64]. To take into account the

low-q 2 contribution of the mesons, the monopole form factor is defined as [64]

Q2
F(q) = ~ (4.5.42)
Q2 + q 2
where Q = 0.795GeV [64].
To account for the dressing by a meson cloud, the monopole meson term [64]
QZ
F(q) = F U (q) (4.5.43)
O +q?

can be considered, where FEquark (q) is the electric form factor to be numerically calculated

in chapter 6. Equatioh (4.5.43) describes the bare-constituent quark model with meson cloud.

4,52 FORM FACTOR WITHOUT ANTISYMMETRIZATION
To calculate the form factor for the diquark-quark system, the spherical Bessel

function [65] will be used as the operator. This is defined by

_ I
jl(x)‘;\—z; l+—£(x)
= (g1, 1 d 1 sinx
(-x) (x = = (4.5.44)
In this study 1=0 and x = q (%, - R) and therefore eqn. (4.5.44) becomes
. L - sin (q|F, - R|)
j (q(¥, -R)) = d' L | (4.5.45)
q|T, - R|
From eqns. (3.1.5) and (3.1.6) the following can be deduced
- = 1.
¥ -R = =7j (4.5.46)
SR

The form factor for the diquark-quark system is therefore defined by the following equation:
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[wgq(ﬁuo(%ﬁ)wﬁqm)d%
Fp, (Q) = - - ﬁ‘/_ — (4.5.47)
fll’gq(n)‘l’gq(n)d n

4.5.3 FORM FACTOR WITH ANTISYMMETRIZATION
4.5.3.1 The norm kernel
The direct and exchange norm kernels are respectively given by eqns. (4.4.23) and

(4.4.24).

4.5.3.2 The form factor operator kernel

Here the operator kernel is given by

; = n 9 S Y N 7
Zsinq|f.—R| Sin—r7n sln—n°  sln——7 ,
S B, BB (4.5.48)
q|f. -R| 9, 9 A
NE] V3 NE]

4.5.3.2.1 The direct term
The direct term for the form factor operator kernel and its expectation value are

respectively given by

sinin

K2 (%, X) =[cbg('é)—q‘/—i%@)‘a(i—ﬁ)é(i’—ﬁ)d%d% (4.5.49)

—n

/3

and
sin 3x
<KX, X')> = 16n [0l (X) 95 () qﬁ 5 (€) vy, (X) £2X 2dXdE
—X

V3 (4.5.50)
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4.5.3.2.2 The exchange term

The exchange term of the form factor operator kernel and its expectation value are

calculated as follows:

sin—n sin—n
g x , 7 3 e = = -
KE(X,X) = [o5(8) R q‘/— o= (85 (X-1) 8 (X'~ d%ed n
q H
—n —
V3 V3 (4.5.51)
and ' o o
, sin-Lx’/ sin-L|X+X/|
A * had * had = 3
<KE (X, z/y> = 840 f\P—Dq(X)Q—D(iX/hLX) ERE

V33 Ix L X+X
/3 3
@—(ii/+iX)W— (X)X 2 (X') 2dXax 'dp (4.5.52)

33

By integrating eqn. (4.5.36) over angles, it can be found that [66]

3/3 /

=4nfo(x smqr r2dr (4.5.53)
0
where q is equal to the 3-momentum transfer.

F (q) is a three-dimensional Fourier transform of a charge distribution in space. The charge

density p (r) may be obtained from the inverse Fourier transform [66]:

qur q2dq (4.5.54)
21'1
Equation (4.5.36) can again be simplified to give [66]
F(q?) =l~%<r2>q2+——— (4.5.55)

Differentiating eqn. (4.5.55) with respect to g * and taking the limit as g - 0, the following

is obtained
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| 2
Lm dF(q) o1 .z, (4.5.56)
aq -0 dq2 6
Therefore [40]
1 I 2
<r?>=-g M OF(G) (4.5.57)
q -0 qu
For a very small g, the mean square radius is therefore
2y _
<r?>~_§ F(q®) -F(0)
q*-0
2y _
SRNPRAC (4.5.58)

From this equation the root mean square radius can be calculated by taking the limit of q tends
to zero, namely g=0. 1, and substitute into eqn. (4.5.58 ). The experimental value of the root

mean square radius for the proton ,(uud), is 0.83 fm [64].

4.6 THE HARMONIC OSCILLATOR
The harmonic oscillator used in this work is just to test whether the diquark model behaves
properly or not. If the size for the diquark is assumed and the symmetrical oscillator

Hamiltonian is used, then the following are true (see, for example [67, 68]):

V(E, ) = 2 (s2en2) (4.6.59)
2 mb*
and s 5
- o2 o o2 ol
¥Yooo = %(§)®Wﬁq(ﬁ) = —l3eXP(‘71§2) —Za—exp(—_z_zr]‘)
q 4
" & (4.6.60)
These equations imply that
3
. o’ of
P (8) = —BGXP(-7£ ), (4.6.61)
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% (4.6.62)

. =3
with V(g) = 2
and
2
VR) = 2 p2 (4.6.63)
2 mb!
3
o 2 ol
: _ % _ Y2 2
with S Y5 T —_Bexp( —2—n ) (4.6.64)
I 4
where o, is free and o] = 5—1—4 with b being the size of the diquark and has the dimension
b

of length. The direct and exchange terms for the harmonic oscillator are calculated in the

following subsections:

4.6.1 The direct term of the harmonic oscillator

The direct term can be calculated as

3
D,z o/ o, o % 3 W
Vo (X, X7) =8 (X-X )——éff - (£7+X %) exp (-oCE?) d g
o 2
2 — Ead
=3 sy xS L (4.6.65)
2 mb* 2 o
If the diquark size is small then o, is large and so iz term contributes very little. Therefore
(04
1
eqn. (4.6.65) becomes
p,2 2/ _ 3 h? g o/ \
Vo (X, X)) = > mb4x25(x—x ) (4.6.66)

4.6.2 The exchange term of the harmonic oscillator

The exchange can be deduced as follows:
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3
s 2 ;3 W T 22/ 1z
VER,R) = () 22 S(X-X)B[E-(~SX/- %) ] (g2+4x% 2
° V3~ 2 Zmb f V3 3
I1
exp (~a’£?) d’ed X (4.6.67)

After a little algebra and the use of L'Hospital's rule, eqn. (4.6.67) reduces to

E

v (X, X)) =0 (4.6.68)

><11

The expectation value for ﬁB as a function of a diquark size is therefore determined as

18 T e —otery 3 262, g2
<Hp>=4—5nf[— (3a, -0E?) 7 7t Jexp(roqt?) £hde
1’1E °
2 2
3,2 r1 (4.6.69)
2 *m ab* m of

Similarly for the diquark-quark potential the following is obtained

2
P (4.670)
W 4t m o

Therefore from eqns. (4.6.69) and (4.6.70) the expectation value of the Hamiltonian for the

baryon can be calculated as

2 2
<H,> = <Hz> + <Hg >_il 2+:°_’°"_o(2
ba 2 m % 2 m ?
2
= ;% (of +ol) (4.6.71)

for o~ and Q0.

Eqn. (4.6.71) is also the expectation value of the direct part of the kernel.
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5 THE COUPLED CHANNEL CASE

5.1 INTRODUCTION

In the case of a coupled channel approach, both possibilities ,that is, s. =0 ands ,=1

are simultaneously taken into account. In such a model it is possible to distinguish, for example,

between different members of the N-A multiplet as opposed to averaging over the multiplet.

The aim of this chapter is to discuss the effect of antisymmetrization in the diquark models of

baryons when both possibilities are simultaneously considered. The emphasis here is on the

development of the algebraic expressions of the operator kernels for the diquark-quark system.

In this chapter the single and double primes will denote the single and double exchanges of

quarks respectively.

