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Abstract

This thesis documents a study of the pedagogical content knowledge (PCK) of Rwandan grade
six mathematics teachers, as demonstrated through tests and through their teaching, and its

relationship to |l earning, as indicated by i
first exploration of its kind into the pedagogical content knowleddg@wandan mathematics
teachers and its relationship to their conteividedge, teachingnd t hei r | ear ner s

Five research questions guided the research:

o How do Rwandan grade six learners perform on a standardized mathematics test, and what
learning gains do they achieve over the course of grade six?

o What is the level of declarative knowledge, in particular content knowledge and PCK, of
Rwandan grade sie#achers?

0 What is the nature and extent of the practical PCK9se##0n2.3.2) of grade six teachers?

o How do teachers' content knowledge, detiae PCK and practical PCK relate to each other,
and to background factors such as education,secinomic status and teaching experience?

oHow do | earnersd background factors and teas
t o | e ar nmeentgains avar thae ceuvse of grade six?

The study was positioned in the context of teacher knowledge. As PCK has not been clearly
defined in the literature, the notionMathematical Knowledge for Teachings utilized.

To a large extent, the study replied three previous studies carried out in South Africa and
Botswana, which enabled comparison of the results across these studies. This study included a
detailed analysis of the teaching practices which were documented, which was not included in
the othe studies. For this purpose, a framework of descriptors was developed. This framework
represents a theoretical contribution to this field of study.

In terms of the methodology of the study, the research tools included a teacher test, a teacher
guestionnag, video recording of lessons, learner questionnaires and learmangpostests.

The sample was chosen through stratified random sampling, and included 20 teachers from
different schools in Rwanda, and 638 learners. The data were collected duing 201

The analysis of the learner gesst indicated that the Rwandan grade six learners performed well,
in particular on the SACMEQ numeracy level designatdmhag numeracyin addition, they
demonstrated significantly greater improvements in their¢ests by the end of grade six than
their counterparts in the South African studies.

The teachersd PCK test scores were positive
The results suggest that Rwandan teachers are more skilled in unpackingatieshermereas



South African teachers are more skiBothed i n
groups of teachers displayeontent knowledgdifficulties within some areas

The analysis of vidececorded lessons indicated that most of theqgaaiting teachers accessed

| earnerso prior knowledge but di d-feedbatk use i
domi nat ed, potential |y -esteanaPRractices|wlich havefbeent i n g
found, in research, to be effective facilitating learning were observed during some lessons,

such as sharing of seat work and giving process feedback. Other effective practices, such as
making connections and linking content, were observed infrequently during the lessons, which
may highlightan area where intervention would be beneficial.

Completion of osthej ob trai ning was positively <corre
demonstrated practical PCK, such as mat hemat
education was only signifant in terms of its correlation to the types of feedback teachers
provide: teachers who had completed some tertiary education before their teacher training never
used task/product feedback.

Only two background f act or easignficantearelatiatos 6 | i
their learning gain: learners who were roughly the expected age for grade six, and learners who
attended private schools, achieved greater learning gains. Learning gains did not correlate to
teacher so6 decl aesalhay\dié corkelat® wo aspegte of mactical PCK
observed during the lessons: learning gains were lower in classes where teachers were observed
less frequently engaging content connections (p<0.01), and higher in classes where teachers
were obsenvd more frequently engaging tasks (p<0.1). It appeared that teachers addressing

| earnersd misconceptions individually might
(p=0.048).

The main contributions which this study has made to this area afchs@e as follows: the
development and testing of a descriptimstrumentfor PCK as demonstrated in teaching;
documentation of teaching practices in Rwandan mathematics classes, which suggests variation
in practical PCK across teachers; the finding Bwaandan learners have good mastetyasic
numeracyby grade six and achieve substantial learning gains in mathematics during grade six;
and the tentative finding that PCK as demonstrated in teaching, with the few exceptions
mentioned above, does noti@ated with learning.

The study does not claim to have developed the ultimate language of description for practical
PCK in mathematics education, and further refinement of the desci#iuenenideveloped

in this study is recommended. The study alsises questions about the reasons for the
differences in teaching and learner performance noted across different African countries, which
could be a valuable area for further research.

Vi
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1 BACKGROUND, PROBLEM FORMULATION AND AIMS

1.1 Introduction

After completing myundergraduatelegreeand being appointed astutorial assistantor
mathematicatthe former Kigali Institute of Education, currently knowrtlasUniversity of
Rwanda (College of Education), | became aware that we had relatively few studeh&sdwho
chose to study mathematics. The prevalent explanation was that matbensatifficult
compared to other subjects. This challenged regpéorewhether the subject itself was really
more difficult than other subjectsr whether their perception of it hamething to do with
how it is taught in Rwanda.found that there walittle data on this topjand ultimatelyl
decided tursue &hD program in Mathemati&ducation in order to interrogate the nature
and quality of mathematics teaching in the country.

Fortunately | obtained a scholarship from the Government of Ra3EAR to undertake
doctoral studies in South Africa, which helped meptosue my goal obtudying the
pedagogical coent knowledge of Rwandan grade siwathematics teachersis
manifestations in teachirand its relatiorisip to learning.

| believe thathe topic | havehaosenis significant not only for Rwanda but also for the region
andeven, morgenerallyat the international level. Thisdue in part to the fact thidaesoco-
economic and contextual factoedating to thistudy differfrom tho® inmost of the existing
research conducted in this domdihese includeulturalaspectsuch asheimpact of culture
on teacher8 behavour in the classroom, otheir attitudes towards learning andn the
relationdipsbetween the learners themsel(®sadfoot, Alexande& Phillips, 1999) On a
personal level, as a teacher mysalthough thestudywas focussed oRwandan grade six
mathematics teachespecifically,it has contributed to my existing knowledgpecifically
with regard to the role gfedagogical contentnbwledge (PCK)also called knowledge of
content andtsdents (KCS), in classroom teaching situations.

During my literature review could find no previous study dhis kind which hd been
conducted in Rwanda. This stutlyus contrilotes new insights into th&knowledge and
practices ofRwandan grade simathematics teachers, which may be of value not tnly
Rwandabut tothe region in generallhe Rwandan education sectovuld benefit from the
findingsand recommendatiora this stidy, shouldit wish to reviewits current initiatives to
educate and developathematics teachers



1.2 Context of the study

Formaleducatioris believed to have be@mtroduced in Rwandaround 1900in Rwanda, the

t e rformabeducatiodrefers to preschoqglprimary schools (gradest), secondary schools
(gradesr-12) and universitiedVhile nursery schools are generally manatigdughp ar ent s 0
initiatives the latter thre@recontrolled by the national Ministry of Education. The first three
levels of theeducation system listed above faltarthree categories, namely: private, state
owned and semindependent schoalssuch as religious schools which receive public funding

In this study, the categoriessihite owned and sefimdependent schootseconsidered to be

public schools.

To pass from primary to secondary schapiade sixlearnes are requiredto sit for a
compulsory national examination. In grade nine all leammeist sit foranother national exam

to determine theisubject specialisati@n State schools are free for all children up to grade
twelve inlinewithRwanda 6 s c oedotationfoeait t o O

Although mathematics has beegiven statusthroughRwand a6 s procl ai med
constructinga knowledgebased economyewer studentsre acceptedor mathematics or
scienceprogrammest universitythanfor programmedn thehumanities and artsecausef

the high rate of failure inational mathematics examinations at all le{fIENEDUC, 2003)

African countriesin generalface achdlenge regarding the language of instructiortheir

schools. Frequentlthe languagef instructionisn ot t he | ear n dhiscdn mot he
havea negative i mpact on | ear nerasdGhusuon tharr st an ¢
performance. Thisias beerwell documentedn the case oBouth Africa(Christiansen &
Aungamuthu, 2012; Gerber, Engelbrecht, Harding, & Rogan, 2005; Setati, Chitera, & Essien,
2009) In Rwanda, Kinyarwanda is the language used for teachiriggthe first three years

of primary education and then from grade four this changes to a European lafgoiaghe

end of RwanddpyGermany hnd Belgmmantil 2aD8this was French, but in

2008 the language of instruction for the higher gradeschanged to Engligahigi, 2008;

MINEDUC, 2013) This implies thatvhengrade sidearners sit for theational examination

that paves the way tagh schoolwhich is given in Englisithey have only hathree yearsf

instruction in EnglishThisapplies tomathematicas well.

The internationaMillennium Development @alsfor educatiorare anothefactor influencing

the Rwandan education systdRwanda is committed to the international development targets
for education such aeducation for all(EFA) (MINEDUC, 2003) which commits to
compulsory and freprimary educatiofior each and every childlthough the objectives are
commendablepracticelags behind because of insufficient infrastructure and other basic
needsas well asnadequatéraining to enabléeachesto handle the challenge mitroducing



English as the medium of instructiINEDUC, 2010) Due to this fact, some parentsave

been concerned that their childreayhave beepromoted to the next grade without sufficient
knowledgeor adequate preparatitwecauséhe teachers fountdimpossible to cover all of the
required contentThis issue hadeen highlighted byschollar (2008) who argues thaif

learners are routinely promoted from one grade to the next without having mastered the content
and foundational competences of preceding grdaeg will face an increasingognitive
backlog that progressively inhibits theacquisition of more complexompetenciesin

Rwanda the extent of this practice, the type of teaalseg inschools and learndyearning

before the national examinatibas not beemterrogated before the present study.

1.3 Statement of the research problem

The main research questiwhich this studyexploress:

What types and levels of pedagogical contennkwledge (PCK) are usd by Rwandan
mathematics grade sixteachers, and how are these related to their own content
knowl edge, their teaching and their | earner

The hypothesis was that the R©f Rwandan mathematics grade sacherds positively
correlatedo their content knowledge, theirteachisgn d t hei r | earner s6 ac

The main research question has been subdivided into the following researcmguestio

1. How do Rwandan grade dearners perform on a standardized mathematics test and
what learning gairtsare ackeved over the course of gradeix

2. What is the level of declarative knowledge, in particular content letyel and PCK,
of Rwandan grade sbeachers?

3. What is the nature and extenttbé practical PCK of the grade seachers?

4. How do teachersé content knowl edge, decl
each other, and to background factors such as educatiornesociomic status and
teachhg experience?

5. How do |l earner so background factors an
knowl edge r eleaminggainsovelthe aourseefrgmad® six

| have focused on grade snathematics lessons in order to find out aboutvgs in whch
teaching andatherfactors influencdearnes performanceAs dscussedn Section4.3, my

overall choice to focus on PCK, as well as my choice of research approach, was informed by
a constructivist perspective on learnimpe choice of grade level wagade in order to enable

lLearning gai no tihse suisse dt a hrreofuegrh otuot tthhei sdi f f eteste nce i n
compared to the prest. | am aware of the problem of labelling this as a learning gain, as it is based on two test
performances only, but found no better term, hence thisreatpla footnote. See also Section 5.5.



comparison with previoustudiesconductedn South Africa and Botswan@ungamuthu,
Bertran, Christiansen, & Mthiyane, 2010; Carndyhisholm, &Chilisa, 2012) as well as
with the SACMEQ studiegHungi et al., 2010) all of which have focused on grade.s
Hence, his study attempts, in part, teplicae thesestudes in the sense thahave usedhe
same test and research approachesit with the addtion of a more researeimformed
instrument for interrogating the PCK of teachers

1.4 Aims

The major an of this study was to determine the types and levels &f BICRwandan
mathematics grade steachers and to examine hdiis relates to their content knowledge,
theirteachingash t heir | earnersé achievements.

The subaims of the study were to:

1 Provide acritical commentary on mathematics teaching in Rwanda, with the potential
to inform practices around teacher education and development,

1 Enable a comparisowith equivalent studiefrom Southern Africa(Aungamuthu,
Bertram, Chrisiinsen, & Mthiyang2010;Carnoy, Chisholm, & Chilisa, 2012nd
elsewheréSorto, Marshall, Luschei, & Carnoy, 200anhd

1 Contribute to the research on the role of PCK in teaching and learning.

While no study of this kindhas beerlone in Rwandareviously researchers have paogok to
theneedfost udi es on teachersd PCK and its |inks
will be unpacked further in later chapters of this thesis and b&aoe.reason is théthere is

little empirical analysisto help policy makers understarithie low level ofl ear ner s o
performance in schools or how to improvédarnoy & Chisholm, 2008)

On the one hand, positiveonnectonshave been found between me
performance on tests of PCK and manetwo | ear
developed contexts. On the atlhand, in developing countrig®e links between mathematics
teachersdé6 performance on tests of PCK and
Province of South Africa and Botswana) remain weak (see litergviesvin Chapter 3 As

| will discuss later, many of these studies do not engage the practical PCK of teachers in detall,
making the practices ofteaching 6 b | acnk tbhoex inder standing of |
knowl edge and .Thesathisnstidy smprovieseoar rinfoimedgunderstanding of

the role of teachersd knowledge in facilita
its results withthe outputs ofother studies done in different contexts and with different
instruments of masurement, and by unpacking the link between knowledge and classroom
practice.



1.5 Outline of the research process

Thestudy commenceith January 2013irst, | piloted my learner test to interrogate if the test
would be able to capture a spread in perforragyice., not be consistently too easy or too hard

for the majority of learner8ased ora simple analysis of the piloted learner testivised
someofthetestquestiors t he anal ysis showed that some
level of skilland competencie3he final version of théest was almogtlenticalto the test

used in therevious studies conductedSiouth African andBotswana.

Around the end of January 2013dtainedauthorization to collect data for my research from

the Rwanda Ministry of Education. After getting thiauthorization, | visited the Rwandan

Nati onal Pr i mar Yffice odbbtaio ihnfermation ongthe Bations @and secio
economic classifications tfie schooldn my target area®uring the same peripditraveled

around the country to establish first contact \pitkential research sitéSome schools rejected

my requestteacherst theseschools seemeahcomfortable witthaving their lessons video
recorded. The fact that | had hegotiate accessith schoolrepresentativesyho were not

always available, requiregte to make more than two visits some schoolduring these
visitslalsohad t o meet t he | eiafornmteemsldout myesearaends i n o
obtain theirconsenfortheirc hi | dr en &6 s p sedrch.dhug, bldarinen fulsandn t h e
how time consuming gaining access to data collection sites tends to be.

Datacollection started in the firsteek of February 2013. | startedth therural schooldirst.

Collecting datavasnot a simple task becauabeach school | had to oversee the completion

of learner questionnaires, learner tests, teacher questionnaires and teacher tests, as well as
coll ect parent sd c ons e iiallorfthe sameday #pohe schoalse 0 r e «
it went well, but in mostased had to come back thfellowing dayto completethe video

recordingof a lesson

Rwandabés transition from t he hasdeen a dificult | an gt
process not only for learners but alsp feachers. | was often requested to translate some
guestions forespondent®n both the tests and questionnaires. It may also have proven

difficult for some teachers to teach a lesson in English in front of a video camera, and at least

one teacher cuthé lesson short because of this problem. This same teacher struggled
substantially to complete the questionnaire and test, with the result thatimhpessible to

gaugehis actual knowledge. In the end, this teacher was excluded from the sample, bringing

the number of teachers tested ddvam 20 to 19.

| used the period between April and Septemb
At the same time taptured the data fromhe r esponses to both | e
guestionnairesDuring October and November 2013onductedmy second phase of data



collection duringwhich | gave the learn@osttest.DuringDecember 2013 | cedithe learner
posttest anccaptured the dataom mysecondohase of data collection.

After completingdata ctlection andcapture immid-February 2014, | started itcterrogate the
data A considerable amount of time was taken up by analysing video recorded &esthens
werefew instrumentsvailable(Ball, Thames, & Phelps, 2008; Ramdhany, 2Q&é0heasure
mat hemat i cs Ifoend thditlee exssting ifsi@ukentdealt withtheoretical PCK
and looked at teaching in ways that | did not feel were satisfactorily connected tqIPCK.
explain my reasons falevelopng my own instrumenin greaér detail insection 4.7) Hence,

my own instrument waslevelopedhrough a iterativeprocess of applying theategoried

had generatetb the video datd had recordedadjusting the categories, and so on, until no
further adjustments wedeemed necessy.

In April 2015 I worked with a statistician to completefinal level of analysis andcompleted
thefirst draftof this thesisThe indings included in this thesigere obtained throughdeep
analysiswhich involved makingudgments while analysg the video recorded lessormd
making compaison and evaluatins while analysing my quantitative data. While | was
manipulating thedata and doing some preliminary analysis in 2014, the outmiitained

from my dataenabled me to produce severeseach papersTo datel have produced four
papers from my data analysis, in collaboration with my supervisor. Two of them have been
published(Maniraho & Christiansen, 2012016) and two othersare under reviewvith
different journals.

In the subsequesection | will explain how the chapters of this thesis@ganised

1.6 Structure of thesis chapters

This thesis isstructuredas follows:

Chapter 1 dealsmainly with the background to the study, the problem statement, aims of this
research andtructure othe documentlt alsoprovides aimeline of the study.

Chapter 2 describes the conceptual frameworks used in this study. The frameworks described
are essentially engaging mappings of t each
knowledge in particula Discrepancies between different frameworks are engaged, and
clarification of terms used in this study presented.

Chapter 3 provides a literature review which was doreséd on the existing theories of
pedagogical content knowleddimking their significance to this study.



Chapter 4 explains the methodologysed in the studyncluding methods fodata sampling,

data gatheringsheckingvalidityandt he i nstr ument which was deve
pedagogical content knowledge. Tinethods used fahe statisticabnalysis otthe dataare

alsodetailed here.

Chapter 5 presents the analysid data collected fronh e a r n e, designed tee rsetissire
learning gainThus, it provides the background for answering the first research question.

Chapters6 and 7bot h deal with teachersd knowl edge
declarative and practical knowledge respectivetys provides the background for answering
the second, third and fourth research questions.

Chapter 8 exdores the correlations beeve n 61 eaandnghegai ea@arner so
variabl es, teachersd declarative knowl edge
Thus, it provides the background for answering the fifth research question.

Chapter 9, the final chaptepresend thecoreconclusion®f this studybased on thindings.
It alsodiscusseghe contributios this thesismakesto the existingbody ofknowledgeon this
subject limitations of tle study andecommendationtor future research.



2 CONCEPTUAL FRAMEWORK

2.1 Introduction

In this chapter | present the conceptual framework which has informed the concepts and
instruments useth this study. The frameworitescribedn this chapters the ond used to
conduct myanalyss of the selecte®®CK subcategories using thieleorecorded lessons and
other kindg of data gathered for this aim. In thispect, the conceptual framewdnksedhas

helped me tarrive at answer® myfive research questionsientioned irSectionl.3

This chaptercoversfour mainsectiors. After this short introductionl will explore factors

affecting learnindSection2.2)by f ocusing on teachersdo wor k |
study, the analysisf datahighlighted how some of those factors influenteadningin grade

six mathematic¢essons in Rwand&Vhen a teacher is teaching, ihis/her role tavork with

the intention to create a classroom environnwgrith is conducive to learninghis requires

him/her to take into consideration all the elememitich make uphe classroom learning
environment aneénsure that thework togetheharmoniouslyto facilitatelearning.

In the nextsection(2.2), | review thefactors affecting learning/learner performaaoel PCK

research linethat have been developed by different theoristdiscuss thesm relation to

other conceptualizatiorand explainwhy | chosetouss ome of the teacher:
categories and sonRCK elements while leavingthersout The detais cn PCK have been

highlighted in ction2.4. Thefinal sectionof this chapte(2.5) highlightshow | drewon the

work of other scholars to inform my dhe of PCK subcategoriesspecifically KCSandKCT

(Knowledge of Content and Teachingjith links to SCK(Specialized Content Knowdge)

as well as the development of indicators for these categorizations.

2.2 Factors affecting learning

Scholars such agkly (2011)andCarnoy et al(2012)argue thatearnedearningis afunction

of the human and cultural capitabttearnes br i ng t o school, the te
the subject matter (includirtheir use oteacher content knowledgehich includesontent
knowledge, pedagogical knowledge and pedagogical content knowledge), the cognitive
demands teachers makel@dimers in the classroom, the amount of time spent on the subject
matterthatistobetauglftcur ri cul um), the quality of the
and peer conditions the classroorii such asearnes 8ocb-economic background arde

numbe of learnes in the clasgCarnoy et al., 2012)

Based on this understanding, it is obvious that for a learner to learn a number of factors come
into play Figure 21). Some of these are relevant to this study while others are not. Those



which | consideto have relevance have been incorporated intd”@M instrumen{(Table

41) and include process f act Bectiond.§.dlelactarss t e ac
that have been excluded will be discussed at the end aktttisn The framework which |

have developed has been derifrenn the existing theories on teacher knowledge andhen

effects ofteacher knowledgebservedduring leaning activity. The theories that have been

drawn on most heavily are those put forward $iyulman, Ball, Grossman, Kanyongo,
Schreiber and Hattie. All of @#m agree on the point that Content Knowledge and Pedagogical
Knowledge intersect during teaching activity, which then gives rise to the concept of
Pedagogi cal Content Knowledge as a descript:
PCK that teachemre supposed to possess should enable them to transform content knowledge

into forms that are easier for learners to accEggire 21 summarizes the overarching
framework of factors influencing teaching learning outcqreeme of theg such ashehome
environmers of learners and teachers, have been taken into account in this study.

The diagram presented ifigure 2-1 is based on ideas fromiiklyd £2011) work. Its
significance to this study is that it contributes to a better understandimg) @ingeof factors
which must be considered in order to be able to say anything about the effect @hPCK
learning Researclndicateghat there is atrong correlation between learner performance and
socioeconomic factoréBayat, Louw, & Rena, 2014; Okioga)23) Accordingly, thesocic
economic contextas beemaken into accourih this study.

When considering factors,igt easy to make assumption of causality; i.e., that the presence

of certain factors causeertain effects. However, it would be nateeclaim that low socio
economicconditionscauselow performanceamonglearnersi the mechanisms ofacisality

are substantially more complex. Thus, these factors are interrogated in the study to determine
their correlation to learner performandmrit thestudy does not attempt to make a causal link.

As can be seen FFgure 2-1, theoretical pedagogical content knowledge and practical content
knowledge are both assumedirtgpactlearning outcomethrough the practice of teaching
Keeping in mind that thstudy examinethe influence of pedagogical content knowledge on
learnes 6 iesemént andlearnes Gearning isa targeted outcomd could not ignore the
reality that earners can have misaaptions, anchencesome ways of supporting their
learningare preferabldor assising learnersn constructing knowledge.

Both types of PCK are aimed at the acquisition of rfewwledgeor deepening existing
knowledge. PCKthus assumes a perspective on learning which is more in line with
constructivism than behawism. Thisis discussedurtherin Sectior4.2
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f Context \

-Home and community environment
(e.g. educational background of parent
and their support for learning; place to

study at home)

- School environment (Infrastructure
and learning resources)

- Policy environment (Financial suppor
for school; curriculum; school vision)

- Class size

(" Outcomes\

- Social benefits, life
skills

- Academic learning

\ Creativity y
} Vd N }

Process

- Teaching, including

- Teachers' declarative PCh

practical PCK - Teaching resources
- Learners' aptitude - Learner capacity and prior
- Content and implemented knowledge
curriculum - Attitudes towards

k - Pacing ) \ mathematics )

Figure 2-1: Factors which affect teaching learning outcomes

Figure 21 is also based on tlessumptiorthat it is next to impossible féearnesto acquire
new knowledgewithout taking into consigtation the contextof learning In this study, the
contextual aspect includes the educatidrackground of parengsd the support they give to
their children (for examplproviding books to reaar aplace to studyt home), classroom
learning and teaching resources. However, there are some othervdgtbrscholarshave
identified which can influenceteaching and Erning outcomeswhich have not been
considered in this study. €keinclude the attitude of both teachers and learndmvard
mathematics. To have investigated theselld have required additional instrumenisich
are notoriously dificult to adaptto different cultural contextgcf. Andrews & Diego-
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Mantecon, 2015). Others factors were not considered as import#etRwandan context,
such as teacher sd ac c edl®wachemrecdivenzetidalboveager e
from the government.

Before ending thisection | would like to suggest thathwe there has been much focus on
making teaching moréarticipatoryor dearnercentredi a notion whichjn my view, does

little to assistwith developing an understanding of what makes learnippdra existing
research points to other factors as being more important. In particular, curriculum coverage
and high cognitive demand appears to make a difference in mathesdatesior(Mewborn,

2001; Reeves, 2005; Spaull, 20¥Bn der Berg et al., 2Q).

