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Abstract

The fractional calculus of deterministic functions is well known and
widely used. Mean-square calculus is a calculus that is suitable for use
when dealing with second-order stochastic processes. In this dissertation
we explore the idea of extending the fractional calculus of deterministic
functions to a mean-square setting. This exploration includes the develop-
ment of some of the theoretical aspects of mean-square fractional calculus
— such as definitions and properties — and the consideration of the appli-
cation of mean square fractional calculus to fractional random differential
and integral equations. The development of mean-square calculus follows
closely that of the calculus of deterministic functions making mean square
calculus more accessible to a large audience. Wherever possible, our devel-
opment of mean-square fractional calculus is done in a similar manner to
that of ordinary fractional calculus so as to make mean-square fractional
calculus more accessible to people with some exposure to ordinary frac-
tional calculus.
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Chapter 1

Introduction

Fractional calculus is a branch of mathematics in which integrals and deriva-
tives can be of non-integer order. Since its first appearance in the late 17" cen-
tury it has become popular (especially amongst mathematicians and engineers)
because many problems are described by, and can be solved using, fractional
calculus. It has been used in areas such as finance (Gorenflo et al. (2001)),
viscoelasticity (Glockle & Nonnenmacher (1991)), electromagnetism (Engheia
(1997)), signal processing (Tseng (2001)), control theory (Podlubny (1999)) and
in the biomedical field (Magin (2006)). Modelling real-life phenomena with
mathematical equations involving differential and integral equations (of both
integer and fractional order) may be limited by the fact that the uncertainties
inherent in real-life may not be taken into account. As a result of this, ran-
dom differential and integral equations have been used more and more over
the past few decades. It therefore makes sense to develop a fractional calculus
that takes into account the “randomness” of real situations. In this disserta-
tion we aim to do this by translating the deterministic fractional calculus to a
mean-square (m.s) setting. The reason we choose to use a m.s. setting is that
important information about a stochastic process (s.p) can be found from its
first and second moments. That m.s. calculus is a well-developed subject with
methods that follow, in a general way, those of ordinary calculus only makes it
more attractive.

There is currently a small body of work dedicated to m.s. fractional calculus
(see Hafiz et al. (2001), Hafiz (2004) and El-Sayed et al. (2005)). We will use this
body of work as a base from which to launch an exploration of the m.s. fractional
calculus. In Chapter 2 we will give some important definitions and results from
m.s. calculus. In Chapter 3 we will introduce several definitions for the m.s.
fractional integral and derivative based on some of the common definitions from
the deterministic fractional calculus. In Chapter 4 we will consider various
properties of m.s. fractional integrals and derivatives — properties such as the
m.s. continuity of the integrals and derivatives. A large portion of Chapter 4
is dedicated to finding expressions for the fractional integral (derivative) of the



fractional derivative (integral) and similar expressions. In Chapter 5 we will
find expressions for the fractional integral and derivative of the product of a
deterministic function and a (second-order) stochastic process. Chapters 6 and
7 are dedicated to solving m.s. fractional integral and differential equations.
In Chapter 6 we do this using the properties developed in Chapter 4 and in
Chapter 7 we do this by introducing a transform of m.s. fractional integrals and
derivatives.



Chapter 2

Background material

Throughout this thesis we will use the following terminology and notation:
N = {1,2,3,...}
Ny, = {0,1,2,...}

the set of all real numbers

the set of all real numbers between a and b

=
I

[a,b]

We will use “ > 0” to mean “all positive real values of 3” and similarly

“B € la,b]” to mean “all real values of 3 between a and b”. We will also use
to mean “by definition, equals to” and “iff” to mean “if, and only if”. Other no-
tation and terminology in this dissertation is commonly used.

«AD»

Mean-square calculus

A random variable, X, is called a second-order random variable if its second
moment, F[X?], is finite. The norm of the second order random variable X is

defined as follows:
X & VE[X?].

Consider a stochastic process (s.p) with index set 7' C R for which
X(t1), X (t2),..., X (t;m) are elements of Lo-space for every set ¢4, t, ..., ty,. Such
an s.p. is called a second-order s.p. and is characterized by

IX(8)]2 = BIX() X(£)] = Txx(t,t) <oo, teT.

Before introducing m.s. integrals and derivatives we must consider the con-
cept of m.s. convergence. A sequence of random variables {X,,(¢)}, t € T, is
said to converge in mean-square to a second-order s.p. X (¢) as m — oo, written
Lim. X,,(¢) = X(¢), if
m—0o0 .

lim || X(t) = X (1)) = 0.
m—0o0

Let m vary over some index set M and let n be a limit point of M. The
sequence {X,,(t)}, t € T, converges to a second order s.p. X(t),t € T,asm —n



iff the functions E[X,,(t)X,,(t)] converge to a finite function on 7" as m,m — n
in any manner whatever. Then

FXme(S,G) — FX)((S,Q)

on T x T. This is called the convergence in mean-square criterion. We note that
the operators “E” and “l.i.m.” commute (Loeve (1955), sec. 34).

Mean-square integrals

Let p,, be a finite partition of the interval [a, b] defined by the partition points
50,51,52,-..,5, such that a = sp < 51 < 52 < ... < s, = b. Letting s} be an
arbitrary point within the interval [s;_1, s;] and letting

Ay, = Hl]?X(Sk — Sk_1) » (2.1)

we have the following definition:

Definition 2.1. Let X(¢), t € T, be a second-order stochastic process and let
f(t,s) be a deterministic function defined on 7" x 7. The mean-square Riemann
integral of f(¢,s)X(s) over the interval [a,b] C T is defined by

b n
/ Pt )X (s)ds 2 Lim. S £(t,s7)X(55) (5% — 55 1) 2.2)

n—oo

Ap—0 k=1

if the limit in mean exists for all partitions p,,.

Using the convergence in m.s. criterion we see that the m.s. Riemann in-
tegral in (2.2) exists iff the following double Riemann integral exists and is
finite:

b b
/ / ft,s)f(t,u)Txx(u,s)duds . (2.3)

(We have not shown the detail of how the convergence in m.s. criterion is used
to get the above condition because next, and in Chapter 4, we will give these
details for other m.s. integrals.) A stochastic process X(¢), t € T, is said to be
m.s. integrable on [a,b] C T if f:X(s) ds exists.

As with deterministic Riemann integrals, there are improper m.s. Riemann
integrals. Suppose that f(¢, s) has a vertical asymptote at s = b. Then the m.s.
Cauchy-Riemann integral of f(t, s)X(s) over the interval [a, 0] is defined as

b—h

b
CR-/ ft,u) X(u)du = l.hi.n(}. f(t,s) X(s)ds, h>0 (2.4)



provided the limit in mean exists. (For a discussion of the deterministic Cauchy-
Riemann integral see Kestelman (1960).) Due to the convergence in m.s. crite-
rion, in order to show that the right hand side does converge in mean-square
we need only show that, for h; > 0 and hy > 0,

hi,ho—0

lim E[ / T ) X () du - / ) X (s) ds

converges to a finite limit as h; and hy converge to zero in any manner whatever.
If we let

ca=uy<u<u<...<u,=>b—hy,
o uj € [ug_1,u| for k={1,2,...,n}
o A, = maxy(ur — ug—1)

and
e 0 =5)<581<8<...<S§p=0b—ho
e si € [sj_1,85]for j ={1,2,...,m}

o A, = max;(s; — Sj—1) »

then
b—h1 b—ho
lim E[/ ft,u) X (u)du / f(t,s)X(s)ds}
hi1,ha—0 a a
=l B b 30X ok = ) 300X (5) (- sj_1>]
n,Am—U K= J=

n m

_ . . * . .

= M ZW}E& 0 LE 1 E 1 St ug) f(t,85) Dxx (g, s5) (ue — ue—1)(s5 — 5]1)]
n, m—) = ]:

b—h1 pb—ho
= lim / flt,u)f(t,s) Txx(u,s)duds
h1,ha—0 J, a

b rb
= CR-//f(t,u)f(t,s)FXX(u,s)duds. (2.5)

So we see that the m.s. Cauchy-Riemann integral given in (2.4) will exist iff
the deterministic double Cauchy-Riemann integral in (2.5) exists and is finite.
Note that as with the deterministic case where the Cauchy-Riemann integral
will equal the Riemann integral when the Riemann integral exists, the m.s.
Cauchy-Riemann integral will equal the m.s. Riemann integral when the m.s.
Riemann integral exists. For convenience, in the remainder of this dissertation
we will drop the “CR” when writing Cauchy-Riemann integrals.



Soong (1973) shows that

‘/abX(t)dtHg/abHX(t)Hdt

where [a,b] C T and the s.p. X(¢) is m.s. continuous. Here we will try to show
under what conditions — if any — the following holds:

where X (t) is a second-order s.p. defined on 7" (not necessarily m.s. continuous),

t € la,b] C T'and f(t,s) = (t}s();)il for # > 0. The reason for interest in f(¢, s) of

this form will become apparent in the following chapters. We note that f(¢, s) is
not defined for s = ¢ when 5 € (0, 1) so we will consider the 5 > 1 and 3 € (0,1)

cases separately.

[ 1w xas|| < [ ses)1x ) ds 2.6)

Let 3> 1 and let

a (t B 52)6_1 *
Y, = — R X (s%)(sp — Sp—
where
A, = mkax(sk — Sk—1) ,
a=85)<s5<...<s,=t and
sy € [Sk—1, Sk -
Then
n _ ox\0—1
i (vl =t || 32 I ) o i)
X0 K oll= T
n(p— g*)B-1
— [|Lim. = SD)™ ¥ (55 (55 — s01)
Ko 10
= s)ﬂ*1
- 2 X(s)ds (2.7
| [ S xo

provided that the integral inside the norm exists as a m.s. Riemann integral.
Also,

"t
< F(Z)X@msk—skl)]
n _ 481
= S T el (s — )

INE)

k=1



so that

st

lim ||V, < i =S ix(sr .
Z%,rinoo\l I Z%’%o; ) X (P (5 — s5-1)
_ /( P(‘“Z) 11X (s)]] ds 2.8)

provided that the integral above exists as an ordinary Riemann integral.
Using (2.7) and (2.8) we thus have for g > 1

t(f_ 5)B-1 t(f_ 5)B-1
| [ o xwa < [ e

provided that the integrals involved exist.
If X(t) is m.s. continuous on [a,b] then I'x x (¢, s) is continuous on [a,b] X [a, b].
Also, f(t,s) is continuous so that f(¢,s)f(t,u)I' xx (s, u) is continuous. Thus

/at /atf(ta $)f(t, )T xx (s, u) ds du

exists as a double Riemann integral and so the integral in the last line of (2.7)
will exist in a m.s. sense. Similarly, if X(¢) is m.s. continuous then || X (s)| is
continuous so that f(t,s)|| X (s)|| is also continuous and the integral in (2.8) will
exist as an ordinary Riemann integral. Thus, if X (¢) is m.s. continuous on [a, b]
then equation (2.6) holds for 3 > 1. The result that is given in Soong (1973) is
the case when 3 =1 and X (¢) is m.s. continuous.

The derivation for the 5 € (0,1) case is only slightly different to that of the
8 > 1 case. Following the method given for the 5 > 1 case but with

a=8<s5<...<8,=t—h, h>0

we see that

t=h (4 _ )61
/a (tf‘(ﬁg) X(s)ds

provided that the integrals involved exist.
Taking the limit as h tends to zero of the left hand side of (2.9) we have

t—h (t—s)ﬁfl
< / o I s 2.9)

) t—h (t _ S)ﬂ—l ) t—h (t _ S)ﬂ—l
flbli% /a WX(S)dS = ’lf}j%/a WX(S)dS
bt — )81
- || [ i xe

provided that the m.s. Cauchy-Riemann integral exists.
Taking the limit as h tends to zero of the right hand side of (2.9) we have

t=h (4 _ g)B-1 t(f_ g)B-1
Lo xelas = [ ixelds

lim

h=0 Jq F(/B)



provided that this Cauchy-Riemann integral exists.

Thus, (2.6) will hold for 5 € (0,1) if the deterministic Cauchy-Riemann integral
and the m.s. Cauchy-Riemann integral involved exist. Note that unlike the
(B > 1 case, for the § € (0, 1) case equation (2.6) does not necessarily hold when
X(t) is m.s. continuous — when X (¢) is m.s. continuous we still need to check
that the limits as h — 0 of both sides of (2.9) do indeed exist.

Combining all the preceding pieces we have the following result:

Theorem 2.1. Let X (t) be a second-order stochastic process. Then, for 3 > 0,
t ~1 t B—1
(t—s)? / (t—s)
——— X(s)ds|| < [ ——=—|X(s)||ds (2.10)
' /a I'(B) (2 o T Xl

provided that the integrals involved exist as deterministic/m.s. Riemann inte-
grals when 3 > 1 and as deterministic/m.s. Cauchy-Riemann integrals when

B e (0,1).
Corollary 2.1. If (2.10) holds then

bt — )81 B
/a WX(s)ds . =0.
Proof:
For 5 >0
t(t—s)ft (tfs)ﬁ 1 tfs)ﬁ 1
' L 555 X<S)dSH = / Ty Helldss M / T ¢
where M = Iél[a)g] 1 X (s)]].
Thus
b g)B-1
' / (tr(ﬂ))X(s) ds < (M)(0) = 0
Since || X (t)|| = 0iff X (t) = 0,
bt — 3)3_1 B
/a X0 =0 550




Mean-square derivatives

Definition 2.2. Let X (), t € T, be a second-order stochastic process. The mean
square derivative of X (¢) at ¢, X (¢), is defined by
W) = %) 2 Lim, >
XYWy =X@#) £ lim. —[X() — X(t—71)] (2.11)

T—=0 T

provided this limit exists.