5.2 DIQUARK-QUARK WAVE FUNCTION
The unsymmetrized wave function in the coupled channel state is given by
Wﬁq (X, &,1) = DoXoXo T PIXi X,

with

where £ and 7 are defined in eqns.(3.1.4) and (3.1.5).
The symmetrized wave function is given by

o/ = 3/ 7T =
w3, (XL E,0) = (exP+P?) v (X, €, 1)

- <1>OXOXO * ¢1X1X1

=

;)1 3
+ qDO{ZXOXO + lexl + T (XOXl + Xlxo)

V3
4

1 1
/
+ Cbo{zxoxo * J XXy ™

(XX, +x1x0)}

(5.2.1)

(5.2.2)
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=[G

1
X Xy T

4

2 (XX, *+ xlxo)}

3
+ d%{_ XoXo ¥

3 1 3
+ cpg’{—xoxo * XXyt (XX xlxo)}

4 4
(5.2.3)
for
o/ =, (E)y, (118 (X'~ (5.2.4)
where
2/ 12 3.
S T 5.2.5a
3 56+ -1 ( )
and
= -3F-L1a 5.2.5b
fi > ¢~ =1 (5.2.5b)
and for
o = o (E")y, (7" 8 (X'-5") (5.2.6)
with
2/ 1= 3.
=-—F- V- 5.2.7
£ A (5.2.7)
and
=/] _ 3"’_&..
i'= -8 - 24 (5.2.8)
If the following basis vectors
S=0 () + o (E) +o_ () (5.2.10)
¢! = @{cba(é’) -9 (£")} (5.2.11)
ot =~ 120,(%) -0, () -0, (E")) (5.2.12)
X% = XoXo XX, (5.2.13)

X' = XXy XX, (5.2.14)
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X2 = XoXo ™ Xy X4 (5.2.15)
X™ = XX, "X, X (5.2.16)
are considered then
¥, = %{(‘Diwf) xS+ (@l -@l) X' + (97 -a7) xz} (5.2.17)
and
w-1q>+q>)s+1(q>—q>)2 (5.2.18)
Dg E( 0 1 X —2_ 0 1 X L.

If the normalization expression is defined as
<xX*|xB> =28, (5.2.19)
then
1

S _ S S _ 2 _ &2
<w6q|q1—Dq>-_Z{ D +D | O +P]> + < -, | & q>l>} (5.2.20)

gives the overlap of ¢ and ¥°.

5.3 OPERATOR KERNELS
5.3.1 The norm kernel

The operator kernels are 2 x 2-matrices in ¥-space. The dependencies are denoted by
subscripts of3, asin K (X, X /) -
5.3.1.1 The direct norm kernel.

Following the discussion in chapter 4, the direct norm kernel can be given by

-y

D,g o/ y
Ko (X,X) ,=8(X-X)3 (5.3.21)

5.3.1.2 The exchange norm kernel.

The exchange norm kernel for the coupled channel can be calculated as follows:



- o 2 51 1o, 2g/ 25, 1z
KE(X, X)) =230 (| ==X+ =X"]) o, (| =X+ ——X|)
AR RE R R RTE ERNE
| (5.3.22)
- 2 .53 1z, 231 22 1z
K (X, %)) =2(-=)320! (|—=X+-ZX'|)o, (| =X+—X])
1 01 ‘/§ 4 0 ‘/§ \/3_ 1 ﬁ ﬁ
(5.3.23)
o 2 53 1z 22 22 1z
K (X, X)) =2 (=) 20! (| =X+ =X o, (| =X+ —X'])
e R
(5.3.24)
= o 2 1 1o 2=y 22 1 2y
K5, R) | =220 2200 (| ==K+ K)o, (| =X+ —&))
l S R R H R R
(5.3.25)
5.3.2 Potential energy kernel
5.3.2.1 The central potential
The central potential is given by
vE=ve(g) +ve(g) +ve(e (5.3.26)

where ¢’and £” are given by eqns. (5.2.5) and (5.2.7) respectively.

As in chapter 4 the direct and exchange terms under central potential can be obtained.

(a) The direct term

The direct term is given by

Ko (XX 0 =5,,8 (XX [10, (8 { °(8) +VC(|%€—§2)

+%£}

where V “denotes the central potential.

(5.3.27)



46

(b) The exchange term

The exchange term for the central potential is given by

K, . (X X 8 K X B
{v i /i)+V°(|_1_)_{/+i)_{|)+VC(|i)_&-i)2/|)}
V3 ERE] ERE
(5.3.28)
whereK: B(X, %) op A€ given by eqns. (5.3.22) through (5.3.25).
5.3.2.2 The spin-spin potential
The interaction is defined algebraically as follows:
VS =v(§)o,.0,+V(E)o,.0,+V(E) o, .0, (5.3.29)
where o, ©, and o, are the Pauli’s spinors.
In spin-space eqn. (5.3.29) is a 2 x 2 - matrix given by the following equations:
VS5, = 1=V (E) bx, +/3IVI(E)) -V (g 1x, (5.3.30)
and
VS = BIVEEY) SV ) bx, + V-2V E(E) —2VE(E) by, (5331)
(a) The direct kernel
The direct operator kernels under potential are calculated as follows:
D, 2/ _ > 2/ - 2 s 3
Kye (X, X7 0 =8 (XX [og () [*{-3v °(€) }a g (5.3.32)
D, o/ 7
K,s(X,X),, =0 : (5.3.33)
K (X,X) =0 (5.3.34)

(5.3.35)
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(b) The exchange kernel

The calculations are performed as follows:

K5 (X, K =2 (=) %0 (| 2%+ %) ¢ (| =%+ —5F])
3 V3 v3 V3 V3
S A ES SES SR AR S {IPUA S S g
2 V3 V3 Y V3 V3 V3

(5.3.36)
KVES(Q,)Z/)M=2(%)%g”%i/*%m)%”%i““:/'l_gi/“
{—gvS(l\/—%iu%il) +—§-v5<!\%i+%i’l) +§v5<|¢—%x—i3X’l>}
. (5.3.37)
Kvss(i,?(’)m=2(%)%I(IVZ_gi’ﬁ‘%il)%(l\/—%%\/—%ilh

(5.3.38)
KE (X, %)) =2 (2% (| 28"+ 2Ry o. (| 28+ L7
Y H V3 /3 3 3 ﬁ‘
ls, 22/ 1= 3 2= 1=y 5 1- 1=
SV =X+ —X|) + V(| X+ —K]) - 2vs(| 8- =%
{2 VERRE] 2 V33 2 VR |
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5.3.3 The kinetic energy kernel
5.3.3.1 The direct term

The direct term is the same as that in the single channel and is given by:

- - 2 - = -~ — — _.b
K (X,X') = —16(X—X/){V§f¢5(§)%(£)d3£ +f%(§)T5¢B(§)d3£}

m
q
(5.3.40)
5.3.3.2 The exchange term
The exchange is given by
[ w21 o =
KE(X,X') = — EKiE(x,X/){V§+V)2(,}
g
2 s+, 1= 2= o =
(2 %05 =K+ 2 %)) Voo (| =X+ 2 %))
G VR
* 1 b = hd
+(_)3¢6(] X/+ix|)vz¢5(|ix+ix/|)
V3 V3 ERE]
(5.3.41)

>/

where KiE (X,X") is given by eqns. (5.3.22) through (5.3.25).
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6 NUMERICAL ANALYSIS
6.1 INTRODUCTION

The calculations which include and exclude antisymmetrization have been calculated and
the results are given below. In order to obtain the well-behaved wave functions and the
corresponding eigenvalues, the radial Schrodinger equation has been integrated numerically
using the Runge-Kutta-Nystrom method [69]. The spline approximation and the Gauss
quadrature have been erﬁployed in this thesis. This is a reliable and a robust self-starting
method. To investigate the effect of antisymmetrization, the data for the diquark and diquark-
quark wave functions has been generated by solving the Schrodinger equation. To demonstrate
that convergence was achieved, the data obtained has been used to draw the graphs given in
figs. 1-4 and 5-8 for the diquark and the diquark-quark respectively. The calculations of the

antisymmetrized and non-antisymmetrized models follow below.

