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Summar,;! 

In cross-flow microfiltration (CFYlF), the suspension is pumped tangentially Over the filtration 

medium, Clear liquid permeates the filtration medium and is recovered as the permeate, while 

the solids accumulate at the filtration barrier to form a fouling layer, Or cake, The cake, 

constituting an increase in hydraulic resistance, decreases the permeate flux, However, the 

tangential suspension flow tends to limit the growth of the cake, Thus, after an initial rapid 

increase in cake thickness, cake growth ceases, and the cake thickness becomes limited to some 

steady-state value, Correspondingly, after an initial rapid decrease, the permeate flux levels 

off and either attains a steady-state, Or exhibits a slow, long-term decline with time. 

Design and optimisation of CFMF systems necessitates a knowledge of the factors that govern 

CFMF behaviour. More specifically, it is necessary to know the effects that the operating 

variables, system variables and suspension properties have on the permeate flux. Although 

various models have been proposed for CFMF, there still exists a lack of knowledge of the 

basic mechanisms that determine CfMF behaviour, especially for systems operated under 

turbulent flow conditions, 

This study constitutes a contribution towards the understanding and the modelling of the 

turbulent CFMF of particulate suspensions, The primary objective was to model the steady-state 

cake thickness and permeate flux in terms of the operating variables, equipment variables and 

suspension properties" The secondary objective was to investigate the influence that the cake 

characteristics have on the system behaviouL These objectives were accomplished as described 
below, 

In the experimental study, the characteristic flux-time curve, effects of inlet velocity, bulk 

concentration and pressure on flux. and system responses to step-changes in operating conditions 

were Obtained for a limestone suspension cross-flow filtered in a 25 mm woven hose tube, Inlet 

velocities investigated ranged from 0,85 mls to 1,98 mis, bulk concentrations from 10,0 gil to 

77,6 g/e, and pressures from 100 kPa to 300 kPu" The steady-state flux was found to be a 

function of all the operating variables studied, over the ranges investigated However, it was 

also found that the flux is not uniquely determined by the operating conditions, but can exhibit 

a dependance on the operating path taken to reach the operating point, 

A qualitative model of the mech~nisms that delermine cake growth and limit was then developed, 

based on ~n analysis of the likely particle transport processes in the system" The observations 

from lhe experimental study were utilised to infer the controlling processes, Three significant 

particle [[anSPor! processes were identified - convection of particles towards the cake, shearing 

of particles off the cake and into the adjacent suspension layer. and diffusion from this byer 



back 10 the bulk suspension. This back diffusion is effected by shear induced hydrodynamic 

diffusion, entrainment by turbulent bursts, and entrainment by turbulent eddies. The limiting 

or steady-state cake thickness is controlled by the convection-diffusion processes. 

The qualitative model was then formulated inro a mathematical model of the steady-state. The 

appropriate steady-state equations were identified. Functions required for the solution of the 

equations were then formulated from current fluid and panicle dynamics technology and 

correlations. Four model parameters result, and these were subsequently quantified by 

computational experiments and a regression technique. An iterative, nested finite difference 

solution procedure was developed, permining the prediction of the steady-state flux, cake 

thickness and concentration profile, for specified operating and system variables. 

Predicted steady-state fluxes exhibit a notably good correspondence with experimental 

observations, and on average are within 10 % of experimentally observed values. The model 

also predicts a unique concentration profile, indicating that cake growth and limit is most 

probably controlled by a thin, distinct, concentrated suspension layer adjacent to the cake. 

There are however significant limitations to the model. Firstly, the model is only applicable 

to systems where the limiting ca~e thickness is convection-diffusion controlled. Secondly, the 

inclusion of a shear induced hydrodynamic diffusivity in the model restricts its applicability 

to particulate suspensions that do not exhibit significant non-Newtonian characteristics. Funher, 

the model parameters cannot be casily quantified from either current knowledge or simple 

laboratory tests, thereby limiting the predictive ability of lhe model. 

Observations in the experimental study indicated that some system behaviours, the long-term 

flux decline and dependence of flux on the operating path, were seemingly determined by the 

characteristics of the cake. Accordingly, the nature of the cake and its influence on system 

behaviour was investigated. Three phenomena contributing to changes in the cake Characteristics 

were addressed, viz. hydraulic the preferential deposition effect and the fines 

infiltration eff eel. The mechanisms of these processes are discussed, together with their 

individual effects on the cake characteristics. Mechanisms proposed for the preferential 

deposition effect and fines infiltration effect are partially based on the Qualitative model of 

cake growth and limit. The individual effects were then combined to indicate the net effect 

on cake characteristics during the cake growth period as well as during the slow decline in flux 

period. This was then applied to explain the seemingly anomalous behaviours observed in the 

experimental study. 
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of the 

wall and the size 

was due to a gross mismatch the size of the pores the 

used, making it d for particles to stably 

across the pores to form a 

bsequently the TRIPLE 

Water NV was tested. 

WOVEN supplied by HTW 

tubes had been treated with a , INDOSOL®, which 

effective pore size of the tube and increased its pressure With this tube a 

and clear permeate were obtained within a minute of start-up and the tube d was 

to operating pressure. This type of tube was su used for all 

in this study. 

pure water flux is extremely high 8 000 l/m2h at a pressure of 10 

this flux is orders of greater than fluxes obtained with the suspension, it was 

that the resistance of tube wall could be rega as negligible in comparison to 

that the cake. 

2.2.4 

The suspension consisted of 

in reverse osmosis (RO) permeate. 

in relative 

limestone, available 

Limestone 

and shear and 

as KULU 5, 

due to 

availability [Hunt (l987a)]. 

was used as medium in to ensure consistent feed quality 

to the probability of any secondary membrane being formed [see Leger (1985)]. 

physical properties of the 

.1 Feed Preparation 

suspension was 

of RO permeate, calcu 

was for each 

repeatibility of the flux 

repeatibility was possibly due to 

which seemingly had 

a feed for all experiments a 

manually. All experiments 

are given in Appendix I. 

a weighted quantity limestone with a 

to yield the desired A new batch of 

curves was poor. Investigations indicated that this poor 

suspensions being made up from different of 

particle size distributions. To obviate this 

quantity of limestone was purchased and 

were performed this homogenised 

ensure 

The was washed out with RO permeate and the suspension flow started with 

pressure open. The flowrate was then set to the value by adjusting the speed 

of the pump via the frequency invertor. This operating flowrate was generally achieved within 

15 For the first minute, the permeate and reject were to drain, to clear 
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out any RO water in the process I The permeate and reject streams were then 

back to the feed tank. The downstream pressure was then increased rapidly up to 

operating pressure downstream back pressure valve. The flowrate did not change 

substantially during pressure and the operating pressure was generally reached 

within 15 seconds. Initially pressure tended to increased rapidly and had to be continually 

adjusted to the the back pressure valve. After about 5 minutes 

the system settled and only adjustments to the back pressure valve were necessary. 

In all ts was clear to the eye start up. 

The 

that the 

pressure was 

non-porous entrance 

chosen as the control pressure on the 

would have pressure probe 

indicating a pressure than the actual pressure the porous zone. 
the pressure drop non-porous entrance region wit! be a 

it would thus difficult to a constant operating pressure at 

subsequently occurred that this precaution was not really necessary at worst, pressure 

nts reported drop along the tube was less than 5 % of the operating pressure, for the 

here. 

2.3.3 

(a) 

(b) 

unsuitable 

measurement 

is 

the 

The flux was monitored at 5 intervals by measuring the time 

to fill a 2 e measuring cylinder. 

An attempt was made to monitor the h Techniques 
X-rays, gamma rays and ultrasonic scanners but all proved to be 

commercially available form. 

rays and gamma rays, the available 

steel structures and emit relatively 

the cake is 

thickness is "" 0,5 mm. A 

rial are designed for 

energy rays. Under these 

and the error in the 

and a relatively long exposure time is 
of monitoring the growth of the cake. 

scanners" provided a 

the apparatus is that the 

In these circumstances, the 

through the tube. 

in the commonly available 

cake is merely a thin line 
on precluding accurate measurement of A scanner with 

some qualitative 

I). However, the 

a small depth of field ( "" 50 mm) was eventually tested. 

observations on the cake thickness profile with time 
apparatus is 

the human 
expensive and since it was the sonic density of 

y could not be directly employed in the measurement of thickness. 

It seemed that a substantial developmental time would be before any of these 

d 
..... "1'""'" could be successfully applied to the measurement of cake thickness, and 

measurement of cake thickness was not in this study. 
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2.4 PROCESSING OF PRIMARY MEASUREMENTS AND ERROR ANALYSIS 

2.4.1 Primary Measurements 

The primary measurements taken, and the experimental uncertainties therein, are summarised 

in Table 2.1. 

Values and Uncertainties in Primary Measurements 

Equipment Variables 

Tube Radius (R ) 

Tube Length (L) 

Permeate Flow Measurements 

Volume of permeate 

collected (V fJorm ) 

Time to collect permeate 

(Iperm) 

Operating Variables 

Suspension Flowrate (Q ) 

Pressure (P) 

Bulk Concentration (C ~ ) 

Value 

0,0126m 

3,0 m 

2,0 f. 

range 20 s to 

80 s 

range 1500 f.lh to 

3500 f.lh 

range 100 kPa to 

300 kPa 

range 10 gIl to 

80 gIl 

Uncertain ty 

0,00025 m 2,0 

0,005 m 0,2 

0,02 l J ,0 

0,4 seconds range 0,6 to 2,0 

50 f.lh range 1,4 to 3,3 

3 kPa range 1,0 to 3,0 

1 gIl range 1,3 to 10,0 



2.4.2 

2.4.2.1 

2.4.2.2 

Us (mls) 

2.4.3 

LetO(F):::: 

2.4.3.2 

rmeate flow rate 3 600 

area I 

VI'''''' 3 600 

t J)~rm 2rtRl 

2.0 I 

t piUm n(O. 0252)(3.0) 

feed flow rate 
flow area 3 600 

nR 3 600 000 

-

3 600 000 

1 795.5 

3 600 

I 

000 

in the measured quantity F 

max[O(permeate flowrate): O(flltration area)] 

max[O(V""m): O(lp"m): O(R). OU)] 

max[l : 2 : 1.98 : 0,17] 

2,0% 

[is) max[O(feed flowrate): O(f1ow area)] 

max[O(Q); 20( R)] 

max[3.3 : 4.0] 

4,0% 

2-7 

(2. I) 

(2.2) 
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2,4,3,3 Errors in Flux-Time CurveS 

There are two sources of Brrors inherent in the flux-time Curves reported in Sections 2.5.1 to 

2.5,3 : 

0) Uncertainty in the flux value (see Sectioll 2,4,3, I) 

(ii) Uncertainty in the time at which the flux is plotted - Assume that at time t after 

start-up a period I poem was required for the permeate to fill the graduated cylinder, 

The flux so calculated has been plotted at time t , rather than the mean time of 

1+ (t""m/2), The uncertainty in the time is thus ± (ip"m!2). 

A typical flux-time, with an error envelope representing the uncertainty, is presented in 

Figure 2.2. It is seen that the uncertainties are insignificant when compared to the point values. 

For clarity, error envelopes have been excluded from subsequent presentations of flux-time 

curves, 

;200 

1100 

1000 

900 
, 

--, 
800 

700 

-~ 
0 eGG 
Q) 

E 
L 500 (1) 

CL 

4Cf) 
0 20 40 60 lac ILO 

Time (minutes) 

Typical Uncertainties in Measured Flux Values 
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2.4.3.4 Errors in Flux vs Operating Variables Curves 

There are two inherent errors in reported curves depicting the effects of operating variables 

on flux: 

(a) Uncertainty in the flux value (see Section 2.4.3.1) 

(b) Uncertainty in the value of the operating velocity, pressure or concentration (see 

Table 2.1) 

Once again, the errors are small in comparison to the point values. In any event, if error bars 

were employed they would be of similar size to the symbols used to represent the experimental 

datapoints (see e.g. Figure 2. J 1). In effect, the experimental errors may be inferred from the 

symbols used to depict the experimental datapoints, and hence error bars have been excluded 

from all graphs depicting the effects of inlet velocity, bulk concentration and pressure on the 

steady-state flux. 

2.4.3.5 Reoeatibility 

Flux-time Curves obtained III separate experiments conducted at similar operating conditions 

are depicted in Figure 2.3. Repeatibility is good. However, good repeatibility is subject to 

the feed suspensions being made up from the same batch of limestone (see Section 2.3.1). 
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2.5 RESULTS 

2.5.1 flux-Time Behaviour 

A typical flux-time curve is presented in Figure 2.4. Consistent with previously reported 

trends[Baker et al. (1985), Knibbs (I98!),Hunt (1987b),Saw et al. (1985),Le (1987)], the flux, 

J exhibits an initial rapid decrease followed by a slow, almost linear decrease with time. UJ , 

This long-term slow decline is a feature of all results obtained in this study, and no true 

steady-state fluxes were obtained. In the rest of this study, the initial period of rapid flux 

decline will be referred to as Period I, and the subsequent slow decline period as Period ll. 

The basis for the boundary between the periods is outlined at the end of Section 2.5.1. 

1200 ,-----------~----------------~=========;==========~ 
Run 48 l\ = 1,42 rnls. 

L 
N 

E 
~ IQQO 
ex' 

X 
:::J 

LL 

Q) 

800 

o 600 
Q) 

E 
L 
(J) 

0... 

rapid dec line 
In flux 

(Period I) 

slow decline 
in flux 

(Period II) 

C~ = 39,4 gil 

P = 200 kPa 

400 'L-__ L-__ L-__ L-__ ~ __ L-__ L-__ L-__ L-__ ~ __ ~ __ ~ __ ~ __ _ 

o 10 20 3Q 40 50 60 70 8Q 90 100 1 10 120 IJO 

Time (minutes) 

fIGURE 2.4 Typical flux-Time Curve 

On a log-log scale, the flux-time response typically exhibits a behaviour as in Figure 2.5. After 

an initial highly negative value ('" -0,47), the gradient progressively increases and the curve 

eventually becomes almost linear, with a gradient of"" -0,14, after about 35 minutes. This is 

in contrast to previous studies where log flux vs log time plots yielded fully linear curves 

[Dalheimer et al. (1970), Krause (1974)]. For a true steady-state, the log flux-log time curve 

will yield a slope of 0, and for ideal deposition, where the mass of cake deposited is proportional 

to the flux (e.g. dead-end filtration), the slope would asymptote to a slope of -0,5 [Krause (1974)J. 

Figure 2.5 clearly confirms that in CFMF systems cake growth becomes progressively less 

dependent on the permeate flux, and hence the flux declines at a slower rate than in dead-end 
fil tra tion. 
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to decline. The average particle size in the cake, however, progressively decreased with time. 

There is thus a strong indication that the long term decline in flux in that system was most 

probably due to preferential deposition of finer particles into the cake, leading to a cake of 

progressively decreasing permeability. In a later paper, Hoogland et a!. (1988) found that the 

cake mass actually decreased with time, while the particle size also decreased. This further 

militates against cake growth being the cause of flux decline in Period II. 

Accepting that cake growth is not the cause of the slow flux decline in Period II, the task then 

resolves to determining which of the following processes is responsible for flux decline in 

Period II for the system under study - slow compression, chemical changes within the cake or 

fines infiltration. 

In the present study, the capturing of the cake was not feasible, and hence any change in 

average cake particle size with time could not be monitored. There is however strong alternate 

experimental evidence that the slow decline in flux in Period II is NOT due to chemical changes 

within the cake or slow compression of the cake, for the system under study. The experiment 

yielding this inference is described below. 

The system was started up at a superficial inlet velocity (U s) of 1,42 mis, pressure (P ) of 

200 kPa, and bulk concentration (C ~ ) of 77,6 gil, and the flux-time behaviour was monitored. 

This flux-time curve was highly repeatable. Thereafter, the system was started up as above, 

but the feed was switched to a second tank containing RO permeate (C~ = 0 gil) after 60 

minutes. The resultant flux-time curves are shown in Figure 2.6. 
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Curve I represents the (repeatable) flux-time curve 

Curve 2 represents the flux-time curve obtained 

subsequently switching the to water. 
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for the limestone suspension. 

up on the suspension and then 

On switch to water, the flux remains constant, and shows no noticeable decline. If the flux 

decline in Period II was due to slow compression or activity the cake, this 

decline would have continued on hing to water. If however the decline was due to finer 

particles from the suspension progressively infiltrating the the decline would be arrested 

on switching the to water. On the basis of the above argument, 2.6 indicates that 

the flux decline in Period JI is most probably due to fines infiltration into the for the 

system under y. (It is recognised that Figure 2.6 indicates other interesting aspects of 

system behaviour. This is discussed in detail in Section .) 

In summary, there are strong ications that the controlling processes responsible flux-time 
in the system under are as follows :-

(a) The initial rapid in is an initial rapid in cake thickness. 

(b) cake thickness remains relatively constant, but the cake is progress 

infiltrated by particles resulting in a slow decrease in permeability, hence the 
slow term decline flux. 

It will be shown that the assumption that flux decline in Period II is caused by fines infiltration 

yields viable explanations various "anomalies" that were observed in the experimental 

The cake th profile will thus be as in Figure 2.7. In the rest of 
study, the maximum thic that obtained at the end Period I, will be 
to as the steady-state cake and the corresponding flux the steady-state 

o 10 

Expected Cake 
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basis for the boundary between Periods I and II may now The of 

the flux-time curve indicates the rale of decline x, or a the rate of 

10 to permeate flow, II is expected that when cake 

and infiltration the dom,inant cause of increases 

the flux-time curve would be observed. A t 

2.8. curve was obtained an 

J w = k 

is shown 

(2.3) 

10 Ihe experimental flux-time data, and numerically di 

at time t and k I [0 k6 are regression constants). 

nl ing the curve ,. is the flux 

J 
J 
U 
"-" 

c 
Ql 

X 

conven 

o~------~==~======~~~========~~ 

-20 

-<10 

-60 

-80 

all 

"'~ 
"'-

'-, 

hne 

Period I 

10 :so IIG 120 

Time (m 

Typical Flux Cradient Prorile 

substantially over the period 1<30 minutes, and then remains 

this the flux at 30 minutes was designated the approximate 

the :lpprox imate boundary between Periods I and II. For the 

this steady-st;](e point varied from"" 25 minutes 10 ... 32 minutes. 

v:llues ::Ire reported at 1- 30 minutes. 
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2.5.2 Eff~~I§l!LQp~!aljne Variables on Flux 

The objective here is to determine the trends that flux-time behaviour and the steady-state 

flux exhibit with respect to the superficial inlet velocity (0,), bulk concentration (C~) and 

pressure (P ). 

For all results presented in Sections 2.5.2.1 to 2.5.23. the system was started up at the specified 

operating conditions, with a strong emphasis being placed on reading the operating point as 
SOOn as possible. following the start-up procedure outlined in Section 23.2, the operating 

point was generally reached within 30 seconds. The significance of this emphasis on start- up 

procedure will become apparent in Section 2.53. 

2.5,2,1 Effect of Superficial Inlet Velocitv on Flux 

The effect of superficial inlet velocity. V" on flux-time behaviour is depicted in figure 2.9 

(linear scale) and in Figure 2.10 (log-log scale). All experiments were nArfrlrl'l'lAn at the same 

pressure, concentration and temperature with only the inlet velocity varying. Consistent with 

previous studies [Dalheimer et aL (1970), Schulz and Ripperger (1989), Rautenbach and 

Schock (1988), Saw et aL (1985)], the flux increases with, and is highly sensitive to, inlet 

velocity. or interest is the observation thallhe flux-time curves in Period II are all substantially 

parallel. On a log-log scale, the gradient appears to be a function of velocity up 10 I ~ 3S 

minutes, whereafter all gradients are substantially the same. This is somewhat different from 

the results obtained by Dalheimer et al. (1970), where the log flux vs log time curves were 

wholly linear and the gradient was independent of velocity. 
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The effect of inlet velocity on the steady-state flux, chosen at t = 30 minutes, is shown In 

Figure 2, J L 
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The flux shows a progressively greater dependence on velocity as velocity increases, and may 

be represented by :-

J w 0: Ti" I 
. , (2.4 ) 

There is general consensus in the literature that the steady-state flux increases with increasing 

inlet velocity, although reported values for the exponents in equation 2.4 vary. In general 

exponents are greater than I [Dalheimer et al. (1970) and Schulz and Ripperger (1987) :­

J.ad};', Rautenbach and Schock (1988):- J.«U;'], but Baker et al. (1985) obtained 

exponents less than I. 

From Figure 2.11, the trend that steady-state flux exhibits with inlet velocity may be represented 

as :-

(2.5) 

(2,6) 

2.5.2.2 Effect of Bulk Concentration on Flux 

The effect of bulk concentration, C~, on flux-time behaviour is depicted in Figure 2,12 (linear 

scale) and Figure 2.13 (log-log scale). Here, runs were performed at the same inlet velocity, 

pressure and temperature, with only the concentration varying. 

A significant dependence on concentration is exhibited. Once again, the flux curves in Period Il 

are substantially parallel. A further interesting observation concerns the rare of growth of 

cake. For the highest concentration, it would seem that most of the cake has already been 

deposited before the first flux measurement at 5 minutes after start-up. Thereafter, the curve 

shows a slow decline and reaches the steady-state after ~ 20 to 25 minutes. For the lowest 

concentration it is apparent that very little cake has been deposited during the first 5 minutes. 

Thereafter the flux shows a substantial decline and eventually reaches its steady-state after ~ 

35 minutes. There are thus indications that the rate of cake growth on start-up is a strong 

function of concentration, 
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The effect of bulk COlllce:lIl1 on the flux is shown in re 2.14. A \though 

the curves in Figure 2.12 apparently reach the stead at around 25 minutes from start-up. 

it can be seen that very little error in trends or values 

at 30 minutes from start-up. 

from stead fluxes 
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A plot of steady-state flux vs log concentration yields a I curve (Figure 2.15), indicative 

of a convection-diffusion controlled process (see 3.2.2). 

There appears to be little consistency in the literature 

exhibits with concentration. Hunt et al. (1987b) obtained 

Saw et aL (1985) and et aL (1984) observed that flux 

the trend that steady-state flux 

trends similar to Figure 2.14. 

linearly with the log of 
the concentration, while and Schock (1988) observed a linear decrease of flux with 

concentration. Further, Dahlheimer et a!. (1970) observed that flux was insensitive 
to 

concentration. 
while Le (1987) found a non-linear relationship flux and log 
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under study, the flux exhibits a strong, but progressively 

on concentration which may be represented as :-

(~~~) < 0 

(~~ w) > 0 

dependence 

(2 ) 

(2.8) 

The effect pressure, P , on flux-time behaviour is shown 2.16 (linear scale) and 

in 2.17 (log-log scale). the inlet velocity and bulk concentration were held 

constant for all runs, while the pressure was changed. Similar to the flux-rime responses 

obtained at different concentrations and velocities, the curves are substantially in 
Period II. 
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The effect of pressure on steady-state flux is shown in Figure 2.18. The steady-state flux 

increases with pressure but shows a progressively decreasing dependence on it. 
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FIGURE 2.18 Effect of Pressure on Steady-State Flux 

Reported trends for the flux-pressure relationship also vary widely. Rautenbach and 

Schock (1988) found that flux was independent of pressure, above a pressure of 100 kPa. 