Using the convergence in m.s. criterion i.e. letting X, (t) = 1[X(t) — X (t —7)]

and considering E[X,(t)X(s)], we see that the m.s. derivative of X (¢) exists at
t iff the second generalized derivative — given by equation (2.12) below — exists
at (t,t) and is finite:

1
lim A;A:'xx(t,s) = lim —,[Fxx(t,s)—FXX(t—T,s)

7, T—0 7, 7—0 TT
—TI'xx(t,s—7)+Txx(t—71,5— 7')] .
(2.12)

We can similarly define the second mean-square derivative of X (¢) at ¢t by

XO@) 2 1im. S[X() - 2X(t— 1) + X(t — 27)] 2.13)

T—00 7—2
provided this limit exists. Using the convergence in m.s. criterion we see this

limit will exist if the following second generalized derivative exists:

. . 1
llmo A AT vy (ts) = lim — [Fx(l)X(l) (t,s) —T'yayxw (t —7,5)

T, T— 7, T—=0TT
-T'yoxo(t,s—7)+Tyoxo(t—7,5— 7')] .

In general we can define the n'* m.s. derivative at ¢ of a second-order s.p.
X (t) in the following way:

XM (#) =1im. [1 Zn:(—w' <7>X(t — jT)] (2.14)
0

provided this limit exists.

In deterministic fractional calculus relationships between integrals and deriva-
tives are given by integration by parts (IBP) and Leibniz’s Rule. Next we give
the m.s. versions of these two important results.

Integration by parts (IBP)
Suppose that f(¢, s) is a deterministic function defined on 7" x 7" whose partial



derivative % exists and suppose that the second-order stochastic process

X (t) is mean-square differentiable on 7. Then
t t
/ f(t,s) X(s)ds = f(t,s) X(s) ‘Z —/ afg’S)X(s)ds .
a a S

Leibniz’s Rule
Suppose that f(¢,s) is a continuous deterministic function defined on 7" x T’
whose partial derivative % exists and suppose that the second-order stochas-

tic process X (¢) is mean-square integrable on 7. Then

o[ s xeas= | OF5) ¥y 10,00,

One last concept that we will need in this dissertation is that of m.s. con-
tinuity. The s.p. X(¢), t € T, is m.s. continuous at ¢ (a fixed point in 7) if, for
t,t+heT,

Jim [1X(¢ + h) = X(2)]| 0.

Using the convergence in mean-square criterion we see that if I'x x (s, #) is con-
tinuous at (¢,¢) then X(¢) is m.s. continuous at ¢. It can be shown that m.s.
differentiability implies m.s. continuity which in turn implies m.s. integrability.

For the interested reader, many of the results covered in this chapter are
developed for fuzzy stochastic processes in Feng et al. (2001).

10



Chapter 3

The mean-square fractional
integral and derivative

In the deterministic theory of fractional calculus there are many different def-
initions, and almost as many different notations and names, for both the frac-
tional integral and the fractional derivative. That there are many different
definitions should not be surprising as there are many different kinds of func-
tions to which you may want to apply a fractional integral or derivative. The
choice of definition in any particular situation depends not only on the function
involved but also on the properties associated with the definition. For exam-
ple, what Loverro (2004) refers to as the Left-Hand definition (of a fractional
derivative) is a common choice for the fractional derivative because when solv-
ing a fractional differential equation with this definition, the initial conditions
take the form of integer order derivatives — initial conditions of this kind be-
ing relatively easy to find and interpret. In some situations other definitions
for the fractional derivative are used because physical meaning can be given to
initial conditions that are non-integer order derivatives (Heymans & Podlubny
(2006) demonstrate this using examples from the field of viscoelasticity). What
these definitions have in common is that they reduce to ordinary repeated inte-
grals and derivatives when the fractions are in fact integers. As this property
—reducing to ordinary repeated integrals or derivatives when the parameter is
of integer order — is so desirable, we will start our search for definitions for the
m.s. fractional integral and the m.s. fractional derivative by building up expres-
sions for the n'" integral and n'" derivative of a second-order s.p. X (t), t € T,
where n € IN. Using these expressions we will then explore various definitions
based on some common definitions from the deterministic fractional calculus.

In deterministic calculus Cauchy’s formula for repeated integrals gives an
expression for the n'" repeated integral of a (suitable) deterministic function
f(t). Below we find an expression for the n'” integral of X (t), t € T, over the
interval [a,t] where ¢ € [a,b] by briefly showing that Cauchy’s formula for re-

11



peated integrals holds for mean-square integrals.

Suppose fj [? X (u) duds exists in a m.s. sense. Using mean-square IBP we

have
t
—/ sX(s)ds

/: {/:X(u)du}ds = s/:X(u)du:

= t/atX(u)du— [s a:X(u)duL:a—/atsX(s)ds.

Using Corollary 2.1

a ' X(w) a - a t “}(“f;_lX(u) a -

Thus

/at [/:X(u)du}ds = /:tx<u)du_/(1tux(u>du

= /(t—u)X(u)du
)21
_ /a t=—w™ F(2)> X (u) du .

Continuing in this manner we are able to show that

/ / / / X(s1)dsy dsa...dsp—o dsp_1

(t —s)nt
/a oy () ds 3.1)

= IGX(t)
Equation (3.1) leads us to our first definition for the m.s. fractional integral.

The m.s. Riemann-Liouville fractional integral is found by replacing n € IN by
8 > 01in equation (3.1). Doing so we have the following definition:

Definition 3.1. Let X(¢), t € T, be a second-order stochastic process and let
6 > 0. The mean-square Riemann-Liouville (R-L) fractional integral to order 3
of X (t) is given by

I°X(t) £ /t (t;(sﬁ))ﬁl)((s) ds, tela,bcCT. (3.2)

t(ts

According to m.s. theory the integral [ X (s)ds will exist in a m.s.
sense iff the following ordinary double Rlemann 1ntegral exists and is finite:

/t/t (t ;‘(Sﬂ)j_l (t;(‘gﬂ))ﬂ_lfxx(sﬁ)dsde. (3.3)

12



Remembering that if F[X(¢)X(¢)] < oo then X(¢) is a second order s.p. and
noting that

Eort(t—s)f —9)8-
// ‘ F(B)) - F(gg)) 1FXX(8,0)dsd0:E[IgX(t)IfX(t)]7

we see that if I} X (t) exists in a m.s. sense then it is a second-order stochastic
process. It is often easy to check if the double Riemann integral in (3.3) exists
and is finite as the following example demonstrates.

Let ® be a second-order random variable with £(®) = 0 and finite variance
Var(®) = o2. Then the s.p. X (t) defined by X (¢t) = ®t will be a second-order s.p.
for finite ¢ and will have

Txx(s,0) =o?sh .

Then

I'(B)

[ ][ [t

2falt—a)? (¢ —a)ft]?
[T(ﬂJrl) F(ﬂ+2)]

t ot g )1 (4 _ gys-1
/ / (t F(ﬁ)) (t=9) I'xx(s,0)dsd
9 t

where ordinary integration by parts was used to get the last line. Clearly I, Sx (t)
will exist and be finite for 0 < 5 < oo.

Under some circumstances it is not necessary to evaluate (3.3) in order to
check the existence of the m.s. integral. For example, when X (¢) is m.s. contin-
uous for ¢t € [a,b] and 1 < § < oo, the integral in (3.2) will exist in a m.s. sense
(for a more detailed explanation see the discussion preceding Theorem 2.1 in
the previous chapter).

In the previous chapter we found that the n'”, n € IN, m.s. derivative of the
second-order s.p. X (¢) at ¢ is given by

1 & (n
XM =1im. [ =) (-1 )X (t—j 4
(t) = Lim [ > (7)xc m] (3.9
provided this limit exists. Like the R-L fractional integral, if X (‘") (t) exists it
will be a second-order stochastic process. To see this we note that X (¢) will exist
iff
lim E[X,(t)X+(t)]

7,7—0

13



exists and is finite for all (¢,¢) in T x T where X, (t) = 1[X(t) — X(t — 7)].
But

I E[X(0X:(0)] = E|Lim —[X(1) = X(t=7)] Z[X(1) - X(t - 7)]
= E[XH)X1)].

Thus if X (t) exists then E[ X ()X (t)] < oo and so X (t) is a second order stochas-
tic process. Since X () (t) = %X (n=1)(¢), by considering

lim  BXCD ()X (1)

7,7—0

we can similarly show that if X (") (t) exists then it is a second-order stochastic
process.

To find a definition for the m.s. fractional derivative we can try the same
approach that we used for the fractional integral — replacing n € IN by 5 > 0 in
(3.4). However, before we try this we are going to use X (" (t), in combination
with the m.s. R-L fractional integral to find two definitions for the m.s. frac-
tional derivative.

When deterministic calculus is taught, the Riemnann integral is often pre-
sented in terms of the anti-derivative giving the impression that differentiation
and integration are inverse operations. This is not entirely true in deterministic
calculus, nor is it the case in m.s. calculus. For example, although

d t
dt/a X(s) ds = X(t) |

we have t
/a X(s) ds = X(t) - X(a).
Also, o
C‘;tg/a X(s) ds = %X(t) — X
but

/ X(s)ds = X(t) — X(a)

and in general, integration and differentiation will only be inverse operations
if X(")(a) = 0 for n € INy. Despite this fact, the Right-Hand and Left-Hand def-
initions of the m.s. fractional derivative are based on the idea that integration
and differentiation are (roughly) inverse operations.

Before giving the definitions let us consider an example. Suppose we want
to find the 3.5 derivative of X (¢). We could take the 4'" m.s. derivative of X (t)
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and “undo” some of the differentiation by taking the 0.5'" R-L fractional inte-
gral to arrive at X35 (t). Or we could reverse the order of the operations — first
taking the 0.5"* R-L fractional integral of X (¢) then taking the 4" m.s. deriva-
tive of the resulting integral to arrive at X (-5 (¢).

Below we give the definitions for the Right-Hand and Left-Hand definitions
of the m.s. fractional derivative.

Definition 3.2. Let X (¢), ¢t € T, be a second-order stochastic process and let
B > 0 be such that 5 € (m — 1,m|, m € IN. The mean square Left-Hand (LH)
fractional derivative of X (¢) at ¢, t € [a,b] C T, is given by

PIOX@), Be L)

DX (1) = (3.5)
dm
X0, p=m.

(3.6)

Definition 3.3. Let X(¢), ¢t € T, be a second-order stochastic process and let
B > 0 be such that g € (m — 1,m|, m € IN. The mean square Right-Hand (RH)
fractional derivative of X (¢) at ¢, t € [a,b] C T, is given by

[=PX(), B e (m—1,m)

DPX(t) = (3.7)

dm
WX(t) ; B=m

(3.8)

When 8 = m € N both ,D2X (t) and DEx (t) give us ordinary repeated m.s.
derivatives and so will exist if a suitable generalized derivative holds.

Clearly, for (3.5) to exist, 1" ” X (¢) must exist as a m.s. Cauchy-Riemann
integral i.e. the (deterministic) repeated Cauchy-Riemann integral

t pt (t _ S)m—ﬁ—l (t . H)m_g_l
/a /a I(m—p8) TI(m-p) I'xx(s,0)dsdb,

must exist. Assuming this is the case, we then require the m!” m.s. derivative
of I7"" X (t) to exist — something that can be checked using a suitable second
generalized derivative.

Now consider (3.7). For this fractional derivative to exist we need X (™) () to
exist — the existence can be checked by the use of a suitable second generalized
derivative. If it does exist, since (3.7) is a m.s. Cauchy-Riemann integral, we
then require the following (deterministic) repeated Cauchy-Riemann integral

to exist: o ' )m—5—1 ’ e)m_ﬂ_l
s _
/ / I'(m—pB) L(m — ) L xtm) xm) (8, 0) ds df .
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The two definitions that we have just given for the m.s. fractional derivative
are based on the R-L fractional integral. We will now consider a third definition
— this one based on the form given in given in (3.4) for the n'" m.s. derivative of
X (t). Equation (3.4) is repeated below for convenience:

@ = 1am. | £ S~ () x (e - ir
XM (t) = Lim. [Tn K 1)J<j)X(t j )].

7—0 -
Jj=0

Let us replace n € IN by 5 > 0. If we do this we encounter two problems. The
first problem is only a minor problem — the expression (—1) () must be written
in terms of the gamma function in order to make sense when we replace n by
(3. The second problem involves the upper limit of the sum — the upper limit
must be a non-negative integer. Sorting out this second problem requires a bit
of creativity and unfortunately requires some unwanted changes to equation
(3.4). In (3.4) 7 tends to zero through values that are unrestricted. If this limit
exists then so too does the limit when 7 tends to zero through particular values.
Further, this restricted limit will then be equal to the unrestricted limit. So
letting 7 tend to zero through the values given by dty = (t;]ﬁ) for N =1,2,...
where a < t and using the notation

(_1)j<?>_ LG-n) 40

(=0T +1)  T(-n)’

we can re-write equation (3.4) as follows:

1 N-1 /n
X0 = };k‘lla[ww v () xie— &N)]

~ lim. [<5tN )"

N—oo

Replacing n € IN by 3 > 0 we thus have the following definition for the fractional
derivative:

Definition 3.4. Let X(¢), t € T, be a second-order stochastic process and let
a € T. The mean-square Griinwald fractional derivative of order 3 > 0 of a
second-order stochastic process X (t), is given by

XB () =14 (Gt3) " 5~ X(t—jét (3.9)
a ( ) - Nl—golo F(—ﬁ) JZ;) w(]ﬂﬁ) ( ) N) .
where, for N = {1,2,3,...},
_ (t—a) e N ),
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Using the convergence in mean-square criterion we see that the above limit
will exist iff

(&N 6SN/ Z Z (G B)Y(k, B) Txx (t = jotn , 5 = kdsnt)

(3.10)

tends to a finite limit as V and N’ tend to infinity in any manner whatever.

It is important to note that the limit in (3.9) is a restricted limit so that for
6 =m € N, (3.9) will give us integer order derivatives only when those deriva-
tives exist i.e. when the unrestricted limit in (3.4) exists.