6.2 GENERALIZED RUNGE-KUTTA METHOD,

In order to obtain the well-behaved wave functions and the corresponding eigenvalues the
radial Schrodinger equation will be integrated numerically by using standard integration techni-
ques, in this case the generalized Runge-Kutta method. Solving the Schrodinger equation is
an initial-value problem and therefore the Runge-Kutta method is useful. The initial-value
problem considered is of the form

Y"=F(X,Y,Y) 6.2.1)
where Y (X ) =Y and Y/ (X)) =Y.
F is assumed in such a way that the problem has unique solution on some interval containing

X, - The aim here is to find the approximate values of Y., Y, ..., atuniformly spaced
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points of distance H, that is, X =X +H, X =X +2H, ...., respectively. The valueé
Y/, Y], ..., correspond to the uniformly spaced points X, X/, ..., respectively. A
generalization of the Runge-Kutta method is called Runge-Kutta-Nystrom (see, for example
[69]) and is the fourth-order method. Four auxiliary quantities A, B, C, and D, are
evaluated and then used to approximate the new values Y, | and Y/  ofthe solutions Y and Y’
respectively. The algorithm for solving eqn (6.2.1) is adopted from Kreyszig [69] as follows:
- _Z%H
N=0,1,2,...,n-1
where H and n are given.
A =KF (XY, Y/

B, =KF (X ,+K, Y +B , Y /+A )

where B =K (YN’+%AN)

C,=KF (X +K, Y +B, Y +B )

D, =KF (X +H, Y +a , Y!+2C )

_ /
where o, =H (Y +C)

1
YN+1 = YN+H (Yr\{'+§ (AN+BN+CN) )

and
1
/ _ /
Y, =Yt (B 2B, +2C,4D,) (6.2.2)

It can be noticed that Y, | and Y ., are the approximations to Y and Y’ respectively at

X, =X, + (N+1)H (6.2.3)

N+1
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6.3 SPLINE FUNCTIONS

In this thesis the most commonly used spline ﬁJn;:tion called the cubic spline is employed..
This function can be thought of as an analytical French curve. Its four parameters can be
chosen to cause the curve to go through two adjacent points and the first and second
derivatives to be continuous(see also [69]). In such a case a cubic polynomial is considered and
is called a cubic spline function. A cubic spline is defined as a continuous function which has
continuous first and second derivatives and is represented by a third degree polynomial. The
method of splines was originated in 1946 by Schoenberg [70]. The discussion and the algorithm
of the spline functions have been adopted from Schwarz and Waldvogel [71 ], Kreyszig, [69],
Ebert et al, [72] Daniels, [73] Maron et al. [74]. The problem here is to approximate a
function f{x). The (n+1) pairwise different support abscissae are given by x <x <...<x and
the corresponding function values are given by v, yll +Y,r -+ -y, . The condition imposed
on an interpolating function s(x) is that it must be at least continuously differentiable. Therefore
the bending curve of the spline must be taken as the solution s(x) of the interpolation problem.
Three-properties uniquely define the interpolating spline function s(x).

(a) s(x) is a cubic polynomial in the interval [x,,x,,,]1and is piecewise composed of

i+
polynomials of degree three.
(b) The first and second derivatives of s(x) are continuous at the interior support abscissae.
(c) The second derivative is zero at the end-points x O. and x , that is,

s =s"(x ) =0 (6.3.4)
This property is called the natural condition. Therefore the resulting s(x) is called a natural

cubic spline function. The algorithm of the cubic spline function s(x) is as follows:

@) Chy=x | -x, (6.3.5)
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for the subinterval [x ,x 1where h arethe i ™"
(i) The i *" cubic polynomialss, (x) are given by
s, (%) =a, (x-x,)7+b (x-x ) +c (x-x,) +d, (6.3.6)

(iii) The values of s, (x) and the first two derivatives at the end-points of the interval are as

follows:
s, (%) =d =y, (6.3.7)
s, (x,,,) =a,h’+bh’+ch +d =y, , (6.3.8)
s/(x,) =c, (6.3.9)
s/(x.,)) =3a,h?+2b.h +c, (6.3.10)
s/(x)) =2b, =y/ (6.3.11)
s/(x,,)) =6ah +2b, =y/ (6.3.12)

(iv) Therefore from (iii) the following can be derived

a - 61 (y" ~y (6.3.13)
b, = </ (6.3.14)

_ 1 _ 1 % /"
.= 4 (Y.,,~v,) —6-hi (v, +2y.") (6.3.15)
d, =y, (6.3.16)

(v) By substituting for a_,b, and c_, the following can be derived from (jii)

1
s/(x ) = — (Y, " V.) +%hi(2y.” +y/) (6.3.17)

i i+l h i+1
i

(vi) On decreasing the index i by one, the following can be obtained from (iii), (iv) and (v):

(V7Y - hi (v, +2y/) (6.3.18)

i

1
- "yl y -
h =y )+ Cyiryl) —h_i

i-1

(vii) By multiplying eqn. (6.3.18) by 6, the following can be derived
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6 ©
+hi)yi//+hiyi//+l—T.l_ (Y, 7Y+ h (y,-Y,,,) =0 (63.19)

i i-1

V7
h ¥, +2(h

i-1

6.4 GAUSS QUADRATURE

The word quadrature is used in the place of numerical integration. The discussion of
Gauss quadrature in this section is adopted from Ref. [75]. The evaluation of a definite integral
over a finite interval is given by [75]

G = 7f (x)dx (6.4.20)
with a and b being finite and f{x) being a ccamtinuous function of x for the interval a <x <b. It
can be shown that by choosing the location of the two points carefully, an exact formula for the
integral of a cubic polynomial can be obtained. If the limits of integration a to b can be replaced

by -1 and +1 respectively, and a new variable o can be defined as [7'5]:

o= 2% (b+a) (6.4.21)
b-a
which reduces to
1 1 )
x==(b-a)a+=(b+a) (6.4.22)
2 2
then eqn. (6.4.20) becomes [75]
+1
G = f ¥ (o) dox (6.4.23)
with
1 1 1
¥(x) = =(b-a) £ [= (b-a)a+= (b+a) ] (6.4.24)
- 2 2 2
Here a linear function
Y T B, R (6.4.25)

is defined such that [75]
+1 +1

[ g doc= [ (o) (6.4.26)
-1 -1
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Let
G, =B,¥(x,) +B¥(a,) (6.4.27)
with B , B, o and o being arbitrary. These four parameters can be chosen such that an
exact formula for a cubic integrand is obtained [75]:
¥ (o) = by+ba+b,a’+b.o’ (6.4.28)
which reduces to [75]
P (o) =p gm0 (a-og) (o -ay) (g +pa) (6.4.29)

After integration the following is obtained

o, = o, T — (6.4.30)
1 0 ‘/§
and '
B,=B =1 (6.4.31)
Therefore
G o= W(-—) +u( (6.4.32)

=,
I V3 V3
Eqn. (6.4.26) is the Gauss quadrature formula for two points. Note that for lower polynomials
the truncation error is zero.
For higher degree polynomials the truncation error is therefore given by
e, = C¥V(B), -1<B<1 (6.4.33)
For the higher order Gauss quadrature, formulas are obtained from using more points and
different weights (B. ) [75]:

-1
> B.¥(a,) (6.4.34)

+1
f\p(a)da =
) =0

n
1

An exact formula for a polynomial of degree 2n-1 can be obtained with n points as in eqn.
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(6.4.34). The o, in eqn. (6.4.34) are also the roots of the Legendre polynomial of degree n and
the method discussed above is called Legendre-Gauss quadrature. The Legendre polynomials

and the weights are defined by [75]

P (o) =1 (6.4.34a)
P (a) = o (6.4.34b)
p = Lin-1)ap (o) - (n-1)P ()] (6.4340)
n
and
2
B, = . (6.4.34d)
T (1) [P/ () 17
The general truncation error is given by [75]
\P(Zn) (B) 2 n )
= - ) B.o" 6.4.35
° = —Gm T T 2 B (6439

It should be appreciated that the o, are symmetric about the origin and that the B, for o is
the same as that for -o ,
6.5 DIQUARK AND DIQUARK-QUARK WAVE FUNCTIONS

The parameters for the various central potentials used to construct the D and Dq wave
functions shown in figs. 1-12 have been given as follows:
(a) Bhaduri potential

V(r) = -Ar + = .D
r
where A =5203%c
B =185.7/xc

hc=0.197239 MeV fm
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D =913.5 MeV
m_ =337 MeV. (6.5.36)
(b) Cornell potential
V() = -Ar + li. -D
where ' _ A =520.0 hc
B =182.62/%c
hc=0.197239 MeV fm
D =975.0 MeV
m, =330 MeV (6.5.37)
(c) Martin potential
V(r) = A+Br#
where A = -8337 MeV.
B =6992.3 MeV
B=0.1
m =300 MeV (6.5.38)
(d) Quigg potential |
V(r) = Aln(Br)
where A =744 MeV
B=0.87 fm !