Thefactors mentioned abow influence the methods that teachers use while performing the
work of teachingn one way or anothemn the nexsection | focus in particular on the aspect
of teacher knowledge.

2.3 Teacher knowledge

This sectionwill review the main theories whidiave informed this studgnd the relationship
betweerthem with a focus on pedagogical content knowledge.

2.3.1 Categorizations of teaching knowledge

Normally, teaching is seen #w act othelping alearnerto learn angrogressively function
moreindependentlythis means thai teacheis, in some waya facilitator.

Peoplewho do not teacleften state that good mathematics teaststrould becompetent in
the mathematical computations which they are teactngnsford, Brown, & Cocking,
2000. However, many teachewgho aregoodat performing mathematical proceduree
unable to provide conceptual explanations forgtaredureshey perform Studies in both
North Americaand South Africa have demonstrated that mamyary schooteachers lack
conceptual understanding of the mathematics they are expected tgMeadborn, 2001)
SACMEQ has also explored this issaeross Southern AfriceMakuwa, 2011) With the
exception of Mozambiqyet has been argued that the content knowledge of mathematics
teachers is low across SACMEQountries (Spaull, 2011) In Rwanda, before the
establishment of teacher training centiganary school teachers were trained to teach all
primary school subjecnd thecontent knowledge dhese practicingnathematics teachers
has not been studied

Originally, seven categories of teacher knowledge were propos8tdignan (1987, p. 8)
namey: pedagogical content knowledge, content knowledge, general pedagogical knowledge,

12



curriculum knowledge, knowledge of learners and their characteristic, knowledge of
educational context and knowledge of educational ends.

By delineating thesknowledge ctegories, Shulmaattempted to identify all of the different

types ofknowledge which teachesse required tte equipped with professionalliyased on
observations of teachefhese categories have been used both norratind descriptiviy.

In practce, itis challenging if not impossiblet o s epar ate Shul mands t ¢
categories because they ae closelyinter-related. His categorylealing with general
pedagogical content knowledge takes into consideration strategies and prifuzipiess

classroom activities are organized and managed based on the content considered at that
particular moment. Thisis nahrelatedttn i s knowl edge category abol
of learners and their characteristics, because classrooms are marragbi to théearnes
present(Krause, Bochner, & Duchesne, 2006) When it comes to Sht
knowledge categoryealing witheducational contexts, he suggested that teachers are expected

to know the cultural community in which the schoolitsated(Shulman, 1986)This is in

line with his teacher knowledge category about educational ends, purpositte aaldies
governing it. To include this knowledge <cat
meaning the abilityo engage with the goals and values reflected in the classroom, not simply
themastery of teaching as a technical skill.

The last three categoriemiamely content knowledge, curriculum knowledge and pedagogical
content knowledgé are more connected threother fourof S h u | nteachér knowledge
categoies From my understandingontentis taughtusingpedagogical content knowledge
whichShulmardefinesas a special combination of content and pedati@iteachere@mploy

in order to make content meaccessible to thdearnes (Shulman, 1987, p. 8ln selecting

and organising content, teachers draw on curriculum knowledge about links between subjects
and topics and materials which facilitate such link@jailman, 1987, p. 10)

Of the types of tacher knowledgeadentified by Shulman in 1986, content knowledge,
pedagogical knowledge and pedagogical content knowledge seem to come out top in
influencing | @dgngfeom $hé amount odttertiom shey receive in the

literature. Howeverthe literaturealsoshows that contextual/situational empirical research is

still needed in order to interrogate heignificant a rolehe differentypes of knowledge play

in differentcontexts(Baumert et al., 2010; Hill, Rowan, & Ball, 2009his suggsts a need
foracroscul t ur al i nstrument whi ch can bie used
especiallyin how it manifests in classrooms and relatebédearning opportunities provided.

Some researchers have suggested that at leasbffdbe different kinds of knowledge
identified byShulman are essential for effective teaclisfgEggen & Kauchak, 2001\Vith
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regard tamathematicsn particular, researchers such as BallAdler have gondurther and
engaged both theoretically and empirically with whahey have called
mathematics/mathematical knowledge for teachiM@r) .

Other authors have engaged the same elements in different ways. However, | have chosen to
use the categorizatigerovided byMfT in my work. Below, | have used these categories to
generate an overvieof the elements&dentified by different authors (se€able 21). What

cannot be seen from the table is that evéheftheoristagree on the subcategories of PCK,

they may stilldisagree omvhich categories dénowledgeare the most importanAn example

is the workdone byBall et al (2005)in which theymeasuredanathematicaknowledgefor

teaching with consideration of common knowledge of mathematics and specialized
mathematical knowledgéut without consideration of horizon content knowledge, which is
consideredilsoto bean element of content knowledge in the work of Hill et al (2008).

Table 21 provides a summary of the differemiodels ofteacher knowledgdevdoped by
variousscholarsWith the exception dfiorizon contenknowledgeall of the types ofeacher
knowledgeare found irShulma® s \ardihalkke been adaptéy other scholars in different

ways. Twoof the types of teacher knowledge, namely commonteat knowledge and
specialized contentknowledge appear in nearly all of the mc
of education ends and knowledge of educational cohixe not been taken up in any of

them.

The challeng ariseswhen one attempts tategorise the types tdacher knowledgshown

aboveas declarative or practical knowleddevill explore this distinction below, and then

di scuss the knowledge categories O6content Kk
detail. Iwilthengoinb a deeper engagement with Opedago
and Omat hemati cal knowl edge for teachingdo (
characterized and sutivided these postulated knowledge domains.
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Table2-1: Types of teacherdos knowledge appearing in various schol

0P6 stands for Opresent in work of é@0
SCHOLARS TYPES OF TEACHERS® KNOWLEDGE
CK (Subject Matter Knowledge) PCK
CCK HCK SCK KCT KCS KCC
Common | Knowledge of Specialized Knowledge | Knowledge of | Curriculum Knowledge of | Knowledge of
content of math mathematics of content | learners and knowledge educational educational
math 6hori zqg knowledge and their ends context
teaching characteristics
Shulman (1987) P P P P P P P
Grossman (1990) P P P P
Rowan etal,
(2001) P P
Ball, Hill,
Schilling (2005) P P
Adler (2006) P
Hill, Ball,
Schilling (2008) P P P P P P
Baumert (2010) P P P
Hurrel (2013) P P P P P P
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2.3.2 Declarative versus practical knowledge

A number of studies have been conducted on what teacheegjairedio knowin orderto

teach effectivelf{Depaepe, Verschaffel, &elchtermans, 2013)leacher knowledgand

i n particul ar t eac h,asrstll@an atractive areaaot reseasch, lasn o wl ¢
different scholars hay@oposediifferentcriteria for teachers of mathematiasth variation

between those teaching @imary schoolor high schoollevels (Adler & Davis, 2006)

Bertram and Christiansen (201@)opose hree key aspects of teacher knowledge as
illustrated inFigure 22.

. Propositional |
! - knowing what

f{
‘ Practical Fersonal
- - knowing how shaving the
3 gaze
k. & S £

Figure 2-2. Three aspects of teachdtnowledge
Replicated fronBertram &ChristiansenZ012, p. 3)

Bertramand Christiansen (ibidhaveclassifed teacher knowledganalytically. But while
these knowledge typesay be separated during analysieycannot be in practi¢evhich
raisesthequestion of how they relate to each otfigartram &Christiansen, 2012)

Based on their priorities educationdifferent countries set up different education policies

whichin turn influence their education systerSemescholargcf. Tatto et al., 208) have

gone further and proposed that the types of knowledge which should be emphasized in
teachersoé trai ni ng.2Thaip@afessiomarknowlédgel profegsionalg r a m
practice and professional engagement, which in my understaa@ignpatiblewith the

three aspects of teacher knowledgscribedy BertramandChristiansen.

Declarative knowledge is seen as more theoretical (knothiaty where the teachers
consider their orientation towards their lessons, the curriculum and their kigenbd

°The team has used this framework to interrogate the teacher education systems in several countries, with
Botswana as the sole representative of the African continent. Amongst other things, they found that there is a
distinctive national character to each sys(@atto et al., 2008; Van den Bergh, Ros, & Beijaard, 2014)
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leatmes 6 mi sconceptions and difficulties, and
them. On the other hand, practical (knowimay) i s det er mined by t he
of teaching in the clasand includes actions of respondingléarnels 6 questi ons
mistakegStar, 2000)

While teacher knowledge is generally considered declarative knowledge, applying a more
practicebased concept of knowledge would imply seeing PCK and general pedagogical
knowl edge as integrated with tneotvatdisemes d pr a
authors to distinguish between declarative and practical teacher knowledge, and thus also

to engage the issue of the connection between theseoanthéy develop. For instance,
Star(2000)stateghat they are assumed to be distinct but related kolgeltorms, and that

the answertowhichf t he two comes first is: fAit dep

Other researchers have engaged teaching from the perspective of which teacher actions in
the classroom are most strongly correlated with learner performance. The most
comprehasive metestudy of quantitative research on teacher effectiveness is, to the best
of my knowledge, the one overseen by Hafti#attie, 2013) His work suggest$
unsurprisingy 17 that high levels of teacher engagement are more effective. This includes
theteacher being credible, using formative assessment, giving feedback, being clear, and
having a good relationship with the learng@sgttie, 2013)While their small sample size
prevents their results from being generalisBdker and Chick (2007jound ckar
differencesbetweerthe PCKof two teachers with different experieneehile they often
suggested similar ideas when discussing the same ,ttipic®ne with less experience
performed better. This highlights the difference between knowledge and eragtic
further, between declarative and practical knowledgewever, it does ngtinpointwhat

a teacher needs to knamvorderto be able to do this effectively.

This is not the place to go into a discussion of the nature of knowledge or whether the
knowledge that informs the practice of a practitioner is applied declarative knowledge,
knowledge developed through reflection in practice, or a combinatitheseseeSchon

(1983 . However, for the purpose of ebegaging
aware of a potential distinction between what teachers make explicit when asked by
researchers and what is reflected in their practice, and not to assume a direct and simple
connection between the two. For instance, one teacher may be able to lisircleamer
conceptions in algebra based on literature but tend not to make such distinctions in actual
teaching situations, while another teacher may battle to construct such atkstcheaisn

a way which counters or challenges the most common leawneeptions.

For this purpose, | work with two PCK cons
used to refer to PCK as it is revealed in
an answer to a multiple Icdroatcieom@.esdRProactis
be used to refer to what | interpret as manifestations of PCK in the practice of teaching.
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What this implies is discussed in greater deta$éction2.5. The analysis of declarative
and practical types of PCK in the data is presente@hiaptes 7 and 8 of this thesis,
respectively.

In the sectiors below, CKand PK (pedagogicalnbwledge) have been discussed briefly

because they are related to PCK and according to some researchers CK is one possible route

to PCK(Krauss & Blum2012or a pr er equi s (Baletalf 2008)Attee ac her
that, | engage in more detail WRCK.

2.3.3 Contentknowledge

Contentknowledge isinderstoods the knowledge teachers have of the subject matter they

are teachingShulman, 1987) Teacher sd6 content knowl edge
profound understanding of the material order to facilita¢ deep conceptual learning

(Jordan et al., 2008%hulman(1986)argues thateachers need not ortlyunderstand that
something is sdyutalsowhyit is so.

Content knowledge is almost always included in the modéedtindamental knowledge
setswhicha teacher should hay®hulman, 198Mustafa, 2008 as it is next to impossible

for someone to teach without a sufficient content knowledge of the subject matter s/he is
supposed to deliveContent knowledge has a positive influence on pedagogicalntonte
knowledgeaccordingo studiesconductedn GermanyandCostaRica(KraussNeubrand,

Blum, & Baumert,2008; Sortoet al., 2009) while a studyin Turkey found that content
knowledge had a positive influence on effective teaching practice (Mustafa, 2008)
However studiesn Southermfrica havenotbeenableto confirmthis (Hungietal.,2010)

Thereis a substantial body of work in mathematics education which points to the importance
of conceptual understanding in mathematics learinipgrticular and this would generally
imply that the teacher needs to have conceptual understanding him/(isitpalirick,
Swafford, & Findell, 2001; Ma, 1999This implies what Mal(99 refers to as deep and
broad knowledge, so that concepts can be connectedivard different representations.
Content knowledge is a significant aspect of teaching because it affects planning,
explaining, task setting, questioning and finally feedback and asses@vied@mara,

1991)

Even though my particular interest is notxamine what couldffectteachers' knowledge,

it is important for my study to consider CK in relation to the PCK ofteachers o0 as t o 6 f
outd content knowledge if indeed it can be considered separate from RCHO so, |
consideredhe content knoveldge subcategoriefentifiedby Ball and her colleagues in their

work, where three types of content knowledgeommon content knowledge (CCK),
specialized content knowledge (SCK) and knowledge at the mathematical horizon (HCK)

have been considerédall & al., 2008)
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The common content knowledge is comnmaveryone whdasstudieda given subject. In

this view, mathematics teachers have mathematics knowledge in common with other
professionals whbavestudied mathematicEor exampleany mathematicéeacher would

know what a fraction i@nd how to convert it tadecimals Specific teaching situations,
however, may require additional specialised content knowledge (F€K)instance, a
mathematics teacher would need to understand why the long divigaithem works be

able to recognize variations of fitot simply carry out long divisioThat is also in line with
knowledge at the mathematical horizon requiring teachers to be aware of the relationship
between topics imathematics they are teachingiwtonsideration to both former and future
topicsinthe curriculums i mi | ar t o Shul ma n(dbilseta.®2008)i cul um

In this study, | have used CK to refer to all of these aspects. However, as will be discussed in
the methodology, not adlspects wergepresented in the research tool desieteaches 6

test for example, focussemtostly on SCK, while the observational data rarely enabled a
distinction of level or aspect of CK.

2.3.4 Pedagogicaknowledge

Chapuig2003)notes thapedagogyanbe a somewhatebulous concepdsit is essentially

the combinationof knowledge and skills required for effective teaching without being

specific to a particular school subject or disciplittencludes strategies to manageda

organize aclassroom(Shulman, 1987) To determine whetherm teacher has such
competency is however not a simple tashkt requiresthai e f f e c t | beealefihed a c hi n ¢

It is easier to collect data on teacherso
precise dea of their command of subject matter or their classroom behd@abrielle,

2009) Even if content Rowledge (CK) wasonsidered crucial bghulman(1987)and
prioritizedat the top of hisist of types ofteacher knowledge, PK is often regarded asemor
fundamental to primary school teachif@@essNewsome 1999) Pedagogical knowledge

may be seen as implying an understanding of cognitive, social, and developmental theories

of learning and how they apply tearnes in the classroorfRowan et, al2001) Thus,
understanithg howlearnes construct knowledge, acquire skills and develop habits of mind
become easierif a teacher isequippedwith deep pedagogical knowledg®lishra &

Koehler, 2006)

In this study, pedagogical knowledge was not interrogateth®rieacher test, and the
observational data did not provide any clear differences in practical pedagogical knowledge
displayed.

As my study focused more strongly on PCK, | will now discuss this in more detail.
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2.4 Pedagogicakontent knowledge

Pedagogical caant knowledge has been seen as a complex type of teacher knoatetige,

as such is not easy to measttewever, whilgheorists share a general idea of wh@K

is, many disagree about what should actuallybkided inor excluded fromPCK.Within
mahematics educationspecifically there are discrepancies betwetre different
conceptualisations oPCK, as Kaarstei s compari son of t hree
demonstrate@aarstein, 2014)What seems to be widely accepted is that the way to both
clarify the notion of PCK and to makesdasiernterrogate empirically is tavork with the

6 ¢ o mp owhiehmiake Gp PCK. Furthermonehile arguments are often made atht®
importance of PCK to teaching and ultimately to learnsefplarly evidencef how PCK

relates tdearnes' matlematical outcomes is actually quite tiikrauss, Neubrand, Blum,

& Baumert, 2006)This is nothelped by the difficulty oinstrumentakzingthe PCK notion

so that T uredéa. bEodmeast an c(@0®)feundthatthe Bal |
tools which theyised to measure one aspect of PCK (knowledge of content and students)
were soimperfect that they advised the communidtyot rely heavily on their conclusians

| will discuss these different aspects of PCK over the following pages, starting with a
discussion of the origin and evolution of the concept.

2.4.1 Origin and evolution of the concept of PCK

An educational psychologist, Lee Shulmamgined the term pedagogical content
knowledggPCK). In his view, PCK should include the knowledge in practice which helps
teachers to direct what is done in classrooms related to the organization of the content for
pedagogical purposes. Shulman emphasized that the teacher isedufipésowhow
(pedagogy) angvhat (content) to teackShulman, 1987)After its introduction in 1986,

PCK becamgand has remained useful notion to practitioners and an interesting research
topic. The notion of PCK in relation to mathematics educat@as beerexploredby a
substantial number of researchéBall & Bass, 2000; Ball, Thames, & Phelps, 2008;
Grossman, 1990; Krauss & Blum, 2012; Shulman, 1986}, however, has also meant

t hat Shul mands conception of fier differena s rec
researchers at different times.

The most i nfluenti al criticisms of Shul ms
explained how PCK could be distinguished from other teacher knowledge types empirically
(Bromme, 1995, Ball, Thames, Rhelps, 2008). Grossman a col | eague of
suggested that curriculum knowledge, which Shulman took as an independent category of
teacher knowledge, should have not been separated from PCK.

Four years aft er G8dsmal(1®30)ywittsafopus dnlexamiairtgithe n ,
qualifications whictshould be requiredf those entering the teaching professsuggested

four components whicheededo be taken into consideration whesnsidering?CK from

Shul mandés perspective, namely: knowl edge a
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studentsodo understanding and potenti al mi s
curricular materials; and knowledge of instructional strategies and refatesen for
teaching particular topics. I n the same
categories by including the knowledge of the subject matter as a PCK component.

To overcome those previous limitationgmnmodels of PCK havieeenproposed thatio
not placgpedagogicakontentknowledgan aseparaténowledge categorfBaumert et al.,
2010; GesdNewsome, 1999; Marks, 199®edagogical content knowledge is sesther
as the bridge connecting content knowledge and the practice of teachingaahillaly
specialised knowledge that teachers possess which combines -spbfit content
knowledge with a pedagogical foc@ontextalso ha to be considered while teaching a
particular contenfBednarz & Proulx, 2009; Ge$dewsome, 1999; Marks, 1990

Nonetheless, a considerable number of researchers in mathematics edhaaton
contnuedtous€ hul mandéds notion of PCK as a starti
early paper Rowan et al200l))assessed PCK based on two
knowl edge of subject matter and teacherso Kk
given content area, thus rWhjedtimayiappgarthaivo o f
the fewer the subspect considered theimpler thetask will be Rowanet al.(ibid) found

it challenging tawrite items and scenarios that provided clear@rdpleteinformation to
respondentsasing onlytwo categories.

In mathematics education, the work B&ll et al. (2008)introduced mathematical

knowledge fordgaching(MKT or MfT) also known ascontent knowledge for teaching
mathematicCKTM), drawingonShul mandés i deas on PCK, but,
al so overl apping with Shul manosmatentatico n o f
for teachingi nvol ves an Ounpackingdéd of the mat he
measured through teachersd knowledge of c
mathematics which is different from the mathematics that mathematicians or engineers need
(Adler & Davis, 2006)

Apart from judging Shul manés PCK as being
MfT differs from PCK is that CK and PCK together formifMBall et al., 2008)whereas

they are dissimilar knowl ed g etionc autricellgno r i e s
knowl edge, whi ch I S an i ndependent knowl
component of PCK in KT (Grossman, 199@all, et al., 2008 The extensive work with

MfT done by Ball et al. has the potential to provide the empirical evidence for a positive

rel ati on bet we elearn¢rleaminghoetcomeDedhepk, Verstithffel, &
Kelchtermans, 2033This has pushed me to consider their perspeciiv®CK in this

research. However, there are competing perspectives on PCK, as | will discuss below.
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2.4.2 Characterizations and components of PCK

PCK hasusuallybeen defined either in geneaalin specific terms but tested as declarative
knowledge. Different views fowhich aspects oPCK are most importanhave led to
academic debates and hawvemptedifferent authors tput forward divergentieasabout
which types of knowledge should belmded withinPCK. Disagreementn whatshould

be considered the key aspectsulscategorie®f PCKcontinues to presentchallenge to

this day. Some authqgri their study of PCKhavefocused on the role played by the
content, even if their perception of PCK also included pedamyo, Marshall, Luschei,

& Carnoy, 2009) | will discuss two different attempts at characterizing PCK, and then
position this work based on the notion of PCK useather work.

Shulmanplaced greateemphasis on PCHKy putting forwardth&k nowl edge of st
(mis)conceptions, knowledge of instructional strategies and representations as the pillars of
PCK (Shulman, 1986¥thes in mathematics educatiosuch alkRamdhany2010)agree

with Shulman that the kegispects of PCK are teacher knowledgeund content and

curricular knowledge anunderstanthg of how learnes think and the ways in which they

learn; an ability to use representations and examples to make subject matter
comprehensible tdearnes; an ability to identify and addressearner errors and
misconceptions; andn ability toteach in a way that makes connections between the
learnes 6 prior, current and future knowl edge.

Othertheoristsargue theaPCK should be divided into three types of knowledge as follows
knowledge of the multiple solution paths of mathematical tasks; knowledigaroer
misconceptions and difficultiesand knowledge of mathematispecific instructional
strategiegJordan eal., 2008; Krauss, Neubrand, Blum, & Baumert, 2088uss et al.
(2006)recommend thaaisteacher training may impact PCkKiformation about training
should be included when designing questionnaires for assessing PCK.

Hill, Ball, & Schilling (2008)focus on only the KCS aspecbf PCK, using thefour major

categories of common learner errors learnes’ understanding of contenstudent
developmental sequencasidcommonlearnercomputational strategie my opinion one

cannot assume that emaluatonoft e ac her s 6 ¢ wilhcerespent to daasfodm K C S
practice, as teachers may well exercise more contextualized versions of KCSfavhere
instancealearmneés under standing of a specific congc
history of undestanding.

Hill, et al. (2008have put forward a model of PCK which uses the categorlexufledge
of content andtadents(KCS), knowledge of content and teachifidCT), andknowledge
of aurriculum (KC). They put emphasis on KGS a subset of PCK, wah itself is a subset
of the largeconstruct of what they cathathematical knowledge faraching(MfT). Based
on their analysis of the mathematical demands of teadBaibet al.,(2008)hypothesize
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t hat Shul mands cat eg o medagsgical tontentoknotvledgetcank n o wl
be subdivided in these respects, as illustratéugare2-3.

Subject Matter Knowledge | Pedagogical Content Knowledge
I

/——_—\

Common Knowledge of

KConltecrjwt Content and
nowledge iali Students (KCS
(CCK) Spggr;?gﬁ?d ( ) Knowlfedge
0
Knowledge Kn(osméf(d)ge Knowledge of curriculum
at the Content and
mathematical Teaching

horizon (KCT)

\_________/

Figure 2-3. Domain map for mathematical knowledge for teaching
(Replicated from Ball, Thames, & Phelps, 2008, p. 377)

ForBall et al.(2008) KCS, KCT andknowledge of content andrciculum (KCC) aresub
categories oPCK, while otheraspectsuch acommon contenowledgg CCK), horizon
content kowledggHCK) andspecialized contennkbwledgg SCK) aresub-categorie®of
content kowledgewhich form MT when added to PCK.

This model can be critiqued for its strong separation of CK and PCK. Perhaps the work of
theGerman COACTIV team implies a stronger connection of PCK to CK. They work with

three subscaleto measurePCK, namely: kowledge of mathematical tasksagk),

knowledge of learner misconceptions and difficultiesle@rney and knowledge of
mathematicspedfic instructional strategiesn(struction) based on the assumption that the
potential of tasks forearnes 6 | earning can be exploited b
paths Krauss, Neubrand, Blum, & Benert, 2008.

COACTIVO s a p pleals arinbrilywith the way teachers explain and represent
mathematical contentheir knowledge ofhow they relate mathematics anigarner
cognitions, and ftheangportaneguspose &nd watudé mathgneatice
tasks.For them todo suchinvestigaions, lesson scenariggresentingknowledge about

typical errors and difficulties déarnes and knowledge aboséveral possibilitiet solve
mathematical tasksere usedSomeof their test itera weremore related t@& a | | et al
(2008) conception of SCKwhich might reflectdifferent viewsof PCK between the
German study and the U.S. stydf; Bertram &Christiansen, 2012; Kaarstein, 2014)
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In Australia,Beswick, Brown, Wiright, and Watson (200#entified the components of
PCK as identifyinglearnes 6 er r or s 0 rconstructing orrusing pasks ana s ;
tools for developindearnes 6 u n d e knewleglge dfia ragge of representations of a
particular mathematical idea; and the way ideas are explaiteaites.