A second definition for the m.s. fractional integral can be found by allowing
negative values of 3 in the formula for the Grinwald m.s. fractional derivative.
Doing so we have the following definition:

Definition 3.5. Let X (¢), ¢t € T, be a second-order stochastic process and let
a € T. The mean-square Griinwald fractional integral to order 3 > 0 of a
second-order stochastic process X (), is given by

—a\? n_ )
17X (1)) = Lim. [<I‘]\(fﬁ>) 3 15((;:%)X(t_j[mb] . (3.11)

N—oo - N
j=0

By replacing 8 by —f in the existence condition for the Griinwald m.s. frac-
tional derivative, we have the existence condition for the Griinwald m.s. frac-
tional integral.

Now, it is not clear from looking at equation (3.11) that the Griinwald m.s.
fractional integral reduces to ordinary repeated m.s. integrals for integer 5. To
see that it does, we will show that [I7 X (t)]¢ equals the m.s. R-L fractional in-
tegral not only for integer values of 3 but also for non-integer values of 3 that
are greater than 2. The method that we will use to show the equality of the two
definitions is the one Oldham & Spanier (1974) use to determine the equality
in the deterministic case. We will start by finding an expression for the R-L
fractional integral that allows us to compare the two definitions.

Letting [I X (t)] g1, represent the m.s. R-L fractional integral of order 8 > 0,
we have

X = [ T s

I'(5)
t—a sﬁ 1
- [ -
= 1711_}01% Z (S ) X(t — SZ)(Sk — Sk—l) (3.12)

%= T(B)
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where
e 0=5p<s51<859<...<sp,=t—a<b,
® S € [Sk—1, Sk,
o A, = m}gx(sk — Sk—1)-

The limit in mean in (3.12) is independent of both the sequence of subdivi-
sions and the position of the s;’s within the intervals [s;_1, s;]. The existence
of this limit implies the existence of the limit when a particular sequence of
subdivisions is chosen and the s;’s are chosen to be particular points in the in-
tervals [s;_1, si]. Choosing a particular sequence of subdivisions — one in which
the intervals are of equal length — and letting the s;’s be the upper points of
each interval, we can write
n *\0—1
IﬁXt R—L = Lim. ( )
[ a ( )] An_}(); F(IB)

X(t = sp)(sk — sk-1)

(6tN)P X (t — kdty) . (3.13)

Note that due to the way we have defined our subdivisions, letting N — oo im-
plies that A, — 0.

Now, again letting

o LG +B)
7/}(]75) = F(] + 1)
we have
A 2 [IgX(t)]G* [IgX(t)]RfL

e A |
= Lim. [ F(%) 2. w(J,ﬁ)X(t—JCStN)_
N-1 ]
i | ek

(3.14)
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In (3.14) we will group the first J terms together and then group the remaining
(N — J) terms. We require J to be independent of N and large enough to allow
us to use the asymptotic expansion

B, ) = m ~ A1 5(527 1) +O(]2)] j — 00
We thus have
R (t 1 1 . 51
_ Lim. ZOXt—j&N W[i/}(]ﬁ)—] ]
(t—a)ﬂ N- p-2 5(5—1) O(j_l)
TTE) RN Z i3] { N TN ] |

We note that in the first summation, for 5 > 1
NP [wm) —jﬁ—l} —0 asN — o0

so that since X (t) is a second-order s.p. the first summation will tend to zero as
N tends to infinity. Also, in the second summation
[6(5 -1 ,0¢7Y

N
5N + N ]—>0 as N — oo,

1177 ided 4 > 2 and
[N} < provided G > 2 an

1
NHO as N — oo,

so that since X (¢) is a second-order s.p. the second summation will tend to zero
as N tends to infinity. Thus, we have shown the equality of the two definitions
for the 8 > 2 case.

Looking at the specific case when 5 = 1 we see that

(1>

A X (1), — [1aX(1)]

R—-L

N-1 N-1
= Lim. |dty Z; X(t—j 5tN)] ~Lim. [&N kzo X(t—kéty)
]: =

N-—1

= Lim. gty ZO X(t—joty)[1—1]
]:

= 0
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since X (t) is a second-order stochastic process. Thus the two definitions are
also equal for 5 = 1.

The first step we did when showing the equality of the two definitions high-
lights an important point — the limit used in the Grinwald m.s. fractional
integral is a restricted limit and so will only actually reduce to integer or-
der repeated m.s. integrals when those repeated m.s. integrals exist i.e. when
[IgX(t)]R_L, n € N, exists.

We have considered the m.s equivalents for some of the more common def-
initions of the deterministic fractional integral and fractional derivative. We
have seen that they can be derived in the same way, and have the same form
as, the deterministic fractional integrals and derivatives. This should not be
surprising — the development of m.s. calculus is similar to that of determinis-
tic calculus and so it seems reasonable that the development of m.s. fractional
calculus is similar to that of deterministic fractional calculus. There are many
more definitions that we could consider here but since this dissertation is not
aimed at giving a complete working of the subject we will not do so. For this
same reason, for the remainder of this dissertation we will restrict ourselves to
the use of only one m.s. fractional integral — the m.s. R-L fractional integral —
and one m.s. fractional derivative — the m.s. RH fractional derivative. The rea-
son we will not be using the Grinwald m.s. fractional integral and derivative
is that the current body of work (given in Hafiz et al. (2001), Hafiz (2004) and
El-Sayed et al. (2005)) only introduces the R-L fractional derivative and the RH
and LH fractional derivatives and a fair exploration of the m.s. fractional cal-
culus can be done simply by extending and adding to the current body of work.
The reason that the m.s. RH fractional derivative is being used instead of the
m.s. LH fractional derivative is that for any particular value of t € T, say t1,

t _sﬂfl m
DPX(t) = /a(tI‘(ﬁ))jth(tl) ds = 0.

0
Intuitively this seems correct. By contrast
P
am J,  T(P)
dm t (t _ S)ﬂfl
= X - AV
@) g [
& (- a)
dtm T(3 + 1)
(t—a)fm
= X(t .
() T(3—m+1)
In general X (¢;) # 0 so in general , D! X (t;) # 0.

DPX(t) = X(t)ds

= X(h)
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One drawback of our choice for the definition of the m.s. fractional derivative
is that it requires the stochastic process to be m.s. differentiable to order m € IN.
This means that we will not be able to consider the m.s. fractional derivatives
of some commonly used stochastic processes. The Poisson process, the Wiener
process and binary noise are three such processes.

For the remainder of this dissertation, unless the situation calls for the use
of the full names of the fractional integrals or derivatives to avoid confusion, we
will refer to the m.s. Riemann-Liouville fractional integral simply as the m.s.
fractional integral and the m.s. RH fractional derivative simply as the m.s. frac-
tional derivative. We will also define 19X (t) and D)X (t) as follows:

X (t)
DR X (1)

L
L
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Chapter 4

Properties of mean-square
fractional integrals and
derivatives

Having defined the m.s. fractional integral and derivative, we are now in a po-
sition to consider some of their properties. Ideally we would like to show that
many of the properties of the deterministic fractional calculus have m.s. equiv-
alents. There are some properties in the deterministic fractional calculus that
are used to solve deterministic fractional integral and differential equations. As
such, these are properties that once transferred to a m.s. setting may possibly be
used to solve m.s. fractional integral and differential equations. Presumably for
this reason Hafiz et al. (2001), Hafiz (2004) and El-Sayed et al. (2005) consider
these properties as well as some basic properties of m.s. fractional derivatives
and integrals. Solving m.s. fractional integral and differential equations is the
topic of Chapter 6 and so in this chapter we too will consider these properties
using more general conditions in several places and extending the properties to
include the # > 1 cases which are not considered in Hafiz et al. (2001), Hafiz
(2004) and El-Sayed et al. (2005) when fractional derivatives are involved.

There is a large overlap of the content in Hafiz et al. (2001), Hafiz (2004)
and El-Sayed et al. (2005). The proofs of the properties that are common are
remarkably alike despite Hafiz (2004) using different conditions to Hafiz et al.
(2001) and El-Sayed et al. (2005). Due to this overlap we will, for convenience,
often only make reference to Hafiz et al. (2001).

4.1 Basic properties

Theorem 4.1. Let X (t) and Y (t) be second-order stochastic processes for which
17X (t) and I7Y (t), B > 0, exist for t € [a,b] C T. Then
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4.1. Basic properties

(a) (Linearity)
IPIX()+Y ()] = IP°X () + IPY (¢).

(b) (Homogeneity)
I0eX (8)] = c- IX (2)

where c is a constant.
(©) I X(t)|=a = 0
Proof: Letting
e 0 =5)<58]<83<...<8,=t<b,
o s, € [sp_1,5: for k=1,2,...,nand

o A, = ml?x(sk — Sk—1)

we have
(a)
t —_ s B—1
pro+ye - | (tr(ﬁ))[X(sHY(s)] ds
- (t_slt)ﬁil * *
= i 3 )+ Vs - )
Ap—0 k=1
n $*)A-1
= i > U ) - s
Ap—0 k=1
n _g* B—1
e (T
Ap—0 k=1
B bt — )81 ) ds bt — )81 ) ds
= [ X @ [ v

= IPX(t)+I°Y (1) .

(b) Similarly,

n _ ox\0—1
Plex@] = Lim S ET0T v s (0 — se)
ZT&OO ; F(ﬁ) k k k—1
g (t B SZ)ﬂ_l *
= ¢ lim X(s) (sp — sk—1)
Z_)ioo — F(ﬁ) k k k—1
= ¢ - IPX(t)
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4.1. Basic properties

(c) Since I X () is defined as follows

t(p_ g)B-1
IgX(t)é/ (tr(;)X(s)ds,

we see that (c) is proved in Corollary 2.1 in Chapter 2. |

Corollary 4.1. Let § € (m — 1,m) where m € IN and let X(t) be a second-order
stochastic process such that DS X (t) exists for t € [a,b] C T. Then

DPX(t)]j=a = 0.

Proof:
For 3 € (m — 1,m) DSX(t) is defined as follows

DEX ()£ 1m=Pxm(p) .

This is of the form /'Y () where & = m — [ and Y (¢) is a second-order stochastic
process. Thus, using Part (c) of Theorem 4.1 we have

DX (t)|imq = I PXT) (#)|1—0 = 0.
|
Note: Later in this chapter we will come across terms like 17 X (a). By this we

mean IS [X (a)] and not I’x (t)|t=a- If there is cause for confusion we will specify
what is meant.

In the following theorem we consider the continuity of 5 X (t).

Theorem 4.2. Let § > 0 and let X (t) be a second-order stochastic process such
that IgX(t) exists for t € [a,b] C T. Then IgX(t) IS mean-square continuous
provided that, for h > 0,

t+h _ )81
/ (”’;(5)) 1X(s)]] d

and

L4+ h—s)B71 —(t—s5)81
/ - 1 ()1 ds

exist as Riemann integrals when (3 > 1 and as CR integrals when [ € (0,1).

Proof:
To show that I/ X (¢) is m.s. continuous we must show that, for ¢, t+h € T where
h >0,

IIPX(t+n)—I°X(t)| —0 ash— 0. (4.1)
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4.1. Basic properties

Now,

1ZX (¢ + ) = 17X (1)

t+h _ )81
/a (t—i_?(ﬁ)) X(s)ds

t(y_ g)B-1
_/a 7@ I‘(ﬁ)) X(s)ds

t+h —g)B-1
/t (t+llz(ﬁ)) X(s)ds

t _ )81 _ (4 — )81
+/ (t+h )r(@) (t—>s) X(s) ds

t+h —g)8-1
/t (t—i_}f‘(m) X(s)ds

Pit+h—s)Pt—(t—s)Pt
+ /a ) X(s)ds‘

= 3l +1 7

IN

where

B e e )
J = /t 1B X(s)ds and

t _ )81 _ (4 — 5)B-1
Jp = /(t+h )F(ﬁ) (t=s) X(s)ds .

Consider J7.

~ Bh (4 h—5)071
131]] < /t ) 1 X (s)| ds

provided the integral on the right exists as a Riemann integral when g > 1 and
as a CR integral when § € (0, 1).
Then, letting M = max || X(s)| we have

s€[t,t+h]
”’JHSM/;MWCZS —0ash— 0.
Similarly,
172 < /t Gdh 5)[;_(;)_ =" (o) s

provided the integral on the right exists as a Riemann integral when 5 > 1 and
as a CR integral when § € (0, 1).
Then, letting N = m{ax} | X (s)|| we have

s€la,t

Pit+h—s)P1—(t—s)Pt
J SN/ ds —0ash— 0.
= ()
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4.1. Basic properties

Thus

IZX(E+h) = IZX@O < (15 + 7] —0 ash—0.

So we see that 17X (t) will be m.s. continuous. [

In Theorem 4.2 we do not restrict ourselves to m.s. continuous second-order
stochastic processes. If X (t) is m.s. continuous and 3 > 1 then IS X (t) and the
integrals

t+h —5)B-1
/ “”‘F@) 1X(s)]| ds

and

b4+ h—s)P1 —(t—s)871
/ - X ()l ds

will exist and so the statement of the above theorem becomes:

If X (t) is mean-square continuous for ¢ € [a,b] C T, then I} X () is
mean-square continuous for 5 > 1.

Using a similar method Hafiz et al. (2001) arrive at the same result — if X (¢) is
mean-square continuous then I X (t) is mean-square continuous — but include
the region (5 € (0,1). The reasoning for this being that, according to Hafiz et al.
(2001), the continuity of X (¢) insures the existence of I X (¢) for 8 > 0. How-
ever, as we have discussed previously, this is not the case when 5 € (0, 1).

Up till now we have emphasized the importance of checking the existence
of CR integrals when they are used. This is quite tedious so in the following
work — not only in this chapter but also in following chapters — it will go without
saying that the existence of all CR integrals should be checked.

In the next few theorems we take the focus off of t € T and instead focus on
8> 0.