m_=330 MeV (6.5.39)



57

’/’—l

dUgp (&)

-
-

Fig. 1. The reduced diquark wave function and its derivative for Bhaduri potential.
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Fig. 2. The reduced diquark wave function and its derivative for the Cornell potential.
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Fig. 3. The reduced diquark wave function and its derivative for Martin potential.
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Fig. 4. The reduced diquark wave function and its derivative for the Quigg potential.
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Fig. 5. The reduced diquark-quark wave function and its derivative for the Bhaduri potential.
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Fig. 6. The diquark-quark wave function and its derivative for the Cornell potential.
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Fig. 7. The diquark-quark wave function (U) and its derivative for the Martin potential.
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Fig. 8. The diquark—quark wave function (U) and its derivative for the Quigg potential.
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Fig. 9. Comparison of the normalized diquark wave functions for the different central potentials

The solid curve indicates the results for the Bhaduri potential, the dashed curve for the
Cornell potential, the broken curve for the Martin potential and the dotted curve for

the Quigg potential.
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Fig.10. Comparison of the normalized diquark-quark wave functions for the different central
potentials . The solid curve indicates the results for the Bhaduri potential, the dashed
curve for the Cornell potential, the broken curve for the Martin potential and the

dotted curve for the Quigg potential.
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The normalized diquark and diquark-quark wave functions of Bhaduri and Comnell potentials
as well as Martin and Quigg potentials look similar (see figs. 9 -10) because the potentials are

of the same nature,

6.6 CALCULATING THE MASS OF A BARYON WITHOUT ANTISYMMETRI-

ZATION

The cubic spline method ( section 6.3), together with the Gaussian quadrature ( section
6.4), were used to calculate the potential and kinetic energy for both the diquark and diquark-
quark systems without antisymmetrization. A consistency check between the calculation of the
mass of the baryon approach using both eigenvalue and expectation values was performed in
a FORTRAN code and the results were identical in both cases. Tables I and II give the binding
energies and the masses of the diquark and diquark-quark systems when Bhaduri, Cornell,
Martin and Quigg potentials are used in the radial Schrodinger equation without
antisymmetrization.

Table I: The values of the potential energy, the kinetic energy, the binding

energy and the mass of the diquark system without antisymmetrization

for L=0.
Potential V5 T3 E- M
MeV MeV MeV MeV
Bhaduri -93.1 2547 161.7 835.7
Cornell -124.0 253.6 129.6 789.6
Martin -63.2 205.3 1421 742.1
Quigg -63.0 186.0 123.0 783.0
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The binding energies in tables I and 11 are used for calculating the masses of the diquark and

diquark-quark systems from the equations:

My = 2m_ +Ep (6.4.21)
for the diquark system and

Mg, = 3m, +E (6.4.22)
for the diquark-quark system, where

Using a constituent quark mass of 337 MeV with Bhaduri potential, 330 MeV with the Cornell
| potential and 300 MeV with Martin potential in the Schrodinger equation the results obtained
in the centre-of-mass frame are comparable to those obtained by Silvestre-Brac et al [19].
These results are given in Table II.
Table II: The values of the potential and kinetic energies, the binding
energy and the baryon mass of the diquark-quark without

antisymmetrization for L=0.

Potential Vg T5, s, Mg,
MeV MeV MeV MeV
Bhaduri -] -550.9 402.3 -148.6 1024.1
Cornell | -606.9 400.7 -206.2 9134
Martin -525.6 390.6 -135.0 907.1
Quigg -510.8 372.0 -138.8 974.2
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6.7 CALCULATING THE MASS OF BARY_ON INCLUDING
ANTISYMMETRIZATION

To demonstrate the validity of eqns.(4.4.29a) through (4.4.29¢) a consistency check was
performed in a FORTRAN code by exchanging quark labels and the results were identical in
all the cases. In Table II1, the antisymmetrization results of the kinetic and potential energy
operator kernels are given.

Table III: The calculated values of the kinetic and the
potential energies, binding energy and the mass of

the baryon including antisymmetrization with L=0.

Potential Vaq T3, _ Es, M5,
MeV MeV MeV MeV
Bhaduri -559.2 783.2 2240 1235.0
Cornell -647.5 775.3 127.8 1117.8
Martin -480.7 703.6 2231 11231
Quigg - -463.8 652.2 188.4 1178.4

In Table IV, the baryon mass for the operator kernels was compared with the baryon mass

obtained from the two- and three-body calculations as well as the average mass of N-A.
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Table IV: Comparison of the GCM diquark-quark ground state masses for
the four central potentials with (a) each other, (b) results for the
two-body treatment, (c) the results for a full three-body

treatment and (d) the average mass of N-A.

Potential GCM Two-body Three-body Average mass
calculations calculations calculations
MeV MeV MeV MeV
Bhaduri 1235.0 1024.1 1204.0 1173.0
Comell 1117.8 913.5 1089.5 1173.0
Martin 1122.9 907.1 1086.0 1173.0
Quigg 11783 9742 | - 1173.0

6.8 THE CALCULATIONS OF THE BARYON FORM FACTORS

The form factors for the diquark-quark have been calculated with and without
antisymmetrization as well as the inclusion of meson cloud for the various potentials as
indicated in figures 13 through 18. The wave numbers have been selected as 1.0 -15.0 with

the unit fm .
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Fig.11. Comparison of the constituent quark elastic electric form factors for the Bhadun,
Cornell, Martin and Quigg central potentials without antisymmetrization. The solid
curve indicates the results for the Bhaduri potential, the broken curve for the Cornell

Potential, the dotted curve for the Martin potential and the dashed curve for the

Quigg potential.
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Fig.12. Cémpan'son of the constituent quark elastic electric form factors for the Bhaduri,
Comell, Martin and Quigg central potentials with antisymmetrization. The solid curve
indicates the results for the Bhaduri potential, the broken curve for the Cornell pote-

ntial, the dotted curve for the Martin potential and the dashed curve for the Quigg

potential.
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Fig. 13. The baryon form factors for the Bhaduri Potential. The dotted curve indicates

results for the form factor without antisymmetrization, the dashed curve for includi-
ng antisymmetrization and the solid curve for including antisymmetrization and the

meson cloud. The experimental data are adopted from ref.[76].
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q (fm™)

Fig. 14. The baryon form factors for the Cornell potential. The dotted curve indicates
results for the form factor without antisymmetrization, the dashed curve for includi-
ng antisymmetrization and the solid curve for including antisymmetrization and the

meson cloud. The experimental data are adopted from ref.[76].
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Fig. 15. The baryon form factors for the Martin potential. The dotted curve indicates

results for the form factor without antisymmetrization, the dashed curve for includi-
ng antisymmetrization and the solid curve for including antisymmetrization and the

meson cloud. The experimental data are adopted from ref.[76].
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Fig. 16. The baryon form factors for the Quigg potential. The dotted curve indicates

results for the form factor without antisymmetrization, the dashed curve for includi-
ng antisymmetrization and the solid curve for including antisymmetrization and the

meson cloud. The experimental data are adopted from ref.[76].
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Table V: The calculated root mean-square radii for the baryon

for the four central potentials.

Method Bhaduri Cornell ' Martin Quigg

potential | potential potential potential
X L L L

<r?>? <r?>? <r?>? <r?>?
fm fm fm fm

Non-antisymmetrization 0.39 0.40 0.43 0.42

Non-antisymmetrization

+ meson cloud 0.72 0.73 0.74 0.74

Antisymmetrization 0.45 0.46 0.51 0.50

Antisymmetrization +

meson cloud 0.76 0.76 0.79 0.79

Dipole 081 0.81 0.81 0.81

Experiment 0.83 0.83 0.83 0.83
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7 CONCLUSION

The motivation for undertaking these calculations was to examine the effect of
antisymmetrization in diquark models of baryons in the ground state within a well-defined
diquark model. The Generator Coordinate Method (GCM) operator kernels provide a
transparent and explicit way for including antisymmetrization within such a model. The
expectation values for several observables have been calculated in a pure diquark model and
compared with corresponding results where antisymmetrization has been included via the GCM
kernel. The results are also compared with those for three-body models of baryons and with
experiment. The observables studied were the masses, the elastic electric form factors and the
charge densities. The diquark model used was a simple non-relativistic one involving central

interactions and a single channel.