Saw et a!. (1985) and Le (1987) noted that the flux actually decreased at high pressures, 

presumable caused by compression and compaction effects. Harrison et al. (1981) observed a 

local minimum on the flux vs pressure curve. The trends observed by Henry (1972) are similar 

to Figure 2.18 i.e., 

(J/;) > 0 

(00'::) < c 

(2.9) 

(2.10) 



2-23 

Operational Path Dependence of Flux-time Behaviour 

There are 

of the 

the literature that the flux-time behaviour may not 

but may also be a function of the 

et al. (1981), for example, noted that the operating 

starting up a 

obtained when 

at a lower velocity and then increasing 

a unique function 

path taken to reach 

flux obtained by 

is not as high as that 

curve. In 

(t'" 0) . 

be 

below (and 

operation point 

to the base curves. 

2.5.3.1 

is started-up at the higher velocity. 

an investigation into the operational path 

was rapidly taken up to the 

experiences a step up to 

responses obtained by starting up at the 

base curves. In this section 

point and step-increased (or 

some finite has elapsed. The flux-time responses are 

on start-up. 

at time zero 

points will 

The system was 

minutes and the 

up at Us"" 1,13 mis, p= 200 kPa, C~ = 39,4 gil, allowed to run for 10 

was then rapidly increased to 1,70 mis, while 

constant. repeated, but allowing a run time of 60 

the step- time lapses were chosen in order to assess if response 

II. 

2.19. 
would differ depending on whether the step-change is performed in Period I or 

These curves are contrasted to the high and low velocity base curves in 

Curves I and 2 curves points the curves 

for clarity). Curves 3 responses obtained by 

after 10 and occurring at points A and 8 respectively. 4 

is coincident curve I for most points but they may be differentiated by noting that curve I 

is a solid line while curve 4 is a curve with data points included. 

If the flux-time behaviour were not on the operating path then it would be 

that on increasing the velocity at A or 8, the flux would rapidly increase to the 
corresponding values on curve 2, 

velocity during the 

follows curve 2 approximately. 

to follow the low velocity 

then increasing the velocity 

system is started up at the 

The cake thicknesses at points A 

points C and D, by 

increase in response to the velocity 

then follow that curve substantially. On increasing the 

(point A), the flux declines at a slower rate and then 

the velocity at point 8 however, the flux continues 

starting up the system at the lower velocity and 

a different flux-time response from that obtained if the 

than the corresponding cake thicknesses at 

at points. In order for the to 
at A and 8 therefore, the cake 
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The permeate flux, J w , was on circumferential area of the tube :-

J w 

Q 

2nRL 

and is to the permeate at V", , by :-

1 1 (~)( ) Vw == J w --
3600 1000 

where J w = flux at tube (ejm2h) 

Qp permeate (mll/s) 

L '" length of tube 

Vw = permeate velocity at (m/s) 

If it is assumed that the cake grows until some 

at the cake surface, 

at the cake 

v cs 

U c 

where V cs = permeate at su 

u c = axial velocity in free channel (m/s) 

l c = cake thickness. 

These velocities, Vos and V c , are the "true" velocities seen 

are referred to as the state velocities. These are related to 

V s , by :-

U c 

v cs 

If the cake thickness is significant in to 

velocities could differ appreciably in value. 

experiments conducted to ascertain the 

Although the experiments were conducted at a constant 

cake thickness would have increased with .... VII .... ClI 

fluxes (see Figure 2.14). This implies that the 

(3.2) 

(3.3) 

balance is 

the permeate velocity 

by:-

(3.4 ) 

(3.5) 

at the cake surface, and 

measured velocities, V wand 

(3.6 ) 

(3.7) 

measured 

the 

on permeate flux. 

the steady-state 

the 

with 
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concen tra tion. the inlet velocities Hlt:a;:"Ul by the experimenter were constant 

for all concentrations, the 

concentration. 

velocity that the behaviour 

Despite the 

expressed in terms 

measured velocities, 

respectivel y. 

value between state and 

state velocities will be 

v cs and U care 

velocities, it is expected that trends 

to trends expressed in terms the 

monotonic functions of V w 

if (::J > 0 then 

if (oV w ) > 0 

" of 
then (0:;,) > 0 

where F is some variable. It is feasible, 

second derivative may differ in certain instances, 

and U. are used. 

that the trends exhibited 

on whether V cs and U c or 

The purpose of the is solely to highlight the fact that a difference may 

between the velocities the experimenter velocities "seen" by the 

U. 

the 

Clearly, the variables interest are the and any model must 

eventually relate V iii to Us. P and . However, the mechanistic the 

model, or evaluating the bases of other 

drag forces on 

previous modelling reported in the literature 

will be significant in 

diffusion coefficients etc. 

concerned either planar or systems in which the cake thickness is negligible in comparison 

to the tube radius. In those instances, clearly, the state and measured velocities are equivalent. 

In reporting literature in the present study, an attempt will made to interpret variables as 

either slale or in order to ensure with the present study, 

in instances where a worker has merely referred to it will be interpreted 

as being either a velocity, fi s , or a channel fi c' Similarly, where a 

previous worker has to permeate velocity, it will here as being either 

permeate velocity at the wall, V!II , or the permeate at the 

driving force for cake growth is the convection of solids towards the cake by the radial 

fluid flow. Even after the y-state cake thickness has attained, solids will still 

convected towards the wall. 

driving force and prevent 

structure. It is the identification 

modelling of the in 

some mechanism must 

particles from 

of this mechanism poses 

to offset this cake growth 

incorporated into the 

greatest problem in 



3-4 

Earliest attempts at modelling CFMF-type of behaviour involved the solution of the 

Fickian-diffusion equation using the classic Leveque solution for convective diffusion (film 

theory) [Blatt et al. (1970), Romero and Davis (1988)]. In that approach, the steady-state is 

attained when the convection towards the wall is balanced by a Brownian back-diffusion away 

from the cake. However, when this theory is applied to the UF of colloids or the CFMF of 

particles, using the Stokes-Einstein Brownian diffusivity coefficient, predicted fluxes are orders 

of magnitude below that observed experimentally [Blatt et a!. (1970), Reed and Belfort (1982)]. 

The possible reason for this is that the Stokes-Einstein diffusivity for even small particles is 

extremely small, being inversely related to particle size. It was subsequently suggested that 

either the back diffusion of particles was substantially greater than that predicted by the 

Stokes-Einstein equation, or that the polarised layer did not provide the controlling hydraulic 

resistance to permeate flow [Blatt et al. (1970)]. Porter (1972) showed that the latter argument 

was highly unlikely and further proposed that the back diffusion of particles could be augmented 

by a radial migration of particles away from the cake. 

Subsequent modelling approaches may be classified into 4 main categories: force-balance models, 

enhanced back-diffusion models, axial cOllvection models and scour or erosion models. Significant 

studies in this regard are reviewed below. Most of the models have been developed for laminar 

flow CFMF. They are included here for completeness and since it is feasible that even in 

turbulent systems the controlling processes may occur in the laminar sUblayer. 

3.2.1 Force Balance Models 

In this category of models, the forces acting on individual particles are considered. The 

steady-state is attained when some particular balance of forces is achieved. 

3.2.1.1 Inertial Lift (Lateral Migration) Models 

Neutrally buoyant particles in a laminar flow field tend to experience an inertial lift force 

which causes a migration away from the wall to some equilibrium position between the wall 

and centreline [Altena and Belfort (1984)]. The phenomenon has variously been termed the 

Poiseuille effect, the tubular pinch effect and the inertial lift effect. Porter (1972) initially 

suggested that this inward migration could offset the convection of solids towards the wall. 

The most recent and comprehensive models based on the inertial lift theory are those of 

Belfort et al. [Altena and Belfort (1984), Green and Belfort (1980), Belfort and Nagata (1985)] 

In the inertial lift model it is proposed that particles are subject to two significant forces viz 

a fluid drag force, F D , directed towards the wall and the inertial lift force, F L , directed away 

from the wall. These correspond to a lift velocity, V L, and a permeation velocity, V cs 

(Figure 3.1). When the permeation velocity exceeds the lift velocity, particles convect to the 

wall and cake growth occurs. Cake growth becomes limited when the lift velocity equals or 
exceeds the permeation velocity. 
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The applicability of inertial lift theory to turbulent CFMF is As noted by 

and Davis (I most inertial lift are generally to of 

non- interacting and cannot be appl close to the wall. ney and Colton (1986) 

state that the "model fails to predict a dependence on bulk particle concentration". is not 

strictly correct right hand side of equation 3.8 is a function of concentration the 

Reynolds Number. However, in Reynolds number would only show a significant 

dependence on concentration at high concentrations, or for whose 

strong function concentration. that the inertial lift is inapplicable 

statement The model has 

et a1. (1988), who note that the 

does explain their observations that deposited as 

velocity is 

3.2.1.2 

Rautenbach and 

balance condition 

cr itical cond ition, 

Conceptually, the work 

Rautenbach and 

(1988) and 

for particle Below 

which reach At or above 

which reach will be destabilised and will not deposit. 

Fischer IS not significantly different from that of 

and only Rautenbach and Schocks' model will detailed here. 

Rautenbach and Schocks' critical condition is derived by an equil of drag forces 

and parallel to the (Figure 

Fir fric lion force 

membrane 

permeate 

FIGURE 3.2 Drag Force Model 

axial velocity 
profile 
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1 -2 nd 2 1 
V~s 

nd 2 

CD - P Up ;::: 1jJ CD P --
2 4 2 4 

(3.9) 

where = drag coefficient for spheres 

Up == mean axial velocity over particle (m/s) 

1/J = friction coefficient (or proportionally 

V cs == permeate velocity (m/s) 

d = particle diameter (m) 

p ::; suspension density (kg/m3) 

Rautenbach and Schock reduced equation 3.9 to the 

p ;::: 1jJ V cs 
(3.10) 

and utilised the Universal Velocity Profile for turbulent flow to evaluate p' In the near wall 

the universal velocity profile may be differentiated into three zones: the laminar zone, 

the laminar/turbulent intermediate (or buffer) zone and the fully turbulent zone (see 
Section 3.4.2). This Jed to three expressions for a and V cs, on the particular 

zone being considered. 

V CS 0:: (3.11) 
zone: 

V CS 0:: ( )( 
d )0.44 

R 1.26 V e --
2R 2R 

(3.12) 
zone: 

turbulent zone: 
V 0:: Re l. ° I ~ -( )(d)117 

cs \ 2R 2R 
(3.13) 

where Re Number 

v = kinematic viscosity (m2/s) 

It was found that the best agreement between experiment and theory was given by equation 3.12. 

The correspondence between the model and Rautenbach and Schocks' experimental observations 
is quite impressive. Rautenbach and Schock obtained steady-state fluxes for clay/water and 

suspensions at concentrations ranging from I % to 15 % by volume in thin 

as well as channel, modules. When the fluxes are plotted against the right hand 
3.11, all points lie along a straight line. The proportionality constant, reported m 

(1989), is given as 0,22 1/J - I , with 1/J = 4 680. Schulz (1989) 

to various systems and found a good correspondence between predictions 

Various workers [Harrison et al. (l9B))] have observed that the average 
of the cake as the operating velocity is increased. This is explicable 
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The fluxes predicted by 3.12 are considerably below experimental both 

extreme cases. It is the poor fit may be due to the proportionality constant 

a function of the specific , and hence inapplicable to the limestone system 

It is thus more instructive to compare the trends predicted by the model with the 

in this study. From 3.12 it is seen that v cs , and hence lcs, scales with V~·26. This 

trend is depicted in the particle properties and velocity range here, 

and exhibits a similar to experimentally (equations and 2.6). 

250 

~ 40 g/I 

0,0 25 m 

200 = 5,0 ~ to-Om 
c,j 

V> 150 v 
-, 

100 

Channel Velocity. lie (m/s) 

FIGURE 3.3 for Effect of Inlet Velocity on 

Predicted by Rautenbach and 

The for the of concentration on 

substantially from observations (Figure 2.14, 

concentration range here the model predicts that 

of equation 3.12 it is seen that V's scales 

the model 

and for 

predict a significant dependence on 

whose viscosity is a strong function of 

the steady-state thickness increases with concentration (by 

is seen that for a constant inlet velocity the channel velocity, V c , will 

is 

V cs is a stronger function of channel velocity 

l.26 and V'O.26) it is most probable that if the 

3.4, the model will pred an 

Flux, as 

Model 

3.4) is however, 

Over the 

is virtually independent 
26 indicates that 

at concentrations 

noting that 

from Figure 2.14) it 

as concentration 

kinematic viscosity (V cs 

V c with concentration 

in flux with concentration. 
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Clearly, while the model predicts correct trends with respect to velocity, no trend is predicted 

with respect to pressure and the predicted trend with respect to concentration is contrary to 

ex perimental a bserva tions. 

if> 
v 

140 

120 

100 

80 

60 

FIGURE 3.4 

o 20 40 

i Calculated at: Uc ~ 1.5 m/s 

R = 0.0125 m 

~ = 5,0 x 1O-6 m 

T '" 30"C 

50 80 100 

Bulk Concentration, C ~ (g/I) 

Trend for Effect of Concentration on Steady-State Flux, as 

Predicted by Rautenbach and Schock's Model 

A second criticism of the model stems from the observation that the best fit is provided by 

equation 3.12, the buffer zone equation. Rautenbach and Schock also note that this is surprising 

since with the small particle size concerned it would be expected that the demixing zone would 

occur in the laminar region. This discrepancy is best visualised by comparing the theoretical 

thickness of the laminar zone with the particle sizes used in their experiments. For the conditions 

used in those experiments, the theoretical thickness of the laminar zone ranges from 40 to 80 

Iill1 2, In con trast the particles had an average size of 2 to 2,5 1ill1. Further, particles "on the 

surface" will in fact be embedded partially below the mean cake surface, further decreasing 

their protrusion into the flow field. Thus, particles will unequivocally lie within the laminar 

zone and very little physical basis exists for the application of the equation 3.12. Rautenbach 

and Schock propose that the presence of particles may destroy the laminar zone and thus enable 

particles to be affected by forces in the intermediate zone. In Section 3.4 it wlll be shown that 

it is most likely that particles will dampen out turbulence and thus increase the laminar zone. 

2 Calculated using equation 3.44 with suspension properties and operating velocities obtained from Rautenbach 

and Schock (1988) 
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It is however, that the radial flow through the wall may the thickness of the 

laminar zone (this is discussed in However, if any to the velocity 

profile occurs then equations developed from the universal velocity profile may no longer be 

applicable and the forms of equations 3.11 to 3.13 would have to It would seem 

therefore that various contradictions between the best fit equation the fluid dynamics 

and particle geometry in the near wall 

There are further conceptual inconsistencies with models based solely on a critical drag force 

or shear stress concept. These form a major part of the the chapter on 

Model Development, and are postponed to Section 3.6. 

3.2.2 

In this class models it is proposed that the convection of towards the wall is offset by 

a simultaneous back transport cake to the bulk suspension. The is attained 

when these rates equalise, and may be represented by the one dimensional diffusion 

equation: 

VC 

where V 

C 

D 

OC 
D-

0'-

::: permeate velocity (or flux, depending on the units for 

== concentration 

::::: diffusion coefficient 

(3.14) 

In contrast to concentration polarisation models, however, the diffusivity used in 

the solution of equation 3.14 is not Stokes-Einstein diffusivity, but some alternative 

diffusivity that has a substantially higher value. 

On integrating equation 3.14, a linear between flux and log concentration is predicted 

[Fane et a!. (J 982)]. This is consistent with flux-concentration relationship observed in 

study Figure 2.1 This point will be pursued further Section 3.6, Model Development. 

Prior to reviewing models based on back diffusion, it is 

the concept. 

When a suspension is subjected to a viscous shear fjeld, particle-particle 

a displacement of particles from the bulk streamlines. A marked 

a random walk behaviour, termed self diffusion. If a concentration 

to briefly 

result in 

will subsequently 

ient ex 

the suspension then a in any plane will a number of interactions 

with particles on its that has the higher on its with the lower 

concentration. causes a net drift of particles in the direction decreasing concentration, 

the drift velocity being proportional to the concentration gradient. This net drift down a 
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Substituting this into the Fickian Diffusion equation and integrating along the length of the 

tube, L, yields ;-

I 

v cs Q.Q78(rf)'yw In(~:) (3.19) 

where V cs = length averaged permeate velocity (m/s) 

C w == concentration at the wall (volume fraction) 

C B == bulk concentration (volume fraction) 

Evaluation of equation 3.19 on twelve sets of data showed that the model yielded better agreement 

with experimental observations than previous models. 

Explicit in the model is the assumption that the flux has reached some pressure-independent 

value. Zydney and Colton seem to regard this "pressure independence of flux" as a characteristic 

behaviour of CFMF systems. Clearly equation 3.19 can only apply to laminar systems which 

exhibit a pressure-independant behaviour. The shear induced diffusion mechanism could 

however, apply in the laminar sublayer of turbulent system. 

3.2.2.2 Turbulent Back Diffusion 

Hunt (1987a, 1987b) proposed that in turbulent CFMF systems, particles w.ill be transported 

down a concentration gradient by turbulent eddies and their motion could thus be characterised 

by an effective turbulent diffusivity. Following Flemmer et al. (1982), this diffusivity is given 

as :-

D k9 u· ( 3.20) 

where D' = particle diffusivity (kg/ms) 

k9 == proportionality constant 
U· == friction velocity 

==fi 

with Lw == shear stress at the cake surface. 

The turbulent diffusion of particles would result in a back transport from the cake to the bulk 

suspension. When the rate of this back diffusion is exceeded by the rate of convection to the 

wall, cake growth occurs. Cake growth is accompanied by both a decrease in the rate of 

convection to the wall and an increase in the rate of back transport, leading eventually to a 

cake thickness at which these rates are equal. This defines the steady-state condition, whereafter 

no net particle transport to the cake will occur. 
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The Hunt model entails the simultaneous solution of the steady-state mass balance and the 

hydraulic resistance equations: 

mass balance: 
j'C' D' 

oC' 
or 

pressure balance : 
6P 

where J == permeate flux (kgjm2s) 

C = concentration (mass fraction) 

6P = pressure difference across cake (Pa) 

fit = fluid viscosity (PaS) 

PI = fluid density (kgjm3) 

K = cake permeability (m2) 

tc == cake thickness (m) 

(3.21 ) 

(3.22) 

It was assumed that the bulk of the mass transfer occurred within a thin concentration boundary 

layer close to the cake surface. Based on the non-dimensional distance coordinate in turbulent 

flows (see equation 3.43) it was proposed that the boundary layer thickness could be represented 

by:-

v 
(3.23) 

where 0 == boundary layer thickness (m) 

klo == a constant 

v = suspension kinematic viscosity (m2js) 

Using the Blausius equation for friction factors in smooth tubes, the friction velocity required 

in equations 3.20 and 3.23 was modelled as: 

u (3.24) 

where k 11 = a constant 

Integration of equation 3.21 over the boundary layer requires the relationship between flux and 

radius. On the assumption that the axial velocity profile may be approximated by plug flow, 
this relationship was given as :-

j (r) == (3.25) 
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an improvement over the simple convection flow model, Davis and Leighton (1987) introduced 

the convection-diffusion model. A panicle layer concentrated at Or near maximum packing 

density will nOI flow Davis and Leighton proposed that within the layer the 

mechanism of shear induced hydrodynamic diffusion will result in a f1uidisation 

of the layer, which will then flow axially. The transport 

are depicted in A "local" model was enabling the 

layer velocity and concentration profiles with the layer 

resuspension 

this model 

of the 

and the wall 

concentration at any point the (ube, for an assumed permeate flux. The improved viscosity 

shear induced diffusivity correlations developed by Leighton and Acrivos (1986) were 

employed. The "local" model also predicts the conditions at which a stagnant ca layer will 

form below the flowing 

The "local" model was 

(1988). The 

incorporated into a Kglobal" model 

enables the 

any) and permeate flux with axial d 

and 

ng layer. 

No direct 

comparison with Observations has been made for either the local or global models, 

although it is claimed that the model is in qualitative agreement with experimental trends. 
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An example of a model developed from sedimentation technology is the Scour Model of 

Fane et al. (1982). They proposed that at the steady-state the rate of convective transport 

towards the cake is balanced by the rate of scour away from it : 

v" c; = _(dOH 1 c: 
dt ) 

where (06,,/01) = rate of scour 

c; = bulk concentration (mgjl) 

c: = wall concentration (mg/e) 

Following Raudkivi : 

( '" \ : OU") 
~dt 

- K, Y 

where K, = erosion coefficient 

= function(coI1Cenlraliol1. Ilo/ure of solids) 

y = shear rate 

= function(U, ) 

Assuming a power law relationship between g, and c;: 
k 

K, ex: (c~) H 

where k 14 = a constant 

From equations 3.28 to 3.30, and noting that C: is a constant for a given suspension, 

v cs 

K, (iJJ'15 
0: 

c; 

where klS,kI6.kI7 are regression constants. 

(3.28) 

( 3.29) 

(3.30) 

(3.31) 

The utility of the scour model is limited to the correlation of experimental results and does not 

elucidate the mechanistic particle trans POri processes. As a correlation method it proves useful, 

showing a good agreement between observed and predicted fluxes for a wide range of systems 

[Fane et al. (1982)]. Since the main objective here is to develop a mechanistic model, the scour 

model will not be pursued further. It should also be noted that equation 3.3 J predicts a log-Jog 

relationship between flux and bulk concentration, in contrast to the semi-log relationship 

observed in the present study (see Figure 2.15). 



An example of a developed from transport technology is 

Treasure (1 reported in Murkes and (1988). The model 

Durand's the critical 

C 1/3 

[ 49/
P

, l)r cri! 2. --
C 1/4 \. PI 

where U (fit = critical deposition (m/s) 

C bulk concentration (volume fraction) 

C [) drag coefficient for 

P s • PI = densities of solids and liquid (kg/m3) 

9 gravity (m/s2) 

R :::: pipe radius (m) 

Scarlett and proposed that the 

g', derived from fluid 

g, in equation 

theory: 

6P 
g 

where t. P :::: pressure drop across cake (Pa) 

[3 :::: cake voidage 

tc cake thickness (m) 

hyd resistance equation is 

Vw 
6P 

where k 18 :::: permeability constant 

leO :::: equivalent 

V w :::: permeate 
filter medium (m) 

(m/s) 

3.32 to 3.34 and yields: 

Vw 
k 18 6P 

Ch 3 

h 2 6P 
-3.5 11 eril + h4 U erit + 

where 

h ~ 2 43 CIIJ( 4R )112 
2' (l-f3)PI 

0, 

that of 

is an 

4 1/2 
crit ) 
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and 

of 

(3. ) 

by an 

(3.33) 

(3.34) 

(3. ) 
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Pipe flow is a specific instance of wall flolVs i.e. flows in which the turbulence is affected by 

the presence of a solid boundary, The flow field may divided inlo three sub-regions (Figure 3.10). 