Theorem 4.3. Let X (t) be a second-order stochastic process such that 1] X (t),
t € [a,b] C T, exists for all v > 0. Then, for a > 0 where o # (3,

l.ﬁi.m. IPX(t) = 19X ()

Proof:
Using the convergence in mean-square criterion we see that to prove

l.ﬂi.m. IPX(t) =10X(t)
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4.1. Basic properties

we need only show that E[I) X (¢)I5 ‘X (t)] tends to a finite limit as 5 and 5’ tend
to a (in any manner whatever) and that the limit is E[I$X (¢) I8 X (t)].
Now,

lim E[ISX(t )I;?’X(t)]

B.8'—a
F-1
- 55’—@// (eﬂ)/) I'xx(s,0)dsdo
_Sﬂ 104 n\B—1
N // [Bﬁ’—nx : )) ¢ (9[;/) FXX(S,Q)deQ
[
T(a) Txx(s,0)dsdf < oo
- By,

By looking at the proof of Theorem 4.3 it is clear that we could not consider
the case 6 — a where a = 0. In the following theorem we consider this case.

Theorem 4.4. Let X (t) be a second-order stochastic process such that X (t) exists
and is mean-square continuous on [a,b] C T. Then

Lim. IPX(t) = X(t).

B—0
Proof:
Using integration by parts we have for 3 > 0
b [ (E—5)? y E(t—s)Pt
Xy = [P(ﬂ+1)X(s) a+/aP(ﬁ) X(s)ds
_(t—a)’ s
11(5%_1)X(a)+IaX(t).
So
s — 1i B+1 (t —a) ]
15_1>1ng() = 1.5._1)1(}. [Ia X(t)+I‘(B+1)X(a)
_ B+1 . (t—a)f }
= 15_1}1] X()+1ﬁ1_1}13[ TG+ 1 )X(a)

= l.ﬂ}._r)rllng(t)—i-X()
= I'X(t)+ X(a)

= X(t)— X(a)+ X(a)
= X(t).
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4.1. Basic properties

We have followed the example of deterministic fractional calculus defining
I9X (t) to be X(t). This definition makes sense intuitively but Theorem 4.4
further motivates it (despite Theorem 4.4 requiring the existence of X (¢)).

Theorem 4.5. Let 3 € (m — 1,m) where m € IN. Let X(t) be a second order
stochastic process such that X(™)(t) exists and is mean square continuous on
[a,b] C T. Then

(a)
Li.m. DPX(t) = XM(t) .
(b)
lim. DgX(t) E X(mfl)(t) _ X(mfl) (a) ‘
B—(m—1)
Proof:
(a)

Lim. D?X(t) = Lim. I PXM (1)

p—m p—m

= Lim. )X (¢)
y—0

= xM(y)

where Theorem 4.4 has been used in the last step.

(b)
Lim. D°X(t) = Llim. I BX0) ()
B—(m—1) B—(m—1)
= Lim. )X (¢)
y—1
= I'xM(@)
= XD () - XD (a)
where IBP has been used in the last step. |

From Part (a) of Theorem 4.5 we know that
1Bi.m. DX (t) = X (¢)

and from Part (b) we see that we will have

Lim. DSH1X(t) = X (t) — X (qa) .
(B+1)—m
In general X ("™ (a) does not equal 0. Thus Theorem 4.5 shows the necessity of
explicitly defining DY X (¢) to be X(™)(t) when 8 = m € N in the definition of the
mean-square fractional derivative. DS X (t) could as easily have been defined as
XM (t) — X(™)(a) when 8 = m € IN, but this seems counter-intuitive.
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4.2. The composition rule

4.2 The composition rule

Since I7X(t) and DX (t), when they exist, are second-order stochastic pro-
cesses, we can consider expressions such as Ig‘If X(t) and Dg‘[f X(t). These
expressions, and those like it, make up what we will call the composition rule.
They will play an important role in later chapters. This section deals with parts

of the composition rule.

The following theorem is used to derive many of the remaining properties
in this chapter. In deterministic fractional calculus the proof of this theorem is
often left out. We include the proof for this m.s. version — as do Hafiz et al. (2001)
and Hafiz (2004), albeit in a less detailed manner — for the sake of completeness.

Theorem 4.6. Let 5 > 0 and o > 0 and let X (t) be a second-order stochastic

process such that I 315 X (t) exists for t € [a,b] C T. Then

ICIPX (1) = ISP X (1) .

Proof:
t _ pla—1 0 — s £—1
I°IPX (1) = / t F(eo)c) / (6 F(ﬂ)) X(s)dsdb
B t t (t _ 9)04—1 (0 _ S)B—l
= [xel [T
Consider
O A ) R (A
R

Letting v = 6 — s we have

o1 o —v—8) W qu
3= ey v

Now letting v = (t — s)u we have

1

1 -1 -1 6—-1, 8—1
- (a)r(m/“—S) (1 —w)* 't — )Pt — 5) du

_ gyatB
7( T (@)T(3) /O(I—U)O‘_luﬂ_ldu

)
)
(t—s)*"1 T(a)T(B)
)T
)

(@B T(a+p)

(t_SOé-‘r,@ 1

I+ 5)
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4.2. The composition rule

So

t _Sa+ﬁ—1
IfIPX(t) = / %X(s)ds

= I“PX(t) . |

In Theorem 4.6 we considered the m.s. fractional integral of a m.s. frac-
tional integral. In the next few theorems we find expressions for I, ngf X(t) and
D;"Ig X (t). The proofs used when finding these expressions will rely heavily on
Leibniz’s rule and IBP. This is not surprising as Leibniz’s rule deals with the
derivative of an integral and IBP deals with the integral of a derivative (deriva-
tives and integrals being defined in the m.s. sense for second-order stochastic
processes). We will see that the proofs are very similar and will often rely on
parts of previously proved theorems. It would be cumbersome to constantly re-
fer to previous theorems when they are used so, in most situations, we will not
do so.

Theorem 4.7. Let o > 0 and 3 € (m — 1,m| where m € IN. Let X(t) be a
second-order stochastic process such that DX (t) exists for t € [a,b] C T. Then

e B+

x () > 4.

m—1
ICDPX(t) = ISP X (t) ZFa—ﬁ
7=0

Proof:
Using integration by parts we have

' xWa@y = /X

— [X(s)],+0
- X(t)—x<a>,

X = / TE5) v ) s
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4.2. The composition rule

and

3 v(3) _ "t —s)? ®)(s) ds
BxOe — [
=[]« [
12 X2)(1)

S0 @) - LDy - x(a) + X ()

I'(3)

Continuing in the same manner we have, for o = 8 = m,

I'(2)

—_

m—

m y (m) _ _ (t — a)j (4) a
I XM () X (t) ;F(jJrl)X (a) .
Fora=p€ (m—1,m)
I°D8x () = IP 1 PXM () = 1 X ™) (¢)
m—1 j ‘
xX(H-Y &j‘f)l)x(ﬁ(a)

where we have used equation (4.2) to find the last line.

Letn e N. Whena=nand 8 =m
DpX(t) = Iy X ()

m—1 ;
R {X(t) -3 &j‘f)f) X0 (a)

| <.
|
o

m
= MY (t) —
=0

(t —a)r—m*J
T(n—m+j 11

X(j)(a) )

When a € (n—1,n) and § =m
b=m<n—-1<a<n
so that a — m > 0. Under these conditions we have

oxXm@y = rremrexmg)
= 1o x ()

m—1 (t'—a)'

= o [X(t) T T f)X(J')(a)

| <.
=

m
= IOMX(t) —
§=0

(t o a)a—m—i—j
Tla—m+j+1)

XW(a) .

(4.2)
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4.2. The composition rule

Fora e (n—1,n]and g € (m,m —1)

I°DPX(t) = I°T™Pxm(y)
1o78m X (m) (1)
m—1 ;
— afﬁ (t

‘]:
T (t—a)* P

_  g0—p _
= LT7X) Tla—B+j+1)

X(a) .

§=0

|

In Theorem 4.7 we have considered the fractional integral of a fractional

derivative when the integral is of an order greater than, or equal to, that of the

fractional derivative. In the following theorem, Theorem 4.8, we will look at the
case when the order of the integral is smaller than that of the derivative.

Theorem 4.8. Let n € Nand m € N and let 0 < o < f where o € (n — 1,n] and

B € (m—1,m). Let X(t) be a second-order stochastic process such that D5 X (t)
exists for t € [a,b] C T. Then

(a)
I°DPX (t) = DP~X(t)
when 3 — o € (m —1,m) and 3 # m.
(b)

(t — a)m—ﬂ—l-‘ra
I'(m—-pB+a)

ISDBX (t) = DB~ X (1) — Xm=D(q)

when o € (0,1), B —a € (m —2,m — 1] and  # m.

(c)
n—1
t _ CL m B+7 i
n NG B—n (m—n+j)
I"DPX(t) = DP "X (¢ ]Z:Fm ey (a)
for B € (m—1,m)|
(d)
n—1 (t _ a)mfﬁfnJraJrj

I“DPX(t) = DS~ X (¢ X (m=nti) (q)

M

FlFm B—n+a+j+1)

when a € (n—1,n), a > 1.
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4.2. The composition rule

Proof

(a)

I°DPX(t) =

(b) Let 6 —a=m — 1.

I;DIX(t) =

Now let 5 —a € (m

IDIX(t) =

1o7m=Px M) (1)
[;n—(ﬁ—a)X(m)(t)
DP=X(t) .

1o7m=P X M) (1)
[gl—(ﬁ—a)X(m)(t)

I'xm 1)

Xm0 (g) — x(m=1(g)

(t —a)m—1=P+e

I'(m—f+a)

DP=X (t) — XM= (q) .

—2,m—1).

Im*(ﬂ*a)X(m)( t)

[Lg D—-(B- )[1x(m)( t)
I{m=1)=(B=a) x(m)(3) _ pm=1)=(F=a) x (m=1)(4)
(t —a)m—D=(6-a)
I'(m—p+a)
(t _ a)mfﬁflJra (m—1)
X :
I'(m—p+a) (a)

I{m=1)=(B=a) x (m=1) ) _

DP=X (t) —

X(mfl)(a)

(¢) Using equation (4.2) and recalling that we are working under the assump-
tion that 8 > «, we have, for 5 = m and a = n,

1;Dg"X () =

dn
o X(m—n)
o [ ]
n—1 t a
(m— n) — (m n+j)
Z rGj+1) (a) -

Q

(4.3)
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4.2. The composition rule

Using equation (4.3) we have, for g € (m

I DIX(t)

—1,m)and o = n,

= P x ()
= [P x M)

n—1
m— m n t m—n
- I ﬁ{ )t Zr(( X (m=nt9) ()
]:
ol gymBti ‘
_ Ign—ﬁX(m—n)(t) (t a) X(m—n-‘r])(a)

Lim—pB+j+1)

o

]:

n—1

(t —a)m =P+

= DPX(t)
I‘m ﬁ—i—]—l—l)

Xm=nt)(q) |

“M

(d) Using equation (4.3) we have for 5 = m and o € (n — 1,n) where o > 1,

19X M (1)

Let 5 € (m
(0

8—aé€

I°DPX(t)

Igz—n—l—llg—lX(m) (t)

20+ 1)
n—2

— Ingn+1X(mfn+1) - Z
7=0

_ Igvfnqtl |:X(mn+1) B (m—n+1+47) (a)

(t _ a)oz—n—i—l—',—j
T(a—n+j+2)

(mfn+1+j)(a)
n—1 t —a Oé Tl+]

];Fa—n—Fj—Fl)

= D"TOX(t Xm=nti)(q)

—1,m) and a € (n — 1,n) where a > 1. If n = m, then

,1). Under these conditions we have

= LX)

];—(ﬁ—a)[gl—lX(m)( t)
m—2 (t . a ;
_ -G [ xmem (g Z (m—m+147) ()
= I'(j+ 1
m—2
t a)1—5+a+] )
— Il ( X(]+1)
“ ]Z:F(]—I—2—ﬁ—|—a) (@)
m—1 m—pB—n+a
_ DﬁfaX(t) I (t — CL) fntot] X(mfn+j) (CI,) )
@ HTm—F-nta+tj+l)

Let 5 € (m—1,m) and o € (n — 1,n) where @ > 1 and n # m. Using
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4.2. The composition rule

equation (4.3) we have

I°DEX(t) = 1o 1™ Pxm)(t)
Igﬂ—ﬁ—i—a—n—i—lln—lX(m)( )

—2
_ I;n—ﬁ+a—n+1|: (m— n+1 ”Z: I(‘t( (m— n+j+1)(a)
7=0

_ Imf,HJrafnJrlX(mfnJrl) (t)
t _ a m B—n+a+1+j
_Z T(m—fB+a—n+j+2)

X(m—n+j+1)<a)

_  pB-a © (t—aynfnted
= D;7*X(¢ g
I'm—-B—-—n+a+j+1)

X(m—n+j)<a) )
[ |

Hafiz et al. (2001) and Hafiz (2004) are only able to consider a situation
like that in Part (a) of the theorem that we have just completed because they
only define the fractional derivative for orders 3 € (0,1]. Parts (b), (c) and
(d) are extensions that result from our mean-square fractional derivative being
defined for 5 > 0. In Part (a) we have used the exact method that is used to
prove Theorem 4.5(i) of Hafiz et al. (2001) and Theorem 3.3(1) of Hafiz (2004)
where it states — incorrectly — that IijgX (t) = DEx (t) for a € (0,1] and
B € (0,1] when o < (. The reason this is incorrect is that it includes the
case when o = § = 1. This leads back to the discussion at the end of Section
4.1 where we looked at the necessity of defining D7 X (t) to be X(™)(t) when
8 = m € IN. In Hafiz et al. (2001), Hafiz (2004) and El-Sayed et al. (2005) the
RH m.s. fractional derivative (referred to as the Caputo fractional derivative in
said papers) is defined as

DPX(t) =I}PX(t), B e (0,1]. (4.4)
Note the inclusion of 3 = 1. If we simply allow 3 to be 1 in equation (4.4) we get
DPX(t)=I1PX(t) =I°X(t) = X(¢).

So the definition given in equation (4.4) seems reasonable. Using this definition
we find that, for « € (0,1] and 3 € (0, 1] where o < 3,

I9DPX () = ICTV P X (¢) = I} =B~ X (t) = DX (1) . (4.5)
If welet « = 3 =11in (4.5) we get

I°DPX(t) = DP~*X(t) = DI 1X(t) = DX (t) = X(t) .
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4.2. The composition rule

However, using IBP we know that
I°DPX(t) =I'DIX(t) = X(t) — X(a) .

