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Abstract 

Generalised spatial modulation (GSM) is a relatively new multiple-input multiple-output 

(MIMO) technique, which conveys information via a spatial constellation, comprising 

groupings of active transmit antenna, and a conventional M-ary quadrature amplitude 

modulation (MQAM) or M-ary phase shift keying (MPSK) signal constellation. 

The first objective of this thesis is to propose a GSM scheme with improved bit error rate 

(BER) performance, termed generalised spatial modulation with constellation 

reassignment (GSM-CR). A framework for the design of GSM-CR systems is presented. 

An analytical bound for the average BER of GSM-CR over independent and identically 

distributed (i.i.d.) Rayleigh flat fading channels is also derived and the accuracy of this  

bound is verified by Monte Carlo simulation results. Moreover, Monte Carlo simulation 

results demonstrate that for 9 bits/s/Hz transmission, GSM-CR achieves gains of 5 dB 

and 4 dB, at a BER of 10-5, when compared to GSM and spatial modulation (SM), 

respectively. 

The maximum likelihood (ML) GSM-CR detector offers optimal BER performance at 

the expense of high computational complexity, particularly when high order digital 

modulation techniques are employed. The second objective of this thesis is to propose a 

new GSM-CR detector, termed zero-forcing maximum likelihood (ZF-ML). The 

proposed ZF-ML detector is characterised by low computational complexity, complexity 

that is independent of the order of digital modulation technique utilised and BER 

performance similar to that obtained by the ML detector. Performance and complexity 

comparisons between the ZF-ML GSM-CR detector and popular GSM and GSM-CR 

detection schemes reveal that for the 𝑁𝑡 × 4 64QAM configuration, where 𝑁𝑡 refers to 

the number of transmit antennas and 4 is the number of receive antennas: i) the ZF-ML 

GSM-CR detector reduces computational complexity at the receiver by up to 60% and 

exhibits similar BER performance when compared to the ML GSM-CR detection scheme; 

ii) ZF-ML configured with two candidate symbols per initial symbol estimate reduces the 

receiver complexity by up to 60% whilst ZF-ML configured with eight candidate symbols 

per initial symbol estimate achieves gains of up to 5 dB, at a BER of 10-5, when compared 

to the ML GSM detector; iii) for systems that encode more than one information bit in 

the spatial domain, certain ZF-ML configurations operate at a higher computational 

complexity of up to 235% when compared to the SV GSM detector. However, the higher 
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computational complexity imposed by the ZF-ML GSM-CR detector is traded-off by 

significant gains of up to 5 dB, at a BER of 10-5, when compared to the SV GSM detection 

scheme. 

The GSM-CR scheme only permits two active transmit antennas during a particular 

timeslot. This limits the number of bits that can be encoded in the spatial domain and 

therefore the overall spectral efficiency attainable. The third objective of this thesis is to 

propose a generalised spatial modulation with dual constellation reassignment (GSM-

DCR) technique, which is geared towards improving the overall spectral efficiency of 

GSM-CR. A framework for the design of GSM-DCR is presented. Moreover, an 

analytical bound for the average BER of GSM-DCR over i.i.d. Rayleigh flat fading 

channels is derived, and the accuracy of this bound is verified by Monte Carlo simulation 

results. A comparison between various GSM-DCR, GSM-CR and GSM schemes, which 

employ equivalent system configurations, reveals the following: i) for all configurations, 

GSM-DCR improves spectral efficiency by 1 bits/s/Hz as compared to both GSM-CR 

and GSM; ii) for the 6 × 4 64QAM configuration, GSM-DCR exhibits reduced 

performance of 2 dB, at a BER of 10-5, as compared to GSM-CR. However, the degraded 

performance is traded-off by the enhanced spectral efficiency of 1 bit/s/Hz offered by the 

GSM-DCR scheme; iii) for the 6× 4 64QAM configuration,  GSM-DCR can achieve 

gains of 2.5 dB, at a BER of 10-5, when compared to GSM.  
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1. Introduction 

Multiple-input multiple-output (MIMO) techniques are an effective means to fulfil the 

high quality of service and enhanced data rate requirements of next generation wireless 

communication systems [1]-[5]. MIMO techniques may be categorised into the two 

broad classes of multiplexing and diversity schemes. Multiplexing schemes such as 

the vertical-bell layered space-time (V-BLAST) system [6], achieve high date rates by 

allowing the simultaneous transmission of multiple independent data streams. 

Furthermore, diversity schemes such as Alamouti [7], improve link reliability by 

transmitting multiple redundant copies of data to a receiver over independent channels.  

Despite their benefits, MIMO techniques have the common pitfalls of inter-channel 

interference (ICI) and inter-antenna synchronisation (IAS) [8]-[11]. Spatial 

modulation (SM) is a relatively new MIMO technique proposed in [12]-[14], which 

employs a single active transmit antenna within a particular timeslot. SM is therefore 

not prone to the ICI and IAS issues that plague MIMO schemes.  

SM has ushered in a novel approach to MIMO transmission, where both the location 

of the active transmit antenna (spatial domain) and a conventional M-ary quadrature 

amplitude modulation (MQAM) or M-ary phase shift keying (MPSK) symbol (signal 

domain) are used to convey information. The use of the active transmit antenna 

location as an information bearing unit is a key feature of SM, which increases the 

overall spectral efficiency by the base-two logarithm of the number of transmit 

antennas [12]. A comprehensive analysis of the state of the art of SM for generalised 

MIMO technologies is presented in [15], with particular emphasis on the benefits of 

SM, research challenges encountered and real world implementation of SM MIMO 

systems. Moreover, an SM MIMO design framework is presented in [16], where issues 

such as, inter alia, transceiver design, signal constellation optimisation, link adaptation 

techniques and distributed/cooperative protocol design are addressed. 

The single active transmit antenna architecture of SM poses a limitation to the number 

of information bits that can be encoded in the spatial domain and ultimately the 

achievable spectral efficiency. Generalised spatial modulation (GSM) [17] is an 

extension of SM, which permits the transmission of the same data symbol from 
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multiple active transmit antennas. GSM differs from SM in that the spatial domain 

now comprises combinations of transmit antennas that may be activated in a particular 

timeslot. GSM therefore overcomes the spectral efficiency constraint of SM by 

increasing the overall spectral efficiency by the base–two logarithm of the number of 

antenna combinations [17]. However, for identical system configurations, the bit error 

rate (BER) performance of GSM is limited and degraded compared to SM [17]; 

1.1 GSM Research Developments 

Numerous research initiatives have been undertaken since the inception of the GSM 

scheme in 2010.  In general, research into GSM has been conducted under four broad 

thematic areas, namely: enhanced BER performance and spectral efficiency, analytical 

frameworks, detection schemes and optical systems. A survey of relevant literature 

covering aforementioned thematic areas is presented next. 

1.1.1 Enhanced BER and Spectral Efficiency Schemes 

Several approaches spanning, inter alia, coding and optimised spatial and signal 

constellation architectures have been employed to enhance the BER performance 

or/and the spectral efficiency of GSM schemes.  

Notable research developments in respect of GSM techniques employing coding 

include, inter alia: i) space-time block code GSM (STBC-GSM) in [18], which 

exploits the advantages of space-time block coding in order to deliver improved BER 

performance as compared to conventional GSM; ii) trellis coding is employed in 

conjunction with GSM in [19], with a view of combating the degraded BER 

performance encountered when operating under correlated fading channel conditions; 

iii) a high-rate generalized spatial modulation (HR-GSM) scheme that is tailored for 

use with MPSK signal constellations is proposed in [20]. The HR-GSM scheme 

achieves high data rates by encoding information in two modulated symbols and the 

indices of two active transmit antennas [20]; iv) Coded GSM for structured large-scale 

MIMO systems is explored in [21], which employs a GSM architecture with turbo 

coding and erasure declarations in order to provide improved error correction and 

detection capabilities. 
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Notable research developments in respect of GSM techniques employing optimised 

signal and spatial constellation architectures include, inter alia: i) an adaptive joint 

mapping GSM scheme in [22], which employs a dynamic signal and spatial domain 

mapping based on the present channel state information in order to deliver improved 

BER performance; ii) [23], where the optimal combination of the total number of 

transmit antenna elements and number of transmit radio frequency (RF) chains are 

formulated with a view of attaining improved throughput and BER performance; iii) 

an optimised signal-spatial constellation for GSM is proposed in [24]. The proposed 

signal-spatial constellation offers improved symbol error rate (SER) performance and 

energy efficiency when compared to conventional GSM. Moreover, the proposed 

signal-spatial constellation differs from conventional GSM in that the construction of 

the signal constellation part is formulated as an optimisation problem, which is 

subsequently solved using the gradient search algorithm [24]; iv) GSM transmit 

antenna schemes based on block grouping and interleaved grouping are proposed in 

[25] as a means to combat the degraded BER performance encountered in correlated 

fading channel conditions; v) GSM is used as the basis for a novel distributed MIMO 

system called distributed generalised spatial modulation (DGSM) in [26]. The 

proposed DGSM scheme increases the transmission rate by conveying additional 

information in the unused antenna combinations [26]. Simulation results presented in 

[26] show that DGSM outperforms conventional distributed MIMO systems, in terms 

of average BER. 

1.1.2 Analytical Frameworks 

Extensive research has been conducted towards the development of theoretical 

expressions for the BER performance and information capacity of GSM systems. 

Notable research developments in this regard include, inter alia: i) the derivation and 

validation of analytical bounds for the average BER and codeword error probability of 

GSM over independently and identically distributed (i.i.d.) Rayleigh flat fading 

channels in [27]; ii) an analytical bound for the average BER of multiuser GSM in the 

uplink channel is formulated and confirmed in [28]; iii) [29], where upper and lower 

bounds for the capacity of GSM MIMO systems are derived and the accuracy of these 

bounds are verified; iv) an analytical framework for deriving the average BER of GSM 

over correlated fading channels is presented and validated in [30]; v) the analytical 
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average BER of GSM in the presence of channel estimation errors and correlated 

Rayleigh and Rician fading channels is derived and verified in [31]; vi) GSM is 

analysed from an information theory perspective in [32], where a closed form 

expression for the capacity of GSM is derived. Moreover, tight upper bounds for the 

average BER of GSM over generalised fading channels such as Rayleigh, Rician and 

Nakagami-m are derived in [32]; vii) upper and lower bounds for the achievable rate 

of SM-based schemes, including GSM, are proposed and confirmed in [33]; viii) in 

[34], analytical expressions for the error probability and mutual information of GSM 

employing various transmitter pre-coder schemes are derived and verified.  

1.1.3 Detection Schemes 

A myriad of GSM detection schemes that are geared towards attaining a suitable trade-

off between computational complexity and BER performance are proposed in [35]-

[56]. Specific notable developments in this regard include, inter alia: i) the signal 

vector (SV) based detector in [35] that operates over two stages. In the first stage the 

most likely transmit antenna pair indices are determined based on the minimum 

Hermitian angle between the received signal vector and the combined channel vector. 

Thereafter in the second stage, the modulated symbol is estimated by computing the 

difference between the normalised projection of the received symbol in the direction 

of combined channel and the actual transmitted symbols [35]. The SV GSM detector 

was shown to operate with much lower complexity as compared to the ML GSM 

detector and exhibited near-ML BER performance in both the high and low signal-to-

noise ratio (SNR) regions; ii) enhanced Bayesian compressive sensing (EBCS) in [36] 

that formulates GSM detection as a sparse recovery problem with a fixed sparsity 

constraint. Despite its low complexity detection properties, EBCS performs sub-

optimally in the low SNR region; iii) ordered block minimum-mean-squared-error 

(OB-MMSE) in [37], which uses an ordering algorithm to sort possible transmit 

antenna combinations and then applies the minimum-mean-square-error equaliser for 

the recovery of the signal vector. OB-MMSE results in much lower complexity than 

the ML GSM detector but performs sub-optimally in the low SNR region; iv) a 

maximum receive ratio combining (MRRC) scheme proposed in [38] for the detection 

of the active transmit antenna combination and modulated symbol; v) an iterative zero 

forcing (I-ZF) detection scheme for GSM was proposed in [39]. The I-ZF detector 
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significantly reduced complexity in comparison to the ML detector but at the expense 

of poor BER performance [39]. 

1.1.4 Optical Systems 

An emerging trend is the use of GSM in the optical domain, where information is 

conveyed through optical radiations. This may be considered a potential alternative to 

conventional GSM that uses the radio frequency spectrum medium. Notable research 

developments in optical GSM systems include, inter alia: i) GSM in the context of 

indoor wireless visible light communication (VLC) systems is studied in [57] and a 

tight analytical bound for the average BER is also derived. Simulation results confirm 

the validity of the proposed analytical framework and further demonstrate that within 

the VLC setting, GSM outperforms other MIMO schemes including spatial 

multiplexing, space-shift keying, generalized space-shift keying and SM [57]; ii) A 

GSM scheme for indoor optical wireless communication, termed generalised optical 

spatial modulation (GOSM), is presented in [58]. The use of multiple active transmit 

antennas affords GOSM greater flexibility in system design and improved spectral 

efficiencies, as compared to SM-based optical wireless communication techniques 

[58]. Furthermore, simulation results presented in [58] show that GOSM exhibits 

enhanced BER performance compared to SM-based optical wireless communications , 

particularly under correlated channel conditions; iii) a symbol search tree algorithm is 

proposed for the optimal symbol set selection in GSM MIMO VLC systems in [59]. 

Analysis, simulation and experiments conducted in [59] all demonstrate the low 

complexity and near-optimal BER performance benefits of the proposed optimal 

symbol set selection; iv) a variable generalised spatial modulation (VGSM) scheme 

for indoor line-of-sight (LOS) millimetre wave communication is proposed and 

analysed in [60]. The proposed VGSM scheme varies the number of active antennas 

in order to make more efficient use of the available transmit antennas and to achieve 

higher data rates [60]. Simulations conducted in [60] demonstrate the favourable 

capacity and BER performance characteristics of VGSM in relation to conventional 

indoor LOS GSM schemes; v) a novel GOSM encoding structure is formulated based 

on an active space collaborative constellation design technique in [61]. Simulations 

show that the proposed scheme improves the power efficiency when compared to 

conventional GOSM [61]. 
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1.2 Motivation and Contributions 

1.2.1 Paper A: Generalised Spatial Modulation with Constellation Reassignment 

GSM overcomes the spectral efficiency limitation of SM schemes by permitting the 

use of multiple active transmit antennas [17]. However, for identical configurations , 

the BER performance of GSM is limited and degraded as compared to SM [17]. 

Moreover, the GSM scheme may be utilised in conjunction with any digital 

modulation technique. MQAM is a popular digital modulation technique that has been 

widely adopted in cable television, wireless fidelity (Wi-Fi) local-area networks 

(LANs), and mobile telephony systems. The popularity of MQAM coupled with the 

requirement to improve the BER performance of GSM, motivates for the development 

of a BER performance enhanced GSM technique that utilises MQAM signal 

constellations.  

In Paper A, a novel BER performance enhanced GSM technique with MQAM 

signalling, termed generalised spatial modulation with constellation reassignment  

(GSM-CR) is proposed. This technique employs constellation reassignment (CR) [62, 

63] in conjunction with GSM in order to maximise the minimum Euclidean distance 

between transmitted symbol pairs, thereby improving BER performance.  

CR has traditionally been used to improve the error performance of systems that 

employ multiple transmissions of the same information bits [62, 63]. The CR technique 

maps the same information bits into different signal constellations for multiple 

transmissions, and has been employed in wireless relay networks in [62] and multiple 

packet transmission systems in [63]. In general, CR is utilised over multiple transmit 

timeslots. To the best of the author’s knowledge, CR has not been discussed within the 

context of a single transmit timeslot system, such as GSM-CR. 

The principal contributions in Paper A are as follows: 

i. A novel GSM-CR technique is proposed and a detailed description of the 

transmission and detection aspects of the system model is presented.  

ii. A design process for GSM-CR systems is presented, which covers spatial 

constellation design, signal constellation design and rotation angle 

optimisation. 
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iii. An analytical expression to quantify the average BER of GSM-CR over i.i.d.  

Rayleigh flat fading channels is derived. 

iv. Monte Carlo simulations are conducted in order to verify the analytical 

frameworks and to demonstrate the enhanced BER performance of GSM-CR 

in comparison with GSM and SM schemes. 

1.2.2 Paper B: A Low Complexity Detection Scheme for Generalised Spatial 

Modulation with Constellation Reassignment 

Although the GSM-CR maximum likelihood (ML) detector is capable of achieving 

optimal BER performance, its exhaustive search leads to intractable computational 

complexity at the receiver, particularly when, inter alia, high order digital modulation 

techniques are employed. This motivates for the development of a low complexity 

detection scheme for GSM-CR that attains BER performance similar to that of the ML 

detector, and has computational complexity that is independent of the order of digital 

modulation technique employed.   

In Paper B, a zero-forcing maximum likelihood (ZF-ML) detector for GSM-CR is 

proposed. The proposed ZF-ML detector is designed such that it functions with low 

complexity, which is independent of the order of digital modulation technique 

employed, and near-ML BER performance capability. ZF-ML combines the operation 

of both zero-forcing (ZF) and ML, with a view of inheriting the desirable properties of 

its constituent detectors, namely the low complexity of ZF [64] and the optimal BER 

performance of ML [64]. With regard to the selection of constituent detectors in the 

proposed scheme, ZF was specifically chosen since it is the simplest MIMO detector 

[64] and ML due to its ability to provide optimal BER performance. 

The principal contributions in Paper B are as follows: 

i. A novel ZF-ML GSM-CR detector is proposed. 

ii. Computational complexity analyses of ZF-ML and various existing GSM-CR 

and GSM detection schemes are undertaken in order demonstrate the low 

complexity operation of the proposed detection scheme. 
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iii. Monte Carlo simulations are conducted in order to exhibit the average BER 

performance of ZF-ML in relation to existing GSM and GSM-CR detection 

schemes. 

1.2.3 Paper C: Generalised Spatial Modulation with Dual Constellation 

Reassignment 

GSM-CR only permits two active transmit antennas during a particular timeslot. This 

limits the number of bits that can be encoded in the spatial domain and therefore the 

overall spectral efficiency attainable. This motivates for the development of a GSM-

CR-based scheme with enhanced spectral efficiency. 

Paper C proposes a generalised spatial modulation with dual constellation 

reassignment (GSM-DCR) technique, which is geared towards improving the overall 

spectral efficiency of GSM-CR. The GSM-DCR technique can be viewed as an 

extension to conventional GSM-CR.  Similar to the GSM-CR scheme, GSM-DCR uses 

the CR technique [62, 63] to maximise the minimum Euclidean distance between 

transmitted symbol pairs. However, a key difference between GSM-CR and GSM-

DCR is that the latter embeds an additional information bit in the signal domain, 

thereby improving spectral efficiency by 1 bit/s/Hz, as compared to GSM-CR. In 

GSM-DCR systems, the additional information bit is used to select between one of 

two possible signal constellation pairs, which are subsequently used as the basis for 

generating the transmitted symbol pair. 

 To the best of the author’s knowledge, utilising an active signal constellation pair as 

an information bearing unit is a novel concept, which has yet to be explored within the 

context of either GSM or CR systems.  

The principal contributions in Paper C are as follows: 

i. A novel GSM-DCR technique is proposed and a detailed description of the 

transmission and detection aspects of the system model is presented.  

ii. A design process for GSM-DCR systems is presented, which covers spatial 

constellation design, signal constellation design and rotation angle 

optimisation. 
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iii. An analytical expression to quantify the average BER of GSM-DCR over i.i.d.  

Rayleigh flat fading channels is derived. 

iv. Monte Carlo simulations are conducted in order to verify the analytical 

frameworks and to demonstrate the enhanced spectral efficiency and BER 

performance properties of GSM-DCR. 

1.3 Organisation of Thesis 

Part II presents the following three potential journal papers that are either currently 

under review or pending submission to the Institution of Engineering and Technology 

Journal of Communications: 

i. Paper A: Generalised Spatial Modulation with Constellation Reassignment. 

ii. Paper B: A Low Complexity Detection Scheme for Generalised Spatia l 

Modulation with Constellation Reassignment. 

iii. Paper C: Generalised Spatial Constellation with Dual Constellation 

Reassignment. 