In Table2-2, thecomponents of pedagogical cent knowledgarepresented according to
di fferent schol ar s dnodelshaweepré aements incommda@ah. So
others

Table 2-2: Components of Pedagogical Content Knowledge

Extended from Sodny ( 200 8) and Depaepe (2013). 6P6 indicat
referenced text.

SCHOLARS

Student
Teaching
purposes for a
ciihiant mattar
Curriculum

| 5| p| nstructional
strategies and
raonracantatinn
Pedagogy
Subject matter
Math tasks &
cognitive
Hnmnnﬂ

T|U|(TU|T0|V|0V|TV|TV|TV|V|V|V|TV|TV|V|0|T|T|T|T0O understanding
T Context
o
o

u| Assessment

Shulman (1987)

Tamir (1988)

Smith and Naele (1989)
Grossman (1990)

Cochran et al. (1993)
Geddis et al. (1993)

Even (1993)
FernandezBalboa & Stiehl (1995
Magnusson et al. (1999)
Rowan, et al. (2001)
Hasweh (2005)

Ball, Hill, Schilling (2005)
Loughran et al. (2006)
Adler (2006)

Ball et al. (2008)

Krauss et al. (2008)

Hill, Ball, Schilling (2008)
Baumert et al. (2010)
Nilssen (2010)

Watson and Nathan (2010)

jv)

T|T0|T|T

T
)
)
o
Bv)

T|T0|T|T

T
Bv)

An example of a component embraced by different scholars is the inclusiearraér
understanding as a component of PCK. This shows how powerful knowleldgeras 6
understanding is considerelbe and must be seen in the light of the widespreadrese
on this in the wave of constructividoecoming a widehheld theory

While there are overlaptetweenthe viewsoft eacher s6 knowl edge a
overview above, there are also discrepancies. For example, the work of Grossman (1990)
suggest thatpedagogical content knowledge should include curriculum knowledge rather
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than considering it as a separate type of teacher knowledgeThaine2-2, it can be seen

that since 2005scholarshaveincluded mathematics tasks and cognitive demand as PCK
components. An additional issue is that the boundaries of the different categories may be
perceived differently by different researchers. This is illustrated in the compdoiseby
Kaarstein (2014yvhich shows that some test items were classified as mathematics CK by

Krauss and Blum2012) and as mathematics PCK by Ball et al. (20@8).overview of
di f f eassessmenta &GKlaoaitrerddeclarative or practical knowledge is

t he

presented i able2-3.

Table 2-3:

Overvi

ew of

Extended from Depaepe (2013).

aut hor s o

orientat.i

Authors with practical orientations and
their main methods

Authors with theoretical orientations and
their main methods

Foss and Observations, video tapes . .
Kleinsasser focusing on instructional gﬁébholezlzgd& E%CE 2&%2” gglrll:r;c nraot]?ersesgl;s
(1996) actions of teachers. 9 9ep '

Transcription of video lessons . . .

. Rowan et al; | Multiple choice testfocusing on

Stump (2001) | focusing on Conceptual. and (2001) theoretical classroom scenarios.

procedural representation

Teacher questionnaires aimed tg

Blanco (2004) Classrooms observations on | Hill, Rowan, measure mathematical knowledg

problem solving. Ball (2005) needed by teachets teach

mathematics.

Escudero and | Video lessons and observatiot Test items on mathematical
Sanchez notes focusing on task Adler (2006) ractices
(2007) instructions. P :

Videos of gro : "

interactions. Tasks were giver] Hill, Ball, _Test ftems an(_j cognitive .
Koellner et al. - interviews witH
(2007) to them and the_y were Schilling knowledge used in classroom

requested to think like learnery (2008) teachinas

to come up with lesson plans. gs.

Videos and audio tapes Watson and
Ball et al. focusing on tasks and their Nathan I ntervi ews ai mg
(2008) mathematical demand in PCK investigation.

; (2010)

teaching.
Tirosh et al Baumert Test items to assess conceptual
(2011) Taskbased observations. (2010) understanding on CK and on

PCK

ons

The discrepanciebetween theviews of what constitutes PCK have obviously led to
differences in howhepresence and extent of P@ke measuredis | will show below, the

focus has been mostly on PCK as declarative knowledge, and this, | arguetatesess
looking at other research in mathematics education for what constitutes practical PCK. |
will engage that in the last part of this chapter.

25

an



Interlude

My choiceto evaluatehe PCK levels of Rwarath grade six mathematics teachessg
Bal | s 6ualzaiionof @@Kt(Ball et al., 2008)s detailed in the nexdection Using
video analysid was able toconstruct an image afhat is happeninguring classroon
teaching based atme PCK criteria mentionethelow. While somerelateto KCT, others
relateto KCS, KCCor SCK. However, it is possible to have one criterion which gould
reflect two types of PCK subcategories at the same Whéde Ball et al (2008) place those

criteriaunder MfT, | believe that PCK is the best framework fois study because SCK
and KCC do not play a significant role in this study. In addition, based on the literature, |
decided to exclude common content knowledge (CCK), which is included in the MfT map
proposed byBall et al.(2008) as CCK is not consideddo be part of PCK.

-

2.4.3 Research instruments for measuring PCK

Pedagogical content knowledge has been interrogabgaricallyin different wayssince

it was first introduced as a defined concept®86 by ShulmanAs shown inTable 2-3,

some researchelmvestudiedthepractical manifestationsf PCK, others only declarative

PCK,while a few studies have engaged bd&lementsof PCK are also targeted by some

of the instrumentsdesignedfor obseringt eacher sé c¢l assr dthem pr a
schedule for categorizingathematical discourses instruction(MID) (Adler & Ronda,

2014).

Some of the researchers who have worked extensively on(B@KNeubrand, 2006;
Stump, 2001havefocused oneststhat were administeretd teachers or to both learners
and teacherwhich helped to mageclarative PCK. The following example is extracted
from the work of Ball and colleagues (2008).

07
- 168

261
This example illustras of one of themost common errgrin subtactions amonggrade
three learners. écording toBall et al(ibid) theitem was placed on the test with fhepose
of identifying whethergrade three teachers were able to recognize that the answer is
incorrect anddentify themost likelycauseof the error.

Test items and/or interviews with teacharsthe main instrumenthat have beeased by

a number of researchefadler & Davis, 2006; Ball, Hill, & Bass, 2005; Baumert et al.,
2010;Rowan et al., 2001Yhesenvolveask ng t eachers to expl ain |
how they would engage learnecsonsi der | e aesarileehow theyturpack ki n g,
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methods for their learners, ahde a c dbiéty t@ uSe a range of meaningful representation.
These alfocus on declative PCK.

In my review of theliteratureon teacher knowledggef. section 3.3)as detailed in the

following paragraphd,foundthaimo st empi ri cal studies of tesc¢
tests or interviews, while few engaged the PCK of teachedem@m®nstrated in their

classroom practices.€$t, questionnaire, interview, lesson observation, observation of
meetings, document analyglesson plans, log books gtand concept mapping are the
instrumens most commonly usetb measure pedagogical cent knowledgéDepaepe et

al., 2013) However, all thee instruments are not used with the same frequ&heymost

widely used instrumentsccording tdDepaepe et al(2013, p. 19have been document

analysis (lesson plans, log bopktc) andinterview and meeting observations, followed

by lesson observations and tests respectively.favmiring of instrumentsof this type
highlightsthe lack of research onhe r el ati onshi p bdearmeeen t e
learning outcome&(Deapepe, Versclfal, & Kelchtermans, 2013)ecause it is virtually

i mpossi bl e to cor learhedetareng butcamedusingsfar exendple, a n d
document analysis and interviswnly, as they cawot properlyreflect the classroom

situation. Thisfurther demorsates the need forthis study which has used tests,
guestionnaires and lesson observationsto bt ai n measures of teach
knowledge.

It is hoped that the instrumedeveloped for this studgnables nevknowledgeto be
generatedhboutdeclarative and practical PC&orto et al. (2009admit that due to the
limitations of theitinstruments the empirical basis for understanding PCK and its influence
on teacher effectiveness dedrnerachievemenivasvery limited.

| would like to note hat mosif thestudies done on PCK in mathematics educatiere

conducted intheUSA (Depaepe et al., 2013n my view, this could be associated wittie

fact that thePCK mo d e | originated in the sucBAs and
Grossman and Markquickly took his ideas forwaréioweverother factorsnustalso play

a part, such as the epistemological underpinnings of the PCK cddeppepe et a(2013)

found that 90% of the American studies did not define PCK, while the European studies
used Shumandés or i .Ofthea8listidiesneepewed by Depaeped
6% were conducted iAsiaand5% in AustralialDepaepe et al., 2013)owever, the 811

studies weradentified through aearch ofonly three databasesamely ERIC, Web of

Scierce, and PsyciInfo, and Depaepe et al. only reviewed studies done in Enriggigh

factors whichcould havebiasedthe review.This still suggest, howeverthat morestudies

of PCK, especially in the developing worldre neededepaepe et al(2013)found only

one study from the African continént study that had beeonducted in Botswan#/hile

they did not appe aitudieshavd bben cobdegieeSauthedflica s ear cC
such alkRkamdhang s 2010y t eacher sdé practical PCK.
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In the bllowing sectiors | will discuss the wayneasurement d?CK ha been conceived
by different scholars.

2.4.3.1 Measuring declarative PCK

The declarativaspect®f PCK haebeenstudied moreomprehensivelthanthe practical

ones. This islikely due in part to the fact that PCK has been understood as a form of
knowledge, which is often considered declarative, but also because it is easier to use tests
than to conduct halepth observations in order to infer the presence or absence ¢EPCK
Deapepe et al., 2013)

A variety ofinstrumentshave been use measure declarative PCK. In this studad
participating teachers complete naultiple choice mathematicstest to establishtheir
declarative PCK. Thiapproach is supported I@Iszewsk Neumann, & Fischef2010)
who suggesthat measuring declarative PCK using multiple choice testa hasnber of
advantagesincluding that the data that it generates is easy to,cbdea better
understandingan be gained iftests are complementedtiwvinterviews, observations or
other qualitative methods.

As mentioned before, there are a number of instruménth have beensed by different

schol ars to measur eandtwasmteasy ts develdpanstruanena t i v e
which anrelialdy capture the full range of PCRowanet al.(2001)reportthat one of the

major difficulties they faced in their study was to develop items which could praeidar

i ndication of the teachersé pedagogecal C
eithertooeasy or difficulty for the teachers in the stuBall et al(2005)used an instrument

in which a participating teacheridentified theinstructional practices used to teach a
particular contentalongwith a questionnairgvhich captured théeache oGeducational
backgroundThis reflects the objective aiany of the scholats develogheir instrumers

with Shul mands or i gi nar mind mecesstatingjuestions o how C K
teachers might deal wi t h nt dificultieseim lsathingcao mmo n
particular content and also the strategies which they use while teaching.

Researchersavedeveloped toolto measure PClKasedon the way theyavedefined it.

For example,Baumert et al. (2010ppted for a onedimensionalinstrument which

combined CK and specialized knowledge itemBhe testsincluded tasks to assess
teachers6 capacity to recogni amdtoweognize us s o
| earner s6 mi s c o n ctleepttategiethey usedidentiyli ¢ dn el $ 0 eesr
and comprehension complexitesn d t eacher sd knowl edge of di

While the many variations between th#eclarative PCK measurementsitlined by

different scholars complicate matters, the ptaxity increass whertrying tocompae the

different instruments and measurements. phiblem aroseiKka ar st ei ndés wor Kk
she compared three frameworks for measuring knowledge for teaching mathematics
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namely the Professional Competence of Teachers, Cognifiegilyating Instruction and

t he Devel opment of Student so Mat hemati ca
Mathematics for Teaching (LMT) and the Teacher Education and Development Study in
Mathematics (TEDS/) (Kaarstein, 2014)For examplethe COACTIV projed¢ used
questionswvhich encouragethe teachers to give as many responses as possible, meaning
that the scorefor declarative PCK measurements were theoretically unlimited. Kaarstein
(ibid) argues thabne of the questions which tREACTIV projectused tomeasure PCK

could have been considered a CK questioamo t h er  rfranewoskr Sintilagly 6 s
the LMT project a CK question was judged by Kaarstein to be a PCK question as it
capturedthe way teachers react in teaching situatigfaarstein, 2014)So not only do
researcherglisagree about the relatiomg of subcategorieswithin PCK i in the
COACTIV project, curricular knowledge whxcatedwithin theother knowledge category,
which was not the case in the LMT projécbut the operationalizatiordo not always
coincide. As Kaarstein argues, making declarative PCK operatioitsibasic categories

is still problematiqKaarstein, 2014)

More recently, sincalifferent studieshavefound evidence that content knowledge is
positively correlated to giagogical content knowledgBeapepe et al., 201,3esearchers

have opted to include questions relatedcontent knowledge in testdesigned for
measuring pedagogical content knowledge. That was thendaggeacher test used in this
study, where somguestions were related to content knowledge whereas other questions

aimed to assess teacherso6 pedagogical cont
of knowledgeis explored inChapter 80 f t hi s study, based on d
guestionnae.

2.4.3.2 PCK classroom indicators

Instruments to measure botteclarative and practical PCKave beenconceivedof

differently by different scholaréKaarstein, 2014; Ramdhany, 201This isexacerbated

by the characteristics giracticalPCK, as it requiregudgmens to be madaboutwhat is

happening ira classroom situation where differepibserveramay judge the same event
differently. However, as discussed $®ction2.3.2, some common elemeritsuch as
making connections, ouhpgackithgd, t lael drceongie
misconceptions, the usage of representations, and assessing prior learner kriondedge

been put forward by a considerable number of PCK researchers. It is then the role of
teachers to create classroom environswhich incorporate theselements.

Classroom teachinig complex ast involves many different elements working together
Scholarssuch asCarnoy and Chisholm (2008)ave treated PCK as single concept
without clarifying how it can be recognized, making it impossifaetheir results tde
compared with those of othersamalysed. Otherscholarssuch askamdhanydf. 2010, p.
24), haveattempted to develop the conceptther, Ramdhany, howevenotedthat his
instrument would needurther refinementin order to capture his select&®&CK sub
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domainsFor the same reason a more refined instrument was needed fiutlyighich
would reflect myselectedPCK categoriess well as the considerations whiefil be
discussed below

Thereare researchessich aBostonandSmith(2009; Hugo(2013; Mhlolo, Venkatand

Schéfer, (2012) who posit that connections are important while teaching mathematics.
Their ideas abouthe types of connectionthat should be adein a classroom situation

differ, howeverBarmby, Harries, HigginandSuggatg2009)proposehat representations
related to the way people associate mathematics and the real world, association between
mathematics and other school subjects, anddieections within mathematics itself have

been observed frequently in what is considered good teaching. This is also in litreewith
work of Ma (1999) who posits that connectednessteéachinghelps learners to learn a
cohesive body of knowledge ratheathfragmente@arts

The connections which teacherskaan relation to a given concept while they are teaching
are primordial to learners as they help them to acquire new knowledge. Yet they depend on
the target which the teacheasin mind, as s/he may engage connections to motivate new
content, for linking to applications, or for movingetween abstractand concrete
engagement with the content. Nuancing connection in this way may help researchers to
examine this lnewedgeandmdcticd. eacher so

A model has been developed whiclemonstratesnathematical connections, including
different representations, implications, patiole relationships, procedures, and
instructionoriented connection@usinskas, 2008 hequestion$ howteachers represent
these connections in their classroom teachings in order to introduce and clearly characterize
the mathematical ideas which they want learners to learn. Different possibilities exist and
canbe usedogether or separately within tkame lesson depending on the cognitive levels
on which teachers wish to engage their learri@ifferent representati@allow aconcept

to be presentemh two or more ways ankhkedi as in algebraic connections and graphs;
whereas with pattvhole connetions, one concept is linked to another either by inclusion
or by generalizatio(Businskas, 2008)Jsingimplications as logical connectiopsovides
opportunitesto explain to learners how one concept leads to another; while instruction
oriented conndmns engage some concepts asrpapiisites footherconcepts.

Mhlolo (2013) argues that teaching mathematics with variation has menitserms of
faci |l it atundergtanding af matleematic@nceptsHowever as mentioned in

the examples givein the work of Venkat and Adler, (2012) special attention is needed as
stated problem/representation might not connect with the topic to be covered.

Mhlolo refersto four kinds of variationsvhich may be engaged, often this order
contrast, separation, generalization and fugrMhlolo, 2013) These particular types of
variationsmay be used in particular across examples, so as to make concepts stand out in
increasingly specific ways.
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That idea of using differemépresentations of mathematical concepts wiaso the best of

my knowledgé first introduced by Lesh, Post and Behr in 1987. In their paper, they stress
that it is in the connections between different representations that concept images are
directed towards the scienf i ¢ concept, so it is clearly
one that has received much attention on its plagsh, Post, and Beht987)

fiThe reason that one problem can be solved in multiple ways is that mathematics does not
consists of isolatediles, but connected ideas, Mxplaingn her seminal boofMa, 1999

p.119. Engaging different ways of approaching the same problem helps to highlight
mathematical structures and connections, and helps learners to engage in mathematical
judgments, in particular if the teacher engages the learnempacking the methods. One

way to do so is to show learners different methods/approactiethercompae or analyge
them;another is to invite learnersdevisetheir own methods and theompare or analyse

these.

Ball (1988)argues that there are three ways in which teachers migats pond t o | ea
claimsduring classroom teachings: direct tlearnerto pursue theirdeas outsidef the

scheduled curriculumevaluatethe truth of their claim; or engage the learners in exploring

the truth of their claimAll of these constitutedrms of feedbackn active learning, the

feedback which teachers give might be confirmative, critical, constructive or a combination

of these(Van den Bergh et al., 2014)hatever typef feedbackis given, the main aim is

to further learning, whether bgorrecting temporary or impartial conceptions which
learners mighihave developed, helpimgarnerso reflect upon their own work; or directing

|l earnersdé6 attention to particular feature
feedback is used, & useful for the teachertobe abletd ent i f y | e aabauter s 6 t
which a lot is known from previous resea(8atanero, Estepa, GodiremdGreen, 1996;

Erlwanger, 1973; Liu, LinandTsai, 2009) There are different strategies which teachers
canuse to do thisThey may identify the error/misconception and provide the correct form,

or indicate that the error/misconception has been made but not provide a cqrrection
allowingthe learner to correct Bitchener, YoungndCameror(2005)termtheseas direct

(explicit) or indirect feedback strategiesspectivelyWhile these are alternativerms of
feedbackthe focus of feedback may also vatycan relate to the task and the correctness

of the answer (product); it caelate to theprocess wiah the learner has used, directing the

learner to more correct or more efficient ways of working; it can direct the learner to see
patterns in her/his way of working and take responsibility for monitdnisther own

processes (setkegulation);or it canengage the personal (s€lattie & Timperley, 2007)
HatteandTi mper |l ey argue that feedback focusirt
relatively unproductivet does not facilitate learning of specific content to be told that you

are smart or stugp or a hard worker. Task feedback on its own is also not the most
productive, they argue, but it improves if process feedback is adbdey.add that edf-

regulation feedbackequires having correct information which is considered assa bn

whichit is efficiently constructed
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These ideas haveelped me to identify categories which could assistn capturing the

ways in which teachers interact with their learners during classroom teachingvabhis

taken into consideratiowhile designing thenstrument usedfor analysngt eacher s 6
practical PCKin this study, which will b&liscussed itChapter4.

2.5 Indicators of PCK components related to this study

As has been demonstrated fine discussiorthus far it is challenging to determine
meaningful indicatorsf theinter-related characteristics of the practical PCK of teachers,
due to their intrinsic nature. Much of the difficulty results frilialack of clear definitions

and concept boundaries, not for lack of trying, but due to the nature of the cawept (
discussed in the previogsction). Below, | attempt to sketch the PCK indicators which
were used irthis study.The instrumentalization of these (i.e. tlevelopment of my
practical PCK instrument for analysis of classroom observafiendetailed m Section
4.7.1

First, letmeexplorea welkknowninstrument designed to documevttat is happening in
classroom teachintproughstructured classroowbservaton, theMathematical Quality of
Instruction(MQI) developed bill, et al. 2012. Thisinstrument is designgatimarily to
measuréhemathematical work which takes place in classrooms, specifinattyddle and
elementally schools (ibidYhe instrumen targetsthe quality of mathematical instruction
through four main dimensions, namely: richness of the mathematics; errors and
imprecision; working with students and mathematosl student participation in meaning
making and reasonir(#lill et al.,2012) Each of tlese dimensions has sdliimensons. For
example,working with students and mathematiwsthe subcategoriesemediation of
student errors and difficultieand responding to student mathematical productions in
instruction(ibid).

Despitethe usefulness of this instrument, | found it necessadet@lop myown tool,
involving video analysisfor this study rather than using tMQI instrument for the
following reasonsFirstly, itis assumed that teaching acsaoeflecttheoverallpedaggical
approachused by a teachen various ways(cf. Naiditch, 2010) However, the MQI
instrumentis moretheoretical distinct froma pedagogicabpproach(Hill, et al., 2008)
whichthen once usedgould diverge from KCTone ofthe PCK sub-category)therefore
being ursuitable for this study. Secondly,@shen, Raudenbusimd Ball (2003point out,
the MQI instrumenimplies, to some extentjstructions focusing oolassroonresources
and the ways they are uséetbwever this could vary acrosdifferent topics in mathematics
and may not be the main approach in the Rwandan schools. | therefore need a more
inclusive instrument.

Thirdly, | foundthat some of the suiiimensions of the MQI instrument are not detailed
enowh to exclude the potentiabif confusion and hence yield results which may not be
harmoniousacross contextd=or examplethe MQI instrumentwvorks with linking and
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connecting mathematical representations, ideas and procéuliirdeesnot distinguish

between the differeritinds of @nnections and linkécf. Venkatand Adler, 2012)that
teachersnay makeduring classroom teachings. This is also the case for the category on
working with students anahathematics, wherthe instrumenmeasurswhetherteachers
canunderstandandrespdnd st udent s mat hematically sub
(cf. Legutko, 2008 but doesot consider thavay(s)in whichteachers rea¢b oraddress

these substantive productiodotherexample s t h subdif@ehsiodor measuring
thelackof ¢ ar i t y ipmesertagoast thsksroscontent, whiatoes noteflect the

types of taskécf. Neubrand, 200d)kely to be given.

A final reason for my decision not to use the MQI instrumerthat there are some
classroom practices whi@re cosidered, irthe literatureto beimportant in learning but
which arenot reflected in the instrumetiixamples of thesdassroom practices are content
constructior(cf. Mhlolo, 2013) prior knowledge assessmécit Furner, YahyaandDuffy,
2005)and the different types of feedbdck HattieandTimperley, 2007yiven tolearnes.

While | did not usethe MQI instrumentand based my instrument primarily on an
instrument used in a similar study done in South Africa, | did draw on the idBad ef

al. (2008)in terms of their interest in refinirmnd empirically validang PCK (Deapepe et
al., 2013.

As will be discussed in greater detail@mapter3, | worked primarily withtwo types of

teacher knowledge, namely: Knowledge of Content andleBts (KCS) and the
Knowledge of Content and Teaching (KCT), astiee f | ect t eachersoé pec
knowledge (PCK) both theoretically and practically, whiehis the focuf this study.

Another concern was the limited time available for obsemstiowhich meant that | had to

restrict myself to what could be identified within a single lesson.

2.5.1 Indicators of KCS

Knowledge of content and studerftsCS) implies interpreingl ear ner s6 t hi nk
reasoning whilehey areperforming a task. In this stydthe teachertest provided a
measure of t e a ¢ h,albeit decoatéxiudlized fyom the classmast h i s
teachers were asked respond to examples eabmmonmisconceptions which learners
exhibitwhile solving tasks.