7.1 COMPARISON OF THE DIFFERENT CALCULATIONS OF THE A-N MASS
In the case of central potential the implicit averaging over spins necessitates a comparison
with the averaged A-N measurements rather than with those of a specific baryon. In general,
two-body models of baryons produce unphysically deep binding due to the large reduced mass
of the diquark-quark system. The resulting A-N masses are about 180 MeV lower than the
correspénding three-body results for the same potentials - see Table IV. This trend can be
understood in terms of the fact that both the inclusion of the binding energy in the diquark mass
and the "'reduction in the number of particles (from three to two) in the system are non-
variational procedures. For the central potentials used the two-body masses range between
907.1 MeV and 1024.1 MeV (the experimental value is 1173 MeV ). The corresponding three-

body results vary from 1086 MeV to 1204 MeV and were calculated by means of the
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Integrodifferential Equation Approach (IDEA). For three bodies the IDEA is an augmented
version of the S-projected Faddeev Equation and tai<es higher partial waves into account in an
average way. For interactions with no hard core, such as those encountered in quark systems,
the IDEA is essentially exact.

There is much better agreement between the three-body IDEA masses and equivalent two-body
GCM kernel results than when antisymmetrization is not taken into account. The agreement for
all four potentials considered is within about four percent. In all cases, the three-body masses
are somewhat lower - see Table IV. Given the fact that the kinetic and potential energies are
appreciable fractions of the masses this concordance is noteworthy.

Comparing results in Tables IT and I1I it can be seen that the antisymmetrization procedure has
relatively little influence on the expectation values of the potential energy. The large positive
shifts in the masses are entirely due to the approxima'te doubling of kinetic enefgy expectation
values. Are these shifts believable? Gavin et al [64 ], using the hypervirial approach [77] in a
three-body system, have determined that the expectation value of the kinetic energy is about
70 % of the baryon ground state mass for quark potential models. This result corresponds very
well with the GCM diquark values in Table I1I.

The relative model independence of the potential energy (two-body results including and
excluding antisymmetrization are not very different from corresponding three-body values) is
interesting. The explanation for this insensitivity is probably that the motion of the third quark
is mediated by an interaction which is well-approximated by an aggregate static potential
resulting from the other two quarks. This explanation is closely related to the reason for the
success of the non-relativistic quark potential model:- the colour fields are essentially frozen

with respect to the motion of the quarks.
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The explanation for the low kinetic energy expectation values when antisymmetrization is not
taken into account via the GCM kernels must be that the large values of the diquark-quark
reduced masses (see Table II) produce unphysically deep binding for the effective two-body
system. This effect is offset when the GCM kinetic energy operator, which is a function of
constituent quark masses rather than diquark masses (see equations (4.4.31) and (4.4.32)), is

used.

7.2 THE FORM FACTORS

The elastic electric form factor results (see Figures 11 - 16) confirm the pattern of better
reproduction of experimental data when the antisymmetrization kernels are introduced . When
the effect of the meson cloud around the constituent quarks is introduced by means of the
appropriate monopole factor, the correspondence agreement between the data and the GCM
kernel results is almost perfect.
The agreement between the results of calculations of r.m.s radii (see Table V) is also improved
by the introduction of antisymmetrization. When the meson cloud contribution is included in
a standard way the r.m.s radii agree to within 2-5% of the experimental proton value of 0.83
fm [64]. This is further evidence for .the usefulness of the diquark model improved by

antisymmetrization.

7.3 SUMMARY AND WAY FORWARD
It 1s clear from this study that diquark wave functions may be used to extract physical
information which is of a surprisingly high quality. This affirms the wide applicability of the

GCM and more generally the resonating group model approaches. These were developed more
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specifically for few-nucleon systems (see [4] and [78] ) but it has been shown here that the
GCM is equally applicable to quark systems.

A logical generalization of this work would be to extend the analysis to systems of coupled
channels (see chapter 5). The single channel model implies a comparison with a fictitious A-N
system rather than a proton or neutron. Analysis of other baryons such as A and of excited
states would also be possible.

Another interesting way to build on the formalism developed here would be to calculate
relativistic corrections to the masses. This could be done by transforming the diquark and
diquark-quark wave functions to momentum space and calculating the corresponding kinetic
energy expectation values using the appropriate relativistic operators. To include relativistic
effects in coordinate space is not convenient because of the square root form of the kinetic
energy operator. However, the approach described above would also not give the full
relativistic correction, which arises also from a éonsideration of retardation effects and of
Lorentz invariance of the appropriate phase space. These effects are most easily treated in
‘momentum space too. Nevertheless, confining potentials (which occur is of necessity in quark
calculations) provide some difficulty in momentum space. Recently, however, some progress
has been made in applying the fact that the Fourier transform of a linearly increasing potential
does exist in a distributional sense [79] and it would be interesting to apply this full formalism

(hitherto restricted to mesons) to diquark models of baryons too.
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APPENDIX
A.1 DERIVATION OF AN OPERATOR KERNEL
The total baryon wave function appears as
v, =5 (1) YWY, (A.1.1)
where ¥5_ (£,7) is the spatial wave function
v is the spin wave function
@ is the isospin wave function, and
w_ is the colour wave function.
The expectation value of the operator O in the pure diquark model is of the form
<©>=fw;‘(f)6WB(f)d3r (A.1.2)
where T is the relative coordinate.

To take into account the effects of exchange between the diquark pair and the external

quark, <O> in eqn. (A.1.2) is redefined as
Po+T, ¥ +T

<6> = [w] (z, - )@ (F,~F,) S(E- (F, - =) OA[®;(F,-F))
T +7% r +7 T +T +7T
5(2/~(, - 12 2)) 195, (E, - 12 2)5(1_32_3)

d°r,d’r,d’r,d%rd’r’

(A.13)
where A is the antisymmetrization operator. In the account of eqn. (A.1.2) the following can
be written:

<0> = [W (2) Ky (2, %)) % (F)d°rd’r/ (A.1.4)

- -

where K, (T, T/) is defined as
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* —_ - - - fl+f2 = =
Ko (2, B) = [@5(F,-F,)8(F- (F,- ———)) OAleg(E, -T))
ro+r ro+T +T
6(]?/“(1_"3‘ 12 2))6( 1 32 3)d3rld5r2d3r3
(A.1.5)
In using the Jacobi coordinates
E=F -7,
= 2. T.*%,
= o r —
fi 5T
and
= 1/
R = -g(rl+r2+r3)
with
J[ f]__.l lef3] - 1
&,0,R
the following is then obtained
5 (X, X)) f@ ()8 (X-7) A% (£) 5 (X'-) 5 (R)d°ed >nd °R (A.1.6)

For eqns. (A.1.2) and (A.1.4) to be equivalent, eqn. (A.1.4) must be divided by the expectation

value of the norm kernel K; (%,% , that is

b9 (A.1.7)
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A.2 FORTRAN CODE
PROGRAM RAYZA

IMPLICIT REAL*8(A-H, 0-Z)

PARAMETER(EIN=-300.0, EFIN=300.0)

PARAMETER(ETOL=0.0000001, YTOL=0.00000001)

PARAMETER(RIN=0.00000001, RFIN=5.D0)

PARAMETER(N=500, NLIM=120)

PARAMETER(NIN=20)

PARAMETER(NPTS=50, NMU=20)

PARAMETER(LTP=1)

DIMENSION R(0:N),Y(0:N), Z(0:N)

DIMENSION CD(4, N+1),CDQ (4, N+1)

DIMENSION T(NIN), W(NIN), WMU (NMU), TMU (NMU)

COMMON/CHM/HM

COMMON/CMASS/QM,DMASS

QM=QMASS

IF (LTP.EQ.1)THEN

QMASS=330.D0

WRITE(3,*)'CORNELL POTENTIAL'

ENDIF

IF (LTP.EQ.2)THEN

QMASS=337.D0



WRITE(3,*YBHADURI POTENTIAL '
ENDIF

IF (LTP.EQ.3)THEN
QMASS=300D0

WRITE (3,*)MARTIN POTENTIAL'
END IF

IF (LTP.EQ.4)THEN
QMASS=330D0

WRITE (3,*)'QUIGG POTENTIAL'
ENDIF

PI=4.0* ATAN(1.D0)