Part III concludes the thesis and recommends future potential research initiatives.  
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Abstract 

Generalised spatial modulation (GSM) addresses the transmit antenna constraint of 

spatial modulation (SM) and allows multiple active transmit antennas, thus unlocking 

the potential for transmit diversity in SM. However, for identical system 

configurations, the bit error rate (BER) performance of GSM is degraded compared to 

SM. On this note, in this paper, GSM employing constellation reassignment (GSM-

CR) is proposed. A framework for the design of GSM-CR systems is presented. An 

analytical bound for the average BER of GSM-CR over independent and identically 

distributed (i.i.d.) Rayleigh flat fading channels is also derived, and the accuracy of 

the bound is verified by Monte Carlo simulation results. Moreover, Monte Carlo 

simulation results demonstrate that for 9 bits/s/Hz transmission, GSM-CR achieves 

gains of 5 dB and 4 dB, at a BER of 10-5, when compared to GSM and SM, 

respectively. 
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1. Introduction 

Spatial modulation (SM) is a multiple-input multiple-output (MIMO) technique 

proposed in [1]-[3], which improves transmission bandwidth efficiency by mapping 

information bits to a signal constellation and spatial constellation comprising transmit 

antenna indices.  In SM, only a single transmit antenna remains active during a data 

transmission. As a result, SM is immune to the pitfalls of inter-channel interference 

(ICI) and inter-antenna synchronisation (IAS) that plague popular MIMO techniques  

such as the vertical-bell layered space-time (V-BLAST) architecture [4] and Alamouti 

[5]. A comprehensive analysis of the state of the art of SM for generalised MIMO 

technologies is presented in [6], with particular emphasis on the benefits of SM, 

research challenges encountered and real world implementation of SM MIMO 

systems. Moreover, a SM MIMO design framework is presented in [7], where issues 

such as, inter alia, transceiver design, signal constellation optimisation, link adaptation 

techniques and distributed/cooperative protocol design are addressed. The 

optimisation of the signal constellation is of particular importance in the context of 

SM system design, since the BER performance of SM is highly dependent on the 

minimum Euclidean distance between signal constellation points [7]. 

The single active transmit antenna architecture of SM necessitates the use of 𝑙𝑜𝑔2𝑛𝑡 

transmit antennas, where 𝑛𝑡 is the number of information bits that are mapped onto the 

active transmit antenna. The large number of transmit antennas is considered a 

practical limitation for SM systems with large 𝑛𝑡. Generalised spatial modulation 

(GSM) [8] is an extension of SM, which permits the transmission of the same data 

symbol from multiple active transmit antennas. GSM differs from SM in that the 

spatial domain now comprises combinations of transmit antennas activated at each 

instance. Therefore, GSM overcomes the aforementioned SM limitation by increasing 

the overall spectral efficiency by the base–two logarithm of the number of antenna 

combinations, thus reducing the number of transmit antennas required to convey  𝑛𝑡 

[8]. However, for identical configurations, the BER performance of GSM is limited 

and degraded compared to SM [8]. 
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Several techniques have been proposed to improve the error performance of GSM.  A 

relevant example of a closed loop transmission system is adaptive joint mapping 

generalised spatial modulation (AJM-GSM) in [9], where the optimum signal space 

constellation diagram is selected at the receiver according to the channel state 

information, and fed back to the transmitter via an uplink channel. Notable 

developments in coded system configurations are: trellis coded generalised spatial 

modulation in [10], where trellis coding is applied to GSM, and GSM with space-time 

block codes (GSM-STBC) in [11], which utilises space-time block coding in 

conjunction with GSM. With regard to open loop transmission systems, a high-rate 

generalized spatial modulation (HR-GSM) scheme modulation scheme was recently 

proposed in [12]. In this scheme, high data rates and improved error performance are 

achieved by encoding information in two modulated symbols and the indices of two 

active transmit antennas. However, HR-GSM can only be utilised in conjunction with 

M-ary phase shift keying (MPSK) signal constellations. This is considered a practical 

limitation since the M-ary quadrature amplitude modulation (MQAM) scheme has 

found wide application in cable television, wireless fidelity (Wi-Fi) local-area 

networks (LANs), and mobile telephony systems. 

The popularity of MQAM coupled with the requirement to improve the BER 

performance of GSM motivates for the development of a BER performance enhanced 

GSM technique that utilises MQAM signal constellations. In response to the 

aforementioned, a novel technique termed generalised spatial modulation with 

constellation reassignment (GSM-CR) is proposed. This technique employs 

constellation reassignment (CR) in conjunction with GSM in order to maximise the 

minimum Euclidean distance between transmitted symbol pairs, thereby resulting in 

improved BER performance. 

CR has traditionally been used to improve the error performance of systems that 

employ multiple transmissions of the same information bits [13, 14]. The CR technique 

maps the same information bits into different signal constellations for multiple 

transmissions and has been employed in wireless relay networks in [13] and multiple 

packet transmission systems in [14]. In general, CR is utilised over multiple transmit 
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timeslots. To the best of the author’s knowledge, CR has not been discussed within the 

context of a single transmit timeslot system. 

Note, the following important differences exist between conventional GSM and the 

proposed GSM-CR scheme. In conventional GSM, there is only one bit-to-signa l 

constellation mapper, whilst in GSM-CR there are two bit-to-signal constellation 

mappers. Moreover, in conventional GSM multiple antennas transmit the same 

symbol, whilst in GSM-CR a pair of active transmit antennas transmit different 

symbols. 

The remainder of the paper is structured as follows: Section 2 presents the model of 

the proposed GSM-CR scheme. Section 3 presents a framework for the design of 

GSM-CR, which covers spatial constellation design, signal constellation design and 

rotation angle optimisation. Section 4 formulates an analytical average BER 

expression for MQAM GSM-CR over independent and identically distributed (i.i.d.) 

Rayleigh flat fading channels. Section 5 presents Monte Carlo simulation results and 

discussion. Finally, conclusions are drawn in section 6. 

1.1 Notation 

Bold italics upper/lower case symbols denote matrices/vectors, while regular letters 

represent scalar quantities. We use ⌊∙⌋, (∙)𝑇, (∙)𝐻, 𝐸[∙], |∙| and ‖∙‖𝐹 for the floor, 

transpose, Hermitian, expectation, Euclidean norm and Frobenius norm operations, 

respectively. 

2. System Model 

GSM-CR is a MIMO technique based on the GSM scheme [8]. However, unlike 

conventional GSM, which employs any number of active transmit antennas, GSM-CR 

only utilises two active transmit antennas in a particular timeslot. Moreover, GSM-CR 

differs from conventional GSM in that different signal constellations are associated 

with each transmit antenna within the active transmit antenna pair. These signal 

constellations are designed using a technique called CR, which ensures that the 

minimum Euclidean distance between transmitted symbol pairs is greater as compared 

to GSM. 
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The basic idea behind GSM-CR is to map a stream of input bits to a pair of transmit 

antenna (spatial domain) and a pair of symbols (signal domain). The spatial domain 

mapping is equivalent to that performed in a conventional GSM system with two active 

transmit antennas. The signal domain mapping on the other hand entails the selection 

of two symbols from two separate MQAM signal constellations, termed primary and 

secondary constellations. 

The pair of MQAM symbols are then simultaneously transmitted over the wireless 

channel by the selected transmit antenna pair. At the receiver, a maximum likelihood 

(ML) detector is utilised for the joint detection of the active transmit antenna pair and 

transmitted symbol pair, thereby allowing for the recovery of the original input bits 

via a de-mapping process. 

2.1 Transmission 

Consider an 𝑁𝑡× 𝑁𝑟 MQAM GSM-CR system shown in Figure A.1, where 𝑁𝑡 refers 

to the number of transmit antennas, 𝑁𝑟 is the number of receive antennas and M the 

order of the quadrature amplitude modulation scheme employed. In GSM-CR, 

information is conveyed in both the spatial and signal domains. The spatial domain 

comprises all possible combinations of transmit antenna pairs, where the indices of 

transmit antenna pairs correspond to spatial symbols. The number of usable transmit 

antenna pair combinations that can be considered must be a power of two and is given 

by 𝑐 = 2𝑚𝑙, where 𝑚𝑙 = ⌊𝑙𝑜𝑔2 (
𝑁𝑡
2
)⌋. 

The signal domain comprises a pair of complementary primary and secondary MQAM 

signal constellations. The primary constellation corresponds to a Gray-coded MQAM 

constellation and the secondary constellation is generated by assigning symbols with 

adjacent constellation points in the primary constellation to non-adjacent points in the 

secondary constellation and vice versa, in accordance with the CR technique [13, 14].  
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Figure A.1 GSM-CR System Model 
 

Initially, the GSM-CR mapper assigns a stream of random  𝑚𝑇 = 𝑙𝑜𝑔2𝑐 + 𝑙𝑜𝑔2𝑀 

input bits to a spatial symbol and an MQAM symbol pair in accordance with a 

predefined mapping table, which is known at both the transmitter and receiver. A 

sample mapping table for a 3 × 𝑁𝑟 16QAM GSM-CR system is provided in Appendix 

A-1. The first 𝑙𝑜𝑔2𝑐 input bits are mapped to a transmit antenna pair index 𝑘 and the 

remaining 𝑙𝑜𝑔2𝑀 bits are assigned to a pair of MQAM symbols 𝑥𝑞 and �̃�𝑞, where 𝑞 ∈

[0:𝑀 − 1], is the decimal equivalent of the 𝑙𝑜𝑔2𝑀 input bit sequence and the index 

identifying the transmitted symbol pair. The MQAM symbol 𝑥𝑞 is obtained from the 

primary signal constellation 𝑿𝑃𝑟𝑚, while the symbol �̃�𝑞 is obtained from the secondary 

signal constellation 𝑿𝑆𝑒𝑐. The outcome of the spatial and signal mapping processes 

can be expressed as follows:  

 

𝒙𝑘𝑞 = [0  𝑥𝑞 …… 𝑥𝑞……0  0]
𝑇
 𝑒𝑗𝜃𝒌  

 

(A.1) 

where 𝑘1 and 𝑘2 ∈ [1:𝑁𝑡] are active transmit antennas from the 𝑘𝑡ℎ transmit antenna 

pair. 𝐸 {|𝑥𝑞|
2
} =  𝐸 {|�̃�𝑞|

2
} = 1. 𝜃𝑘  denotes the rotation angle applied to symbol pair 

[𝑥𝑞  �̃�𝑞]
𝑇
 emitted from transmit antenna pair 𝑘. The process for the selection of 

appropriate rotation angles will be addressed in section 3.3. 
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The symbols 𝑥𝑞 and �̃�𝑞 are then simultaneously transmitted from antennas 𝑘1 and 𝑘2, 

respectively, over the 𝑁𝑟 × 𝑁𝑡 MIMO channel 𝑯, and are subjected to 𝑁𝑟 dimensiona l 

additive white Gaussian noise (AWGN) 𝒏. The received signal vector is given by: 

𝒚 = √
𝜌

2
𝑯𝒙𝑘𝑞+ 𝒏 (A.2) 

where 𝒚 is the 𝑁𝑟 × 1 dimensional received signal vector. 𝑯 =  [𝒉1  𝒉2 …𝒉𝑎…𝒉𝑁𝒕] 

and 𝒉𝑎 is the 𝑁𝑟 × 1 dimensional  vector corresponding to transmit antenna 𝑎.𝜌 is the 

average SNR at each receive antenna.  𝒏 and 𝑯 have i.i.d. entries according to the 

complex Gaussian distribution 𝐶𝑁(0,1). 

Alternatively, the received signal vector may be represented as follows: 

𝒚 = √
𝜌

2
𝒉𝑘
′ 𝑿𝑞 +𝒏 (A.3) 

where 𝑿𝑞 =  [𝑥𝑞     �̃�𝑞 ]
𝑇
𝑒𝑗𝜃𝒌 is the transmitted symbol pair subjected to a predefined 

rotation angle 𝜃𝑘  and 𝒉𝑘
′ = [𝒉𝑘1 𝒉𝑘2] is an 𝑁𝑟 × 2 dimensional channel matrix 

corresponding to the active transmit antenna pair 𝑘. 

2.2 Maximum Likelihood Detector 

The receiver employs the following ML detection rule for the joint estimation of the 

active transmit antenna pair index and the transmitted symbol pair index: 

[�̂�, 𝑞] =  argmax
𝑘 ,𝑿𝑞 

𝑝𝑦 (𝒚|𝒙𝑘𝑞,𝑯)                          

= 
argmin  

𝑘,𝑿𝑞  
(√
𝜌

2
 ‖𝒉𝑘

′ 𝑿𝑞‖𝐹
2
−2𝑅𝑒{𝒚𝐻𝒉𝑘

′ 𝑿𝑞}) (A.4) 

where 𝑝𝑦 (𝒚|𝒙𝑘𝑞 ,𝑯) is the probability density function of 𝒚 conditioned on 𝑯 and 𝒙𝑘𝑞.   

�̂� ∈ [1: 𝑐] is the estimated active transmit antenna pair index of the and  𝑞 is the 

estimated transmitted symbol pair index. The derivation of the (A.4) can be found in 

Appendix A-6. 
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3. System Design 

The error performance of GSM-CR is dependent on the minimum distance between 

transmitted signal vectors, where larger distances yield improved BER performance. 

Hence, the design of GSM-CR systems is geared towards maximising the minimum 

distance between transmitted signal vectors. 

Similar to GSM, the GSM-CR system utilises a three-dimensional constellation space 

comprising spatial and signal constellations. Hence, the minimum distance between 

transmitted signal vectors cannot be defined solely in terms of the Euclidean distance 

metric that is typically applied in two dimensional signal constellations. Therefore, the 

following hybrid minimum distance metric, which has been adapted from [15], is 

proposed: 

𝑑𝑚𝑖𝑛 =

argmin

𝑘, �̂�, 𝑞,�̂�
𝑞 ≠ �̂�

{√𝛿𝑘�̂�
2 + |𝑥𝑞𝑒𝑗𝜃𝑘 − 𝑥�̂�𝑒

𝑗𝜃�̂�|
2
+ |𝑥𝑞𝑒𝑗𝜃𝑘 − 𝑥�̂�𝑒

𝑗𝜃�̂�|
2
}
 (A.5) 

where 𝑑𝑚𝑖𝑛 is the minimum distance between transmitted between signal vectors 𝒙𝑘𝑞 

and  𝒙�̂��̂� and  𝒙𝑘𝑞 ≠ 𝒙�̂��̂� .  𝛿𝑘�̂� is defined as the number of non-overlapping indices 

between transmit antenna pairs 𝑘 and �̂�. For example, consider a 4 × 𝑁𝑟 GSM-CR 

configuration with (
4
2
) possible transmit antenna pair groupings 휀1 = (1 1 0 0), 휀2 =

(1 0 1 0), 휀3 = (1 0 0 1), 휀4 = (0 1 1 0), 휀5 = (0 1 0 1) and 휀6 = (0  0 1 1) , where 

1 and 0 represent the respective active and idle state of a particular antenna. Then we 

have  𝛿1,4(휀1, 휀4 ) = 2 and 𝛿1,6(휀1, 휀6 ) = 4. 

3.1 Spatial Constellation Optimisation 

The minimum hybrid distance metric in (A.5) can be maximized by, inter alia, 

maximising the term 𝛿𝑘�̂� through the selection of appropriate transmit antenna pair 

groupings.  For example, consider the hypothetical scenario where three possible 

antenna pair groupings 휀1, 휀4 and 휀6 exist, and that two antenna pair groupings must 

be selected. Assume that 휀1 has already been selected and a choice between the two 

remaining pairs 휀4 and 휀6 must be made. Based on the fact that 𝛿1,4(휀1, 휀4 ) = 2 

and 𝛿1,6(휀1, 휀6 ) = 4, 휀6 will be selected as it leads to the maximisation of 𝛿𝑘�̂� . 
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The maximisation of 𝛿𝑘�̂�   ensures that antenna groups are made to be far away from 

each other with the least possible number of overlapping indices. The selection of 

transmit antenna pairs with overlapping indices is not desirable as it leads to an 

increase of the linear dependence probability of channel space, which is the principal 

cause of active transmit antenna pair index detection error [15]. In general, there exists 

a trade-off between the number of transmit antennas and the extent to which 

overlapping of indices between transmit antenna pair groupings can be mitigated. The 

optimised transmit antenna pair groupings for various GSM-CR configurations are 

provided in Appendix A-3.  

3.2 MQAM Signal Constellation Optimisation 

The maximisation of the minimum hybrid distance metric in (A.5) can also be achieved 

by maximising the terms |𝑥𝑞𝑒
𝑗𝜃𝑘 − 𝑥 �̂�𝑒

𝑗𝜃𝑘|
2
+ |�̃�𝑞𝑒

𝑗𝜃𝑘 − �̃� �̂�𝑒
𝑗𝜃𝑘|

2
. The CR 

technique is employed to specifically maximise the term  |�̃�𝑞𝑒
𝑗𝜃𝑘 − �̃� �̂�𝑒

𝑗𝜃𝑘|
2
 by 

reassigning symbols that have adjacent constellation points in the primary 

constellation to non-adjacent constellation points in the secondary constellation and 

vice versa [13]. In accordance with the approach proposed in [13], the reassignment of 

symbols and the subsequent construction of the secondary constellation should seek to 

maximise the minimum value of the product |𝑥𝑞 −𝑥 �̂�||�̃�𝑞− �̃� �̂�| over all possible pairs 

of transmitted symbols. 

For GSM systems, a transmitted symbol pair is generated based solely on the primary 

signal constellation. Therefore, the minimum Euclidean distance between transmitted 

symbol pairs is equivalent to twice the Euclidean distance occurring between adjacent 

symbols in the primary signal constellation. GSM-CR on the other hand generates a 

transmitted symbol pair based on a primary and secondary signal constellation. The 

remapping of symbols in the secondary constellation yields an enhanced minimum 

Euclidean distance between transmitted symbol pairs as compared to GSM. It can 

therefore be expected that for systems with identical antenna configurations, order of 

modulation and spatial constellation, GSM-CR would exhibit improved BER 

performance when compared to GSM. The primary and secondary signal 

constellations for 16QAM and 64QAM GSM-CR, as proposed in [13], are presented 

in Figure A.3 and Appendix A-2, respectively. 
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An illustrative example will be used to substantiate the aforementioned claims 

regarding the BER performance of GSM-CR in relation to GSM. Consider the 16QAM 

GSM and GSM-CR configurations that use signal constellations associated with the 

same spatial constellation point and where no rotation angle is applied, as shown in 

Figures A.2 and A.3, respectively.  Figure A.2 shows that in the case of GSM, the 

minimum Euclidean distance of 2𝑑𝑝𝑟𝑖 =
4

√10
  occurs between adjacent symbol pairs 

such as [𝑥0 𝑥0] and [𝑥4 𝑥4]. Moreover, Figure A.3 demonstrates that the minimum 

Euclidean distance between the very same symbol pairs in the case of GSM-CR is 

𝑑𝑝𝑟𝑖+ 𝑑𝑠𝑒𝑐 = 
6

√10
 . Based on the minimum Euclidean distance values obtained, we can 

conclude that for identical system configurations, GSM-CR will exhibit improved 

BER performance when compared to GSM. 

 

 

 

 

 

 

 

 

 

 

Figure A.2 16QAM GSM Signal Constellation 
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Figure A.3 16QAM GSM-CR Signal Constellations 

3.3 Rotation Angle Optimisation 

It can be observed from (A.5), that the minimum hybrid distance metric may be further 

maximised through the application of suitable rotation angles to the primary and 

secondary signal constellations associated with a particular transmit antenna pair. The 

presence of the term 𝛿𝑘�̂�  in (A.5) suggests that that the minimum distance will occur 

under conditions where transmit antenna pairs 𝑘 and �̂�  have overlapping antenna 

indices. In light of this, rotation angles will be specifically applied to signal 

constellations that correspond to transmit antenna pair groupings with overlapping 

indices. 

A high level process for generating the rotation angles is presented below. Note that 

the selection of transmit antenna pair groupings in accordance with section 3.1 and the 

formulation of primary and secondary signal constellations as per section 3.2 must be 

performed prior to generating the rotation angle. 

i. Given that 𝑐 possible transmit antenna pair groupings have been generated, 

select a subset 𝒄𝑛𝑜𝑣 of transmit antenna pairs that contain non-overlapping 
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entries. Note that transmit antenna pairs contained in 𝒄𝑛𝑜𝑣 should satisfy the 

criterion 𝛿𝑘�̂�  
2 = 4. 

ii. Set the rotation angle 𝜃𝑖 = 0 for  𝑖 ∈ 𝒄𝑛𝑜𝑣. 

iii. Generate a subset 𝒄𝑜𝑣 comprising all valid transmit antenna pairs not contained 

in 𝒄𝑛𝑜𝑣. 

iv. Determine the rotation angles 𝜃𝑖  for 𝑖 ∈ 𝒄𝑜𝑣 by computing the maximisation 

problem  𝑑𝑚𝑎𝑥  =  
𝑎𝑟𝑔𝑚𝑎𝑥{𝑑𝑚𝑖𝑛}

0 < 𝜽𝑐𝑜𝑣 < 2𝜋
, where 𝜽𝒄𝑜𝑣 is the set of rotation angles to 

be optimised and 𝑑𝑚𝑖𝑛 has been defined in (A.5). It is not possible to derive 

rotation angles for MQAM signal constellation with 𝑀 > 4 [15] and therefore 

an exhaustive search via computer simulation may be employed to solve the 

abovementioned maximisation problem. In light of the fact that all possible 

rotation angles within a prescribed precision are considered, the rotation angles 

obtained will be local optimal values with respect to the particular level of 

precision utilised in the computer simulation process. Due to the 

computationally intensive nature of the aforementioned computer simulation 

process, a precision of 10−2 was adopted in this paper. 