The fact that teachersuald identifyingl e ar ner s & mi s c @mtite¢epttioeso n s a't
not mean, however, that theycan correctly explain the concepts that have been
misunderstooduring classrooractivities Thisis onereasori chose to useideo recording

of classroom teachings in this stu@gall et al.(2008)posit that teachers needide ableto

predict whatearnes will find interesting and motivatingthen choosing examples to use

during teachingThey arge thatwhen assigning taskteachersieed ¢ have sensef the

approach learners are likely to use ametherthey will find the task easy or haffeachers
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should also be able to interpret | earnersb?o
(Ball et al., 2008) recognize their misconcpns andidentify their difficulties andhe
strategieshey usdo solve a particular proble(Baumert et al., 2010)

In learning, it is generally assumed that some leamidrattempt to use methods that are
differentthanwhat they have been taught.doing so, misconceptions mighrtse before
teaching or during teaching and are likely to persist if not prmaestrect(Brophy, 1987)
Swan (2001argues thatisconceptions may be related to the nopnatess of conceptual
developmentor be a resit of previous teachingFor example,in an earlier stage of
conceptual development learners understaaliplicationas producing a bigger number
butas concepts of multiplication are developed furthenthéiplication of two fractions
produces a smak numberTheuse of representation teachingpoecomsimportant at this
pointAs sessing | ear n eanalsd bepuseiu®van(2R01)posils thabg e
evaluatonofl ear ner s 6 pshouldinvolve aaskonla evaltin@vn topicso that
learners recognize their own interpretations, errors and misconceptacbers then need
to have theapability to recognizeéheerrors and misconceptioas welland address them.

From the PCK perspectivehaving aknowledge oflearnes 6  utandireg mwlves
teacher&nowingwhatthelearnersalreadyknow about the new topso they can anticipate
areas of difficulty For a teacher to have a clear pictafehis, s/he needs to know how
learners conceive the topiche/is teachingas well as nderstandheir interests, their
abilities and hence their needs,order to be abléo motivate them to learthe new
conceps (Park & Oliver, 2008 whichagainrequires effective usaf teaching strategies

These elements, as well athers related talassroom teachindiave been incorporated
into my instrumentfor analysis ovideo-recorded lessaas showrin Table4-1.

2.5.2 Indicators of KCT

Knowledge of content and teaching consentseveral waywith knowledge of content
and students. Wone hand, as mentioned3ection2.4.1above,a teacher needs to have
knowledge of théearnes who are to do particular classroortask This will allow the
teacheto select an appropriate task for the topic which is being taOghhe othehand
Ball et al.(2008) state that many mathematical tagkseaching require a mathematical
knowledge of instructiom orderto be able to select examples leadhelearners int@a
deeperunderstanding of theontent. Theylsoarguethat teachers need tecognizethe
advantages and disadvantages of the instradtimethodshey use to teach a given idea
for them tocome up with suitable representations to use.

The elements discussed above, whergent and pedagogy interfaeeg at the core of the

practical analysis of teachersdé actions du
instructional decision is alsan important aspect to considdlris acceptedhat during
teaching activiesit is ateached mole todeerminewhi ch | earner so i nput
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which toignore A teacher also has decide when to break for more explanatiofor the
introduction of a new task and where to make a mathematical(Baihet al., 2008)

Special emphasis has bewadein this studyof the fact thattheoretically, KCTcaptures

what should happen in classroom teachingse clearlythantheother PCK subcategories
considered for this study. Some of the itemnsny t e a c bhapturatdrelaevamce in
classrooms. Withibse items, it was possiblertideltheoretically the instruction level of
teachers in their classrooms as tlvapture the wayseachers support learners during
teaching activies However, | would like to note that practically, the manner in which
teahers react to or respond to the | earners
reflect his/her special content knowledge. This concurs Bathet al. (2005who posit

that teachers need to know how to explain, listen and exdeames 6 w @ndek to ben

able to idetifythe s our c e eodrs ahdeclaoose eonsgudtive examples. Special
content knowl edge can t herefore enhance
understanding on a given topic based on the types of errors and misiconiegphers are
presenting either during classroom teachings or in their assignments, tests and homework.

This study interrogatet eacher s6 knowl edge ofinteensoft ent a
their capability to make content connectiamgrderto engag new knowledge within the

lesson; theimethods forconstructing mathematical content through practices/variations;

the types of feedback they give to learners; thmethods for unpacking the
method€onceps to make the content moeecessibldéo learnes; their ability to engage

learnerson taskswhich clarify key conceps.

Inthisworkjnordertdtbe abl e to map my sampled teacher
the way teachers explained standard mathematics problems and the different
representatiaused as well as the connectionsdebetween theniBaumert et al., 2010)

when thetopic requiredthis. This was true also for observationstbé nature ofthe
mathematial tasksthat were giverand the cognitive demardacedon learnerstogether

with theteache @lsility to identify multiple ways of solving a given mathematical problem

and unpacking mathematics.

Beforeconcludinghis chapter, | would like tootethat one of the KCC indicatorscluded

in my instrumentvas the wayn whichteacherselate the topics they teach to other topics
covered in previous grades or to be coverdat@rgradesin my understanding, it becomes
easier for a teacher to give applications of the topic s/he is teaching if s’lhe knows what the
learners have been téigpreviouslyon the topicand will be taught in théuturein order

to be able to connect the current teaching to this.

| also would like to notéhat he subject material toe taughts presented in currical Ball
et al . i ncl ude cBricwum rkreowlédge umder tKCTg mcludinfg both
vertical and horizontal curriculum knowleddg@om my understanding, beifegmiliar with
thesemay enableteacherso make appropriaténks betweercontenttaught atdifferent
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grades. It is then understandalthat those above mentioned researchigpportteachers
havingknowledge of content and curriculuiring classroom activities

2.6 Conclusion

This chapter has explored the various conceptualizations of PCK and its possible sub
categories as discussed in literature. | have chosen to work with the notion of MfT due

to its merits(cf. Deapepe et al., 2018pd its division of PCK into KCS, KCT and KCC.

My focus is on KCS and KCT in particular and a framework has been outlined based on,
among other thingshé importance highlighted in the research of understanding learner
thinking, providing constructive feedback, using representations and making connections.

The third PCK subcategory in the MfT modelf. Ball et al., 2008)i.e. KCC, has only

been engagetirough observations of the connections teachers make, derived mainly from

thet eachersé questionnaire. The observati on
components of specialized content knowledge (SICidy moreon this, se&ectiord.7.

As one of the issues considered in this study is the correlation between CK and PCK and
their relationship tdearnerlearning outcomes, content knowledgecknowledged as an
important additional factor to consider, together with the various background variables
shown inFigure 21. The differences between the MTK model first put forwardaly et

al. (2008)and the new conceptualization of MTHurrell, 2013)which attempts to connect
subcategories, particularly CK and PCK, have been noted. Thigctdogs not affect this
studyas it focusses on the correlation between CK and PCK, rather than on their direct
relationship

The theoretical framework lalvs for engaging both declarative and practical PCK
components. My indicators of declarative PCK rely more on the wdklbét al. (2008)
whereas indicators of practical PCK draw on studies done on classroom practices.

In Chapter3, which follows, | will review different factors that influence learning
Furthermorel will highlight the major PCK research lines which have been followed by
different scholarsThe following chapter, then, summarizes thierature review which
framedthestudy.
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3 LITERATURE REVIEW

3.1 Introduction

In the previous chapter, | engaged the different factors that influence learning, moving from
a very inclusive prspective to teacher knowledidpen onto different characterisations of
teacher knowledge andh paticular, the construct of PCK. Before thdt reviewed
literaturerelatedto teaching and learning in genefdly reading led me into literature that
explored differentypes of teacher knowledg@édediwura & Bada, 2007; Baaumert et al.,
2010; Ball et al. 2008; Bertram &Christiansen, 2012; Gabrielle, 2009; Kanyongo &
Brown, 2013; Sorto et al., 2008hd of particular interespedagogical content knowledge
(PCK) (Deapepe et al., 2013; Jordan et al., 2008hra & Koehler 2011; Marks, 1990;
Punya Misha & Koehler, 2006; Veal, 19995ome of the literature which proved
particularly helpful exploredhe ways in which researchers have attempted to measure
t e a ¢ RGK1(Baker & Chick, 2006; Baxter & Lederman, 1999; Deapepe et al., 2013;
Rowan et al., 2001)

Of special interest to me were studies which attempted toidse analysis as taol for

measuremen{Neubrand, 2006; Ramdhany, 2010)studied the indicatorsfor both

declarative and practical PGKat were used in previous reseawst | found thes often

not to be well definedl used further exploration of the literatui@ develop my own
indicators.

This chaptesummarise my reviewof the literature relating to the topics mentioned above

3.2 Findings on factors affecting learning/learnemperformance

A number of factordhave been found tompact learnerachievement across contexts

including African countries these includecurriculum and policy, characteristiosf

individual schools such as leadership and cultiree ac her s & keaochind ed g e
strategies, antkarnerbackgrounds such as what they bring to the task and their home
background(Carnoy et al., 2012; Hattie, 2003; Kanyongo et al., 200 a review of

literature on thisaspect (which, it should be noted, related mostly tdiestuconducted in

thesec al | ed 0 d e vteelfactgrsatdch appearett hdvethegreatest impact on

learning werdearnes 6 atti tudes, b 4CGarkay etoau, 20 2AHatie,d apt |
2013).Hattie estimatethese factors accoufar 50% oflearner performancéhet e ac her s 6
role accounts for an additioB0%, andother aspects such as peers and the general school
environment account for the remaining 20% (Hattie, 2088jtie argues thdtt is what
students Obri ng tsaachieveraenttmarb than@ny bthea tarialpla; e d i ¢
andit is what teachers know, do, and cat@out which is very powerful within schabls

Studies from other contextsflectsome of the same relationshiptween factordut also
some deiations. For instangavhile Hattie argues thatteached knowledge, actions and
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concerns matten learner performanca) studies conducted acrassveral of the SACMEQ
countrieghe impact oteaches subject knowledgen gradesix ear ner sowaser f orr
found to bensignificant (Spaull, 2011)Van der BergandLouw (2006 p. 12) take a similar

line, arguing h &he inpact of having a good teacher is largely restricted to children of

a higher SE$ i.e. those with a family background that supports learning beteelilely

to reap substantially better benefitts from
appearsthatthear i ati on i n | ear ner $dsvepydtiletoadowtta nc e i
teachingHowever a recent study in Kenya found tifiguality of mathematics instruction

is more critical in improving learning gains among kperforming students (Ngware,

Ciera, Musyoka, & Oketch, 201p. 111).

Spaull (2011) argues that South Africa soci@conomic factors are by far the strongest
predctor of learner performance, reflected in greater variation in performancedretw
schools than within school®©ther major factorsincluding languaggChristiansen &
Aungamuthu, 2012; Ouane & Glanz, 2011; Setati et al., 2@8€)the educational
backgraind ofl e ar n e r <avegiyerySpaud, r2¢11)are not to be ignored, but are
strongly linked to the socieconomic context, making it virtually impossible to treat them
as separate factors.

In order toevaluatehe role of teaching in learner performancthia studyit was necessary
to collect dataon some of théactorsmentioned aboveHowever, ashiswas a replication
study (seeChapter 4, the potential to do this was limited to some extéhiaveengaged

this in more detail irsection4.6.

If teaching is the focyshenteached s knowl edge must be investi

3.3 Teacher knowledge

To date no studiedhave been condted onthe mathematics content knowledge and PCK

of Rwandan teachers, except for the workHabineza (2015)vhich found that student
teachers developed their concept images of the definite integral over the course of a
semester 6s t e a cdedgreesy Studibsuot thetCK of veacheysi imSputhern
Africa indicate that Itesawahiedicaedy tiieKactthats r el
some teachersere not able to answer questionslating to the curriculum theywere
teaching(Carnoy et al., 20)2In a South African studyO teachersvere askedhort
answer or multiple choice questioaisout the content they were teaching and were found

to havenadequate PCKKaino & Moalosi, 2013)In internationastudiesas well, teachers
havebeenfound tohave limited PCK, to focus momn procedue than concejst and to

have different PCK for different topics (cf. Depaepe et al., 2013).

As discussed in the previous chapter, various approaches have been used to interrogate
teacher knowledge as well as stideeacher learning. Some studies have asked teacher
education graduates or students in their final year whether they feel they have acquired
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various competencies or types of knowledgfe Schmidt et al., 2008)0thers have used

tests and interviews to i dReswick, Calinghammadc her s 6
Watson, 2012; Hill, Ball, &chilling, 2008; Krauss & Blum, 2004And some have used

classroom observations to infer the knowledge of tea¢hidis Ball et al., 2008; Stump,

2001)

One example of atudy which combined both approaches w@sducted in Panama and
Costa RicgSorto et al2009) Theresearcherased videotaped lessoand questionnaires
to documenteacher knowledge. Their resultosled thatothteacher8level of content
knowledge andtheir level of specialized knowledge for teachingathematicswere
guestionabléSorto et al., 2009)

A study conducted in the USA which alsged multiple instruments and approaches
investigated tedce r sathematical knowledge for teaching flM and mathematical

quality of instruction (MQIXBIlunk, et al.2008) While the instrumentsised in this study

were more specific and detailed with respect to P@ researchers recognized after
conducting tle study thathey could noimeasurdhe impactoft eacher s knowl €
learnes 6 a c h iwitheuedataneasuring that achievemeHbwever a link was found

bet ween t eac h ethamatlerkatical\wlaktydofvenat they dlith class and

differences amontheteacherssuch as theinse of curriculum materials and their beljefs

were noted

In their review of PCK in the literaturBepaepet al. (2013 summarized the research into
six major lines namely:

The nature of teachersoé6 PCK;

The relationship between PCK and CK;

The relationship between PCK and instructional practice;

The relationship between PCK and student learning outcomes;

The relationship between PCK and personal cleriatic and finally

T The devel opment of teachersé PCK

=4 =4 4 4 4

| follow this structure in myeview ofthe literaturebelow, with theexcepion thatthe first
item, i . e., t he n aidcoveredincChaptand thehlastritamis ekcidded
as itis beyond the scope of this work.

3.4 Findings onthe relationship between PCK and CK

Internationally the most significanarge scale study (#CKwas conducteds part othe
German COACTIV project. Thesearcherslaim thatt waspossible to make an antbal
distinction between CK and PCK, and found a correlation of 60% between PCK and CK
scores on their knowledge tests (Krauss et al., 2@06)important to note that assessing
PCK without consideration fa€CK could therefordead to skewed results. Interestingly,
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they found that the correlatiomasstronger for teachers whadhad more educatioim
mathematicgibidem), which supports the claim that content knowledge is one possible
route to PCK (Krauss & Blum2012). Howeve, this maydiffer between teacherat
academically oriented German high schools and teachers of lower grades.

It is important not to assume that these results transfer to other educational systems, as
Germany has very high content knowledge requirementthéir teachers. Thetudy of

grade sixeachers conducted KwaZulu-Natal South Africa followed suit and separated
teacher test items into content knowledge and PCK and also found a correlation, though the
limited number of teachers in the study bisrthe strength of this result (Christiangaers

comm, 201§.

35 Findings on the relationship betwe
and instructional practice

Depaepe et §2013) in a review o& range of studieshich usedinterviews, observations,
tests, gestionnaires and interventigrdentified threékeyresultsthat instructional quality

is correlated to PCKthat this is more so fd?CK thanfor CK; and that coursework may
improve CK, PCK and instructional qualityowever, the review does retplorethe ways

in which the instructional practices were categorirethis study The COACTIV study
(Baumert et al.,, 2010jound that instructional quality was categorised using three

di mensions, namely (a) fAthe pmpeEwirdgiucmn tofesa
149), interrogated through collected tasks and homework activities, (b) individual learning
support, identified through #fAthe degree to

responded constructively and patiently to errors, widtiagnes perceived the pacing as
adequate, and whether the teadkarneri nt er acti on was respectfu
and (c) effective classroom management. This is very differenttiiermethod used to

determine theuality of instruction imarecent studyonductedn Kenya (Ngware et al.,

2015), whichlooked att he t eachersdé demonstration of
proficiency, the cognitive demand of tasks, and the mathematical knowledge demonstrated

by the teacherdHill, et al. (2008)found that teachers with higherfiv made fewer
mathematics erroyéink concepts and procedures more, chose more helpful examples, and
responded better tearnes. These different systems of categorizatinake it impossible

to generalize the findingsdm the different studies.

While the studiesmentioned abovdiave at least clarified their notion of quality in
instructional practice, the same cannot be said for all stuB@sinstancethe study
conducted bysorto et al. in Panama and Costa Rica didspecifyany criteria, butstill
made claims about observable PCK (2009). The same was the case in thadtuthiken

by Carnoyand Chisholm in South Africa and Botswana, which does not specify how
manifestations of PCK weidentified (Carnoy et al.2012; Sorto et al., 2009 appears
that it was left to the judgmeat the individual research&@whowerecoding the videsto
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determinethe extent to which PCK was manifested in theorded lessoffpersonal
communication with participants in codingshop) Ramdhany2010)used the same
data collection instruments @arnoyandChisholmin his studyin KwaZulu-Natal, South
Africa. However, he worked with very broad categories without clear indicators for
recognizingtypes ofPCK in the observation&kamdhany, 2010He mentioned thahis
resulted from inadequataloting of the research instrument. It is partially against this
backdrop that | decided to develop my own instrum@ansequentlywhile the data
collectiontools used in this studyerereplicated from the previous studiesnductedn
South Africa, analysis of the video recordings was substantially different.

The importance of the balance between conceptual understanding and procedural
knowledge ioftenemphasiedin teacher educatigorogranmes(Bossé & Bahr, 2008)t

is not clear to what extent this was foregrounded in the COACTIV study mentioned above,
but it was addressed in the Kenyan stbghengagingwvith the strands of mathematical
proficiency. It was also explicitly engagedlive KwaZuluNatal study, where it was found

that teachers foregrounded procedural knowledge or memorization, and ¢hatc her s 0
offering opportunities to develop strategic competency may be corredgzaning(Ally

& Christiansen, 2013)

3.6 Findingsonthe r el ationship between teac
and learner performance

Some scholarsave considered it inadequate to look @t CK and instructional practice

without considering the effect on learningAs a result they have investigated the

relai onship between teachersd declarative PC
learner performancet $hould be notethat such studies are still limited time context of

devel opi n (Peapepaiendl r2018wever, one recent study in Sowfrica

reported thaproviding teachers witla year of irservicetraining focused on improving
teacher8knowledge of mathematiagas linked tosmall but significant improvements in

learner performance, when compateda control group(Pournara, Hodge Adler, &

Pillay, 2015)

In the German COACTIV stugdyBaumert et al. (2010l sed i nterviews an
mathematics testscoresto interrogate the connection between PCK and learning. Their
findings reveal ed t hawascdrrel@aeadh ewistbh dtehcdiarr atlt
outcomesA study conducted by Americaasearcherund thatin terms of pedagogical
knowledge betweentwo groups of teachers in Costa Rica and Panama, the Costa Rican
teachers applied better pedagogical techniques in theminggBorto et al., 2009)

Adedoyin (2011)yeports thain hisresearch n Bot swana, teacher sodo |
with their | earnersé performance. A | ink b
be establishedn the gradesix studyconducted irKwaZulu-Natal however(Ramdhany,
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2010) This illustrates the importance of contextual considerations witerpreting
research results.

37 Findings on the relationship betwe
and t e pecstnal charécteristic

Consideringther el ati onshi p between teacphrsonab 6 dec
characteristis, Blomeke, Suhl, and Kaiser (2011) posit that gender hasiflitiley effect

on, or correlation withPCK. They state thdanguageproficiency has more impact @K

than PCK butthatt e a c teazhing éxperience has a positive influence on his/her PCK

as measured in tests.

The findingsfrom studies which explore thiek betweent e a c lbvel ofeducation and

their PCK vary substantially, probably because there areasuiastdifferences between

the education systenns the variousountriesrepresentedDepaepe et al., 2013). On one

hand Zhou, Peverly, and Xin (2006) found thatericant e acher s PCK was ¢
thatof Chi n e sfer@xarhpéedhisboald I related to differences in the teacher

training programmea these two different contexts. In Panama and Costa Rica, Sorto et

al. (2009)foundthat the differences betwetre PCK of teachef@anama and Costa Rica

was small Therange offindings need tde interrogated much monetenselyas many
factors can i mpact t PEK irtlading thingp fke trainingp f t ec
mentoring (Nilssen, 2010) and group discussions (Barnett, 1991).

The work done to date does not provide a solid basis forirmyas@nclusions about what
constitute thenajor elements of PCK, becausachstudy relates to a differenontext. It
is therefore reasonaltle expect that studies in other contexts, sudkveendacouldshow
newunderstandingef the key aspects ¢fCK.

I now explore existingaps in the literature.

3.8 Gaps to fill

This studymakes a valuable contribution in terms of attempting to doseeof thegaps
identified in this field by challenging some of theveaknesses of earlier studiess
discussed praously, these includthe use of poorly defined criteria to determif€K in
mathematics classroom teaching situatjdims dearth oémpirical research studiggich
exploreboth declarative and practical PCK in various contexts, and the relative abence
detailed studies of PCK and its relation to teaching on the African confiiemnfinal issue

was highlighted byroadfoot, Alexande&ndPhillips, (1999)in their research on learning
across countrieghey argughat comparative studies need todoatextualized within an
analysis of the national culture, pedagogic traditions and educational priorities of a
particular country.
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In terms ofthedevelopment of definectiteria for interrogating PCK as it manifesisring
classroom teaching, this studsll potentially contribute not only to the understanding of
PCK in Rwanda budlsoto the field more broadly. In many studies Rbwanet al., 2001),
theimpacob f t e a c bndaammidg has Ga@verlookedHill, et al. (2008)agree that
withoutmeasuringearnergains in learningt is impossible to determinghether variation

i n teacher so de c lisscorrelatedweariation ilmarnegerformaneel PCK
As a result, the findings in these studies with regard to effective teachatiggaeerelated

to normative influences. Another problematic approadhustratedby a medium scale
studyconductedoy CarnoyandChisholm (2008), in which PClassimply rated as 1, 2

or 3 in quality, withoudifferentiating the variousypesof PCK ordefining clear criteria

for the ratings. Thus, though the study engagkesl range of data, it is unable to generate
accurate resultsith regard tahe role of PCK in facilitating learning. Ramdhéan{2010)
attempt to improve thited him tothe conclwsion that his classroonanalysisof video
recordedessonswvas not strongly enough informed by the concept of PCK as it has been
unpackedn other research

Whathavel set out to do, therefores to work from a categorization of the soategories

of PCK to identify relevant researtiased categories, such as the connections made by the
teacher, and feedbatiklearnersgeeChapter 2. Within these categories, | spgqifossible
variations(eg. different types of connections, different types of feedb&ased on the
literature. Thisallowsme to interrogate correlations between, say, one type of connection,
and learning, as well as the interplay between these factors.

Internationally,a limited rumber of investigationkave been madent o what d6ave
teachers know abolgarnes' mathematical thinking and other aspects of PAK et al.,

2008) This study addresses this gl contributingempirically-based insiglstinto the

practical and ddarativePCK of Rwandan mathematics teachrshis research fieldn

addition,as this study replicates tbatacollection methodssed in several previo®outh

African studes it enablessomparsonof resultsbetween this study and those.

This study will also contribute to the body of knowledgeteaching and learning at the
primary school levelcomplenentingthe work of Krauss et al. (2008fonductedat
secondary school levelhich foundthat the degree @bgnitive connectednebstweerthe
PCK and CKof mathematics teachevgs afunction of the degree dheir mathematical
expertise.

Positive corrections have been foumd American and German studiégtweenthe
performance ofmathematics teachers on testghadir PCK or mathematics foeaching

MfT)t he quality of their teac(Balreiga., 20081d t he
Carnoy et al., 2012; Hill, Rowan, & Ball, 2009)he body oknowledgerelated to thisn

the developing context is limitedowever A replication studgondictedin Rwanda would

add tothe body of knowledge ahe role of PCKn learning

43



While this study attempts to address a number of gaps in the research dweGl,like

tonotet hat teacher sd PCK diddmaiesarsfonatopictotopgc mat h e
rather tharbeinga generatompetencyHadfield, Littleton, Steiner, & Woods, 1998)his

will act as a limitation in this research due to the methods of data collection. It would have
been time consuming to try to obtain data for different toins, it would have been

disruptive to ask the teacherg¢ach on the topics | requested at the times | was present at

their schoal

3.9 Chapter Summary

This chapterhas summarised the literature on the researah, toighlighting the major

factors which mip t influence teachersé pracdgical
Correlationsthat have been found in previous studiesween CK and PCK, PCK and
teaching, PCK and teachersé backgrwarend var

discussedExploraton of the literature revealdubw limited the range afmpirical work
on PCK really is antielped me to identify some gdpstargetin this study

In the next chapter,describehe methodologysed inthis study.
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4 METHODOLOGY AND METHODS

4.1 Introduction

This chapter presents the methodology used in this siegearchrequires that the
methodsused tsampe and collecdata musbe carefully chosen. However, the choices in
this study were limited due to it being a replication study, as previously meahtio

The data collection methodsed in this study are discussed in this chapter, alondheith

research design, the context, validity and reliability issues and ethical considetations.
addition | presentthe instrument | developefr the purposeof measuri ng teac
practical PCKin the subcategorieshat were selected fdhis study. The chapter also
describeghe methods used for data analysigh more detaiprovided in Chapteb. To

frame the study, beginby discussingny choice of paradig.