At the solid boundary, the axial velocity is zero due to the no-slip boundary condilion. Next 

to the wall is a thin region, the viscous sub/ayer, where the velocity gradient is al its maximum 

and where viscous effects dominate over inertial ('turbulence') effects. Above this sublayer, 

inertial effects progressively increase and are of the same order of magnitude as the viscous 

effects .. This constitutes the buffer or inlermediale zone and is also the zone of maximum 

turbulence intensity (U' / 0) . Far from the wall the flow becomes fully tu rbulent with dominating 

inertial effects and negligible direct viscous effects - the fully turbulent zone. 

C €l1lreline 

I Turbulent 
Core 

FIGURE 3.10 Sub-Regions ill a Turbulent Flow Field 

predcmioQf)Uy 
turbulence 
e((ec Is 

and 
eHec ts 

Various researchers have measured the velocity profiles in, and thicknesses of, Ihese zones. 

This has resulted in universal velocity profile for wall flows (Figure 3.1 J), in which a 

non-dimensional velocity, U' , has been correlated with a non-dimensional distance from the 
wall, Y' , where :-

u" u 
'" U· (3.40) 

y' Y U· 
== 

v (3.43) 

with U ::: axial velocity (m/s) 
y = distance from wall (m) 



v =: kinematic viscosity (m2/s) 

= friction velocity 

+ 
:J 

.-
v 
0 
1ii 
> 

E 
-0 
I 

=fi 

25 

20 

\ 5 

10 

c 5 
o 
Z 

FIGURE 3.11 

Bufier I 
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eQn 3.46 

Non rmensional Distance from the Wall. Y + 

Universal Velocity Profile for Turbulent Flow 

[from Welty el al. (1976)1 

The profile may be represented by three equations :-

laminar sublayer (Y' < 5) U· = Y~ 

buffer zone 
(5<y'~30) U· 5 In Y' - 3,05 

fully turbulent zone (Y - > 30) U· =0 2.5 InY·+S,S 
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(3.44) 

(3.45 ) 

(3.46 ) 

The universality of Figure 3.11 is seen in that it applies equally well to cartesian and cylindrical 
geometries, and to gases and liquids [Nedderman (1961 )]. 
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The radial distribution of Ifor high Reynolds Numbers is depicted in Figure 3.13 The distribution 

is relatively insensitive to Re , and is almost independent of Re for values above 105• The 

mixing length, and hence phenomenological eddy size, progressively increases from the wall 

and levels off towards the centreline. This is consistent with statistically correlated eddy sizes 

which also indicated that eddies are largest in the centre of the tube and progressively decrease 

in size towards the wall, eventually vanishing in the sublayer. Statistical studies on turbulence 

structure have, however, also shown that eddies at any point in the flow field do not posses a 

unique size but consist of a spectrum of sizes. For the purposes of this study, I may be assumed 

to be the effective eddy size as defined by equation 3.40. 
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FIGURE 3.13 
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cent'€:,ne 

Y /F\ 
( 

Radial DistriuutioJl of Prandtl's Mixing Length 

Ifrom Schlicting (1968)J 

The distribution of E in pipes is shown in Figure 3.14. The diffusivity of momentum is high 

in the core, and progressively decreases towards the wall, eventually vanishing in the sublayer 
where the molecular viscosity becomes predominant. 

What emerges clearly from both the I and E distributions is that the COre of the tube is highly 

turbulent with relatively large eddies, and both the eddy size and the effective diffusivity that 

results from the eddies progressively decreases towards the wall, eventually diminishing in the 
viscous sublayer. 
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The typical effect of radial flow through the wall (suction) on the axial velocity profile is shown 

in Figure 3.17. Over most of the cross section, the velocity gradient is flattened by suction, 

but is increased in the near wall region. Effectively, the shear rate at the wall increases, and 

the boundary layer thickness decreases, as suction is increased. Attempts to determine a universal 

velocity profile in the normal U· vs Y· form were unsuccessful, the data points not falling 

along a common curve as in the case of non-porous tubes [Weissberg (1955)]. Weissberg did, 

however, correlate his results in an empirical form. This will be addressed in Chapter 5. 
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Effect of Radial Fluid Flow on Axial Velocity Profile 

Ifollowing Weissberg (1956)1 

Beavers and Joseph (1967) have shown that for flow in porous tubes the no-slip condition is 

not met at the wall since fluid can move axially within the porous wall. As noted by Belfort 

and Nagata (1985), however, for most common instances the deviation from the no-slip condition 

is negligi bIe. 

Weissberg observed that for all suction rates, turbulence levels across the entire cross section 

of the tube were lowered as suction increased. By implication, transport levels are likely to 

decrease with increasing suction. In the near wall region, however, the decrease in velocity 

fluctuations would to some degree be offset by the increased velocity gradient and the net 

effect on transport coefficients is difficult to ascertain. Skin friction coefficients for turbulent 

flow in porous tubes are greater than that in non-porous tubes, and increases as the suction 

rate is increased. This is in direct contrast to viscous flow in porous tubes, where the skin 
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The role of bursts in particle 

indicated that the 

Yung et al. observed that 

3-40 

may now be addressed. Grass' observations 

particles out of the wall region. Conversely, 

occurs mainly the axial direction, and 

rarely exhibited any vertical 

predominantly axial motion was also 

correlated with the ejection events. 

therland. It is difficult to identify 

differences in experimental 

particle size used 

Sutherland (268 to 512 

0,7 mis, U· == m/s) are, 

to 0,5 mis, U« -= 0,0 1 to 0,026 

conclusion may be drawn 

the sublayer. 

An alternative approach to the 

that may have led to these contradictory results. The 

sizes used by Yung et aL (50 1lID) and 

used in Grass' experiment (U::::: 

higher than that used by Yung et al. (U 0, I 
From the available experimental evidence, no 

role of turbulent bursts in particle re-entrainment from 

would be to identify the various steps involved in the 

re-entrainment of to assess the possible role of turbulent bursts in these 

The re-entrainment process may be divided into two stages :-

(a) Step 1 - a particle must 

(b) Step 2 - the particle must 

from its stable position on the bed surface. 

transported across the sublayer and into the buffer zone. 

From the available experimental evidence, it seems that ejection events will be capable of 

transporting particles that have reached the region y' > 2.5 across the rest of the 

providing of course that are not too large. The problem then to 

whether bursts can detach from the bed su rface and transport them across the region 
y' < 2.5. 

Cleaver and 

particles 

indicate 

of the 

particles will be 

around each particle will 

of a lifl force under all updraft that is capable 

The experimental observations of 

if it does not manifest itself in terms of 

the model is that the lift force 

a bed of particles is considered, it is seen 

some mean bed surface (Figure 3.1 and id 

picture presented in 3.18. It is 
difficult to ,...,....~,..", ... how stagnation points, and subsequently lift forces, may 

an updraft cannot be the mechanism by which 
initiall y 

all 

are 
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compressible cakes, the density will be a function of the solids compressive pressure 

(see 4.2). In this instance the minimum concentration that can be regarded as cake will 

be that concentration correspond to the random packing density at zero consolidation pressure. 

In terms of this definition, point A in Figure 3.21b cake from suspension. The 

region above point A consists of suspension and is mobile. The region below poin t A consists 

of cake, at varying consolidation pressures, and is stagnant. 

Cake growth and limit may thus be viewed in terms concentration. Mobile suspension will 

consolidate into stagnant if concentration reaches some value, 6 Cake 

growth occurs if accumulation of solids in the layer next to the cake to layer 

this critical concentration. The of suspension immediately next to the and 

that which could potentially turn into cake, is referred to frequently the discussion 

that follows and will hereafter be to as the precake layer. Cake growth will cease 

when, by mechanisms to 

from reaching Call . 

, the concentration of the is prevented 

The particle transport mechanisms in the system may now be addressed. The discussion 

that follows concerns a differentia/tube it is assumed that axial gradients are negligible 

in comparison to radial and hence only transport processes occurring in the 

radial direction will be considered 7. 

The tube is regarded as consisting of 3 zones - the cake, the precake 

zone (Figure 3.22). 

and the suspension 

The cake of solids at their maximum packing density. It will be assumed that the 

particles are spherical and do not form a compressible so that radial 

variations in density through the cake will not exist. it will that 

axial flow in the cake is so that fluid flow within the cake occurs only in radial 

direction. The precake is a hypothetical layer above of suspension 

axially over This is fact a control volume that within the 

It has been assigned a special significance since it is this region that will be in any 

cake growth. flow within the precake layer occurs in both the and axial 

The suspension zone consists of the rest of the viscous sublayer, the buffer zone and the turbulent 

core. flow in this zone also occurs in both the axial and radial directions. 

6 

7 

Although the cake is at the maximum random packing 

This is discussed further in Chapter 5. 
C "" could be slightly below this packing density. 

The circumstances under which the above assumptions apply will be addressed in Chapter 5. 
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If the resultant of these forces falls below the point of contact with neighbouring particles, 

then the particle will remain stable (Figure 3.25a). If, however, the resultant is directed 

above the point of contact with neighbouring particles, the particle is inherently unstable 

(Figure 3.25b). Thus, the radial fluid drag and the inter-particle forces define some 

critical shear stress, '"'' , which must be exceeded in order to destabilise. the particle. 

~,iO IO"O~" 

VR.~ 
'\ 

pe>l!1t of 

'''''loct 
",;(n 
n~;'1r.t>c .... ..-;nq 
podi{lt 

! (0) Stable porlicleJ 

"di,1 1 fluid 
flow 

( 

I (b) Unstable particle I 

FIGURE 3.25 Stable and Unstable Cake Surface Particles 

If the available fluid shear stress at the surface is below c"" , particles will remain stably 

in the cake surface. If however, '"'' is exceeded, the particle will roll out of its hole 

and become a precake particle. The particle could, once again, be convected back to the 

cake. 

It is seen that if the available shear stress is below "(,,1/, a net transfer of particles from 

the precake to the cake will occur, driven by the radial fluid flow. If TO'" is exceeded, 

no net movement from precake to cake will occur, since all particles which are convected 

to the cake, as well as existing particles in the cake surface, will be inherently unstable 

and could be sheared off back into the precake. In this instance there will be a continuous 

exchange of particles between the flowing precake and the stagnant cake, with no net 

deposition occurring onto the cake (Figure 3.26). 



(b) 

rodlol 
fluid 
now 

OXlol fluid flow 

FIGURE 3.26 Particle Processes Between Cake Sudace and Precake 

suspension zone exchange processes 

Particles are convected into the precake from the zone by the radial fluid 

flow. It is to divide particle transport from the to the suspension 

zone jl"\lo two from the precake across the sublayer and the buffer 
zone, and transpor( the buffer zone into the turbulent core 

The most significant mechanism of transport from buffer to turbulent core is by turbulent 

eddies i.e. turbulent diffusion of pa mechanisms are likely to be significant 

transporting particles from the across the sublayer and into the buffer zone -
transport by turbulent bursts, above y' '" 2. S, and shear induced 

diffusion, which could apply over the whole and sublayer zones. 
The of which mechanism will dominate will 

Modell (Chapter 5). Lateral migration has not 
in the chapter on 

as a feasible 
mechanism for transport out 

Section 3.9. 
the precake, The reason for this will be addressed in 
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where R, radius of free channel, or core (m) 

(~R-I,) 

/.) = boundary layer thickness (m) 

C ,q = theoretical equilibrium concentration of precake (volume fraction) 

C B = bulk concentration (volume fraction) 

It is seen that this theoretical equilibrium precake concentration, C ,q, is determined by the 

V(r)/Dp(r) distribution. As VCr) increases relative to Dp(r), C,. will increase, and 

conversely. 

There is however a physical limitation to the concentration of the precake. As noted in the 

beginning of Section 3.7, at some critical concentration, C ,n' , a suspension will reach its 

maximum packing density and consolidate into cake. If C 'Q is less than C"" , the equilibrium 

may be achieved. If however, at the specified VCr) and Dp(r) distribution, C," is greater 

than CUil , the equilibrium cannot be achieved. In this instance, the concentration of the precake 

will increase up to C,n' , whereafter the precake will consolidate into cake. Effectively then 

cake growth occurs when the concentration of the precake, as determined by the radial fluid 

flow and particle diffusivity distributions, reaches the critical concentration for consolidation. 

In summary, the initial step in the back-transport of particles from the cake is the shearing of 

particles off the cake surface. If this initial step does not occur, the system will behave like 

a dead-ended filtration system. If the shearing of particles off the cake surface does occur, 

the systems behaviour becomes controlled by a convection-diffusion process. The radial fluid 

velocity and particle diffusivity distributions will determine the concentration of the precake, 

and hence whether the precake will reach the critical cOllcentration and consolidate into cake. 

Cake growth ceases when the equilibrium concentration of the precake falls below the crit;cal 

concentration for consolidation. 

3.8 QUALITATIVE MODEL FOR THE GROWTH AND LIMIT OF THE CAKE 

It is proposed that the avallable shear stress at the cake surface always exceeds the critical shear 

stress necessary to destabilise cake surface particles, except possibly for a short period 

immediately after start-up. 

On start-up, the radial fluid flow convects particles 10 the lube wall where, faced with a barrier 

to Iheir motion, they accumulate to form a cake. Particles are sheared off this cake surface 

and the concentration of the layer immediately adjacent to the cake (precake) subsequently 

illcreases alld exceeds bulk concentration, Back-diffusion of particles occurs from this precake 

to the turbulent core and a concentration profile js established. This back-diffusion is effected 

by three mechanisms. Shear induced hydrodynamic diffusion and turbulent bursts transport 

particles from the precake aCross the rest of the sublayer and inlo the buffer zone. Subsequently, 

turbulent eddies transport particles from the buffer zone into the turbulent core. 
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Initially the radial fluid flow, V(r), is high and the theoretical equilibrium concentration of 

the precake, CO"' exceeds the critical concentration at which suspension will consolidate into 
cake, C crll' Thus the concentration of the flowing precake increases rapidly up to C crll , at 

which this flowing layer consolidates and becomes part of the stagnant cake structure. Now 

particles are sheared off this "new" cake surface and a new precake layer develops. Thus cake 

growth occurs by progressive precake layers reaching the critical concentration and consolidating 

into cake. 

The increase in cake thickness has 2 significant effects on the system :-

(i) the hydraulic resistance to permeate flow increases. Thus VCr) and the rate of 

convection towards the wall decreases. 

(ii) the free channel area decreases, causing an increase in the suspension velocity in the 

channel. All the back-transport mechanisms are strong functions of velocity, and hence 
D p (r) and the rate of back -transport of particles increases. 

Effectively, as the cake grows the theoretical equilibrium concentration of the precake decreases, 

and further, the time taken for the precake to reach C crli progressively increases. At some 

cake thicknesses, VCr) will have decreased, and DI'Cr) increased, to a level where CO" falls 

below C cril. The rates of convection and back-diffusion may now reach equilibrium, the 

precake will remain at a sub-critical equilibrium concentration, and no further cake growth 
will occur. 

Formally, the critical condition at which the limiting, or steady-state, cake thickness is attained 
is given by :-

< C C(lt 

where CO" is the theoretical equilibrium concentration of the precake, defined by the equilibrium 

mass balance :-

f
Re 

R -0 e 

dr In (~eBq ) 
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Most of the discussion in this chapter is of a qualitative nature. The major intention is to 

determine how changes in cake characteristics may influence flux-time behaviour, and hence 

to explain the various seemingly anomalous behaviours observed in the experimental study. 

4.2 HYDRAULIC CQMPRESSION EFFECT 

The flow of fluid through a cake consisting of particles of a wide range of sizes could cause 

a rearrangement of the particulate structure, leading 10 a cake of decreased voidage [Tiller and 

Yeh (1987)J. This process is termed hJ'draulic compression and arises by particles being forced 

into the existing void spaces by fluid drag forces. It musl be noted that this compression of 

the cake is not due to the deformation of individual particles, but to a re-arrangement of the 

particles. The extent of hydraulic compression at any plane in the cake, and hence the voidage 

at that plane. is determined by the effective compressive force, F" experienced by particles 

in that plane. 

A hypothetical solids compressive pressure, ?" may be introduced, given by :-

P, 
F , 
A 

( 4.1 ) 

where F, = compressive force experienced by particles at a plane in the cake (kN) 

A = superficial area of the plane (mZ) 

Stated alternatively, the voidage decreases as the solids compressive pressure, ?" increases. 

The fluid flow around each particles generates friction and drag forces which manifest as a 

decrease in the liquid hydraulic pressure, ? L, in the direction of flow. These drag forces are 

transmitted from particle to particle and eventually to the support medium. At equilibrium, 

the effective compressive force, F" experienced by particles at a plane in the cake is equal to 
the cumulative drag forces up to that plane (Figure 4,]), 

F , ( 4.2) 

where F D = fluid drag force on particle 

Also, at any plane in the cake, the cumulative drag forces up to that point equal the liquid 
hydraulic pressure drop up to thai point ;-

( 4.3) 

where P = liquid pressure at free cake surface (kPa) 

(ie. operating pressure) 

P L = liquid hydraulic pressure (kPa) 
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FIGURE 4.1 Idealised Representation of Cumulative Drag Forces Through 

Cake 

From equations 4.1 to 4.3 :-

P 

Differentiating with respect to distance through the cake, w, 

dP s 

dw 

where w 

+ 
dP L 

dw 
o 

= distance through cake (m) 

4-3 

(4.4 ) 

( 4.5) 

Equations 4.4 and 4.5 describe the variations in P sand P L through a cake formed on a flat 

surface. For a cake formed on a radial surface, the force balance is somewhat complicated 

since the drag forces are also transmitted in the azimuthal direction ("hoop stress") [Tiller and 

Yeh (1985)]. The pressure balance equation for a cylindrical cake is :-

dP L dP s P 
+ + (1-£0)-$ 0 (4.6 ) dr dr r 

where Eo = earth stress ratio 

'" lateral stress / radial stress 
r == radial distance through cake (m) 

Except for thick, relatively incompressible cakes, the P 5 and P L profiles described by 

equation 4.6 do. not differ substantially from that obtained from equation 4.5 [Tiller and 

Yeh (1985)]. Stated alternatively, if the thickness of the cake is not great compared to the 
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thereby making the layer a surface layer, the layer will remain at the voidage it attained when 

it was an inner cake layer. Thus although the effective p. on the layer will now be approximately 

zero, the 1:«11 for the layer wilt be determined by the maximum P, that it was exposed to 

when it was an inner cake layer. 

Hydraulic compression of the cake wil] thus result in the critical shear stress progressively 

increasing towards the wall (Figure 4.5). It can be seen that if the available shear stress due 

to the axial fluid flow is Ll , only a fraction of the cake can potentially be destabilised and 

removed. 

fIGURE 4.5 

mo!(imum frocljon [ 
of (oke thol may 
tie removed If 
ovoiloble sneor 
stress - 1"", 

j Flow 

~'il 

Crillcol Sheaf Stress 
Profile 

Critical Shear Stress Profile Resulting from HydrauHc 

Compression of Cake 

4.2.3 Summary of Hydraulic Compression Effee! 

Hydraulic compression of the cake results in a P J profile being established, the p. being small 

at the cake surface and progressively increasing towards the wall. This manifests as variations 

in the permeability, K , and the critical shear stress, Lm •• through the cake. The permeability 

is at a maximum at the cake surface and decreases towards the walL Resultantly the contribution 

that each layer makes to the overall cake reSIstance progressively decreases on moving away 

from the wall. The 1:''<1 is relatively small at the cake surface and increases towards the wall. 
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suspension zone into the precake and simultaneously a back-transport of particles occurs from 

the precake to the suspension zone. Particles from the precake are convected onto the cake 

surface and may be sheared off back into the precake. 

suspension 
zone 

precoke 

coke 
surfoc e 

C onvec tlon bock 
diffusion 

____________________________ J 

FIGURE 4.8 Particle Transport Processes Between Con trol Volumes 

Assume that initially all control volumes have the same size distribution i.e. x 01 = X 02 = X oJ and 

X bl = X b2 = X b3 • At some time, I J , particles of both sizes a and b are convected onto the cake 

surface. Assume further that at the given surface shear stress most particles of size b deposit 

stably while all particles of size a are sheared off into the precake. 

At this instant, the fractions of a and b in the cake surface and precake will differ from the 

bulk size distribution. However, the mean size distribution in the cake and precake combined 

(C v1 ) will be the same as the bulk i.e. 

At time t I : 

Cui (cake surface) X 01 < X 03 X 01 > X 03 

X 02> X 03 X b2 < X b3 

C v4 (cake surface and precake) X 04 = X 03 X b4 = X b3 

Now there is a continuous convection of particles from C oJ to C o2 simultaneous to the 

back-transport from C"2 to C oJ. During the cake growth period, the rate of convection into 

the precake will exceed the rate of back-diffusion. The overall concentration of the precake 

will thus increase until at some time t 1+ /:'t the critical concentration will be reached and C v2 

will consolidate into cake. The cake will now consist of both C vi and C v2 i.e. C"4' The mean 



4-11 

size distribution of the cake will be indicated by x 04 and xo~ . The objective here is to 

determine how x 04 and X b4 will compare to the bulk size distribution, immediately after C u2 

has consolidated into cake. 

Particles convected into C u2 from C uJ will have a size distribution of x a3 and x 03' Particles 

experiencing back-transport from C u2 to C uJ will have a size distribution of x 02 and x 02' This 

exchange serves to decrease the difference in size distributions between C"2 and C oJ. Thus, 

at the instant of consolidation of C O2 into cake, X o2 and .'1.'02 will be determined by the extent 

of particle exchange that has occurred between C u2 and C oJ during the period 6 t . 

The extent of this particle exchange between C"2 and C uJ will be indicated by the ratio (rate 

of back diffusion / rate of convection) i.e, (~dl:Rc). During the cake growth period, of course, 
I 

this ratio will be less than I. If the ratio is relatively small, then the time taken to reach the 

critical concentration, 6t , will be small and very little gross particle exchange would have 

occurred before C"2 reaches the critical concentration. 

Thus, if 

Hence 

(x a4 )at time I 
I 

(X bJ) 

Thus, for a small (~d/~c) the mean cake particle size will be similar to the mean particle size 

in the bulk suspension. 

If the ratio (~d/~c) is relatively large, 61 will also be relatively large and substantial particle 

exchange would have occurred between C"2 and C uJ, minimising the differences in size 
distributions between these regions. 

Thus, if 

(x a3) 

(x b3) 
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In view of the preferential deposition effect, it is necessary to modify the conceptual picture 

presented earlier (Section 3.8) of particle activity at the cake surface after the limiting cake 

thickness has been reached. 

After the limiting cake thickness has been attained, particles will still be convected to the cake 

surface. If the particles are monodisperse, all will be sheared off back into the precake. If 

polydisperse particles are considered, some fraction of the particles which convect to the surface 

will deposit stably into holes in the surface. However, the number of holes in a cake surface 

that may be stably occupied by particles of a particular size range is finite. As these holes 

become progressively occupied, particles of that particular size range will no longer be able to 

deposit stably onto the cake surface. Thus, after the limiting cake thickness is reached, 

preferential deposition of small particles will continue only until the cake surface becomes 

"saturated" with these smaller size fractions. This will result in the [3, K and Teri! of the surface 

layer progressively changing after the steady-state has been reached, until some saturation value 

is attained (Figure 4.10). 

coke surface rv-YYY\ (Q"'YS>9'~ ~ 
layer ~~ .~~ ~~ 

voidoge of 
surface layer 

permeability of 
surfac e layer 

critic 01 shear 
stress of 

surfac e layer 

sa tUfa tian 
steady-state 

point i···········_-_···························· .. ·········· ....... 