 

The rotation angles for various GSM-CR configurations are shown in Appendix A-3. 

4.  BER Performance Analysis 

In this section, an analytical bound for the average BER of GSM-CR over i.i.d.  

Rayleigh flat fading channels is derived. Following the approach adopted in [1, 16, 

21], the transmit antenna pair index and transmitted symbol pair estimation processes 

are considered to be independent.  Based on this assumption the average BER of GSM-

CR may be approximated by [21, (9)]: 

𝑃𝑒 ≅  1− 𝑃𝑐 = 𝑃𝑎 + 𝑃𝑑− 𝑃𝑎𝑃𝑑 (A.6) 

where 𝑃𝑐 = (1− 𝑃𝑎)(1 − 𝑃𝑑) is the probability that correct input bits are detected, 𝑃𝑎 

is the bit error probability of estimating the active transmit antenna pair index given 

that the transmitted symbol pair is correctly detected. 𝑃𝑑 is the bit error probability of 
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symbol pair estimation given that the active transmit antenna pair index is correctly 

detected. 

The formulation of the analytic average BER expression in (A.6), based on the 

assumption of independent transmit antenna pair index and symbol pair estimation 

processes, is in general not correct, as indicated in [16]. Nevertheless, this assumption 

simplifies the derivation of the analytic expression in (A.6) and has been adopted 

widely in literature [1, 16, 21]. Moreover, the assumption of independent estimation 

processes yields a fairly accurate estimation of simulated average BER og GSM-CR, 

which will be demonstrated in section 5.1.  

A comprehensive analytical framework for computing the average BER of SM over 

generic fading channels was introduced in [17]. The analytical framework in [17] 

differs from the approach adopted in [1, 16, 21] and this paper in that the inter-relation 

between the transmit antenna and symbol estimation processes is specifically taken 

into account by utilising what is termed the improved union bound.  Moreover, the 

analytical expressions in [17] are tailored towards SM schemes, which transmit a 

single symbol from a single active antenna and are therefore not directly applicable in 

the context of GSM-CR schemes, which simultaneously transmit two different 

symbols from an active transmit antenna pair.  

4.1 Analytical BER of Symbol Pair Estimation 

The bit error probability of symbol pair estimation is derived using the well-known 

union bound technique [18]. Given that the transmit antenna pair index is perfectly 

detected, the average BER of symbol pair estimation is bounded by: 

𝑃𝑑 ≤ 𝐸 [∑𝑁(𝑞, 𝑞)𝑃(𝒙𝑘𝑞→ 𝒙𝑘�̂�)

�̂�

] (A.7) 

= ∑ ∑
𝑁(𝑞,𝑞)𝑃(𝒙𝑘𝑞→ 𝒙𝑘�̂�)

𝑀𝑚

𝑀−1

�̂�=0
�̂�≠𝑞

𝑀−1

𝑞=0
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where 𝑁(𝑞,𝑞) is the number of bits in error between the symbol vectors 𝑿𝑞  and 𝑿�̂� . 

𝑃(𝒙𝑘𝑞 → 𝒙𝑘�̂�) denotes the pairwise error probability (PEP)  of detecting 𝒙𝑘�̂� given 

that 𝒙𝑘𝑞 was transmitted and 𝑚 = 𝑙𝑜𝑔2𝑀.  

The PEP conditioned on 𝑯 may be expressed as follows (refer to Appendix A-4 for 

the complete derivation): 

𝑃(𝒙𝑘𝑞 →  𝒙𝑘�̂�|𝑯) = 𝑄 (√
𝜌

8
‖𝒉𝑘

′ (𝑿�̂� − 𝑿𝑞)‖𝐹
2
) 

(A.8) 

where 𝑄(𝜏) is the Gaussian Q-function 𝑄(𝜏) = ∫
1

2𝜋
𝑒−

𝑡2

2
∞

𝜏 𝑑𝑡. 

The conditional PEP in (A.8) may therefore be written as follows: 

𝑃(𝒙𝑘𝑞 → 𝒙𝑘�̂�|𝑯) = 𝑄(√𝑔) 
(A.9) 

where 𝑔 is a central Chi-square square random variable with 2𝑁𝑟  degrees of freedom 

and is defined by: 

𝑔 = 
𝜌

8
‖𝒉𝑘

′ (𝑿�̂� − 𝑿𝑞)‖𝐹
2
= ∑𝛼𝑛

2

2𝑁𝑟

𝑛=1

 (A.10) 

where 𝛼𝑛~𝑁(𝜇, 𝜎𝛼
2) with 𝜇 = 0 and 𝜎𝛼

2 =
𝜌

8
‖(𝑿�̂� − 𝑿𝑞)‖𝐹

2
. 

The probability density function of 𝑔 is given by [18]: 

𝑝𝑔(𝑣) =
𝑣𝑁𝑟−1 𝑒−𝑣 2𝜎𝛼

2⁄

(2𝜎𝛼
2)𝑁𝑟(𝑁𝑟 −1)!

 
(A.11) 

The unconditioned PEP 𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�) can therefore be formulated as: 

𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�) = ∫ 𝑃(𝒙𝑘𝑞 → 𝒙𝑘�̂�|𝑯)

∞

0

𝑝𝑔(𝑣)𝑑𝑣 (A.12) 

 = ∫ 𝑄(√𝑣)𝑝𝑔(𝑣)𝑑𝑣
∞

0  
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By applying the trapezoidal approximation, the Gaussian Q-function in (A.12) may be 

written as [19]: 

𝑄(√𝑣) =
1

4𝑛
𝑒𝑥𝑝 (

−𝑣

2
) +

1

2𝑛
∑𝑒𝑥𝑝

−𝑣

2𝑠𝑖𝑛2(𝑐𝜋 2𝑛⁄ )

𝑛−1

𝑐=1

 
(A.13) 

where the approximation is implemented for 𝑛 > 10 iterations for convergence. 

Substituting (A.13) into (A.12) and rewriting (A.12) in terms of the moment generating 

function (MGF) yields: 

𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�) = 
1

4𝑛
𝑀 (

1

2
)+

1

2𝑛
∑𝑀 (

1

2𝑠𝑖𝑛2(𝑐𝜋 2𝑛⁄ )
)

𝑛−1

𝑐=1

 (A.14) 

where 𝑀(⋅) is the MGF defined by [20]: 

𝑀(𝑠) = ∫
𝑒−𝑠𝑣𝑣𝑁𝑟−1 𝑒−𝑣 2𝜎𝛼

2⁄

(2𝜎𝛼
2)𝑁𝑟(𝑁𝑟− 1)!

∞

0

𝑑𝑣 = ∫ 𝑒−𝑠𝑣𝑝𝑘(𝑣)

∞

0

𝑑𝑣 = (
1

1+ 2𝜎𝛼
2𝑠
)
𝑁𝑟

 

 

Therefore 𝑃𝑑 is obtained by substituting (A.14) into (A.7), which yields:  

𝑃𝑑 ≤ 
1

𝑀𝑚
∑ ∑  𝑁(𝑞,𝑞) [

1

4𝑛
𝑀 (

1

2
) +

1

2𝑛
∑ 𝑀 (

1

2sin2(𝑐𝜋 2𝑛⁄ )
)𝑛−1

𝑐=1 ]𝑀−1
�̂�=0
�̂�≠𝑞

𝑀−1
𝑞=0  (A.15) 

4.2 Analytical BER of Transmit Antenna Pair Index Estimation 

The bit error probability of transmit antenna pair index estimation given that the 

transmitted symbol is perfectly detected was derived for SM systems in [21, (19)]. 

This analytical BER expression may be adapted to predict the 𝑃𝑎 performance of GSM-

CR as follows: 

𝑃𝑎 ≤∑∑∑
𝑁(𝑘, �̂�)𝜇𝛼

𝑁𝑟∑ (𝑁𝑟 −1 +𝑤
𝑤

)
𝑁𝑟−1
𝑤=0

[1 − 𝜇𝛼]
𝑤

𝑐𝑀

𝑐

�̂�=1

𝑀−1

𝑞=0

𝑐

𝑘=1

 (A.16) 
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where 𝑁(𝑘, �̂�) is the number of bits in error between antenna pair 𝑘 and �̂� and 𝜇𝛼 =

 
1

2
(1− √

𝜎𝛼2

1+𝜎𝛼2
) with 𝜎𝛼

2 = (𝜌 8⁄ ) |𝑿𝑞 |
2
. Appendix A-5 provides further detail as to 

how A.16 was tailored for the GSM-CR scheme. 

5. Simulation Results 

In this section, the analytical framework developed in section 4 is validated by 

comparing the theoretical average BER to the simulated average BER obtained from 

Monte Carlo simulations. Moreover, a BER performance comparison between various 

SM, GSM and GSM-CR systems, with equivalent spectral efficiencies, is presented.  

Identical spatial domain mappings were employed in order to ensure a fair comparison 

between GSM and GSM-CR. In particular, the following antenna pair groupings were 

used for the 4× 𝑁r and 6× 𝑁𝑟  configurations. Note that these antenna pair groupings 

were constructed based on the spatial constellation optimisation guidelines presented 

in section 3.1, which aim to reduce the number of overlapping indices across transmit 

antenna pairs.  

 4 × 𝑁𝑟  – (1,3) ; (1,4); (2,3) and (2,4) 

 6 × 𝑁𝑟 – (1,2); (3,4); (5,6); (2,3); (4,5); (1,6); (1,3) and (2 4) 

where the numbers within brackets denote transmit antenna indices.  

The Monte Carlo simulations were performed over an i.i.d. Rayleigh flat fading 

channel with AWGN, where the parameters pertaining to the channel and AWGN are 

consistent with those defined in section 2. Furthermore, Monte Carlo simulations were 

conducted under the following assumptions: full channel knowledge at the receiver; 

antennas at the transmitter and receiver are separated wide enough to avoid correlation; 

system model for GSM is consistent with [8], system model for SM is consistent with 

[2] and the total transmit power is the same for all transmissions. 

5.1 Analytic and Simulated Average BER Comparison 

The analytic and simulated average BER for various GSM-CR configurations are 

shown in Figure A.4. For all configurations, the theoretical bounds are observed to 
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closely estimate the average BER performance in the high SNR region. Moreover, the 

average BER for 6× 4 and 4× 4 64QAM configurations are seen to converge at high 

values of SNR. This can be attributed to the fact that the transmitted symbol pair 

estimation error 𝑃𝑑 dominates BER performance in configurations, where 𝑙𝑜𝑔2𝑀 > 

𝑙𝑜𝑔2 𝑐. 

 

 

 

 

 

 

 

 

 

 

Figure A.4 Analytic and Simulated Average BER 

5.2 Performance Comparison 

Figures A.5 and A.6 show the average BER of GSM-CR, GSM and SM schemes for 

various configurations. In all cases, GSM-CR demonstrates superior BER 

performance, as compared to GSM and SM. In addition, GSM exhibits degraded BER 

performance as compared to SM. This particular trend was also observed in [8]. 

Figure A.5, presents the average BER for 6 bits/s/Hz and 8 bits/s/Hz transmissions. At 

6 bits/s/Hz, GSM-CR achieves gains of 2.5 dB and 1.5 dB, at a BER of 10-5, as 

compared to GSM and SM, respectively. Furthermore at 8 bits/s/Hz, GSM-CR 

achieves gains of  4 dB and 3.5 dB, at a BER of 10-5, when compared to GSM and SM, 

respectively. 
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Figure A.6, presents the average BER for 7 bits/s/Hz and 9 bits/s/Hz transmissions. At 

7 bits/s/Hz, GSM-CR achieves gains of 3 dB and 2 dB, at a BER of 10-5, in comparison 

to GSM and SM, respectively. Furthermore at 9 bits/s/Hz, GSM-CR achieves gains of 

5 dB and 4 dB, at a BER of 10-5, when compared to GSM and SM, respectively. Based 

on the enhanced BER performance offered by GSM-CR, it is evident that this scheme 

is a prominent alternative to both SM and GSM. 

 

 

 

 

 

 

 

 

  

 

 

Figure A.5 Average BER - 6 bits/s/Hz and 8 bits/s/Hz Configurations 
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Figure A.6 Average BER - 7 bits/s/Hz and 9 bits/s/Hz Configurations 

6. Conclusion 

In this paper, we have proposed a BER performance enhanced GSM scheme, termed 

GSM-CR. Monte Carlo simulation results demonstrated that for 9 bits/s/Hz 

transmissions, GSM-CR was capable of achieving gains of 5 dB and 4 dB, at a BER 

10-5, when compared to GSM and SM, respectively. In addition, a framework for the 

design of GSM-CR systems was presented. An analytical bound for the average BER 

of GSM-CR over i.i.d. Rayleigh flat fading channels was also derived, and the 

accuracy of bound was verified by Monte Carlo simulation results.  
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Appendix A-1 

Table A-1.1  3 × 𝑁𝑟 16QAM GSM-CR Mapping Table 

Input 

Bits 

Spatial Symbol 16-QAM  Symbol Pair 

𝑘 Antenna 

Combination 

q 𝑥𝑞 𝑥𝑞 

00000 𝑘 = 1 (1,2) 𝑞 = 0 -3+3j 1-j 

00001 𝑘 = 1 (1,2) 𝑞 = 1 -3+j 1+3j 

00010 𝑘 = 1 (1,2) 𝑞 = 2 -3-3j 1+j 

00011 𝑘 = 1 (1,2) 𝑞 = 3 -3-j 1-3j 

00100 𝑘 = 1 (1,2) 𝑞 = 4 -1+3j -3-j 

00101 𝑘 = 1 (1,2) 𝑞 = 5 -1+j -3+3j 

00110 𝑘 = 1 (1,2) 𝑞 = 6 -1-3j -3+j 

00111 𝑘 = 1 (1,2) 𝑞 = 7 -1-j -3-3j 

01000 𝑘 = 1 (1,2) 𝑞 = 8 3+3j -1-j 

01001 𝑘 = 1 (1,2) 𝑞 = 9 3+j -1+3j 

01010 𝑘 = 1 (1,2) 𝑞 = 10 3-3j -1+j 

01011 𝑘 = 1 (1,2) 𝑞 = 11 3-j -1-3j 

01100 𝑘 = 1 (1,2) 𝑞 = 12 1+3j 3-j 

01101 𝑘 = 1 (1,2) 𝑞 = 13 1+j 3+3j 

01110 𝑘 = 1 (1,2) 𝑞 = 14 1-3j 3+j 

01111 𝑘 = 1 (1,2) 𝑞 = 15 1-j 3-3j 

10000 𝑘 = 2 (1,3) 𝑞 = 0 -3+3j 1-j 

10001 𝑘 = 2 (1,3) 𝑞 = 1 -3+j 1+3j 
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10010 𝑘 = 2 (1,3) 𝑞 = 2 -3-3j 1+j 

10011 𝑘 = 2 (1,3) 𝑞 = 3 -3-j 1-3j 

10100 𝑘 = 2 (1,3) 𝑞 = 4 -1+3j -3-j 

10101 𝑘 = 2 (1,3) 𝑞 = 5 -1+j -3+3j 

10110 𝑘 = 2 (1,3) 𝑞 = 6 -1-3j -3+j 

10111 𝑘 = 2 (1,3) 𝑞 = 7 -1-j -3-3j 

11000 𝑘 = 2 (1,3) 𝑞 = 8 3+3j -1-j 

11001 𝑘 = 2 (1,3) 𝑞 = 9 3+j -1+3j 

11010 𝑘 = 2 (1,3) 𝑞 = 10 3-3j -1+j 

11011 𝑘 = 2 (1,3) 𝑞 = 11 3-j -1-3j 

11100 𝑘 = 2 (1,3) 𝑞 = 12 1+3j 3-j 

11101 𝑘 = 2 (1,3) 𝑞 = 13 1+j 3+3j 

11110 𝑘 = 2 (1,3) 𝑞 = 14 1-3j 3+j 

11111 𝑘 = 2 (1,3) 𝑞 = 15 1-j 3-3j 
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Appendix A-2 

 

 

 

Figure A-2.1 64QAM Primary Constellation (real axis) 

 
 

 

 

 

Figure A-2.2 64QAM Secondary Constellation (real axis) 

 

Figures A-2.1 and A-2.2 show the primary and secondary constellations for 64QAM, 

respectively. The constellation assignment is shown only along one real axis and the 

same reassignment is performed along the other complex axis. 
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Appendix A-3 

Table A-3.1 GSM-CR Transmit Antenna Pair Groupings and Rotation Angles for 

Various Configurations 

Antenna 

Configuration 

Transmit 

Antenna Pair 

16 QAM 

Rotation Angle  

 64 QAM 

Rotation Angle  

4× 𝑁𝑟   (1,3) 0 0 

(1,4) 𝜋 4⁄  𝜋 4⁄  

(2,3) 𝜋 4⁄  𝜋 4⁄  

(2,4) 0 0 

  

6× 𝑁𝑟   

 

(1,2) 0 0 

(3,4) 0 0 

(5,6) 0 0 

(2,3) 𝜋 3⁄  𝜋 6⁄  

(4,5) 𝜋 3⁄  𝜋 6⁄  

(1,6) 𝜋 3⁄  𝜋 6⁄  

(1,3) 2𝜋 3⁄  𝜋 3⁄  

(2,4) 2𝜋 3⁄  𝜋 3⁄  
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Appendix A-4 

𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�|𝑯) = 𝑃(‖𝒚 − √
𝜌

2
𝑯𝒙𝑘�̂�‖

𝐹

2

< ‖𝒚 −√
𝜌

2
𝑯𝒙𝑘𝑞‖

𝐹

2

) (A-4.1) 

Substituting  𝒚 = √𝜌/2𝑯𝒙𝑘𝑞 +𝒏  in (A-4.1) yields: 

𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�|𝑯) =  𝑃 (‖𝒏 −√
𝜌

2
𝑯[𝒙𝑘�̂� − 𝒙𝑘𝑞]‖

𝐹

2

< ‖𝒏 ‖𝐹
2) 

 

(A-4.2) 

Rewriting (A-4.2) using the alternative notation 𝑯𝒙𝑘�̂� = 𝒉𝑘
′ 𝑿�̂� and 𝑯𝒙𝑘𝑞 =  𝒉𝑘

′ 𝑿𝑞  

yields:  

𝑃(𝒙𝑘𝑞 → 𝒙𝑘�̂�|𝑯)= 𝑃 (‖𝒏 − √
𝜌

2
𝒉𝑘
′ [𝑿�̂� −𝑿𝑞]‖

𝐹

2

<  ‖𝒏 ‖𝐹
2) (A-4.3) 

 

Treating the square of the Frobenius norm as a binomial and expanding likewise 

yields: 

𝑃(𝒙𝑘𝑞 →  𝒙𝑘�̂�|𝑯) = 𝑃 (‖𝒏 ‖𝐹
2 +‖√

𝜌

2
𝒉𝑘
′ [𝑿�̂� − 𝑿𝑞]‖

𝐹

2

−

2 (𝒏,√
𝜌

2
𝒉𝑘
′ [𝑿�̂� − 𝑿𝑞]) < ‖𝒏 ‖𝐹

2) 

(A-4.4) 

= 𝑃

(

 
 
(𝒏,√

𝜌

2
𝒉𝑘
′ [𝑿�̂� − 𝑿𝑞])  >

‖√
𝜌

2
𝒉𝑘
′ [𝑿𝑞−𝑿𝑞]‖

𝐹

2

2

)

 
 

 

 

where (𝒏,√
𝜌

2
𝒉𝑘
′ [𝑿�̂� − 𝑿𝑞]) is a Gaussian random variable with 0 mean and variance 

‖√
𝜌

2
𝒉𝑘
′ [𝑿�̂� − 𝑿𝑞]‖

𝐹

2

. Recall that for a 0 mean and unit variance Gaussian random 

variable 𝑍: 

𝑃(𝑍 > 𝑧) =
1

√2𝜋
∫ 𝑒

−𝑣
2

∞

𝑧

𝑑𝑣 = 𝑄(𝑧) (A-4.5) 
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It follows that:  

𝑃(𝒙𝑘𝑞 →  𝒙𝑘�̂�|𝑯) = 𝑄 (√
𝜌

8
‖𝒉𝑘

′ (𝑿�̂�− 𝑿𝑞)‖𝐹
2
) (A-4.6) 
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Appendix A-5 

In accordance with [21, (19)], the bit error probability of transmit antenna pair index 

estimation given that the transmitted symbol pair is perfectly detected is given by: 

𝑃𝑎 ≤ ∑∑∑
𝑁(𝑘, �̂�)𝑃(𝒙𝑘𝑞 → 𝒙�̂�𝑞)

𝑐𝑀

𝑐

�̂�

𝑀−1

𝑞=0

𝑐

𝑘=1

 
(A-5.1) 

SM systems emit a single symbol from an active transmit antenna, whereas GSM-CR 

emits two different symbols from a pair of active transmit antenna. This difference in 

configuration necessitates a reformulation of the conditional PEP 𝑃(𝒙𝑘𝑞 → 𝒙�̂�𝑞|𝑯) 

and the resulting unconditioned PEP 𝑃(𝒙𝑘𝑞 → 𝒙𝑘�̂�) in (A-5.1). 