This does not, in general, equal X (¢). The mistake that Hafiz et al. (2001) and
Hafiz (2004) have made has been to treat the cases when « and/or 3 are positive
integers the same as the cases when they are not integers — a mistake that is
probably, in part, caused by not using the definition DEx (t) = X™)(t) when
B =m € N. Our definition of D? X (t) gives separate expressions for 5 =m € IN
and 5 ¢ IN and so for the remainder of the chapter we will do as we have done
for Theorem 4.7 and Theorem 4.8 — we will, when necessary, treat the cases
when « and/or (3 are positive integers separately from the cases when they are

not.

Theorem 4.9. Let 5 > 0, n € N and m € IN. Let X (t) be a stochastic process
such that IfX(t) exists for t € [a,b] C T. Then

when o € (n — 1,n| and

() B=mandn<p,or

DYIZX(t) = I}~ X (1)

(b) pe(m—1,m)andn < f.

Proof
(a) Let a = n.

Using Leibniz’s rule for 5 = 1 we have

d
@IaX(t) -
For 3 = 2 we have

d
—I’X
SIEX (1
d?
@IaX(t)
For 3 = 3 we have

d
dt °

3
@IaX(t)

a3 °

—I3X(t) =

—I3X(t) =

X(t).

j/t (t_S)X(s)d,s:/(ItX(s)ds%—O:I;X(t).

], T2
% %ngoe) _ %I;X(t) — X(t).
i), ) X

at (’;22;“))((3) ds +0
X (t)

%% 3X (1) %IﬁX(t) =TIlX(t)
i;i[jfx(t) = %IC}X(t) = X(t) .
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4.2. The composition rule

Continuing in this manner we have, for 3 =mand a =n
DIIT'X(t) = I'"X(¢) for n < m. (4.6)

Now let a € (n — 1,n) and § = m. Using equation (4.6) we have for
n=m
n—« dn

DeIbX(t) = I" Tl X()
o d"

= IMOX()

and forn < m

dn
DeIPX(t) = IM@ Tl X (1)

= LI
= I™°X(1).

(b) Here we have the conditions
n—l<a<n<m-1<pg<m.

Since n > 1 we have 3 > 1.

Let a = n. Using Leibniz’s rule we have

d 8 d t (t — S)ﬁ_l
£IaX(t) % ; WX(S)dS
t —2 —1
(t—s)° {(t —s)° ]
——X(s)d —F—F—X
| T X S
= I57'X(1), B> 1. (4.7)
Taking the derivative of (4.7) we have

d* 5 ~d d g
@IaX(t) = 7 %IaX(t)

_ A

= dtIa X(t)

= IP72X(1), B>2 (4.8)

where (4.7) has been used — with 3 replaced by (5 — 1) — in the last step.
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4.2. The composition rule

Taking the derivative of (4.8) we have

a3 d d?
—IPX(t) = — —=IPX(t
d
= —I572X(¢
gila X()
= I;7°X(1), 8>3

where (4.7) has been used — with 3 replaced by (5 — 2) — in the last step.

Continuing in this manner we have
n

S LX) = 17X (1), g >mn. (4.9)

Nowlet a € (n—1,n) and § € (m —1, m) where § > n. Using equation
(4.9) we have

mn
DeIBX(t) = I;H“WL?X@)

= I7CIiTrX(t)
= IPoX(t).

Corollary 4.2. Let 5 € (m—1,m|, m € N, and let X (t) be a second order stochas-
tic process such that I\ X (t) exists for t € [a,b] C T. Then for j € {0,1,2,...,m—1}
dJ

—IX()|ee =0 .
i la (t)]t=a =0

Proof:
Using the definition of DO X (t) we have DI X (t)]—o = IZ X ()4—0 = 0.
Using Parts (a) and (b) of Theorem 4.9 we have

dJ

ﬁIfX(t) = 177X () je{1,2,...,m—1}.

Using Part (c) of Theorem 4.1 we have

dJ 4
waX(t)\t:a =I57TX(t)|j=a = 0 je{1,2,..m—1}.

Using Corollary 4.2 we see that the result in Theorem 4.7 becomes
Ig“DgX (t) = 1897 x (t) if X (¢t) is itself a mean-square fractional integral or
derivative.
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4.2. The composition rule

Theorem 4.10. Let n € IN and m € IN where m < n. Let X (t) be a second-order
stochastic process such that X"~ (t) exists and is mean-square continuous on

la,b] C T. Then, for a € (n — 1,n|,

DI X (t) = DO X(¢) .

Proof
Let o = n. Using Leibniz’s rule we have for m = 1
d? dd 4 .
WIGX(t) = ﬁﬁlaX(t) = X (t)
e d d* d . i}
%[ax(t) = e WX () = @X(t) = X()
@IGX(t) &ﬁIaX(t) = aX(t) = XY(t)
d" . . (n—1)
Using equation (4.6) we have for m = 2
3 d d* , d .
ﬁIaX(t) = a@IaX(t) = %X(t) = X(t)
d* , d d* d . .
@L;X(t) = sl (t) = @X(t) = X(t)
%IaX(t) %@IGX@) = %X(t) = XY(t)
d" o - . (n—2)
Continuing in this manner we have for n > m
%mxu) = XM . (4.10)
When o € (n —1,n) and n > m we have
DIIPX() = I ()
dtm
= rex (g
where we have used equation (4.10) to find the last line.
Since « —m € (n —m — 1,n —m) we have
I;LfozX(nfm) (t) — I(gnfm)f(afm)X(nfm) (t) _ Dgme(t)
[

and so DI X (t) = DY~ X (t) when o € (n — 1,n).
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4.2. The composition rule

The result we derive next is an extension of Theorem 3.4 of Hafiz et al.
(2001). It, like our Theorems 4.10 and 4.9, deals with m.s. derivatives of m.s.
fractional integrals.

Let X (t) be a stochastic process such that X (") (¢), n € NN, exists and is mean-
square continuous. Since X () (t) exists, all X (t), j € {0,1,2,...,n — 1}, exist
and are mean-square continuous. Thus I X (¢) and I X U)(t) exist and are mean
square continuous for all v > 1 and j € {0,1,2,....,n — 1}.

Let 8 > 1. Using IBP we have

(t— 3)5*1

t t(r_ )82
I'X(t) = T3 X(s)a + /a TG-1 X(s)ds
_ )81
= x-Sy 4.11
X - X @) (4.11)
Using Leibniz’s rule we have
d g d [*(t—s)t
%IQX(t) % . WX(S) dS
¢ (t—s)ﬁ_QX [(t—s)ﬁ_l }
= A A— d —X
[ty X b | —
= IP71X(@). (4.12)
Substituting (4.11) into (4.12) we have
s _ 85 (t—a)"!
dtIaX(t) = IJX(t)+ 03) X(a) . (4.13)
Taking the derivative of (4.13) we have
& g _ 4oy d[(t—a)’!
_ 33 (t _ a)ﬁ_l . (t _ a)ﬁ—2
= IaX(t)JriF(ﬁ) X(a)—i_i]?(ﬁ—l) X (a) (4.14)

where we have used (4.13) — with X (¢) replaced by X () — to find an expression
for %L’? X(t).
Taking the derivative of (4.14) we have

3 .. —a B-1 . —a B2
%IfX(t) = %IfX(t) + % (tr(g)X(a) + (;(ﬁ_)l)X(a)
_px® @ Lm0 gy a7
= X0 + X @ + Frry X
LU e
I'(B—-2)
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4.2. The composition rule

where we have used (4.13) — with X (¢) replaced by X (¢) — to find an expression
for 417X (1),

Continuing in this manner we have the following result.

Theorem 4.11. Let n € IN and let X(t) be a second-order stochastic process
such that X" (t) exists and is mean-square continuous on t € [a,b] C T. Then,

for 3> 1,

LX) = 7IﬂX F + 4+ 1)

X (a) .
iy (@)

“M

Note that if j; (t)|t=a = 0 for j € {0,1,2,...,n — 1}, as is the case when
X (t) is itself a m.s. fractional integral or derivative, the result will be

XM () = T 17X (1)

Theorem 4.11 gives an expression for dtnIﬂX( t) when g € {1,2,3,...,n} —
something for which an expression had not previously been found. It also gives
alternative expressions for %Ig X (t) when 3 > n and for If X @) (t) when 5 > 1.

In Theorem 4.11 8 = 1 has not been included. This is because the result
does not, in general, hold for 3 = 1 as we show next. The method we will use is

the same as that used to prove Theorem 4.11.

Let 3 = 1. Using IBP we have

IIX(t) = X(t) - X(a) (4.15)
and using Leibniz’s rule we have

d

—INX X(s : 4.1

. & [ X as=x0 416
Substituting equation (4.15) into equation (4.16) we have

%11)(( t) = I!X({t)+ X(a). (4.17)
Now, taking the derivative of equation (4.17) we get

d? d 4 d

SSIX() = LI+ 52X ()

= IIX(t)+X(a)+0 (4.18)

where we have used equation (4.17) to find an expression for %I 1X(1).
Taking the derivative of equation (4.18) we have

a3 d . d
SSIX(W) = SIX®+ 5 X()

= IIXO@)+XP@)+0
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4.2. The composition rule

where we have used equation (4.17) to find an expression for %I&X (t). Follow-
ing this pattern we see that

dt—nI;X(t) =11 x™ () 4+ X" V(a) .

Clearly, only when n = 1 will the expression in Theorem 4.11 hold for 5 = 1.

IBP is used in the proof of Theorem 4.11. Due to this Theorem 4.11 will not
hold for 5 € (0, 1). Hafiz et al. (2001) include the 5 € (0, 1) range despite stating
that IBP is used to prove the result.

Since Theorem 4.11 is consistent with previous work for non-integer values of 3
that are greater than 1, we will formally extend it to include the range 3 € (0,1).

Theorem 4.11 and its formal extension, can be used to derive many other
properties — one of which we show next.

Theorem 4.12. Let n € IN and let X(t) be a second-order stochastic process
such that X (t) exists and is mean-square continuous on [a,b] C T. Then for
a€(n—1,n)

DSTITX(t) = X(t) .

Proof

dn
DeIYX = J"— J*X
a~a (t) a dtn a (t)
n—1 _ \a—n+j
Z (t—a) ' X(J)(a)}
FNa—n+j+1)

= e {IS‘X(”) (t) +

n—1 ;
_ iy (t—a) vG),
X0+ 3 X @
n—1 ; n—1 .
_ N =9 6y, (t=a)f v4y,
- [xo ZIG+n ()F;OF@H)X @
— X(). n

In Theorem 4.9 we proved that D! X (t) = X (t). Therefore, by combining
Theorem 4.9 with Theorem 4.12 we see that D12 X (t) = X (¢) for a > 0.

In the following two theorems we find expressions for Dg“Dg X(t). In Theo-
rem 4.13 we will consider the case when 3 = m, m € N, and in Theorem 4.14
we will consider the case when 5 € (m — 1,m).

Theorem 4.13. Let n € IN and m € IN and let X (t) be a second order stochastic
process such that X "™ (t) exists for t € [a,b] C T. Then for a > 0

DEXM (1) = DX (¢)
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4.2. The composition rule

Proof:
When « = n the result clearly holds.

If n—-1<a<n then n—1+Hm<at+m<n+m

and so

DoFtm X (t) = [{rtm)—ladm) x(ndm) gy — n—a x (ntm)(3)

Using this we have forn — 1 < a <n

DEX (1) = [ X (1) = e X 4 1) = DFX (1)

Theorem 4.14. Let o € (n — 1,n| and § € (m — 1,m) where n € N and m € IN.
Let X(t) be a second-order stochastic process such that X ™" (t) exists and is
mean-square continuous on [a,b] C T. Then

(a) DgDX(t)=Dg*’X(t)
for a € (0,1)and a+ € (m —1,m].
(t—aym
'm—-pF—a+1)
fora € (0,1)and a+ f € (m m+1).

t_am B—n+j

(b) DeDIX(t) = DgtoX(t) + X (a)

anf a+ (m+7)
(c) DEDEX ()= DyPX (1 Z X
for o = n.
Proof:
(a)
For a € (0,1)
DEDIX() = 11 | I x)
_ _ t—a)m ,B 1
= Jl@ [Ig” B x (m+1) ¢ +( XM (q
0+ X" @)
(t—a)m_ﬁ a

= Bl xm+l) gy 4

(4.19)
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Thus, when o + 3 = m we have

DeDPX(t) = I'XD (1) 4+ XM (q)
XM (1) — XM (a) + X™)(a)
X(m)(t)

= DYPX(t).

When a + 5 € (m — 1, m) the first term on the right hand side of (4.19)
becomes

LA () = ) [ 1) — X )]
(t—a)m e
'm—-pg—a+1)
(t—a)m e
'm—-pB—a+1)

[ (etB) x (m) () — X (a)

= DX (t) — XM (q) .

Substituting this into equation (4.19) we have, for a + 5 € (m — 1,m),
(t _ a)m—ﬁ—a

'm—-p0—a+1)

—a m—pB—a«a
(E?t’L —ﬂ)— a+ 1)X(m)(a)

DeDPX(t) = DOPX(t) — X (a)

T

= DYPX(t).