4.2 Research paradigm

Paradigms in research haveen a focus aéngagement and characterization for various
scholardGuba & Lincoln, 1994; Louis, Lawrence, & Keith, 2011; Merriam, 2002; Patton,
1990) For example, Pattorf1990) considers a paradigm veorld view, a general
perspective, and a way of breaking down the complexity of the real world, whereas Guba
and Lincoln (1994) consider paradigms as basic belief systems which have roots in
epistemology, ontology and methodgial suppositions. While disssingcommonly

used paradigms in reseairch agositivism, pospositivism, constructivism and critical
theory these scholarbave taken different views on the ontology, epistemology and
methodological issues within each paradigm.

With respect to thpositivism paradigm, researchers like GabdLincoln (1994) posit it

as havinga realist ontology gras Creswell et al. (2008) put it, it assumes an objective
reality. The epistemological assumption of positivism is tiiatesearcher and the object

of research are independent ofleather (Guba & Lincoln, 1994nd people can come to
know reality through observation and induction from observation (Creswell et al., 2008)
Methodologically, positivism works with observations, experiments and other
manpulative methods (Guba and Lincoln, 1994; Creswell et al., 2B@8ijtivism has often
been criticized for assuming that complete knowledge can be ob{éined & Hamza,
2015) whereas later epistemologies see knowledge as fragile (akeaysiningan
elementof uncertainty) and adapt their methodologies accordingly.

This applies to the poegiositivism paradigm which works from the assumption that through
research someone can beststate that there is a high probability that truth has been
approachedGuba & Lincoln, 1994)Like positivism, pospositivism is mainly justified
by its general goal of discoveringause and effect relationshipsid predicting and
controling future behaviour othebasis of present behaviour. Ontologically, according to
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Guba and Lincoln, pospositivists do not doubt that reality exists and epistemologically
they argue thatbjectivity remains a controllinglealusually representaging qualitative
method. Thus, the mairway in which pospositivists differ frompositivids is their
assumption of th&agility of knowledge, whichresultsmethodologicallyin the attempt to
reject hypotheses rather than prove tigal).

A more substantial difference existstween these paradigms agéalist constructivisrh

The constructivists believe that there can be multiple realities and that none is more
privileged than the othéMerriam, 2002) Ontologically, Creswell et al. (2008) argue that
constructivists see reality as constructed, socially developedi@uidirgly multiple
realitiescanexist based on hopeopleconstruct them.

The epistemological positionf constructivistss that people cannot separate themselves
from what they knowand cannot observe the world without being affected by their
knowledge (or bliefs).Guba and Lincoln (1994) positat for constructivists reality arises
through continuous interaction between the research and the object of retimasch
appearing as a collapsing of the ontological and epistemological positions. As a result of
this contexddependency of any data construction and analysis, constructivists are more
likely to engage qualitative metho{iSupchik, 2001) Theyargue that the interpretation

and analysis of qualitative dathouldtake into account the particular momantl context

in which observationgiere conducted as thaye constructethroughcontextdependence
(Hennig, 2002) This is the reason | havecluded socieeconomiccharacteristice®f my
respondents in my datallection which isin keepingwith the repication aspectof the
present study and the awareness shatceconomic statuéSES)varies through context.
When research involves human respondents, the social dynamics btevesmearcher
andtherespondents are also important (Guba and Lincol®4)19

Finally, thecritical paradigm is a realist paradigamich supports an objective realibyt,
just like postpositivism emphasizethe fragility of knowledg€Guba & Lincoln, 1994)it
emphasizes, dwever, that central to any understanding of reality the process of
unpacking factors related to power sucls@sal, cultural, political, gender and economic
aspectsResearcher and the object of researchuaderstood as dependentearch other
in this paradigm as wekndsothe context in which data are to be colleeseeimphasized.
The reliability of datas rootedin the interaction between the researcher andesearch
object, with careful consideration of power dynanf@sba & Lincoln, 1994)

In some ways, this studyses mixed methodology asinivolves both quantitative and
qualitative methosl Mixed research recognisasd works with the fact that the world is
not exclusiely quantitative or qualitative; it is not an eittwgrworld but a mixed world,
even thoughhte researcher may find that the research has a predominant disgbsitisn

et al.,, 2011) In this work, however, | have quantified the qualitative analysis of the

3 As a research paradigm, not to be confused with constructivism as a learning theory.
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observations for the purpose of investigating correlations to other factors. A more
qualitative analysis of observational classroom data is planned for later research. This could
be viewed as an opportunity missed in the current study, but singlehandedly undertaking
the first medium scale study of this type has been time consuming and ditbwdba

further qualitative analysis.

I will discuss thechoice ofmy research desig(Section4.4) in relation to the research
paradigm

My choice ofresearch padigm wasnspiredmainly by the ontology and epistemology of

the constructivistheorists explained aboviépistemologicallyit assumes the existence of
differentrealities, reflected in the acknowledgement that my interpretation of PCK is only

one of nanythat arepossible Ontologically,it is in line with theconstructivistargument

thatnoneof thevarious realitiess morerealthananother Hence, any declaration | made
about what something 6i sod nsathaprec nhte rteaskean c

Various other factors may be responsible for the occurrence of a certaiarthiagnoted

by Guba and Lincoln (1994thosefactors might bébeyondp e o pcorgrdl Bor example

in this study the use of questionnaire and test rekalfed toexplorethe factors which

could be behind | ear ner s oshiptotbhersocipeeondn@r ma n C ¢
backgrounds of learnerdowever, my approach tmnsideing the study context (Guba &

Lincoln, 1994) ionly one of many other pogde approaches which could be ussdother
researchers. | cannot claim that my results cannot be challenged by others thatt dngy

provide onaunderstanding generated from my collected data (Maxwell & Mittapalli, 2010).

Epistemologically, this resech assumes thdtereality that is presented was constructed
through different constructions of what happens in the classroom which have been
recognized by analysing mydeo-recordectlassroontessoisbased on my particular PCK
perspective reflectedrbugh my developed PCK analysis instrumueiith the intention of
making this as transparent as possible to enable the scrutiny of others

Met hodol ogically, as the constructivists?©o
as one of its methaedf data collection. | did this by vide®cordingteaching lessons.
However, | have not ignoretthe factthat my presence ol haveinfluenced both the

teaching and the | earnersd knowledge const
in time. The triangulation which | used attempts to balance this to some extent.

4.3 Theory of learning

In the previous paragraphs,hbve discussed constructivism as research paradigm.
However, inSectionl.3, | reflected that this studyasa | so eval uated | ear
Having that in mind, and knowing thafférent learning theories exidtfoundit relevant

to also take a position in relation to theomédearnirg. Most current approaches assume
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learning to involve mental work in interaction with the surroundings, engaging cognition,
social relations, affect and experiences with discourses. These include constructivist,
culturathistorical and sociological apprdaes to understanding learning and knowing
mathematics (cf. Lerman, 2013).

Central to constructivispas inspired by Piageis the belief that learners construct their

own knowledge based on their interactions with the world around them, includingittie soc

world (ibid). This relatesto mathematical content constructitimough mathematical
practices/variations oneoft he t e a c h e rtisnd which tlassstsidy addresséa c

other words, learners make sense of their experidrncesnstructing samas which are

then applied to situations which appear to the learners to be sifiligralso means that

|l earnersd6 mental concept images are not di
interrogating their choices and actions in specific sdnat This perspective has been

widely used in researcimng | e a r n ecalledd missonceptions Christiansen &
Aungamuthu, 2012 and the idea of constructing a multiple choice test where the incorrect
options are informed by such research suggests theggheated studies, at least to some
degree, were informed by constructivishhis isconsistent with the considerations in this

study, whereghe mannein which teachersengaged e ar n e r s dunpackedther s an o
content they were teachimgs been noted.

Piaget claimed that thereevealways some elements of assimilation and accommodation
in play at the same timé&erman, 2018 Wittrock (1992 argues that eaningful learning
occurs when the learner creates relatiorsshgiween new concepts and prior knowledge,
experience and new informatiofhishighlighted to me the value observing thenethods
teachersisetoaccedsh ei r | e ar n e r. Théthepryis tioataeh learmemidresd g e
his/her own representation of knowled@algarno, 200lwhenhe/sheactively explore

the surroundingenvironment, which enaldethe learnerto recognize inconsisteies
betweenhis/hercurrent knowledge representation gndw) experience To reflectthis,

i n this study {technigbesfa rllusteatihg dné eemrdsenting éontent
withoutignoringtheir methods foengaging learnetis classroom learnintasks

As indicated inSection3.2, | work from the position that learneceme to school with
different perceptions about the world as they come from different backgraumds
different relationships to decontextualized knowledige inthis line thaDalgarno (2001

posits that learning occurs within a given social context and that such interaction is a
necessary part of the learnipgocess.That view has informed this studg terms of
assessing eacher sé meiodressibsn theif lessbres iand djrikg contentto

other contentThis view also reflectgleasinspired byWygotskyd sociccultural learning
perspectiveswhich assume that people first learn on a social plan and tven time
internalize it(Vygotsky, (1980)This is not far away from illustration and representations
together with teacherso6é6 ways of task engac
Vygotsky and others from this school of thougdiso distinguish between everyday
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concepts and scientific concepishere the latterequires some sort of systematic
instruction(ibid).

In my view, the notion of PCK is compatible with both of these theoriesaohitey.

Whether the learning happens through presenting learners with new experiences from
which they generate schema or from other forms of instruction, teaching requires the
teacher to transform the content so as to make it accessible to the leathtis, @ilizes
PCK(Balletal;2005) n t he present study, thatscould
of unpacking the content they haweeteach.

With his Marxist background, Vygotsky was no stranger to the influence of social contexts
on learningln his work,Lerman (2013) also mentioned that children from different class
backgrounds (middle and working classes) do not pass through school in the same way. In
one way or another, thisew influenced this study (cfestions2.2and8.2). He addedhat

while it may come as a surprise teachers and reseaers, questions set in everyday
contexsare likely to be misrecognised by working class children. From my understanding,
setting such questions requrearefulattention. In this studyhis alerted me to the value

of noting t eac Bksinthdrclassraom prdcticése ani ng t a

Before ending thisection | would like to note thathe learning theorydiscussed in this
sectionshould not be confused withetheory of instruction (cfiMoshman, 198Pwhich
is much related to teaching

Sectiond.4belowdiscusses the research design ofshisly

4.4 Research design

The overall desigof this studywas determinedo a large extenby the choiceo conduct

a replicatiorstudy, with the advantages of regional comparisioatshave beementioned
(seeSectionl.3). Thus, the study is a correlation study which combines qualitative and
guantitative approaches. One of the important berudfttss is the opportunitit presents

to gain a deeper understding of the phenomenunder studyas the twoapproaches
complement each other by permittitige stability of the results gainedhrough the
contrasting approaché&s be assessed.

In the studyquantitative datevereobtained mainly from mathematics tetbtat weregiven

to learners, mathematiasadPCK testghat werggiven to their teachers, and questionnaires

that were givero both learners and teachesile qualitative datavereobtained from the
videorecordngs of classroortessonslin the case aheclassroom videos, the interactions

between teachers and learnsyald beobservedcreating dasisfor engagingsome of my

research questions. However, in order to investigatestions such asow t eacher s
practical P CK r e nantegitwas meocessare guantifethe €aglingpoke r f o r
the practical PCKn some way
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In a study which aims to interrogate the effect of one faatothis case PCK on learning,

it is important to collect information which allows the researcher to takeastount the
effect of any other potential factors. | have previously discussed the many factors which
may influence the teachidgarning situation and the outcomestief or m of | ear n
learning and test performances. The questionnaires were atanipoestrumentor trying

to capture such information.awever, as previously mentionetie data which would
provide thebest measure of soegconomic status varies across contexts, both between
countries and within countries. In a country where mamyili@s rely on subsistence
farming', measures from other contexts cannot be applied uncritigéhije | am aware

that the statistical analysis may show a correlation between vartaidedoes not imply a
causal relationshjphis isclarified in Chapter 8.

Theproblem or issue that a researcher is studying determines not only the research design
but notably the research techniques ygethe & O'ReillydeBrun, 2001)While the study
whichwasreplicated here did not characterize its research dddigme considered the six
common types of mixed method research designs proposé&tdsyvell et al.(2008)

namely: sequential explanatory design, sequential exploratory design, sequential
transformative design, concurrent triangulation design, concunested design and
concurrent transformative design.

As the qualitative and quantitative data were collected at the same time, this study used a
concurrent design. It could be argued that the study has elements of what Creswell et al.
(2008)refer to as aoncurrent transformative study, because it may provide a different
perspective on PCK, or of what they call a concurrent nested approach, because the analysis
of the video observations is used to interrogate the correlation between PCK and learner
performance. However, the purpose of the study was as much to get a sense of the
classroom practices and knowledge of Rwandan teachers. | therefore argue that this
research falls into the concurrent triangulation design, which allows the use of two different
datacollection methods in one studyorder to corroborate findings (sEgure4-1).

4 As high as 90% according to Ministry of Education, RepulfliRwanda (2011).
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Concurrent Triangulation Design

QUAMN + QUAL
QUAMN QAL
Data Collection Data Collection
QUAMN " . QAL
Data Analysis Data Analysis

Data Resultz Comparad

Figure 4-1. Concurrent triangulation design
Source: Creswell et al, 2008, p. 181

One of the advantages of this desigrthat the limitations of using one methodare

minimised by using multiple methadBesides, it accepts the integration of the output from

both types of data during datdgerpretationCreswell et al., 2008}s it has been done in

this thesis by investigating the correlati
PCKby linking theseto the results from Brner tests and questionnaires.

4.5 Research site and partigpants

4.5.1 Site description and context

This study wasconductedin Rwanda,a smalleast African counyr characterized by
volcanoes, mountains, forests and lakagiculture plays an important radedconstitutes
roughly a third of the national GDfAbbott, Sapsford, & Rwirahira, 201.5Though one
million of R w a n celavénsnillion citizens live in the capital, official estimaténdicate

that 8090% of the population is engaged in farmiiigd). This ismostly subsistence
farmingwhich usestraditional tools and methods, in part becanfdhe hilly nature of the
land.The human development index for 2015 was Oi488oubling over the last 25 years,
but still low (bid), reflecting that more than 60% of the population live below the income
poverty line (ibid). Since 2012, education has been free up to grade 12,dvattice
parents are expected to contribute towards materials, upkeep of the school and even teacher
developmen(ibid). Almost all children are in school, but many have to repeat grades,
resulting in a current gross enrolment ratio of 134%. Less tharofl@%é adult population

has some secondaoy highereducation, but almost all primary school teachers are trained
to teach. This is the context within which the data for this study were collected.

Datawerecollected for this study durir@013. As deta@d inSectiord.5.2 twenty schools
were selected in Rwanda for the purposéhef study. The schools in which data were
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collectedfell in two categories, namely ten le€sourced schools artdn fairly well
resourced schools, selected from both public andpobiic schools, within my sapled
districts(as detailed irsectiord.5.2.

The government of Rwanda is puttiagparticular focus on science and mathematics
education which is seen as the core of secimnomic developmerAlthoughmathematics

has been prioritized by Rwan doasgedecondmy,i on
fewerstudents study mathematit&nfields related tahehumanities and arts, because of

the high rate of failure imational mathematics examinations at all IevV@i8INEDUC,

2003)

The majority, if not allof the African countries face a language problem in their education
systems becaasthe languages of instruction generally are additional languages to the
|l earnersdé6 mother tongsa. nkegatiisveobivinpadst
understandingof the subject matter whictthen negatively affectsheir performance
(Niesche, 2009)

The majority of Rwandans (90.8%) speak Kinyarwanda at home (as their mother tongue),
while 5.6% speak English, 2.6% speak French and the remaining 0.8% communicate in
other languageKinyarwanda is the language used for teaching in the first three gear
primary education and thei&nglish is introduced as the language of instruction
(MINEDUC, 2013) This implies that a Rwandan grade six learnerdegs instructed in
Englishfor only three years before sittifigr the national examination test, whistgiven

in English.

The international millennium goafsr education may also beonsidered to be a factor
which impacts theducation system. Rwanda is committed to international development
targets in education such as education for all (HRWANEDUC, 2003) whereby primary
education is compulsory and free for each and every child. Another internatfaraice

on theRwandan education systemtige Global Partnership for EducationNhile the
policies of this programme are quite gpéattors such amadequatenfrastructureand
inadequate quantity or quality of teacher trainingadioiress the challenges involved in
introducing English as the medium of instruction, may reduce teaching quality
(MINEDUC, 2010) Thus, learners are likely to be promotdthaut sufficient knowledge

and prerequisites.

The Ministry of EducationMinistry of Education, 200&)as stated th&wanda has a ten
yearLong Term Strategy and Financing Framew{tKkSFF 20062015) and a five year
Education Sector Strategic PIgESSP20062010). Key 2015 targets in the ten year
strategy include increasing thember of learners who complete thgiimary education
from 51% (2004) to 112%y 2015(not yet updated)n order to achieve these targets, the

5 Failing the mathematics examination does not, in the current system, exclude applications from studying
mathematics at university level.
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government of Rwanda introducstitategies to address the deficitriaining forprimary
schoolteachers and fund the purchase of teaching and learning maéspesiallyfor the
sciencesincluding mathematics.

4.5.2 Sampling

For this study, | selected a sample tafenty primary schoold§rom severof the thirty
districts in RwandaStratified samplingvas used to identify the districts and schools

The districts were chosen from threleRwand@® s f i ve provinces. The
the basis oaccessibilityin order toreducehecosts of travellingluringdata collectionOf

the provincesoneis constituted by city. Ichose this onbecause | expected fiod well-
resourced schools it. | chosethe two otherprovincesusing simple random sampling. |

then used stratified sanmpg to selectthe districtswithin these three province$o select

the individualschools, | usedtratified random sampling whettee strata were based on the
socioeconomic status of schools. As the strata had to be mutually exclusive, in this case,
the school resourcesvere taken into consideration in order to get a serfsechool
categories. Schools in which basic learning mateniate availablesuch agjeomety kits

for both learners and teacheend where learners did not have to share books
categorized as wetksourced, whereas schools without these facilities were considered
nonresourced schools.was able to obtaithis information from theéNational Schools
InspectorateDivision of the RwandanMinistry of Education. Theaccuracyof this
informationwas attested to by the official who supplied it to mewahd hadworked for

more than 15 yeaiia the inspectorateMly own observations at theehoolscorroborated
thisinformation as well.

4.5.3 Research Participants

The participants in this sy were Rwandan grade six learners and their mathematics
teachers at the selected schools. In both phebedata collectiontwenty teachers
participated while 713 learnerscompletedthe pretest during the first phase angi38
learners completed thposttest duringhe second phase. Overall, 638 learners completed
both tests.

The participants in this study had a direct relationshth each otherThis relationship
wasobservegrimarily between the major research participamésnely teachers anddir
learners through their everyday interact®mot only in classroom situations but also
outsideof the classroomsin addition to this| began interactingvith the teachers and
learnersimmediately afterreceiving permission from the principals ofheols. This
primarily consisted of me explaining the project to the teachers and negotiating their
consentfollowed by an open conversatiovith research participante provide further
clarification about the projegtherver required.
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4.5.3.1 Access/gatekeeperissues

| personally collectedll of the data used in this study and caplihem ina database for

analysis. This required me t@vecontactwith all of theparticipantdn the studyTo gain

accesdo them, | firsthad to negotiatavith school heads tallow me to work with the

teachersAt some schoolshadto meetwiththel e ar ner s & ptheperposes t 0 e X
my research before they would consent to their children participating. While this was time
consuming, no issues arose in the process.

4532 RWAT AAT COAAA OE@ | AOEAT AOEAOG OAAAEAOC
For the study20 grade six Rwandan mathematics teachers were initially selected and
agreedo participate10 were women and 10 were men. (This was a coincidence; | did not
consider gender in my samplih@heir average ag@as42; while thisseems to bhighin

the Rwandancontext, the youngest in the group was 22 years old whereas the oldest was
59 years oldEven if | have not asked such information during my data collepgoiod,

this did notsurpri® mebecauseisually experienced teachers are assigned to tgade

six mathematics in Rwand&mong the 20 teacherd5 held a diploma for having
completed sixyears of secondary school studi€aree had obtained D7 qualification

which is aqualification between senior six secondary and university studlgsh was
offered in the earlier Rwandan school systemsuab longer offeredl'wo of the teachers

heldb a ¢ h e | o r; ené inedieaion erel sanoth&r accounting.

Of the 20teachers, we showed unwillingness to complédtee questionnaireand test

partially because of language issues. | was concerned thasthesult would not reflect

the teacheroés knowl edge, whi ch tonotuselis s k ew
test reslis in my data analysis, which means that data fomty 19 teachers and their

learners have been consideieh t he anal ysis of t he. teach
However, | did observe his |l esson and have
practical PCK.

The test and questionnaire were written in English, although all of the teachers who wrote
it had completed their studies in French, as this was the language of instruction formerly
(Gahigi, 2008under colonialism.

For more on the backgroundithe teachers, s&ection6.2

4.5.3.3 Rwandan grade six learners in the sample

The Rwandan grade six learners involved in this research were from the participating
schools as detailed in paragrapb.2above. | note that only learnersclasses taught by
participating teachers and whompletedoth tests wergncludedin my analysis.

Both female and male learners papated in the studyGirls were a slight majority
(53.899 over boys 46 2%).
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Rwandan education policy has inclusive education as a concern. However, because of
economic issues, the numbers of classes reserved for learners with disabilities who are
supposedio have special equipment are limited. Most of such schools are situated in towns
which are a considerable distance away for many peAptballenge | observed during

my school visitsvasthat because of the insufficient number of such schools, learitrs w
disabilities were included in the regular classrooms, especially in the rural areas. On one

hand, some of the teachers told me that they have not been trained to deal with such cases,

and on the other hand, teachers confirmed that learners are raedtepaccepthose
with disabilities, leading to stigmatisation.

In some classes, there wasyenumber of learnersequiring threer four leamers shared
a seat intended for two. Thougtade six learners in Rwandhould bearound 13 years of
age,in some classdsarners ranged from 11 1®in age.

The mobility of the learners between schools was relathiglyasonly 6% of the learners

had attended the same school frggrade onéo grade sixOnly 6.5%of the learners
reported that they were looked aftsr both parents at home. However, my experience is
that it is quite common for learners to live with both parents, so it is possible that the learners
misunderstood the question, perhaps taking itfew te whom in the home attended to their
needs.

The vast majority of the learndraround three quarterseported getting homework every

day, and only about 5% said they had homework once a week or never. About a third of the
learners could not answerhether they had attended preschool, but of those who did
answer, more than 90% said y€his high attendance at ppeimary school might reflect

t he Rwandan ¢ oswoeeencouragearedts to sehdftheahitdrento pre
primary schools.

4.6 Data collection

4.6.1 Collection procedures

The datawverecollected in twghasesinvolving two visits to each school.

In phase one, | administered a learner questionnaire and test as early as palsilykain
as a badme; this took two months due to the trave i n g required.

Tr

guestionnaire included | earnersod bi-ograph

economic status, home language, and their perception about school violence. The test
included some items fromhe grade five andsix curricula (seedescription of questions in
Appendix E) | alsoadministered questionnaires to teachers covering generalsiteimas

their background (education levels, teaching experience, etc.), and mathematical
knowledge items, i.e. a test on mathematicastedge and on PCtsee Appendix FOne

lesson with each teacher walso videerecorded.
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The second phase, as the first one, took approximately two months. | conducted the
| e ar n etesstdchagukofshere had been any gains in performance compéanedore

test. This allowed me to correlate learning gains with both learner and teactfe®data.
more lesson was videecorded for some of the teachers who consented to this.