The conditional PEP for GSM-CR systems may be expressed as follows: 

𝑃(𝒙𝑘𝑞 →  𝒙�̂�𝑞|𝑯) = 𝑃(‖𝒚 − √
𝜌

2
𝑯𝒙�̂�𝑞‖

𝐹

2

<  ‖𝒚 − √
𝜌

2
𝑯𝒙𝑘𝑞‖

𝐹

2

) (A-5.2) 

Substituting  𝒚 = √𝜌/2𝑯𝒙𝑘𝑞 +𝒏  in (A-5.2) and rearranging yields: 

𝑃(𝒙𝑘𝑞→  𝒙�̂�𝑞|𝑯) =  𝑃 (‖𝒏 −√
𝜌

2
[𝑯𝒙�̂�𝑞 −𝑯𝒙𝑘𝑞]‖

𝐹

2

< ‖𝒏 ‖𝐹
2) (A-5.3) 

Rewriting (A-5.3) using the alternative notation 𝑯𝒙�̂�𝑞 = 𝒉�̂�
′ 𝑿𝑞 and 𝑯𝒙𝑘𝑞 =  𝒉𝑘

′ 𝑿𝑞  

yields:  

𝑃(𝒙𝑘𝑞 →  𝒙�̂�𝑞|𝑯) = 𝑃 (‖𝒏 −√
𝜌

2
[𝒉�̂�
′ 𝑿𝑞 − 𝒉𝑘

′ 𝑿𝑞]‖
𝐹

2

< ‖𝒏 ‖𝐹
2) (A-5.4) 

 
Treating the square of the Frobenius norm as a binomial and expanding likewise 

yields: 

𝑃(𝒙𝑘𝑞 →  𝒙�̂�𝑞|𝑯) = 𝑃

(

 
 
(𝒏,√

𝜌

2
[𝒉�̂�
′ −𝒉𝑘

′ ]𝑿𝑞)  >

‖√
𝜌

2
[𝒉
𝑘
′−𝒉𝑘

′ ]𝑿𝑞‖
𝐹

2

2

)

 
 

 (A-5.5) 



46 
 

where (𝒏,√
𝜌

2
[𝒉�̂�
′ − 𝒉𝑘

′ ]𝑿𝑞) is a Gaussian random variable with 0 mean and variance 

‖√
𝜌

2
[𝒉�̂�
′ −𝒉𝑘

′ ]𝑿𝑞‖
𝐹

2

. Recall that for a 0 mean and unit variance Gaussian random 

variable 𝑍: 

𝑃(𝑍 > 𝑧) =
1

√2𝜋
∫ 𝑒

−𝑣
2

∞

𝑧

𝑑𝑣 = 𝑄(𝑧)  (A-5.6) 

It follows that:  

𝑃(𝒙𝑘𝑞 →  𝒙�̂�𝑞|𝑯) = 𝑄(√𝑔) (A-5.7) 

𝑔 is a central Chi-square square random variable with 2𝑁𝑟 degrees of freedom and is 

defined by: 

𝑔 =
𝜌

8
‖(𝒉�̂�

′ −𝒉𝑘
′ )𝑿𝑞‖𝐹

2
= ∑𝛼𝑛

2

2𝑁𝑟

𝑛=1

 (A-5.8) 

where 𝛼𝑛~𝑁(𝜇, 𝜎𝛼
2) with 𝜇 = 0 and 𝜎𝛼

2 =
𝜌

8
‖𝑿𝑞‖𝐹

2
. The probability density function 

of 𝑔 is given by [18]: 

𝑝𝑔(𝑣) =
𝑣𝑁𝑟−1 𝑒−𝑣 2𝜎𝛼

2⁄

(2𝜎𝛼
2)𝑁𝑟(𝑁𝑟 −1)!

 
(A-5.9) 

 

The unconditioned PEP 𝑃(𝒙𝑘𝑞→  𝒙𝑘�̂�) can therefore be formulated as: 

𝑃(𝒙𝑘𝑞→  𝒙�̂�𝑞) = ∫ 𝑃(𝒙𝑘𝑞 → 𝒙�̂�𝑞|𝑯)

∞

0

𝑝𝑔(𝑣)𝑑𝑣 (A-5.10) 

 = ∫ 𝑄(√𝑣)𝑝𝑔(𝑣)𝑑𝑣
∞

0  
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The closed form solution for (A-5.10) is provided in [21]: 

𝑃(𝒙𝑘𝑞→  𝒙�̂�𝑞) =  𝜇𝛼
𝑁𝑟 ∑ (

𝑁𝑟− 1 +𝑤
𝑤

)

𝑁𝑟−1

𝑤=0

[1 − 𝜇𝛼]
𝑤 (A-5.11) 

where 𝜇𝛼 = 
1

2
(1− √

𝜎𝛼2

1+𝜎𝛼2
) with 𝜎𝛼

2 = (𝜌 8⁄ ) |𝑿𝑞 |
2
. 

The 𝑃𝑎 applicable to GSM-CR is therefore obtained by substituting (A-5.11) into (A-

5.1) as follows: 

𝑃𝑎 ≤∑∑∑
𝑁(𝑘, �̂�)𝜇𝛼

𝑁𝑟∑ (𝑁𝑟 −1 + 𝑤
𝑤

)
𝑁𝑟−1
𝑤=0

[1 − 𝜇𝛼]
𝑤

𝑐𝑀

𝑐

�̂�=1

𝑀−1

𝑞=0

𝑐

𝑘=1

 (A-5.12) 
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Appendix A-6 

[�̂�, 𝑞] =  argmax
𝑘 ,𝑿𝑞 

𝑝𝑦 (𝒚|𝒙𝑘𝑞,𝑯)                         (A-6.1) 

= argmin
𝑘,𝑿𝑞 

‖𝒚 − √
𝜌

2
𝒉𝑘
′ 𝑿𝑞‖

𝐹

2

                        
 

= argmin
𝑘,𝑿𝑞 

‖𝒚‖𝐹
2 − √

𝜌

2
𝒚𝐻𝒉𝑘

′ 𝑿𝑞- √
𝜌

2
𝒚(𝒉𝑘

′ 𝑿𝑞)
𝐻
+‖√

𝜌

2
𝒉𝑘
′ 𝑿𝑞‖

𝐹

2

                       
 

 = argmin
𝑘,𝑿𝑞  

‖𝒚‖𝐹
2 − (√

𝜌

2
𝒚𝐻𝒉𝑘

′ 𝑿𝑞+ (√
𝜌

2
𝒚𝐻𝒉𝑘

′ 𝑿𝑞)
𝐻

)+ ‖√
𝜌

2
𝒉𝑘
′ 𝑿𝑞‖

𝐹

2

                       
 

Using 𝑉 +𝑉𝐻 = 2𝑅𝑒(𝑉)  

[�̂�, 𝑞] = argmin
𝑘,𝑿𝑞 

 ‖𝒚‖𝐹
2 + ‖√

𝜌

2
𝒉𝑘
′ 𝑿𝑞‖

𝐹

2

−2𝑅𝑒 {√
𝜌

2
𝒚𝐻𝒉𝑘

′ 𝑿𝑞} (A-6.2) 

Since ‖𝒚‖𝐹
2 is constant for all �̂� and �̂�, (A-6.2) may be written as:  

[�̂�, 𝑞] = argmin
𝑘,𝑿𝑞 

 √
𝜌

2
‖𝒉𝑘

′ 𝑿𝑞‖𝐹
2
−2𝑅𝑒{𝒚𝐻𝒉𝑘

′ 𝑿𝑞} (A-6.3) 
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Abstract 

Generalised spatial modulation with constellation reassignment (GSM-CR) is a 

recently proposed multiple-input multiple-output (MIMO) technique which exhibits 

significantly enhanced bit error rate (BER) performance over conventional generalised 

spatial modulation (GSM). In this paper, we propose a low complexity GSM-CR 

detection scheme called zero-forcing maximum likelihood (ZF-ML). The ZF-ML 

detector is capable of attaining near-ML BER performance and has computational 

complexity that is independent of the order of digital modulation employed.  

Performance and complexity comparisons between the ZF-ML GSM-CR detector and 

popular GSM and GSM-CR detectors reveals that for the 𝑁𝑡 × 4 64QAM 

configuration: i) the ZF-ML GSM-CR detector reduces computational complexity at 

the receiver by up to 60% and exhibits similar BER performance when compared to 

the ML GSM-CR detection scheme; ii) ZF-ML configured with two candidate symbols 

per initial symbol estimate reduces the receiver complexity by up to 60% whilst ZF-

ML configured with eight candidate symbols per initial symbol estimate achieves 

gains of up to 5 dB, at a BER of 10-5, when compared to the ML GSM detector; iii) 

for systems that encode more than one information bit in the spatial domain, certain 

ZF-ML configurations operate at a higher computational complexity of up to 235% 

when compared to the signal vector GSM (SV GSM) detector. However, the higher 

computational complexity imposed by the ZF-ML GSM-CR detector is traded-off by 

significant gains of up to 5 dB, at a BER of 10-5, when compared to the SV GSM 

detection scheme. 
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1. Introduction 

Multiple-input multiple-output (MIMO) digital communication techniques are key 

enablers for future applications that require higher data rates, enhanced quality of 

service and improved spectral efficiencies [1, 2]. Spatial modulation (SM) is a 

relatively new MIMO technique proposed in [3, 4], which overcomes the inter-antenna 

synchronisation and inter-channel interference challenges confronting popular MIMO 

schemes such as the vertical bell layered space-time (V-BLAST) architecture [5]. SM 

ushered in a novel approach to MIMO transmission where the location of the transmit 

antenna active during a particular timeslot and a conventional M-ary quadrature 

amplitude modulation symbol (MQAM) are both used to convey information. The use 

of the transmit antenna location as an information bearing unit is a key feature of SM, 

which increases the overall spectral efficiency by the base-two logarithm of the 

number of transmit antennas [4]. 

Despite its favourable properties, the spectral efficiency attainable by SM is limited 

since only one active transmit antenna is employed in a particular timeslot. This led to 

the development of generalised spatial modulation (GSM) in [6], which is basically an 

extension of the SM scheme that permits multiple active transmit antennas. Therefore, 

GSM increases the overall spectral efficiency by the base-two logarithm of the number 

of transmit antenna combinations, as compared to SM employing the same number of 

transmit antennas [6]. However, for identical configurations, the bit error rate (BER) 

performance of GSM is limited and degraded compared to SM [6]. 

Several GSM schemes, with enhanced error performance, have been developed to date. 

Relevant examples to mention are: i) generalised spatial modulation with constellation 

reassignment (GSM-CR) in [7] that employs the constellation reassignment (CR) [8] 

technique in conjunction with GSM in order to maximise the minimum Euclidean 

distance between transmitted symbol pairs, thereby improving BER performance; ii) 

space-time block coded generalised spatial modulation (STBC-GSM) in [9] that 

exploits the advantages of space-time block coding in order to deliver improved BER 

performance as compared to conventional GSM; iii) a new high-rate generalised 

spatial modulation (HR-GSM) scheme in [10] that encodes additional information 

through simultaneous transmission of different symbols. HR-GSM was demonstrated 
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to outperform conventional GSM and SM, in terms of BER and iv) the optimisation 

of the signal-spatial constellation of GSM in [11] in order to deliver improved BER 

performance. 

This paper focusses on the GSM-CR scheme, which is deemed particularly favourable 

due to its inherent ability to provide gains of up to 5 dB, at a BER of 10-5, when 

compared to GSM [7]. Moreover, it will be shown that GSM-CR achieves the 

aforementioned gains while maintaining computational complexity equivalent to that 

of GSM. In GSM-CR, a pair of transmitted symbols and the index of the active 

transmit antenna pair are both used to convey information. The ML GSM-CR detector 

in [7] performs an exhaustive search over all possible combinations of transmitted 

symbol and transmit antenna pair. This leads to a highly complex receiver structure, 

particularly when, inter alia, high order digital modulation techniques are employed. 

The ML GSM detector, similarly, performs an exhaustive search over all possible 

combinations of transmitted symbols and transmit antenna groupings and is therefore 

also prone to the highly complex receiver structure. 

Several low complexity GSM detection schemes have been proposed to address the 

computational complexity constraint imposed by the ML detector.  A non-exhaustive 

account of notable developments in this regard include, inter alia: i) the signal vector 

(SV) based detector in [12] that operates over two stages. In the first stage the most 

likely transmit antenna pair indices are determined based on the minimum Hermitian 

angle between the received signal vector and the combined channel vector. Thereafter 

in the second stage, the modulated symbol is estimated by computing the difference 

between the normalised projection of the received symbol in the direction of combined 

channel and the actual transmitted symbols [12]. The SV GSM detector was shown to 

operate with much lower complexity as compared to the ML GSM detector and 

exhibited near-ML BER performance in both the high and low signal-to-noise ratio 

(SNR) regions; ii) enhanced Bayesian compressive sensing (EBCS) in [13] that 

formulates GSM detection as a sparse recovery problem with a fixed sparsity 

constraint. Despite its low complexity detection properties, EBCS performs sub-

optimally in the low SNR region. Moreover, the scheme is only applicable under 

special circumstances in which the number of receive antennas must be less than the 
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square of the number of transmit antennas; iii) ordered block minimum-mean-squared-

error (OB-MMSE) in [14], which uses an ordering algorithm to sort possible transmit 

antenna combinations and then applies the minimum-mean-square-error equaliser for 

the recovery of the signal vector. OB-MMSE results in much lower complexity than 

the ML GSM detector but performs sub-optimally in the low SNR region; iv) a 

maximum receive ratio combining (MRRC) scheme proposed in [15] for the detection 

of the active transmit antenna combination and modulated symbol. However, this 

scheme is only applicable under certain special channel assumptions; v) an iterative 

zero forcing (I-ZF) detection scheme for GSM was proposed in [16]. The I-ZF detector 

significantly reduced complexity in comparison to the ML detector but at the expense 

of poor BER performance [16]. 

Of the aforementioned techniques, the SV GSM detector is deemed particularly 

favourable due to its ability to significantly reduce computational complexity, its 

flexibility to operate under conventional channel conditions with various antenna 

configurations and its demonstrable near-ML BER performance across the entire SNR 

range [12]. Despite its favourable application in conventional GSM, the SV detector 

cannot be utilised in GSM-CR. In particular, the minimum Hermitian angle metric, 

which is the basis for active transmit antenna pair detection in the SV scheme, is not 

applicable to GSM-CR systems.  

The infeasible implementation of the ML detector and the fact that low complexity 

GSM-CR detectors are yet to be investigated, serve as motivating factors for the 

development of a low complexity detection scheme for GSM-CR. In this paper, we 

propose a novel low complexity GSM-CR detection scheme, termed zero-forcing 

maximum likelihood (ZF-ML).  The proposed scheme implements both zero-forcing 

(ZF) and ML with a view of inheriting the desirable properties of its constituent 

detectors, namely the low complexity of ZF [17] and the optimal BER performance of 

ML [17]. With regard to the selection of constituent detectors in the proposed scheme, 

ZF was specifically chosen since it is the simplest MIMO detector [17] and ML due to 

its ability to provide optimal BER performance. 

The proposed ZF-ML scheme employs a two-stage process for the detection of the 

active transmit antenna pair index and transmitted symbol pair. Stage one utilises the 
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ZF detector in order to obtain initial estimates of symbol pairs that may have been 

transmitted by each transmit antenna pair. In order to improve the probability of correct 

detection, additional candidate symbol pairs in the neighbourhood of the initial symbol 

estimates are generated, where the number of additional candidate symbol pairs 

selected presents a trade-off between the complexity and BER performance of the ZF-

ML detector. Stage two then applies the ML detector over a reduced search space 

comprising combinations of transmit antenna pair and most probable transmitted 

symbol pair estimates obtained from stage one. 

The conventional ML GSM-CR detector performs an exhaustive search over all 

possible combinations of transmit antenna pair and transmitted symbol pair, whereas 

the ZF-ML scheme operates over a reduced search space due to its two stage operation. 

As a result, the ZF-ML detector is capable of operating at a lower computational 

complexity. Moreover, the computational complexity of ZF-ML is only a function of 

the number of candidate symbol pairs selected in stage one, the number of transmit 

antenna combinations and the number of receive antennas, and is therefore 

independent of the order of digital modulation technique used in GSM-CR. Note that 

this paper discusses the ZF-ML detector specifically in the context of 64QAM GSM-

CR systems, however ZF-ML may be applied to any GSM-CR configuration. 

The rest of this paper is structured as follows: Sections 2 and 3 review the GSM-CR 

and GSM system models and various detection schemes, respectively. The novel ZF-

ML GSM-CR detector is proposed in section 4. Section 5 analyses the computational 

complexity of the ZF-ML detector and existing GSM-CR and GSM detection schemes. 

Section 6 presents average BER and complexity comparisons of the various GSM and 

GSM-CR detection schemes, including the proposed ZF-ML detector. Finally, section 

7 concludes the paper. 

1.1 Notation 

Bold italics upper/lower case symbols denote matrices/vectors, while regular letters 

represent scalar quantities. We use ⌊∙⌋, (∙)𝑇, (∙)𝐻, 𝐸[∙], |∙|, ‖∙‖𝐹, 𝑎𝑟𝑐𝑐𝑜𝑠(∙) for the floor, 

transpose, Hermitian, expectation, Euclidean norm, Frobenius norm and arccosine 

operations, respectively. 



58 
 

2. System Models 

2.1 Generalised Spatial Modulation with Constellation Reassignment 

Consider the 𝑁𝑡 × 𝑁𝑟 MQAM GSM-CR system proposed in [7] that utilises 

 𝑐 = 2
⌊𝑙𝑜𝑔2(

𝑁𝑡
2
)⌋

 transmit antenna pairs, where  𝑁𝑡  is the number of transmit antennas, 

𝑁𝑟 the number of receive antennas and M refers to the order of the quadrature 

amplitude modulation scheme employed.  The basic idea behind GSM-CR is to map a 

stream of  𝑚𝑇=  𝑙𝑜𝑔2𝑐 + 𝑙𝑜𝑔2𝑀 input bits such that the first log2𝑐 input bits 

determine the active transmit antenna pair identified by the index 𝑘 ∈ [1: 𝑐]. The 

remaining 𝑙𝑜𝑔2𝑀 input bits are assigned to a pair of MQAM symbols 𝑥𝑞 and �̃�𝑞, where 

𝑞 ∈ [0:𝑀 − 1] is the decimal equivalent of the 𝑙𝑜𝑔2𝑀 input bit sequence and the index 

identifying the transmitted symbol pair. 

The symbol pair [𝑥𝑞  �̃�𝑞]
𝑇
  originates from what is termed primary and secondary 

MQAM signal constellations, where the primary constellation 𝑿𝑃𝑟𝑚 is a conventional 

Gray-coded signal constellation and the secondary constellation 𝑿𝑆𝑒𝑐  is generated by 

assigning symbols with adjacent points in the primary constellation to non-adjacent 

points in the secondary constellation and vice versa, in accordance with the CR 

technique [8]. The application of the CR technique increases the minimum Euclidean 

distance between the transmitted symbol pairs in GSM-CR as compared to 

conventional GSM. This is the principal reason for GSM-CR exhibiting improved 

BER performance when compared to conventional GSM. Secondary signal 

constellation design for 16QAM and 64QAM GSM-CR systems is covered in [7]. 

Given that GSM-CR utilises two active transmit antennas in a given timeslot, the 

transmitted signal vector can be expressed as follows [7]: 

 

𝒙𝑘𝑞 = [0  𝑥𝑞 …… 𝑥𝑞……0  0]
𝑇
 𝑒𝑗𝜃𝒌  

 

(A.1) 

𝑘1
𝑡ℎ  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  

1𝑠𝑡  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  

𝑁𝑡
𝑡ℎ  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  

 

𝑘2
𝑡ℎ  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  
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where 𝑘1 and 𝑘2 ∈ [1:𝑁𝑡] are active transmit antennas from the 𝑘𝑡ℎ transmit antenna 

pair. 𝐸 {|𝑥𝑞 |
2
} =  𝐸 {|�̃�𝑞|

2
} = 1. 𝜃𝑘  denotes the rotation angle applied to the 

transmitted symbol pair [𝑥𝑞  �̃�𝑞]
𝑇
,   emitted from the 𝑘𝑡ℎ transmit antenna pair. The 

process for selecting appropriate rotation angles is addressed in [7]. 