P=16.0%PI**2

P1=4.0*PI

P2=3 D0O*SQRT(3.0)

P3=128. DO*PI**2/P2
P4=64.DO*PI**2/P2

P5=8 ¥PI**2
HM=3.892168D4/QMASS
D1=3.892168D4/QMASS

DO 300 K=1,2
WRITE(3,*)HM="HM
H=(RFIN-RIN)/FLOAT(N-1)

E1=EIN
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CALLRAYQR, Y, z H, N, E1, LTP, K)
IF (Y(N).LT.0.0) GO TO 15

E2=EFIN

CALLRAYQ, Y, Z, H, N, E2, LTP, K)
IF (Y(N).GT.0.0) STOP

15 CONTINUE

DO 20 J=1, NLIM

E3=(E1+E2)/2.D0

CALLRAYQR, Y, Z, H, N, E3, LTP, K)
IF (ABS(E1-E2)/2.D0.LE ETOL) THEN
IF (ABS(Y(N)).LE.YTOL) THEN
CONTINUE

ENDIF

ENDIF

IF (Y(N).GT.0.0) THEN

E1=E3

ELSE

E2=E3

ENDIF

20 CONTINUE

IF (K.EQ.1) EDIQUARK = E3
WRITE(3,*YENERGY='E3

WRITE(3,*) " "
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WRITE(3,205)

DO 250 1=0, N, 10
WRITE(3,203) R(1),Y(1),Z(1)
250 CONTINUE
WRITE(3,*)' '

RM=RIN

RP=RFIN

IF(K.EQ.1)THEN

CALL CUBS3(R, Y, CD, N+1)
ELSE

CALL CUBS3(R, Y, CDQ, N+1)
ENDIF

CALL GAUSSPT(1, NIN, NIN, RM, RP, T, W)
CALL GAUSSPT(1, NMU, NMU,-1.D0, 1.D0, TMU, WMU)
SUM1=0.D0

SUM2=0.D0

SUM3=0.D0

SUM3A=0.D0

SUM4=0.D0

SUM5=0D0

SUM6=0.D0

SUM6A=0.D0

SUM7=0.D0
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SUM7A=0.D0
SUM7B=0.D0

SUMB8A=0.D0

SUMS8B=0.D0

SUMS8C=0.D0

SUM9A=0.D0

SUM9B=0.D0

SUM10A=0.D0

SUM10B=0.D0

SUM11A=0.D0

SUM11B=0.D0

SUM11C=0.D0

SUM11D=0.D0

DO 500 I=1,NIN

C.... CALCULATIONS OF THE BARYON MASS WITHOUT ANTISYMMETRIZATION
IF (K.EQ.1)THEN

SUM1=SUMI1+P1*CINT(CD, R, T(I),N+1)**2*W(I)
SUM2=SUM2+P1*CINT(CD, R, T(I),N+1)**2*V(T(I),L.TP, K)*W(I)
SUM3=SUM3+P1*CINT(CD, R, T(I),N+1)**2*VC1(T(I),K)*W(l)
SUMB3A=SUM3A+P1*CINT(CD, R, T(I),N+1)**2*F*(T(I),K)*W(I)
VD=SUM2/SUM1

TD=SUM3/SUM1

FD=SUM3A/SUM]1
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ELSE

SUM4=SUM4+P1*CINT(CDQ, R, T(I),N+1)**2*W(I)

SUMS=SUMS+P1*CINT(CDQ, R, T(I),N+1)**2*VC1(T(1),K)*W()

SUM6=SUM6+P1*CINT(CDQ, R, T(I),N+1)**2*V(T(I) LTP, K)*W(I)

SUM6A=SUM6A+P1*CINT(CDQ, R, T(I),N+1)**2*F(T(I),LTP, K)*W(I)
TDQ=SUM5/SUM4

VDQ=SUM6/SUM4

FDQ=SUM6A/SUM4

ENDIF

C... CALCULATIONS OF BARYON MASS EFFECTING ANTISYMMETRIZATION

DO 600 J=1, NIN

SUM9A=SUMO9A-D1*P*CINT(CDQ, R, T(1),N+1)**2*CINT(CD, R, T(J),N+1)

#  *CINTT(CD, R, TQ).N+1)*W(I)*W(J)

SUM9B=SUM9B-D1*P*CINT(CDQ, R, T(I),N+1)*CINT(CD, R, T(J),N+1)**2

#  *CINTT(CDQ, R, T(I),N+1)*W(I)*W(J)

SUM7A=SUM7A+P*CINT(CDQ, R, T(I),N+1)**2* CINT(CD, R, T(J),N+1)**2 *W([)*W(J)

SUM10A=SUM10A+P*CINT(CDQ, R, T(I),N+1)**2* CINT(CD, R, T(J),N+1)**2

#  *FUTQ))*WI)*W()

SUM8A=SUMBSA+P*CINT(CDQ, R, T(I),N+1)**2* CINT(CD, R, T(J),N+1)**2

# *VC(TE))*WI*W()

DO 700 KK=1,NMU

XA=SQRT((T(J)**2-2. *SQRT(3.)*T(N*T(J)* TMU(KK )+3.*T(I)**2)/4.)

XB=SQRT((T(J)**2+2 *SQRT(3.)*T(1)*T(J)*TMU(KK)+3 *T(I)**2)/4.)
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SUMSB=SUMSB+P5*CINT(CDQ, R, T(I),N+1)**2* CINT(CD, R, T(J),N+1)**2
4 *(VC(XAMFVC(XB))*W(D)*W(I)* WMU(KK)
XC=SQRT((T(1)**2+4. *T()*T(J)* TMU(KK)+4 *T(J)**2)/3.)
XD=SQRT((T(J)**2+4. *T(I)* T(J)* TMU(KK)+4 *T(1)**2)/3.)
SUM7B=SUM7B+P3*CINT(CDQ, R, T(I),N+1)*CINT(CDQ, R, T(J),N+1)

4  *CINT(CD, R, XC, N+1)*CINT(CD, R, XD, N+1)

# *TI)*TIYXCHXD)*W(I)*W(JI)*WMU(KK)
SUM11A=SUM11A-P4*D1*CINT(CDQ, R, T(I),N+1)*CINT(CDQ, R, T(J),N+1)
4  *CINT(CD, R, XD, N+1)*CINTT(CD, R, XC, N+1)

4 *FTO*TEY(XCHXD)*W(I)*W(JT)*WMU(KK)

© SUMI1B=SUM11B-P4*D1*CINT(CDQ, R, T(I),N+1)*CINT(CDQ, R, T(J),N+1)
4 *CINT(CD, R, XC, N+1)*CINTT(CD, R, XD, N+1)

#  *TAPFTI/(XC*XD)y*W(D)*W(JI)*WMU(KK)
SUM11C=SUM11C-P4*D1*CINT(CDQ, R, T(I),N+1)*CINTT(CDQ, R, T(I),N+1)
4  *CINT(CD, R, XC, N+1)*CINT(CD, R, XD, N+1)

4 *TATIY/XC*XD)*WIWJI)*WMUKK)
SUM11D=SUM11D-P4*D1*CINT(CDQ, R, T(J), N+1)*CINTT(CDQ, R, T(I).N+1)
4 *CINT(CD, R, XC, N+1)*CINT(CD, R, XD, N+1)

£ *TO*TE)/(XC*XD)*W(I)*W(J)*WMU(KK)
XE=SQRT((T(I)**2-2. *T(1)*T(J)* TMU(KK)+T(J)**2)/3.)
SUMSC=SUMSC+P3*CINT(CDQ, R, T(I),N+1)*CINT(CDQ, R, T(J),N+1)

#  *(VC(XC)+VC(XD)+VC(XE))*CINT(CD, R, XC, N+1)

#  *CINT(CD,RXD,N+1)*T()*T(J)/(XC*XD)*W(I)*W(T)*WMU(KK)
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XF:SQRT(T(I)**é+2*T(I)*T(J)*TMU(KK)+T(J)**2)
SUM10B=SUM10B+P4*CINT(CDQ, R, T(I),N+1)*CINT(CDQ, R, T(J),N+1)
# *CINT(CD, R, T(J),N+1)*CINT(CD, R, XF, N+1)*(F1(T(J)*+F1(XF))
#  TO*TAPWO)*WI)*WMUKK)