FIGURE 4.10 
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Effect of Preferential Particle Deposition on Cake Surface 

Characteristics After the Steady-State 
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4.4 FINES INFILTRATION EFFECT 

In Section 2.5.1 it was shown that, for the system under study, there are strong indications that 

the slow long-term decline in flux is due to a progressive infiltration of finer particles into the 

existing structure, leading to a cake of progressively decreasing permeability. Here, the 

mechanism of this infiltration and the effects that this has on cake characteristics will be 

examined. 

If the suspension consists of polydisperse particles, some of the particles which convect to the 

cake surface may be smaller than the void spaces between the particles in the surface. In 

contrast to depositing stably in the voids or being sheared off into the precake, these smaller 

particles will penetrate the cake surface. These fines may travel for some distance in the pores 

between the cake particles, eventually coming to rest at a smaller void space, when a group of 

fines bridge across a void, or by adhering to other cake particles. The local voidage, and 

hence local permeability of any layer in the cake will decrease as the layer becomes impregnated 
with fines. 

Fines infiltration will occur during the cake growth period as well as after the limiting cake 

thickness has been attained. During the cake growth period, however, the increase in cake 

resistance due to fines infiltration is likely to be insignificant compared to the increase in 

resistance due to cake growth. Hence, the effects of fines infiltration on cake resistance will 

be most noticeable only after the steady-state cake thickness is reached. 

The volume of voids in the cake is finite. Further, the size of particles that may infiltrate a 

particular pore in the cake is limited by the geometric arrangement of the cake particles. If, 

for example, spherical particles of diameter d are considered, the maximum size of particle 

that may penetrate the void is '" 0,15 d. If this void is subsequently occupied by a particle, 

the diameter of the new voids decreases to "" 0,0 I d (Figure 4.11). 

! 0, 15 d 

FIGURE 4.11 Geometric Limit of Infiltrating Particles 
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Thus, any layer in cake there some maximum, or saturation volume fraction that 

may be occupied by fines. Effectively then, the fines content a will with 

time and asymptotically approach some value corresponding to a fully cake. The 

flux will thus decline and asymptotically approach some ultimate flux value. 

The Question arises as to whether fines saturate the entire cake volume, (volume effect) or 

whether this saturation is limited to the layers near the su (surface effect). This 

has significant implications for system behaviour, as will be demonstrated shortly. 

There are indications that saturation by fines is limited to the layers a 

The first stems from the flux-time curves ined at d operating conditions, as explained 

below. 

The time taken to approach full saturation will be proportional to the volume of cake to be 

saturated and inversely proportional to the rate at which fines are convected into the cake. 

Assume firstly that the full cake volume is to be saturated. The saturation volume, V sal will 

be given by :-

V sal 
( 4.9) 

where V sal volume of cake available saturation by 

R ius of tube outer radius of cake) (m) 

Ie = thickness of (m) 

L = length of cake (m) 

Thus, V sat will increase as the cake thickness 

If the system is operated at a high superficial inlet velocity, the cake thickness will be relatively 

small and the flux relatively high. Thus, V sat will be relatively small and the rate of convection 

of fines into the cake relatively high, indicating that the cake will rapidly full 

saturation level. The flux will thus asymptote to its ultimate value shortly the steady-state 

cake thickness has been attained. versely, if the system is operated at a low inlet velocity, 

the steady-state cake thickness will be relatively large and the flux relatively low. In this 

instance, the flux should exhibit a long period of decline before asymptoting to ultimate 

value. Thus, if fines saturate the entire the expected flux decline curves obtained at 

operating will be as depicted in 4.12. 

Alternatively, assume that fines saturate the cake only to some depth w below the cake surface. 

The volume available for saturation in this instance is given by :-

V sal (4.10) 

where w = distance below cake to which fines penetrate (m) 
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Assume, firstly. that fines saturate the entire cake volume. Since teJ:S lei. the final saturation 

resistance for cake 3 will be less than Or equal 10 the final resistance for cake I. Hence, the 

ultimate flux for curve 3 should be greater than that of curve I. This is inconsistent with 

Figure 4.14, which clearly indicates that curve 3 drops to a value below curve L 

Alternatively, assumes that fines saturate only the surface layers of the cake. In this instance, 

cross-sectional profiles through cakes 1 and 3 will be as in Figure 4.15. Cake I reaches its 

steady-state thickness whereafter its surface layers become progressively saturated with fines. 

Similarly, cake 3 reaches its limiting value whereafter the surface layer becomes progressively 

saturated with fines. At t == 60 however, cake 3 experiences a growth in thickness. Nowa 

"fines free" cake grows above the existing panially saturated surface. This new surface will 

now become progressively infiltrated with fines. 

(j) 
Q) 

"- coke 
0 
l-

ll. 

3:: 
0 
l-

e> 

coke3 
0 
() 

O~----------------------~60~----------~90~--------J 

Time 

FIGURE 4.15 Expected Cake Cross-Sections if Fines Saturate Only The 
Surface Layers of the Cake 

On comparing cakes 1 and 3 at t = 90, it is seen thaI cake I consists of one region that is fairly 

saturated with fines and a substantial fraction that is relatively fines free. Conversely, cake 

2 consists of two regions that are fairly saturated with fines. The resistance of cake 3 is thus 

likely to be greater than that of cake I, indicating thac the flux for curve 3 should be lower 
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than thai of curve I. This is consistent with Figure 4.14, indicating that the observed flux-time 

response obtained by step-decreasing the operating velocity is consistent with the assumption 

that fines saturation is limited to the surface layers of the cake. 

UneQuivocal determination of whether fines saturation is a surface or a volume effect will 

necessitate sampling and analysis of the cake. On the basis of the above arguments, however, 

it seems most likely that this saturation is limited to the surface layers. Thjs progressive 

saturation of the surface layers will change the voidage, and hence the permeability and critical 

shear stress profjles, of the surface layers. The effect of fines infiltration on cake characteristics 

may thus be represented as in Figure 4.16. 
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After the limiting cake thickness has been attained, the main influences 011 cake characteristics 

will be the preferential deposition effect at the cake surface and the infiltration of fines into 

the surface layers. Both effects will eventually be limited by saturation of the surface and 

surface layers respectively. Effectively, after the limiting cake thickness has been re:1ched, 

the change in cake characteristics will be limited to the surface layers and will be as in 

Figure 4.19. 
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4.6 APPLICATIONS 

The effects of the various changes in characteristics on flux-time behaviour will be as follows :-

4.6.1 Long-term Flux Decline 

The slow long-term decline in fIux has already been explained in Section 2.5.1 and Section 4.4. 

Fine particles progressively infiltrate the surface layers of the cake resulting in a progressive 

decline in the cake permeability and hence in the permeate flux. However, there is some 

maximum or saturation fines fraction that may occupy the surface layers. Thus, the fines 

content asymptotically approaches this saturation value and the flux will asymptotically approach 

some ultimale flux value!. 

4.6.2 Irreversibility of Cake 

The initial step in the removal of panicles from the cake is the shearing of particles off the 

cake surface. This will only occur if the shear stress at the surface exceeds the critical shear 

stress of the layer. 

The shear stress at the surface is determined by the suspension velocity and physical properties. 

The critical shear stress exhibits a profile through the cake and in general increases towards 

the wall. It is thus feasible that at a specified suspension velocity, only some fraction of the 

cake may potentially be destabilised. 

It is proposed that at normal operating conditions, the available shear stress only exceeds the 

critical shear stress of a small fraction of the cake. This fraction will decrease with time, as 

fines saturation of the surface layers progressively increases the 'C u " of these layers (Figure 4.16). 

Thus, when an attempt is made to decrease the cake thickness e.g. by increasing the velocity, 

decreasing the concentration or decreasing the pressure, a fraction of the cake surface layers 

will be removed. However, since the contribution of these surface layers to the overall cake 

resistance is small (see Section 4.2), the net effect on the measured permeate flux will not be 

significant. Cake removal will eventually become limited when the available shear is unable 

to exceed the critical shear stress of the current surface layer. 

Clearly, at higher axial shear stresses, the fraction of cake that is removed will increase, 

eventually manifesting as an increase in permeate flux. For the operating range investigated 

in this study, however, this did not occur. A further effect to be noted is that the suspension 

velocity in the free channel will decrease as cake is removed, thereby decreasing the available 

axial shear stress at the surface. The effect of this would be to further decrease the fraction 

of cake that may be removed by a specified increase in inlet velocity or decrease in pressure. 

1 This ultimate flux is probably not attainable in a system that operates on a closed recycle basis, as in this study, 

since the fines. content of tbe feed stream progressively decreases with time. Hence if a constant flux is obtained 

after BOrne time this cannot uncQuivocaUy be attributed to saturation of the cake but could merely be due to 
depletion of fines, 
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4.6.3 Cake Growth in Period n 

In Section 2.5.3 it was observed that if the velocity is decreased, bulk concentration is increased, 

or pressure is increased during the slow decline in flux period, the final cake resistance is 

higher than that obtained by starting up the system at the lower velocity, higher concentration 

or higher pressure. As noted in Section 4.4, this apparent anomaly is explicable if it is assumed 

that fines saturation is limited to the surface layers of the cake. 

A cross-section through the cake obtained by starting up the system at the "thicker cake" 

condition indicates that the surface layers will be relatively saturated with fines while the rest 

of the cake will be relatively fines free (Figure 4.15). Conversely, a cake obtained by starting 

up the system at the "thinner cake" condition and then increasing the cake thickness after a 

significant time lapse will consist of two regions that are relatively saturated with fines. Since 

the permeability of a cake layer is a strong function of particle size, the total resistance of this 

latter cake will be somewhat higher than the resistance of the cake obtained by starting up the 

system at the "thicker cake" condition. 

4.7 SUMMARY OF CHANGES IN CAKE STRUCTURE 

AND CHARACTERISTICS 

For the system under study, three phenomena that are likely to cause changes in the cake 

characteristics are hydraulic compression of the cake, the preferential deposition effect and the 

fines infiUration effect. These phenomena are mainly due to the presence of a wide size range 

of particles in the suspension. 

Hydraulic compression occurs when fluid drag forces cause an irreversible collapse of the 

particulate structure, leading to a cake of decreased voidage. The preferential deposition effect 

concerns the deposition of smaller particles onto the cake, in preference to the larger size 

fractions. This is explicable in terms of a simple model based on rates of transport to and from 

the precake. The fines infiltration effect concerns the progressive infiltration of very fine 

particles into the existing cake structure, until some saturation fines content is achieved. There 

are strong indications fines saturate only the surface layers of the cake, and not the entire cake 
volume. 

The above phenomena change the voidage profile and hence the permeability and critical shear 

stress profiles of the cake. The individual effects are summarised in Table 4.1. 
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Characteris tics 

Critical shear stress 

1: ail 

towards tube 

towards cake 

Hydraulic compression is most likely to be the dominant cause of cake structure 

is most observable and characteristics during the cake growth period. The 

after the limiting cake thickness has been achieved. 

infiltration 

The apparent irreversibility of the cake, the flux ine, and the observation that 

the final cake resistance is dependent on operating path taken to point, 

are explicable in terms of the above phenomena. 



Chapter 5 

MATHEMATICAL MODEL OF THE 

STEADY -STATE CONDITION 

5.1 INTRODUCTION 
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In Chapter 3 it was shown that, for the limestone system used in the present study, the steady-state 

condition is determined by a convection-diffusion process. The radial fluid flow towards the 

wall convects particles to the cake surface. The mechanisms of shear induced hydrodynamic 

diffusion, entrainment by turbulent bursts and entrainment by turbulent eddies, effect particle 

diffusion from the concentrated suspension layer next to the cake back to the bulk suspension. 

The steady-state cake thickness is attained when the equilibrium concentration of this 

concentrated suspension layer falls below the critical concentration for consolidation. 

In this Chapter, this qualitative mechanistic model is formulated into a mathematical model of 
the steady-state. 

Convection-diffusion models for turbulent CFMF have been formulated by previous workers, 

as discussed in Chapter 3. In general, previous workers assumed loose forms for model functions 

(e.g. diffusivity) and model parameters were subsequently evaluated by regression on 

experimental results. Thus, despite mechanistic inconsistencies associated with those models, 

their mathematical formulations do permit effective correlation of experimental results. In 

view of this, the formulation of yet another model based on loose, albeit different, forms for 

model functions and sufficient regression parameters to enable successful correlation with 

experimental results will not necessarily be a significant contribution towards modelling of 
CFMF. 

The approach adopted here is to attempt to formulate model functions rigorously from existing 

technology and correlations for fluid and panicle dynamics, with minimum recourse to regression 

parameters. Noting the considerable differences between a CFMF system and systems usually 

employed in rigorous fluid and particle dynamics studies, it is recognized a priori that this 

modelling approach is unlike to yield as good a fit with experimental observations as the previous 

"full regression" models. However the evaluation of the applicability and short falls of current 

technology is an important point of departure towards the ultimate aim of a fully predictive 
turbulent CFMF model. 
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In Section 5 steady-state hydraulic resistance equations are 

identified. between a CFMF system systems usually employed in 

fluid and investigations are briefly 5.3, in order to 

differences that may be ignored and those that must be explicitly accounted for when applying 

existing transport correlations to CFMF. In Section ,mathematical formulations are 

for the various model functions needed to y-state equations. 

solution procedure is outlined in Section 5.5 and the approach adopted in quantifying 

parameters is d in Section 5.6. Model ictions are presented and discussed in 

Section 5.7. the model is evaluated and in Section 5.S. 

5.1.1 
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channel 

their 

reference is 

by other workers. Most 
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R c, and not on the tube 

has been suitably adapted to 
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The equation of continuity for the particles in radial co-ordinate systems is :-

iJC 

iJl 

where C 

v 

+ \7'(CV) 

= panicle concentration (volume fraction) 

= suspension velocity vector (m/s) 

particle diffusivity vector (m2/s) 

= time (s) 

The following simplifying assumptions are made: 

(i) azimuthal gradients, i,e, (')/dO) , are negligible, 

(ii) the concentration profiles are at a 'steady-state" 1 j,e, ')C I at = 0, 

5-3 

(5,1) 

(iii) radial concentration gradients are confined to a thin concentration boundary layer, of 

thickness I) , next to cake surface. 

With the above assumptions, equation 5,1 reduces to ; 

J J J(CU) 
- - (r V C) + -'-'--'-'-r ar a z 

where c. = bulk concentration (volume fraction) 

= radial distance from tube centreline (m) 

= coro radius (m) (= R I,) 

= tube radius (m) 

= suspension velocity in radial direction (m/s) 

= suspension velocity in axial direction (m/s) 

= panicle diffusivity in radial direction (m2/s) 

= particle diffusivity in axial direction (mz/s) 

= cake thickness (m) 

------ .... --

(5.2) 

Note that ~he "steady-state" referred to in assomption (ii) refers s<llely to time-invariant concentration profiles. 

The steady-state In CFMF is a unique situation where concentration profiles are time-invariant and there is no 

net radial solids transport acro3s the boundary layer. It i5, however, entirely possible to have systems where the 

coneentration profile is time-invariant while a net solid trandport does .occur. 
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Equation 5.2 describes the concentration distribution in a tube of arbitrary length, explicitly 

including gradients in the axial direction. A substantial simplification may be made by 

considering a differel1tial element of a tube, where concentration gradients in the axial direction 

are negligible in comparison with gradients in the radial direction. Most systems may be 

divided into differential elements fulfilling the above criterion. A model developed for the 

differential element may then be integrated to yield the approximate concentration distribution 

along the whole tube [see e.g. Pillay et al. (1988)]. 

For such a differential element, from equation 5.2, and denoting the radial particle diffusivity, 

D pJ, simply as D p : 

I ,) 
--(rVC) 
r Jr 

lcl( Jc\ 
--I I'D -I 
rJr\ Por; 

Integration of equation 5.3 yields 

JC 
rVC-rDp­or Q, 

(5.3) 

(5.4 ) 

The constant of integration, Q" indicates the net solids f10wrate acrOSS any unit length cylindrical 

surface in the boundary layer. 

Equation 5.4 indicates an interesting implication of the differential element assumption. Since 

axial gradients are assumed to be zero, continuity must be observed in the radial direction. 

Hence if a net solids transport does occur across the boundary layer (e.g. during cake growth), 

the net solids flowrate across any unit length cylindrical surface in the boundary layer must 

be constant, as indicated by equation 5.4. 

Rearrangement of equation 5.4 yields 

(5.5) 

Here (VC - D" dCI Jr) indicates the net solids velocity at a particular radius r. Since the net 

solids flowrate remains constant, the net solids velocity must decrease through the boundary 

layer, due to the increase in circumferential area. This is indicated by the term (Q,lr). 

Hunt et aJ. (J987c), adopting a one-dimensional differential element approach in modelling 

cake growth, assumed that the net solids velocity increases through the boundary layer. This 

is clearly not feasible from the point of view of continuity. 
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A further implication of equation 5.5 is that the concentration boundary layer cannot be large 

in comparison with the tube radius. In the extreme instance, when the thickness of the 

boundary layer approaches the radius of the tube, the net solids velocity at the inner edge of 

the boundary layer approaches infinity, implying that an infinite source of solids exists along 

the centreline. Thus, if the boundary layer is large, a differential element analysis is inapplicable 

and axial gradients must be explicitly included in order to obtain a realistic solution. 

At the steady-state in CFMF, the net solids velocity is zero. This is a unique instance of 

equation 5.5 with Q, ~ o. Hence 

lie ~ 
OC 

D­
Par 

(5.6 ) 

It should he noted that V in equations 5.2 to 5.5 represents the suspension yelocity, comprised 

of both the net fluid and net solids velocities relative to the tube co-ordinate system. For the 

unique case of zero net solids velocity, v in equation 5.6 reduces to the fluid velocity. 

To summarise thus far, equation 5.6 is the one-dimensional convection-diffusion continuity 

equation applicable to systems where the concentration profile is time-invariant, the net solids 

velocity is zero and axial gradients are negligible in comparison with radial gradients. The 

question arises as to whether equation 5.6 is applicable to the system used in the present study. 

Fractional changes in operating variables along the tube are presented in Table 5.1 (overleaf). 

Since the steady-state cake thickness is a function of pressure, concentration and velocity, it 

follows from Table 5.1 that this steady state thickness will exhibit only a small variation in the 

axial direction. Further, the variation of concentration in the axial direction is indeed negligible 

in comparison with the concentration variation in the radial direction (low bulk concentration 

increasing up to packing density). Accordingly the tube used in the present study may 

reasonably be modelled as a differential element. 



TABLE 5.1 Summary or Fractional Changes in Operating Variables along Tube 

Run Number Change in Superficial Change in Bulk Change in Pressure 

Velocity Concentrllti(}n 6(P)% 

6(U $)% 6(C~)% 

55 8 8 3 

53 7 7 3 

48 6 6 3 

52 6 6 3 

54 5 6 3 

50 8 9 3 

47 7 8 3 

49 5 6 3 

51 5 5 3 

59 5 I 5 6 

60 5 6 4 

61 6 7 2 

58 6 7 2 

£1(i],)% 
U,(in)- V,Collt) 

x 100 ~ 

V,(in) 

6(C~)% ~ 

C~(out)~ C;(ln) 
x 100 

C~(in) 

6(P)% - P(in) - P(ou1) 
x 100 

P(in) 

where U, = superficial velocity (m/s) 

C~ = bulk concentration (gil) 

P = pressure (kPa) 

(tD ) refers to inlet of tu be 

(Olll) refers to outlet of tube 

U,(in) ,C~(i[]),P(in) and P (oul) were measured, 
-
U,(OIlI) and C;(oul) were calculated 

by mass balance. 



From the qualitative 

equation 5.6 are: 

r Rc 

r Rc 6 

where Rc 

/) 

C crll == 

C8 

In tegra t ion 

JR e V 
dr 

R -Ii Dp e 

The steady-state continuity 
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presented in Chapter 3, the appropriate boundary conditions for 

C C cri! 

core (m) 

thickness (m) 

(volume fraction) 

fraction) 

the above boundary conditions yields: 

(5.7) 

is thus given by equation 5.7. Note that V Dp in 

equa tion 5.7 are not 

diffusivity 

but are the radial distributions of the radial velocity and particle 

across the boundary layer. 

5.2.2 

Following 

system) is as 

the hydraulic resistance equation for a planar ( cartesian 

t::,p ~llV 
Kt (5.8) 

where /').p == pressure across (Pa) 

PI 

V == permeate (m/s) 

l c = cake (m) 

K == permeabil (m2) 

Equation 5.8, however, cannot be d applied to cylindrical co-ordinate Or CFMF systems. 

Firstly, although the permeate f10wrate remains constant through the cake, the permeate velocity 

will change, due to the change in circumferential area. Thus V in equation 5.8 will vary radially 

through the cake. 

The second problem concerns the K. Most real cakes are to 

some extent. Hydraulic from fluid flow through the cake, will cause a 

solids compressive pressure (P 5) through the cake (See 4). 

In cylindrical P s the presence of "hoop" stresses. 

The cake permeabil is a P s, and K IS to exhibit some complex 
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through the cake. There are also that the permeability (or conversely the 

fic cake resistance) of a cake formed under cross-flow conditions may be a function of 

cross~flow velocity. operating pressure and lime from start-up [Baker et a!. (1985), 

Hoogland et al. (1988)]. II emerges therefore that K may be a complex function of distance 

Ih the cake, velocity, pressure and lime from start up. 

A hydraulic resistance equation which explicltly caters effects on K is beyond 

the scope of the present study, For the present purpose it will be assumed that variations in 

permeability through the cake, the eCfect of velocity on permeability and the change 

in permeability with time are "second order" and may be ignored, Accordingly. the 

permeability is only a function of the operating pressure in the • P , and the dependence 

of K on P arises solely from compression 

An approximate hydraulic resistance equation 

a 

d? 

I 
+ 

Section Through a Cake 

al radius r 

VCr) permeate velocity at radius r (m/s). 

to cakes may now be 

on a ndrieal 

5.1 ), 

(5.9) 



From a mass balance, for a cake of unit length in the axial direction :-

V(r)2nr 

where V UJ ::: permeate velocity at tube wall (m/s) 

R ::: tube radius (m) 

Thus, 

V (r) 

Substituting equation 5.10 into equation 5.9 and integrating with the limits :-

r=R 

yields 

whence 

~tl fR dr 
-V R -
K W R-i r 

e 

5.2.3 Summary of Steady-Slale Equations 
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(5.10) 

(5.11) 

The system used in the present study may be approximated as a differential element. The 

steady-state condition is thus represented by the simulation solution of the following equations: 

fRe V 
In (L~~:I) dr 

R -6 Dp c 

(5.7) 

PIli w R ( R '\ tc,p 
In R-l

c
) K 

(5.11) 

In order to solve the above steady-state equations for the steady-state cake thickness (l c) and 

permeate velocity (V IJJ ) mathematical formulations for Ii, V and D p in terms of the operating 

variables are needed, together with values for C eTII and K . 