After the mapping process, antennas 𝑘1 and 𝑘2 from the 𝑘𝑡ℎ  transmit antenna pair 

simultaneously transmit the respective symbols 𝑥𝑞 and  �̃�𝑞 over the 𝑁𝑟 × 𝑁𝑡 MIMO 

wireless channel 𝑯. The received signal vector is given by [7]: 

𝒚 = √
𝜌

2
𝑯𝒙𝑘𝑞 +𝒏 (B.2) 

where 𝒚 is the 𝑁𝑟 × 1 dimensional received signal vector. 𝑯 =  [𝒉1  𝒉2 …𝒉𝑎…𝒉𝑁𝒕]  

and 𝒉𝑎 is the 𝑁𝑟 × 1 dimensional  vector corresponding to transmit antenna 𝑎. 𝜌 is the 

average SNR at each receive antenna.  𝒏 represents the 𝑁𝑟 × 1 dimensional additive 

white Gaussian noise (AWGN). 𝒏 and 𝑯 have independent and identically distributed 

(i.i.d.) entries according to the complex Gaussian distribution 𝐶𝑁(0,1). 

An alternative but equivalent representation of the received signal vector is as follows  

[7]: 

𝒚 = √
𝜌

2
𝒉𝑘
′ 𝑿𝑞 + 𝒏 (B.3) 

where 𝑿𝑞 =  [𝑥𝑞     �̃�𝑞 ]
𝑇
𝑒𝑗𝜃𝒌 is the transmitted symbol pair subjected to a predefined 

rotation angle 𝜃𝒌 . 𝒉𝑘
′ = [𝒉𝑘1 𝒉𝑘2] is an 𝑁𝑟× 2 dimensional channel matrix 

comprising 𝑁𝑟 × 1 dimensional channel vectors 𝒉𝑘1 and 𝒉𝑘2, which correspond to the 

active transmit antennas 𝑘1 and 𝑘2, respectively. 

2.2 Generalised Spatial Modulation 

GSM configured with two active transmit antennas and GSM-CR differ in one aspect 

in that the former transmits the same symbols within a particular timeslot, whereas the 

latter transmits different symbols. The system model presented in section 2.1 can 

therefore be used to describe GSM configurations with two active transmit antennas, 

with the exception that the transmitted symbol pair is redefined as [𝑥𝑞     𝑥𝑞  ]
𝑇
. 
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3. Current Detection Schemes 

3.1 Maximum Likelihood GSM and GSM-CR Detector 

The optimal detector, which is based on the ML principle, performs a joint detection 

of the active transmit antenna pair and the transmitted symbol pair in accordance with 

the following rule [7]: 

[�̂�, 𝑞] = 𝑎𝑟𝑔𝑚𝑎𝑥
𝑘,𝑿𝑞

𝑝𝑦(𝒚|𝒙𝑘𝑞,𝑯)   (B.4) 

= 𝑎𝑟𝑔𝑚𝑖𝑛
𝑘,𝑿𝑞

(‖𝒉𝑘
′ 𝑿𝑞‖𝐹

2
−2𝑅𝑒{𝒚𝑯𝒉𝑘

′𝑿𝑞}) 
 

where  𝑝𝑦 (𝒚|𝒙𝑘𝑞,𝑯) = 𝜋
−𝑁𝑟𝑒𝑥𝑝 (‖𝒚 − √

𝑝

2
𝒉𝑘
′ 𝑿𝑞‖

𝐹

2

) is the probability density 

function of 𝒚 conditioned on 𝑯 and 𝒙𝑘𝑞 , 𝑘 ̂is the estimated active transmit antenna 

pair index and 𝑞 is the estimated transmitted symbol pair index. Note that  

𝑿𝑞 = [𝑥𝑞      𝑥𝑞 ]
𝑇
 in the case of GSM schemes and 𝑿𝑞 = [𝑥𝑞      �̃�𝑞 ]

𝑇
𝑒𝑗𝜃𝑘  for GSM-

CR. 

3.2  Signal Vector GSM Detector 

The SV detector in [12] is characterised by low computational complexity and near-

ML BER performance. Consider an 𝑁𝑡 × 𝑁𝑟 MQAM GSM system with two active 

transmit antennas. The SV detector determines the most likely estimates of the active 

transmit antenna pair based on the minimum Hermitian angle between the combined 

channel vector 𝒉𝑘
′′ = 𝒉𝑘1 + 𝒉𝑘2 and received signal vector 𝒚. It should be noted that 

in the absence of noise, the received signal vector 𝒚 and combined channel vector 𝒉𝑘
′′ 

lie in the same direction, which corresponds to a Hermitian angle of zero.  

The SV detector first determines the most probable active transmit antenna pair 

estimates in accordance with the following [12]: 

𝚪 = [𝑗1 𝑗2… . 𝑗ℓ… 𝑗𝑐] = 𝑎𝑟𝑔𝑠𝑜𝑟𝑡(∅) with ∅ = [∅1 ∅2…∅𝑗 …∅𝑐]  (B.5) 

∅𝑗 = 𝑎𝑟𝑐𝑐𝑜𝑠  |δ𝑗| with  δ𝑗 =  
〈𝒉𝑗
′′,𝒚〉

‖𝒉𝑗
′′‖

𝐹
‖𝒚‖𝐹

  (B.6) 
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where 𝚪 denotes an ordered list of transmit antenna pair indices ranging in probability 

of occurrence from most to least.  𝑗1 and 𝑗𝑐  correspond to the indices of the respective 

minimum and maximum values in ∅ and 𝑎𝑟𝑔𝑠𝑜𝑟𝑡  is a function that arranges inputs in 

ascending order. 𝒉𝑗
′′ = [𝒉𝑎1 + 𝒉𝑎2] is the combined channel vector for the transmit 

antenna pair 𝑗 ∈ [1: 𝑐] with corresponding transmit antennas 𝑎1 and 𝑎2  ∈ [1:𝑁𝑡]  and 

∅𝑗  represents the Hermitian angle between the combined channel vector 𝒉𝑗
′′  and 

received signal vector 𝒚.  

The transmitted symbol associated with each of the ℓ most likely estimates of active 

transmit antenna pair is computed as follows [12]: 

𝑥𝑞
𝑗𝑐𝑎𝑛 = min

𝑥𝑞
|𝜔𝑗𝑐𝑎𝑛− 𝑥𝑞|

2
 (B.7) 

where 𝜔𝑗𝑐𝑎𝑛 =  
〈𝒉𝑗𝑐𝑎𝑛
′′ ,𝒚〉

‖𝒉𝑗𝑐𝑎𝑛
′′ ‖

𝐹

𝟐  and 𝑥𝑞
𝑗𝑐𝑎𝑛 is the symbol associated with transmit antenna pair 

𝑗𝑐𝑎𝑛 ∈ [𝑗1 𝑗2… . 𝑗ℓ]. 

The final estimates of the active transmit antenna pair and transmitted symbol are 

obtained by computing the following detection rule, which considers ℓ possible 

combinations of transmit antenna pair and transmitted symbol as inputs [12]: 

[�̂�, 𝑞 ] = min
𝑗𝑐𝑎𝑛 ,�̂�𝑞

𝑗𝑐𝑎𝑛
‖𝒚 − 𝒉𝑗𝑐𝑎𝑛

′′ 𝑥𝑞
𝑗𝑐𝑎𝑛‖

𝐹

2
 (B.8) 

where 𝑘 ̂is the estimated index of the active transmit antenna pair and  �̂� is the 

estimated index of the transmitted symbol.  

Despite its favourable application in conventional GSM, the SV scheme is not 

appropriate for GSM-CR systems. This can be attributed to the fact that GSM-CR 

transmits different symbols from each transmit antenna, thus yielding a received signal 

vector of the form 𝑦 = 𝒉𝑘1𝑥𝑞 + 𝒉𝑘2�̃�𝑞. The received signal vector 𝒉𝑘1𝑥𝑞 + 𝒉𝑘2�̃�𝑞 does 

not lie in the same direction as the combined channel vector 𝒉𝑘
′′ = 𝒉𝑘1+𝒉𝑘2 and 

therefore the minimum Hermitian angle metric, which is the basis for active transmit 

antenna pair detection in the SV scheme, is not applicable in the context of GSM-CR 

systems. 
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4. Proposed Zero-Forcing Maximum Likelihood Detector 

The ML GSM-CR detector performs a brute force search over all possible 𝑐𝑀 

combinations of transmit antenna pair index and transmitted symbol pair. The search 

space increases rapidly with the order of modulation, thereby resulting in a highly 

complex receiver structure. The proposed ZF-ML detection scheme has been 

developed such that the computational complexity of the receiver is independent of the 

order of modulation, thereby addressing the complexity constraint imposed by high 

order MQAM GSM-CR schemes that employ the ML detector. 

The ZF-ML detector follows a two-stage process: Stage one utilises the low 

complexity ZF detector as a basis for generating a reduced search space, comprising 

the most probable candidate symbol pairs associated with each transmit antenna pair.  

Stage two applies the ML detector to the reduced search space to obtain a final estimate 

of the active transmit antenna pair and transmitted symbol pair. 

4.1 Stage One: Zero-Forcing 

In stage one, the zero forcing detector is applied in order to obtain initial estimates of 

the primary and secondary symbols that may have been emitted by each transmit 

antenna pair, as follows: 

𝒓𝑗 = 𝒉𝑗
†𝒚 = [𝑟𝑗

𝑎1 𝑟𝑗
𝑎2 ]

𝑇
 (B.9) 

where 𝒓𝑗 is a 2 × 1 dimensional vector comprising a pair of equalised symbols and 

𝒉𝑗
† = (𝒉𝑗

′𝐻𝒉𝑗
′)
−1
𝒉𝑗
′𝐻 is the pseudo inverse matrix.  𝑟𝑗

𝑎1 and 𝑟𝑗
𝑎2 are equalised symbols 

associated with respective transmit antennas 𝑎1 and 𝑎2 ∈ [1:𝑁𝑡] from transmit antenna 

pair 𝑗 ∈ [1: 𝑐].   

The equalised symbols are then demodulated, thus yielding the following initial 

primary and secondary symbol estimates associated with a particular transmit antenna 

pair 𝑗:  

[𝑥𝑞1,1
𝑎1  𝑥𝑞2,1

𝑎2 ] = [𝒟𝑃(𝑟𝑗
𝑎1) 𝒟𝑆(𝑟𝑗

𝑎2)] (B.10) 
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where the subscripts in 𝑥𝑎,𝑏
𝑎1  denote the index identifying a primary symbol and (𝑎) 

and candidate symbol number (b). The subscripts in 𝑥𝑐,𝑑
𝑎2  denote the index identifying 

a secondary symbol and (𝑐) and candidate symbol number (𝑑). 𝒟𝑃(∙) and 𝒟𝑠(∙) are 

the constellation demodulator functions that map 𝑟𝑗
𝑎1 and 𝑟𝑗

𝑎2 to symbols in the 

respective primary and secondary signal constellations. It should be noted that the 

equalised symbols in (B.9) and the resulting demodulated symbols in (B.10) are 

generated independently. Therefore, the initial symbol estimate [𝑥𝑞1,1
𝑎1  𝑥𝑞2,1

𝑎2 ]
𝑇

may not 

necessarily be a valid CR mapping of primary to secondary symbol and vice-versa, as 

defined in [8].  

The multiplication of the received signal vector 𝒚  by the pseudo inverse matrix 

𝒉𝑗
† amplifies the noise term 𝒏, which may compromise the integrity of the initial 

primary and secondary symbol estimates. Therefore, in order to enhance the 

probability of correct symbol detection, both the initial primary and secondary symbol 

estimates as well as 𝑛𝑐 of their nearest neighbouring symbols in their respective signal 

constellations are considered as potential candidates.  

An illustrative example of candidate symbol selection in a primary 64QAM signal 

constellation, for varying values of 𝑛𝑐, based on an initial symbol estimate that falls 

within the first quadrant, is depicted in Figure  B.1.  As shown in Figure B.1, stage one 

of the ZF-ML detector may employ 𝑛𝑐 ∈ [2, 4,8]. A description of the varying 𝑛𝑐 

configurations for the 64QAM GSM-CR configuration follows: 

i. For 𝑛𝑐 = 2,  two candidate symbols located at a Euclidean distance of 

2

√42
  relative to the initial symbol estimate are selected. For a given initial 

symbol estimate there may exist four possible candidate symbols that meet the 

Euclidean distance criterion; however only two candidates located vertically or 

horizontally relative to the initial symbol estimate are selected. 

ii. For 𝑛𝑐 = 4, four candidate symbols located at a Euclidean distance of 
2

√42
  

relative to the initial symbol estimate are selected. These candidate symbols 

will typically be located horizontally and vertically relative to the initial 

symbol estimate. 
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iii. For 𝑛𝑐 = 8, eight candidate symbols that are located within a circle of radius 

√8

√42
  emanating from the initial symbol estimate are selected. 

It will be shown in section 6 that, for the 𝑁𝑡 × 4 64QAM configuration, larger values 

of 𝑛𝑐 yield improved BER performance at the cost of increased computational 

complexity. Moreover, the results presented in section 6 show that 𝑛𝑐  = 8 yields near-

ML BER performance and therefore there is no benefit in using larger values of 𝑛𝑐. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure B.1 Generating Candidate Symbols Based on the Initial Symbol Estimate 

The initial primary and secondary symbol estimates and their associated 𝑛𝑐 candidate 

symbols are generated for each transmit antenna pair 𝑗 and may be represented as 

follows: 

𝒛𝑗
𝑎1 = [𝑥𝑞1.1

𝑎1  𝑥𝑞1.2
𝑎1 … 𝑥𝑞1.𝑛𝑐+𝟏

𝑎1 ]
𝑇

 (B.11) 
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𝒛𝑗
𝑎2 = [𝑥𝑞2.1

𝑎1  𝑥𝑞2.2
𝑎2 … 𝑥𝑞2.𝑛𝑐+𝟏

𝑎2 ]
𝑇

 

where 𝒛𝑗
𝑎1 and 𝒛𝑗

𝑎2 are (𝑛𝑐 + 1) × 1 dimensional symbol vectors comprising the initial 

primary and secondary symbol estimates and their associated candidate symbols. The 

candidate symbols associated with 𝑥𝑞1,1
𝑎1  and 𝑥𝑞2,1

𝑎2  that stem from the primary and 

secondary constellations, respectively, are obtained from lookup tables 𝐿𝑇𝑃𝑟𝑚(∙) 

and 𝐿𝑇𝑆𝑒𝑐(∙). The aforementioned lookup tables will return a null value in instances 

where potential candidate symbols that do not meet the prescribed Euclidean distance 

criterion and these null values will be ignored in the subsequent application of the 

detection algorithm.  

Thereafter, the entries in symbol vectors in 𝒛𝑗
𝑎1 and 𝒛𝑗

𝑎2  undergo a CR mapping 

process in order to generate valid primary and secondary symbol pairs. These 

2(𝑛𝑐 +1) symbol pairs are considered the most probable estimates of the symbol pair, 

emitted from the transmit antenna pair 𝑗, and are represented as follows: 

𝑿𝑗
𝑎1 = [{𝑥𝑞1.1

𝑎1  𝜔𝑆𝑒𝑐(𝑥𝑞1.1
𝑎1 )} … {𝑥𝑞1.𝑛𝑐+𝟏

𝑎1  𝜔𝑆𝑒𝑐 (𝑥𝑞1.𝑛𝑐+1
𝑎1 )}] (B.12) 

𝑿𝑗
𝑎2 = [{𝜔𝑃𝑟𝑚(𝑥𝑞2.2

𝑎2 ) 𝑥𝑞2.1
𝑎2 } … {𝜔𝑃𝑟𝑚 (𝑥𝑞2.𝑛𝑐+𝟏

𝑎2 ) 𝑥𝑞2.𝑛𝑐+1
𝑎2 }]  

where 𝑿𝑗
𝑎1 and 𝑿𝑗

𝑎2 each contain 𝑛𝑐 + 1  candidate symbol pairs, 𝜔𝑆𝑒𝑐(∙) maps a 

primary input symbol to the corresponding secondary symbol and 𝜔𝑃𝑟𝑚(∙) maps a 

secondary input symbol to the corresponding primary symbol.  

4.2 Stage Two: Maximum Likelihood Detection 

In stage 2, the ML detector in (B.4) is employed over the reduced search space of 

2𝑐(𝑛𝑐 + 1) combinations of transmit antenna pair and most probable transmitted 

symbol pair estimates in order to yield a final estimate as follows: 

[�̂�, 𝑞] = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑘,𝑾𝑗

(‖𝒉𝑘
′𝑾𝑗‖𝐹

2
−2𝑅𝑒{𝒚𝐻𝒉𝑘

′𝑾𝑗})  
 

(B.13) 

where 𝑾𝑗 ∈ [𝑿𝒋
𝑎1𝑒𝑗𝜃𝒋 ∪ 𝑿𝒋

𝑎2𝑒𝑗𝜃𝒋]. 
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5. Computational Complexity Analysis 

The computational complexity of the proposed ZF-ML GSM-CR detection scheme, 

ML GSM-CR, ML GSM and SV GSM detectors are computed in this section. The 

computational complexity will be formulated in terms of the number of complex 

additions and multiplications required for the detection of the active transmit antenna 

pair and transmitted symbol pair, similar to the approach adopted in [18, 19]. 

5.1 Maximum Likelihood GSM-CR Detector 

The computational complexity of the ML GSM-CR detector was not addressed in [7], 

however this issue will be thoroughly investigated in this paper. Considering the ML 

detection rule in (B.4), the first term ‖𝒉′𝑘 𝑿𝑞‖𝐹
2
 may be expressed as ‖𝒉′𝑘 ‖𝐹

2‖𝑿𝑞‖𝐹
2
. 

The  ‖𝒉′𝑘 ‖𝐹
2  operation requires 2𝑁𝑟  complex multiplications and zero complex 

additions, and is evaluated for 𝑘 ∈ [1: 𝑐]. Therefore, the computational complexity of 

the operation ‖𝒉′𝑘 ‖𝐹
2 over all possible iterations is 2𝑐𝑁𝑟  complex multiplications and 

zero complex additions. Moreover, the ‖𝑿𝑞‖𝐹
2
 operation entails 2 complex 

multiplications and zero complex additions. Evaluating for 𝑞 ∈ [0: 𝑀 − 1] yields 2𝑀 

complex multiplications and zero complex additions. The multiplication of ‖𝒉′𝑘 ‖𝐹
2 by 

 ‖𝑿𝑞‖𝐹
2
 involves the multiplication of real values and is therefore neglected in this 

complexity analysis. As a result, the computational complexity of the first term in (B.4) 

is given by: 

𝛿𝑀𝐿_𝑡𝑒𝑟𝑚1 = 2𝑐𝑁𝑟 + 2𝑀 (B.14) 

The computational complexity of the second term in (B.4) is obtained by first 

assessing 𝒚𝐻𝒉′𝑘 . This operation involves 2𝑁𝑟  complex multiplications and 2(𝑁𝑟 − 1) 

complex additions. Evaluating over 𝑘 ∈ [1: 𝑐] requires  4𝑐𝑁𝑟 − 2𝑐  complex 

operations. 

Thereafter, the multiplication of 𝒚𝐻𝒉′𝑘 by 𝑿𝑞  can be observed to require two complex 

multiplications and one complex addition. Computing 𝒚𝐻𝒉′𝑘 𝑿𝑞   over 𝑘 ∈ [1: 𝑐] and 

𝑞 ∈ [0:𝑀 − 1] yields a complexity of 3𝑐𝑀. Therefore, the computational complexity 

of the second term in (B.4) can be expressed as: 
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𝛿𝑀𝐿_𝑡𝑒𝑟𝑚2 = 4𝑐𝑁𝑟−  2𝑐 + 3𝑐𝑀 (B.15) 

Summing (B.14) and (B.15) yields the total computational complexity of ML-based 

GSM-CR detection: 

𝛿𝐺𝑆𝑀−𝐶𝑅 𝑀𝐿 = 6𝑐𝑁𝑟 + 2𝑀 − 2𝑐 + 3𝑐𝑀  (B.16) 

5.2 Maximum Likelihood GSM Detector 

The ML detection rule for GSM and GSM-CR is given by the common expression in 

(B.4). Therefore, the complexity formulated in (B.16) is also applicable to ML GSM 

schemes. It should be noted that (B.16) differs from the complexity expression 

presented in [6]. This can be attributed to the fact that [6] formulates the computational 

complexity based on alternate non-simplified representation of the GSM ML detection 

rule, which differs in comparison to (B.4). 