700 CONTINUE

600 CONTINUE

500 CONTINUE

WRITE(3,*)CALCULATING BARYON MASS WITHOUT ANTISYMMETRIZATION'
IF (K.EQ.) THEN

ED=VD+TD

WRITE(3,*)ENERGY OF THE DIQUARK='ED

C  (a) Potential and kinetic energies of the diquark
WRITE(3,*)'VD="VD |

WRITE(3,*)TD="TD

WRITE(3,*)'SUMI1=,SUMI

WRITE(3,*)'SUM2='SUM2

WRITE(3,*)'SUM3=" SUM3

C  (b) Potential and kinetic energies of the diqudrk-quark

ELSE

EDQ=VDQ+TDQ

WRITE(3,*) ENERGY OF THE DIQUAR-QUARK='EDQ
WRITE(3,*)'VDQ=,VDQ

WRITE(3,*)TDQ="TDQ
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WRITE(3,*)FORM FACTOR WITHOUT ANTISYMMETRIZATION="FDQ
ENDIF

WRITE(3,%) ' '

DQMASS=(2*QMASS+E3)*QMASS/(3*QMASS+E3)
DMASS=2*QMASS+EDIQUARK

HM=3 892168D4/DQMASS/2.D0

300 CONTINUE

SUNA=SUM7A+SUM7B

Commmmrmeee POTENTIAL ENERGY
SUNB=(SUM8A+SUM8B+SUMBSBC)/SUNA

@ —— KINETIC ENERGY

SUNC=(SUM9A+SUM9B+SUM11A+SUM11B+SUM11C+SUM11D)/SUNA

SUND=SUNB+SUNC

Commmmeemmee THE MASS OF A BARYON

SUNE=3.*QMASS+SUND

C FORM FACTOR THROUGH OPERATOR KERNELS--------meun---
SUNFF=(SUM10A+SUM10B)/SUNA

WRITE(3,*)FORM FACTOR WITH ANTISYMMETRIZATION=", SUNFF
WRITE(3,*)CALCULATIONS OF BARYON MASS WITH ANTISYMMETRIZATION'
WRITE(3,*)SUM4=' SUM4

WRITE(3,*)SUM5=" SUM5
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WRITE(3,*)'SUM6=",SUM6
WRITE(3, *)'SUM6A=, SUM6A

WRITE(3,*)SUM7A=",SUM7A

WRITE(3,*)SUM7B=,SUM7B

WRITE(3,*)'SUM8A=",SUMSA

WRITE(3,*)SUM8B=",SUMSB

WRITE(3,*)'SUMSC=',SUMBSC

WRITE(3,*)'SUM9A=" SUM9A

WRITE(3,*)'SUM9B='SUM9B

WRITE(3,*)'SUM10A="SUM10A

WRITE(3,*)'SUM10B=',SUM10B

WRITE(3,*)SUM11A=,SUMI1A

WRITE(3,*)'SUMI11B='SUM11B

WRITE(3,*)'SUM11C=SUM11C

WRITE(3,*)'SUM11D=,SUMI 1D

WRITE(3,*YNORM KERNEL='SUNA

WRITE(3,*)POTENTIAL KERNEL = SUNB

 WRITE(3, *)KINETIC KERNEL =, SUNC

WRITE(3,*YENERGY OF A DIQUARK-QUARK FROM KERNELS=' SUND
WRITE(3,*)DIQUARK -QUARK MASS USING KERNELS=',SUNE

BMASS=3 *QMASS+EDIQUARK+E3
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WRITE(3,*)" '

WRITE(3,*) DIQUARK MASS='DMASS

WRITE(3,*)"

WRITE(3,*) BARYON MASS="BMASS

203 . FORMAT(TS5,F6.3,5X,2(F10.7,5X))

205 FORMAT(T8,R,12X,'U.13X,U1'/,T5,6(=),8X,6(=),8X,6(=))
STOP

END

SUBROUTINE RAY(R,Y,Z,HN,E,LTP K)

IMPLICIT REAL*8(A-H,0-Z)

PARAMETER(RIN=0.00000001, YA=0.0, ZA=1.0)

DIMENSION R(0:N), Y(0:N), Z(0:N)

R(0)=RIN

Y(0)=YA

Z(0)=ZA

DO 151=0, N-1

X=R(I)

Cl= wz.*FUNé(X, Y(1),Z(1), E, LTP, K)

C2=H/2 *FUNC(X+H/2.,Y(1)+H/2.¥(Z(1)+C1/2.),Z(I}+ C1, E, LTP, K)
C3=H/2 *FUNC(X+H/2.,Y(0)+H/2.*(Z(1)+C1/2.),Z(1)*+C2, E, LTP, K)
C4= H/2.*FUNC(X+H,Y(I)+H*(Z(I)+C3),Z(I)+2.*C3, E, LTP, K)
R(I+1)=R(O)+H

Y(I+1) = Y(I) + H*Z(I) +H*(C1+C2+C3)/3.
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Z(i+1) =Z(I) + (C1+2.*C2+2.¥C3+C4)/3.
15 CONTINUE

RETURN

END

FUNCTION FUNC(X, Y, Z, E, LTP, K)
IMPLICIT REAL*8(A-H, 0-Z)
COMMON/CHM/HM

FUNC=Y*(V(X, LTP, X) - E)HM
RETURN

END

C..... POTENTIAL ENERGIES OF CORNELL, BHADURI, MARTIN AND QUIGG AND
C THEIR DERIVATIVES FROM THE VIRIAL THEOREM.............................
FUNCTION V(X, LTP, K)

IMPLICIT REAL*8(A-H, O-Z)
COMMON/CHM/HM
COMMON/CMASS/QM,DMASS

GO TO(1,2,3,4), LTP

C CORNELL POTENTIAL

1 HC=0.197D0

A=52D2*HC

B=1.8262D2/HC

D=975D0

=-A/X+B*X -D
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V= V/2.D0 *K
RETURN

C BHADURI CENTRAL POTENTIAL
2 HC=0.197239D0
A=5.203D2*HC
B=1.857D2/HC

D=913.5D0

V=-A/X + B*X -D

V= V/2.D0 *K

RETURN

C  MARTIN POTENTIAL
3 A=-8337D3
B=6.9923D3

C=0.1D0
V=A+B*(5.07*X)**C

- V=V/2.D0*K

RETURN

C  QUIGG POTENTIAL
4 A=744D0

B=0.87D0

V=A*LOG(B*X)
V=V/2.D0*K

RETURN
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END
FUNCTION VMI(X, K)
IMPLICIT REAL*8(A-H, 0-Z)
A=-8.337D3

B=6.9923D3

C=0.1D0

VM1=0.5%5 07¥B*C*X*((5.07¥X)**(C-1 .Doj)
VMI=VM1/2 D0*K

RETURN

END

FUNCTION VM(X)
IMPLICIT REAL*$(A-H, 0-Z)
A=-8.337D3

B=6.9923D3

C=0.1D0
VM=0.5*(A+B*(5.07*X)**C)
RETURN

END

FUNCTION VQ(X)

IMPLICIT REAL*s(A-ﬁ, 0-2)
A=744 D0

B=0.87D0

VQ=0.5*A*LOG(B*X)
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RETURN

END

FUNCTION VQI1(X, K)
IMPLICIT REAL*8(A-H, 0-Z)
A=744.D0

B=0.87D0

VQI=05*A
VQ1=VQ1/2.D0*K

RETURN

END

FUNCTION VC(X)

IMPLICIT REAL*8(A-H, 0-Z)
HC=0.197D0

A=52D2*HC

B~1 8262D2/HC

D=975.D0
VC=0.5%(-A/X+B*X-D)
RETURN

END

FUNCTION VC1(X, K)
IMPLICIT REAL*8(A-H, 0-Z)
HC=0.197D0

A=52D2*HC
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B=1.8262D2/HC
VC1=0.5*(A/X+B*X)
VC1=VC1/2.D0*K
RETURN