5.3 APPLICABILITY OF CURRENT FLUID AND PARTICLE DYNAMICS 

TECHNOLOGY TO CFMF 
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The major aim is to formulate model functions that are required to solve the steady-state 

equations from existing technology in fluid and particle dynamics. Direct application of a 

correlation requires complete similarity between the system for which the correlation was 

developed and the system to which it is to be applied. There are, however, significant 

differences between CFMF systems and the systems used in most turbulent fluid and particle 

dynamics studies. The first is that most transport correlations have been developed for 

non-porous tubes, whereas in CFMF a significant radial velocity component exists. The second 

difference is that most studies have involved systems where the viscosity is uniform across the 

cross section of the tube while in CFMF the viscosity is expected to exhibit a significant radial 

variation due to the existence of a radial concentration profile. This section (5.3) addresses 

the issue of whether these differences must be explicitly accounted for, or whether they may 

be ignored. 

5.3.1 Applicability of Correlations Developed for Non-porous Tubes to CFMF 

The obvious approach is to compare results obtained from studies of turbulent flow in porous 

tubes with predictions from correlations developed for non-porous tubes, at the typical conditions 

used in this study. 

Probably the most significant experimental studies of the fluid dynamics of turbulent flow in 

porous tubes are those of Weissberg (1955, 1956). Other experimental studies include those 

of Aggarawal et a!. (1972), Hirata et a1. (1982a) and Mizushina et a1. (1972). In a theoretical 

approach, Kinney and Sparrow (1970) developed an integro-differential model for turbulent 

flow in porous tubes. The model was subsequently extended by Merkine et a!. (1971), and 

Na (1972). A theoretical model, based on the extension of the mixing length concept, was 

developed by Hirata et al. (1982b). These theoretical models, although mechanistically 

attractive, are somewhat difficult to implement. In any event, the models of Kinney and Sparrow, 

Merkine et a!., and Na, used Weissberg's experimental results for model evaluation. Accordingly 

only Weissberg's studies will be referred to here. 

Weissberg measured axial velocity profiles, turbulence levels and friction factors for air flowing 

in a porous pipe, for a wide range of axial inlet and radial wall velocities. In contrast to 

non-porous tubes, where the non-dimensional velocity, u·, is well correlated with the 

non-dimensional distance from the wall, Y' , no such universal relationship could be found for 

porous tubes. Following the correlation approach of Laufer, Weissberg correlated the mean 

(time-averaged) axial velocity profiles as follows :-

y' < 20 (wall region) 

E(SU++~)-E(~) 
E'(sU++~') (5.12) 
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y' ~ 20 ) 

lr hs+h6 1og(Y+) (5.13) 

where 

s 0, I ( 1 - 2, 486 V + ) 

V 
V cs 

U· 

i
SU 

_,2 
2 dl e 

_( <If' ) 2 

e 2 

( 1 + 20.7 V +) 

( 1 7, II +) 

with U' velocity 

U· ) 
y' from the wall 

y wall (or cake surface) (m) 

v == (m2js) 
U· == friction (m/s) 

v cs = radial velocity at wall (or cake surface) (m/s) 

Note that 

E (x) = 2 er f (x) 
where er f(x) is the error junction. 
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Comparison between friction coefficients in porous tubes with the standard Blasius equation 

for smooth non-porous tubes yielded the following: 

f 
fo 

+ 1 15,8 

where f = friction factor in porous tubes 

f 0 == Blasius friction factor for smooth non-porous tubes 
== o. 079 (R e ) ( 0, 25) 

V cs = radial velocity at wall (cake surface) (m/s) 

U c = bulk average axial velocity in free channel (m/s) 

(5.14) 

Note that for turbulent flow, friction factors in porous tubes are greater than those in non-porous 

tubes (see equation 5.14). As noted in Chapter 3, this is contrary to that in laminar flow, 

where friction coefficients decrease as suction through the wall increases. 

The typical effect of radial flow on the axial velocity profile is depicted in Figure 5,2 (a) and 

(b). The profiles were calculated from equations 5.12 and 5.l3. Figure 5.2(a) depicts profiles 

over the whole tube, and Figure 5.2(b) that in the near wall region. Suction of fluid through 

the wall results in a flattening of the velocity profile over the core with a subsequent steepening 

of the gradient in the wall region. 

1,2 

1,0 

0,8 

U 
0,6 

Uc 

0,11 

0,2 

° 
0 

wall 

FIGURE 5.2(a) 

R9 = 25 000 

0,2 0,4 O,S 0,8 

Y IRe 

Effect of Radial Fluid Flow on Axial Velocity Profile 

(whole tube) 
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OJ ~-------~. -----------------------.... 
R, = 25 ooe 

0,0 

a,:J 

0.4 

U 
Uc 

0,3 

0,'2 

0,1 

Q 

0 
",d' 

[ nGUR .. _E_5~.2~(b~) __ E~f~f~ec~l~o~f Radial Fluid Flow on Axial Velocity Profile 
(near wall region) 

In this study. as well as in mOst membrane systems, the radia! ve!ocity is generaJly small relative 

to the axial velocity, The question arises as to whether, for low radial velocities, the actual 

axial velocity profile in a porous tube would differ significantly from non-porous tube profiles, 

In applying the above correlations to CFMF, the velocities based on the free channel radius, 

V" and fj" must be employed in place of velocities based on the tube radius, i,e, V wand 

fj., Since the cake thicknesses Obtained in the present study are not known, four worsi case 

scenarios were investigated (Table 5,2, overleaf), Axial velocity profiles calculated from 

Weissberg's correlations for these scenarios are compared to a non-pOrous tube profile calculated 

from Von Karmans universal velocity profile correlations (equations 3.44 to 3.46) in Figure 5.3, 

Note that over most of the graph the Curves are co-incident, and hence show up as a single 

curve. 

It is clear that at these low radial velocities the axial velocity profile does not differ SUbstantially 

from non-porous tube profiles, For the system under study therefore the axial velocity profiles 

may reasonable be approximated as non-porous tube profiles, 

The axial velocity profile in a system is determined by the radial momentum transport processes 

occurring in that system. Figure 5,3 thus also indicates that radial transport correlations 

developed for non-porous tubes may confidently be applied to porous tubes if the radial velocity 
component is small. 
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TABLE S.2 Velocity Combinations Investigated to Ascertain Whether Axial 

at Low Radial Flows are to Tube 

Profiles 

Assumed highest Flux at Wall (J III ) 1 000 

Assumed Superficial Velocities < ) 1,4 and 2,0 

Assumed Cake 

Case Permeate 

Velocity at on 

Tube Wall ty 

V .. Us 
(m/s) 

4 2,78E-4 

+ 

FIGURE 5.3 

2,0 

::; 10 

Comparison of 

Flows, With 

0,0 and 0,002 

Assumed Permeate 

Cake Veloci at 

Thickness Cake rface 

Ie 

0,002 3,31 E-4 2 

30 100 300 1 000 

+ 

ty Profiles Obtained at Low Radial 
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5.3.2 

In most systems employed in fluid d studies, the viscosity is radially invariant. In 

CFMF a radial concentration profile exists, the concentration increasing from a relatively low 

value in the tube core to a value the maximum packing density of the solids near 

the cake surface. Resultantly, viscosity is expected to show a radial variation, 

from a low core value to a infinity at the cake surface. 

It is known that dampened by the presence of 

[Hsu et (I It is thus that turbulence transport 

in regions of high will differ significantly from in 

pure fluids. This will in turn result in a difference between the actual 

CFMF systems and those obtained in without a radial concentration at the 

some inlet Reynolds numbers. Accordingly, the effects of the radial concentration 

may not be ignored and must be explicitly accounted for. 

5.3.3 

The effects of on radial transport coefficients is seemingly 

typical radial velocities encountered in this study. for 

non-porous tu may thus be confidently applied to CFMF. of the radial 

concentration profile, must be taken into account. Thus, correlations for 

non-porous, uniform systems must be suitably adapted to take into account radial 

concentration being applied to CFMF. 

5.4 

is 

lJ 5, P and C 8 will then resolves to 

satisfied. and 5.11 will be 

following model functions are required: 

D p diffusivity distribution over the boundary 

V ve distribution over the 

concentration for consolidation (volume 

K average cake permeability (m2) 

/) layer thickness (m) 

D p , v and 0 are to formulated from current technology. 

to formulate 

tubes, 

these to 

functions from correlations developed for pure flu 

k viscosity, bulk density and bulk average 

by inferring the effects of the radial 
resultant formulations. 

equations, the 

adopted here is 

flow iog in non - porous 

and to then adapt 

profile on the 
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5.4.1 ParticleDiffusivity Distribution - D p 

Particle diffusion arises from three mechanisms - shear induced hydrodynamic diffusivity, 

transport by turbulent bursts and transport by turbulent eddies. 

5A" 1.1 Particle Diffusivity due to Turbulent Bursts and Eddies 

(a) Introduction 

In a fully turbulent flow field, particle dispersion is effected by the random motion of turbulent 

eddies. Accordingly, the particle diffusivity due to turbulence, D p " is related to the eddy 

diffusivity of momentum, E [Soo (1967), Ni (1986)J. In analogy to molecular mass transfer, 

an inverse particle Schmidt number may be defined [1m and Chung (1983)] : 

where .5 c 

D pi 

E 

~ inverse particle Schmidt Number 

D P' = particle diffusivity due to turbulence (m 2/5) 

E = eddy diffusivity of momentum (m2(s) 

(S.lS) 

Formulation of the D p , distribution in a fully turbulent flow field thus resolves to ascertaining 

the distribution of the momentum diffusivity. E • and the inverse particle Schmidt number S; . 

Cleaver and Yates (1986) modelled particle transport due to turbulent bursts by explicitly 

considering the action of individual bursts. Each burst would sweep some finite area of a 

surface and entrain some small fraction of the particles covering that area" Hence the net 

particle entrainment may be determined from the removal efficiency of a single burst, the 

statistical distribution of burst frequencies and the statistical distribution of burst sizes. 

The alternative approach to modelling bursts adopted here follows from the approach used in 

modelling the particle diffusivity in a fully turbulent zone. As noted in Section 3.4.2, numerOus 

investigations have focussed on developing eddy diffusivity distributions in the near wall region, 

including the buffer and sub-layer zones. These studies were motivated by the observation 

that the assumption of a zero eddy diffusivity in the sub layer leads to calculated heat and mass 

transfer fluxes being lower than that observed experimentally. In general, diffusivity expressions 

for the near wall region take the form 

E 
function (Y') 

v 

and the exact forms are determined by regression on experimental results. 

In view of the current knowledge of the sub-layer, it is obvious that the assumption of purely 

viscous transport mechanisms in that region will lead to low calculated fluxes, since transport 

in that region is substantially augmented by turbulent bursts. It also follows that the empirical 

expressions developed for the eddy diffusivity in that region will implicitly include the 
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contribution of turbulent bursts to transport in that region. In analogy to the particle diffusivity 
due to eddies, the particle diffusivity due to bursts may also be modelled from an inverse 

particle Schmidt number and an appropriate momentum diffusivity distribution for the near 

wall region. 

Modelling of D p' due to both bursts and eddies thus resolves to ascertaining the 5; and the 

E distribution over the entire flow field. 

(b) Inverse Particle Schmidt Number-

The inverse particle Schmidt number is determined by the particle size and inertia, characterised 

by a particle relaxation lime and the characteristics of the underlying fluid turbulence [1m and 
Chung (1983)]. At each point in a turbulence field there exists a spectrum of eddy sizes and 

frequencies. If the particle is very small and light it will respond to every velocity fluctuation 

and hence the particle diffusivity will approach the momentum diffusivity 

as 

Conversely very heavy, dense particles may only respond to the larger eddies, resulting in the 

particle diffusivity being substantially lower than the momentum diffusivity i.e. 

o 0 as 

Prediction of 5; from fluid and particle properties and bulk flow conditions is not at present 

feasible. Although this has been the topic of theoretical studies, solution of the equations 

requires a detailed knowledge of the underlying turbulence e.g, the Eulerian and Lagrangian 
time scales [Soo (l967), Ni (1986)]. Experimental studies of S; include Calabrese and 

Middleman (1979), Snyder and Lumley (1971) and Ni (1986). Calabrese and Middleman 

investigated the dispersion of immiscible drops of liquid (d p ~ 600 to 900 fl111, p,tp, ~ 0,69 

10 1(6) in water flowing in a 50 mm tube. Inferred ranged from 0,5 to 0,8. Snyder and 

Lumley obtained 5; values ranging from 0,110 0,5. Ni, studying the dispersion of dust particles 

in air obtained a radial distriburion for S;, At the centreline, S; "'0.6, increasing to" I in 
the near wall region. 

In terms of current technology therefore, the a priori prediction of s; is not possible and 5; 

will have to remain an adjustable model parameter. In view of the high relative density of 
limestone particles (p,/p,~ 2.55) it is expected that 5; will be small, 
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(c) Momentum Diffusivity Distribution - E 

In turbulent flows, the total (laminar and turbulent) shear stress may be related to the gradient 

of the time-averaged velocity by :-

1: 

P 

where L 

p 

v 

E 

0 
Y 

(v + E) 
dO 
dY 

= total shear stress (Pa) 

== density (kg/mS) 

== molecular kinematic viscosity (m2) 
= eddy kinematic viscosity (eddy diffusivity of momentum) (m2/s) 

= time averaged axial velocity (m/s) 

= distance from wall (m) 

Rearrangement leads to 

where Lw == shear stress at wall (cake surface) (m/s) 

(5.16) 

In principle therefore E may be obtained from a measured velocity profile and a knowledge 

of the shear stress distribution. For example, using Von Karman's universal velocity profile 

(equations 3.44 to 3.46) with equation 5.16 yields the following [Notter and Sieicher (1971)] : 

5 < Y· < 30 

30 < y' 
E 

v 

E 

V 

E o (5.17) 

(5.18) 

(5.19) 

In practise, the above distributions are inconsistent with those inferred from measured heat 
and mass fluxes, especially in the near wall region. The reason for the inapplicability of 

equation 5. J 7 has been addressed in previous sections i.e. the universal velocity profile assumes 

that purely viscous transport processes occur in the sub-layer, contrary to current knowledge 

of that region. Notter and Sleicher (197]) attribute the failure of equations 5.18 and 5.19 to 

the fact that E is a sensitive function of velocity, and even the most rigorous measurements of 

velocity show significant scatter. They also note that it would probably be impossible to 

determine the E distribution for the near wall region from measurement of velocity profiles 

in that region, due to the practical difficulty associated with accurate measurement close to the 
wall. 
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Consequently, the approach adopted by most workers has been to assume some function form 

for E , and to evaluate function constants from measured heat and mass fluxes, Strictly, these 

studies yield distributions of the eddy diffusivity of heat, EJ{, and the eddy diffusivity of mass, 

E,,,, However, E, may be inferred from Eli and E", as discussed a few paragraphs hence, 

Most studies have concentrated on the region Y' < 30 since in most cases of heat and mass 

transfer the boundary layer lies in this region, A good review of studies in this regard is 

presented by Notter and Sieicher (1971), 

For Ihe present purpose distributions of r for both the fully turbulent and the near wall regions 

are required, A summary of the better correlations, i,e, those which show a good fit with their 

particular experimental data, is presented in Table 5,3, 

Correlations for Turbulent Diffushities 

Referrcnce Correlation 

Notter and y' < 45 
S!eic.her 

[1971 ) 
Eli 0, 0009 ( Y' ) 3 
- (5,20) 
V [I +Q,Q067(y,)2]O 5 

Y' > 45 and Y < 0,15 

EN 
1,3(0.4y'r 

v 

. 
- I) (5,21 ) 

y' > 0, IS 

E Q,25ReJfm /S 

dh71dr'2 
- 1 (5,22) 

v 

fm ~do()dy friction factor 

Re = Reynolds Number 

h, ~ VeiGel ty defect flJnciion 

y' l' I R, 

r " rl R <' 

Son and I y -4 0 
Hanratty 

(1967) 
Em 

I V 
0,OOO32(y')4 (5,23 ) 
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TABLE ~Ll Correlations for Turbulent Diffusivilies 

(continued) 

Referrence Correlation 
----~-

Hughmatk 4,3 < Y' < 12 
(1971) 

E 
- ~ 0, 00096(Y·) 3 (5.24 ) 
v 

12 < Y' < 35 

EH 0,0 l55 (Y·) [.9 (5.25) - --
V 

de Pinho whole tube 
and Fahien 

(1981) 1 1 I 
- = - + (5.26) 
Eli E en E wit 

E" 
EN = ------

< E H :> 

< Eft > = uveraiJe ditfusivily over lube 

= 0.069U'R, 

(" ([,ffusivity or heat for core region 

= 1.123[1 +2,345(,')2][1-(1")2] 

£",1\ = diffusiv11y of heal for wall region 

I 
= 0, 000 1 37 R p' 7S (l - r')' 



TABLE 5.3 

(continued) 

Correlations for Turbulent Diffusivities 

-Referrence I Correlation 

Hsu et al. 

(1989) 

tube 

E 

L.74-0,6705 (Re)+O, 

I '" mixing length 

h9 = correction for Re < 10 5 

h 10 = damping factor near wall 

(NB: in Hsu's paper equation 5.27 is stated as follows: 

5-21 

(5.27) 

The units are inconsistent, and it was assumed that the first R c on the It 
hand was a misprint). 
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In order to evaluate E from the correlations in Table 5.3, the relationships between E , Eu and 

EM are required. This has been investigated by, hiler alia, Notter and Sleicher (1971). Typically 

the approach was to assume that E~kEM (or E~kEH)' where k is some constant, hence 

calculate a velocity profile from an EM Or EH distribution, and compare the calculated velocity 

profile to known profiles. 

II was found that, on average: 

y' < 45 (nea.r wall region) 

EM - EH - I ,3 E (5.28) 

y' 

"' 45 (core region) 

E,..." - EH - E (5.29) 

Equations 5.28 and 5.29 may thus be used with Table 5.3 to obtain the radial distribution for 

E. The Question arises as to which of the correlations sbould be used. A comparison between 

the various correlations is shown in Figures 5.4(a) (near wall region) and SA(b) (rest of tube). 

80,------------------------------------------

60 

i 40 

)I 

20 

FIGURE SA (A) 

Re 46 OOC 

NoU.er et 01 (€qn~---5:-20_::_~_:tiiJ 
C€ P'n110 (eq!"\ 5.26) i 
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In the near wall region, the ( distributions are similar. In the core, the correlation of Hsu e! a!. 

differs significantly from that of de Pinho and Notter et a!. 2. 

The significant discrepancy amongst the correlations for r' > 0, ISis not of major importance 

here, since it will be shown that all boundary layers obtained in the model fall well within the 

region y' < 0, IS. With regard to which correlation should be used, that of de Pinho 

(equation 5.26) is particularly attractive, since it is fairly recent, is based on a wide range of 

data and consists of smooth, easily computed equations Accordingly, equation 5.26 will be 

used in the present study. 

The above E correlations apply to systems of constant viscosity. The effect of radial concentration 

profiles on the E distribution will now be addressed. 

The presence of solids affects the turbulence level in a complex way. A good review of studies 

in this regard is presented by Hsu et al. (1989). In general, it is found that solids tend to 

dampen the level of turbulence, the dampening increasing as solids concentration and size 

increases. This is, in part, due to the dissipation of the fluid turbulence energy to the solids. 

2 Note the logarithmic vertical scale in Figure 5.4(B). 
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is also dampened by the presence of solids [Grass (1974)]. Thus the momentum 

of significant solids concentration will lower 

pure fluid 

E KatE 

where E momentum diffusivity in a pure fluid (m2js) 

E momentum diffusivity in a concentrated 

K at attenuation factor « 1) 

( I from at relatively low 

K"c 1 
c 

C max 

where C 

C max 

Equation 5.31 has 

of the solids (volume fraction) 

applied by Roco and Balakrishnam (J 985), assum 

that obtained in a 

(5.30) 

that. 

(5.31) 

it to be valid for 

all 

effect is 

et al. (1989) however have expressed the that the solids dampening 

that by equation 5.31. 

The of turbulence by the presence of solids has not been sufficiently investigated 

to enable quantification of K a/ • The expected boundary conditions K al are consistent 

with equation 

Ka/ ~ 

Kal ~ 0 

In when real 

concentration. In 

CIS 

CtS 

c ~ 0 

c ~ C max 

are considered, K 01 cannot 

10 % (by volume) concentrations of 

a function 

and 

example, it is found that the former is fairly fluid while the latter is a thick and viscous. It 

is that the of a will 

than that of same concentrations. It should also be noted that 

most real t to For uniformly sized the 

between is y clear (about 0,6 volume fraction). For bentonite 

is difficult to define, the packing density being a strong 

of compressive pressure. 
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Noting the limits for K 0<' and in the light of the points raised m the above paragraph, it is 

proposed that: 

Ka/ c )" 
C max 

( 5.32) 

where n > I and is a property of the suspension, and em" is evaluated at a compressive 

pressure of 0 Pa (gauge). Equation 5.32 is depicted in Figure 5.5, for various values of n . 

The proposed functional form should be applicable to most suspensions. For example K" for 

a suspension where significant dampening is expected at low concentrations could be represented 

by n = 5 , while K o. for a suspension where less dampening is expected could be represented 

by n - 2 . 
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The attenuation parameter, n, is an adjustable model parameter. 



(d) Summary Of Particle Diffusivity due to Turbulence Effects 

The particle diffusivity due to bursts and eddies is given by : 

D pi 

where S; 
n 

E 

c 
C max 

C )" E 
C max 

== inverse particle Schmidt number (adjustable parameter) 

== turbulence attenuation parameter (adjustable parameter) 

= momentum diffusivity distribution 

(obtained from a suitable "pure fluid" correlation) 

= concentration (volume fraction) 

== maximum packing density (volume fraction) 

5.4.1.2 Shear Induced Hydrodynamic Diffusivity 
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(5.33) 

The only significant studies of shear induced diffusion are those of Ekstein (1977) and Leighton 

and Acrivos (1987a, 1987b). As noted in Chapter 3, Leighton identified a limitation in the 

experimental apparatus of Ekstein and hence discussions here will be limited to the works of 

Leighton and Acrivos. 

The correlation of Leighton and Acrivos (presented in Chapter 3, and repeated here for 

con yen ience) is : 

D ps 

with 

fj 

where D p , 

D 
y 

rp 

C 

y ,2 
p 

== shear-induced hydrodynamic diffusivity of particles (m2js) 

= non-dimensional diffusivity 

== shear rate (s-1) 

= particle radius (m) 

= solids concentration (volume fraction) 

(5.34) 

(5.35) 

The above correlation is a result of two separate studies. In the first [Leighton and 

Acrivos (1987a)], the diffusivity of particles in a shear field, in the presence of a concentration 

gradient, was measured. Hence the measured diffusivity included the effects of both random 

and non-random drift components. Volume fractions investigated ranged from 0,4 to 0,5 and 

particle sizes from 46 ~m to 87 ~Im. The second study concerned the measurement of particle 

diffusivity in a uniform concentration field [Leighton and Acrivos (1987b)]. Here the measured 

diffusivity only reflects the effects of random drift (i.e. self diffusion). Two particle sizes 

were used, 645 ~m and 389 ~Im , shear rates ranged from 1,55 s-l to 65 s-l and the volume 
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range investigated was ° to 0,4. Equation 5.35 is a combination of the shear induced 

diffusivity measured at the high concentrations and the self diffusivity measu at the low 

concentrations. 