Originally, the target was to videecord at least two lessons for eaclches, but several

of them did not wished to participate in this. As this inconvenience came at a later stage of
the study, decided to consider one videecorded lesson for each teacher, which makes a
total of 19 video recorded lessoriie factthat all 19 teachers completed the teacher
questonnaire and wrote the teachestthus allowed for a complete set of data for 19
teachers

All of the learners who wrote the ptest also completed the learnguestionnaire.
However, because @hrious issues sh@asabsenteeisranddrop out, a number of learners
missed the second learner tessulting ina drop of 11%, from 71&spondentto 638.

As mentioned before, my thesis is part of a larger project on grade six mathematics teaching

and learning. For this e as on, both I earners and teache
guestionnaires have not been included anywhere in this thesis as they may be used in other
future studies, related to the project.

4.6.2 Methods of data collection

4.6.2.1 Teacher questionnaire

This quesbnnaire was aimedt capturingas much information from teachers as possible.

Keyissuedncluded: t eacherso | evel of schooling; vy
they hadeceived how they gained knowledge on curriculum; their segonomic statys
and he most common problemstheyfdcen t heir ¢l assrooms. The

was completed immediately after they finished the mathematics tesprobiess took a
substantial amount of timaround 4 houdsand personallyfelt that the questionnaire was
unnecessarily longlthoughthe additional information added depth

4.6.2.2 Teacher test

This test was composed of 24 differeteims some of which had more than one sub

guestion, making a total of 6@ms Someitemsdealt withconient knowledge and otheer

with pedagogical content knowledge (Sesble6-2). As previously noted (see page 30),
theitemson PCKreflected through Mffwere aimed to minly capturethe way teachers

unpack the algorithm while teaching a particular topic (KCT); how they idesrityrs

madeby learners (KCS); the way they identify correct or incorrect solutions given by
learners anthow theyidentify the reasons whichcdoud be behind their | e

8In this phasgl also examinedearnes & not e books, to get asequenamge of cCU
However, these data were not analysed as part of the doctoral work.
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answers (KCS). The teacher test was given the samarthwt the same timas the

| e ar n deastatéachpscheol. While learners were busy doing their test, so were their
teachers. This helped reeensurehat learners were not influenced by their teachers as the
latter were also busipetails regarding theeacher test content areas and knowledge types
which | assessed are provided in Chaptérdescription of the questions has been included
in Appendix F, but the actual test is not to be published.

4.6.2.3 Learner test

The learner test was composed4Ofmultiple choicequestions Each questiomad four
answers to choose from,n® of which was correct.There were items on
numbersarithmetic datistics geometry dgebrahumberpatternsand neasurementThe

test was given as @etestand later as a pegtstin eachof the participating classea.
description of the questiofi®m the learner test has been included in Appendix E, but the
actual test is not to be published.

4.6.2.4 Learner questionnaire

That questionnaire was also important in this study@sdléctedbackground information

onthe learners. As | discussed@hapter 3f this thesis, theraredifferent factors which

may influence learningandhas@ osi ti ve or negative i mpact
To tap that i nformation, my questionnaire
the level of education oheir guardians at honandthe basic items which they possess at

home as indicators of their socieconomic statuther questions addressed, for example,
whether or not thehadattended prachool, their views on learnirapdhow often they

were givenhomework. Theycompletedthis questionnaireanmediatelyafter completing

the mathematics test. | colledall of the completedhathematics tesaind therdistributed

the questionnaires tearnes and teacher This became quite a lengthy process, anohl a
grateful to botlthelearners antheteachers for takinthetime to participate in this study.

4.6.2.5 Lesson observations

At each of the schoola the samplethe observation of lessons took platea separate
day,after both learners and teachers had cetagthetests and questionnaires. During my
first school visits, some of the teachesgpressed reluctance be video recorded. They
were only in favour of takinghe test and filling in the questionnaire. However, after
explairedto them the usefulness of this research to mathematics educ&wamala, they
agreed to be viderecorded.

4.6.3 Trustworthiness of the data collected

| have already described the sampling process, and | think it had sufficiently random
elements to avoid adsed sample, while also ensuring that the ranges of schools in Rwanda
were represented. Through randomization of samples, their representativity/transferability
was increased, i.e., increasing external validity. Still, some tesaai® did not wish to be
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videorecorded saying that they were not sufficiently confident because of the language
barrieri were replacedThereis a possibility that thiskewedthe sample. For instance, it
could be possible that teacheansthin a certain age growwould be moe likely to feel
confident teaching in English.

Retrospectively, | regret that | asked the teachers to teach in English, even though that was
the required language of instruction at the time, as it could also have affected the choices
of teachers which washat | wanted to interrogate through the observations. | consider this
the singlegreatesthreat tothe validity of the study. On the other hand, it did enable my
supervisor and others to compare my coding to the video recordings, which increased inter
coder reliability.

The test and questionnaire were written in English, although all of the teachers who wrote
it had completed their studies in French, as this waftheerlanguage of instructiorn
hindsightl believethis was an errotthere is no paty dictating which language must be
used in research data collection and sad the option of translatirige test from English

to Kinyarwandaor Frenchin order toavoid any misunderstanding thie questions orhe

part of theteachers.

In terms ofthe trustworthiness of the data used in this study, respondents were free to
consent or not. This suggests honestythe parof the respondents as theguld have
refused to participate if they had preferred to

In three of the observations, | failed tecoed the entire lesson because | had to change the
cassette, or because | was inexperienced in the use of the camera. Limited observation time
was lost, and | used my notes from the observation to recall the content lost, but it remains
a source of error.

When | was video recording lessonspimetimes observathanges itheclassroom$om

the previous day on which | had been administering sesd questionnaires. Thisost
ofteninvolvedt he | earner so6 dnamadt of theg casEhigradlacigdeti,me nt s .
way teachergiroupediearners for them to do activities together. | observed that when a
teacher wanted to give group work activities in his/her teaching, classroom sesong w
arranged, which reflected that they were actually using grouk. wor

This suggestthat some teachers may have strived to adjust their teaching in other ways. It
is a standard concern in all classroom observations, in particular those of short duration. It
is hard to say if it is possible for teachers to change the way they engageticosne
representationgnd other aspectd give feedbackased orone lesson observation, but

it remains gotentialsource of error across all video recordings.

This also illustrates that there may be differences between what teachers believesare desi
practices and what they see as desired practices in discourses about mathematics education
or teaching in general. Alternatively, they may agree thighdiscourséut not always find
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themselves in a position to realise it in practice. In both casEsnpnstrates the saturation
of education by normative discourses.

Among the things which increase the reliability of this research is its repdicatiureand

the factthat he peri od between the | earnerso test
may have changed substantidiyt not so short that the participamtsuld remembethe

first test.

When it comes to the tests, language problems were observed in most of the schools, for
both teachers and learners, as | had to translate some questions from the questionnaires and
test into Kinyarwanda for them to answer. However, some teachers who tesldngoiage
difficulties than others were unable to finish answering the questionnaire on the same day,
which pushed me to allow them keepit and return it to mehe following daywhen |

returned to video record their lessoAs the information in thquestionnaire was personal,

| firmly believe this could onlyaveaffecedvalidity positively.

While | recognisethat the teacher test did not reflect all aspects of ,R8Khas been
discussed previously elected to make no major changes in order twigeoa stronger
basisfor comparisorwith the previous studieshus de facto using the same test as in the
earlier studiesAs amethodological choicéhis had shortcomings, just as its alternative
would havehad For the test thavecoverdall aspect®f PCK, it would havéad to cover

all of thePCK subdomains atescribedy Deapepe et al. (2013naking it arexcessively
long test.

Assessing learning is not a simple task. The Oxford Dictionary defines learning as the
acquisition of knowledge or skslthrough study, experience, or being taught, but this does

not address the connectediesof t he knowl edge )achadgesski | | s
|l earnersdé6 attitudes, c hanges and othett aspectswa y s
Another factor ighatlearners may tend to improve their educational outcomes over time,
simply due taheir increasing maturityMarsden & Torgerson, 2012)his also needs to

be taken into accounthus, when this studysedchanges in test performance as a measure

of learning, which can again be correlated with measures of teachings itlone with
recognition ofhow crude this measure is. However, it is the best opirailablewhena

study involvesa large number akspondents

It is common knowledgéhatwhenmultiple choice testare administeredomelearners

will guess to some extento determine whethéhe majority of learnersaveguessedor

a particularquestion, it is common to look at the distribution of ansv@rshe provided
options. If the fregency is close to 25% for all four options, it is likely that learners simply
guessed. However, as an analysis of learner responsasnoe questions on tAédVISS
testhas indicatedDempster, 2007)earners use various strategies to narrow down their
choices,in particular when answering a test in a language other than their mother. tongue
These strategies includejecting answers containing unfamiliar words, selecting answers
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that contain words that are also in the question, or selecting an anseceohdke pattern
of choices in preceding iteniBhus, everor situations wheréwo or threeanswer options
have equatesponsdrequenciesthe possibility that the majority of learners hayessd
cannot be excluded. However, this method is quite candeloes not help to determine
whetheronly some learners were guessiogsome questions.

One way to interrogate this isdetermine whethdearners answered some of the multiple

choice questions correcthnthe pretest but failed to answer the saqeestions correctly

on the postest, or changed from one incorrect to another incorrect option. As shown by
Christiansen & Aungamuth{2013) this may reveal a high likelihood of guessing which

could not be determined otherwise. Of course, itis possibleat | ear ner s have
or forgotten previous content, but when ¢
substantial number of their answers, includsupstituting onencorrect answeirfor

another other reasons become more likely.

While this may appear to relate the method used by thexaminergo set the preand
posttests,the modification of multiple choickems doneby Kettler et al. (2011)n their

work showed that there was no meaningful difference in reliability between tests in the
original item condition and the modified item condition. In any case, this was not a factor
in the present study, as the paed postest questions were exactly thame.

One concern with collecting the information from learners which they were askée
guestionnaire is the extent to which learners are capable of providing accurate information.
For instance, itests on shared understandings of what it meansé&dieed water or what
constitutes a brick house. It also assumes that learners have accurate knowledge and
under standi ng odf edacétienthe numkerotboakssintindlonseyared |

so on In my view, this is another challenge to the validf the datacolleced one |
inherited with the instrument.

During thiscourse of this study have presented sora&findings of this researdt various
conferencesSuggestions from different scholars have been taken into consideration in
refining my discussion of results in this documeRtowever, despite the triangulation
designl used in order to strengthmy datg as Iwill discussin Chapter8, my results cannot

be generalisetb other contexts due to the small sample size used. Howeveryltiesite

data collection suggests that there is a reasonable likelihood that the data provide a snapshot
of Rwandan teaching and learning at the tohthe study

With regard to thealidity of the instruments used this research, the tools | used data

collection were the same #sseused fora South African grade six projecbnducted

under the University of KwaZulilatal. However, there were issues in the South African

studyin that the learner tegtas found tanot bewell suited to the learner6 act u al | ev
performance (personal communication with project researdfarYhis reasonl piloted

the learner test in Rwanda before starting the data collection process.
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SeeSection4.8.4for reflections on the trustworthinesstbe coding and analysis of the
data.

4.6.4 Ethical considerations

Before starting data collection, | received ethical clearance from the University of
KwaZulu-Natal(protocol referenceunber HSS/0064/0133ee Apendix A).As my data

were collected in Rwandan schools, | afsegeived permission frorthe Ministry of
Education in Rwanda for collecting data in Rwandan primary scfresisarch permission

no: MINEDUC/S&T/0115/2013, refereeciumber 0079/12.00/201&e appendix

Theidentity of respondents in the study was protected by using number codes for the names
of respondents and of schools to maintain their anonyiity regardto the security of

data my data will be stored ued lock and key for a period of not less than five yqaes
institutional requirements.

As already mentioned, the participants had the right to withdraw from the study at any time.
None exercised this rightwould like to note howeverthat | have intudedone videe
recorded lesson fa teachewho did notallow me torecad a second lesson

| was concerned that my presence could influence respondents in some way during data
collection, and wanted to protect against them feeling coerced in any napf e ways

that some researchers address this is to train someone else to collect the data, so that
participants feel that if they elected to
know. However, | opted to collect the data myself ndy tvecause | wanted to own this
research but also in order get more experience with the process of data collection.

On the other hand, | could not ignore the possittligt teachers/ho had participated in

the study couldead or hear about thesultsand could feel that it had exposed their
inadequacied.concluded that this was a possibility that | could not avoid, as some of my
results have been published in papers. However, during my analysis of data and my writing
of this thesis, | have kept in nd the fact that | havguaranteedhe anonymity and
confidentiality of all informatiorabout both the respondents and the patrticipating schools.

In this way | could prevent someone reading my research from being able to recognise an
individual or schoolhat was mentioned. In addition, aerly had one video from each
teacher, theravas a chance thatheir general teaching approaches and dexsson
elements weraot fairly represented, whiatould add to their embarrassment should they
read the study ahsee their weaknesses pointed out. | have thus tried very hard not to be
judgmental but descriptive and analytical in my results.

| informed the participating teachers that all of the data and everything emanating from the
data would be used only for eggch purposes and that it would not affect their jobs in any

way. However, after | had completed the data collection, some participants phoned me
wishing to know my assessment of their classroom teaching practices. It is of course
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positive that the teachesought out feedback on their teaching, but | felt it was premature

to share any views before the research was complete. | therefore informed them that the
research results would be made available online as soon as the thesis has been accepted. In
retropect, | worry that the research results will not provide sufficient input for those
teachers wishing for specific feedback on their own practice, and hence | need to consider
ways to engage with these teachers.

The process of obtaining consent was doneestime before the data collection process
started. | read the introductory letter to the learners and informed them that the test results
would not affect their grades and that they were free to withdraw from the study at any
point. Learners were also giveonsent letters for parents/guardians to,sigiEnglish
However, the school principals informed me that they normally communicate with
parents/guardians using Kinyarwanda. To overcome this problem | arranged a meeting at
each school with parents/guimas in order to explain to them what the study was about
and discuss the contents of the consent letter. This of course did not eliminate the possibility
that parents or guardians felt intimidated by my presence and in that way coerced to
participate intie study. This power dynamic is very real and requires that participants and
guardians be approached very respectfully; even so, it can never be eliminated.

4.7 Video analysis instrument

As mentioned irChapter3, this study hasised theanalysisof videorecadedlessonsas

one of its key elements. From my knowledge of the research literature, few studies have
attempted to develomanstrument to analyse obsene@K. Some gceptions ard®all et

al. (2008 andSorto et al. (208). Other studiege.g.,An, Kulm, & Wu, 2004; Bayazit &

Gray, 2006; Kleickmann et al., 2018hich alsoinvolved videerecordng the teaching of
mathematican the classroomonly mentioned general concermegarding classroom
observationsAdler and Rondd2014)developedan analyttal frameworkfor describing

t e a c h e r sdurind inahenaticmstriection but this was published only after | had
started my analysis

Earlier, | explained why | chose to develop my own instrument and not utilise the existing
MQI instrument (see dtsission on p@2ff). Beforel describehow | developed my video
analysis instrument iSectiond.7.1, | would like to discuss sonud thereasonsnforming

my decisionsparticularly with regard tthe MfT subcategorieput forward byBall et al.
(2008)

Oneof the reasongor developng my own practical PCK analysis instrumemas that
practical PCK by its very naturecan only be interrogated indirectlipy interpreting
someoneds knowl edge i n action. Further,
conceptualised and reconceptualised dffidly by various authorswanted annstrument

which reflecedmy own understanding of PCK.
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What takes place during classroom teachings is complex in nature. The professional
judgments teachers malibouthow to construct mathematical content, or thg a@ntent

is connected progressivdlyroughthe use of illustrative examples and problefesigned

clarify the concepts, are not easily descrit¥dds is also the cader the methods which
teachers use to deal amthearhthnkingdarmgaaivesn taskmi s cor
which might require unpacking the methagsed to complete theaskin orderfor the

teachetto provideconstructive and targetdéededback. These subtle processeddfieult

to infer from observablections.

| could have choseto code for the cognitive demand of tasks, using existing categories
(Boston & Smith, 2009; Steirt al, 2000) Because oiny i nt er es't i n tea
however,| chose insteado observe the way teachers engage their learners in tasks, in
particularin terms ofthe nature of connections madmirthermore, ding mathematics

tasks which require complex and ralgorithmic thinking(Boston & Smith, 2009ften

takes substantial classroom time, even extending over several periods, making it difficult

to aode for cognitive demand on the basisofsolated lessgrwhich was the conditions

of this study due to its replicative character.

To recogni ze dsringelssrooendesachimynGt straightforwardin this

case, | opted to include sequencing actions in my video analysis instrument, as it reflects
KCC. Hugo (2013, p. 8Yetails different types of sequencing in lessons, and | have drawn
on his work in the development of my instrumgsge criterion 2 on |&6).

The TIMSS video studieshave explored connections between classroom practices and
|l earner s6 t @Nesubrang, 2006)Qne wey toclearacterise the deas was
according to how tasks were engagedrked in seatwork (SW), but not shared in
classwork (CW); posed or only checked in CW; worked on and solved in SW, and shared
in CW; worked on and solved in both SW and @AMvorked on, solved and shaesttirely

in CW. This was another element to take into account when designing the instrument;
including considering the extent to which this should be considered related to PCK or to
pedagogical knowledge and strategies only.

| believe that the discussion abadwghlights the immense challenges of trying to infer
practical PCK from teachersd actisughas i n a
Baxter and Lederman (1999)who think that it is a contradiction in terms to try to infer

PCK from the practicef teaching.Adler and Zain (2006hote that when a teacher is
teaching, he or she nestd interpret the specific mathematical thinking and reasoning in
which each learner has engagedd in doing so he/she will draw on some form of PCK
However, acording tahe SACMEQ studie€ESACMEQ, 2011)the extent to which this is

included in teacher education variegme teacher education programmes seem to put
emphasis on teacha&ontentknowledge while other programmes seem to put more
emphasis on pedagogl training. It isnecessaryo investigate what is done in teaching in
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order to know if emphasis on both teacher subject matter knowledge and pedagogical
training are demonstrated and how it links to learning. dsibasbeen suggested by
McNamara (191) that PCK is not CK added to PK, but that a teacher reflecting on
classroom practice may create his or her own PCK.

I now turnto thedetaileddevelopment of my video analysis tool in thextsection

4.7.1 The development of my video analysis instrument

As previously stated, my PCK subcategarieamely KCT, KCC, KCSare drawn from

the work of Ballet al. (2008 who placed them under MfTin the development ahy
instrument,| generatedcriteria for each subcategory based on wwk of different
scholarsDue to thecomplexnatureof classroom teaching, and in order to increase content
and construct validity, more than one criteriwas requiredor each subcategory. Each
criterionwas therassignedtleast three options which a teacbeuldtakewhile teaching

in theclassroom. Ten criteria are discussed below together with their respective options of
variation within classroom situations.

Figure4-2 shows the criteria in relation to the scditegories of PCK. Following that, |
discuss the literature which informed the criteria and their options of variation. As can be
expected from congicted distinctions, thers some overlapat the level of option of
variation.

Most criteria fall under KCT. That is because my video arsmlysstrument is an
observatiorbased instrumemwhich involvesobservingb ot h t eacher s and
actionsduring classroom teaching activities. KCC and KCS often play a stronger part in
planning, assessing and evaluating, which unfortunatelg beyond the scope of this
study to engage.

Below, | outline the criteria, their relation to the stddegories of €K, and the options
included in each criterion based on the research literature. | do not go into how these were
operationalized; that is discussedSectior4.8.3

64



KCC

[1] Content connections [6] Nature of feedback

[2] Progression and linkage to other content [7] Focus of feedback

[3] Content constructiothrough variation/practices [8] Unpacking of content

[4] Use of illustrations and representations [9] Problem solving engagement activities

[ 5] Engaging | ear ner s 6 [10]&ngagenem af tearreds perriroor sk nowl edge

Figure 4-2: The ten criteria in relation to the four sub-categories of PCKMfT

4.7.1.1 Criterion 1: Content connections

The content connections engaged by the teacher in order to create new knowledge within

the lesson constitute the first of the criteria | used to clarify KCT. As discussed previously,
strong arguments have been presented for conceptually focused mathechatatson,

and whatHattie (2003y ef er s t o as fAconnected represen
for learners to see different mathematical concepts, ideas, algorithms and processes not as
independent from each other but as connected phthe digipline. Thus, | felt that
awareness of content connections and ability to engage these in teaching would be a central
component of KCT, and a way to try to explicate the above mentioned perspectives.

The framework for the six possible options mentionedynnstrument under this criterion
has roots in the work dflhlolo, Venkd and Schafer (2012n which five types of
connections in practice have been drawn fiBusinskas (2008)Thes are different

representation of the concept, pattole connections,implication connections,
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instructional oriented connectio(calledprerequisitesonnectiongn my instrumenjt and
procedural connectionshe definitions of these types are takeim Businskaé (2008)
work. | havealsoadded one optioapplicable tasituation in which teached® not show
any kind of content connectiauringtheir teaching.

Different representations are subdividienither into two types alternateand equivalent
representationsA representation is considered as an alternate adtties if they come
from two different forms of representations: symbolic (algebraic), graphic (geometric),
pictorial (diagrammatic), manipulative (physical object), verbal or written description;
whereas an equivalent representation repretieatconcepin a different way but using
the same modieefor instancerephrasing a verbaépresentatio(Mhlolo et al., 2012, p.3)

Mhlolo et al (2012) definéhe implicationconnectiorasanfii f é t hené ,repres
suggesting that one concept leads to anoth@cedure connections anederstood as

thosein which a procedure relates to concepts or other procedures. Finally, instruction
oriented connectiorare understood as thasgated to the fact that some concepts are pre
requisites to understanding relhteoncepts, whereas within pavhole connections one

object is part oamore complexvholeby inclusion or generalizatigivhlolo et al., 2012,

p.2).

4.7.1.2 Criterion 2: Progression and linkage to other content

My second criterion is the only onéhich relats directly toKCC through engaging the
progression/sequencing of the lesson and linkigether sessions. Unless the curriculum

is strongly determined by national or regional authorities, describing not only the desired
outcomes but also what must beghatandwhen, teachers will always have to engage in
some degree of selection and sequencing of content.

To do so, five different options wetakenfrom Hugod s r e ¢ @0i8)whiclorelake
specifically to the character of the linkage with other sassamdo how the progression

is made:(i) simple to complex, (ii) particular to general or vice versa, tfigoretical to

practical, (iv)concrete to abstract or (v) from everyday to specialized. To understand the
above progressions, Hugwvgsanexamp e of t he Montessori 6gol
illustration of moving from everyday to specialized witie purpose of introducing

learners tahe concept oivorking with base tere argues that thdlustrationmight also

provide an examplef moving fom concrete to abstract and from simple to complex
(Hugo, 2013p.25), whichsuggests thatareful attentiormay be neededuring my coding

process as one action could combine different opfamzogression.

Hugo discusses hohierarchical knowledge structures demand that specific content and

skills are covered at early stages as these are nag@eolsis fdnigher levels. However,

within shorter teaching episodes, such as a lesson, different forms of progression may be
usedpedagogically. He notdash at fASequenti ality moves up a

66



connectively across, working with part to whole, concrete to abstract, simple to complex,
and particul a(Hugo,80l3y®8A)er al i zati ono

Hugo argueshat when deamermakes a mistake in mathematics, a good teacher should
work backwards in the sequenteorder to identifywhich preceding operati@gnand
conceptsneed to be clarified to tHearner However while doing sgthe teacheshould

keep in mind that eadbarnermay need clarification at a different point

4.7.1.3 Criterion 3: Content construction through variation/ mathematical
practices

The third criterion intends to tapto the KCT/SCK subcategories. Depending on the
content that a teacher is engaging at a pdatidimei for example geometryrelated
topics, the contenhay need to bée-)construcedto make it accessible tbe learners.