5.3 Signal Vector GSM Detector 

The SV GSM detector was described in section 3.2. The generation of the ℓ most likely 

estimates of transmit antenna pair in (B.5) and (B.6) is first considered. As in [18, 19], 

the complexity associated with the 𝑎𝑟𝑔𝑠𝑜𝑟𝑡  operation in (B.5) is ignored. Inspecting 

the computation of δ𝑗 in (B.6), the vector dot product operation 〈𝒉𝑗
′′ , 𝒚〉 requires 𝑁𝑟 

complex multiplications and 𝑁𝑟− 1 complex additions, the ‖𝒉𝑗
′′‖

𝐹
 operation involves 

𝑁𝑟 complex multiplications and zero complex additions, and the calculation of ‖𝒚‖𝐹 

requires 𝑁𝑟 complex multiplications and zero complex additions. Therefore, 

evaluating δ𝑗  for 𝑗 ∈ [1: 𝑐] yields a computational complexity of 4𝑐𝑁𝑟 − 𝑐. Note that 

the ‖𝒚‖𝐹 and ‖𝒉𝑗
′′‖

𝐹
 operations produce real value outputs and therefore the 

complexity of multiplying ‖𝒚‖𝐹  by ‖𝒉𝑗
′′‖

𝐹
 is not considered. Moreover, it follows that 

the product ‖𝒚‖𝐹 ‖𝒉𝑗
′′‖

𝐹
 is a real value and therefore the complexity associated with 

dividing 〈𝒉𝑗
′′ , 𝒚〉 by this real value quantity is not considered. 

The computation of ∅𝑗  in (B.6) for 𝑗 ∈ [1: 𝑐] can be shown to entail 𝑐 complex 

multiplications and zero complex additions, where the complexity of the 𝑎𝑟𝑐𝑐𝑜𝑠  

function is ignored. Summing all the aforementioned complexity contributions yields 
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the total complexity associated with the generating the ℓ most likely estimates of 

transmit antenna pair: 

𝛿ℓ_𝑎𝑛𝑡= 4𝑐𝑁𝑟 (B.17) 

The complexity of transmitted symbol estimation in (B.7) is considered next. The 

complexity associated with the calculation of 𝜔𝑗𝑐𝑎𝑛 is ignored in view of the fact that 

〈𝒉𝑗𝑐𝑎𝑛
′′ , 𝒚〉 and ‖𝒉𝑗𝑐𝑎𝑛

′′ ‖
𝐹
 were previously computed in (B.6), and that the division by 

the real quantity ‖𝒉𝑗𝑐𝑎𝑛
′′ ‖

𝐹

𝟐
 does not contribute to the complexity. The evaluation of 

(B.7) for ℓ symbol estimates over 𝑞 ∈ [0: 𝑀 − 1] requires ℓ𝑀 complex mutiplications 

and ℓ𝑀 complex additions. Therefore, the complexity associated with the generation 

of ℓ symbol estimates is given by: 

𝛿ℓ_𝑠𝑦𝑚 = 2 ℓ𝑀 (B.18) 

Lastly, we assess the complexity associated with obtaining the final estimate of 

transmit antenna pair and transmitted symbol in (B.8). The evaluation of  

‖𝒚 − 𝒉𝑗𝑐𝑎𝑛
′′ 𝑥𝑞

𝑗𝑐𝑎𝑛‖
𝐹

  for one combination of estimated transmit antenna pair and 

transmitted symbol entails 2𝑁𝑟  complex multiplications and 𝑁𝑟 complex additions. It 

follows that the evaluation of (B.8) over ℓ combinations of estimated transmit antenna 

pair and transmitted symbol carries an associated complexity of: 

𝛿𝐹𝑖𝑛𝑎𝑙 = 3ℓ𝑁𝑟 (B.19) 

Summing (B.17), (B.18) and (B.19) yields the total computational complexity of SV-

based GSM detection: 

𝛿𝐺𝑆𝑀 𝑆𝑉 = 4𝑐𝑁𝑟 +2ℓ𝑀 + 3ℓ𝑁𝑟 (B.20) 

5.4 Zero-Forcing Maximum Likelihood GSM-CR Detector 

The computational complexity of the zero-forcing detector applied in stage one of the 

ZF-ML scheme is first assessed.  Consider the formulation of the pseudo inverse 

matrix 𝒉𝑗
† = (𝒉𝑗

′𝐻𝒉𝑗
′)
−1
𝒉𝑗
′𝐻  in (B.9). The 𝒉𝑗

′𝐻𝒉𝑗
′ operation requires 4𝑁𝑟  complex 
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multiplications and 2𝑁𝑟 − 2 complex additions. The outcome of the 𝒉𝑗
′ 𝐻𝒉𝑗

′ operation 

is a 2 × 2 matrix of the following form: 

𝒉𝑗
′𝐻𝒉𝑗

′ = [
𝑎 𝑏
𝑐 𝑑

] (B.21) 

where 𝑎 and 𝑑 represent real numbers and 𝑏 and c are complex numbers. 

Taking into account the structure of (B.21) and applying the well-known 

identity [
𝑎 𝑏
𝑐 𝑑

]
−1

=
1

𝑎𝑑−𝑏𝑐
[
𝑑 −𝑏
−𝑐 𝑎

], it can be shown that the matrix inverse 

operation  (𝒉𝑗
′𝐻𝒉𝑗

′)
−1

 operation requires three complex multiplications and zero 

complex additions. Assessing the multiplication of  (𝒉𝑗
′𝐻𝒉𝑗

′)
−1

  by 𝒉𝑗
′𝐻 , which is the 

last step in calculating the pseudo inverse matrix,  reveals that 4𝑁𝑟  complex 

multiplications and 2𝑁𝑟  complex additions are needed. Summing the aforementioned 

complexity contributions yields the following complexity for generating a single 

pseudo inverse matrix: 

𝛿𝑝𝑠𝑒𝑢𝑑𝑜 = 12𝑁𝑟 +1 (B.22) 

Finally, the 𝒉𝑘
†𝒚 operation in (B.9) is considered, which entails 2𝑁𝑟  complex 

multiplications and 2𝑁𝑟 − 2 complex additions. Summing these complexity 

contributions with (B.22) yields a complexity of 16𝑁𝑟 – 1 for one iteration of (B.9). 

The rule in (B.9) is evaluated for 𝑗 ∈ [1: 𝑐] and therefore the total computational 

complexity of the zero-forcing operation is given by: 

𝛿𝑍𝐹 = 16𝑐𝑁𝑟 − 𝑐  (B.23) 

The mapping operations utilised in (B.10), (B.11) and (B.12) represent one-to-one 

mappings and do not impose any additional complexity [19]. Therefore, the 

computational complexity of the first stage of ZF-ML is given by (B.23). 

The second stage detection rule described in (B.13) is considered next. It is noted that 

the computational complexity of the ML GSM-CR detector has already been evaluated 

in (B.16).  Therefore, the complexity of the second stage can be attained by replacing 
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𝑀 in (B.16) with the reduced transmitted symbol pair search space, of size 2(𝑛𝑐 +1), 

derived from stage one. This yields the following: 

𝛿 𝑀𝐿 = 6𝑐𝑁𝑟 + 4𝑛𝑐 +6𝑐𝑛𝑐 +4𝑐 + 4  (B.24) 

Summing (B.23) and (B.24) yields the total computational complexity of the ZF-ML 

GSM-CR detector: 

𝛿𝑍𝐹−𝑀𝐿 = 22𝑐𝑁𝑟 +4𝑛𝑐 +3𝑐 + 6𝑐𝑛𝑐 +4   (B.25) 

The expression in (B.25) clearly shows that the computational complexity of ZF-ML 

is independent of the order of digital modulation technique employed in GSM-CR. 

6. Performance and Computational Complexity Comparison 

The trade-off between the computational complexity and BER performance of the 

various detection schemes is assessed in this section. 

6.1 Computational Complexity 

In this section, the computational complexity of the various GSM and GSM-CR 

detection schemes will be compared. The complexity expressions derived in sections 

5.1 to 5.4 are evaluated for the  𝑁𝑡× 4 64QAM configuration and a graphical and 

numerical representation of results are presented in Figure B.2 and Table B.1, 

respectively. 

 

Figure B.2 Computational Complexity of Various Detection Schemes  
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Table B.1: Computational Complexity Comparison of Various Detection Schemes 

 ML 

GSM 

ML 

GSM-CR 

ZFML 

𝑛𝑐 = 2 
GSM-CR 

ZFML 

𝑛𝑐 = 4 
GSM-CR 

ZFML 

𝑛𝑐 = 8 

GSM-CR 

SV 

GSM 

𝑙 = 3 

3 × 4 64QAM 556 556 218 250 314 452 

4 × 4 64QAM 984 984 424 480 592 484 

6 × 4 64QAM 1840 1840 836 940 1148 548 

8 × 4 64QAM 3552 3552 1660 1860 2266 676 

 

Table B.1 shows that the proposed ZF-ML GSM-CR detector operates at a 

significantly lower complexity as compared to the ML GSM and ML GSM-CR 

detection schemes. In particular, for the 3× 4 64QAM configuration, computational 

complexity reductions of up to 60%, 55% and 43% are observed when the ZF-ML 

detector, with respective 𝑛𝑐 configurations of 2, 4 and 8, is compared to both the ML 

GSM and ML GSM-CR detectors. Understandably, the complexity of the ZF-ML 

GSM-CR detector increases with higher values of 𝑛𝑐. It will be demonstrated in 

section 6.2 that the lower complexity obtained by smaller values of 𝑛𝑐 is offset by 

reduced BER performance. 

Table B.1 also shows that for certain configurations, ZF-ML operates at a lower 

computational complexity as compared to the SV GSM detector. It should be noted 

that the SV GSM detector with ℓ = 3 has been selected based on its low complexity 

and near-ML BER performance capabilities, which were demonstrated in [12]. For the 

3 × 4 64QAM configuration, computational complexity reductions of 51%, 44% and 

30% are observed when the ZF-ML detector with respective 𝑛𝑐 values of 2, 4 and 8 is 

compared to the SV GSM detector. On the other hand, for the 8 × 4  64QAM 

configuration, increased computational complexity by 145%, 175% and 235% is 

observed when the ZF-ML detector with respective 𝑛𝑐 values of 2, 4 and 8 is compared 

to the SV GSM detector.  



72 
 

In order to investigate the circumstances under which ZF-ML operates at a higher 

computational complexity than SV GSM, the following inequality corresponding to 

(B.25) being greater than (B.20) may be constructed as follows:  

22𝑐𝑁𝑟 + 4𝑛𝑐 + 3𝑐 + 6𝑐𝑛𝑐 + 4  >  4𝑐𝑁𝑟 +2ℓ𝑀 + 3ℓ𝑁𝑟  (B.26) 

Considering the specific system parameters of Table B.1 with 𝑙 = 3, 𝑁𝑟 = 4 and 𝑀 =

64 and substituting these in (B.26) yields: 

75𝑐 + 4𝑛𝑐 +6𝑐𝑛𝑐 > 416 (B.27) 

From (B.27) it can be deduced that for the 𝑁𝑡× 4 64QAM GSM-CR system, the ZF-

ML detector configured with 𝑛𝑐 = 8 will function at a higher computational 

complexity in instances where more than one information bit is conveyed in the spatial 

domain. This outcome is confirmed by the results presented in Table B.1. It will be 

demonstrated in section 6.2 that the increased computational complexity of the ZF-

ML detector under the aforementioned circumstances is traded-off by its far superior 

BER performance as compared to the SV GSM detection scheme.  

Another notable observation from Table B.1 is that the SV GSM detector operates at 

a lower complexity as compared to the ML GSM and ML GSM-CR detectors. In 

particular, for the 8 × 4 64QAM configuration, the SV GSM detector reduces 

computational complexity by 81% when compared to the ML GSM and ML GSM-CR 

detection schemes. 

6.2 Performance Comparison 

In this section, the average BER of the various GSM and GSM-CR detection schemes 

will be compared. Monte Carlo simulations were performed under the following 

assumptions: i.i.d. Rayleigh flat fading channel with AWGN, as defined in section 2.1; 

full channel knowledge at the receiver; antennas at the transmitter and receiver are 

separated wide enough to avoid correlation and the total transmit power is the same 

for all transmissions. 
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Figure B.3 Average BER - 4x4 64QAM GSM and GSM-CR Configurations 

 

 

 

 

 

 

 

 

 

 

Figure B.4. Average BER - 6x4 64QAM GSM and GSM-CR Configurations   
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Figures B.3 and B.4 show the average BER of various GSM and GSM-CR detection 

schemes for the 4 × 4 64QAM and 6× 4 64QAM configurations, respectively. Both 

Figures B.3 and B.4 demonstrate that for 4× 4  64QAM and 6 × 4  64QAM, ML 

GSM-CR outperforms ML GSM by 4 dB and 5 dB, respectively, at a BER of 10-5.  

This outcome is in accordance with the trends observed in [7]. Moreover, Figures B.3 

and B.4 reconfirm trends observed in [12] where the SV GSM detector closely matches 

the average BER of ML GSM over the entire range of SNR values. 

Figures B.3 and B.4 also demonstrate that the average BER of the ZF-ML GSM-CR 

detector is linked to the value of 𝑛𝑐, where larger values of 𝑛𝑐 yield improved BER 

performance. In particular, the ZF-ML GSM-CR detector configured with 𝑛𝑐 = 8 

obtains near-ML BER performance. The value of 𝑛𝑐 utilised in ZF-ML determines the 

number of most probable transmitted symbol pair candidates, which are input to the 

ML detector in the second stage of ZF-ML. The consideration of a greater number of 

most probable transmitted symbol pair candidates enhances the probability of correct 

detection in the second stage of ZF-ML, which leads to improved BER performance. 

However, the utilisation of higher values of 𝑛𝑐 and the subsequent attainment of 

improved BER performance is traded-off by increased computational complexity, as 

highlighted in section 6.1. 

Another notable observation from Figures B.3 and B.4 is that for the 4 × 4 64QAM 

and 6 × 4 64QAM configurations, ZF-ML with  𝑛𝑐 = 8 achieves gains of 4 dB and 5 

dB, respectively, at a BER of 10-5, when compared to ML GSM. Based on the 

aforementioned BER performance characteristics and computational complexity 

results presented in section 6.1, it is evident that the ZF-ML GSM-CR detector, 

configured with 𝑛𝑐 = 8, offers a two-fold benefit of enhanced BER performance and 

reduced computational complexity when compared to the ML GSM detection scheme.  

Moreover, Figures B.3 and B.4 show that for the 4× 4 64QAM and 6× 4 64QAM 

configurations, the ZF-ML GSM-CR detector, configured with 𝑛𝑐 = 8, offers gains of 

4 dB and 5 dB, respectively, at a BER of 10-5, when compared to the SV GSM 

detection scheme. However, these significant gains are traded-off by higher 

computational complexity, as shown in section 6.1 
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7. Conclusion 

In this paper, we have proposed the ZF-ML GSM-CR detector, which has low 

computational complexity that is independent of the order of digital modulation 

employed. Complexity and performance comparisons between the ZF-ML GSM-CR 

detector and popular GSM and GSM-CR detection schemes revealed that for the 𝑁𝑡 ×

4 64QAM configuration: i) the ZF-ML GSM-CR detector reduced the computational 

complexity at the receiver by up to 60% and achieved similar BER performance in 

comparison to the ML GSM-CR detection scheme; ii) the ZF-ML GSM-CR detector 

demonstrated a two-fold benefit of reduced computational complexity at the receiver 

and significant gains, as compared to the ML GSM detection scheme. In particular , 

ZF-ML configured with two candidate symbols per initial symbol estimate reduces the 

receiver complexity by up to 60% whilst ZF-ML configured with eight candidate 

symbols per initial symbol estimate achieves gains of up to 5 dB, at a BER of 10-5, 

when compared to the ML GSM detector; iii) the ZF-ML GSM-CR detection scheme 

achieved gains of up to 5 dB, at a BER of 10 - 5, as compared to the SV GSM detector, 

at the expense of increased computational complexity. In particular, for configurations 

that encoded more than one information bit in the spatial domain, the ZF-ML GSM-

CR detector was found to increase computational complexity at the receiver by up to 

235% as compared to the SV GSM detection scheme. 
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Abstract 

This paper proposes a generalised spatial modulation with dual constellation 

reassignment (GSM-DCR) technique, which is geared towards improving the overall 

spectral efficiency of generalised spatial modulation with constellation reassignment 

(GSM-CR). By encoding an additional information bit in the signal domain, GSM-

DCR effectively increases the overall spectral efficiency by 1 bit/s/Hz when compared 

to equivalent GSM-CR and GSM schemes. A framework for the design of GSM-DCR 

is presented. Moreover, an analytical bound for the average bit error rate (BER) of 

GSM-DCR over independent and identically distributed (i.i.d.) Rayleigh flat fading 

channels is derived, and the accuracy of this bound is verified by Monte Carlo 

simulation results. A comparison between various GSM-DCR, GSM-CR and 

generalised spatial modulation (GSM) schemes, which employ equivalent system 

configurations, reveals the following: i) in all cases, GSM-DCR improves spectral 

efficiency by 1 bits/s/Hz as compared to both GSM-CR and GSM; ii) for the 6 × 4 

64QAM configuration, GSM-DCR exhibits reduced performance of 2 dB, at a BER of 

10-5, as compared to GSM-CR. However, this performance degradation is traded-off 

by the enhanced spectral efficiency of 1 bit/s/Hz attained by the GSM-DCR scheme; 

iii) for the 6× 4 64QAM configuration,  GSM-DCR can achieve gains of  2.5 dB, at 

a BER of 10-5, when compared to GSM. 
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1. Introduction 

Multiple-input multiple-output (MIMO) techniques offer significant enhancements in 

data rate, quality of service and spectral efficiency, as compared to single antenna 

systems [1]-[4]. As a result, MIMO techniques have been incorporated into several 

next generation wireless communication standards such as IEEE 802.11n, IEEE 

802.16e, and 3GPP long-term evolution (LTE) [5, 6]. Amongst the plethora of 

proposed MIMO techniques, spatial modulation (SM) has emerged as an excellent 

candidate due to its ability to convey information in both the spatial and signal domains 

[7]-[9]. Moreover, SM employs a single active transmit antenna within a particular 

timeslot, and is therefore not prone to the inter-antenna synchronisation (IAS) and 

inter-channel interference (ICI) issues that plague conventional MIMO schemes [7]-

[9]. 

The single active transmit antenna architecture of SM poses a limitation to the number 

of information bits that can be encoded in the spatial domain, and ultimately the 

achievable spectral efficiency. Generalised spatial modulation (GSM) [10] is an 

extension to the SM scheme, which employs multiple active transmit antennas in order 

to improve the achievable spectral efficiency. However, for configurations with the 

same number of transmit antennas, the bit error rate (BER) performance of GSM is 

limited and degraded as compared to SM [10].  

Significant research has been conducted towards improving the error performance of 

GSM systems. Notable recent developments include, inter alia: i) generalised spatial 

modulation with constellation reassignment (GSM-CR) in [11] that employs the 

constellation reassignment (CR) [12] technique in conjunction with GSM. The CR 

technique maximises the minimum Euclidean distance between transmitted symbol 

pairs, thereby improving BER performance; ii) heuristic methods for antenna 

combination selection in GSM systems are proposed in [13] in order to improve the 

symbol error rate (SER) performance; iii) GSM signal constellations based on 

multiplicative groups of Eisenstein integers are proposed in [14], where the proposed 

constellations yield improved BER performance; iv) a BER performance enhanced 

high-rate generalised spatial modulation (HR-GSM) scheme, which is tailored for  M-

ary phase shift keying (MPSK) signal constellations, is proposed in [15].  
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The GSM-CR scheme is particularly promising due to its inherent ability to achieve 

gains of up to 5 dB, at a BER of 10−5, when compared to GSM, whilst maintaining 

computational complexity equivalent to that of GSM [11, 16]. However, GSM-CR 

only permits two active transmit antennas during a particular timeslot. This limits the 

number of bits that can be encoded in the spatial domain, and therefore the overall 

spectral efficiency attainable. 

In this paper, we propose a generalised spatial modulation with dual constellation 

reassignment (GSM-DCR) technique, which is geared towards improving the overall 

spectral efficiency of GSM-CR. The GSM-DCR technique can be viewed as an 

extension to conventional GSM-CR.  Similar to the GSM-CR scheme, GSM-DCR uses 

the CR technique [12] to maximise the minimum Euclidean distance between 

transmitted symbol pairs. However, a key difference between GSM-CR and GSM-

DCR is that the former generates a transmitted symbol pair based on a single pair of 

signal constellations, whereas the latter uses one of two possible signal constellation 

pairs in order to generate a transmitted symbol pair. The GSM-DCR technique uses an 

additional information bit to select between the two possible signal constellation pairs, 

thus improving spectral efficiency by 1 bit/s/Hz when compared to GSM-CR. As a 

result, GSM-DCR improves the spectral efficiency of GSM-CR without requiring the 

use of higher order digital modulation techniques or imposing additional transmit 

antenna requirements. To the best of the author’s knowledge, utilising the active signal 

constellation pair as an information bearing unit is a novel concept, which has yet to 

be explored within the context of either GSM or CR systems.  