Leighton and Acrivos (1986) note that since the shear induced diffusivity may be up to five 

times greater than self diffusivity, equation 5.35 would probably underestimate the shear 

induced diffusivity at low concentrations. It should also be noted that although equation 

indicates that the non-dimensional diffusivity, D, is independent of y and r p, a significant 

scatte r in data. 

Equation 5.35 requires adaptation before it may be applied to the system used in present 

study. The particles used in Leighton's studies were spherical of uniform 

in contrast to highly irregular, angular limestone particles in the study. On 

the assumption that the induced diffusivity of particles may differ from of 

spherical particles, it is proposed that: 

where D 

D' 

:::; non-dimensional diffusivity for spherical particles (equation 

:::; non-dimensional diffusivity for angular particles 

< I 

(5. ) 

Evaluation of the diffusivity from equation 5.34 requ of the shear rate, 

y. This may course be obtained by differentiation of the profile in wall region. 

As explained in Section however, attenuation of turbulence the solids will result in 

the velocity profile in a differing from that obtained with a pure fluid. The 

qualitative 

Figure 5 

that turbulence will have on r rate may be inferred 

rve I depicts a typical fluid" turbulent velocity profile. Curve 2 is the well known 

parabolic velocity prorile for laminar flow, and thus represents the velocity profile for total 

dampening of turbulence. The dampening of turbulence due to high concentrations in the 

near wall will tend to Shift the velocity profile from Curve I towards Curve 2 e.g. 

Curve 3. will result in an in shear rate over most of the core, but in the 

region of the wall the rate must The shear rate the wall region may thus 
be represented 

y 

where y 

y 

== shear rate calculated a pure fluid velocity profile 

actual shear rate 

< I 
a system with a radial concentration profile 

(5. ) 
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Qualitative Effecl of Radial Concentration Profile on Shear Rate 

at Wall 

Combining 5,34 to 5,37 yields: 

with 

D ps K sh 'Y fj 

y = shear rate calculated for a pure fluid 

K sh == shear diffusivity parameter 

==K1K z 

< 1 

[) == non-dimensional diffusivity (equation 5.35) 

(5.38) 

The shear induced hydrodynamic diffusivity in a CFMF system may thus be modelled as 

equation 5.38, with K sh being an adjustable model parameter. 

In view of the fact that equation 5.35 underestimates the diffusivity at low concentrations, and 

noting its exponential form, it is highly feasible that the equation may drastically overestimate 

the diffusivity at concentrations greater than 0,5. This may have significant implications for 

the current modelling effort, where concentrations of up to 0,6 will be encountered. It should 

also be noted that the shear rates encountered in the sub-layer of a turbulent flow (of the order 
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of 10 000 S-l) are orders of magnitude greater than the shear rates used in the studies of 

Leighton and of Ekstein. At present, however, there are no a priori indications as to whether 

equations 5.34 and 5.35 are applicable to the system under study. By default they will be 

applied and their applicability judged in terms of whether the final solutions seem realistic. 

5.4. J.3 Effective Particle Diffusivity 

It is expected that the shear induced diffusivity will predominate in the sub-layer while the 

diffusivity due to eddies will dominate in the outer regions. In the buffer region both 

diffusivities are expected to be signiricant. 

It is proposed that the diffusivity over the whole flow field will be given by the algebraic sum 

of the turbulent and shear induced diffusivities Le. : 

D pi + D ps 

with D pI == particle diffusivity due to turbulence (equation 5.33) 

D /lS = shear induced hydrodynamic diffusion (equation 5.38) 

5.4.2 Radial fluid velocity distribution - \/ 

(5.39) 

Noting the absence of empirical correlations for the radial velocity profile, the most rigorous 

option to obtain V would be the solution of one of the models mentioned in Section 5.3.1 e.g. 

Kinney and Sparrow (1970). In view of the complexity of those models, however, an alternative 

approximate method may be employed, based on the evaluation of V from the fluid continuity 

equation. 

The continuity equation for fluid flow in a porous tube is :-

1 a aU 
- -(rV) + 
r or OZ 

o ( 5.40) 

Rearrangement leads to :-

V (r) 
1 

(5.41) r 

where VCr) = radial fluid velocity at radius r. 

Thus, the radial velocity distribution V may be obtained from equation 5.41 if the radial 

distribution of the axial velocity gradient (oU /oz) is known. 
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A global mass balance over a length, f::t.z • of porous lube yields (Figure 5.7) :-

UcJ U c2 + 
26.z

V R cs 
c 

where U Cl velocity in core (m/s) (I 

v C$:: velocity at the wall 

Rc ::: core (m) 

woll 
(tok" surfaCe) 

-I 

FIGURE 5.7 Fluid Mass Balance across a 

By specifying Vet' R e , V's and f::t.Z. U,Z may 

velocity profiles, U I (r) and U ) may then 

correlation for turbulent flow velocity e.g. 

These axial velociry profiles may then be substituted 

(lJU/lJz) i.e. 

aU
I 

U I (r) - U 2(r) 
Oz. r 26z 

where (dU/h)l, ... axial velocity at 

uj,u z ... inlet outlet 

yielding the radial distribution of (lJU n:.:). 

the radial fluid velocity distribution V as a function 
properties. 

A typical profile calculated by the above procedure, 

profile, is compared to a profile from Kinney and 

(5.42) 

(m/s) 

Tube 

equation 5.42. The axial 

, V'2 and a suitable 

a analogue of 

(5.43) 

r 

r 

may then to yield 

U ci , R C) V C$ and fluid physical 

using 

(1970) 
velocity 
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y and Sparrow (1970) 

0.5 0.8 1,0 
centr..;::line 

Velocity Profile with that of 

The profiles are 

V. 

validating the nr,n{'~'n ure as a methodS to obtain 

with 

from the profile that would 

v 
v cs 

1 

and approaches the 

v 
1 + 

v cs 

in the near wall 

from Hirata et 

obtained for a plug flow 

for a constant radial 

v shows a moderate 

velocity profile 

It was found that calculated V IV C5 profiles were insensitive to V cs, and negligibly 

(5. ) 

(5. ) 

to [j c , at the typical velocities encountered in the present study. Further, the calculated 

distribution was insensitive to 

not too large. 
value chosen for 6.2, providing that the value chosen was 

3 Strictly, the universal velocity profile will only be valid for low wall velocities Section 



The V 

the 

calculated by the above are "pure fluid" profiles of 

concentration profile is not taken into account. 

concentration profile is depicted in Figure 

highly turbulent system i.e. where the axial velocity 

is the expected profile for a axial velocity 

I 

The Qualitative the radial 

represents the (V IV cs ) profile for a 

approaches plug flow, rve 2 

(laminar flow). The ex nee 

the radial concentralion will thus cause curve to shift towards curve 2 i.e. curve 3. 

1.2 

UJ 

0,8 

V 
0.6 

04 

o,~ 

0 

0.6 0.8 1.0 

wall 

Quali of Radial lion Profile on Radial 

Profile 

Quantitatively, the effect of the rad concentration profile is not to be substantial. 

axial velocity profile Quanti the shear rate, Y • are of the radial 

i.e. radial gradient is substantially affected by the profi Ie in I he 

near wall and hence the effects concen had to be explicitly taken into accoun! 

(see equation 5,37), V, however, is a fv Ihe axial gradient of the velociey profile 
i.e. (oUIJz), which is not expected 10 be a function of the radial profile. 

The insensitivity of V to concentration effects may be inferred from Even 

if curve I was substantially sh towards the laminar flow curve (curve 2) the m 

point values for V in the near wall region will be small. 

the effects of Ihe concentration profile may be 

system may reasonably be approximated as a "pure flu 

once again, that when implementing the above 

on the core radius, i.e. V cs and U e , are used in 

. v'" andU,. 

Accordingly, it will assumed that 

and the V profile 

CFMF systems, 

velocities based on the tv 
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5.4.3 C max 

Following the discussions in Chapter 3, C max is the limiting cake 

compressive pressure, P s, approaches 0 Pa. Thus C max is a property 

as the solids 

the suspension and 

may be evaluated ly. 

Compression- (CP) cell tests on the limestone used in this study indicated that 

C max -t 0, 6 (vo fraction) as 

is that at which a suspension ceases 

This equal to C max' In 

to the 

consolidates into cake. 

spheres, 

packed for example, C max 

state (volume fraction 

cubic packed state 

0,74), but the lowest concentration that may be as cake is the 

'" 0,52). In this instance it is that will be 

achieved at a concentration E!! 0,52, whereafter the will rearrange themselves to 

achieve a C rna' approach 0,74. 

For the information on the packing states of ne is not available, and noting 

that the objective is to model the system from experimentally 

technology, it will simply be assumed that :-

quantities and current 

C cril C max 0,6 (5.46 ) 

5.4.4 K 

is, fundamentally, a property of 

and Yeh (1987)]. 

particles and a function 

deposition effects and 

is also expected 

function 

on 

experiments, the 

to 160 kPa. 

qualitatively in Chapter 4. 

of the effect of 

latter 

et al. (I 985) 

deposition on the 

specific cake resistance, a). For the mineral suspension used 

(acroSS-/lat,,!auead .• nd) from 2 to over the pressure range 

Standard techniques to evaluate K involve some form of 

a 

kPa 

filtration test e.g. compression-permeability (CP) cell. Baker's results, and the in 

Chapter 4, indicate that dead-end tests are most I y to overestimate the permeability of 

formed under cross-flow conditions. However, noting that the aim is to evaluate model fu 

experimentally measured quantities and current technology, and noting that no 

test to evaluate K under cross-flow conditions, dead-end filtration tests remain the 

method to obtain an estimate for K. Note that the results of Baker et al. (1985) ind at 

the very that the order of magnitude K is same under dead-end conditions. 
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Accordingly, it will be assumed that the effects of preferential particle deposition and radial 

compressive pressure profiles on cake permeability are second order effects and may be neglected. 

Thus the cake permeability may be represented by an average value which is solely a function 

of the operating pressure and may be estimated from dead-end filtration tests. 

CP cell tests on the limestone used in this study indicated that over the range 

101 kPa < P, < 303 kPa 

the permeability could be represented by : 

K (
p ) -0.1661 

2,6889 _s 
101 

where P, == compressive pressure (kPa) 

(S.47) 

The above permeability function will be used in the model. Errors arising from the use of this 

(most definitely) over-estimated permeability will have to be "absorbed" in the adjustable model 

parameters. 

5.4.5 Concentration Boundary Layer Thickness - (6) 

The basic assumption in a boundary layer approach is that the concentration field may be 

roughly divided into two regions - the core where concentration gradients are negligible and 

the concentration is approximately equal to the bulk value, and the boundary layer where most 

of the concentration gradient occurs. Accordingly, analysis of the system is greatly simplified 

by restricting considerations to this thin boundary layer. Note that in terms of this assumption 

a system whose concentration profile is as in Curve I of Figure 5.10 lends itself to a boundary 

layer approach while a system with a concentration profile as in Curve 2 does not. 

FIGURE 5.10 

o rce~nv~el~ine~ __ ~ ____________________________ ___ 

2 

1 =wo"''' ____ -.J 1 

bulk wall 

Cone en trotion 

Concentration Profiles Illustrating Validity of a Boundary Layer 
Analysis 



5-35 

One approach to the concentration boundary layer thickness, (0) , is to relate 0 to the momentum 

boundary layer thickness b v [Bird et al. 1960)] i.e. 

6 I 

(S c) 
3 (5. ) 

Ov 

where {) concentration 

b v = momentum boundary thickness (m) 

S~ = Molecular Schmidt number 

This approach cannot, unfortunately, be directly applied to Firstly, in fully developed 

pipe flow momentum boundary layer theoretically extends to tube centreline. 

as defined above no exists. Equation therefore is strictly applicable 

to 

point were U "" 0,99 U max (for 

It is of course 

approach could 

systems, where velocity is Over most 

encountered in this study, however, the 

to arbitrarily define b v as the 

success in highly turbulent 

the typical 

are similar to Curve 1 

In 5.6, and 0.99 U max once again approaches the tube centreline. 

The problem concerns the number, S c' A the particle diffusivity 

to bu rsts 

be 

eddies is related to the momentum diffusivity, the shear induced diffusivity cannot 

related to the momentum diffusivity. Thus, even if b v can be evaluated, the 

An 

0) 

of S c is problematic. 

is to 

to exhibit. These 

as velocity increases, 0 

an expression for {) 

properties are: 

- (at 

results in an increased core region of uniform 

boundary layer). 

on the properties that 6 is 

mixing in the core 

and hence a thinner 

(ji) As viscosity increases, {) increases - (at 

result in a decreased core region of uniform 

viscosities, reduced tur levels 

These properties will be 

imensional distance 
Flemmer et a1. ( 

o 

if the 

and Hunt et at (I 

where K 6 = boundary layer parameter 

is expressed 

(see 
terms of the 

(5.49) 
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1.::, wilJ be evaluated by computational experiments', The factors that will govern the choice 

forK, are: 

0) Panicle size:- 6 must be substantially greater than the particle diameter in order to 

be physically realistic. 

( ii) Calculated concentration profiles :- assume that for some K. the calculated 

concentration profile over the boundary layer is Curve I of Figure 5.1 L By implication, 

the profile over the tube will be as in Curve 2 of Figure 5.1 1. In this instance, the 

profile is consistent with Curve I of Figure 5.10, and hence K, is acceptable. 

Conversely, if the calculation concentration profile over the boundary layer is given 

by Curve 3 of Figure 5.11, the implied profile over the tube is Curve 4. Curve 4 is 

not realistic since an obvious discontinuity exists at point A. In this instance, the 

assumed value for K, is too low. Thus the validity of the choice for K, may be assessed 

by observing whether the concentration in the boundary layer smoothly approaches the 

bulk concentration before the edge of lhe boundary layer. 

predlc \€O 
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profile over 
boundary 
loyer 

,myli~d 

concu:trO\lon 
prori1w :JlI€t 

chor):'\~1 
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nk 1m 

predic tee' 
COncentrotlO() 
prOlde ove. 
bOLlndo(y 
!oyer 

impl:ec 
c onc en tr 0 lion 
p(ofile over 
chO'inel 

c 
o 
u 

" 

FIGURE 5.11 Concentration Profiles Illustrating Validity of Assumed Boundary 
Layer Thickness 

4: This will be elaborated on in Sed ion Q.,CL 
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The equipment variables that will be specified as inputs to 

U < bulk average superficial inlet velocity (m/s) 

c~ - bulk (gil) 

P pressure (Pa) 

T ( 

R tube radius (m) 

The cake is until the steady-state are 

cake thickness, l c , the 

obtained as follows: 

required for the calculation of 

5.4.6.1 Core Radius 

R c := R lc (m) 

5.4.6.2 

(mls) 

5 

Ii 
uP K 

w (mls) 
III 

V cs VW (:J (mls) 

5.4.6.4 Fluid Density (1987a)] 

PI = (999,83952 + 16,945176 T - 7,987041 xl 0-J T 2 

- 46,1 

-280,542X 10 I T 5
) I (1,0+ 16,879X 10-3 T ) 

with PI in kg 1m3 

T in °C 
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model are: 

. For a 
are 

(from 5.11 ) 

(5. ) 



with j.l 

T 

C B 

where Ce 

C~ 

P. 

5.4.6.7 

C~ 

Hunt (l987a)1 

1 ,002 x 10 1.3272(207)-0. 001053(T 20)2 

O,Ol(T+105,O) 

in Pa.s 

in "C 

C~ 

Ps 

= suspension 

= suspension 

::::: particle 

== 2 550 

(volume fraction) 

(volume fraction) 

(gil) 

ix I) 

(mass fraction) 

C~ 

+ 000 

where C 8' = suspension fraction) 

P 
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(5.51) 

(5. ) 

(5. ) 

(5 ) 



5.4.6.9 

10 

v 

5.4.6.11 

(i) 
Re 

(ij) 10 

1 

11 
p 

Wasp et al. (1977)] 

2 1,0 + 2,5C 8 + 10,05C 8 

+ 0,0 

0, 9(Re)1/4 

10 (l.O+115.S
V

':) 

the low in the present study. f"" f 0 ) 

(iii) U 

(mls) 
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(5. ) 

(5.14) 

(5.56) 



5.4.7 

6.P 

5.4 

(i) 

(i i) C erll 

(j i i) K 

(iv) V 

(v) Dp 

0) S~ 

Oi) K sh 

(iii) n 

(iv) Kb 

The 

flux, specified 

(C 8) . 

In (CCC

:

11 

) 

layer thickness 

= Kdv/U') 

= critical concentration 

= cake permeability 

consolidation 

5.47) 

= radial fluid velocity distribution (equation 5.41) 

diffusivity distribution (equation 

particle number (equation 5.15) 

diffusivity parameter (equation 

= turbulence attenuation parameter (equation 5.32) 

layer (equation 5.49) 

the steady-state cake th (lc), and hence 
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(5 ) 

(5.11 ) 

y-state 

inlet (u s) , operating pressure (P) and bulk concentration 

overall iteration scheme is presented as Algorithm I in re 5.12 (highly simplified) : 



No 

STEP I 

STEP 2 

Colc ulo 

STEP 3 

Evoluo 

. P , C 8 

Assume tc 

Vw V (S 

FIGURE 5.12 Algorithm I - Overall Iteration Scheme (simpJiried) 

radial velocity distribution, V , in step 3 may directly evaluated the nrn,rt.>f1 

5-41 

in 
Section 5 The diffusivilY distribution, D p , is a function of the concentration 
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profile, C , in the boundary equations 5.33 and 5.3 The concentration profile 

in turn, be determined by V and D p' Thus step 3 requires a procedure that will yield 

simultaneous solutions of the mutually dependent distributions of D p and C . 

For this, equation 5.3 (repeated here for convenience) may be employed; 

1 
r 

o 
or 

The finite 

C (i) 

where 

with 

B 

r 

(rVC) 
1 0 ( OC) 
-- I rD ror \ P or 

analogue of equation 5.3 is : 

T + T 3 T4 
Ts 

D 
/) [C(i+I) + Cei I)] 

4 
Dp(i-l)] [C(!+J) - C(i I)] 

D i) 
[C(i+ 1) - C(1 I)] 

2Br 

Vi 
2B 

V(l + I 

i + I) C(i-I)] 

+ + 2 
D (i) 

2B r B 

== any INTERIOR mesh point 

== mesh spacing 

== radial distance from tube centreline. 

The appropriate boundary for equation 5.57 are' 

r N 

r 1 

C(N) 

C(l) 

V and Dp tions, equation 5.57 may be solved 

(5.3) 

(5. ) 

C ail 

a point 

relaxation procedure, subject to the specified boundary conditions, to yield the concentration 

profile the boundary layer, C . 

In the present instance, however, the diffusivity distribution is not known, since it is a function 

the concentration profile. Thus, a nested point relaxation procedure must be employed, to 

obtain simultaneous solutions for D p and C. The algorithm for this nested procedure is 

presented in Figure 5.13 (a) and 5.13 (b). 



FIGURE S.13(a) 

( BEGII\J ) 
t 

/ INPUTS I - I / Rc V cs 6 U c 

t 
STEP i r 
Divide boundory loyer into (N+ 1) mesh points 
spaced distance (8) aport. 
Mesh point (i=l) is the edge of the boundary 
loyer, and (i=N) is the cake surfcce. 

~ 
STEP ii I 

Calculate FLUID VELOCITY distribution 

V(i) i= 1 ,N 
(e::uation 5.41 ) 

~ 
STEP iii I 
Set boundary conditions for Concentration 

C( 1) - C B -

C (1\1) - C .\ -
en 

! 
STEP iv] 

Assume starting values for C(i), 1 < i < I\J 

~ 
STEP v I 

Calculate initial dlffusivity distribution, 

D p(i) i=l,N 
(equation 5.39) 

t 

Algorithm II - Nested Iteration Procedure to Obtain 

Simultaneous Solutions for Concentration and Diffusivity 

(used as Step 3 of Algorithm I) 
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STEP vi 

Recalculale concentration 

C(I) 1 < i < N 

STEP vii 

Recalculate dl distribution 

Dp(i) j:::: 1 ,N 

Yes 

No 

SOLUTION· 

Simultaneous solutions for 

D p and 

Algorithm II (continued) 
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solve for concentrotion 

It will probably noted that Step Oi) of Algorithm II is seemingly inconsistent with equation 5.3. 
V in equation 5.3 refers to suspension velocity distribution II has 
been specified as the fluid distribution. The fluid and 
equivalent when the net sol flowrate is zero. 
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The net solids f10wrate may simply be calculated from the output of Algorithm II and equation 5.4 

i.e. 

rVC 
OC 

rD -
P or (5.4 ) 

In general, the output from the Algorithm II will not yield a zero net solids flowrate. In those 

instances the algorithm is inconsistent with equation 5.3 and the algorithm output is physically 

meaningless. When Algorithm II is substituted into Step 3 of Algorithm I, t c is iterated until 

f (V I D p) = In (C cril I C B) , i.e. until the net solids velocity is zero. At this solu tion poin t, therefore, 

the fluid and suspension velocity distributions are equal, and Algorithm II is consistent with 

equation 5.3. Thus the general solution to Algorithm II may not be consistent with equation 5.3, 

but the specific solution obtained when Algorithm II is coupled with Algorithm I is consistent 

with equation 5.3. 

The above algorithms were coded into Fortran and implemented on the Computing Centre for 

Water Research (CCWR) mainframe computer. The values used for model parameters will be 

discussed in the next Section. Computations were initiated by specifying an initial concentration 

profile (Step iii, Algorithm II) of the form 

C(r) (5.58) 

where C(r) = concentration ar radius r 

RI == Rc-o 

m = profile parameter 

Note that m = 1 yields a linear initial concentration profile, m = 2 yields a quadratic profile etc. 

The final solutions were insensitive to the starting profiles used. In general, m = 3 , i.e. a cubic 

initial profile, seemed to reduce the number of iterations needed for convergence. 

Computational stability was controlled by using appropriate relaxation factors e.g. in Steps (vi) 
and (vii) of Algorithm II, 

C(i)i+l 

Dp(i)i~l 

C(Oi + RF ](C(i)i+l-C({)i) 

Dp(n! + RF2(Dp(i)i+l_Dp(i)J) 

where R F I ' R F 2 = relaxation factors 

j symbolises the jth iteration 

In general, computations were still stable if C(i) was over-relaxed (RF 1= 1.5). In initial 

iterations, D p needs to be under-relaxed (R F 2 = 0.4) , but R F 2 could safely be increased to 0,8 
as the solution was approached. 
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In Algorithm II, convergence was assumed, when at all mesh points, 

Investigations indicated that decreasing the convergence criterion from the above value produced 

no change in the final solution. 

Algorithm I was assumed to have converged when 

( J ( V / D p) I n ( C cril / C B ) ) 
< 0,01 

J n ( C cril / C B ) 

The influence of mesh spacing was also tested, by progressively increasing the number of mesh 

points and comparing the predicted fluxes. Increasing the number of mesh points from 151 to 

251 produced negligible change in the predicted flux, and all compu tations were su bsequently 

performed with 151 mesh points. 