One way to do so i®r the teacher to present the constructs to the learners. But in order
for the learners to grasp the content, the teacher nepdsvideexamples which vary in
some waylsingvariation theoryMarton, Tsui, Chik, Ko and Lo (2004uggest that this
canbe done in a number of ways, such as looking at what remains the same across different
examples, or comparing examples and-egamples. From this, generalizations can be
made, or variations can be combined. The merits of teaching mathematics witbrvariati
has been pointed out byhlolo (2013)who discusses the variations contrast, separation,
generalization and fusion, which have been taken into account in the formulation of this
criteri on dMartoroepd. (2@0MiescribeArseontrastapproacHrom variation
theory, for learners to know what something is, thmexstknow what it is notTheyadd

that asany one thinfgonceptmay havea largenumber of characteristics which may
generate diverse understandiog$he thing in question, separatisncrucialto single out

the defining or critical characteristids teaching situations, examplesthis aboundin
algebrafor examplewhenteaching what a congectionis, it makes sense for the teacher

to also engagkearnes aboutwhat a conicsection is not. Separation(cf. Marton et al.,
2004)is understood to bthe wayan aspect of something is experienced and separated
from other aspects when it varies while other aspects stay invariant (cf. Marton et al., 2004,
p. 16).

Whengeneralizinglearners do verifications of the widanging validity of a separated
out pattern(Mun Ling & Marton, 2011)on the basis of engaging the learning object.
Finally, fusionrefers to an action iwhich learners incorporate several critical appearances
of variation into a whol¢Mhlolo et al., 2012)

Another way in which to (rproduce content in the classroom is for learners to engage in
investigative activies or mathematical practicasf sorre sort which then if the activities

work as intended give rise to the construction of mathematical content. This is the idea
behind the theory of didactical situatiofe$ Brousseau, 2006yVithout going into detail,

it must be recognized how much dateplanning this approach requires. Ideally, such
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activities shouldallow learnerdo approach them withoanyawareness of what they are
expectedo construct, bushould also be designed tat learners can only complete the
activity by constructinghte desired content. This requires knowledge of leztines and
content. One could argue that the proeessld follow the same steps as variation theory
from noticing sameness across situatidoseparating out an idea, method or condept
generalimg; and ultimately to combining with other variatiormit that would not be
accurateo the theoryof didactical situations and furthermore has not been empirically
verified.

Thus, the options for this criterion had to be varied enough to capturartbe of
possibilities for (réconstruction of content, but with a focus on the relatignto the
content, noto nwhdad did dvhath This gave rise to these optior{d: investigation by
observation of the object/image through continuous variation/contréig
separation/discussion on mathematical terms, (iii) verifications done by teachers to clarify
areas in which learners exhibit doubts by expressing themsetaaghtheir matiematics
vocabulary, (iv) generalization of the concep), encouramg learners to communicate
mathematically while performing a ta@darton et al., 2004; Mhlolo, 2013; Mhlolo et al.,
2012)

4.7.1.4 Criterion 4: lllustrations and representations

The fourth criterion of my video anal ysis
illustrative examples and teaching aids for lesson concretization or concept representation.

The use of representations att@ connections between them has been considered in
relation to mathematics lessohy various scholars such &uoco (2001) However
valuable, as one could imagine, the use of representations in teaching are likely to be
influenced by the content to be taught and the context in which that content is taught. Both
content and context play a role when a given teachewrisideringwhich appropriate
representation to use in his/her lesson. As illustrations and representations have to reflect
the essence of the content taught but also be suitable for the learners, | consider this
criterion indicative of both KCS and KCT. Itappropriagto mentiorherethat | have only
focused on external representations, both because they are a form of manifestation of the
teachersdé pedagogi cal content choices, anc
the creation of images in our min@armbyet al., 2009; Cuoco, 200&)e not accessible.

Teachers who possess pedagogical content knowledge recognise when topics are hard to
understand anitherefore engagepresentations that make them meaningful. For example,

for beginners in mathematics, it may not make sense that multiplying two nyexdperd

- Jresults in a smal/l number unti |l present
abilities to create fective presentations are so essenfldlis is linked to conceptual
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understanding as well, as mathematical concepts may only be recognisable as that which
is the same across different representations.

Based orpreviouswork (Businskas, 2008; Cuoco, 20@ Villiers, 2004; Mhlolo et al.,
2012) four options were developed for this criteriéor. the teacher (i) to provide verbal
concretizations or representations orfly, to use drawn teaching aidsepresentations
such as charts, tables, graphs, diatg, (iii) to use manipulative teaching aids
representations, or (iv) to combine both drawn and manipulative teachingf aids
representatiosn

4715 # OEOAOEIT wd % CACEI ¢ 1 AAOT AOOGS AOOI 0O
Errorsand misconceptions ate be expected whdearning something newhis isdue

in partto the fact thatin most cases, learners come to new content with different
perceptions or different schemasich are activated by tleencounters with the new

content. Some learners develop perceptatimaitthe new content whichr@in agreement

with the mathematically accepted ones, while others develop concept i(Matje&
Vinner,1981at odds with t he ac cathd pidtisofacdtate The

convergence of t hose | ear nstucts. ddeniiffthg and t owa
addressing their errors and misconceptions is one waghodving this

Criterion five was aimed at investigating KCS but aisth consideration o8CK. This

was done by noting t hengagekaaheres&lid pepnperl
60 mi s c on c e,prporamls the ways dh which they address those errors and
misconceptions. Recognizing errors and misconceptions which arise in classroom teaching

is not a simple task as it requires special content knowledgdiscussed iSection2.5.
Onepossibilityis that the teacher does not recognise the errors, or simply interprets them

as lack of effort from the | earnerised Agair
contenknowledge andn thelearners, errors and misconceptions might be recognized b

be followed by simply correcting incorrect answers, challeptearnersndividually or

sharingand discusag the questiomith all of thelearners irthe classroom.

4.7.1.6 Criteria 6 and 7: Nature and focus of feedback

Feedback to learners anichportantly the kind of feedback givets the focus othe six

and seventh criteria used in this study, é
on availableresearch on the influence of feedback on learning, | decided to include two
criteria hereone emphsizing how the feedback is given and another on the content of the
feedback.

| identified four options fohowfeedback may be given, namely (i) to give direct feedback,
(i) to give indirect feedback, (iii) to give a cognitive conflict type of feedbaek, try to

put the learner in a situation which creates a cognitive conflict, and (iv) to give feedback
by facilitating debatewithin the classThe direct and indirect feedbaekproachesre
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defined in this study using the work Bitchener et al. (2005 who statethat direct
feedback ioroviding learners withthe correct formwhen anerror is identified while
indirect feedback involvesnly poining out the errorwithout providingthe correct form
On the other handlehn (1997)pargues that disagreenm about the content and issues
involved inthe taski which mayarise frominterpreting the conterifferently - creates
cognitive conflict. Suclsituation may occusnan individual level or be facilitated during
classroom teachinpus in practice functionng as aform of feedback to all the learners.

In terms ofthe focus of the feedback, four optidres/e been identifiedeedback on (i) the
product/result and the task, (ii) the process, (iii}ssdjulation where the learner learns to

ask meteguestions about the process and result and thus locate possible problems, and (iv)
self, where the feedback concerns the legmet the work. Theeoptions aralefined by

Hattie and Timperley (2007, p. 90)hey argue thadeedback abowithertask orproduct

indicates tdearners whether their work is correct or not in relation to the task. Feedback

on the process aims at gui di nfprekam@erilldar ner
you cannot compare the fractions as they are, can you writertlagmother way that would

enable you to do Soéeedbackvhich focuseson selfregulation tends to help learners to

develop the confidence to engage more on a given task and to encourage them to detect
errors and fix them themselv@dattie & Timperley, 207). It may consist of common
metaquestionss uc h oaws cfath you check your thenswer ?0
internalize. Praising a learner individualfgy example bytell him/her that s/he did well

is consideed feedbackas wel| and is also potentlg observable in classroom teaching
situations.

4.7.1.7 Criterion 8: @npacking&of content

Criterion eight of my video analysis instrumel@als with thestrategies which teachers
use todunpackl methodsor concepts to make the content maoeessibléo learnersit

falls within KCT as it is about adjusting content in teaching. Neubrand (208&)fies

five methodor strategiesonsidered to be factin knowledge acquisitiowhichteachers
might use to involve learners imathematicslassroom probla solving He alsonotes
thatthe working environmerit including variables such @se number of learners within

a classroonor the availability of classroom resources (books and other matérieds)

play arole inteaching approachésacherselect | have incorporatetbur of themin my
instrument but preceded these with the optiomobt 6 u n p a Thie four gpfionsat al |
taken from Neubrand are as follows: teachersamdg rules/procedurallescriptiors to
unpackcontent; teachers engage leasnegith more than on@ethodo unpack theontent
butdo notfollow this with acomparison/analysisf the methods; the teacher demonstrates
more than onenethodto unpack theontent and engage the learners with comparison or
analysis of the methods; anthstly, the teacher only useslefinitions / conceptual

"Lacking a better ter m, I have used 6unpackingd to
of content in teacher education as previously discussed.
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descriptionsto unpack the concept$he fifth option proposed by Neubrand concerns
metacognitive actions and | have excluded this option from my instrument because the
length of the lessons | havecoeded is inadequate for teachers to be able to utilize this
option.

4.7.1.8 Criterion 9: Task engagement

Criterion nine, while different from criterion eight, complements it as it dealstidh
capabilityof teachers to unpack the methdédsnceps they aredaching in ordeto make
themmore accessible tdearnersthis isalso intenddt o0 measur e taachers
capability is reflected through three optionsmiy instrument The first option ighat a
teachelis not observed tase tasks and alternatiggrategies to clarify the concept. The
second one ishat a teacheengageamore than one methodb unpack the methods
concepts butloes nofollow throughwith a comparison’ analysis. The third option t®
observe whethear not the taskgivenhave been worked on as individual seatwork or in a
working group but not shareuth therest oftheclass Theseseem to givéearners room

to express themselves when tasks are worked on individualtygsoups, checked and
sharedn class.

4.7.1.9 Criterion10d, %1 CACAT AT O 1T £ 1 AAOT AOOGE DPOEIT O E
The interactionthat take placthrough communication between teachers and ledooérs

insideand outsideof the classroom ray not only enhance their social relatibips with

each othebut also help teachers tinderstand theitearnersbetter,both morally and
intellectually. The last criterionsedinmy i nstr ument aiK@SKATo asse
through the way t hey engalgseritdridnallowsfoltteegr ner s
options The first gtion isthat ateacher chooses to start teaching a new topic/concept
without assessinthhel e ar ner s 6 pTheé second bption 18 that thegteacher does
assesshel ear ner s 6 phutidoes nokbuild anl itevidey etroducing the new

topic. The third option is thaheteacher assesst®el e ar ner s 6 panddoes know
build on it when introducing the new topic.t@acher referring back to previous content

that has been taughtdvered in the first criterioms makingconnections) was ho
considered to be a foraf assessing prior knowledge. This is because the teigaeghaking

a connection by referring to what has been taught previoubgreas assessing learners'

prior knowledganvolvesthe teacher trying to find out how the learnéisk by listening

and observingFor the same reasdrhaveexcludel assessments of what learners have
acquired or retained from previous lessons from this category

If more opportunities are given tlearnes to connect new knowledg® existing

knowledj e , | earnersd6 gener al i z aatongavithhopoortng nt i a l
and recognizindearnes 6 k n q bobse thejy selfesteem as they feel that they are
contributng to the learning procegBurner et al.2005)
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4.7.1.10The final observation an alysis instrument

The ideas discussed aboas,well aother concepts related RCK which werediscussed
earlier, providethe basidfor the instrumentl developed tcanalysethe video recorded
classroonobservations. The instrument is summarizetiahle4-1.

4.8 Data analysis

4.8.1 Analysis of learner test results and questionnaires

The analysis of learner test results was gomearily using Microsoft ExcelAs this study

was a correlational study uhesign, the preand postests had the aim of providing a
measure of the difference in learner performance fronbeégenning to the end of grade

six, as an indication of any learning gain. This would then be correlated with other various
background facts based oh e a r raspansedn the questionnaire, and eventually with

the results from the teacher tests and observations.

As a first step, |  eoredcle an@ everyegaestibn fronetherpree r 6 s
and posttests, as well as their amsrs to the questionnairgato an Excel spreadsheet
Missinganswers were recorded with one code, and unclear answers with another code.

The first step of the analysis was to analyse the test results on their own. | determined the
relative frequency ofarect answers in the prand postests. The learner resposseere

also grouped according to the primary mathematics content dtoveiable me to identify

in which mathematics areas learners were experiencing difficultigeoVale abroader

sensebl earnersdé performance, | op,twhichrahge use
from level 1 to level 8 (see Appendix.BJowever, in the test there was no question o

level eight and only two questions were on level one and seven, respectively.

| then conpared thalata fromthe pre and postests. As an klepth comparisoduring a

previous studyound thatSouth African learners changed their answers from thetgre

the msttest(Christiansen & Aungamuthu, 2013) | analysed how Osta
answes were between the two tests, ie. the frequency of learners choosing the correct
answer both times or changing fromianorrect answer tthe correct answer, frorthe

correct answer tanincorrect answeQr from oneincorrect answeto another.

Thef i nal stage was to corr ewmthaheethetdatgets r esul t
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Table 4-1. The classroom video analysis instrument

(Knowledge of

the lesson and

No progression or

Progression is
from simple to

from particular to

from theoretical to

PCK . Criterion Option one Option two Option three Option four Option five Option six
sub-domains
KCT . Different -
(Knowledge of 1: Content No kind of representations ar Implication Procedure Prerequisite lParthple
Content and connections connections used (equivalent o connections connectionsire connections are | relationships are
X observed. ' used. observed. observed.
Teaching) alternate).
KCC : i ion i o o I
2:Progression of Progression is Progression is Progression is Progression is

from concrete to

from everyday to

Con?ent and linkage to other linkage observed. complex. general or vice practical, abstract. specialized.
Curriculum) content versa.
Mathamatical Verifications are
3:Mathematical No kind of I done to clarify Generalizatia of
, Investigation by | terms are used by ) . Learners are
content mathematical observation of the| learners to explain & co> N which the concept by encouraged to
KCT/SCK construction content o -XP learners exhibit | leaving or adding 9
(Special Content through construction object/image why the conjecture doubts b roperties from communicate
’ led variatign/ through practices/ through continuoug is true or false ex ressir?l e:ora lex tasks mathematically
Knowledge) ; gh pract variation/contrast through P g pIex1asks | while performing a
mathematical variations is is observed discussions/ themselves within| under organization task
practices observed. ' separation their math is observed. '
P ' vocabulary.
Combination of
KCS . . . visual and
(Knowledge of | 4: lllustration and No examples or verbal Visual illustrations Manipulative manipulative
A i ! representations | or representations ; ; . )
Content and representaions teaching aids used used used teaching aids useq  teaching aid£
Students)/ KCT ' ' representation
used.
Errors or
Errors or . .
. : misconceptions ar¢ Incorrect answers Errors and
5: Engaging Errors and mis misconceptions ars recognized but arising from misconceptions arg
| . observed by : . . .
KCS/SCK | e ar erens s| conceptions are ng ignored and misconceptions ar¢  engaged with
researcher but not . i
observed. recoanized b incorrect answers challenged learners in groups
te?:lcher y are simply individually. or in the class.
' corrected.
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PCK

sub-domains Criterion Option one Option two Option three Option four Option five Option six
. . Cognitive conflict Feedback is given
KCT 6: Form of No feedback Direct feedback | Indirect feedback tvpe of feedback id through creating
feedback given observed. given. is given. yp iven 7 debate within the
9 ' class.
The given
. The feedback The feedback .
KCS/KCT f 7: Focus _of No feedback given is about task  given is about feedback is on the Persongl fe_edbach
eedback given observed. or product process level of self (self) is given.
' ' regulation.
More than one More than one
No attempt to Only rules/ method is usetb method is usetb Only definitions/
8: Unpacking of unpack the procedural unpack the conten unpack the conten conceptual
KCT ' cgntentg metho% ONCEDLS descriptiors are but this is not anz COMDANSOn o descriptions are
is observe dp used to unpack followed by anal Zis’s used to unpack the
' content. comparison/ y concepts.
analysis provided.
The use of tasks t¢ Posed problems Tasks z_:tre.vyorked Tasks are worked
larifv th on as individual L
9 Task clarify the con.cept have been quked seatwork orina | " individually or
KCT en .a ement and alternative | on through direct workina arouns | ™ 9roups; checkecd
9ag strategies is not teachetlearner but notgsﬁaregﬂ and shared in clas
observed. interaction.
the class.
Learnerg Learner g
10: Engagement . knowledge noted | knowledge noted
KCS/ KCT of Il earn Prr:c(;; Iénnogleeddge but not used as and used as
knowledge gaged. foundation for new| foundation for new
topic. topic.
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4.8.2 Analysis of teacher test results

Data from theteacher§testwas captured on an Excgpreadsheednd thenanalyse.
Missingresponses and unclear responses were also noted, with different codes.

As previously mentionegsometest questions focasdon content knowledge and others

on pedagogical content knowledge. The test questions included different mathematics
subdomainsud asnumbers, measurement, statistics, probabiétg. However, there

were no PCK questions for algebra. The PCK questions included thingsplaeking
mathematics(KCT) and learning thinking/ error analysis(KCS). For example, the
category imfgdoummpadalded questions which re
algorithm of learners while theyeredoing a multidigit whole number multiplication,
whereas the questions on Ol ear néerrorsdmd nki ng
identify mis@nceptions that learners might h&ker example, with regrouping additior)

or else to explain the reasons behind leafmarastruding a false identity for a given

fraction.

To obtainanswers to some of my research questions, | worked out the correlation between

CK scores and PCK scores wittinedifferent mathematics subdomains considered in this
study.This was done in order to deterrmimowt e ac her s & c oimdifferent know
domains fit with | Foeahesame miposgoekedfathowcaenterte g ai
knowledge correlated to each of the abowntioned PCKcategories This analysis

allowed me to make some comparisons onnégrnationallevel, specifically between

Rwandan and South African teach@taniraho & Christiansen, 2016)

The test results were alsoo r r el at ed wi t h theegaestiomaire@@ r e s pc
teacher so6 vy e aansg, anfl finalywighehe otherndatasets

Thoughl have raied thiselsewhere, Would like to note again hetbe limited external
validity of the results due to the low number of participants.

4.8.3 Analysis of lesson observations

As detailed infSection4.7.1and inparticular in Table 46, my video codingvas based on
ten criteriarelatedto the PCK subdomaingsedin this study. Each criteriowas linked to
different optiondor behaviour aeacher could demonstrathile teating The number of
options variedrom three to six across the different criterigluding theonecommonto
all criteria, namelyo presence of any optidaf. Table4-1).

| followed the coding approaahsed inprevious studies, namely to code the videos at
intervals of five minutes for the presence of any of the oppomgdedin the instrument.

This was @ne both to enable comparison with the results from the previous studies, but
also for pragmatic reasons. To determine a unit of analysis which could have worked across
all the criteria may or may not have been possible, but it would certainly have added

75



another layer of complexity to the coding process. Thus, | éds&hch lesson into five

minutes clips. | then noted my observatiofisvhat happenedithin that time periodn

termsoft eacher s 6 @®wdctiondntsh e il re atr ema ¢ Is éso teaGhesadc t | 0 n
reactionsot hei r | earnersod actions. This helped
suited which actions. Each video was watched at least three times, and often more, in order

to ensure thahe codesvere applieatonsistently. The earlcoding of lessons watone in

consultation withmy PhDcohort group until high intecoder reliability had been
established, after which | coded the remainder of the data myself, albeit with consultation

with my supervisor in casashere | had doubt

It was obviously, possible to assign several criteria and options within a five minute clip.
However, there were also times where | coded for the same options of a criterion within
two successive five minute intergallhis occurred wherior example a teaber gave a

set of exercises to learners as individual seatwork and then took time to move around the
classroom observing what and how they were performing the given tasks.

For each lesson, | noted its duration, which varied between 45 and 60 rdiespésthe
official allocaton of 50 minutes for a lesson in Rwandan primacyoolclassrooms.

In order to investigate correlations witlthe data, | changhese codes into quantifiable
resultsOnecannch s sume t hat Omor e of teachiggcfoDbylet hi n g o
1977) Doyle argueghatthe occasional use of a particular approach may highlight the
content as something important, compared to the frequent use of a particular approach,
which makes the content appear as Omore o
frequencies of coden relation to the total number of 5 minute intervals in a lessdor If
examplethere were 10 intervals in the lesson, and content connections occurred in two of
these, | would note that 20% of the lesson included content connections. This is of course

a rather crude measure, as it is possible that both the intervals were focused entirely on
content connections, or that very little of the 5 minute interval was spent on this.

The time differences spent by teachers on the various options of the various criteria is
discussed itChapter6 of the thesisespecially by investigating if they relate to differences
in their | earnersodé o0l earning gains?o.

The operationalisation of the caodi using the instrument, with examples, is presented in
Chapter 7.

4.8.4 Trustworthiness issues of data analysis

Everyresearch study shoutsbnsidervalidity / trustworthiness a key concern, because if
thestudyproves to bénvalid, the results offer no usefakights. However it is impossible
for research tachievel00 per cent vality (Louis et al., 2011)in this study | attempted,
as other researchers hatemaximize validity/trustworthiness. As indicated Section
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4.6.3 one way of doing this was to use bqthalitative and quantitative approach&kich
are notmutually exclusivdHammersley, 1992)

To avoid confusiorbetweerthe selected schools, a numerde of six digits was given

to each learner. From left to right, the first two digits stood for schools, the next digit
represented the school teacher, and the last three digits the learndezilithied analysis

of the data across thesgee levels.

The confirmability of my study is enhanced by the fact that all my findings emerge from
the data collected through my informants and not from any overt predilg@tita, 1981,)
althoughl recognise that analysis is always influent@dome degreby the researcher.

To counter this, havepromoted transparendyy explaining my reasons for eachding
decisionandfor my analyic processas described in the previosection

The operationalisation of the theoretical concepts is in itself an attempt to promote
construct validity through clarifying the boundaries of each category used in the analysis.

As a substantial part of this thesis concerns the development of an instiomnaeratysis

of practical PCK, | would argue that construct validity is fairly high. One can always argue
that a | earner test only captures certain
and | concur. However, as has been shown earlieb{ppthe test had a fair distribution

of questionscoveringdifferent relevant conterareas when compared to the Rwandan
curriculum, and a fair distribution on tSACMEQ levels3-7.

By including all aspects of PCK in as systematic fastodhe greatest extent thatduld,

| have attempted to increadee content validity of the lesson observation component of
the study. However, as previousicognised, the wiin teachetest did not cover all
aspects of PCK, as it was inherited from the previous studies. In retrospect, it may have
been feasible to add a few questions to incrésssontent validity of the test.

| testedthe consistency omy coding by watchig lessons repeatedly and coding them
again and again on different days to check if | coded the same instances in the same way.
| noticed that while coding the teachers who were teaching the same topic they tended to
perform the same actions in their classm teachingwhich helped me tcensue
uniformity in coding.

| spent substantial time at the onset of the coding of the observations codingadithge

after discussing with fellow doctoral students and my supepumsparticular. This lead to
some rénement of coding categories, aad this processontinued until a high inter
coderreliability was established | feel attempts have been made to ensure validity in this
respect. However, it was not feasible for someone else also to code all obseraations
thus there is some room for improvement of the confirmability of the analysis.
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The quantitative data analysis in this work was done udingpsoft Excel and SPSS to
increase the certainty of erriyee calculations.

Eachl e a r tase onéasd twowere compared in order tteterming he | ear ner s 0
which was correlated to theirso@ conomi ¢ st atus and ,ino t hei
orderto investigatgpossiblecorrelatiors which could suggest an explanatory cause behind

the differences iperformance.

Based on the way my results are discussed all types of data, both quantitative and
gualitative, have been combined to justify some of my arguniéigise4-3, also served
as a frameworkor my data analysis.