(b)
Ifae(0,1) and o+ 8 € (m,m + 1) then

DeDPX(t) = I;a[jtlc’fﬁX(m)(t)]

(t —a)m 01
L'(m - pB)
(t —a)m P«

'm—-0—a+1)

_am—,B—a
(Ewtm—ﬂ)—a—i—l)x(m)(a) :

= Il [Ig”—ﬁ)((m“)(t) - XM (a)

= [mAD=(ath) x (mt1) 4y 4 X (q)

DABX (1) + i
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4.2. The composition rule

(c)

When a = n we have

DEDIX(H) = IrOxX)
n—1
dr (t — a)ym—0-n+i .
_ s g X (m+d)
a g +20Fm B—n+j+1) (a)

_ IC(Lm—&-n) (B+n) X(m+n ( )
n—1 (t . a)m,ﬁ,nJr]

(m)
+j§::r(m—ﬁ—n+j+1)X Pia)

(t — a)m=B-nti

xMm+i) () .
(m—B—-n+j+1) (a)

Theorem 4.14 completes our exploration of the composition rule. The prop-
erties in Sections 4.1 and 4.2 are only a selection of the properties of m.s. frac-
tional integrals and derivatives. In the following chapter we will consider one
last property.
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Chapter 5

Integrals and derivatives of
products

In Section 5.5 of Oldham & Spanier (1974) expressions are found for the frac-
tional integral and the fractional derivative of the product of two functions
(where the two functions possess certain qualities). The aim of this chapter
is to find expressions for I7[f(t)X (t)] and D5 [f(t)X (t)] where f(¢) is a determin-
istic fuction and X (¢) is a second-order stochastic process. In Section 5.1 we will
use § € IN and f(¢) a continuous function of . We will see that these expres-
sions have the same form as those of the fractional integral and derivative of
the product of two deterministic functions. In Sections 5.2 and 5.3 we will build
on the results of Section 5.1 extending 5 € IN to 6 > 0. In Sections 5.2 and 5.3
we will, however, only work with f(¢) a polynomial in ¢.

5.1 The case in which € IN

From integration by parts we know that for X;(¢) a m.s. differentiable s.p. and
f(t) a deterministic function for which % f(t) exists and is m.s. continuous for
j € N, we have

/ F()Xi(s)ds = f(s)Xa(s)]| - / d’;f)xl(s)ds. 5.1)
Let .
Xl(t)—/ X(s)ds =1'X(t) (5.2)

where X (t) is m.s. continuous. Clearly X;(¢) thus defined is indeed a second-
order m.s. continuous stochastic process. Futher, using Lebniz’s rule we find
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5.1. The case in which 8 € IN

that X, (t) = X (t). Substituting (5.2) into (5.1) we thus have

[rexeas = (16 [ xwa| - L2 ke
= 10 [ xway-o- [ L2 [Cxiyan) as

Now, we notice that in the above expression

LHS = L[f(t)X(®)]
and

RHS = f(t)I;X(t)—I;[dJ;(t)I X(t )]
so that we have

iswx ] = s - 1| G x) . 3)

If we replace X (¢) by I' X (¢) and f(t) with df in (5.3) we have

X )
)

BTl nxe| - L nuxo - I;[

_df() o ft) o
= 212X (t) — Ia[ e IQX(t)]. (5.4)
Substituting (5.4) back into (5.3) we have
BIFOX 0] = F01RX(0) - d@@fﬁX(t) rn[Hexa]. 6

If we replace X (¢) with 12X (¢) and f(t) with 11 in (5.3) we have

d
[P f(@) o _
I“{ dt2 I“X(t)} N dt2 I.X [dt?’ aX ]

Using this, (5.5) becomes

2 3
niswx ) = sonx - Ghexe + S exe - | 0 xo)

Continuing in this manner we arrive at the following expression for the m.s.
integral of the product f(¢) X (t) where X (¢) is m.s. continuous and f(¢) is such

that (glt] f(t) exists and is continuous for j € IN:
o0
j+1
z% dt] Ig X(1) . (5.6)
J:
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5.1. The case in which 8 € IN

Using the fact that (Feller, 1957)
i) ()
. = (=1)7{".
()G

o)

we can express (5.6) as

SN
ﬁmwmm-;%(j)dﬁzﬁvﬁ» 6.7

In order to find an expression for I2[f(t)X (t)] we take the integral of both
sides of (5.7). Doing this we have

LHS = L}[Ié[f(t)X(t)}]=I§[f(t)X(t)]
o (N A [E @)
RHS = %(j)]a[dﬂ I X(t)].

Using (5.7) — with f(¢) replaced by C}%f(t) and X (¢) replaced by It X (t) — we
have

RHS — i (‘,1> 1! [djigt) Ig“X(t)]
.S <;1> kf;o (‘kl) {5; dii; S.t)] I X (1)
- 322 (0) (5) @t e,

RHS = i f: <_,1> (m__lj> WIE”“X(Q.

Jj=0 m=j J
Noting that
IDIEDIDD
7=0 m=j m=0 5=0
and
/B o _ (BHa
> (6=
we have

N VR i (G e
RHS = m;);(j m_j> T L X (1)
B (e
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5.1. The case in which 8 € IN

Letting LHS=RHS we then have

mrwxel = Y () mexo.

m=0
Continuing in this fashion we have the following expression for the repeated
integral of the product f(¢) X (¢):

BOX@] =Y (‘]”) VIO psixy . new. 5.8)

J
pr dt

Now, for X (¢) a m.s. differentiable stochastic process, the derivative of f () X (¢)
is given by the expression
d df(t) &
— X = ()X (¢ —_— . .
SUOX @] = f0X0 + DX (5.9)
A derivation of this result is given in Soong (1973). If X (¢) exists we can take
the derivative of both sides of this expression to get

d d .o s df ()

GEUOX0] = Grox0+ 5| Tx0) 5.10)
_ I 0 5
= o X0 +2= = X(0) + [(1)X(1)

where we have used (5.9) to find expressions for both of the terms on the RHS of
(5.10). Continuing in this manner we find that, for X (t) a s.p. for which X (™) (t)
exists,

PASOXI= 2 @ T T xon).

j=0

Since (7;) = 0 when j > n we have

D[ f i()dntifg)x t), mneN,

or equivalently

D[f(t)X(1)] = i (?) Y1y,  nen. (5.11)

. dt
7=0

Had we chosen to denote integrals as negative derivatives i.e. instead of
using I7[-] to denote our n'" repeated integral we used D, "[-], then (5.8) could
be written as

DX (@] = (‘j”) dj;; gt) XDy, neN

n=0
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5.2. The case in which 5 > 0

so that we could combine the integral and derivative cases together to give the
expression

pitrx) =3 (1) “H0x00,  nez
n=0

where DO[f(t)X (t)] = f(t)X(¢). This is consistent with the form given by Old-
ham & Spanier (1974) for the n'" integral and derivative of the product of two
deterministic functions.

5.2 The case in which 5 > 0

We can now attempt to generalize (5.8) and (5.11) to arbitrary order 5 > 0 when
f(t) is a polynomial.
Let f(t) =t and 8 > 0.

s)ﬁ 1

exe) = [T

) sX(s)ds
(t—s)F!
:/ ) sX(s)ds +tIPX (t) — t I°X (1)

GO
t(f_ g)B-1 t(p_ g)B-1
= tIPX(t) — [t/ (tr(‘g)X(s)ds—/ (tr(ﬁ))sX(s)ds}
=tI°X (1) I‘:(lﬁ[ t—sﬁ YiX (s )ds—/t(t—s)ﬁ_lsX(s)ds]
=tIPX(t) r(lg)/ (t—s5)°X(s
=tI°X(t) — (ﬂ+1)/(t—s)5X( s)ds

=tIPX(t) - BIPHIX(t) .
Above we have shown that for f(¢) =t

BUroxe = roxe -0 paxe (.12

— i <j> dtj)ffﬂX(t).

j=0

.

Now let us consider f(t) = t2.

t(p_ g)B-1
Piex)] - / “F(ﬂ))s?X(s)ds.
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5.2. The case in which 5 > 0

Adding and subtracting ¢2I7 X (t) to the RHS above we then get
_ 5 1 _ 5)B-1
IP[2X (1) = t2I°X(t) / (t=s) X(s)ds — tg/ &X(s)ds

I'(3)
= 215Xt / t_Sﬁl X(s)[t* — 5% ds

(8)
_ [ft=s)f .
= [ S r@e s
_ L(t—s)f
- ﬁ/g I EROIEDL
= BlITX () + X ) |
Thus we have
X)) = CIJX() - BtIfTX () — BIJTEX(1)] -
Using (5.12) on the third term on the RHS of the above we have
IPI2X ()] = $2IPX(t) — 28t 1P X (1) 4+ B(B+1) IPY2X (1) .
So for f(t) = t* this is simply
BUnxm) = fo5xe -l e ¢ LD DO gy
= (B () -
= jz::O < ; > — IPHIX(t) .

Continuing in this manner we can show that for f(¢) = ¢, p € N, and 5 > 0 we
have

poxe =3 () 40 paxq. 6.19)
=0

Due to the linearity property of I7[], we can use (5.13) to find I7[f(t)X (t)]
where f(t) is a polynomial in ¢. Clearly the stochastic process, X(¢), in (5.13)
can be replaced by a fractional integral or derivative if those integrals or deriva-
tives are m.s. continuous.
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5.2. The case in which 5 > 0

We will now find an expression for Dg[f(t)X(t)] when g € (m—1,m), m € NN,
f(t) is a polynomial of order p and X (t) is a second-order s.p. for which X (") (¢)
exists. An expression (or, expressions) for the case(s) when p > m can be found
but we will restrict ourselves to the case p < m. Let us start by considering
f(t) =t. Using (5.11) and (5.13) we have

DIEX(H] = I [ (0)]
= I PX0) () + mX ™Y (@)
= " PX™ @)+ m I Px ()
= Im‘ﬂ)f (ﬂ (nz B) 1P X U ()

Applying integration by parts to I;" "™ X (™) (¢) we have

DIEX(t)] = 17X (t) — (m = B) I X D(1)
_ gy xm g =9 e me)
+(m—-p) X (a)r(m_ﬂ+1)+mla X (t)
= tIMAXM () 4 g rm=B X m=D(y)
_ gy xm- () (="
+(m—-p0)X (a) =T (5.14)
Equation (5.14) can be written in the following form:
P
5 B B\ L) mp i m— ) (¢
DI f)X(t)] = ]E:; <]> oy I"=PXm=ID(t) + ¢ (5.15)
where f(t) =t and
_ g™ B
e = (m— §) XD () =D (5.16)

T(m—pB+1)

Now let us consider DJ[f(t)X (t)] when f(t) = 2. Using (5.11) we have

am
BT 42 — m—8Y% 1,2
D[t X (t)] L ("X ()]
= I PXM@) ]+ 2m I PLex =D ()]
+m(m—1) I"PXMm=2) () (5.17)
Using (5.13) and IBP, we have
IrPx D)) = I XD () — (m - p) Iy X D)
LX) — (m = B) I X (1)

_q)mB
=X
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5.2. The case in which 5 > 0

and
PPl xm@] = 2rrPxm@) — 2t(m — ) I PHIX M (1)
+(m — B)(m — B+ 1) I P2 XM (1)
= 21" ﬁx<m> (t) — 2t(m — B) I PX =D (1)
+(m — B)(m — B+ 1) X2 (1)
gDy (="
+2t(m — B) X" )F(m—ﬁ—i—l)
. (t _ a)m—ﬂ—i—l
—(m = B)(m - B+1) X" (a) Tm—F+2)
(t —a)ym=>B

~(m=f)(m = B+ 1) X" a) Frr—s -

Substituting these into (5.17) and collecting like terms we have
Dg [tQX(t)] — 42 I;”_’BX(m) (t) + [2mt — 2t(m — ()] I;n—ﬁX(m—l) (1)
+[m(m —1) = 2m(m — )
+(m—B)(m— B+ D) I BXT2D (1) + 2mey + c3
= I PXM () 28I PXD(1)

+8(8 — DI PXM2 (1) 4 2mcy + 3 (5.18)
where
_ B (m—2) _({t—a)""
ca = (m ) X (a) Tm—G+1) (5.19)
and
_ _ (m—1) (t - a)mi/g
cs = 2t(m—pB)X (a) NCEE)
B (m—1y, . (t—a)" Pt
(m = B)(m — -+ 1) X" D(a) gt
(m —B)(m — B +1) X" (a) (t =y (5.20)
'(m—-p+1)
We may rewrite (5.18) in the form:
» .
3 B BN # f(t) m—p 5 (m—j)
DAL F)X(t)] = ;} (;) S XTI+ 2mes + e
where ¢, and c3 are given by (5.19) and (5.20) respectively and f(t) = t2.
For both the cases f(t) =t and f(t) = t*> we thus have
P
m—p x (m—j)
DP Z (j) dtﬂ P XxX\mTI(t)  + extra terms. (5.21)

j=0
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5.3. Appendix: An expression for D [t3X (1))

Clearly Dg[ f(t)X (t)] will have this general form for any f(¢) =t?, p € IN. In
order to find an explicit form for the “extra terms” we can consider D/ [f(t)X(t)]
with f(t) =t as we will then have more terms from which we can infer a pat-
tern. This is done in Section 5.3 and the results are as follows:

For f(t) = t*, p < m, 3 € (m — 1,m] and X" (¢) a m.s. continuous second-
order stochastic process,

DIfOX®] = > (f) djé‘igt) I X D(8) + Cp (5.22)
j=0

where Cp is given by

p—1 p k-1 ktn ' ‘
- Z ( > 22 < "’ >ddtk{r€ L ppernx i) (5.28)

k=1 j=0

Note that we include the case 3 = m above. This is because if we set 3 = m in

(5.23) then
() ()0 we ()

so that Cp = 0. Also, if we set 3 = m in (5.22) then
1P xm=a) (1) = 19X (M=) () = x(Mm=9)(¢)

and so (5.22) reduces to the form previously found for the integer order case.

Due to the linearity property of D5 ], we can use (5.22) to find DZ[f(t)X (t)]
where f(t) is a polynomial in t. Clearly the stochastic process, X (¢), can be
replaced by a mean square fractional integral or derivative if those integrals
or derivatives are m.s. continuous. By considering Corollary 4.2 we see that
Cp = 0 when this is done.