5.6 QUANTIFICATION OF MODEL PARAMETERS 

5.6.1 Introduction 

Computational investigations indicated that the boundary layer constant, K 0, was not 

significantly dependant on the diffusivity parameters (n , S ~ and K SA ) and vice versa. This 

enabled K 0 and the diffusivity parameters to be quantified independently. 

5.6.2 Diffusivity Parameters (n, S~, K Sh ) 

Initially an attempt was made to quantify the optimal n, S ~,K sA combination by regression on 

the entire experimental dataset. It was found that a wide range of S ~. K SA combinations yielded 

an equivalently good fit between predicted and observed fluxes. This prompted an attempt 

at "manual" regression in order to better understand the interactions amongst the parameters. 

This exercise, in turn, indicated the interesting result that n. S ~. K SA could reasonably be 

estimated from a single experimental datapoint (i.e. a single steady-state flux measured at a 

known velocity, pressure and concentration). The manual regression procedure leading to this 

surprising observation is detailed below. 



The dataset obtained in the experimental study is summarised in Table 5.4. It consists of three 

subsets, depicting the effects of velocity, concentration and pressure on the steady-state flux. 

It is seen that datapolnt 3 is the central datapoint in all subsets. 

TABLE 5.4 Summary of Experimental Dalaset 

Datapoinl Run Number : Superficial ! Concentration Pressure Flux 

, Inlet Velocity I 
(17,) 

! 
(C; ) (P) (J w) 

(m/s) (gIl) (kPa) 
i 

(llmZh) 

ra) Effec/ of Ve/ocily 011 Flux 

1 55 0,85 39,4 200 499 

2 53 1,13 39,4 200 563 

3 48 1,42 39,4 200 638 

4 52 1,7 39,4 200 722 

5 54 J ,98 i 39,4 200 802 

(b) Elfec/ of COl1celllJalion on Flux 

6 50 1,42 9,9 200 886 

7 47 1,42 19,8 200 749 

3 48 1,42 39,4 200 638 

8 49 1,42 
: 

58,6 200 574 

9 51 1,42 77,6 200 530 

(c) Effect of Pressure 011 Flux 

10 59 J ,42 39,4 100 502 

J I 60 1,42 39,4 150 574 : 

3 48 1,42 39,4 200 638 

12 61 1,42 39,4 250 672 

13 58 I 1,42 39,4 300 687 



For each datapoint, and for a specified K, • there exists innumerable combinations of n, S; , 
K 'h that will yield an exact match between the predicted and observed flux for that datapoint. 

These constitute a (larameler solutiol1 surface for that datapoinL A two-dimensional 

representation of a typical parameter solution surface is shown in Figure 5.\4. Every point 

on every curve represents an n, K 'h' $, combination that will result in an exact match between 

the predicted and observed flux for the particular datapoint. The curveS were generated using 

the algorithm in Figure 5.15 (overleaf) . 

. v . ::: i-'" if! 

,.: 
Q) 

D O,Or 
E 
::l 

Z 

:? 
0,015 

E 
..c 
u 0,01 

if; 

ij) 

Ul , 
<lJ 0.005 > c: 

0 

0 0.25 0.5 0,75 1.0 1,5 

Shear Oiffuslvlly Pororne:er. K sh 

fIGURE 5.14 Two-Dimensional Representation of a Typical Solution Surface 

It is seen that and K" are highly correlated at low K", but $, becomes progressively less 

dependent on K 'h as K" increases. It is also clear that the solution curves become less 

dependant on n as n is increased. The significance of this will be addressed shortly. 

The parameter SOlution surface for each datapoint will, in general, be unique and differ markedly 

from those of the other datapoints. Ideally, the solution surfaces for all datapoints should 

intersect at a single point, which then defines the optimal n, $;, K" combination. In general, 

however, the solution surfaces will nOt intersect at a point. The task then resolves to finding 

the parameter combination that is "closest" to all surfaces 

error between predictions and observations. 

that whiCh results in the minimum 



No 

FIGURE 5.15 

,P,C B ,K 6 

(from experimen t) 

STEP 1 

Calculate t c 

STEP 2 

Specify 

STEP 3 

n K sh 

v cs 

....-........... _..,...-_--1. __ -:--__ -,----------__________ , 

STEP 4. 1 R,-b V Uses I 
Evaluate ALGORITHM! 

Dp II i R, J '--------,.-------'--------------------, 

n K sh S c 

(one point on solution surface) 

Algorithm III - Algorithm to Generate Solution Surface 
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Manipulation of three-dimensional surfaces is not a trivial exercise. However, investigations 

indicated that the solution surface is not very sensitive to n. This is typically illustrated in 

Figure 5.14, where it is seen that the s,. K" solution curve is not very sensitive to n over 

the range n - 2, S to n ~ S. Similar trends were observed for the solution surfaces for other 

datapoints. This observation enabled n to be assigned a fixed value, thereby reducing the 

number of manipulatable parameters to two and hence reducing each solution surface to a 

parameter solution curve. From Figure 5.14, therefore, 

n. 3,5 (5,59) 

It will be shown in Section 5.7.3 that the predicted fluxes are indeed insensitive to n. 

It should be noted that although each point on a given S;.K" solution curve will yield the 

correct predicted flux for the datapoint, every point does not necessarily yield a realistic 

concentration profile. This is depicted in Figure 5.16, where concentration profiles predicted 

at different S;.K" combinations are presented. At low K", all the concentration gradient 

is confined to an extremely thin region next to the cake. The thickness of this region is the 

same order of magnitude as the particle diameter. Thus, the SOlution predicted at low values 

of K" is not physically realistic. At moderate and high K" the thickness of the concentrated 

region is orders of magnitude greater than the particle size, indicating a physically feasible 

solution. 
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all presented here, it was found that a boundary layer thickness of I SOC v I U') was 

to fulfil the criteria 5.4.5. Hence, 

1 

5.6.4 

(a) Examination of the solution 

sensitive to n , over a reasonable range of n. Hence, 

n 3,5 

(5.60) 

that the solution is not very 

Figure 5.14, 

(b) Examination of the S ~. K sh solution curves indicate that a wide range of optimal S ~, K sit 

combinations possibly and that these could reasonably be quantified from the 

solution curve for a single datapoint. The ' . K sh combinations to be tested will be 

from solution curve for data point 3, from the range K 511 > 0.6. 

(c) Computational investigations indicate that the model is relatively insensitive to K 6. 

From computational 

that, in retrospect, the values all the parameters have obtained from 
computational experiments on datapoint 3. 
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The overall model performance is shown in Figure 5.26, where predicted fluxes are plotted 

against exper imen tal fluxes. Wi th the exceptio n of two da tapoints, all predictions lie within 

'" I 0% of experimental observations. 
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The radial fluid velocity increases towards the cake, reaches a maximum and then decreases 

slightly in the near cake region. The net particle diffusivity decreases rapidly, reaches a 

minimum and subsequently increases rapidly towards the cake surface. The concentration 

increases very slowly, undergoes an abrupt, step-like increase and thereafter gradually approaches 

the boundary concentration. 

The origin of the rather unexpected trends for D p and C may be ascertained from Figure 5.28. 

The unattenuated ("pure fluid") momentum diffusivity decreases towards the cake, eventually 

becoming negligible close to the cake surface (Curve I). Attenuation due to concentration 

effects results in a more rapid decline in the near cake region (Curve 2). The low optimal 

value for s~ causes the particle diffusivity due to turbulence (Curve 3) to be substantially 

lower than the attenuated momentum diffusivity. The shear induced diffusivity (Curve 4) is 

a maximum at the cake surface, where both the shear rate and the concentration are at a 

maximum. On moving away from the cake the shear induced diffusivity decreases very rapidly, 

mainly due to the exponential dependence on concentration. The combination of Curves 3 

and 4 yields the somewhat unique trend for the net particle diffusivity (Curve 5). 
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The system adjusts the concentration profiles so that at all points m the boundary layer the 

relationship VC = DpJC/Jr holds (see equation 5.6). The concentration gradient at any 

point is thus a function of the V / D p ratio at that point. Accordingly a substantial concentration 

gradient exists at the point of minimum D p and the gradient then decreases, as V / D p decreases, 
towards the cake surface. 
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The existence of such a layer is explicable in terms 

diffusivity at the cake surface 

V and D fJ distributions. The high 

the cake. However, a significant 

to outward diffusion 

"trapped" between the cake 

velocity 

are thus 

ial fluid 

to accumulate in the near the point of minimum 

the diffusivity This 

results a substantial increase 

suspension. The overall effect is that to a thin region next 

to the cake, manifesting as a relatively distinct 

That a distinct concentrated layer has not been known mass systems, 

e.g. molecular mass transfer, is explicable. For mass turbulent flows. 

the overall diffusivity will be the summation of 

due to turbulence, i.e. : 

diffusivity and the diffusivity 

Doer = D + E ,\l 

where D net == net diffusivity of mass (m2/s) 

D =: molecular diffusivity (m2/s) 

EM == eddy diffusivity of mass (m2/s) 

molecular diffusivity, given by e.g. the equation, will 

a flow field. The eddy diffusivity of mass will exhibit a similar ial 

fluid" eddy diffusivity of momentum (Curve I Figure 5.28). 

either progressively towards the wall or alternatively 

then attain a constant value a short distance away from the wall. 

smoothly and progressively towards 

in particulate CFMF the equivalent molecular D f'S is not 
a constant and away from the cake. with the 

in regions of high concentration, leads to the unique 

and hence to a distinct concentrated layer. 

For feasible range for K 51t , this concentrated layer is 100 [lm to 150 j.lm , 20 to 

30 particle thick (see e.g. Figure 5.16). It is seen that this d concentrated 

is similar to the hypothetical precake proposed in Chapter 2. The simi larity is purely 

probability that this layer exists does however place the proposed mechanism for 

growth and limit (Chapter 3) and the preferential deposition effect (Chapter 4) on a 

It is of interest to note that the solution of a full convection-diffusion model as , 
attempted in the present study, indicates that the cake growth and limit is most probably 

controlled by a distinct concentrated layer next to the cake. This indicates that 

could be considerably simplified by restricting analysis to this layer, lends to 

moving layer models for CFMF [e.g. Fane et a1. (1990)]. 
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5.7.3 Sensitivity to Parameters 

In Section 5.6.3 it was shown that the model is relatively insensitive to the boundary layer 

constant, K •. Model sensitivity to the diffusivity parameters, i.e. n. K" and S; , was tested by 

choosing a parameter set from Table 5.5, independently changing each parameter by ± 10%, 

and comparing the predicted steady-state fluxes. Typical sensitivity analyses, for three 

datapoints, are presented in Table 5.7. 

TABLE 5.7 Typical Sensitivity Analyses 

Base Case: Parameter Set 2 

n ~ 3. 5 

K ,I'l = 1,0 

S, ~ O. 00725 

Varied Parameter a Change ill Predicted Flux (%) b 

Datapoint 3 
! 

Datapoint 6 Datapoint 9 

n 

0,9 n 

I 
1,8 I, 0,9 2,1 

I, I n 2,0 0,9 2,6 

S; 

0,9 s; 4,4 4,4 3,9 

I, IS; 5,8 ~,7 4,2 

Ksh 

0,9 K " 2,6 2,2 1,3 

1,1 K sh. J ,8 2,8 ] ,3 

a all other parameters are as in base case 

b 

%change -
(fJredicteC! flllx - predicted fIUX(b"se,",e l ) 

xlOO 
predicted flux(b", case) 

The predicted flux is relatively insensitive to n , confirming the observation that the parameter 

solution surface is not a strong function of n (see Section 5.6.2). The model is also relatively 

insensitive to K" , consistent with the observation that the parameter solution Curve is not a 



Note 

similar 

ind 

results 

In 

and 

< 5,0. 

to 

The 

of 

of K sI! for K'f! > 0,6. A moderate 

many instances, the percentage change 

to the convergence used 

that the change is not 

a maximum 6% change in 

to parameter values. 

fluxes, 

is exhibited with 

by varying the 

loop (I %, see 
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to s~. 

is 

the parameter values by 10 % 

a model that is only moderately 

model exhibits a to parameter values, for within 

5.18 and 5.19, it is seen that 

are not very to changes in K 6 over range 100 < K 6 < 5.14 

that the solution su is not very sensitive to "''' .... E;'''' n over the range 2,5 < n 

that the solution curve is insensitive is confirmed in Table 5.7. Figure 5.11 

in K sfi for K sfl > 0,6. 

to K 6 may be explained by noting that 

to the region between surface and the 

Thus, provid that the boundary layer is 

concentration are mostly 

of minimum diffusivity (see 

greater 

K 6. 

distribution. 

the concentration profile, and hence predictions, will to 

therefore, to K 6 is due to the unique form of the diffusivity 

Model insensitivity to nand K 50 is most probably due to mutual dependence between 

the concentration and diffusivity distributions, and contrasting effects that concentration 

the 

on D pI and D ps' (Recall that D 1" increases with concentration while D PI decreases as 

is increased). 

for example, 

of particles 

response when K sn is The increase 

the cake and hence tend to increase 

will promote 

in 

cake). However, any spread 

D pI in those regions away 

increasing K sf! tends to concentratiOIl away from the 

concentration away from the cake will tend to the 

the cake. This will, in turn, restrict the diffusion 

away from and hence arrest 

a 

away from the cake is attenuated 

any tendency to pu 11 profile 

increase in D pI • 

concentration away from the 

the system. Any tendency to spread 

a simultaneous decrease in . Conversely, 

cake will be attenuated by a 

A t low K sf! the concentrated is well within the sublayer and the local D pI is low. Hence 

self-dampening effect is not significant, and the solution curve is sensitive to 

K SII' As K sh is increased, thickness of the concentrated layer extends to bu zone, 

D PI is 

K Sf! and nover a wide range thereof. The 

by noting that any S~ results in a direct 

with respect to S ~ 

by the 

to III 

be explained 

change in D pI , in contrast to changes 
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in n which affect D indirectly, through the concentration profile (see equations 5.33). Thus 
pt 

the self-dampening effect is less noticeable with respect to changes in s ~, manifesting as a 

greater sensitivity to that parameter. 

Note that, similar to the uncommon concentration profile, the model insensitivity to parameters 

is mainly due to the unique diffusivity distribution obtained by the combination of D pI and 

Dps. 

5.7.4 Are the Parameter Values Realistic ? 

5.7.4.1 Boundary Layer Constant - K6 

Concentration boundary layer thicknesses for all datapoints, and for K b = 150, are shown 

Figure 5.30. Ii ranges from 0,8 mm to 1,5 mm, consistent with the boundary layer assumption 

that concentration gradients are confined to a narrow region next to the cake. Further, in all 

instances the concentration smoothly approaches the bulk concentration well before the edge 

of the boundary layer (see e.g. Figure 5.21). Thus, K b is seemingly realistic. 
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FIGURE 5.30 Predicted Concentration Boundary Layer Thicknesses 

5.7.4.2 Turbulence Attenuation Parameter - n 

The turbulence attenuation function corresponding to n = 3. S can be inferred from Figure 5.5. 

A t the current state of knowledge it is not possible to ascertain whether this attenuation function 
is realistic for limestone. 
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5.7.4.3 

Following the in Section 5.4.1.2, it is that K sit should be less than I. As 

noted in I, it is impossible to ascertain an optimal K 5h all S ~. K SA combinations 

tested in the range 0.7 < K sit < I .4 yielded good fits between predictions 

experimental observations. It may be concluded that K SA values in the range 0.7 < K 51< < 1 are 

realistic and with expectations. 

K SA values> are only feasible if the following 

(i) 

(ii) 

At the 

5.7.4.4 

the of angular particles is 

correlation (equations 

of small particles 

state of knowledge, the 

range for K SA the 

the 

than that of spherical 

drastically underestimates the 

cannot be 

solution values for Scare at one For the 

order of below that reported in previous studies (see Figure 5.17 and .1.1 ). 

Possible reasons for this discrepancy are: 

(i) 

than that 

Schmidt number in 

dilute suspensions. All 

the particle 

seems to decrease as concentration 

suspensions may be significantly lower 

reported in Section 1.1 

were well below that encountered in 

has stated that the 

(ii) underlying turbulence having a significant 

(and hence viscosity) gradient may substantially below that obtained with pure fluids. 

on turbulence have 

within the buffer zone [Hinze ( 

seen that of very high 

that the region of maximum 

From the model solutions 

extend well into the 

the significant attenuation of that will result in regions of 

intensity lies 

here it is 

zone. Noting 

concentration, 

well below it is therefore likely that the overall turbulence levels in CFMF could 

those reported for pure flu 

If turbulence structure 

from that of pure 

to account for concentration effects, is 

a turbulence model that correctly 

and global flow characteristics. 

is well beyond the scope of current 

to the extremely low values S~ . 

have a significant radial profile is 

then the modelling approach adopted in this 

pure fluids with some factor 

However, the to 

diffusivities as a function of local fluid 

the best of the author's such a model 

in turbulence modelling. 
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5.8 EVALUATION OF MODEL 

Predicted steady-state fluxes show a good correspondence with experimental observations, 

especially with regard to the effects of concentration and pressure on steady-state flux. This 

good correspondence is notable, in view of the fact that solution parameter combinations 

evaluated for a single datapoint were subsequently used to obtain predictions for the whole 

dataset. . The model also exhibits a remarkable insensitivity to parameter values, within certain 

wide ranges thereof. The values for fl , K" and K. are seemingly realistic, but the values for 

S, are at least one order of magnitude below values reported in previous studies. The predicted 

concentration profiles indicate that the concentration does not increase smoothly from bulk to 

cake. Instead, a distinct thickened suspension layer, of sub-critical concentration, seems to 

exist next to the cake. Seemingly, cake growth and limit is controlled by this 20 to 30 particle 

diameter thick layer. consistent with the qualitative model presented in Chapter 3. 

The good predictions obtained from parameters evaluated for a single datapoint are most probably 

just another manifestation of the model insensitivity to parameter values. This insensitivity, 

in turn, is almost wholly due to the unique form of the diffusivity distribution, obtained by 

the combination of shear induced hydrodynamic diffusion and a concentration-attenuated 

turbulent diffusion. 

The good model predictions are notable, in light of the reservations expressed in Section 5.1. 

However, there are various potential discrepancies which should be stated. The correlations 

used to formulate the turbulent diffusivity function were developed for pure fluids. There are 

no indications in the literature as to whether they can be confidently applied to systems having 

significant radial concentration variations, as in the present study. The correlations for shear 

induced hydrodynamic diffusivity were developed for relatively uniformly sized spherical 

particles, of large particle diameter, sheared at low shear rates. In the system under study, the 

shear rates are orders of magnitude greater, and the particles are considerably smaller. Further 

for the limestone suspension used in the present study, charge effects etc. are likely to affect 

inter-particle interaction at high concentrations. It is not known what effects this would have 

on the shear diffusivity of the particles. Once again, there are no clear indications in the 

literature as to whether the shear induced diffusivity correlations are in fact applicable to the 

system under study. 

It is thus feasible that the unique form of the diffusivity distribution, and hence the model 

insensitivity to parameters, may be an artefact introduced by the application of fluid and particle 

dynamics technology to a system vastly different from those for which the technology was 

developed. From that point of view, the fundamental basis of the model is not beyond question. 

Despite the reservations noted above, the good model predictions are indeed encouraging, 

indicating that at the very least a reasonable correlative model may be developed from current 

technology. The model would have to be tested on other systems to assess its general validity 
and predictive ability. 
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experimental findings in this study, some strategies could result in a considerably lower flux 

than is expected at the final operating point. This necessitates a careful evaluation of possible 

operational strategies. The general guide-lines in this regard are that operational changes that 

require a decrease in cake thickness in order to be effective should definitely be avoided, and 

changes that tend to increase the cake thickness should preferably not be implemented during 

the slow decline in flux period. 

Although the fines infiltration effect is likely to occur only in cakes formed from particulate 

suspensions, irreversible hydraulic compression would most probably also occur in 

non-particulate fouling layers e.g. colloidal gels formed in ultra-filtration systems. It is thus 

highly feasible that ultra-filtration and non-particulate CFMF systems may also exhibit the 

path dependence of flux observed in the present study. The extension of the present experimental 

study to non-particulate systems could prove to be of practical significance. 

The dependence of flux on the operating path, as well as the long-term flux decline, indicate 

that system behaviour is determined not only by internal hydrodynamics but is also significantly 

affected by the behaviour of the cake. 

A qualitative model of the mechanisms that determine cake growth and limit was developed 

from an analysis of the likely particle transport processes in the system, utilising the observations 

from the experimental study to infer the controlling processes. In essence, there are three 

significant particle transport processes - convection of particles towards the cake, shearing of 

particles off the cake into the adjacent suspension layer (the precake), and diffusion of particles 

from the precake back to the bulk suspension. This back-diffusion is effected by three 

mechanisms, viz. shear induced hydrodynamic diffusion, entrainment by turbulent bursts and 

entrainment by turbulent eddies. The convection - diffusion processes determine the 

concentration of the precake, and hence whether the precake would reach some critical 

concentration and consolidate into cake. The limiting, or steady-state cake thickness is thus 

determined by the convection - back-diffusion processes, although the shearing mechanism is 

an integral part of the back transport process. It was shown that this qualitative model explains 

phenomena that are indicative of a shear controlled system (i.e. the preferential deposition 

effect and the irreversibility of the cake formation), as well as phenomena associated with 

convection-diffusion controlled systems (i.e. the effect of inlet velocity on flux-time behaviour, 

and the semi-log relationship between the steady-state flux and bulk concentration). 

The qualitative model was subsequently formulated into a mathematical model of the steady-state. 