END

FUNCTION VB(X)
IMPLICIT REAL*8(A-H, 0-Z)
HC=0.197239D0
A=520.3*HC

B=185.7/HC

D=913.5D0
VB=0.5*(A/X+B*X-D)
RETURN

END

FUNCTION F(X, K)
IMPLICIT REAL*8(A-H, 0-Z)
Q=1.DQ

R1=Q/SQRT{3}
F=SIN(R1*X)/(R1*X)
F=F/2.D0*K

RETURN

END

FUNCTION F1(X)
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IMPLICIT REAL*8(A-H, 0-2)

Q=1.D0

R1=Q/SQRT{3}

F1=SIN(RI*X)/R1*X

RETURN

END

FUNCTION VBI (X, K)

IMPLICIT REAL*8(A-H ,0-Z)
HC=0.197239D0

A=520.3*HC

B=185.7/HC

VB1=0.5%(A/X+B*X)

VB1=VB1/2.D0*K

RETURN

END

SUBROUTINE GAUSSPT(NLOW, NDIM, NGAUSS, A, B, X, W)
IMPLICIT REAL*$(A-H, 0-Z)
DIMENSION X(NLOW:NDIM), W(NLOW:NDIM)
GN=0.5/NGAUSS
EXTRA=1.0/(0.4*NGAUSS*NGAUSS+5.0)
XZ =-GN

NT=0

NTEKEN=0
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5 PNM2=1.0
PNM1=XZ

DO 10 1=2,NGAUSS
PNMI1XZ=PNM1*XZ
PN=2.0*PNM1XZ-PNM2-(PNM1XZ-PNM2)/1
PNM2=PNM1

10 PNMI=PN

MTEKEN=1

IF (PN.LE.0.0) MTEKEN=-1
IF(MTEKEN+NTEKEN) EQ.0) GO TO 15
GO TO 20

15 NT=NT+1

X(NT)=XZ

20 NTEKEN=MTEKEN

IF ((1.0-XZ) LE.EXTRA) GO TO 30
XZ=XZ+(1.0-XZ*XZ)*GN+EXTRA

GO TO 5

30 CONTINUE

DO 60 1=1NT

XZ=X(I)

DELTA2=1.0

35 PNM2=10

PNMI1=XZ
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PNMI1AF=1.0
T=0.5+1.5*XZ*XZ

DO 40 K=2,NGAUSS

PNM1XZ=PNM1*XZ
PN=2.0*PNM1XZ-PNM2-(PNM1XZ-PNM2)/K
PNAF=XZ*PNM1AF+K*PNM1

T=T+(K+0.5)*PN*PN

PNM2=PNM1

PNM1=PN

PNM1AF=PNAF

40 CONTINUE

DELTAI1=PN/PNAF

XZ=XZ-DELTAI

IF (DELTA1.LT.0.0) DELTA1=-DELTAI

IF (DELTA1.GE.DELTA2).AND.(DELTA2 LT.1 .E-6)) GO TO 50
DELTA2=DELTAI |
GO TO 35

50 X=Xz

W(D)=1.0/T

60 CONTINUE

NGHALF=NGAUSS/2

NGP1=NGAUSS+1

NTP1=NT+1
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APB=A+B
BMAG2=(B-A)/2.0

DO 90 1=1,NGHALF
X(NGP1-I)=B-BMAG2*(1.0-X(NTP1-))
90 W(NGPI-=BMAG2*W(NTP1-I)
IF (NGHALF NE NT) GO TO 100

GO TO 110

100 X(NT)=APB/2.0
W(NT)=W(1)*BMAG2

110 DO 120 I=1 NGHALF
X(I)=APB-X(NGP1-)

120 W)=W(NGP1-I)

RETURN

END

C  DOUBLE PRECISION FUNCTION CINT(C, X, R, N)

C

IMPLICIT REAL*$(A-H, 0-Z)
DIMENSION C(4, N),X(N)
RR=R

IF(RR.LT. X(1))THEN

C RR=X(1)

CINT=0.D0

ENDIF
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DO 1K=2, N
K1=K-1

IF(X(K1). LE. RR. AND. RR. LT. X(K))THEN

DX=RR-X(K1)

CINT=C(1, K1)+C(2, K1)*DX+C(3, K1)/2 DO*DX**2+C(4, K1)/6 DO*DX**3
ENDIF | |

1 CONTINUE

RETURN

END

DOUBLE PRECISION FUNCTION CINTT(C, X, R, N)

C
IMPLICIT REAL*$(A-H, 0-Z)

DIMENSION C(4, N),X(N)

RR=R

IF(RR. LT. X(1))THEN

C RR=X(1)

CINT=0.D0

ENDIF

DO 1K=2,N

K1=K-1

IF(X(K1). LE. RR. AND. RR. LT. X(K))THEN
DX=RR-X(K1)

CINTT=C(3, K1)+C(4, K1)*DX



111

ENDIF

1 CONTINUE
RETURN
END

SUBROUTINE CUBS3 (X, FX, C, N)

C
IMPLICIT REAL*8$(A-H, 0-Z)

DIMENSION C(4, N),X(N),FEX(N)

C  SEE COMMENTS IN CARL DE BOOR. A PRACTICAL GUIDE TO SPLINES
C PAGE 57

C X-MESH, FX: FUNCTION AT X

C C=CUBIC COEFFICIENTS

C  F(S)=C(1, IyFH*(C(2, TytH*(C(3, I)+H*C(4, T)/3.)/2.)

C WHERE H=S-X()

L=N-1

1G=0

IE=0

DO 1J=1,N

1 C(1, H=FXQ)

DO 10 M=2, N

C(3, M=X(M)-X(M-1)

10 C(4, M)=(C(1, M)-C(1, M-1))/C(3, M)

IF(IG-1)11,15,16
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11 IF(N. GT.z)Gb TO 12

C(4,1)=1.D0

C(3,1)=1.D0

C(2,1)=2.D0*C(4,2)

GO TO 25

12 C(4,1)=C(3,3)

C(3,1)=C(3,2)+C(3,3)
C(2,1)=((C(3,2)+2.*C(3,1))*C(4,2)*C(3,3)+C(3,2)**2*C(4,3))/C(3,1)
15 C(4,1)=1.D0 |

C(3,1)=0.D0

GO TO 18

16 C(4,1)=1.D0

C(3,1)=1.D0

C(2,1)=3.D0*C(4,2)-C(3,2)/2.D0*C(2,1)

18 IF(N. EQ.2)GO TO 25

19 DO20M=2, L

G=-C(3, M+1)/C(4, M-1)

C(2, M)=G*C(2, M-1)+3.DO*(C(3, M)*C(4, M+1)+C(3, M+1)*C(4, M)
20 C(4, M)=G*C(3, M-1)+2D0*(C(3, M)+C(3, M+1))
IF(IE-1)21,30,24

21 IF(N. EQ. 3.AND. IG. EQ.0)GO TO 22

G=C(3, N-1)+C(3, N)

C(2, N)=((C(3, N}+2.D0*G)*C(4, N)*C(3, N-1)
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x  +C(3, N)**2*(C(1, N-1)-C(1, N-2))/C(3, N-1))/G
G=-G/C(4, N-1)

C(4, N)=C(3, N-1)

GO TO 29

22 C(2, N)=2.D0*C(4, N)

C(4, N)=1.D0

GO TO 28

24 C(2, N)=3.D0*C(4, N)+C(3, N)/2.D0*C(2, N)
C(4, N)=2.D0

GO TO 28

25 IF(IE-1)26,30,24

26 IF(IG. GT.0)GO TO 22

C(2, N)=C(4, N)

GO TO 30

28 G=-1.D0/C(4, N-1)

29 C(4, N)=G*C(3, N-1)+C(4, N)

C(2, N)=(G*C(2, N-1)+C(2, N))/C(4, N)

30 DO40J=L, 1,-1

40 C(2, =(C(2, 1)-C(3, N*C(2, J+1))/C(4, T)
DO 501=2, N

$=C(3, 1)

SS=(C(1, 1)-C(1, I-1))/S

SSS=C(2, I-1)+C(2, 1)-2.D0*SS
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C(3, 1-1)=2.DO*(SS-C(2, I-1)-SSS)/S
50 C(4, 1-1)=SSS/S*6.D0/S
RETURN

END
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