5.3 Appendix: An expression for D’[t3X (t)]

In the previous section we derived formulas for D [f(t)X (t)] where f(t) = t,
p € {1,2}. Here we will consider the case p = 3 in order to find the form of
the terms we have called “extra terms” in Section 5.2. Before starting we recall
that we have made the assumption p < m where 3 € (m —1,m), m € IN.
DABX(1)] = 1P jtm X (1)
= I PIBXM )]+ 3m I P x M (1)]
+3m(m — 1) I P [ex(m=2)(1)]
+m(m —1)(m —2) I PxMm=3)(1) . (5.24)
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5.3. Appendix: An expression for D [t3X (1))

Using (5.13) and IBP we have

L PRxtA@)) = 1 PX D () — (m— p) I X Rt
= tI" X2 () — (m— B) I BX () + ¢y
(5.25)
where
ca = (m =B PX" ¥ (a) .
Similarly,
P PeExm=D@)] = A fXmD @) —2t(m — g) [P X Mg
+(m = B)(m — f+1) [ 72X D(t)
= 21 PXM0 () = 2t(m — B) TP X M=2) (1)
+(m—B)m =B+ 1) I"PXM3 () 45 (5.26)
where

s = 2t(m— B PX" 2 (a) — (m — B)(m — B+ DI X ) (a)
—(m = B)(m =B+ DI X" (a) .
Using (5.13) we have
[P Pexm@)] = Arrfxm@) — 3ti(m — p) P xM(t)
+3t(m — B)(m — B+ 1) I=A+H2x M) (4)
—(m = B)(m — B+ 1)(m — B+2) I X (1)

Applying IBP to this we have
mAexma@] = B rfxm)

“3m = ) | I PX ) - 17X )
+3t(m — B)(m — B+ 1) {I;”_BX(W_Q)(L‘)
_Iam—ﬁ+1X(m—1)(a) _ I(Z”_BX(m_m(a)]

—(m = B)(m — B+ 1)(m — B+2) [IWXW” (t)
_Igz—ﬂ+2X(m—1) (a) — ];n—BHX(m—?) (a)
f]am—ﬁX(m—ff) (a)]

= B PXM(4) =32 (m — B) I P XM ()
+3t(m — B)(m — B+ 1) I Bxm=2)4)
—(m—B)(m— B+ 1)(m—B+2) I P X" (1) + ¢
(5.27)
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5.3. Appendix: An expression for D [t3X (1))

where
e = 3t2(m—pImPxm1(q)

—3t(m — B)(m —B+1) [I;n—ﬁHX(m—l)(a) + I BAxm=2)(q)
(= B)(m— B+ 1)(m— B+2) [I;”—f’*?X(m—”(a)

+Im B X (m=2) () 4 =B x (m=3) (a)] .

Thus, substituting (5.25), (5.26) and (5.27) into (5.24) we have
DI[BX(t)] = I1rPxm)
+[3mt? — 33 (m — B)] [ PX V(1)
+[3t(m — B)(m — B+ 1) — 6tm(m — B) + 3tm(m — 1)] I P X2 (1)
+[3m(m —B)(m—B+1) —(m—B)(m—B+1)(m—B+2)+
—3m(m —1)(m — B) + m(m —1)(m — 2)] I;"_BX(m_ig) (t)

+3m(m —1)cs + 3mes + c6 -
3

7 43 .
_ Z <f> ddTi Ig@—ﬁX(m—J)(t) +3m(m—1)cqy +3mes +cg .
=0

Now, ¢g can be written as follows:

0
cc = 3t2(m—p) Zlm_ﬁﬂX(m_Hj)(a)

a
J=0

Jm—08+7 x (m—2+j) (a)

a

M-

—=3t(m — B)(m — B +1)

Il
=)

J

2
+(m = B)(m— B+ 1)(m = B+2) Y I PHX=34)(g)
7=0

3 k-1

m 7(m7/8) dktg m— m—k

CEEC ) e
k=1 j=0

Similarly

0
3mes = 6mit(m —[) ZI —B+5 x (m=247) ()
7=0

1
—3m(m — B)(m— B +1) ZI —B+3 x (m=3+3) (¢
=

2 k-1
m d e Bt o (ki 17
- (N (7)o

k=1 j=0
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5.3. Appendix: An expression for D [t3X (1))

and

3m(m —1)cy

Thus

Clearly, for f(t)

D [tPX(t

0
= 3m(m—1)(m—p) Z =P+ x (m=3+7) (g)

J=0

1 k-1
e
- < )Z ( ) dtk+2 1y i ﬂ)(a)-

2 3 k-1 n
S oS (T T LT s k) )
n k dtk+tn ~@

= tP where p < mand m,p € N

Z (]) 7 170 x (=) ()

Jj=0

p—1 p k-1 ki
" —(m =)\ A" b1 (mek—nt)
+Z(n> Z( k > g la X ?(a) .
n=0 k=1 j=0
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Chapter 6

Application of the composition
rules

In deterministic fractional calculus several methods are used to solve frac-
tional integral and differential equations. One of the common methods in-
volves the use of the composition rules. In this chapter we will demonstrate
this method using several examples. Throughout the chapter we will assume
that the stochastic processes involved are such that the steps used are allowed.

We will start by considering the equation
I°X(t) =Y (t) (6.1)

where 5 > 0, X(t) is an unknown second-order stochastic process and Y (¢) is
a known second-order stochastic process. When g € (0, 1] equation (6.1) is the
mean-square Abel integral of the first kind. We note that this equation could
instead be considered in the form cllf X (t) = c2Y (t) where ¢; and ¢ are arbi-
trary constants, but since the presence of the constants will have no effect on
the method we will let ¢c; =1 and ¢ = 1.

Applying DE to equation (6.1) we have
DPIBX (t) = DPyY (t) .

Using Theorem 4.9 when § € IN, or Theorem 4.12 when 5 ¢ IN, we see that the
LHS will equal X (¢). Thus, provided Df Y (t) exists,

X(t) = DY (t)
will be a potential solution to equation (6.1).

Using only 5 € (0, 1], Hafiz et al. (2001) and Hafiz (2004) solve equation (6.1)
in a slightly different manner — first by applying 1277 and then by applying D..
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Below we show the case where 5 € (m —1,m), m € IN.

IPXt)=Y(t) = I™PIPX(t)=I""PY(t)
N—— —
17X (1)
= DMI™X(t) = DT"IMPY (¢) .
Using Theorem 4.9 the LHS will be X (¢). Using the formal extension of The-
orem 4.11 along with the fact that Y (¢)|,—, = IfX(t)h:a = 0, the RHS will be

DgX(t). Thus we get
X(t) =Dy (1) .

This is the same potential solution as that found with the previous method.

We can now check if this potential solution is a valid solution by substituting
it back into equation (6.1).

LHS = IP’X(t)
= I’DPy (1)
= Y(t)
— RHS

where Theorem 4.7 was used in conjunction with Corollary 4.2 in the last step.
So X (t) = DgY(t) is a valid solution to equation (6.1).

If we replace the mean-square fractional integral to order 3 in equation (6.1)
by the mean-square fractional derivative to order 3, we have the following mean
square fractional differential equation:

DPX(t)=Y(t). (6.2)

To solve this equation we can apply 12 to both sides and use Theorem 4.7 to get
the following potential solution:

ol (t—a)

2 TG+

X(t) =I%Y(t) +

a

XU(a) . (6.3)

To check if this is a valid solution we substitute it back into (6.2).

LHS = DPX(t)

= DSy () + ) XU(a) [Dﬁj(t_a)j]. (6.4)
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Using Theorem 4.9 and Theorem 4.12 we see that the first term on the RHS of
equation (6.4) will equal Y (¢). Now

dm [ (t—a) ] :
M[w] -0 etz me)

so when 3 = m € IN the sum on the RHS of equation (6.4) equals zero. Since

dtmT(j + 1)
the sum will also equal zero when 3 € (m — 1, m). Thus equation (6.4) will be
LHS =Y (t) = RHS .

So the solution given in equation (6.3) is valid.

If 3 € (m — 1, m) an alternative way to solve equation (6.2) is to first apply
D7 0 both sides and use Part (a) of Theorem 4.14 to get

DM BDBX (t) = DAY (¢)
R e g

DpX(t)
Applying I!" to this we have
ImDMX (t) = I"D™PY(t) .

Using Theorem 4.7 on the LHS and the formal extension of Theorem 4.11 in
conjunction with Corollary 4.2 on the RHS, we arrive at the same solution as
that found previously.

The mean-square fractional equations 17 X (t) =Y(t) and DiXx (t) =Y (t) are
easy to solve because the unknown stochastic process, X (¢), appears in only one
term. It is more difficult to solve equations in which X (¢) appears in more than
one term. What can be done in these situations is to apply the composition rules
to the equation in order to manipulate it into the form of an ordinary m.s. ran-
dom differential equation. The well known methods for solving ordinary mean-
square random differential equations (see, for example, Soong (1973)) can then
be used. We will demonstrate using two simple examples.

Consider
19X (1) + 19X (1) = Y (1) (6.5)

where n,Q € N, a € (n — 1,n), X(¢) is an unknown second-order stochastic pro-
cess and Y (¢) is a known second-order stochastic process. As with the simple
fractional integral and differential equations that we solved previously, we will
use two different approaches.
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For the first approach we start by applying I ~“.

IR X () + IPCIOX (t) = IP7Y () .

IMOX () 13 X(t)

Applying D2 to this we have
DM RX (#) + DMTRINX (t) = DRI Y (1) .

Using Theorem 4.9 the first term on the LHS is X (¢). Using Theorem 4.10 the
second term on the LHS is X(?)(¢). Using Theorem 4.11 in conjunction with
Corollary 4.2 the term on the RHS is

DRIy (1) = [P DPRY () = DAY (1) .

Thus we have
X@(t)+ X (t) = DAY (1) .

This is clearly a Q" order mean-square random differential equation.

A second approach that can be used to solve equation (6.5) starts with the
application of D¢ to both sides of the equation. This gives

DOTTRX (1) + DI X () = DY (t) .

Using Part (a) of Theorem 4.9 the first term on the LHS is I$ X (¢) and using
Theorem 4.12 the second term on the LHS is X (¢). Thus

IX(t) 4+ X(t) = DY (t) .
Applying D to this we get
DRICX (t) +X @ (t) = DODY (t)
N —’ N —
X() DIV (1)

where Part (b) of Theorem 4.9 was used on the first term on the LHS and The-
orem 4.14 was used in conjunction with Corollary 4.2 on the RHS. This is the
same Q'* order mean-square random differential equation as that found using
the previous approach.

If we replace the fractional integrals by fractional derivatives in equation
(6.5) we have the following mean square fractional differential equation:

DX () + DX (t) =Y(t) . (6.6)
Let us work with o € (0,1). Applying I3 gives

IoTODAtRX (1) + I¢TODAX () = I¢HRY (1) .
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Using Theorem 4.7 and rearranging we have

(t—a)l 4 (4 (t —a)? "
rGro @t rgrp @ 6D

Q
X() + 190X () = I2Hov (1) + Y
j=0
To this we can apply DY. Doing so, the first term on the LHS will be X (@) (¢)
and the second term will be X (¢). For the first term on the RHS we will have
DRIoHRY (t) = DRIQ 1Y (t) = I®Y (t) .

Since

dar[(t—al] _ 0, forje{0,1,2,...,n—1}
din |T(i+1)] 1, forj=n

when D¢ is applied to equation (6.7), the second and third terms on the RHS
will be, respectively, X(?)(a) and X (a). Thus we have the ordinary m.s. random
differential equation

X)) +X(1t) =12V () + XD(a) + X(a) .

An alternative approach to reducing equation (6.6) to an ordinary m.s. ran-
dom differential equation is to start by applying D!~ to both sides of the equa-
tion. Doing this we have

DIepat@X (1) 4+ DI*D2X (t) = DY (¢) .

Now, o € (0,1) implies that o+ Q € (Q,Q +1). Also, (1 —a)+ (a+ Q) = (1+ Q)
and (1 — @) + a = 1 so that using Part (a) of Theorem 4.14 the first term on the
LHS is X(@+1D(¢) and the second term is X()(¢). Thus we have the following
ordinary m.s. random differential equation

X@ )+ XV ) = Dl oy (1) .

This does not look like the same equation that we found using the previous
approach. However, by manipulating it we can show it is the same. Applying
I! we have

Ix@@ 1 xW @) = 1IDl=ey (1) .

Using IBP the LHS is
X@t) — X@(a)+ X(t) — X(a) .

Using Theorem 4.9 and noting that Y (¢)|;=, = 0 (see equation (6.6)), the RHS is
I2Y (t). So again we have the ordinary m.s. random differential equation

X)) +X(1t) =10V () + X D(a) + X(a) .
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In Section 4.2 we did not give an exhaustive account of the composition
rules but instead considered only certain rules. Due to this, using different ap-
proaches when solving mean square fractional equations in which the unknown
stochastic process occurs more than once, different ODE’s may be found. In the
example we have just seen, we could manipulate the ODE’s using the compo-
sition rules so that they were the same. Using our limited set of composition
rules we may not always be able to do this.

In El-Sayed et al. (2005) conditions for the existence of a solution to the
following random differential equation are considered:

%fgfﬁxa) = f(t, X(1)) . (6.8)
In equation (6.8) 8 € (0,1), f(t, X(¢)) is a “sufficiently nice” function and X (¢)
is an unknown second-order stochastic process. Since DX (t) = %I;_ﬁ X(t),
equation (6.8) is clearly a mean-square fractional differential equation where
the derivative is the Left-Hand fractional derivative. Since we are focussing on
the RH definition the problem presented in equation (6.8) may, at first glance,
seem off topic. However, n'"order random differential equations — like those
found when applying the composition rules to equations (6.5) and (6.6) — can be
converted into a set of first-order random differential equations. So instead of
working with a single stochastic process, as is done in El-Sayed et al. (2005), we
can work with a vector stochastic process.

The fractional equations we have considered here are very basic. We have
not considered equations in which fractional integrals and derivatives both oc-
cur, nor have we considered equations in which X (¢) occurs more than once but
the orders of the integrals/derivatives differ by a non-integer. We have also not
considered the case when the equation involves terms of the form I [f(H)X(t)] or
DE[f(t)X (t)] where f(t) is a deterministic function. We will not consider these
types of equations as the examples we have considered demonstrate both the
simplicity and the restrictions of this method that is common in deterministic
fractional calculus.
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Chapter 7

A transform of mean-square
fractional integrals and
derivatives

In deterministic fractional calculus the Laplace transform can be used to solve
some fractional integral and differential equations (see, for example, Podlubny
(1999) and Glockle & Nonnenmacher (1991)). It therefore seems reasonable to
try use a transformation to solve m.s. fractional integral and differential equa-
tions.