The appropriate steady-state equations were identified. Model functions required for the 

solution of the equations were formulated from either laboratory scale experiments, or from 

fluid and particle dynamics correlations from the literature. Four model parameters resulted 

which could not be quantified in terms of curr~nt technology. These were subsequently evaluated 

by computational experiments and a manual regression technique, and were in effect evaluated 
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similar, and relatively independent of operating conditions. In such instances, the long-term 

flux decline may be modelled in a wholly empirical form, with time as the only independent 

variable. This should prove adequate for design purposes. 
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Al-2 

AU Particle Size Distribution 

The panicle size distribution was measured on a Malvern E3600 Type E Particle Sizer. The 

cumulative size distribution is shown in Figure A 1.1. The mean particle size (d p ) was taken 

to be the d,o size, i.e. 4,99 I-lm . 
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FIGURE AI.I Cumulative Particle Size Distribution 

A 1.2 Particle Density 

The particle density was measured by liquid pycnometry, yielding 

2 ~)~)O kg/m3 

:;0 50 



A2-1 



A2-2 

R UN DESCRIPTION 

NUMBER 

A2-J 47 on flux :-
P = 200 kPa 

A2-2 48 bulk concentration on (also central datapoint for 

pressure on flux) :-

I mis, P = 200 

A2-3 

A2-4 
P = 200 kPa 

A2-5 50 
kPa 

A2-6 51 
kPa 

A2-7 52 
kPa 

A2-8 53 Effect 

U s = kPa 

A2-9 54 Effect of inlet 

Us = 1,98 mis, 

A2-IO 55 

A2-J J Effect of pressure on flux :-

P = =300 kPa, U£ J ,42 mIs, C~ 

A2-J2 59 Effect of pressure on flux :-

P = JOO kPa, Us 1,42 

A2-J 3 60 Effect of pressure on flux' 

P = 150 kPa, Us == 1 

A2-14 61 Effect of pressure on flux :-

P = 250 
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A2-4 

TABLE A2-1 Flux Measurements - RUN 47 

Start-up Conditions: 

Bulk Concentration (C ~ ) (g/~) 19,8 

Superficial Inlet Velocity (l7, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( 'C) 30 

Time from Start-up Permeate Flux (J. ) 

(minutes) (e/mZh) 

0 

5 1376,S 

7,5 1144,5 

10 J039,' 

12,5 9B5,7 

15 885,7 

20 825,9 

25 775,6 

30 749,0 

35 717,3 

40 700,9 I 
45 682,1 

SO 676,1 I 
55 658,6 

__________________ M. 

60 64B,O I 
65 637,9 

70 631,4 

75 618,6 

BO 616,l 

85 60l,5 

90 592)2 

95 589,9 

100 588,8 

105 576,6 

110 576,6 

115 569,0 

120 561 ,7 



A2-5 

TABLE A2-2 flux Measurements - RUN 48 

Start-up Conditions: 

Bulk Concentration (C ~ ) (gl e) 39,4 

Superficial Inlet Velocity CiJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( 0c) 30 

Time from Start-up Permeate Flux (J IiJ ) 

(minutes) (elm 2h) 

0 

5 1079,8 

7,5 904,1 

10 823,7 

12,5 767,8 

15 738,1 

20 700,9 

25 664,3 

30 637,9 

35 623,6 

40 608,7 

45 599,2 

50 589,9 

55 579,8 

60 571,2 

65 563,8 

70 557,6 

75 554,6 

80 544,7 

85 544,7 

90 538,9 

95 531,4 

100 529,6 

105 523,2 

110 517,9 

115 516,2 

120 i 513,6 



A2-6 

TABLE A2-3 Flux Measurements - RUN 48R 

Start-up Conditions: 

Bulk Concentration (C ~ ) (gil) 39,4 

Superficial Inlet Velocity (D, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( 0c) 30 
< .. 

Time from Start-up Permeate Flux (J w ) 

(minutes) (llm 2h) 

0 

5 1057,4 

10 812,7 

15 732,8 

20 700,9 

25 665,7 

30 647,4 

35 628,8 

40 611,2 

45 602,7 

50 595,7 

55 586,5 

60 579,8 

65 571,2 

70 566,9 

75 562,8 

80 557,6 

85 553,6 

90 549,6 

95 543,7 

100 537,0 

105 534,2 

110 529,6 

115 526,0 

120 522,4 



A2-7 

TABLE A2-4 Flux Measurements - RUN 49 

Start-up Conditions: 

Bulk ~ ) (gil) 58,6 

Superficial Inlet Velocity (D s ) (m/s) 1,42 

Pressure (P ) (kPa) 

Temperature ( °C) 
• 

30 

me from Start up Permeate Flux w ) 

(minutes) (llm 2h) 

0 

5 878,1 

7,5 763,9 

10 714,0 

12,5 673,1 

15 655,7 

20 613,6 

25 594,5 

30 574,4 

35 562,8 

40 559,7 

45 547,6 

50 536,1 

55 532,4 

60 528,7 

65 523,2 

70 517,9 

75 511,0 

80 501,8 

85 496,1 

90 492,9 

95 483,5 

100 486,6 

105 477,5 

110 477,5 

115 471,6 

120 465,8 



A2-8 

TABLE A2-5 Flux Measurements - RUN 50 

up Conditions: I 
Bulk Concentration ~ ) (gIl.) 10,0 

Superficial Inlet Velocity CD s ) (m/s) I 

(P ) (kPa) 200 

Temperature ( 0c) 

Time from Permeate Flux (J w ) 

( : ) I (l.jm 2h) 
, 

0 

i 5 1909,9 

7,5 1575,1 

10 1346,2 

15 1131,8 
.--

20 1025,4 

25 934.5 

30 885,7 

35 856,0 

830,4 

45 802,0 

50 787,6 

55 771,7 

60 745,3 

65 745,3 

i 1,6 

i,O 

, 14,0 

',' 
90 692,9 

i-.-

95 689,8 

100 686,7 

!O5 676,1 

110 664,3 

115 662,9 

120 657,2 



A2-9 

TABLE A2-6 Flux Measurements - RUN 51 

Start-up Conditions: 

Bulk Concentration (C ~ ) (gil) 77,6 

Superficial Inlet Velocity (iJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( 0c) 30 

Time from Start-up Permeate Flux (J w ) 

(minutes) (llm 2h) 

0 

5 763,9 

7,5 679,1 

10 630,1 

12,5 609,9 

15 591,1 

20 565,9 

25 540,8 

30 529,6 

35 517,9 

40 508,4 

45 506,8 

50 499,3 

55 496,9 

60 488,9 

65 483,5 

70 478,2 

75 476,0 

80 469,4 

85 468,7 

90 463,0 

95 461,6 

100 456,8 

105 454,7 

110 452,0 

115 448,7 

120 443,5 



A2-10 

TABLE A2-7 Flux Measurements - RUN 52 

Slart-up Conditions' 

Bulk Concentration ; ) (g/t) 39,4 

Superficial Inlet Velocity 07" ) (m/s) 1,7 

Pressure (P ) (kPa) 200 

Temperature I 
( .c) 30 

I 
Time from Start-up Permeate Flux (J ~ ) 

(minutes) (t/m2h) 

a 

5 1153)1 

7,5 1018,6 

10 912,2 

12,5 873,1 

15 828,1 
I -

20 773,6 
... ~ .. -----

25 736,3 

30 722,4 

35 694,5 
f 

40 679;1 

45 668,7 , 
50 660,0 

----------~----

55 652,9 

60 644,7 

65 636,6 

70 628,8 

75 621,1 

80 612,4 

85 602,7 

90 599,2 
---~ .... -- ........ -

95 592,2 

lOa 585,4 

105 582.1 

110 576,6 

115 569,0 

120 563,8 



A2-11 

TABLE A2-8 Flux Measurements - RUN 53 

Start-up Conditions: 

Bulk Concentration (C~ ) (gIl) 39,4 

Superficial Inlet Velocity (U, ) (m/s) J,13 

Pressure (P ) (kPa) 

I 
200 

Temperature ( 'c) 30 

Time from Start-up Permeate Flux (J" ) 

(minutes) (l/m 2h) 

0 

5 1042,9 

7,5 856,0 

to . 7&2,0 

12,5 709,0 

15 662,9 
------~-----------

20 617,3 

25 591 11 

30 ! 662,8 

35 545,7 

40 528,7 
- -

45 521,5 
.. -~--

50 512,7 
... -~ ........ _------- --------~-----

55 511,0 

60 493,7 

65 485,8 

70 485,0 
f-

75 48l.2 

80 476,7 

85 471,6 

90 468,0 

95 403,0 

100 459,5 

105 454,7 

110 454,.1 

liS 450,0 

120 448,) 



A2-12 

~ Flux Measurements - RUN 54 

Start-up 

Bulk (C~ ) (gil) 

Inlet Velocity (Us) 1,98 

) (kPa) 200 
( 0c) 30 

Time from Start-up Permeate Flux (J w ) 

(minutes) (i/m 2h) 

0 

5 
i 

1189,0 

7,5 1064,7 

10 979,4 

12,5 914,9 

15 888,3 

20 851,2 

25 830,4 

30 802,0 

35 i 777,6 

40 762,0 

45 756,4 

50 739,9 

55 725,8 

60 715,6 
~ 

65 712,3 

70 694,5 

75 683,6 

80 677,6 

85 674,6 

90 665,7 

95 652,9 

100 648,8 

105 644,7 

110 640,6 

115 635,3 

120 628,8 



A2-13 

,.-----------------------------, 

I 
I 

• 

TABLE A2-JO Flux Measurements - RUN 55 

Start-up Conditions: 

Bulk Concentration (C ~ ) 

Superficial Inlel Velocity (iJ,) 
Pressure (P) 

Temperature 

Time from Slart-up 

(m;~"'A'\ 

0 

5 

7,5 

10 

12,5 

15 

20 

25 

3ll 

35 
;- ... ._-----

40 

45 

50 

55 

60 

65 

: 
70 

.. ~-- ---------------_ ..... - ----~------
..... _---_ ..... 

80 
C-

as 

00 
.. ~ -------._-----_ ..... 

95 
-----------------

JOO 
---~------.... -

lOS 

llO 

• 

llS 

120 

I 
(glt) i 
(m/s) 

(kPa) 

( 'C) i 

Permeate Flux 

(l/m2h) 

1022,0 

819,2 

707,' 

646,0 

600,3 

547,6 

511,0 

498,5 

484,3 

474,5 

460,2 

454,1 

450,0 

446,1 

434,7 

432,2 

426,2 

425,0 

422,1 

420,3 

416,6 

416,3 

414,1 

410,2 

408,0 

404,7 

39,4 

0,85 
200 
30 

(J w ) 

..~--

--



A2-14 

TABLE A2-1I flux Measurements - RUN 58 

Start-up Conditions: 

Bulk Concentration (C~ ) (glt) 39,4 

Superficial Inlet Velocity CiJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 300 

Temperature ( ·C) 30 

Time from Start-up Permeate flux (J m ) 
I 

(minutes) (t/m2h) 

0 

5 1193,7 • 

10 909,5 

15 789,6 

20 762,0 

25 704,1 

30 686,7 

35 679,1 

40 661,4 

45 654,3 
, 

50 640,6 

55 628,8 

60 622,4 

85 607,5 

70 600,3 

75 601,5 

80 587,6 

85 589,9 

90 

95 

100 

115 556,6 

120 553,6 



A2-15 

TABLE A2-12 Flux Measurements - RUN 59 

Start-up Conditions: 

Bulk Concentration (C ~ ) (gil) 39,4 

Superficial Inlet Velocity (if, ) (m/s) 1,42 

Pressure (f) 
I 

(kPa) 
I 

100 

Tempera ture ( 'C) i 30 

Start 'UP 
n 
CCHUCd<C 

(. ,inutes) (e/m2 h) 

0 

5 719,0 

• 

JO 612,4 
"""""-~ ..... 

15 560,7 
.. -~-------

20 536,1 
----- _ ... _ ..... 

25 517,9 
...... ~----- ..... ~ .... -

30 501,8 

35 498,1 

40 485,0 

45 477,5 

SO 468,0 

55 459,5 
~ ..... --..... 

~ . 
60 457 j 5 

65 452,0 

70 448,7 

75 447,4 

80 440,3 

85 439,0 
- -

90 432,2 

95 426,8 

100 423,8 

105 4[8,$ 
-

110 414,1 
------~----- ... ----.. 

as 416,9 

120 413,5 



A2-16 

TABLE A2-13 Flux Measurements - RUN 

Start-up Conditions: 

Bulk Concentration (C~ ) 39,4 

Superficial In let Velocity s ) i 

Pressure (P ) 1 

Temperature ( 

Time Flux w ) 

(minutes) (l/m2h) 

0 

5 870,6 

10 707,4 

15 650,2 

20 613,6 

25 589,9 

30 574,4 

35 558,6 

40 555,6 

45 550,6 

50 533,3 I 
55 524,1 

i 

60 517,9 

65 506,8 

70 505,9 

75 504,3 

80 493,7 

85 495,3 

90 488,9 

95 477,5 

100 476,0 

105 474,5 

110 468,7 

115 467,2 

120 465,1 



A2-17 

TABLE A2-14 Flux Measurements - RUN 61 

up Conditions: 

I Bulk Concentration (C ~ ) 39,4 

Superficial Inlet s ) I 

Pressure (P ) (kPa) 

( :) 30 

Time from Start-up Permeate (J w ) 

(minutes) (i/m2h) 

0 

5 1161,9 

10 880,6 

15 771,7 

20 734,6 

25 686,7 

30 671,6 

35 652,9 

40 643,3 

45 632,7 

50 623,6 

55 611,2 

60 603,9 I 
65 584,3 _ ....... 

70 586,5 

75 580,9 

80 573,3 

85 566,9 

90 564,8 

95 558,6 

100 553,6 

105 549,6 

110 ;40,8 

115 541,8 

120 539,9 



A2-18 

TABLE A2-15 Flux Measurements - RUN 67 

Stan-up Conditions : 

Bulk Concentration (C~ ) (gil) 19,8 

Superficial Inlet Velocity (17, ) (mjs) 1,42 

Pressu re (P ) (kPa) 200 

Temperature ( 'C) 30 

Time from Start-up I Permeate Flux (J. ) 

(minutes) (ljm 2h) 

I 
0 

, ____ + ________ -.:.1-.:.35:...8..:.,1=---____________ J 
1_0_ , 985 ,,7 _________ 1 

5 

Increase concentration to 77,6 g/t 

15 
--------------------------------------l 765 , 9 

--------+--------~- -
e-_________ 2_O ___________________________________________ +-! _________ 6_7_7'-,6 ________ --1 

619,8 25 

30 

35 

587,6 

554,6 

40 531,4 
!-------:---------t---------=---~--------l 

1-:: :~::: 
!----------------I-------=----=---------- -

55 
---------1 

492,1 

60 484,3 

65 478,2 

70 473,8 

75 466,5 

80 461,6 

85 455,4 

1 _______ ----:::9-;0 _______ -+ _______ .24"'52.,.,7 _______ ---1 
95 449,4 

100 446,1 

105 442,9 
----------j 

110 442,9 

115 436,5 

120 433,4 



AZ-19 

TABLE A2-16 Flux Measurements - RUN 68 

Start-up Conditions: 
Bulk Concentration (C ~ ) (glt) J9,8 

Superficial Inlet Velocity (1], ) (m/s) J ,42 

Pressure (P ) (kPa) 200 

Temperature ( 0c) 30 

Time from Start-up Permeate Flux (J w ) 

i (minutes) (l/m2h) 

0 

5 1455,1 

10 1131,8 

15 952 ,0 

20 865,7 

25 811,9 

30 . 781,5 
-

35 745,3 

i 
40 717,3 

• 45 696,1 

50 677,6 

55 654,3 

60 630,1 i 

Increase concentration to 77,6 gil 
"1 

"""""""~ .. -

70 

75 515,3 1-------------+--- .... -- '----
80 488,9 

........ _ ...... -- ... . 

85 473~ ....... - .... ---------f-----..:.:.::.:=--------l 
90 460,9 

95 449,4 

100 441,6 

105 435,3 

110 429,8 

115 418,0 

120 412,9 

J25 408,S 

130 



A2-20 

TABLE A2-17 Flux Measurements - RUN 70 

Start-up Conditions : 

Bulk Concentration (C ~ ) (gil) 77,6 

Superficial Inlet Velocity (iJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( 'C) 30 

Time from Start-up Permeate Flu x (J w ) 

(minutes) (l l m2 h) 

0 

5 770,6 

10 637 ,6 

Decrease concent ration to a gi l (switch to water) 

15 635,9 

20 635 ,4 

25 636,5 

30 636,5 

35 633,7 

40 635,4 

45 634,8 

60 632,6 

55 630,9 

60 633,7 

65 633,1 

70 633, 1 

75 633,] 

80 633,1 

85 633,4 

90 633,1 



A2-21 

A2-18 Flux Measurements RUN 71 

up Conditions: 

Bulk Concentration (C ~ ) (gil.) 77,6 

Superficial Velocity . ) (m/s) 1,42 

Pressure (P ) (kPa) 

I Temperature ( 0c) 

• 

from Start-up Permeate (J w ) 

(mi ;) U/m2h) 

° 
5 760,4 

10 630,9 
!--

15 590,5 

20 561,4 

25 543,1 

30 524,7 

35 515,1 

40 509,9 

45 505,3 

50 499,6 

55 494,6 

60 489,9 

Decrease concentration to 0 (switch to water) 

65 489,3 

70 489,3 

75 489,9 

80 489,9 

85 492,2 

90 492,7 

95 487,9 

100 489,6 

105 484,8 

110 487,7 

115 490,7 

120 490,4 



A2-22 

TABLE A2-19 Flux Measurements - RUN 72 

Start-up Conditions: I Bulk Concentration (C ~ ) (g!l) 39,4 

Superficial Inlet Velocity (V, ) (m/s) 1,13 

Pressure (P ) (kPa) 200 

Temperature ( °C) 30 
i 

Time from Start-up Permeate Flux (J. ) 

(minu les) (e/m2 h) 

0 

5 1015,2 

10 754.,5 

Increase velocity to 1,7 m/s 

15 732,8 

20 719,0 

25 704,1 

30 688,2 

35 682,1 

40 665,7 
f-

45 662,9 

50 654,3 

55 643,3 
-

60 636,6 
-

65 626,2 

70 622,4 ----
75 611,2 _. 
80 607,5 

85 599,2 

90 593,4 
:~ 

95 586,5 

100 577 .7 



A2-23 

TABLE A2-20 Flux Measurements - RUN 74 

Start-up Conditions: 

Bulk Concentration (C~ ) (gIl) 39,4 I 

Superficial Inlet Velocity (V, ) (m!s) 1,13 

Pressure (f ) (kPa) 200 

Temperature I ( 'C) 30 

Ti me from Start- up Permeate Flux (J w ) 

(mioUles) (l/m2h) 

0 

5 1053,7 
----. ... _---- ----.. ----------~----

10 756,4 

15 662,9 

20 611,2 

2S 685,4 

30 555,6 

35 044,1 

.0 528,7 

45 517,9 

50 509,3 
-

55 503,4 

60 492,9 

Increase velocity to 1,1 m!s 
-........ ~----

65 192,9 

70 486,1 

I 
75 484,3 

• 

80 477,5 

85 473,8 

90 470,8 
i-- -; 

95 468,7 

100 462,3 

lOS 453,4 
• 

110 453,4 

us 449,4 
----....... _--------

120 446,1 
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TABLE A2-21 Flux Measurements - RUN 75 

Start-up Conditions: 

Bulk Concentration (C ~ ) (gil) 39,4 

Superficial Inlet Velocity (V, ) (m/s) 1,7 

Pressure (P ) (kPa) 200 

Temperature ( ·C) 30 

Time from Start-uD Permeate Flux (J w ) 

(minutes) (ejm 2h) 

0 

5 1222,3 

)0 898,8 

Decrease velocity to 1,13 mls 

)5 709,0 

20 636,6 

Z5 583,2 
------------------------------------------~ -----

SO 555,6 

35 543,1 

40 522,4 
-

45 510,1 

50 500,9 
I 

55 492,9 

60 488,9 

65 485,0 

70 481,2 

7S 477 ,5 

80 476,0 

85 471,6 

90 470,1 

95 468,0 

100 464,4 

105 461,6 
------

110 457,5 

115 
I 

454,7 
'---

)20 
I 452,7 
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A2-22 Flux Measurements - RUN 76 

Start-up Conditions: I I Bulk Concentration ~ ) (g/l) 39,4 

Superficial Inlet Velocity $ ) (m/s) 1,7 

re (P ) (kPa) 200 

Temperature ( OC) 30 

Time from Start-up Permeate Flux (J w ) 

(minutes) :l/: I) 

0 

5 1198,3 

10 954,9 

15 863,2 

20 793,7 

25 756,4 

30 

• 

727,6 

35 709,0 

40 692,9 

45 679,1 

50 664,3 i 
55 617,4 

60 ! 636,6 

velocity to 1,13 mls 

65 544,7 

70 [ 516,2 

75 496,9 

80 483,5 

85 470,1 

90 460,9 

95 452,7 

100 442,9 

105 136,5 

110 431,0 

115 426,8 

120 I 424,4 

125 419,7 



TABLE A2 22 

(continued) 

Start-up 

Bulk 

Pressure 

Flux i\1easuremenls - RUN 76 

lion (C~) 

Inlet Velocity (U s ) 

(P ) 

up 

(minutes) 

130 

135 

140 

145 

150 

(g/ l) 

(m/s) 

(kPa) 
( I>C) 

1,7 

200 

30 

Permeate Flux (J w ) 

(l/m 2h) 

415,8 

411,8 

408,5 

405,8 

403,7 
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I TABLE A2-23 Flux: Measurements - RUN 77 
, 

Start-up Conditions. 

Bulk (C ~ ) (gil) 39,4 

Superficial Inlet Velocity (iJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( °C) 

Start-up Permeate Flux to ) 

( ; ) (llm2h) 

0 

5 1053,7 

10 814,9 

Decrease pressure to 100 kPa 

15 434,1 

20 431,0 

25 428,6 

30 425,6 

35 423,2 

40 423,2 

45 419,2 

50 416,9 

55 414,1 

60 411,3 
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TABLE A2-24 Flux Measurements - RUN 78 

Start-up Conditions: 

Bulk Concentration (C~ ) (Sit) 39,4 

Superfic ial Inlet Velocity (iJ, ) (m/s) 1,42 

Pressure (P ) (kPa) 200 

Temperature ( "C) 30 

Time from Start-up Permeate Flux (J w ) 

(minutes) (tlm 2h) 

0 

5 1091 ,3 

10 837,2 

15 760,1 

20 719,0 

2S 671,6 

30 650,2 

35 630,1 

'0 621,1 

45 609,9 

50 600,3 

55 59',5 

60 585,' 

Decrease pressure to 100 kPa 

65 315,0 
I 

70 311,7 

75 315,0 

BO 314,1 

85 313,4 

90 313,' 

95 313,1 

100 312,1 

105 311,8 

110 312,5 

115 312 ,5 

120 3JJ,B 
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TABLE A2-2S Flux Measurements - RUN 80 

Start-up Conditions: I Bulk Concentration (C ~ ) (g/l) 39,4 

Superficial Inlet Velocity (V, ) (m/s) 1,42 

Pressure (P ) (kPa) 100 

Temperature ( ·C) 30 

Time from Start-up Permeate Flux (J. ) 

(minutes) (l/m2h) 

0 

; 762,0 

10 60B,7 

Increase press ure to 200 kPa 
-

1; 9;4,9 

20 B02,0 

2; 712,3 

30 662,9 

3; 626,2 

40 605,1 

4S ;92,2 

;0 576,6 

;; 566,9 

GO 557,6 

65 550,6 

70 543,7 

75 526,9 

SO 530,5 

85 526,9 

90 523,2 

95 517, 1 

100 510,1 

105 509,3 

110 500,1 

115 495,3 

120 4BB,9 
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TABLE A2-26 Flux Measurements - RUN 81 

Start-up Conditions: 
Bulk Concentration (C; ) (gil) 39,4 

Superficial Inlet Velocity (D, ) (m/s) 1,42 

Pressure (P ) (kPa) 100 

Temperature ( 'C) 30 

Time from Start-up Permeate Flux (J w ) 

(minutes) (llm 2h) 

0 

5 773,6 

10 676,1 

15 5B7,6 

20 550,6 

25 526,0 

3D I 
509,3 

35 496,9 

40 4B4 ,3 

45 471,6 

50 463,7 

55 456,1 

60 450 ,7 

Increase pressure to 200 kPa 

65 692,9 

70 60B,7 

75 564 ,8 

BO 526,9 

85 513,6 

90 498,S 

95 483,5 

100 470 ,1 

105 46 1,6 

110 452,7 

115 446,1 

120 439,7 
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