Note, the following important differences exist between GSM-CR and the proposed 

GSM-DCR technique: In conventional GSM-CR, the active transmit antenna pair 

index and transmitted symbol pair are used to convey information. GSM-DCR on the 

other hand utilises the active transmit antenna pair index, the active signal constellation 

pair and the transmitted symbol pair as information bearing units. Moreover, in GSM-

CR there exists a single pair of bit-to-signal constellation mappers, whilst in GSM-

DCR two pairs of bit-to-signal constellation mappers are employed. 

The remainder of the paper is structured as follows: Section 2 presents the GSM-DCR 

system model. Section 3 outlines design principles for GSM-DCR. Section 4 
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formulates an analytical bound for the average BER of GSM-DCR over independent 

and identically distributed (i.i.d.) Rayleigh flat fading channels. Section 5 presents 

Monte Carlo simulation results and discussion. Finally, the paper is concluded in 

section 6. 

1.1 Notation 

Bold italics upper/lower case symbols denote matrices/vectors, while regular letters 

represent scalar quantities. We use ⌊∙⌋, (∙)𝑇, (∙)𝐻, 𝐸[∙], |∙| and ‖∙‖𝐹 for the floor, 

transpose, Hermitian, expectation, Euclidean norm and Frobenius norm operations, 

respectively. 

2. System Model 

The basic idea behind GSM-DCR is to map a stream of input bits to a pair of transmit 

antenna (spatial domain) and a pair of symbols emanating from one of two possible 

signal constellation pairs (signal domain). The spatial domain mapping is equivalent 

to that performed in conventional GSM-CR or GSM configured with two active  

transmit antennas. 

The signal domain mapping on the other hand, is a two-stage process. Stage one entails 

selecting one of two possible signal constellation pairs. A particular signal 

constellation pair comprises either primary and secondary or primary and dual signa l 

constellations. The primary constellation, denoted by  𝑿𝑃𝑟𝑚, corresponds to a Gray-

coded M-ary quadrature amplitude modulation (MQAM) signal constellation, and the 

secondary constellation, denoted by 𝑿𝑆𝑒𝑐 , is generated by assigning symbols with 

adjacent points in the primary constellation to non-adjacent points in the secondary 

constellation and vice versa, in accordance with the CR technique [12].  

The dual constellation, denoted by  𝑿𝐷𝑢𝑎𝑙, is generated by rotating the secondary 

signal constellation by 180 degrees. Given that the dual constellation is merely a 

rotated version of the secondary signal constellation, the minimum Euclidean distance 

between transmitted symbol pairs emanating from either the primary and secondary or 

primary and dual signal constellations is identical. The primary, secondary and dual 

signal constellations for 16QAM and 64QAM GSM-DCR configurations are 
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contained in Appendix C-1. It should be noted that the primary and secondary signal 

constellations of GSM-DCR are equivalent to those used in GSM-CR. 

In stage two of the signal domain mapping process, a pair of MQAM symbols is  

generated based on the signal constellation pair obtained from stage one. Thereafter, 

the selected transmit antenna pair simultaneously transmits the pair of MQAM 

symbols over a wireless channel. At the receiver, a maximum likelihood (ML) detector 

is utilised for the joint detection of the following three information bearing units: the 

active transmit antenna pair, signal constellation pair and transmitted symbol pair.  

Thereafter, a de-mapping process is undertaken for the recovery of the original input 

bits. 

2.1 Transmission 

Consider an 𝑁𝑡× 𝑁𝑟 MQAM GSM-DCR system model shown in Figure C.1, where 

𝑁𝑡 refers to the number of transmit antennas, 𝑁𝑟 is the number of receive antennas and 

M is the order of the QAM employed. The GSM-DCR scheme conveys information 

via the spatial and signal domains. The spatial domain comprises all possible 

combinations of transmit antenna pairs. The number of usable transmit antenna pair 

combinations within the spatial domain must be a power of two and is given 

by 𝑐 = 2𝑚𝑙, where 𝑚𝑙 = ⌊𝑙𝑜𝑔2 (
𝑁𝑡
2
)⌋.  The signal domain on the other hand consists 

of two subsets of M symbol pairs, namely (𝜔1  𝜔2|𝜔1 ∈ 𝑿
𝑃𝑟𝑚, 𝜔2 ∈ 𝑿

 𝑆𝑒𝑐) 

and (𝜔1  𝜔3|𝜔1 ∈ 𝑿
𝑃𝑟𝑚,𝜔3 ∈ 𝑿

𝐷𝑢𝑎𝑙),  𝜔𝑖 , 𝑖 ∈ [1:3], are the component MQAM 

symbols of a particular symbol pair. It therefore follows that the signal domain 

contains a total of 2M possible symbol pair combinations.  
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Initially, a stream of 𝑚𝑇 = 𝑙𝑜𝑔2𝑐 + 𝑙𝑜𝑔2𝑀+1 random bits are input to the GSM-

DCR mapper, which performs a mapping function in accordance with a predefined 

table known at both the transmitter and receiver. A sample mapping table for a 3 × 𝑁𝑟 

16QAM GSM-DCR system is provided in Appendix C-2. The first 𝑙𝑜𝑔2𝑐 input bits 

are mapped to a transmit antenna pair index 𝑘, and the next input bit to the constellation 

index 𝑣, which determines whether the primary and  secondary or the primary and dual 

signal constellation pair is utilised. 

The remaining 𝑙𝑜𝑔2M bits are assigned to a pair of MQAM symbols 𝑥𝑞 and �̃�𝑣,𝑞, where 

𝑞 ∈ [0:𝑀 − 1] is the decimal equivalent of the 𝑙𝑜𝑔2M input bit sequence and the index 

identifying the transmitted symbol pair, and �̃�𝑣,𝑞 ∈ 𝑿𝑆𝑒𝑐  for 𝑣 = 0 or �̃�𝑣,𝑞 ∈ 𝑿𝐷𝑢𝑎𝑙 for 

𝑣 = 1. 

The outcome of the spatial and signal mapping processes can be expressed as follows: 

 

 

𝒙𝑘,𝑣,𝑞 = [0  𝑥𝑞 …… �̃�𝑣,𝑞……0  0]𝑒
𝑗𝜃𝒌  

 

(C.1) 

where 𝑘1 and 𝑘2 ∈ [1:𝑁𝑡] are active transmit antennas from the 𝑘𝑡ℎ transmit antenna 

pair. 𝐸 {|𝑥𝑞|
2
} =  𝐸 {|�̃�𝑣,𝑞|

2
} = 1. 𝜃𝑘  denotes the rotation angle applied to the symbol 

pair [𝑥𝑞   �̃�𝑣,𝑞]
𝑇

 that is emitted from transmit antenna pair 𝑘. The process for generating 

appropriate rotation angles will be described in section 3.3. 

The symbols 𝑥𝑞 and �̃�𝑣,𝑞 are then simultaneously transmitted from their respective 

transmit antennas 𝑘1 and 𝑘2 over the 𝑁𝑟 × 𝑁𝑡 MIMO channel 𝑯, and are subjected to 

𝑁𝑟 dimensional additive white Gaussian noise (AWGN) 𝒏. The received signal vector 

is therefore given by: 

𝒚 = √
𝜌

2
𝑯𝒙𝑘,𝑣,𝑞 + 𝒏 (C.2) 

 

1𝑠𝑡  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  𝑘2
𝑡ℎ  𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  

𝑘1
𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  𝑁𝑡

𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  

 



85 
 

where 𝒚 is the 𝑁𝑟 × 1 dimensional received signal vector.  𝑯 =

 [𝒉1 𝒉2 …𝒉𝑎 . . . 𝒉𝑁𝒕 ] and 𝒉𝑎  is the 𝑁𝑟 × 1 dimensional  vector corresponding to 

transmit antenna 𝑎.  𝜌 is the average signal-to-noise ratio (SNR) at each receive 

antenna. 𝒏 and 𝑯 have i.i.d. entries according to the complex Gaussian distribution 

𝐶𝑁(0,1). 

Alternatively, the received signal vector may be represented as follows: 

𝒚 = √
𝜌

2
𝒉𝑘
′ 𝑿𝑣,𝑞 + 𝒏 (C.3) 

where 𝑿𝑣,𝑞 = [𝑥𝑞     �̃�𝑣,𝑞 ]
𝑇
𝑒𝑗𝜃𝒌  is the transmitted symbol pair subjected to a 

predefined rotation angle 𝜃𝒌  and 𝒉𝑘
′ = [𝒉𝑘1 𝒉𝑘2] is an 𝑁𝑟 × 2 dimensional channel 

matrix corresponding to the active transmit antenna pair 𝑘. 

2.2 Maximum Likelihood Detector 

The following ML rule is applied for the joint detection of the active transmit antenna 

pair, the signal constellation pair and transmitted symbol pair: 

[�̂�, �̂�, 𝑞] = 𝑎𝑟𝑔𝑚𝑎𝑥
𝑘,𝑣,𝑞

𝑝𝑦(𝒚|𝒙𝑘,𝑣,𝑞 ,𝑯)  (C.4) 

= 𝑎𝑟𝑔𝑚𝑖𝑛
𝑘,𝑿𝑣,𝑞

(‖𝒉𝑘
′ 𝑿𝑣,𝑞‖𝐹

2
− 2𝑅𝑒{𝒚𝑯𝒉𝑘

′ 𝑿𝑣,𝑞}) 
  

where  𝑝𝑦 (𝒚|𝒙𝑘,𝑣,𝑞 ,𝑯) = 𝜋
−𝑁𝑟𝑒𝑥𝑝 (‖𝒚 − √

𝜌

2
𝒉𝑘
′ 𝑿𝑣,𝑞‖

𝐹

2

) is the probability density 

function of 𝒚 conditioned on 𝑯 and 𝒙𝑘,𝑣,𝑞 , 𝑘 ̂is the estimated active transmit antenna 

pair index, �̂� is the estimated signal constellation index, and  𝑞 is the estimated 

transmitted symbol pair index.  

The estimates �̂�, �̂� and 𝑞 are then input to the GSM-DCR demapper, which uses a 

mapping table to reproduce the corresponding 𝑚𝑇 input bit sequence. 

3.  System Design 

The principal objective of GSM-DCR system design is to maximise the minimum 

distance between transmitted signal vectors, and in so doing improve BER 
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performance. The three dimensional constellation space of GSM-DCR warrants the  

adoption of a hybrid distance metric that reflects both the spatial and signal domain. 

Due to their similarities in terms of system models, the following hybrid minimum 

distance metric proposed for GSM-CR in [11] is also applicable in the context of GSM-

DCR: 

𝑑𝑚𝑖𝑛 =

argmin

𝑘,𝑣, 𝑞

𝑘,̂ �̂�, �̂�
𝑞 ≠ �̂�

{√𝛿𝑘�̂�
2 + |𝑥𝑞𝑒

𝑗𝜃𝑘 − 𝑥 �̂�𝑒
𝑗𝜃𝑘|

2
+ |�̃�𝑣,𝑞𝑒

𝑗𝜃𝑘 − �̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
}

 (C.5) 

where 𝑑𝑚𝑖𝑛 is the minimum distance between transmitted between signal vectors 𝒙𝑘,𝑣,𝑞 

and  𝒙�̂�,�̂�,�̂� and  𝒙𝑘,𝑣,𝑞 ≠ 𝒙�̂�,�̂�,�̂� . 𝛿𝑘�̂� is defined as the number of non-overlapping indices 

between antenna pairs 𝑘 and  �̂�. For example, consider a 4× 𝑁𝑟 GSM-DCR 

configuration with (
4
2
) possible transmit antenna pair groupings  휀1 = (1 1 0 0), 휀2 =

(1 0 1 0), 휀3 = (1 0 0 1), 휀4 = (0 1 1 0), 휀5 = (0 1 0 1) and 휀6 = (0  0 1 1) , where 

1 and 0 represent the respective active and idle state of a particular transmit antenna. 

Then we have  𝛿1,4(휀1, 휀4 ) = 2 and 𝛿1,6(휀1, 휀6 ) = 4. 

3.1 Spatial Constellation Optimisation 

The maximisation of 𝑑𝑚𝑖𝑛 in (C.5) may be attained by maximising, inter alia, the 

term 𝛿𝑘�̂�
2
. The maximisation of 𝛿𝑘�̂�

2
 is implemented by selecting transmit antenna 

pairs such that overlapping transmit antenna indices are avoided to the greatest extent 

possible. Selecting transmit antenna pairs with overlapping indices is not desirable as 

it leads to an increase of the linear dependence probability of channel space, which is 

the principal cause of active transmit antenna pair index detection error [11, 17]. 

Practical examples demonstrating the design of optimised spatial constellations are 

provided in [11]. It should be noted that GSM-CR and GSM-DCR systems employ 

identical spatial constellations and therefore all design principles and examples 

presented in section 3.1 of [11] are directly applicable to the GSM-DCR scheme. The 

optimised transmit antenna pair groupings for various GSM-DCR configurations are 

provided in Appendix C-3.  
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3.2 MQAM Signal Constellation Optimisation 

The maximisation of 𝑑𝑚𝑖𝑛 in (C.5) is also underpinned by the ability to maximise the 

terms |𝑥𝑞𝑒
𝑗𝜃𝑘 −𝑥 �̂�𝑒

𝑗𝜃𝑘|
2
+ |�̃�𝑣,𝑞𝑒

𝑗 𝜃𝑘 − �̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
. The CR technique generates a 

secondary signal constellation by assigning symbols with adjacent points in the 

primary constellation to non-adjacent points in the secondary constellation and vice 

versa [12]. This maximises the minimum Euclidean distance between transmitted 

symbol pairs emanating from the primary and secondary signal constellations, and 

therefore maximises the expression |𝑥𝑞𝑒
𝑗𝜃𝑘 −𝑥 �̂�𝑒

𝑗𝜃𝑘|
2
+ |�̃�𝑣,𝑞𝑒

𝑗𝜃𝑘 − �̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
 , by 

specifically maximising the term |�̃�𝑣,𝑞𝑒
𝑗 𝜃𝑘 − �̃��̂�,�̂�𝑒

𝑗𝜃𝑘|
2
. 

The dual constellation is generated by rotating the secondary signal constellation by 

180 degrees. In light of the fact that the dual constellation is merely a rotated version 

of the secondary signal constellation, the minimum Euclidean distance between 

symbol pairs emanating from either the primary and secondary or primary and dual 

signal constellations is identical. Therefore, maximisation of the term |�̃�𝑣,𝑞𝑒
𝑗𝜃𝑘 −

�̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
and the subsequent maximisation of |𝑥𝑞𝑒

𝑗𝜃𝑘 −𝑥 �̂�𝑒
𝑗𝜃𝑘|

2
+ |�̃�𝑣,𝑞𝑒

𝑗𝜃𝑘 −

�̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
  is ensured. 

Generating a transmitted symbol pair based on a primary and secondary or primary 

and dual signal constellation pair, yields a minimum Euclidean distance between 

transmitted symbol pairs which is greater than that attained in conventional GSM. This 

is the foremost reason why GSM-DCR exhibits enhanced BER performance as 

compared to conventional GSM. However, the introduction of the dual constellation 

in GSM-DCR, and the subsequent utilisation of two possible signal constellation pairs, 

has a negative impact on BER performance. As a result, GSM-DCR exhibits reduced 

performance when compared to GSM-CR, which only utilises a single constellation 

pair comprising primary and secondary signal constellations. An illustrative example 

will be used to substantiate the aforementioned. Consider the 16QAM GSM-DCR 

configuration that uses signal constellations associated with the same spatial 

constellation point and where no rotation angle is applied, as shown in Figures C.2a 

and C.2b.  



88 
 

Figure C.2a shows that for the adjacent symbol pair [𝑥0 �̃�𝑣,0] and [𝑥4 �̃�𝑣,4], a minimum 

Euclidean distance of 𝑑𝑝𝑟𝑖 =
2

√10
  occurs between 𝑥0 and 𝑥4 in the primary signal 

constellation. With regard to the secondary signal constellations, it can observed that 

�̃�0,0 and �̃�0,4 are separated by 𝑑𝑠𝑒𝑐 =
4

√10
 . For the dual constellation, it can be seen 

that and �̃�1,0 and �̃�1,4 are separated by 𝑑𝑑𝑢𝑎𝑙 =
4

√10
. However, closer inspection of 

Figure C.2b reveals that the use of the secondary constellation in conjunction with the 

dual constellation creates an additional likely source  of error, where a symbol �̃�0,𝑞 in 

the secondary constellation may be incorrectly decoded as its counterpart �̃�1,𝑞 in the 

dual constellation and vice versa. In this specific example �̃�0,0 in the secondary 

constellation and its counterpart �̃�1,0 in the dual constellation are separated by a 

Euclidean distance of 𝑑sec _𝑑𝑢𝑎𝑙 =
√8

√10
= 0.89, which is smaller as compared to both 

𝑑𝑠𝑒𝑐 and 𝑑𝑑𝑢𝑎𝑙. Therefore, the effective minimum Euclidean distance between 

adjacent symbol pairs can be considered to be 𝑑𝑝𝑟𝑖+ 𝑑sec _𝑑𝑢𝑎𝑙 = 
2+√8

√10
= 1.53. Note 

that in the case of GSM-CR which only employs primary and secondary signal 

constellations, the minimum Euclidean distance between adjacent symbol pairs will 

be given by 𝑑𝑝𝑟𝑖+𝑑sec = 
6

√10
= 1.90.  

In section 3.2 of [11] it was demonstrated that for GSM, the minimum Euclidean 

distance of 
4

√10
= 1.26  occurs between adjacent symbol pairs, whereas the minimum 

Euclidean distance between adjacent symbol pairs in the case of GSM-CR is 
6

√10
=

1.90. Hence, it can be concluded for systems with identical antenna configurations , 

order of modulation and spatial constellation, GSM-DCR would exhibit improved and 

reduced BER performance when compared to GSM and GSM-CR, respectively. 
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Figure C.2a 16QAM Primary Signal Constellation 

 

 

 

 

 

 

 

 

 

 

Figure C.2b 16QAM Secondary and Dual Signal Constellations  
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3.3 Rotation Angle Optimisation 

An inspection of the terms |𝑥𝑞𝑒
𝑗𝜃𝑘 − 𝑥�̂�𝑒

𝑗𝜃𝑘|
2
+ |�̃�𝑣,𝑞𝑒

𝑗𝜃𝑘 − �̃��̂�,�̂�𝑒
𝑗𝜃𝑘|

2
  in (C.5) 

reveals that 𝑑𝑚𝑖𝑛 may also be maximised through the application of suitable rotation 

angles 𝜃𝑘  and 𝜃�̂� to either the primary and secondary or primary and dual signal 

constellation pairs. The hybrid distance metric in (C.5) does not permit the derivation 

rotation angles for MQAM systems with 𝑀 > 4 and therefore an exhaustive search 

via computer simulation will be employed [17]. 

The following high level process for generating rotation angles, via computer 

simulation, was proposed for GSM-CR in [11] and is also applicable in the context of 

GSM-DCR systems: 

i. Given that 𝑐 possible transmit antenna pair groupings have been generated, 

select a subset 𝒄𝑛𝑜𝑣 of transmit antenna pairs that contain non-overlapping 

entries. Note that transmit antenna pairs contained in 𝒄𝑛𝑜𝑣 should satisfy the 

criterion 𝛿𝑘�̂�  
2 = 4. 

ii. Set the rotation angle 𝜃𝑖 = 0 for  𝑖 ∈ 𝒄𝑛𝑜𝑣. 

iii. Generate a subset 𝒄𝑜𝑣 comprising all valid transmit antenna pairs not containe d 

in 𝒄𝑛𝑜𝑣. 

iv. Determine the rotation angles 𝜃𝑖  for 𝑖 ∈ 𝒄𝑜𝑣 by computing the maximisation 

problem  𝑑𝑚𝑎𝑥  =  
𝑎𝑟𝑔𝑚𝑎𝑥{𝑑𝑚𝑖𝑛}

0 < 𝜽𝒄𝑜𝑣 < 2𝜋
, where 𝜽𝒄𝑜𝑣 is the set of rotation angles to 

be optimised and 𝑑𝑚𝑖𝑛 has been defined in (C.5).  

 

The rotation angles applicable to the primary, secondary and dual signal constellations 

for various GSM-DCR configurations are contained in Appendix C-3.  

4. BER Performance Analysis 

In this section, an analytical bound for the average BER of GSM-DCR over i.i.d.  

Rayleigh flat fading channels is presented. In general, GSM-DCR comprises an active 

transmit antenna pair index detection process and a transmitted symbol pair detection 

process. For the purpose of this analysis we assume that the transmitted symbol pair 

detection process entails the implicit detection of the signal constellation pair. 
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In accordance with the approaches adopted in [7, 11, 18], the transmit antenna pair 

index and transmitted symbol pair detection processes are considered to be 

independent.  Therefore, the average BER of GSM-DCR may be approximated by [11, 

(A.6)]: 

𝑃𝑒 ≅ 𝑃𝑎 +𝑃𝑑 − 𝑃𝑎𝑃𝑑 (C.6) 

where 𝑃𝑐 = (1− 𝑃𝑎)(1 − 𝑃𝑑) is the probability that correct input bits are detected. 𝑃𝑎 

is the bit error probability of estimating the active transmit antenna pair index given 

that the transmitted symbols are correctly detected. 𝑃𝑑 is the bit error probability of 

symbol pair estimation given that the active transmit antenna pair index is correctly 

detected. 