Let us define the following:
LX) = / e SLX(t) dt (7.1)
0

cire) = [ Tetwydt & L[f ()

0
where f(¢) is a deterministic function for which the Laplace transorm, L£[f(t)],
exists and X (¢) is a second-order s.p. that is defined for ¢t € [0,00). Using the
integration in m.s. criterion we know that the integral in (7.1) will exist iff the
improper Riemann integral below exists and is finite:

/ / e Ste™sT FX)((t,T) dtdr
0 0

For the rest of the chapter we will assume that 5 € (m—1,m], m € IN, unless
otherwise stated.

7.1 Expressions for £.[I°X(t)] and L.[D’X (t)]

If Ig X(t) and Dg X (t) exist then they are second-order stochastic processes and
so we can consider ,C*[I(/?X(t)] and L, [DoﬁX(t)].
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7.1. Expressions for L, [IgX(t)] and L, [DgX(t)]

In order to find an expression for £, [15 X (t)] we note that

t(p_ ¢)8-1
IOﬂX(t):/O (tF(’g)X(s)ds

is the convolution of the stochastic process X (¢) and the deterministic function
ft) = %. It can easily be shown that the £, transform of the convolution of a

stochastic process and a deterministic function is the product of their individual
L, transforms. Thus we have

LAITX ()] = Lu[f (1) * X(8)] = LIF@)] - L[X (D)) - (7.2)

Since # > 0 we have

5-1
LUOI2 L fg] =5 570
so that for 5 > 0 and s # 0
cgx ) = 50
Now consider L, [Dg X(t)].
3 _ i ) o
LIDIX ()] = L. { /O X ) du
Y (m)
= L] X
_ Sml_ SLIX@), s Ao (7.3)

Below we derive an expression for £,[X (™) (t)].

Using IBP we have
LX) = / X (1) di
0
T .
= Lim. [ e X(t)dt
T—oo Jg

T
— lim. [eStX(t)‘

T—o00

+ s /0 ' e S X(t) dt}

— lim. [e‘STX(T)] ~lim. [X(O)} +Lim. [s /0 ! et X (1) dt]

T—o0 T—o0 T—o00

0

— lim. [e—sTX(T)] — X(0) + 5 L [X(1)] .

T—o0
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7.1. Expressions for L, [IgX(t)] and L, [DgX(t)]

Thus if Lim. [e—sTX(T)} =0

LX) = s LJX(t)] — X(0) . (7.4)
Now consider £.[X (t)]. Using IBP we have
T
LX) = Lim. [ e *'X(t)dt
T—oo Joy

= Llim. [e—stX (t)‘T‘l-S /0 ' e X (t) dt}

T—o00 0

— Lim. [e—sTX(T)] ~lim. [X(O)} +sLlim. [ /0 Te_StX(t) dt] :

T—o0 T—o00 T—o0

Substituting (7.4) into the last term of the above and assuming that
lT.i.m. [e‘STX(T)} =0, we have
—00

LX) = s[s LJX(1)] — X(0)] - X(0)
s L. [X(t)] — sX(0) — X(0) .
In general, assuming that Li.m.[e "X ) (T)] = 0 for j = {0,1,2,...,m — 1},

T—o0

we have

L XM (1) = ™ L[X ()] — Z_: s 1= x0)(0) (7.5)

We now need to show that our assumption that lfi.m.[e_STX G)(T)] = 0 for
— 00

j€40,1,2,...,m — 1} is valid. To show the assumption holds for j = 0 we must
show that
lim [|e™*TX(T)—-0]|=0.
T—oo

Now,

lim \/Ele=sTe 5T X (T)X(T)]

T—o0

= lim e 21T x x (T, T) .

T—o0

Tim |7 X(T) 0]

Since X (t) is a second-order stochastic process I'x x (¢, 7) is finite for all (¢, 7).
Thus ITi.m.[e*STX (T)] = 0 for s > 0. We can similarly show that the assumption
—00

holds for j € {1,2,3,...,m — 1} when s > 0.

Returning to (7.3) we have

m—1
LDX()] = Sml_ﬁ[ §m—i-1x0) ]
7=0
m—1
= SLixw) -y $S7x00),  s>0
j=0
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7.1. Expressions for L, [IgX(t)] and L, [DgX(t)]

We have considered the case where the lower limit of integration for the
fractional integral and derivative is zero. Let us now consider the case where
the lower limit is some constant a > 0.

Using the Heaviside function

0 fort <u
H“_“y‘{1 for t > u

we have the following expression:

ti(t_s)ﬁil s s—a)ds = ti(t_s)ﬁil s)ds
/0 X (s)H( )d_/ Ty X(s)ds.

) « TO
So
/-1
LX) = ﬁ*[ ;(m)*X(t)H(t_a)]
Pl

= £ligg) Ex0HE-0)

_ [Slﬂ}-z*[X(t)H@—a)]
where

LAX(WH(E —a)] = /0 T et X () H(E — a) dt
_ /aooe_StX(t)dt
- jﬁaje—sﬁ+aLX(t+-a)dt
= eaiéme“X@+aﬂh

= e PLIX( +a)

Note that we have used a change of variable to get from the second to the
third line.

Therefore,
crx) = AR
and similarly
L.DPX(t)] = E[ /O h %X(m)(u)lf(u —a)du
_ e E*[i;m)(H a)] e
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7.2. Solving fractional integral and differential equations using the L, transform

7.2 Solving fractional integral and differential equa-
tions using the L, transform

It is clear that the L, transform works in a m.s. setting like the Laplace trans-
form works in a deterministic setting so it seems reasonable to try use the L,
transform to solve m.s. fractional integral and differential equations. In order
to do this we will need to be able to recover the solution process from the trans-
formed equation. For this reason we will need to define an inverse L, transform.

Definition 7.1. Suppose X(¢) is a second order stochastic process for which
L.[X(t)] = X*(s) exists. Then X (¢) is called an inverse £, transform of X*(s).
Symbolicaly we will write X (t) = £;1[X*(s)] £ L1 L.[X (1))

Provided the validity of the solution process is checked, this simple defini-
tion will suffice. The m.s. fractional integral and differential equations that we
will solve in this section using the £, transform are ones to which we know the
solutions. By comparing the solutions we find here to the known solutions, we
will be able to decide if using L, transforms is a viable method for solving some
m.s. fractional integral and differential equations.

Consider the following m.s. fractional integral equation:
I’Xt)=Y(t), pe(m-1m (7.6)

where X (¢) is an unknown second-order s.p. and Y (¢) is a known second-order
stochastic process. In Chapter 6 we solved this equation using the composition
rule. Here we will solve it using L, transforms and so add the conditions that
both X (¢) and Y (¢) must be defined on [0, c0) and that their £, transforms must
exist.

Setting a = 0 in (7.6) and applying £, transforms we have for 5 € (m —1,m)

LAITX(M)] = LY (1))

L EXOL gy

= L[X(1)] = 7 LY ()]
_ g el

= LIy ()]

Now, using (7.5) and Corollary 4.2

™ _ : _
L. [dtngr ﬁY(t)] = LY () = Y s Py (0)
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7.2. Solving fractional integral and differential equations using the L, transform

So

IX(t) = Y()
dm

= LUX(H)] = L. [dt

v

Applying £ ! i.e. inverting this equation, we have

X(t) = oY
= DY (t)

where Theorem 4.11 and Corollary 4.2 were used in the last step.
For the 8 = m € IN case we have

IPX(H) =Y(t) = LX) =s"L[Y(1)] = L[V ™(1)]
= X(t)=DIY(t).

Thus
X(t)=DJy(t), Be(m—1,m (7.7

is the solution to (7.6). This is the same solution as that found in the previous
chapter.

In Chapter 6 we also considered the m.s. fractional differential equation
DPX(t)y=Y(@®), Be(m—1m].

We can solve this using £, transforms by simply noting that for g € (m — 1,m)
this equation can be written as

I Pxm @y =y (t) .
Clearly this is of the form of (7.6) so using (7.7) we have
XMy =D Py(t)y, Be(m—1,m).
Applying " to both sides and using Theorem 4.7 and Corollary 4.2 we have

X(j (0) = IoY(t)—m

Y (0) .
Thus the solution when g € (m — 1,m) will be

X(t) =10V (t) +
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7.2. Solving fractional integral and differential equations using the L, transform

Using the same method it can be shown that the solution is also valid for
8 = m. Again we see that this is the same solution as that found in the previous
chapter.

Now consider the following m.s. fractional integral equation:

X))+ MEX(t)=Y(t), pBe(m—1,m] (7.8)

where X (t) is an unknown second-order s.p. and Y (¢) is a known stochastic pro-
cess. When 3 € (0, 1] equation (7.8) is the stochastic Abel integral of the second
kind. If we assume that £.[X(¢)] and L£.[Y (¢)] exist and let a = 0, then (7.8) can
be solved using L, transforms.

Applying L, transforms to (7.8) we have

_ [1+Sﬁ]£*[X(t)]
- [+

}15*[)(@)] .

So
sBf—1

LK@ = sy e o)

sP=1
= — — 1| LY «|Y . .
B e IO Ryt 79
In order to find a solution to the above problem we will need to introduce
the Mittag-Leffler function which we will denote by M, (z):
o0 Zn

A
Ma(z)_zl“(om+1)’ a>0,zeC.

Taking the L, transform of M, (—\t*) we have (Gorenflo & Mainardi, 2000)

Sa—l

LMo (2] = LMo(~M] = Ty R(s) > Ao

5*[$Ma(—kta)] = ELZMQ(—M)]
= 8 LIMa(=AMY)] = [Ma(=A")]i=
s ! [ > (- )\Jtaﬂ}
=0

8'30‘4—/\ F
Safl §R
= . -1 )\E
e Yt OB
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7.2. Solving fractional integral and differential equations using the L, transform

so that (7.9) becomes

d
LX) = L [CﬁMﬂ(—Atﬁ)] LAY ()] + LY (1))
Taking the inverse £, transform of this we have the following solution to (7.8):
X(t) = [jt M/g()\tﬁ):| xY(t)+Y(t) , R(s) > |)\\%. (7.10)

This solution is of the same form as that found by Loverro (2004) for the
deterministic version of (7.8). Loverro (2004) uses two methods. One method
involves the use of Laplace transforms — it is on this method that we have
based our L, transform method. The other method is that adopted in Hafiz
et al. (2001). For § € (0,1] and |\ < al 1+)ﬁﬁ), Hafiz et al. (2001) solve (7.8) as

follows:

Y(t) = X(t)+ MPX(t)
(1+ MAYX(t)
(1+ M7y (1)

_ Z(—A)jféﬂy(t) . (7.11)
=0

Equations (7.10) and (7.11) are equivalent. To see this we note that

d = (—AtB)
aMp(M) = [ ZF53+1 }
B j tﬁ] 1
7j=1
so that
Bi—1

[thg( Atﬂ)]*y(t) = / ) Y (u) du

_ Y (t_“)ﬁj L Vi) du

- i(—w 1Y (t) .

j=1

71



7.2. Solving fractional integral and differential equations using the L, transform

Since Y (t) = (—\)Y IJY (), our solution given by (7.10) becomes

X@t) = L‘;Mﬁ(—mﬁ)]*y(twm)

o0
= DN LY @) + (ALY ()
j=1
[ee]
= Y (=N Y ().
§=0
The solutions to the three equations we have considered in this section are
the same as the solutions found using other methods. This indicates that using
L, transforms may be useful in finding potential solutions to some m.s. frac-
tional integral and differential equations.
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Chapter 8

In Closing

The aim of this dissertation was to transfer deterministic fractional calculus —
a powerful tool in deterministic calculus — to a m.s. setting. Our contribution
to the current body of work comes predominantly from Chapters 4, 5 and 7. In
Chapter 4 we considered some properties of m.s. fractional integrals and deriva-
tives. We saw that the inclusion of the 5 > 1 range often leads to results that
are expected even when different methods are required to prove them. When
we say the results are expected we mean that they are the same as those for
the § € (0,1] range that is used most often in the current body of work, or that
they follow a similar pattern. Including the 5 > 1 range also highlighted the
need to define the m.s. (Right-Hand) fractional derivative carefully so that the
results are consistent with one another. In Chapter 5 we found expressions for
I7[f(t)X (t)] and DZ[f(t)X (t)] which, although derived simply by following the
basic steps used when working with deterministic fractional calculus, had not
yet been given for m.s. fractional integrals and derivatives. In Chapter 7 the
simple transform that we introduced allowed us to find potential solutions to
simple m.s. fractional integral and differential equations in the same way that
the Laplace transform allows us to find solutions to deterministic fractional
integral and differential equations. We have also contributed by considering
definitions other than the m.s. RH and LH fractional derivatives and the m.s.
R-L fractional integral, and by demonstrating that the composition rule method
for solving m.s. fractional integral and differential equations is only useful for
simple equations.

The work in this dissertation extends the existing body of work but is still
only a start to a topic that may become as useful as deterministic fractional
calculus. Work can be put into translating the more complex properties of de-
terministic fractional calculus to a m.s. setting. Mean fourth order calculus is
similar to m.s. calculus. Instead of using second-order random variables fourth
order random variables — those for which the fourth moment is finite — are used
and instead of using the norm || X|| = ¢/ F(X?2), the norm || X|s = {/E(X*%) is
used. Using mean fourth-order calculus Villafuerte et al. (2010) found a m.s.
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product rule for two stochastic processes that are not necessarily independent.
They also found a m.s. chain rule. These rules involve integer order derivatives
so it may be possible to generalize them to non-integer orders. In determin-
istic fractional calculus Griinwald integrals and derivatives are often used for
numerical computations of fractional integrals and derivatives. Here we have
restricted ourselves to the use of only the m.s. R-L fractional integral and the
m.s. RH fractional derivative but it might be interesting to look into the use of
m.s. Grinwald integrals and derivatives. These and other ideas can be exten-
sions for further study.
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