In this study questionnairesvere analysed using SPSS descriptive and inferential
statistical todd, linking the results téhose produced by thadeo coding as well as the

| ear ner s 6 This lzlpad ime detergiad tigpoup means, standard deviations
and correlation coefficients.Haverepresented my findings using tabdesd graphics as
well as statistical reporting

Before ending, | would like taotethata challengewhich | had to overcome my data
analysis washe problem otonvertingqualitative datgrecorded videos) into quantitative
data This required me t@ode qualitative datanumericallyin order to establish their
frequency

4.9 Chapter summary

Chapterd has described the methods and methodology usadithesis. It has presented

in detail the research paradigm and the study design. My research site and participants have
been elucidated by describing the research site, the context under which this research was
done and the demographic characteristicstlodé research participants. The sampling
method was presented athédata collection proceduregscribedIn this chapter, have

also discussed the trustworthinestheidata collection and data analysisthodsandhow

ethical issuesvere addressed
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5 ANALYSIS OF LEARNER TEST PERFORMANCE AND
PRESUMED LEARNING GAINS

5.1 Introduction

This is the first chapter to address results from the study. It deals with test performance of

the Rwandan grade six learners in the study, aadth 61 ear ni nge,lgai nso
compare these results to those fremilar studies conducted in Botswana and two
provinces of South Africa (Ally & Christiansen, 2013; Aungamhristiansen, 2013;

M. Carnoy, Chisholm, &hilisa, 2012; Noubouth, forthcoming; Ramdhany, 2010)ttfsou

Africa and Botswana share the common challenge of low learner performance in
mathematichascompared to performance in other subjectsrastompared with other

SACMEQ countriegMaree, Aldous, Hatting Swanepoel, & Linde, 20084INEDUC,
2006;Schollar, 2008)Since Rwanda has not participated in eggional or international
mathematics tests i t has not been possiimdthematce ¢ omp
performance withthat of learners imther countriegUworwabayeho, 2009and so this
comparison with South Africa and Botswana is a.fitéith the help oimy supervisor, it

was possible to compatteese datawith thedata from a study conducteddmwaZulu-Natal

directly, while the results from tlstudies conducted MorthWest provincend Botswana

had to be estimated from thesults reporteth Carnoy et al. (2012)

Thisc hapt er | ooks aformande atthé enserohgeadestRectione3 t per
and at the end of grade gection5.4), and at the learning gaipsesumed to have been

made during this intervghlsoSection5.4). In eachSection the results are compared to

the results from the previous studBstopic andacrosghe eight numeracy levelsed in
theSACMEC studies$ee appendixBWhen it comes to the | earn
of the | earnersd answers be(bestienbh),ctthee t wo
discussion of the taiworthiness of such measures or6@. After concluding that the

Al earning gaindo for the Refleachdctal leadrmm@t ner s
interrogate the extent to which this is related to the learner background varssagsr(

8.2). The chapter ends with a short summaty.a background to the presentation of the
results, | first provide some information about the three contexts of the three studies that
will be used for comparison with this study.

5.2 The three contexts

Seventynine percenpf all learnersfrom the SACMEQ coutrie$ which took part in

SACMEQ Il were provided wittbasic learning materials, and the majority of grside

teachers had appropriate qualifications and attended continuing professional development
courses with Asat i s&fGhetty 2001y. Botswamdips hearthis t y ( M
average with regard tmasic learning materials, but around a thir@8a t s wleamnaré s

8 This includes Botswana and South Africa.
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did not have individual mathematics textbooks (Mony&kimereki, 2011). In South
Africa, 82% of the learnerwere provided witlthe three basic learning materials (note
books, exercise booksand geometric tools) required for classroom activities, which is
higher than th&ACMEQaverageand 36% of the learnengere provided withndividual
mathematics textbooks (Mol& Chetty,2011).

The situation irRwandawith regard to these variables isknown. Howeverin the case

of the20 classes which | observed, the situatianedbased on the location of the schools.
Learners in schools located in urban areas were well equippeduearipthosein rural

areas The majority of learners in urban areas hiaelbasic learning materials such as
mathematics note books, mathematics exercise books and mathematics kits containing
geometric tools, whiclthey needed in orddo participate inclassroom activitiesThe
situation was vastly different in rural area schools in which, apart from mathematics
notebooks, a considerable number of learners did not have mathematics exercise books,
and had to combine notes and exercises. Besides, mattetaxstibooks were often shared
between two or three learners.

The performance of South #dan grade ninéarners in the 2011 TIMSS study was very
poor compared to that of other participating countries (Mullis, Martin, FORArdéa,
2012), and the same was found for grabelearners in the SACMEQ studies (Howie,
2004).Although Botswana was ranked just above South Africa in both the TIMSS 2011
study and in SACMEQII (Spaull, 2011), the performance of grasir learners inlese

two countries wa similar in terms of overall test scores. This was also confibyidiae

stud es conduct e dNorthiWessmravibhch anih Botswana(Gasnoy, et al.,
2012).

The low mathematics achievement in South Africa has been edpioseveral studies,

both large scale correlational studies and smaller scale sfffidiean overview see
Hoadley, 2012). The variation between schools is greater in South Africa than elsewhere
(Case & Deaton, 1999) due to theartheid legacy. This istrongly linked to socio
economic factors in the home situation, which is a stronger factor in the performance of
South African learners than it is in the other SACMEQ counties (der Berg et al.,
2011)10

°In Rwanda, it is not uncommon for learners to have a notebook to use for classwork and an exercise book

for homework.

10 Note thatin the South African education system two types of schools are in place, ngmvagnment

schools and independent schools. In more affluent areas, government schools can charge substantial fees from
parents which enable these schools to provide more materials and hire additional teachers. This typically
happens in schools whichweree s er ved for | earners of European heri
are often referred to as BtodelC schools. Because of the legacy of the deliberately unequal schooling

system under apartheid, public schools in South Africa are divided imtilegion the basis of the affluence

of the school.
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Some important factonelated toachievement vthin schoos have been highlighted (cf

Ally, 2012; Ramdhany, 2010; Reeves, 2005; Spaull, 2011; van der Berg, et al., 2011).
However, some might bmoresignificantfor certainsubject area Thisis the caseavith

regard to thevailability of textbookswhichare more essential to language studiestinan
mathematicgSpaull, 2011)

In a study of gradsix teaching and learning in KwaZuNatal, 15% of the differences in
learner performance were accounted fothH®ynumber of days the teacher was abeedt

by the language of instruction (Christianse\@&gamuthu, 2012). Looking at the results
from SACMEQ IIl, Moloi & Chetty(2011) found that important factors were teaching
practice, teacher development, the use of resources and the (un)availatedithefsvith

the abilityto expose learners to extensive applications and high order questions involving
both concrete and abstract problem solving skills. aVaglability of teachers with this
ability was so limitedn the KwaZuluNatal study that it wanot possible to assess if they
would indeed make a difference (Ally & Christiansen, 2013), but this does highlight the
lack of opportunig the majority of South African learnergxperienceto develop
proficieng/ in mathematics

53 Learner so6 t eatthe spae of gramdesma n c e

Before presenting the analysis of the | ea
discuss its format and how it was conducted.

The learner test was made up of forty multiple choice questteted tdfive maintopic
cakegories, namely: number/arithmeticmeasurement algebra geometry and
statisticédata handling and probabilitfable5-1 shows the distribution of questions on
thevarious topics.

Table 5-1. Number of learner test items per topic

Number Algebra | Geometry | Measurement Datg
handling
17 6 5 7 5
il 0w zZ o w o
5 | 82 88| E5
S o 3 S o S 3
3 o T O D)
5 @ o 3
(2] > (%]
(%]
5 6 7 3

Eachtest question had four answer options of which only one was ¢deacters were
asked to selec¢he one which they thought was correct. Some of the questions required a
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basic knowledge dahe English language as they were given as word problems whereas
others did ngtsuch agjuestionglirectly involvingtheaddition, multiplication or division
of two numbers.

The testwas originallydesigned by a team of mathematics education researchers from
South Africa, Botswana and the US#ho usedsome existing tesitems but mostly
develogd new onegCarnoy, Chisholm, & et al., 2008Distractors were constructed
around common misconceptions from the literature. fEeewasused in Botswana and

the North West province of South Africite same test was used iretkwaZuluNatal

study andvith very minor and noignificant adaptionagain in this study.

In all cases, the learnec®@mpletedthe tests individually and without calculators. For
various reasons, | have been requested not to reproduce any of thenqueshis thesis.
However, the questions included regrbal questionsnvolving basic operations with
whole numbers such @su 1t ¢ Ttquestions with limited text (similar to the ond=igure
5-1), questions on finding the next value in a visual or number patsesell agnulti-step
word problems.

Ngobile packs eggs. There are 6 eggs 1n a box.

Ngobile packs 9 boxes. How many eggs has she [Accompanied by illustration showing &
eggs in a box and an empty egg box]

packed all together?

Figure 5-1: A learner test question example on whole number operatiowith limited
text.

The main issue with using this test in Rwanda was a question on map reading using a
coordinate grid, as this is not taugtiearners in Rwanda in grade smathematis.

The answer option®r the question in Figure-5 from which leamers could seleatere

54 (the correct answer), 15 (a common incorrect answer where learners add numbers
without considering the context), 12 (what learners would get if they worked from the
picture) and 3 (learners subtracting).

To get a sense of the khvof difficulty of the questions, they were categoriaedording
tothe SACMEQ levels of numeracsgge appendix BThe frequency of questiofar each
level is shown inTable 5-2. One question which had been reproduced badly in the
photocopied test has been excluded from the count.
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Table 5-2. Frequency of questions on each SACMEQ level

Level 1 2 3 4 5 6
Frequency 1 3 11 12 8 3

\'

[@] o]

=

Before administering the test, | piloted a test with more questiaisfit the higher
SACMERQ levels, but the pilot indicated that this test was too difficult for learners, and thus
would not provide relevant information about wikedrners can ando learn over the
duration of gradesix. | therefore retained the original test, only changing superficial
elements such as the names of persons or plases in the question® be more

0 Rwandanéo

The posttest was the same as the-fest, but with the questions in a different order. This
enableekme t o compare the | earnersé responses
determine the presumed learning gain.

In order to get a sense of the variations in learner performance acréms ttiata sets, |
ordered the questions according to content domain§abfe5-1. The results are shown

in Figure5-2. The graph shows a good correspondence between the performance of the
learners in the two South African provinces, some differences between learners in South
Africa and Botswana on a few itemand a number of differences between learners in
Rwanda compared to the other thde¢a sets.

In this and the following graphs, the learner performance is given as the relative frequency
of correct answers in the cohort; how many learners got this aoemect as a percentage

of the number of learners in the respective study. Thus, it is an indication of the
performance of thgroupof the participating learners, not of individual learners.

At the onset of grade six)e¢ Rwandan learners performed veotisan their counterparts

on a question concerning order of operations, a question on reading off a grid, a question
on recognizing circles amongst other geometrical shapes, and a question on recognizing a
two-dimensional sideepresentation of a thre@mensional figure. The differences in
favour of the Rwandan learners showed up mostly in the content domenmeerand
measuremenit Figure5-3 shows a further breakdm of the learner tests results within
number

HIn considering the comparisons, it must be noted that the Rwandan data include results from private schools
as well, unlike the two studies with which it is compared here.
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There was only one question estimationand one omrder of operationsand generally

the learners performed badly on these questions, witRwandan learners fairing very
badly on the order of operat®question. Learners across the four studies appear to battle
with fractions, except that the Rwandan learners did much better on a woird/etvimg
finding a fraction of a whole number and ardl sumnvolving finding a multiple of a half.

The Rwandan learners also did much better on word problems involving multiplication or
division of whole numbex as well as on other basic operations though the learners across
all four cohorts did not perfm well on a question asking them to find differences between
values read off a table and list the largest difference (a-step problem). Both the
Rwandan and the Botswanigarners did better on place value questions as wefl e

only other questin, which involvedsimple addition and subtraction.

Figure5-4s hows the wvariation in | earnersd pertf
measuremd. The learners across the four cohorts did not do well on asteitiproblem

of finding an area of a shape in a grid where the unit square was not 1, while a question on
determining time in a different time zone and a question of ordering volumediagdor

size appear to have been equally difficult for all the learners. (The latter question showed
containers with written measurements, and asked learners to order them. The size of the
images did not correspond to the written measurements, and thquset®n appears to

me as much a question of recognising what is legitimate in the context of a mathematics
test). However, the Rwandan and Botswana learners did better on a question
recognizing the correct unit for measuring mass, and the Rwandaertedrd better on

the remaining three questions on converting units and deciding on the most appropriate
unit for a particular task.

Next, | coded the questions @me test using the levels of numeracy developed from the
SACMEQ studies (Hungi et al., 2010). There was only one question on level 1, one
guestion on level 7, and there were no questions on level Bdbh-2). Foreach of the
levels 26, | calculated the mean frequax of correct answers. The results are
summarized ifFigure5-5.

As can be seen, Botswana and Rwandan learners score somewhat higher than the South
African learners on the level 2 questions, and the Rwandan learnestzstibee than the
other three cohorts on level 3 questions. After that, the groups arecatizarable.

This suggests that Rwandan learners perform better on the basic numeracy levels, with
level 2 being emergent numeracy and level 3 being basic nunfefadyngi, et al., 2010,
p. 8,detailed inAppendix B.
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Figure 5-5. Mean performance(% correct) on the pretest of learners in the four
cohorts for SACMEQ numeracy levels 26

Lookingatthe areas where the Rwandan learners pedobmetter than their counterparts

in the other three cohorts, it appears that they have a stronger foundation in the most basic
level of numeracyie numeracy questions using the four basic operatOtiserwisethe

learners across theur sets of data perfored similarly.
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The mean test score ihe Rwandan sample was 4863with a standard deviation 4f3
percentage pointshereas the mean test score for the KwaRdtal samplewas 29.66
with a standal deviation of 13.3seeTable5-3). For the Botswamasamplethe mearwas
33.8%, and for thesample fromNorth Westit was 28.86 (Carnoy, et al., 2012, p. 87), with
standard deviations of 12.4 and 12.2 percentage pointgctesgby (Carnoy & Arends,
2012).

These overall results support the hypothesis above, with BotsvaadaSouth Africa

grade six learners performing very similarly, though Botswaraarnersperformed
slightly better than South African learseand Rwanda learnergerformingsomewnhat
betteroverall Despite the Rwandan sample being smaller than the KwdNathl sample,

the standard deviation was very similar, suggesting less spread in learner performance in
Rwanda.

Table 5-3. Test scores on praest across the four samples

Mean test score is in percentages of maximum score possible. While | have included all the Rwandan learners
who wrote the praest, | did not have access to this information for the aibleorts

Number of learnersin| Mean test score Standard

sample deviation
Rwanda 713 44.2 13.0
KwaZulu -Natal 1276 29.6 13.3
North West 3800 28.6 12.2
Botswana 1750 34.6 12.5

5.3.1 Questions whichpresenteda challenge to Rwandan learners

Here, | discussn more detailsome areas in whiclRwandanlearnersfrequently
experienced difficultiesdentified by selecting incorreanswergo thetest questions, and
explorewhatthis may mean about their mathematical comprehension.

Around 90% of ny respondents use their mother tongue at home, and during thg kest
observedthat somelearnersexperiencedlifficulties with language when attempting to

answer some of the questions. One clear example of this was question 6. This question was
aboutthe determination of the greatest difference between the numbers of raffle tickets

sold by a football team. Only 25% of the learners chose the right option in testhilee,

47% preferred the option reflecting that they were not taking into account tlie wo

Adi fferenceo. That was a,ltheugh the menbet édrapmed d ur i |
slightly to 45%. The same matter aragiéh question 12in which learners were supposed

to choose a fractioaquivalento 2/8. The answer selected by most learrserggested that

theydi d not wunderstand the meaning of Aequiv
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choice while 44% chose 1/8 as equivalent to 2/8. This mirrors the analysis of learner
responses in relation to language difficulties in South Aftaistiansen & Aungamuthu,
2012) suggesting that when learners do not understand a question formulation fully, they
are likely to opt for an answer which contains something from the question or something
with whichthey are familiafcf. Dempster, 2007)

The favoured answers to question 40 showed that learners knew the units of weight but
that someconfusedg and kg or had not considerethe context. Tie question was to
determine the weight of a bo$0% of the learners chose the option with the graihd

53% the(correct)option withkg.

| expected aigh frequency of correct answefiar question 3 in which learners were
supposed to write a given woas a numberin the Rwandan mathematics curriculum,

place value topics introducedn grade one wheredeners learto recogniseunits tens

and hundredsHowever for thisquestion, 13% of the learnesisnply wrotedigits without
consideration foplacevaluel t i s possi ble they didndét und
because of the language probldror question 7 which also dealt with place values
(respondents werasked to deermine the value of 6 in 7628)/% chose an incorrect

answer, even though the answer options were written as numerals.

One geometry question also posed problems to many of the learners. Mdveothards

of the learners (69%) could not differentiate circles from ovidiss suggests tone that

they were noaware of or did not apply the propertadsa circle. It was ai to them every
6rounddé geometric figur e \adaicicck. Itimakescnieo s e d
wonder if this is addressed in schoasif it was perhaps a language issue

In question 29learners were shown a line of pictures of container$, thi2 amount of

l iquid in each container written on its | ¢
order to find ouhow much each container holds, amder them by quantityAbout a third

(34% of the learnersnade their choice on the basfs/sual cues rather than labels. They

simply looked athow big or how tall the container appeared, without reading the labels.

This could mirror another language problendifficulty in understanding the instructions.

It could alsoindicatea lack of unérstanding of what is legitimised in the mathematics
classroom and what is not.

Many learners also failed to correctly answer question 11 in which they had to select the
fraction greater than On that question, 39% of the learners favoured the optitakioig

- asgreater than wherea1%chose-. These two choices suggest that for some learners
the consideration was the magnitude of the denominator and for others the consideration
was the magnitude of botithe denominator and numeaa. This reflects a common

misconception around fractions before they have been reified as rational numbers. Another
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difficulty wast he wor d 0 gr e at e appearedidiunderstand as meanimge a r n
0 b e tinwhichéase- is@reatedthan- because iallows more people a pieda.another
fractionquestionlearners were supposed to find the age of a child whoss-agfehis/her
grandmother, whose age is 5khis involved learners knowing how to multiplyiray

fraction byawhole number. However, 6n45% selected the correeinswer, suggesting

that many learners had difficulties multiplying the fraction by the whole number or could

not interpret the question, perhammindue tothe unfamiliarity of the language

| had notexpecedthe poblems | @countered to be so common, as the content was taken
from the curriculum for lower grades. However, the results suggest that learners in grade
six may well still be struggling with thievel of content.This finding is mirrored in
countless other studiggternationally.

54 Learner s6 knowl edgi®g aatn dt hiel eeanrdn ionfg

It is not easy to determine exactijat the performance of learners on a standardized test
indicatesabout their proficiencin numeracy and mathemai¢diowever, the reswdtfrom

the Rwandan study, compared to the results fr@previous studies in South Africa and
Botswanajndicatedthat the Rwandan learners performed better than the South African
and Botswarnalearners on the test at the start of grsigeand even more so at the end of
gradesix, having improved their performance on the medium numeracy levé)siidre

than on the lower numeracy levelhere it was already reasonably strofldpoxplot of

the distribution of the Rwandan scores for the tests is shown iRkigure5-6, and he
distributions & scores are shown Figure5-7.
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Figure 5-6: Box plot of the learner test scores for the preand posttests
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Figure 5-7. Distribution of number of correct answers in the Rwandarpre- and post
tests. Only learners who completed both tests have been included.

In both tests, the Rwandan learners scored 30 percentage points @boatne KZN
learners on a substantial number of questidiadle 5-4 shows the content of these
guestions.
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Table 5-4: Questions with large difference in mean scores between KZN and

Rwandan learners

Questions where diéfence in mean scores (in %) between the KZN and the Rwandan leaas&@ w

percentage points anore on preand/or postest.(*) indicates a question requiring basic operations on

whole numbers.

] Pre-test Posttest
Question content

KZN Rw KZN Rw
Pl ace val ue; being abl e
in 4175. (*) 38 71 40 80
Order of operations. 45 11 43 85
Addltlon_ of a four pl|g|t and a three digit number w 58 92 63 91
regrouping from units to tens. (*)
Multiplication of a two digitnumber by a three dig
multiple of 100. (%) 42 | 84 | 47 ) 89
(D*I)VISIOI’] of a three digit number by a two digit numb 46 77 46 36
Numerical equation; 16 x =32x2 16 34 17 50
A_V\_/ord problem on multiplication of a two digit by a o 29 65 o5 74
digit number(*)
A word problem on division of a three digit number b
one digit number. (*) 31 4 32 82
A word_problem on finding the unit fraction of a who 14 45 16 62
two digit number.
Determining the next number of squares in a pat 27 58 38 73
sequence.
Numbe_r pattern on division by one digit number requi a1 64 46 76
finding input value.
F_mdmg the next number in a number pattern of a n 20 62 23 65
visual nature.
Visual _shape recognition; Identifying number of circle 45 17 50 17
collectionof shapes.
A contextual problem involving picking the right unit 18 65 22 65
measurement for a given task.
A conversion problem changing a maskgn with one 21 73 o4 78
decimal, tog.
C(_)nversmn problem changing minutes to hours o5 a1 26 56
minutes.

Inote in particular the

substanti

al

mpr ov

oper at i o nthidis gipdeix sohténbimRwanda, and the results suggest that many
learners havéndeedlearned this. Overall, the Rwandan learners appear to have done
substantially better on questions involving basic operations on whole number (the ones
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marked with an astesikin Table5-4). This indicatd to me that it would be worthwhilte
explorewhethet he Rwandan | ear ner s overald! intereogateé r O b a
this using the SACMEQ numeracy levéidungi et al., 2010¥lescribed iMAppendix B
Theseguestions also include topioserall than numeracy. For examgdkevel 5 includs

guestions on converting basic measurement units from one level of measurement to another
(i.e., meters to centimetres). Thus, the second to last questitaibia 5-4, involving

conversion fronkg to g, was coded as a level 5 question. The description for level 3
included questions like interpreting place value of whole numbers up teatiag) and so

the first question iTable5-4 was coded as level 3.

The Rwandan | earnersd performance i mproved
the Botswanal ear ner s6 I mprovement was maswa uni fc
that of theKZN learnersto a mordimited extend(Figure5-8).

Rwanda KZN Botswana

100% 100% 100%

80% 80% 80%

60% 60% 60%

40% 40% 40%

20% 20% 20%

0%

0% 0%

2 3 4 5 6 2 3 4 5 6 2 3 4 5 6

B Rwanda post-test B Botswana post-test
wanda post-tes B KZN pre-testm KZN post-test W P

m Rwanda pre-test H Botswana pre-test

Figure 5-8. The pre- and posttest results for the three samples, for SACMEQ levels
2-6.

In terms of theSACMEQ reference pointancst of the Rwandan learners appsato be

operaing on thebasic numeracievel (level 3)andby the end of grade six, more than half

of them demonstratedeginning numeracylevel 4) Table 5-5 shows the number of

learners, mean scores and standard deviations fpo#teest results of théour studies.

Al so included is the 0l ea rtestiscog supteadted fro;mn det e
the posttest score. For the sampligem North Weg and Botswana, the information is

based orthe work ofMartin Carnoy, Linda Chisholm, & Bagele Chilig2012b, pp. 74,

76 and 872

2Due topoor readability on i photocopied testsvo questions were excluded from the 8@tnan results
(Carnoy et al.2012, p. 74). This may have affected the results to some extent.
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Table 5-5: The mean andstandard deviations for the posttestandthemeard | ear ni ng
gaindé in the four studies

The scores are in percentages of maximum s€brelearning gain is in percentage pqiatsd includes only
those learners who wrote both the-faed the postests

Number of Posttest Posttest Mean
learners in mean score standard Al earnir
sample deviation
Rwanda 638 53.3 14.2 9.2
KwaZulu-Natal 1276 325 15.3 2.9
North-West 3800 31.6 12.4 3.0
Botswana 1750 38.6 14.4 4.0

While this seems to indicate that the Rwandan learners did indeed learn nisre, it
important to examine the extent to which these results reflect actual learning.

5.5 Presumedor actual learning gains

A substanti al body of l iterature exists
background and the teaching they experieBestknown is perhaps the mesaudy of
Hattie and colleague@dattie, 2008) However , most studies cor

results before and after an intervention or a period of teacimdgise thelifference as

i ndi cati ve o.fFewaconsidete whatmextent tparres changed their answers

for individual questonsHo we v er , i f an oig ®rbataken aslarear ni 1
indication of learning, it seems reasonable to expect that most learners would have a fair
share of the same correct anssven both the preand postest, but with more correct

answers on the pegtst.The results presented and discussed irstaonare significant

They give an image of consistency in the thinking of grade six learners of my sample, one
element whichreflects learning.

When questions were selected out for whi&¥ or more of the learnesglected the
correct answem both the praestand theposttest | found that there wer&6 such
guestiondor the Rwandan cohqrbut only 2 for theKwaZulu-Natal cohort In addition
89% of the Rwandan learners whelectedthe correct answeio a basic operations
guestionon the pretestchose the samansweron the postest compared to only 57% of
the South African learners.

Overall, the Rwandaneéarners improved their scores substantially more thdrthe
KwaZulu-Natal learnersTable5-6) even though they started from a higher mean score
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