4.1 Analytical BER of Symbol Pair Estimation  

The bit error probability of symbol pair estimation, given that the transmit antenna pair 

index is perfectly detected, was derived for GSM-CR in [11, (A.16)]. The GSM-CR 

and GSM-DCR systems are identical except for their signal domains, where the former 

utilises M possible symbol pair combinations and the later employs 2M possible 

symbol pair combinations. Taking into consideration the aforementioned difference in 

signal domains, the expression in [11, (A.16)] may be adapted to predict the 𝑃𝑑 

performance of GSM-DCR as follows: 

𝑃𝑑 ≤  ∑ ∑  
𝑁(𝑟,�̂�) [

1

4𝑛
𝑀(

1

2
)+

1

2𝑛
∑ 𝑀(

1

2sin2(𝑐𝜋 2𝑛⁄ )
)𝑛−1

𝑐=1 ]

2𝑀 (𝑙𝑜𝑔2𝑀+1 )
2𝑀−1
𝑟̂=0

𝑟̂̂≠𝑟

2𝑀−1
𝑟=0  (C.7) 

where 𝚭𝑟 ∈ [𝑿0,0…𝑿0,𝑞 …𝑿0,𝑀−1] for 𝑟 ∈ [0:𝑀 − 1] and 𝚭𝑟 ∈ [𝑿1,0…𝑿1,𝑞 …𝑿1,𝑀−1]  

for 𝑟 ∈ [𝑀:2𝑀− 1]. 𝑁(𝑟, �̂�) is the number of bits in error between 𝚭𝑟 and 𝚭�̂�. 𝑀(𝑠) =

 ∫
𝑒−𝑠𝑣𝑣𝑁𝑟−1 𝑒−𝑣 2𝜎𝛼

2⁄

(2𝜎𝛼2)𝑁𝑟(𝑁𝑟−1)!

∞

0 𝑑𝑣 = ∫ 𝑒−𝑠𝑣𝑝𝑘(𝑣)
∞

0 𝑑𝑣 = (
1

1+2𝜎𝛼2𝑠
)
𝑁𝑟

and  𝜎𝛼
2 =

𝑝

8
‖(𝑿�̂�,�̂� −

𝑿𝑣,𝑞)‖𝐹
2
. The application of  𝑛 > 10 is necessary to ensure convergence between the 

actual Gaussian Q-function and its trapezoidal approximation [19].  

4.2 Analytical BER of Transmit Antenna Pair Index Estimation 

The bit error probability of transmit antenna pair index estimation, given that the 

transmitted symbol pair is perfectly detected, was derived for GSM-CR in [11, (A.16)]. 
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Since GSM-CR and GSM-DCR employ identical spatial constellations, the analytical 

BER expression in [11, (A.16)] may be used to predict the 𝑃𝑎 performance of GSM-

DCR as follows: 

𝑃𝑎 ≤ ∑ ∑ ∑
𝑁(𝑘, �̂�)𝜇𝛼

𝑁𝑟∑ (𝑁𝑟− 1+ 𝑤
𝑤

)
𝑁𝑟−1
𝑤=0

[1 − 𝜇𝛼]
𝑤

2𝑐𝑀

𝑐

�̂�=1

2𝑀−1

𝑟=0

𝑐

𝑘=1

 (C.8) 

where 𝑁(𝑘, �̂�) is the number of bits in error between transmit antenna pair 𝑘 and �̂� 

and 𝜇𝛼 = 
1

2
(1− √

𝜎𝛼2

1+𝜎𝛼2
) with 𝜎𝛼

2 = (𝜌 8⁄ ) |𝚭𝑟|
2.  

5. Simulation Results 

In this section, the analytical framework presented in section 4 is validated by 

comparing the analytical average BER to the simulated average BER obtained from 

Monte Carlo simulations. Moreover, a BER performance comparison between various 

GSM, GSM-CR and GSM-DCR schemes, with equivalent configurations, is 

presented. The system models for GSM, GSM-CR and GSM-DCR are consistent with 

those defined in [10], [11] and section 2, respectively. 

To ensure a fair comparison, identical spatial domain mappings were used for GSM, 

GSM-CR and GSM-DCR. In particular, the following transmit antenna pair groupings 

were used for the 4 × 𝑁r and 6× 𝑁𝑟  configurations: 

 4 × 𝑁𝑟 – (1,3); (1,4); (2,3) and (2,4) 

 6 × 𝑁𝑟 – (1,2); (3,4); (5,6); (2,3); (4,5); (1,6); (1,3) and (2 4) 

where the numbers within brackets denote transmit antenna indices. 

The Monte Carlo simulations were performed over an i.i.d. Rayleigh flat fading 

channel with AWGN, where the parameters pertaining to the channel and AWGN are 

consistent with those defined in section 2. Furthermore, the Monte Carlo simulations 

were conducted under the following assumptions: full channel knowledge at the 

receiver; antennas at the transmitter and receiver are separated wide enough to avoid 

correlation and the total transmit power is the same for all transmissions. 
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5.1 Analytic and Simulated Average BER Comparison 

Figures C.3 and C.4 show the analytic and simulated average BER for the 4x4 GSM-

DCR and 6x4 GSM-DCR configurations, respectively. In both Figures C.3 and C.4, 

the analytic average BER is observed to closely estimate the simulated average BER 

in the high SNR region. Moreover, the analytic bound for the average BER is observed 

to overestimate the average simulated BER in the low SNR region. This can be 

attributed to the fact that (C.7) and (C.8) are derived based on the union bound 

technique, which is well-known to be inaccurate in the low SNR region.  

 

 

 

 

 

 

 

 

 

 

 

Figure C.3 Analytic and Simulated Average  BER – 4x4 GSM-DCR  
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Figure C.4 Analytic and Simulated Average  BER – 6x4 GSM-DCR 

5.2 Performance Comparison 

Figures C.5 and C.6 show the average BER of GSM, GSM-CR and GSM-DCR for 

various configurations. It can be seen that for systems with identical antenna 

configurations, order of modulation and spatial constellation, GSM-DCR exhibits 

improved BER performance as compared to GSM and degraded BER performance as 

compared to GSM-CR. This can be attributed to the fact that the minimum Euclidean 

distance between transmitted symbol pairs in GSM-DCR is greater as compared to 

GSM and smaller in comparison to GSM-CR. A detailed description of this 

phenomenon was presented in section 3.2. Another notable observation is that for 

equivalent configurations, GSM-DCR is capable of attaining a higher spectral 

efficiency when compared to both GSM and GSM-CR. In particular, GSM-DCR 

improves the overall spectral efficiency by 1 bit/s/Hz as compared to GSM and GSM-

CR, without requiring the use of higher order modulation or imposing additional 

transmit antenna requirements.  
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Figure C.5 shows that GSM-DCR achieves gains of 1.5 dB and 2 dB, at a BER of 10- 5, 

when compared to the 4× 4 16QAM GSM and 4× 4 64QAM GSM configurations , 

respectively. Figure C.6 also demonstrates the enhanced performance of GSM-DCR 

in comparison to GSM, where gains of 1.5 dB and 2.5 dB, at a BER of 10-5, are 

observed for the 6x4 16QAM and 6x4 64QAM configurations, respectively. Based on 

the spectral efficiency and performance characteristics of GSM-DCR, it is evident that 

the proposed scheme is a prominent alternative to GSM. 

Moreover, Figure C.5 shows that GSM-DCR offers degraded performance of 1 dB and 

1.5 dB, at a BER of 10-5, when compared to the 4 × 4 16QAM GSM-CR and 4 × 4 

64QAM GSM-CR configurations, respectively. The degraded performance of GSM-

DCR in relation to GSM-CR is also demonstrated in Figure C.6. When compared to 

GSM-CR, GSM-DCR exhibits degraded performance of 1 dB and 2 dB, at a BER of 

10-5, for the 6 × 4 16QAM and 6× 4 64QAM configurations, respectively. This 

degradation in performance is traded-off by the higher spectral efficiency attained by 

the GSM-DCR technique.  

 

 

 

 

 

 

 

 

 

 

Figure C.5 Average BER – 4x4 Configuration 
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Figure C.6 Average BER – 6x4 Configuration 

6. Conclusion 
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increased spectral efficiency of 1 bit/s/Hz and significant gains when compared to 
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GSM. In particular, for the 6× 4 64QAM configuration, GSM-DCR achieved gains 

of 2.5 dB, at a BER of 10-5, as compared to GSM.   
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Appendix C-1 

 

 

 

 

 

 

 

 

 

Figure C-1.1 16QAM GSM-DCR Primary Signal Constellation 

 

 

 

 

 

 

 

 

 

 

Figure C-1.2 16QAM GSM-DCR Secondary and Dual Signal Constellations  
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Figure C-1.3 64QAM Primary Signal Constellation (real axis) 

 
 

 

 

 

 

Figure C-1.4 64QAM Secondary Signal Constellation (real axis ) 

 

 

 

 

 

 

 

Figure C-1.5 64QAM Dual Signal Constellation (real axis) 
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axis. 
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Appendix C-2 

Table C-2.1 3 × 𝑁𝑟 16QAM GSM-DCR Mapping Table 

 Spatial 

Symbol 

 Constellation Pair Symbol Pair  

Input Bits 𝑘 

Transmit 

Antenna 

Pair 

𝑣 

(P,S) – Primary, 

Secondary 

(P,D) – Primary, 

Dual 

q 𝑥𝑞 �̃�𝑞 

0 0 0 0 0 0 1 (1,2) 0 (P,S) 0 -3+3j 1-j 

0 0 0 0 0 1 1 (1,2) 0 (P,S) 1 -3+j 1+3j 

0 0 0 0 1 0 1 (1,2) 0 (P,S) 2 -3-3j 1+j 

0 0 0 0 1 1 1 (1,2) 0 (P,S) 3 -3-j 1-3j 

0 0 0 1 0 0 1 (1,2) 0 (P,S) 4 -1+3j -3-j 

0 0 0 1 0 1 1 (1,2) 0 (P,S) 5 -1+j -3+3j 

0 0 0 1 1 0 1 (1,2) 0 (P,S) 6 -1-3j -3+j 

0 0 0 1 1 1 1 (1,2) 0 (P,S) 7 -1-j -3-3j 

0 0 1 0 0 0 1 (1,2) 0 (P,S) 8 3+3j -1-j 

0 0 1 0 0 1 1 (1,2) 0 (P,S) 9 3+j -1+3j 

0 0 1 0 1 0 1 (1,2) 0 (P,S) 10 3-3j -1+j 

0 0 1 0 1 1 1 (1,2) 0 (P,S) 11 3-j -1-3j 

0 0 1 1 0 0 1 (1,2) 0 (P,S) 12 1+3j 3-j 

0 0 1 1 0 1 1 (1,2) 0 (P,S) 13 1+j 3+3j 

0 0 1 1 1 0 1 (1,2) 0 (P,S) 14 1-3j 3+j 

0 0 1 1 1 1 1 (1,2) 0 (P,S) 15 1-j 3-3j 

0 1 0 0 0 0 1 (1,2) 1 (P,D) 0 -3+3j -1+j 

0 1 0 0 0 1 1 (1,2) 1 (P,D) 1 -3+j -1-3j 

0 1 0 0 1 0 1 (1,2) 1 (P,D) 2 -3-3j -1-j 

0 1 0 0 1 1 1 (1,2) 1 (P,D) 3 -3-j -1+3j 

0 1 0 1 0 0 1 (1,2) 1 (P,D) 4 -1+3j 3+1j 

0 1 0 1 0 1 1 (1,2) 1 (P,D) 5 -1+j 3-3j 
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0 1 0 1 1 0 1 (1,2) 1 (P,D) 6 -1-3j 3-j 

0 1 0 1 1 1 1 (1,2) 1 (P,D) 7 -1-j 3+3j 

0 1 1 0 0 0 1 (1,2) 1 (P,D) 8 3+3j 1+j 

0 1 1 0 0 1 1 (1,2) 1 (P,D) 9 3+j 1-3j 

0 1 1 0 1 0 1 (1,2) 1 (P,D) 10 3-3j 1-j 

0 1 1 0 1 1 1 (1,2) 1 (P,D) 11 3-j 1+3j 

0 1 1 1 0 0 1 (1,2) 1 (P,D) 12 1+3j -3+j 

0 1 1 1 0 1 1 (1,2) 1 (P,D) 13 1+j -3-3j 

0 1 1 1 1 0 1 (1,2) 1 (P,D) 14 1-3j -3-j 

0 1 1 1 1 1 1 (1,2) 1 (P,D) 15 1-j -3+3j 

1 0 0 0 0 0 2 (1,3) 0 (P,S) 0 -3+3j 1-j 

1 0 0 0 0 1 2 (1,3) 0 (P,S) 1 -3+j 1+3j 

1 0 0 0 1 0 2 (1,3) 0 (P,S) 2 -3-3j 1+j 

1 0 0 0 1 1 2 (1,3) 0 (P,S) 3 -3-j 1-3j 

1 0 0 1 0 0 2 (1,3) 0 (P,S) 4 -1+3j -3-j 

1 0 0 1 0 1 2 (1,3) 0 (P,S) 5 -1+j -3+3j 

1 0 0 1 1 0 2 (1,3) 0 (P,S) 6 -1-3j -3+j 

1 0 0 1 1 1 2 (1,3) 0 (P,S) 7 -1-j -3-3j 

1 0 1 0 0 0 2 (1,3) 0 (P,S) 8 3+3j -1-j 

1 0 1 0 0 1 2 (1,3) 0 (P,S) 9 3+j -1+3j 

1 0 1 0 1 0 2 (1,3) 0 (P,S) 10 3-3j -1+j 

1 0 1 0 1 1 2 (1,3) 0 (P,S) 11 3-j -1-3j 

1 0 1 1 0 0 2 (1,3) 0 (P,S) 12 1+3j 3-j 

1 0 1 1 0 1 2 (1,3) 0 (P,S) 13 1+j 3+3j 

1 0 1 1 1 0 2 (1,3) 0 (P,S) 14 1-3j 3+j 

1 0 1 1 1 1 2 (1,3) 0 (P,S) 15 1-j 3-3j 

1 1 0 0 0 0 2 (1,3) 1 (P,D) 0 -3+3j -1+j 

1 1 0 0 0 1 2 (1,3) 1 (P,D) 1 -3+j -1-3j 

1 1 0 0 1 0 2 (1,3) 1 (P,D) 2 -3-3j -1-j 

1 1 0 0 1 1 2 (1,3) 1 (P,D) 3 -3-j -1+3j 

1 1 0 1 0 0 2 (1,3) 1 (P,D) 4 -1+3j 3+1j 



102 
 

1 1 0 1 0 1 2 (1,3) 1 (P,D) 5 -1+j 3-3j 

1 1 0 1 1 0 2 (1,3) 1 (P,D) 6 -1-3j 3-j 

1 1 0 1 1 1 2 (1,3) 1 (P,D) 7 -1-j 3+3j 

1 1 1 0 0 0 2 (1,3) 1 (P,D) 8 3+3j 1+j 

1 1 1 0 0 1 2 (1,3) 1 (P,D) 9 3+j 1-3j 

1 1 1 0 1 0 2 (1,3) 1 (P,D) 10 3-3j 1-j 

1 1 1 0 1 1 2 (1,3) 1 (P,D) 11 3-j 1+3j 

1 1 1 1 0 0 2 (1,3) 1 (P,D) 12 1+3j -3+j 

1 1 1 1 0 1 2 (1,3) 1 (P,D) 13 1+j -3-3j 

1 1 1 1 1 0 2 (1,3) 1 (P,D) 14 1-3j -3-j 

1 1 1 1 1 1 2 (1,3) 1 (P,D) 15 1-j -3+3j 
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Appendix C-3 

Table C-3.1 GSM-DCR Transmit Antenna Pair Groupings and Rotation Angles for 

Various Configurations 

  Rotation angles applicable to primary 

and secondary or primary and dual 

signal constellation pairs 

Antenna 

Configuration 

Transmit 

Antenna Pair 

16QAM 64QAM 

4× 𝑁𝑟   (1,3) 0 0 

(1,4) 𝜋 4⁄  𝜋 4⁄  

(2,3) 𝜋 4⁄  𝜋 4⁄  

(2,4) 0 0 

 

6× 𝑁𝑟   

 

(1,2) 0 0 

(3,4) 0 0 

(5,6) 0 0 

(2,3) 𝜋 3⁄  𝜋 6⁄  

(4,5) 𝜋 3⁄  𝜋 6⁄  

(1,6) 𝜋 3⁄  𝜋 6⁄  

(1,3) 2𝜋 3⁄  𝜋 3⁄  

(2,4) 2𝜋 3⁄  𝜋 3⁄  
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1. Conclusion and Future Work 

1.1 Conclusion 

The principal contributions and outcomes presented in this thesis may be summarised 

as follows: 

Paper A proposed a BER performance enhanced GSM scheme, termed GSM-CR.  

Monte Carlo simulation results demonstrated that for 9 bits/s/Hz transmissions, GSM-

CR was capable of achieving gains of 5 dB and 4 dB, at a BER 10−5, when compared 

to GSM and SM, respectively. In addition, a framework for the design of GSM-CR 

systems was presented. An analytical bound for the average BER of GSM-CR over 

i.i.d. Rayleigh flat fading was also derived, and the accuracy of bound was verified by 

Monte Carlo simulation results.  

Paper B proposed a ZF-ML GSM-CR detection scheme, which has low computational 

complexity that is independent of the order of digital modulation technique employed. 

Complexity and performance comparisons between the ZF-ML GSM-CR detector and 

popular GSM and GSM-CR detection schemes revealed that for the 𝑁𝑡 × 4 64QAM 

configuration: i) the ZF-ML GSM-CR detector reduced the computational complexity 

at the receiver by up to 60% and achieved similar BER performance in comparison to 

the ML GSM-CR detection scheme; ii) the ZF-ML GSM-CR detector demonstrated a 

two-fold benefit of reduced computational complexity at the receiver and significant 

gains, as compared to the ML GSM detection scheme. In particular, certain ZF-ML 

configurations reduced receiver complexity by up to 60% or achieved gains of up to 5 

dB, at a BER of 10-5, when compared to the ML GSM detector; iii) the ZF-ML GSM-

CR detection scheme achieved gains of up to 5 dB, at a BER of 10-5, as compared to 

the SV GSM detector, at the expense of increased computational complexity. In 

particular, for configurations that encoded more than one information bit in the spatial 

domain, the ZF-ML GSM-CR detector was found to increase computational 

complexity at the receiver by up to 235% as compared to the SV GSM detection 

scheme. 

Paper C proposed a GSM-CR scheme with enhanced spectral efficiency, termed GSM-

DCR. GSM-DCR improves the overall spectral efficiency of equivalent GSM-CR and 



108 
 

GSM schemes by 1 bit/s/Hz through encoding an additional information bit in the 

signal domain. A framework for the design of GSM-DCR systems was presented. 

Moreover, an analytical bound for the average BER of GSM-DCR over i.i.d. Rayleigh 

flat fading channels was derived and the accuracy of the bound was verified by Monte 

Carlo simulation results. A comparison between various GSM-DCR, GSM-CR and 

GSM schemes, which employed equivalent system configurations, led to the following 

findings: i) GSM-DCR improved spectral efficiency by 1 bits/s/Hz as compared to 

GSM-CR. This spectral efficiency improvement was traded-off by the reduced 

performance of GSM-DCR in relation to GSM-CR. In particular, for the 6× 4 

64QAM configuration, GSM-DCR exhibited reduced performance of 2 dB, at a BER 

of 10-5, as compared to GSM-CR; ii) GSM-DCR offered a two-fold benefit of 

increased spectral efficiency of 1 bit/s/Hz and significant gains when compared to 

GSM. In particular, for the 6× 4 64QAM configuration, GSM-DCR achieved gains 

of 2.5 dB, at a BER of 10-5, as compared to GSM. 

1.2 Future Work 

Future research initiatives are envisaged in the following areas: 

i. Further investigate the performance of GSM-CR and GSM-DCR under 

generalised correlated and uncorrelated fading channel conditions. 

ii. Extension of the GSM-CR and GSM-DCR schemes in order to incorporate 

MPSK and star QAM signal constellations. 

iii. Explore the application of GSM-CR or GSM-DCR in conjunction with 

hierarchical QAM with a view of effectively and efficiently serving 

multimedia-type applications. 

iv. Derive closed form average BER expressions for GSM-CR and GSM-DCR as 

opposed to the current analytical framework which utilises bounds. 


